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CHAPTER 1: Introduction

A tsunami is an incredible, unpredictable, and deadly mass of moving water that
can cause an extreme amount of damage. Unlike the movies, a tsunami is barely
noticeable as it emanates from its source and heads out through the ocean or sea.
People can be sitting in a boat at sea and never notice a very large tsunami rolling
under them as a tsunami may only raise the ocean a couple meters. However, the
ocean may rise a couple meters for several minutes as the tsunami passes through. It
is only when the tsunami nears land that its deadly form is truly noticeable, and by
then it is typically too late for those who see it.

One way for a tsunami to form is from an earthquake [13], [14]. Earthquakes
are the result of two or more tectonic plates moving against each other [10]. One
specific type of earthquake is when one tectonic plate is moving under another. Due
to friction, the plates hold onto each other until there is so much built up energy that
they give way violently and release all that energy in a springboard type movement.
If the site of the earthquake happens to be under water, it may push the water in an
upward motion or drag it in a downward motion creating a resulting tsunami.

Because a shock wave travels through the earth faster than through the water, it
can be felt hundreds of miles away long before a following tsunami. This earthquake
ripples through the ocean floor disturbing the water above the disturbance, resulting
in a precursor disturbance wave that can be measured by buoys floating on the water
[9]. The data collected by sensors on these buoys can be used to accurately predict
the size of the following tsunami and when the tsunami will hit land. This prediction
can be used to give people an advanced warning of tsunamis, and possibly save many
lives.

The data collected from the impact of the precursor waves on the buoys is an



imitation of the forcing done by the earthquake. We will use new multiplicatively
advanced functions in conjunction with the data from the precursor wave to model
the forcing on the tsunami. There are then three parts that need to be considered
[9]. The first is how to use this forcing to predict how a tsunami will form. For this,
the wave equation can be used [9], [11]. Once the tsunami is formed, it will travel in
the ocean for a period of time. For this second part, the Korteweg-de Vries equation
(KdV equation) will be used as a propagation model [2], [9]. The third and final part
of the tsunami is the approach to land [1], [9]. A run-up equation will be defined for
this last part of the model.

In this thesis, we derive each equation associated with each stage of our model.
We then describe, in detail, the numerical scheme associated with each equation. We
will use a modified version of a forcing term previously used to model tsunamis [9].
The new forcing term is designed to match the 2011 Japanese tsunami precursor wave
with greater accuracy This model, with the new forcing term, is then used to model
the tsunami’s course until it runs into land at Wake Island. The model will then be

compared to actual data collected from at Wake Island.



CHAPTER 2: The Wave Equation

2.1 1-Dimensional Wave Equation

A forced wave equation is a wave equation used where there is a force acting upon
a fluid, creating waves. We first derive the 1-dimensional wave equation which is a
linear partial differential equation which we use to model tsunamis in their first stage

of existence. Let H(z,t) be the wave height at position  and time t.
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Figure 2.1: Diagram for tension T’

Assume that the amplitude of the wave is not large, and furthermore assume the
spacial gradient VH = %—g = H, is small with |V H|? negligible. Also assume there is
no horizontal tension in the wave. Let [a,b] be an arbitrary small interval as shown

in Figure 2.1. Then the net vertical tension of the wave is

T'sin@, — T'sinf, , (2.1)

where 6, is the angle between the outer tangent vector (1, %—I;) at * = b and hori-



zontal and 6, is the angle between the outer tangent vector (—1, —%—I;) at r = a and

sin «

horizontal. Now we can estimate sina ~ tana = 222 in (2.1) to get the net vertical

tension
b
T tan 0, — Ttan 0, — TH,(b,t) — TH,(a, ) — / (TH,(2)].dx |

to order O(|VH?).

OH oOH 5H

Note that the approximate sinf = %%H)Q ~ tanf) = 2= = S~ is consistent

with [22]2 = [VH|? &~ 0. Looking now at the force equation F' = ma we can use the
density function p(x) = p to get

F = p(x)dx Hy(x,t) , (2.2)

where p(z)dz is mass of an element at z and Hy(x,t) its acceleration. The integral of

(2.2) over [a, b] is the total force, and thus we obtain the homogeneous wave equation

/a o) (e ) = / (CH (1)

where the total force = the net vertical force. Adding in an acceleration term f(z,1)

due to an external forcing gives

b b b
/p(x)Htt(x,t)dt:/ (THm(x))xquL/ pf(x,t)dx . (2.3)

We can assume that the density function p and the tension T are both constant.

Note that the integrands of (2.3) must be equal since [a, ] is arbitrarily small, thus

pHy = T(Hy,) + pf



T
Htt:_ ac:c+fa
p

and we have derived the wave equation in one dimension. Namely, for ¢? = %, where

c is the speed of the wave.

Htt — C2Hxx = f . (24)

2.2 The Wave Equation in Higher Dimensions.

We can derive the wave equation in higher dimensions by using an analogue of the
one dimensional case. Let R be an arbitrarily small region in R" with 7 a unit
outer normal to the boundary OR. Let H(xy,xo,...,z,,t) be the height of the wave
at time ¢ in the é,,; direction above ¥ = (1, x2, ..., T,), where e, is a unit vector
perpendicular to the zq, xs, ..., x, hyperplane. Then V H -7 is the directional derivative
of H in the direction 7.

We next compute the net vertical tension on the surface H(R) above R along
with its boundary H(JR) above the boundary OR. Let N be an outer unit normal
to H(OR) in the tangent space to H(R). Let T be a scalar measuring tension per
unit volume in H(OR). The tension acting on a boundary volume element is then
TN. The net vertical tension is obtained by first computing the vertical component
of the tension vector T(N) in the direction €, namely T(N - &,.1), and second,

integrating T(N - &,41) on H(OR)

/H - <T (2\7 : e*nﬂ)) dvi, . (2.5)

where T' is the tension per unit boundary volume. We estimate (2.5) up to order

IVH |2 terms by noting that if 77 is an outer unit normal to dR then N ~ (7, VH - 7).



This follows because if 7 is any tangent vector to R then (¥, VH - Z) is tangent to
H(OR), resulting in

(i,VH -7)-(Z,VH -%¥) = n-Z+(VH-1)(VH -Z)
= 0+ (VH - -n)(VH - %)
~ 0 up to order O(|VH|?) . (2.6)
Furthermore (7i, VH - 1) is perpendicular to the normal vector to the graph of H,
(VH,—1), as
(@, VH-7i)- (VH,~1)=VH -7~ VH - i=0.

Thus (77, VH - 1) lies in the tangent surface to H(R), perpendicular to H(OR) (to
order O(|VH|?)). Now,

(A, VH -7) | = /7l -7+ (VH -7)2 = \/1+ (VH - 71)?

Thus the unit vector

(@, VH-it) (i, VH i)
1+ (VH -7)? V1

= (i, VH -7) toorder O(|VH|?)

hence we use (77, VH - i) in place of N in (2.5) to obtain

/ T(z\?-e*nﬂ) AV, ~ / T (7, VH - 7) - Epir Vi,
H(OR) H(OR)

_ / T(VH-7) dV, , . (2.7)
H(OR)

Again, under the assumption that |VH|? is small

dV,—1 on H(OR) =~ dV,_; on OR

and (2.7) becomes
/ TVH-1dV,
OR



which by the divergence theorem gives

T / div(VH) dV,
OR

as the net vertical tension on the surface H(R) above R. We assume any horizontal
tension is negligible. Then the total force on the element H(R), [, pHyu(Z,t)dV,,

should be the sum of the net vertical tension and any external forcing due to f. Thus

/ pHy(Z,t)dV, =T / div(V H)dV,, + / pf(Z,t)dV,, . (2.8)
R R R

Since (2.8) holds, [, pHy(Z,t)dV,, = [, [T'div(VH) + pf(Z,t)] dV,—; for all R we

have

pHy (%) = Tdiv(VH) + pf(Z) ,

Ha(#) = %dz‘v(vmw(ﬁ)

(o o 0 . 0H OH OH @)
 p \ Oz 0z Oy Ox, Oxy’ Oz,

T fﬁT 0’H 0*H 0*H .
;(VVH)—i_;_;(a_I‘%—i_a_l‘%—i_—i_a_ﬂﬁi)—i_f(x)

Thus we have obtained the wave equation,

Hy — A(Hypyo, + Hypoo + ... + Hy, 2 ) = f(T) (2.9)

in dimension n, where ¢? = % and c is the speed of the wave.



CHAPTER 3: Korteweg-de Vries Equation

3.1 Introduction

The Korteweg-de Vries, or KdV, equation gets its name from two men named Diederik
Korteweg and Gustav de Vries who first published a paper about the equation in 1895
[4]. Although the equation is named after them, there were experiments done by Scott
Russel that relate to the KdV equation as early as 1834, long before Korteweg and
de Vries published their paper.

The KdV equation is a wave equation first used to model solitary waves flowing in
a channel. The KdV equation is a variant of the wave equation that incorporates an
extra non-linear term as well as a dispersion term. These non-linear and dispersion
terms are negligible in the first stage of a tsunami, hence, the wave equation is used
in the early stage. These non-linear and dispersion terms become more significant
as the tsunami flows for some time ¢ over the relatively constant depth of the ocean.

Hence the KdV equation is used at this stage.

3.2 1-Dimensional Korteweg-de Vries Equation

We now derive the KdV, equation. We expand on the work of [3]. We can first set up
our system where z is our vertical direction, and x is our horizontal direction. The
velocity of the fluid is 7 = (22, %2). We must first assume that the fluid is irrotational,
that is,

Vxi=0. (3.1)

This implies the existence of a potential function ¢, with ¥ = (¢, ¢.) since our region

is assumed to be simply connected. Thus 7 = V. We next assume that the fluid is



incompressible, namely,

And thus

So the potential function is harmonic.

We next assume the density function p of the fluid is constant. Thus
Vp=0 pr=0. (3.4)
Now (3.4) together with (3.2) imply the conservation of mass, namely,
Op+V-(pt)=0. (3.5)

We remark that (3.5) holds more generally (without the assumption of (3.4) and

(3.2)) via the statement

2/pdV:—/ pv -1 dS (3.6)
ot Jr OR

where the rate of change of mass in a region R equals the rate of flow of mass into
the region R across the boundary dR. The divergence theorem applied to the flux

integral in (3.6) then implies (3.5) in general.

In addition to conservation of mass in (3.5), one has Euler’s equation [5],

o . .
5 (PU) +7-V(pt) = =VP +pf, (3.7)



which under the assumptions (3.2) and (3.4) simplifies to

0 -

10

(3.8)

where P is the internal pressure and pf is any external forcing effect. Note that

the basic principal behind Euler’s Equation is the force law. In our case f will be

acceleration due to gravity f = —¢(0,1) yielding

f: —gVz .

Thus,
where

- VU= (U-Vuy,v- Vo) .

Now, by Lemma 4.1 on page 47 below,

which becomes under (3.1)

And so (3.10) reduces to

(3.10)

(3.11)
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or equivalently, using the fact that v = V¢,
1 P
V<m+jvd”%;+w =0.

Thus

¢t+%|v¢|2+§+gz:B(t). (3.12)

At the surface z = h 4+ aH(x,t), where a is the amplitude of the wave and h is
the undisturbed water level, the pressure P vanishes (since no water lies above the

surface to create pressure). Thus (3.12) reduces to
1 2
60+ LIV + g(h -+ alf) = B(1)

or

¢ + %\V¢|2 +gaH = B(t) — gh . (3.13)

On the bottom, there should be no vertical component to the velocity, so

d
~ Y0 atz=0. (3.14)

(bz_a—

Finally, at the surface z = h + aH, by differentiating with respect to t and using the

chain rule, one has
dz

Thus the equations governing our fluid are (3.3) , (3.13), (3.14), and (3.15), which

can be written as

Puz + 922 =0 Ve, z,t 0<z<h+aH(x,t) , (3.16)
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¢, =aH,p,+aH, at z=h+aH (3.17)
1
Gt (¢2 + ¢2) + gaH = B(t) — gh at z=h+aH, (3.18)
and
¢, =0 at z=0 . (3.19)

We deploy these to obtain the KdV equation.

We see by Remark 3.1 below that the solution to the linearized versions of (3.16)-
(3.19) is of form (3.73) which is expressed as c(k, z) - cos(k[x — v/ght]). This exhibits
this solution as a wave moving with velocity v/gh. Furthermore, in a tsunami setting
we should expect a large wavelength A, and that for amplitude a above the depth of the
ocean h, both (%) and (%) should be reasonably small. We retain these assumptions
when looking at the non-linear equations from (3.16)-(3.19).

We now record the effects on (3.16), (3.17), (3.18), and (3.19) of a series of suc-
cessive change in variables to obtain a dimensionless system. First, we can use scaled

variables. Let

—— and =Y (3.20)

W
Il
|
-
I

&I
I

By Proposition 3.2 , equations (3.16), (3.17), (3.18), and (3.19) transform under (3.20)
to:
0= € dsz + ¢z (3.21)
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~ 1 [, 1 - B(t) — gh
at z=1+aH — &+ 504{(@?)2 +53 (gbg)z} +H= % (3.23)
at =0 — ¢.=0 (3.24)
for e =2 a =2 and B(f) :B<ﬁ-f> = B(1).
Next we can incorporate BU=gh into the potential ¢ in (3.23) by taking

ag

. " B(s) — gh
B(f):/ —(s) g ds
0 ga
and letting (Gnew) = ¢ — E’(ﬂ Then all spacial derivatives of (Gpew)s = @5 (for

5=1,%) and one has (¢new); = 7 — By = or — [W} . Thus from (3.21) we have

0= €2<¢3new)ii‘ + (énew)ii 5 (325)

and, at the surface, from (3.22) we have

(&new)i = 52 {O‘(Qz_snew)ij + H{} . (326)

Similarly, using (3.23) at the surface, we have

ool 50 { [Guon)a)” + 5 [} + H =0, (3.27)

where the net effect is that the new potential (¢ne,); makes (3.27) a homogeneous

version of (3.23). At the bottom using (3.24) we get

(énew)i =0 at z=0. (328)

So we can drop all subscripts new from here on, and we assume @pe, = .
We proceed with the next change of variables to obtain dimensionless equations:

let



14

X=2"Git(a-18 , 7=2F, v=2"6 and Z==. (3.29)

to

0=axx +vzz
wZ:OéwaHx—i-(Oéz—Oé)Hx—l—OéQHT at Z=14+aH

(3.30)

(3.31)

an—joLawT—l—%{aw?(—i-?ﬂ%}—i-H:O at Z=14+aH (3.32)
wZZO at Z =0 ( )

Since both ¥ and H are expressed in terms of X and 7, they both depend on «, thus

we can expand each in terms of a to obtain

Y =Y + ay + @by + O(a?) (3.34)

and

H = Hy+ aH, + 0(a?) . (3.35)

We can now substitute (3.34) and (3.35) into (3.30), (3.31), (3.32), and (3.33).
For (3.30), one obtains

0=a (¢0XX + athixx + Paxx + 0(043)) + (¢OZZ + athrzz + &Pazz + 0(043)) ;

and rearranging we get
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0= tozz +a (oxx + izz) + & (Yixx + Yazz) + O(a?) |

which gives for various orders of a:

O(a®) Yozz = 0 (3.36)
O(at) Uizz = —Yoxx (3.37)
O(a?) Yozz = —Yixx - (3.38)

By Proposition 3.4, equations (3.36), (3.37), and (3.38) in conjunction with the
bottom boundary condition (3.33) imply

(3.36) and (3.33) = o = Bo(X,7) (3.39)
ZQ
(3.37) and (3.33) = ;= —?BOXX + By(X, 1) (3.40)
Z4 7Z?
(3.38) and (3.33) = 4 = oy Poxxxx — 5 Bixx + By(X, 7). (341)

By Proposition 3.5 below, to leading orders O(a’) and O(a'), equation (3.32) at
the surface gives

O(a’) : Hy = tox = Box (3.42)
1 1
O(Oél> : 0:H1+BOX+§BOXXX_BlX+BOT+§B(2)X . (343)

By Proposition 3.6 below, to leading orders O(a') and O(a?), equation (3.31) at

the surface gives

O(Oél) . HOX = BOXX (344)

1
0(042) : —HoBoxx + EBOXXXX — Bixx
(3.45)

= —Hyx + Hox + Hor + BoxHox -

From (3.45) one obtains, by moving the H;x term over,



1
—HoBoxx + EBOXXXX + Hix — Bixx = Hox + Ho; + BoxHox .

By differentiating (3.43) we get

1
0= Hix + Boxx + §BOXXXX — Bixx + Bo-x + BoxBox x

1

Hix — Bixx = _§BOXXXX — Boxx — Borx — BoxBoxx -

Using (3.47) we can replace H;x — Byxx in (3.46) to get

1 1
—HyBoxx + EBOXXXX — §BOXXXX — Borx — BoxBoxx — Boxx

= Hox + Hor + Box Hox .

We can rewrite (3.48) as

1
_HOBOXX - gBOXXXX - BOTX - BOXBOXX - BOXX

= Hox + Ho; + Box Hox .

Now from (3.42), we can substitute Box = H into (3.49) to get

1

—HyHyx — gHOXXX — Hy, — HyHox — Hox = Hox + Hor + HoHpx

which reduces to

16

(3.46)

(3.47)

(3.48)

(3.49)
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1
0=2Hy +3HoHyx + gHOXXX + 2Hox .

Dividing through by 2 gives

3 1
0= Hox + Hor + éHOHOX + EHOXXX .

Thus

3 1
Hx+H,. + §HHX + EHXXX
1

3
=Hox + Ho, + §H0H0X + BHOXXX

3 1
+o | Hix +Hi; + §[H0H1X + HiHyx| + ngXXX (3.50)

+ O(a?)

=0+ O(a) .

So the scaled wave H(X,T) = Hy + aH; + O(a?) satisfies the KdV equation at the

0" order in a.. Thus

3 1
Hﬂx+—HXXX—|—O<Oé) .

=H H. + =
0 x + +2 5

So, for a small it is reasonable to assume

3 1
0:HX+HT+§HHX+6HXXX : (3.51)

which is the KdV equation in the form that is very commonly used.
We are interested in a transform of the KdV equation in (3.51). By Proposition

3.7 we see that (3.51) transforms under the appropriate change of variables, (3.99),
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into

- S 1.
OZH%—FAHX—I—gBHHj(—f—ECHXXX , (3.52)

where fl, B , and C are arbitrary constants. This is a more general form of the KdV
equation.

We can now choose the arbitrary constants to be as follows:
~ ~ a A h 2 2
A=+/gh, B:E:aand C= ) —°€

and obtain the KdV equation in the form we are interested in, namely,

N - 3 A A 1,5
OZH%"‘\/thX+§O‘HHX+6€2HXXX . (3.53)

This form of the KdV equation is chosen because it is consistent with that used in

[9]-

Remark 3.1. Given the equations from (3.16)-(3.19) namely,

¢xz’ + ¢zz =0 V$, zZ,t 0<z<h+ GH(ZE,t) , (354)
¢, =aH,bp,+aH; , at z=h+aH (3.55)

1
Ot 5 (02 +62) +gall = B(t) —gh . at z=h+all (3.56)

and
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¢.=0 at z=0 (3.57)

one can linearize these equations (3.54)-(3.57) and obtain

¢xx+¢zz =0 ijzgt 0<2z< h—i—aH(x,t) , (358)
¢,=aH,, at z=h+aH (3.59)
¢ +gaH +gh=0 , at z=h+aH (3.60)
and
¢.=0 at z=0 , (3.61)
where:

(i) B(t) has been absorbed into the potential function ¢, that is, a new term ¢ is
¢
¢ - LO B<S)d‘97

(ii) the non-linear term aH,¢, is dropped from (3.55) , and
(iii) the non-linear term 1(¢2 + ¢?2) is dropped from (3.56) .

Now, (3.59) gives ¢, = aH;, and antidifferentiating (3.60) with respect to t gives

¢u+agHy =0 . (3.62)
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Substituting (3.59) into (3.62) yields

b+ 99, =0. (3.63)

Next assume that the potential ¢ has the form
¢ =Y (z)sin(kx — wt) .

Then,

Gue = —k*Y (2) sin(kz — wt)

and

¢, = Y,.(2)sin(kzr — wt) . (3.64)

Then (3.58) becomes

0= Gus + ¢z = [—KY (2) + V.. (2)] sin(kz — wt)

or

Y..(2) = kY (2) =0. (3.65)

Since e** and e~** both satisfy (3.65), we have
Y(z) = Ae** + Be % .

Thus
¢ = (A" + Be ™) sin(kx — wt) .
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(3.61) then gives

0=¢,|.—0 = ((kAekZ — k;Be_kz)]z:o sin(kz — wt)

S0
0= (kA — kB)sin(kx — wt) .
Thus
kA—kB =0
and so
A=B
Thus
¢ = (Ae* + Ae ") sin(kx — wt)
or
¢ = 2A cosh(kz) sin(kx — wt) . (3.66)
Next, at z = h + aH, (3.63) gives
0 = ¢y + go, = —w?2A cosh(kz) sin(kx — wt) + gk2Asinh(kz) sin(kz — wt) .
Thus
w?2A cosh(kz) sin(kx — wt) = gk2Asinh(kz) sin(kz — wt) ,
S0

w? = gktanh(kz) atz=h+aH ,
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and therefore

w? = gktanh(k(h + aH)) .

Thus,
W = gk tanh <k:h (1 n %H)) . (3.67)

To recover (aH ) from the linearized problem we rely on (3.60), that is,

_Thogh_ e g (3.68)
g g

aH

Differentiating (3.66) with respect to ¢ and substituting into (3.68) yields

1
aH = ——{2Acosh(kz)(—w) cos(kx — wt)} — h (3.69)
g
which is a wave with wavelength A = 27” and w the angular frequency relative to
cos(t). Thus a longer wavelength A corresponds to a smaller wavenumber k = 27”, SO
substituting for & in (3.67) yields
9 h a
w” = gk tanh 27TX [1 + (E) H] : (3.70)

It is reasonable to assume for a tsunami wave in the ocean that the amplitude term

a is small when compared to the ocean depth h. Thus we assume that # is small and

obtain from (3.67) and (3.70)

w? =~ gk tanh(kh) = gk tanh (27T (;)) . (3.71)

Furthermore, since tsunamis generate a longer wavelength profile, it is reasonable to

assume that A is large when compared to h. Then we assume k£ and kh are small,
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also % is small, to use tanh(z) ~ z for small z. We then obtain from (3.71) that

h
w? ~ gkkh or w? & gk2m (X)

giving
wrkygh or w=/gk2m (;) (3.72)

which exhibits w to be low frequency in addition to the longer wavelength A\ profile.

Substituting (3.72) into (3.69) shows

aH = —é {2A cos(kz)(—w) cos(kx — k\/g_ht)} —h
aH = g {2A cos(kz) cos (k: [x - \/ﬁt} )} —h (3.73)

which is a long length wave traveling at velocity ¢ = /gh.

Proposition 3.2. Equations (3.16), (3.17), (3.18), and (3.19) transform under (3.20)
to:

= 52&%:@ + ngz
at z=1+aH — ¢;=¢€{a¢;H;+ H}

at Z=14+aH — <5t+%04{(<5f)2+;2($5)2}+]{:#

at 2:() — Qgg:O

By the chain rule
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o1

Then from (3.74) we have

Vgh
A

b= Y0 6= 100 and p.= 6. (3.75)

-1 _
Since ¢ = (Aa\’}ﬁ) ¢ in (3.20) we have

\/5% L -1 o B 1 h o
\ (mwﬁ) @‘W@"%‘X(57ﬁ> % (3.76)

Qo L( -
it oe= 5 (o) %

Furthermore, by repeated application of (3.74),

Gr =

1

1
¢x:c = ﬁ¢i§: and ¢zz - EQSZZ

and

1 1 ho\ 7 1 1 ho\ 7
e — “oPzx — 5\ T — TT d 2z — 7oPzz — 75\ T — zz -
Goa = 35000 = 33 ()\a\/_gh> Gaz and = 350 = 15 ()\a\/_gh) ¢
Therefore, (3.16) gives

0—¢+¢—< h)11¢+( h)11¢

ST\ Navgh A2\ Nay/gh h2 7
1 1

= Ozﬁgbﬂ'f'ﬁ(?zz



h
h = —
whnere € N\

giving (3.21). As a consequence of (3.74), we have

ox 1 ot Vgh
Hm_Hja_‘/L‘_H:EX and Ht_Hta_Ht' \ .
We can substitute (3.77) into (3.17) with (3.76) to get
gbz - aHa:¢a: + aHt
. R\ '1 1 ho\'1- N
= ¢z - = al; - | —F—= 3 Pz Hi——
¢ <)\a\/_gh) noo ey ()\a\/_h) N0 T ot
. ho\'1 ho\ 1 -
= - - = e —= AH,
(o) = “Gaar) 5845 (avr)
-1
= Hy +\/gh
= (bzh )\2¢m + )\2\/—
- ha - h?
= ¢z = —¢:ngz + EHE
B h2
= e = 5 {5 0s s+ Hi
= ¢: = € {a(biH:i + Ht} )
where & = £ and € = 2. Thus (3.17) has transformed to (3.22).
substitute (3.75) and (3.76) into (3.18) to get

O +

o el
=5 (

% (¢2 + ¢2) + gaH = B(t) — gh
av/gh )\a\/_
. @] v [

o) = 0

A

Now B (1 i

25

(3.77)
()

Next, we can

z:| >+gaH:B(t)—gh.
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Thus (3.18) has transformed to (3.23). Next, from (3.19) using (3.76) we get

¢z =0 at z =0
Aav/gh -
R dvis _ o aog
h2
= Qgg =0 at z=0.
Thus (3.19) has transformed to (3.24). O

Proposition 3.3. Fquations (3.25), (3.26), (3.27), and (3.28) transform under (3.29)
to

0=atxx +vzz
Vg = ?YxHyx + (o —a)Hyx + o’ H, at Z=1+aH

1
awx—¢x+awz+§mw§+¢%44¥zo at  Z=1+aH
’@ZJZZO at Z =

Proof. Recall from (3.29) that

1/2 3/2 12 _
X:a—(jt—l—(oz—l)t_),Z:Z,T:Oé—f, and wza—gb.
€ € €
Assume a'/? = ke for some k € R. Then
1/2 7
0_oox_oan 0 00z 0

9t 0X 0  O0X e 0z 070z 0oZ
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Now from (3.25), (3.78) and (3.79)
0 = €bumtds
0 = gt g
) 00 000,

0 = Q#Q/JXX + #1#22
0 = apxx +¢zz .
Thus (3.25) has transformed to (3.30). Next, apply (3.78), (3.79) and (3.29) to (3.26)
to get
¢z = €{agzH:+ Hr}
by = € {a (%ﬂéx%mffx) + %/2(04 —1)Hx + %/QHT}
¢z = {aoxHx + (a®? - a'?) eHy + o*?eH, }
A e )
vy = aszHX+(a2—a)HX+a2HT when 7 =1+ aH .
Thus (3.26) has transformed to (3.31). Now from (3.27) we can obtain the Bernoulli

equation as follows:

bitgal@0'+ 569" 4=
1/2 3/2 12 \? _
= T(@—1)¢X+a—¢7+%&{<a7¢x) +612(¢Z)2}+H:0
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= (a—1)¢x+a¢7+%a{(wx)gjté(zpz)?}+H_0
= an—wX+awT+%{aw§<+w%}+H:O at Z=1+4aH .

This gives (3.32).

We can examine (3.28) and obtain the following:

¢:=0 at z =10
= Q_SZ: atZZO
€
= mwzzo at Z =0
= v z=0 at Z =0
This gives (3.33). O

Proposition 3.4. Equations (3.36), (3.37), and (3.38) in conjunction with the bottom
boundary condition (3.33) imply the following:

(3.36) and (3.33) = 1y = Bo(X,7)

2

Z
(3.37) and (3.33) = ¢ = == Boxx + Bi(X,7)
4 2

Z Z
(338) and (333) = Py = ZBOXXXX - 731)(){ + Bz(X, T) .

Proof. Antidifferentiate (3.36) once with respect to Z to get ¥oz = Cy(X,7) and
again to get

Yo = Bo(X, )+ ZCo(X,T) . (3.80)

Now (3.33) gives

0=tz =tz + aiz + a’thyy + O(a®)  for Z=0,

sofor Z =0

0 =1thoz = Y1z = 12z . (3.81)
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Thus by (3.80) 0 = gz = Co(X, 7) for all Z. Thus, (3.36), (3.80), and (3.81) imply
that
Q/JO = BQ(X, 7') .

Note that 1y does not depend on Z, nor does ¥oxx = Boxx. Next, anti-differentiating

(3.37) once with respect to Z gives

wlZ: (_wOXX)Z‘i‘D(X,T) . (382)
Then, from (3.81) we get
Yz =0=0+D(X,7) at Z=0,
so D(X,7) =0 for all Z. Thus,
Y1z = —ZPoxx - (3.83)
Anti-differentiating again with respect to Z gives
ZQ
Py = —7%){){ + Bi(X, 7)
and (3.39) implies ¥oxx = Boxx, SO
ZQ
Next (3.38) gives 1977 = —1h1xx 0, by (3.84) one obtains
Z2
(3.85)

Vozz = 7BOXXXX — Bixx -
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Anti-differentiating with respect to Z gives

Z3
oy = gBOXXXX —ZBixx + E(X, 1) . (3.86)

Now from (3.81) at Z = 0, we get

77/122|Z:0:0:0—0+E

and so we get that £ = 0 for all Z. Thus,

Z3
w2Z = ?BOXXXX - ZBIXX .

Anti-differentiating once more with respect to Z, we get

Z4 72
(IS ZBOXXXX - 7B1XX + By(X, 7).

]

Proposition 3.5. The leading orders O(a®) and O(a') of equation (3.32) at the
surface give:

O(ao) : Hy = vox = Box

1 1
O(Oll) : 0= H; + Byox + §BOXXX — Bix + Bor + §B§X

Proof. At Z =1+ aH, (3.32) gives

H+G¢X—¢X+a¢r+%{a¢§(+¢%}:07

and then (3.34) and (3.35) give



0 =Hy + aHy + O(0?) + athox + o*hrx + a*tax + O(a?)

— Yox — ath1x — Oé2¢2x - 0(043)
+ athy, + @1, + @by, + O(at)
+ oz% Wox + athrx + &*hax + O(a3)} 2

+ % [Yoz + athrz + o*1hay + 0(043)}2 )

and we get

0= Hy+ aH, +0(a?)
+ atox + Py + @’hox + O(a?)
—box — ahix — Phax — O(a?)
+ athor + @21 + @iy, + O(a?)
+ a%l/)gx + P Poxtix + 0(a?)

1
+§¢(Q)z + athoznz + 0(042) .

Therefore,

1
0= {Ho — Yox + 5@/)32]
1
+ « {H1 +Yox — Yix + Yor + ?ﬂ%x + Yoztrz

+0(a?) .

Thus, from the o term of (3.87), we get

31

(3.87)



1
0= Hy— vox + 5@/)32

and from the o' term of (3.87),

1
0= H; +vYox — Y1x + Yor + §¢(2)X + Yoztrz

at Z =1+ aH.
Thus from (3.88), (3.81), and (3.39) we get

1
0 = Hy — Box + 507

:Ho—Box.

Thus

HO :wOX :BOX .

Furthermore,

¢of = BOT .
Also, (3.40) gives

2

A
P = —TBOXX + By,

and differentiating with respect to X we have

2

Z
Pix = —7BOXXX + Bix .

Thus,

32

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)
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1
Vix|ze14ar = —5(1 +20H + o®H?)Boxxx + Bix . (3.93)

Now the o and a? terms in (3.93) create O(a?) and O(a?) terms in (3.87), or higher

order terms in (3.89) so we can drop both terms in these settings to obtain

1

Vix|z=1tan = _QBOXXX + Bix . (3.94)

Next, from (3.89), (3.91), (3.81), (3.92), and (3.94), we get
1 1,
0= H, + Box — —§Boxxx+B1X +BOT+§BOX+O )

SO

1 1
~Boxxx — Bix + Bor + —ng .

0=H,+B
1+ ox+2 5

]

Proposition 3.6. The leading orders O(at) and O(a?) of equation (3.31) at the

surface give thw following:
O(ozl) : HOX = BOXX

1
0(042) : —HoBoxx + EBOXXXX — Bixx
=—Hix + Hox + Hos + BoxHox

Proof. At Z =1+ aH = 1+ aHy + o*H; + O(a?), the kinematic equation (3.31)

gives

vy =o*xHy + a*Hx — aHyx + o*H, .
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Thus, substituting in (3.34) and (3.35) gives

Yoz + ahrz+a Py + O(a?)
= — a[Hox + aHx + O(a?)]
+ o*[Hox + aHx + O(a?)] (3.95)
+ o®[Hy, + aHy, + O(a?)]

+ 062[¢0X + arbrx + @®ihax + 0(063)] [Hox + aHyx + 0(042)] .

Now, from (3.40) and (3.41) we have

Yoz + CV%Z—FCYQ%Z + 0(043)

1
=0+ (I(—ZBOX)() + 012 (gngOXXXX — Zlex> + O(O{3) .

At Z =1+ aH we expand using (3.35) and get

Yoz + athrz+0Phaz + O(a®)
= —afl + aHy+ o®H; + O(a®)]| Boxx
+ aQ%[l +aHy + o*H; + O(®)? Boxxxx
— ®[14 aHy + &®Hy 4+ O(a®)|Bixx + 0+ O(a?) .

Moving the o terms into O(a?), we have
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Yoz + bz + o ihyy + 0(043)
= —aByxx — o*HyBoxx + 0(043)
1

+ 60(230)()()()( + O(()é?’)

—a’Bixx + 0(043) .

Thus, we have

Yoz + b z+a ez + 0(043)
(3.96)

1
= — aByxx +a’ {_HOBOXX + EBOXXXX - BlXX:| +0(a?) .

Now substituting (3.96) into (3.95) we get

—aByxx + o [_HOBOXX + éBOXXXX — BIXX:| +0(a?)
= —aHox — o*Hix + O(a?)
+ a?Hox + 0(a?)
L a’Hy + 0(c?)
+ a’Yox Hox + O(a?) .

So matching o' terms implies Byx x = Hyx which is consistant with (3.90). Matching

a? terms implies

1
—HyBoxx + éBOXXXX — Bixx = —Hix + Hox + Hor +YoxHox -
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Substituting ox = Box from (3.92) gives

1
—HyBoxx + EBOXXXX — Bixx = —Hix + Hox + Hor + Box Hox - (3.97)

Proposition 3.7. (3.51) can be transformed into
X . 3. 1.
0=H; + AH¢ + EBHHX + BCHXXX

under the appropriate change of variables, where A, B, and C' are arbitrary constants.

Proof. From (3.51) we have

3 1
0:HX+HT—|—§HHX+6HXXX. (3.98)

We can then perform a change of variables, namely

) ) 00X 0
X =BX = a—X_a—Xa—X_a—X-B (3.99)
9 _9o9r 90 ,
or 070r OF
H=L'H+K = LH—-KL=H.

7=0CT1

Then (3.98) becomes
X . X . 1 .
(LH — KL)x + (LI — KL), + g(LH ~ KL)(LH = KL)x + 5(LH = KL)xxx =

or

. NI S R R
BLHg + LOH; + (LH —~ KL)(LBHy) + LB Hy ¢ =0
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and therefore,

3 - S S RN
BL {1 — 5KL} Hy + LCH: + §LQBHHX + ELB?’HXXX =0.

Thus dividing by LC gives:

B 3 -~ . 3 (Bl .. 1(B .
A - SKL N He + Ho+SL 2V HH . + {2 VB2 A e =0
(o {r-ampass oo oG ham s G{G ) osns

Now:

1. Choose C first

2. Choose B next, determining the coefficient of Hg ¢ as C = {g} B?

3. Choose L next, determining the coefficient of HH g as B=1L {g}

4. Choose K next, determining the coefficient of Hy as {g} {1 — %KL} .

Thus we obtain a more general form of the KdV equation, namely,
. . 3. 1. -
0= H; +AHX + éBHHX -+ ECHXXX

where A, B, and C are arbitrary constants.



CHAPTER 4: 2-Dimensional Korteweg-de Vries Equation

We will derive the 2 dimensional KdV, equation. We expand on the work in [3]. We
set up our system such that z is our vertical direction, and x and y are our horizontal

directions. The velocity of the fluid is v = (fl—f, %, %). We must first assume that the

fluid is irrotational, i.e.,

Vxv=0. (4.1)

This implies the existence of a potential function ¢, with 7 = (¢,, ¢y, ¢.). Thus

v = V¢. We next assume that the fluid is incompressible, namely,

V-T=divi=0. (4.2)

And thus
OZV'V¢:¢xI+¢yy+¢zz- (43)

So the potential function is harmonic.

We next assume the density function p of the fluid is constant. Thus

Vp=0 pr=0. (4.4)

Now (4.4) together with (4.2) imply the conservation of mass

dup+V - (pi) = 0. (4.5)

We remark that (4.5) holds more generally (without the assumption of (4.4) and
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(4.2)) via the statement

0

— pdV:—/ pv -1 dS (4.6)
ot Jr R

where the rate of change of mass in R equals the rate of flow of mass into R across
the boundary OR. The divergence theorem applied to the flux integral in (4.6) then

implies (4.5) in general.

In addition to conservation of mass in (4.5), one has Euler’s equation [5], (due to

the force law)

o . . R
- (p0) + - V(o) = ~VP +pf (4.7)

which under the assumptions (4.2) and (4.4) simplifies to

) -
pa(ﬁ) +p0-Vi=—-VP+pf (4.8)

where p is the internal pressure and pf is any external forcing effect. In our case f

will be acceleration due to gravity f = —g(0,0,1) yielding
f=—gVz. (4.9)

Thus,
— (W) +7-Vi=—— —gVz (4.10)
0

where
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Now by Lemma 4.1
T-Vi=-V(|7]?) —0x V x7 (4.11)

which becomes under (4.1)

So (4.10) reduces to

O Ao
5(0) + §V (Jo]?) = e —gVz,

or equivalently using the fact that v = V¢
1 P
Vg +=IVo)* +—+gz| =0.
2 p
Thus,
1 , P
1+ 5VOF + =+ g2 = B(1). (112

At the surface z = h + aH(x,y,t), where a is the amplitude of the wave and h is

the undisturbed water level, the pressure P vanishes, and (4.12) reduces to
1 2
b+ 51V + gl + ) = B()
or
1
o + 5|vgz5|2 +gaH = B(t) — gh . (4.13)
On the bottom, there should be no vertical component to the velocity, so

_dz

gbz_E:

0 at z=0. (4.14)
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Finally, at the surface z = h 4+ aH one has, by differentiating with respect to ¢t and
using on the chain rule, one has

dz_

Thus the equations governing our fluid are (4.3), (4.13), (4.14), and (4.15). We can

rewrite these as:

Gzz + Qyy + ¢ =0 Y, y, z,t 0<z<h+aH(x,y,t) , (4.16)
¢, = aH,¢, + aH,p, +aH,; , (4.17)
1
¢t+§(¢i+¢§+¢§)+g@H=B(t)—gh ; (4.18)
and
¢, =0 at z=0 . (4.19)

We deploy these to obtain the KdV equation.

Analogous to the 1 dimensional case, we assume that ’f and 7 are small with a
wave speed of y/gh. We now record the effects on (4.16), (4.17), (4.18), and (4.19) of
a series of successive changes in variables to obtain a dimensionless system. First, we

use scaled variables. Let
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By Proposition 4.2 | equations (4.16), (4.17), (4.18), and (4.19) transform under
(4.20) to the following:

0=z + Ezﬂggg + ¢ss (4.21)
0= = {ags Hy + agyHy + Hi} at z=1+aH (4.22)
it 50{ 6"+ @)+ 5 @)+ 1= PO=I w1y aa
d:=0at z=0 (4.24)

fore=12 a=2 and B(f)zB(%f) = B(t).

Next we can incorporate (E)g 9" into the potential ¢ in (4.23) by taking

f>/ A =0,

and letting (Gpew) = ¢ — B(ﬂ Then all spacial derivatives of (@new)s = @5 (for
§=2,7,%) and one has (Gpew); = 0 — Bi = ¢y — [W] . Thus from (4.21) we have

= EQ(Q_Snew)a’ra’: ‘I’ GQ(Q_Snew)Qﬂ + (&new)éé ) (425)

and, at the surface, from (4.22) we have

(énew)i = 62 {a(&new)cha’: + a(&new)gHg + Hf} . (426>

Similarly, using (4.23) at the surface, we have

(énew%— + %O‘ { [(énew%ﬁf + [(énewh]Q + 612 [((bnew)Z}z} +H=0, (4'27)

where (4.27) has become a homogeneous version of (4.18). At the bottom using (4.24)

we get
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(Pnew)z =0 at 2=0. (4.28)

So we can drop all subscripts new from here on and assume ¢, = @.
We proceed with the next change of variables to obtain dimensionless equations:

let

j, T=—"d, v=—9¢ , Z=2. (4.29)

By Proposition 4.3, equations (4.25), (4.26), (4.27), and (4.28) transform under (4.29)
to

0 = atxx + PYyy + gz 4.30

(4.30)
wz = awaHX + Oégway + (Oé2 — OJ)HX + CKQHT at Z=1+aH (431)
1
ahx —x + ar + 5{0@3( o+ Yy H=0 at Z=1+aH (4.32)
wz=0 at Z=0.  (4.33)

Since both ¢ and H are expressed in terms of X and 7, they both depend on a. Thus
we assume that we can expand each in terms of « to obtain

b = tho + arhy + @’y + O(a?) (4.34)

and

H = Hy+ aH, + 0(a?) . (4.35)

We can now substitute (4.34) and (4.35) into (4.30), (4.31), (4.32), and (4.33).
For (4.30), one obtains
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0=a (Yoxx + atixx + Paxx + O(a®)) + o (Yoyy + athryy + &Payy + O(a?))

+ (Yozz + atizz + &Pihazz + O(a”))

and rearranging we get

0 =vozz + a (Yoxx + VYizz) + & (Yixx + Yoyy + Yazz) + O(a?)

which gives for various orders of a:

O(a") Yozz = 0 (4.36)
O(a') Yizz = —toxx (4.37)
O(a?) VYazz = —tixx —tovy . (4.38)

By Proposition 4.4, equations (4.36), (4.37), and (4.38) in conjunction with the
bottom boundary condition (4.33) imply

(4.36), (4.33) = o = Bo(X,Y, ) (4.39)
Z2
(437),(433) = 1 = =" Boxx + Bi(X,Y:7) (4.40)
Z4 Z? 7?
(4.38),(4.33) = o= JBOXXXX - 731)()( - 7¢OYY + By(X,Y,7) (4.41)

By Proposition 4.5 below, to leading orders O(a®) and O(a'), equation (4.32) at
the surface gives

O(a°) : Hy = vox = Box (4.42)

1 1
O(Oé1> : 0:H1+BOX+§B(]XXX_BlX+BOT+§B(2)X . (443)

By Proposition 4.6 below, to leading orders O(a') and O(a?), equation (4.31) at



the surface gives
O(O&l) : HOX = BOXX

1
O(OZQ) : —HoBoxx + EBOXXXX — Bixx — Yoyy

= —Hix + Hox + Ho; + BoxHox

From (4.45) one obtains, by moving the H,x term over,

1
—HyBoxx + éBOXXXX —Yoyy + Hix — Bixx = Hox + Hor + BoxHox .

By differentiating (4.43) with respect to X we get

1
0= Hix + Boxx + §BOXXXX — Bixx + Bo-x + BoxBox x

1
Hix — Bixx = _§BOXXXX — Boxx — Borx — BoxBoxx -

Using (4.47) we can replace Hix — Byixx in (4.46) to get

1

—HyBoxx + EBOXXXX — Yoyy — §BOXXXX — Borx — BoxBoxx — Boxx

= Hox + Ho; + Box Hox .

We can rewrite (4.48) as

1
_HOBOXX - §B0XXXX - 'QDOYY - BOTX - BOXBOXX - BOXX

= Hox + Ho; + Box Hox -

45

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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Now from (4.72) we can substitute Box = Hy into (4.49) to get

1
—HoHyx — gHOXXX — Yoyy — Hor — HyHox — Hox = Hox + Hor + HyHox ,

or

1
0=2Hy, +3HoHyx + gHOXXX + 2Hox + Yoyy -

So the scaled wave H(X,Y,7) = Hy + aH; + O(a?) satisfies a variant of the KdV
at the Oth order in o due to the ¥gyy term. Thus, for o small, it is reasonable to

assume that

1
0:2HT+3HHX+§HXXX+2HX+wYY . (4.50)

From (4.42) it is reasonable to assume when « is small that
H=1y . (4.51)

Differentiating (4.50) with respect to X gives

1
0= |:2HT+3HHx+§HXXX+2HX] +Yyyx ,
X

and by (4.51)

1
0:|:2HT+3HH)(—|—§HXXX—|—2HX:| —|—Hyy.
X

This can be rewritten as
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3 1 1
0= HX+HT+§HHX+6HXXX +§Hyy, (452)
X

which is the KdV equation in 2 dimensions in a commonly used form.
Now, by Proposition (4.7), equation (4.52) transforms under the appropriate

change of variables into

~

A A A 3 A~ A 1 AN ]. a

H‘7'+AHX+§BHHX+ECHXXX §DH =0 (453)
where 121, B, C ,and D are arbitrary constants with the stipulation that the sign of
C and the sign of D must be the same. This is a more general form of the KdV
equation. We can then choose A= Vah, B = a, C = €2, and D = 2¢/gh to get a

specific form of the KdV that we are most interested in, namely

A ~ 3 o 1
H++\/9th+§04HHf<+g 5% A+\/ ghHyy =0, (4.54)

which relates closely to (3.53).

Lemma 4.1.

—

1
UXVXU+U~V17:§V[U%+U§+U§]

Proof. We will prove this for the 2 dimensional case, and leave to the reader to show
the 1 dimensional case. We begin with
Tk
Vxv=det| Dy Dy, D. | = (v3y — Vo, —VUsy + V12, Vay — V1)

U1 V2 U3
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SO,
7 J k
U X V X U =det U1 Vs Us
U3y — V2z —U3g + V1, Vo — V1y
V2 [ng — Uly} — ’U3[-U3x —|— Ulz]
= —U1 [ng — Uly] + V3 [’Ugy — UQZ] .
U1 [—V3p + V1z] — V2[Usy — Vo]
Next,
v - Vuq V1V15 + VU1 + U301,
U-VU= [ U-Vu | = | U1V + VsV + V302 | . (4.55)
v-Vus V1V3g + VaU3y + U303,
Thus,
v xV >< v+ v-VU
U2 sz U1y — V3[—V3s + V1] V1V15 + VoU1y + U3V,
—Ul [Vog — V1y] + V3[Ugy — Vx| | + | V1V2z + V2v2y + V302,
U1 [— U3y + V1] — U2|Usy — V) V1035 + VU3 + U3V3,
V11 + VoU2g + V3V3y
= Uﬂ)ly Vo U2y + V3V3y
Ul?)lz + Va2, + V3V3,
% vl + vz + 3],
= % U]_ + U2 + 05]
1
2
Therefore

1
UXVX?7+U~V17:§V[U%—I—U§+U§} .

]

Proposition 4.2. Fquations (4.16), (4.17), (4.18), and (4.19) transform under (4.20)
to the following:

0= €0z + € gy + Oz
at z=1+aH — &2262 {CVQE:EH*—FO@QHQ—!-HE}
at Z=1+aH — ¢;+ = a{(@c) (Q_ﬁg)2+€i2((52)2}+H: B(t) — gh

ga
at =0 — ¢:=0
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Proof. Recall from (4.20) that

=2 =4 3z=2 gE——hd) and f——t gh
YN TR YT v TN

By the chain rule

o_0ox_o0 1 0 _0 dy_0 1
dr 9% dxr 9z XN Oy 0Oy Oy 9Oy A (4.56)
0 _0 02_0 1 0 _0 00_0 voh |
0z 0z 0z 0z h ' ot ot ot ot X
Then from (4.56) we have
_\/g_h_ 1 1 1
¢t—T¢t>¢x—X¢i‘>¢y_X¢g and ¢z_ﬁ¢2- (4.57)
_1_
Since ¢ = (#ﬁ) ¢ in (4.20) we have
_Neh (N L T
¢t_ A\ )\a\/g_h (bt_ag(bt ) (Zsz—)\ >\CI/\/g_h ¢:): (4 58>

1/ h \ ' 1/ h \ -
= — _— — d . = = _ z .
% =3 <)\a\/_gh) ¢y and . =7 ()\a\/_gh) ¢
Furthermore, by repeated application of (4.56),

1

1 1
Doz = ﬁ(bﬁ ) (byy = ﬁ(ﬁ@ﬂ and ¢.. = ﬁ¢22

and



1 o\
1 ho\ -
¢yy 22 Qbyy A_ ()\a\/g_h) ¢z7§ )
1 ( h ) ;
¢zz ¢zz h )\a\/g_h ¢22

Therefore, (4.16) gives

0 = (bxm =+ (byy + (bzz
ho\! _ A N
= O e . — T - P
()\a\/_gh) s et ()\a\/gh_) e fm T <
1 - 1 - 1 -
= 0 = _¢i’i + _¢gy + ﬁ¢zz
h2 h2

Finally (4.16) transforms to

_ _ _ h
62 T + €2¢gg + ¢25 Where € = X ,

giving (4.21).

As a consequence of (4.56), we have

ot
= H——
Yot

ay 1
—H, -
Yoy

Hy = Hyzo = Hy

Hx - Hi Hf'x y and Ht

o

We can substitute (4.59)

o8
—1
= ¢: (

into (4.17) and use (4.58) to get

= aH,¢, +aH,p, + aH,

1 h
= aH, -
ot

h Y
Aar/gh AT

1
Aa«gh) h

h -1
Aav/ gh ) .
= B Y

50

1

h2 ¢22

. (4.59)
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1 h o Vgh
Hy -~ ~ &, + aH;
Tty )\()\a\/gh) A¢y+a D\
_ ho\ 1 N Ao\ -
= @z - = P Hz 5 PsHy
(avar) &= () wo e () oo
a( h \ h
— | —= Vgh | ——= | H;
i) ()\a\/_gh) g <)\a\/_gh) t
-1 a - a - h
= Cbzﬁ = E%Hj + E%Hg + vV gh)\Q— %Ht
_ ha - h?
= 0z = —aﬁbiH*‘l‘ beH + Ht
_ h2
= b = 13 {70sHs + T osH; +Ht}
= g: = € {a¢£H96+a¢gHﬂ+Ht} )

where v = £ and € = 2. Thus (4.17) has transformed to (4.22).

Next, we can substitute into (4.18) using the change of variables described in

(4.57) and (4.58) and get

¢t+%(¢§+¢z+¢2)+gaH:B(t)— h

N ag&ﬁ%({#ém} +[a\/_ y} +{Aa¥_ 1 >+gaH:B(t)—gh.
NowB(f)zB(ﬁ t@}) — B(1)

> aggr+ 5 { TP (5 I [ 2O [@]2} © gall = B() — gh

S b ) G ()] = T

- ét+§a{(<zf)2+(%)hé(;f}+H:W.

Thus (4.18) has transformed to (4.23). Next, from (4.19) using (4.58) we get

¢, = 0 at 2 =10
)\a\/ -

= ¢p: = 0 at z =10
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= d: = 0 at 2 =0

Thus (4.19) has transformed to (4.24). O

Proposition 4.3. Fquations (4.25), (4.26), (4.27), and (4.28) transform under (4.29)
to

0= ayxx + a*Pyy +Vzz
Vg = P YxHx + Py Hy + (o —a)Hx +o*H,  at Z=1+aH
1
a¢X_¢X+a¢Z+§{a¢§(+0é21/)§2/+¢%}+[{:0 at Z=14+aH
wz =0 at Z =

Proof. Recall from (4.29) that

1/2 3/2 1/2

X=2 Gt+(a-10, Y=2¢, Z=2 7= and v="""1¢.
€ € € €
Assume /2 = ke for some k € R. Then
9 _009X 0o 9 0 _ da 0 _ 007 _ 9
0z 0X0x 0X € 0y OY Oy OY e 0z 0720z 07
(4.60)
also
0 0 0X 0 0t 9 all? d o2
g oxor tarar ox < T g (461)

Then from (4.25), (4.60) and (4.61)

0 = €2$Ef+62§53737+§522
0 0 - d 0 -

_ 2 7 7 2
0 = 68338:6¢+68g8g 0z 0z

a0 0 - 50?0 9o 0 0 -
0 = “aoxax’ T aavav®tazoz?
— 2_ —_
0 = 62%¢XX+€2%¢YY+¢ZZ

€ 5 € €
0 = amwxx +a m%/y + m?ﬂzz
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0 = atbxx +a*hyy +zz .
which gives (4.30). Next, substitute into (4.26) to get

¢: = {ag :Hs+a¢ yHy+ Hrf
b V2ol - 1/2 3/2
67 = € {a (a_¢Xa—HX) + (g¢ngy) + (o DHy + 32— HT}
€ € € € € c
€ € ¢
a1/2¢ z = {a2m¢XHX + O‘BWT/JYHY + (a3/2 _ al/Q) ¢Hy + Oz3/26HT}
Vg = a2¢XHX+a3¢YHY+(a2_a) Hy +a2H, when Z =1+ .
which gives (4.31).

Now from (4.27) we can obtain the Bernoulli equation as follows:

_ 1 _ . 1 ,-
Get 50 @)+ (@0) + 56 |+ H =0
1/2 3/2 /2 \ 2
= T(Q—1)¢X+_¢T+%Oé{(—¢x> +(g¢y)2—|——2(¢2)2}+H:O
1/2 3/2
= ;ﬂ(i m—¢Ww)+a 7t

= (- Ui bavr+ g (0 +a () 2R )+ 1 -
= awx—¢X+a¢7+%{+a¢§<+a2¢%+¢%}—I—H:0 at Z=1+aH .

This gives (4.32). We can look at (4.28) and obtain the following:

¢:=0 at z =0
= b 7=0 at Z =10
€
= mwzzo at Z =0
= '(bZ: at Z =10
This gives (4.33). O

Proposition 4.4. Equations (4.36), (4.37), and (4.38) in conjunction with the bottom
boundary condition (4.33) imply the following:
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(4.36) and (4.33) = g = Bo(X,Y,7)
2

Z
(437) and (4.33) = 4 =~ Boxx + Bi(X.Y.7)

74 72 72
(4.38) and (4.33) = by = IBOXXXX - 731)()( — 71/101/3/ + By (X, Y, 7)

Proof. Antidifferentiate (4.36) once with respect to Z to get 1oz = Co(X,7) and
again to get

wO = B()(X?KT) + ZCO(Xa Y7 T) . (462>

Now (4.33) gives

0 =1z = Yoz + b1z + &’Poy + O(a?) for Z =0,

sofor Z =0

0 =10z =1z =thaz . (4.63)
Thus by (4.62) 0 = ¢z = Co(X, Y, 7) for all Z. Thus, (4.36), (4.62), and (4.63) imply
that
wO = BO(X7 Y7 T) .

Note that 1 does not depend on Z, nor does ¥gxx = Boxx. Next anti-differentiating

(4.37) once with respect to Z gives

Uz = (—voxx) Z + D(X,Y, 1) . (4.64)

Then, from (4.63) we get



iz =0=0+D(X,Y,7) at 7 =0

so D(X,Y,7) =0 for all Z. Thus,

7vblZ = _ZwOXX .

Anti-differentiating again with respect to Z gives

Z2
P = —7¢0XX + By(X,Y, 1)

and (439) implies 1/]0XX = BOXX, SO

2

A
P = _TBOXX + By,

Next (4.38) gives ¥ozz = —t)1xx — Yoyy S0, by (4.66) one obtains

Z2
Vozz = 7BOXXXX — Bixx — Yoyy -

Anti-differentiating with respect to Z gives

Z3

oz = —-Boxxxx — ZBixx — Zvoyy + E(X,Y,T) .

3!

Now, from (4.63) at Z = 0 we get

Voz|lz=0=0=0—-0+F

and so we get that £ = 0 for all Z. Thus

55

(4.65)

(4.66)

(4.67)

(4.68)
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Z3
Yoz = —~Boxxxx — ZBixx — Z{oyy .
3!

Anti-differentiating once more with respect to Z, we get

Z4 72 72
g = IBOXXXX — 731)()( - Twoyy + By(X,Y, 7).

]

Proposition 4.5. The leading orders O(a®) and O(a') of equation (4.32) at the
surface give

0(a?) Hy = ox = Box

1 1
O(Oél) . 0:H1+B()X+§Boxxx—le+Bo7-+§B§X

Proof. At Z =1+ aH (4.32) gives

H+a¢x—wX+awT+%{a¢§<+a2w§+w§}—0.

Then (4.34) and (4.35) give

0 =Hy + aH; + 0(a?) + athox + a1 x + oy + O(at)
— Yox — ahrx — Oé2¢2x - O(O;’)
+ o, + a1, + oy, + O(a?)
+ a% [Yox + arx + oy + O(a?)] ’
+ 042% [Yoy + athry + oy + O(a)] :

+ % [Voz + arz + &Pty + 0(043)}2 )

and we get
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0= Hy+ aH, +0(a?)
+ athox + @*hrx + @*ax + O(a?)
—1box — ahx — Phax — O(a?)
+ atdor + a1, + 1o, + O(?)
+ a%l/)gx + o*oxtix + O(a?)
+ a*Poy + O(a?)

1
+§1/J(2)z + abozthiz + O(a?) .

Therefore

0= {Ho — Yox + %%%z]
+a {Hl +tox — Yix + Yor + %wéx + Yozthiz (4.69)

+0(a?) .

Thus, from the o' term of (4.69), we get

1
0= Hy—Yox + iiﬂgz (4.70)

and from the o' term of (4.69),

1
0= Hi + vYox — Yix + Yor + §¢§X + Yoz1z (4.71)

at Z =14+ aH.
Thus from (4.70), (4.63), and (4.39) we get
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1
0= Ho — Box + 50
2 (4.72)
= Ho — Box .

Thus,

HO :wOX = BOX .

Furthermore,

@bof = BOT
from (4.39). Also (4.40) implies

2

A
P = _TBOXX + By,

and differentiating with respect to X we have

2

Z
PYix = —7BOXXX + Bix .

Thus

1
Vix|z=1ran = —5(1 +2aH + o*H?)Boxxx + Bix - (4.73)
Now the a and a? terms in (4.73) create O(a?) and O(a?) terms in (4.69), or

higher order terms in (4.71) so we can drop both terms in these settings to obtain

1
Uix|z=11an = _QBOXXX + Bix . (4.74)
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Next, from (4.71), (4.63), (4.39), and (4.74), we get

1 1
0=H, + Box — <_§BOXXX + B1X> + Bor + 53(2))( +0

S0,

1 1
0= H; + Box + §BOXXX — Bix + By + §B§X :

[
Proposition 4.6. The leading orders O(a') and O(a?) of equation (4.31) at the
surface give:

O(al) : HOX = BOXX

1
O(a?): —HyBoxx + EBOXXXX — Bixx — Yoyy

= —Hix + Hox + Hys + Box Hox

Proof. At Z =1+aH = 1+aHy+a*H; +0(a?) the kinematic equation (4.31) gives

1/12 = 0527,Dxﬂx + OéQHX — OéHX + OéZHT + OéSHy1Dy .

Thus substituting in (4.34) and (4.35) gives
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Yoz + az+a* ey + 0(043)
= — a[Hyx + aH x + O0(a?)]
+ aQ[HOX +aH x + O(a2)]
(4.75)
+ 042[H07 + OéHlT + O(a2)]
+ ®[hoy + athry + a*ay + O(?)]|[Hoy + aHiy + O(a?)]

+ CYQWOX + b x + @hax + O(CY?’)] [Hox + aHix + 0(042)] .

Now from (4.40) and (4.41) we have,

Yoz+ohiz + oPihay + O(a?’)

1
=0+ a(—ZBoxx) +a’ <EZSBOXXXX — Zoyy — ZBlXX) + 0(a?)

At Z =1+ aH, we expand using (4.35) and get

Yoz + aiz+a Pz + O(a?)
= —a[l + aHy+ o*H, + O(a?)|Box x
+ 042%[1 +aHy+ o®H; + O(a®)]?Boxxxx
— o*[1 + aHy + o®Hy + O(a®)|boyy

— 042[1 + CKHQ -+ OézHl -+ O(CY3>]31XX + 0+ 0(063) .

Moving the o? terms into O(a?), we have
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Yoz + athiz + a*ihyy + O(a?)
= —aByxx — &®HyByxx + O(a?)
+ éa2BOXXXX +0(a?)
— a*oyy + O(a?)

— a’Bixx + 0(043) .

Thus, we have

Yoz + b z+a ey + 0(043)
1
= — aBoxx + o |—HyByxx + EBOXXXX —Yoyy — Bixx| +0(a?) .

(4.76)

Now substituting (4.76) into (4.75) we get

1
—aBoxx +a? |—HyBoxx + EBOXXXX — Yoyy — Bixx| + O(a?)

= —aHyx — o*H x +0(a?)
+ 042H0X + O(as)
+ o?Hy, + O(a?®)

+ o*hox Hox + O(c®) .

So matching a! terms implies Byxy = Hox which is consistent with (4.72). Matching

a? terms implies
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1
—HoBoxx + EBOXXXX —Yoyy — Bixx = —Hix + Hox + Hor + oxHox .

Substituting ox = Box from (4.39) gives

1
—HoBoxx + EBOXXXX —Yoyy — Bixx = —Hix + Hox + Hor + BoxHox . (4.77)

Proposition 4.7. (4.52) transforms into
- s 3o 145 | PN
H‘?+AHX+§BHHX+ECHXXX ) +§DHYY:O (4.78)
X

where fl, l%, O, and D are arbitrary constants with the stipulation that the sign of C

and the sign ofD must be the same.

Proof. From (4.50) we have

1
0= 2HT+3HHX+§Hxxx+2H0X+@/JYY

or

3 1 1
OZHT+§HH)<+6 XXX—FHX—F§¢YY-

We can use the following to have a coordinate transformation:

A~ A A

X=BX,Y=DY,Z=2Z and#=0Cr
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along with h=L"'H+ K, or LH - LK = H, to obtain
0=C(LH — LK); +3(LH — LK)B(LH — LK)
1 . .
+ §B3(LH — LK) ¢xx +2B(LH — LK) ¢ + D%y .
Therefore,
. . 3 . .
0= BLHy +CLH, + 3 (LB — 1*K B )
1 .- 1
+ S LB Hygx + 5 D%yy

or

3 - 3
0= BL {1 — §KL} Hy +CLH, + §LQBHHX

1 1

+ gLBgﬁXXX +5D%yy
Thus, dividing by C'L yields
B 3 S N 3. B .
=—R1-=-KL;Hy+H,+-L=HHj
'=¢ { 2 } X Lk

B - (4.79)
Foot s gty

Next from (4.42) we have Hy = 1gx, so for a small we have Bx = H. Thus, we get
{LFI _ KL} — ¥,
{LA-KL} = Bug

SO

LFI—KL} = Bipgor
{ vy Vxiv
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or

LHyy = Bgoy - (4.80)

Differentiating (4.79) with respect to X gives

0= [g { — ;KL} Hy+H, + ngﬁﬁX + égBQﬁxxx . + %%wyﬁ .
(4.81)
Now substituting (4.80) into (4.79) gives
0= [g { - gKL} He+ H, + ngﬁHX + égBQﬁx;ex . -+ %%ﬁw .
Next
1. Choose C

2. Choose B to determine the coefficient of Hy x5, C' = £ B2

Q

3. Choose L to determine the coefficient of H H < B= Lg
4. Choose K to determine the coefficient of Hy, A= g {1 — %KL}

5. Choose D to determine the coefficient of Hyv, D = g—QB. Note that D must

have the same sign as C.

Thus
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for fl, B, é, and D arbitrary but where the sign of C' is the same as the sign of D.
]



CHAPTER 5: Run-Up Equation

The last part of a tsunami model is the run-up stage, where the depth of the ocean
begins to become shallow as the tsunami approaches land. For this final stage we
can use a variant of the KdV equation where the depth of the ocean h is no longer
constant, but rather a function of the horizontal directions. From (3.53) we have, for
the 1 dimensional KdV equation,
A . 3 A 1,
0=H;+\/ghHy + ol Hy + 662HXXX

To model the run-up phase of a wave we will let the depth of the water h be a
function h(X) of X as shown in [1]. Since h is now a function of X, there is also
an aditional term, % < gh(f( )> ) H. Thus, we can model a wave approaching some

X
sort of land where the depth of the water h is no longer constant [9] and get,

A IS 3 Ao 1, 1 N S

We use (5.1) to simulate the run-up stage in our model.



CHAPTER 6: Numerical Approximations

6.1 Lax-Wendroff

Before we can make numerical approximations for the first stage of a tsunami, we
need to introduce the Lax-Wendroff correction term. Even though the wave equation
is linear, there are instabilities associated with it. To adjust for these instabilities,
we add in the Lax-Wendroff correction term. We now derive the Lax-Wendroff term
for each half wave equation. We choose At and Az sufficiently small to meet any
stability criteria.
We begin with (2.4):
Hy — Csz =f.

We re-write this as

f =

0 0 0 0
We can now let H = (2 —1—7(9@) H. Thus (6.1) has become the coupled (paired)

PDEs, or half wave equations,

ot Cax
and
0 0 .

where (6.2) is first solved for H and then (6.3) is solved for H.

We first solve for the Lax-Wendroff term for half wave equations of the form



0 0\ -~
(a - a_) =7
which can be re-written as
0 ~ 0 -
Therefore
i _ o (on\ _ o (of
oz ot\at ) — ot \ oz
_ Lo (o) o1
Oox \ 0Ot ot
0 ( 0oH of
C@ (C% + f> + E
and thus

O*H _ ,0°H  of of

o2 922 Cor T o
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(6.6)

Here we introduce the notation G¥ to be a function G evaluated on the grid at the

i'" stage of x, iAx, and the k™ stage of ¢, kAt. We can then get a Taylor series

expansion of H, namely,

~\ k ~\ k
. " 0H 1 (0%H
k+1 _ g7k = 2 3
b2 _Hi+(8t) At+2<8t2> AL + O(AF) .

)

)

Now using (6.5) and (6.6) we get

~ k
OH
(a—m) +ff]
~ k
O*H ofr\" [of\*

HFY =AY + At

| (@)

5 + O(AP)

(6.7)

(6.8)
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Now,
or\"  HE, — @
and .
0*°H B HZ-’Zr1 — 2Hf + Hi’“_1 6.10
ox? | (Az)? (6.10)

So substituting (6.9) and (6.10) into (6.8) yields

1 _ TR —e Ay ﬁfﬂ - ﬁzkfl
! ' 2Ax
At)? [AF —2HF + A*
At k (C +1 7 i—1
AL (Az)?
(A | af\" | (or\"
+ 2 ¢ oz /, + ot ), ’
which can be written as
N - HE  — HF
HEL — g L Ap |l el gk
E i tatie 2Ax + i
(cAt)? | HE, —2HF + HE | (6.11)
2 (Ax)?

(At) e A
L {C( oA >+< N, )} '

In the case of an earthquake acting as a forcing, the higher order forcing terms

(At)z ik 1 fz’il fz’k+1 _ fik_l
2 {C( oA )+( 2At )]

are considered to be negligible, and so we obtain the Lax-Wendroff term for H, namely

(cAt)?
2

(6.12)

ity — 201 + A,
(Az)?
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That is the Lax-Wendroff term (6.12) can be seen as a second order correction term

to Euler’s Method:

il — 201 + A,

HFY — Ok At L 6.13
4 1 + (A.Z'>2 ( )

ok, — ot cAt)?

c 141 i—1 + ka + ( )
2Ax 2

We use (6.13) as our numerical approximation scheme.

We next solve for the Lax-Wendroff term for half wave equations of the form

0 0 -
(a + C%) H=H (614)
which can be re-written as
0 0 -
aH = —C%H—F H . (6.15)
Therefore
°H _ 0 (0HY _ 0( oH .
oz oat\at ) — ot \ "oz
0 (omy o
- T %r o a1
Lo (Lom N ol
- %\ % ot
thus

PH  ,0°H 0H OH
= C __+

o o2 “oxr T ot (6.16)

We can now express H as a Taylor series expansion, namely,

oH\* 1 (0*H\"
k+1 _ g7k L 2 3
H = H] +(8t)iAt+2<8t2) AL® + O(AF) . (6.17)

%



Now using (6.15) and (6.16) we get

OH\" -,
_(a_> o

%

HIF = HE + At

_\ k _\ K
(A8) | (M k Y ey el +O(At%)
2 ox? ), ox | ot | '
Now,
OH\" HE,—H},
ox; Z._ 2Ax
and
O*H\" _ Hf, —2Hf + Hf,
0z? ), (Ax)?
Substituting (6.19) and (6.20) into (6.18) yields
HF  — HEF
H.k+1 o Hk — A i+1 i—1
‘ ! ¢ t{ 2Ax
-, (cAt)? [HE, —2HF + H
+ ALHf + - L
N\ k _\ K
N (A | (oH N 0H
2 “\ oz . ot | |’

which can be written as

HF' = HF + At |:—C—Hf+1 — AL + ﬁf}
2Ax
(cAt)® THf, —2Hf + HE
2 (Az)?
(At)”
2

+

al, — HF, N ot — gkt
¢ N N '
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(6.18)

(6.19)

(6.20)
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Now the higher order terms of H,

b, B\ (i
¢ 2A7 At

are considered to be negligible, so we obtain the Lax-Wendroff term for H, namely

(AL)?
2

(cAt)? {Hik-&-l —2H} + Hik—lj|

. VL (6.21)

That is, the Lax-Wendroff term (6.21) can be seen as a second order correction term

to Euler’s Method:

HE _— HFE
H-k+1 — Hk‘ At o 141 i—1
¢ it ¢ 2Ax

. At)? [HF , — 2HF + HF
+Hf}+<c ) { it L i (6.22)

2 (Azx)?

We use (6.22) as our approximation scheme.

6.2 Exposition of Wave Equation Numerical Approximation

We can now look at the one-dimensional wave equation and solve for a numerical

solution. We first solve (6.2):

which can be re-written as

We now look at our position function at each step in time Atf, and let x values
be chosen on a Az grid. For this we use Euler’s method with initial conditions at

t =0 of f(z,0) =0 and H(z,0) = 0. The initial condition gives H(iAz,0) = 0, for
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all 4, and for kAt = 0. We then deploy the numerical scheme from (6.13) recursively.
Once H(iAz, kAt) is determined for all 4 and for fixed k, by (6.13) one obtains

H(iAz, (k + 1)At) = H(iAz, kAt)

. { H((i +1)Ax, kAt)ngH((z' —1)Axz, kAt)} + flide. kD) At o)
N (A2 | H((i + 1) Az, kAt) — 2H (iAx, kKAL) + H((i — 1) Az, kAt)

2

(Az)?

Thus one obtains H(iAxz, kAt) for all i and for all k. With H determined the initial
condition on H is H(iAx,0) = 0 for all 1.

The next step is to solve (6.3) for H by deploying (6.22) recursively to

0 0 -
(a‘i‘Ca—x)H—H,

H(iAz, (k+ 1)At) = H(iAz, kAt)

. [_C{H((i + 1Az, k:At)Q;xH((i ~1)Ax, k:At)} + (i, k:At)] A 6o
(cAt)? [H((i + 1)Az, kAt) — 2H (iAz, kAt) + H((i — 1)Az, kAt)
5 (B |

which produces H for all steps of time.

6.3 Exposition of KdV Equation Numerical Approximation

For the numerical solution of the KdV equation in one dimension, we begin with the

equation from (3.53)
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X 3 . 1 ..
OZH’}—'—\/thX+§aHHX+6€2HXXX .

We can then rewrite this as

" . 3 L yn
Hi- = _VthX - §CVHHX - aezHXXX . (625)

Once again, we look at the KdV equation throughout steps in time in a grid

pattern. First we get an estimation of each component of the KdV equation. We first

start off with H e

H(X + AX kA7) — H(X — AX, kA7)

(6.26)

Next, we obtain fIXX

Hy (X, kA7) =
L (A (X + AX kAR) = Hg(X,kAR)) + g (H (X, kA7) = He(X = AX, kA7)

AX
2

and simplifying gives

(ﬁf((f( +AX EAF) — He(X — AX, kA%))
2AX

Now we can apply (6.26) and get
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L ([f[(f( +2AX, kKAF) — H(X, kA%)) ~ 5L (H(X kA7) — H(X — 2AX, kA%))

20X
2AX
which simplifies to
. H(X +2AX kA7) — 2H (X, kA7) + H(X — 20X, kA7
Hyg ¢ (X, EAT) ~ X+  FAT) ( k 7+ H( L T).(6.27)
(2AX)?

Lastly we obtain H  ¢:

A~

2 (Heg(X + A% kA7) — g (X, kA7)

AX
2
A% (Hm(X, kA7) — Hyx (X — AX, kA%))
+
2
Simplifying gives
; ; Hyex(X + AX kA7) — Hyg (X — AX kAT
Hyg x5 (X, EAT) = xx(X + A%, T;AX ax kAT)

Now, substituting with (6.27) we get
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GAZP (H (X +3AX, kA?) — 2H(X + AX kA7) + H(X — AX, kA%))
2IAX
AT (H (X + AX,kAF) — 2H(X — AX, kAF) + H(X — 3AX, kA%))
- 2AX ’

which simplifies to

H(X 4+ 3AX, kA7) — 3H(X + AX kA7) + 3H(X — AX, kA7) — H(X — 3AX, kA7)

(2AX)3
(6.28)
We can now look at (6.25) and substitute in (6.26), (6.28) along with
H(X 1)A?) — H(X, kA7

AT

~

Solving the resulting equation for H (X, (k + 1)A7) yields
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A~ A

H(X,(k+1)A7) =H(X, kAt)

H(X + AX kA7) — H(X — AX kA7
w{_@( (X + AX kA7) - H( , T>>

2AX
—gaﬁ( ¢ kAT) (ﬁ()&' +AX, kA%;A—;I(X — AX, kA%))
1, ( HX 4 3AX, kA7) — 3H(X + AX, kA7)
(2AX)3
3H(X — AX, kA#) — H(X — 3AX, m%)) }
(2AX)3

+

(6.30)

which produces H(X, (k+1)A7) for each step of time in the second stage, or traveling
stage of our model. Substituting X = iAz in (6.32) gives H(iAz, kAt) for all i and
k. The initial condition for H(iAX, kA7) is H(iAX, kAt) = H(iAz, kA7) where k

is the last time step of solving the numerical wave equation in Section 6.2.

6.4 Exposition of Run-up Equation Numerical Approximation

We are left to find a numerical scheme for the run-up stage of our model. To obtain

this, we begin with the run-up equation from (5.1),

N P 3~ 1, 1 5 -
0=H:+ gh(X)HX+§aHHX+6€2HXXX+§( gh(X)) H | (6.31)
X

where we note that the only difference between this equation and the KdV equation
is that h is a function of X and the addition of the term 2 ( gh(X )) H. We use

X
the same numerical scheme from the KdV numerics from (6.32), namely
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A~ A

H(X,(k+1)A7) =H(X, kAt)
) { Jah (ﬁ()&’ +AX kA7) — H(X — AX, kA%))
Vg

2IAX

—§aﬁ(X,k;A%) H(X + AX,EAT) —AH(X — AX,kEAT)
2 2AX
1, ( HX 4 3AX, kA7) — 3H(X + AX, kA7)
——€ -
(2AX)3
N 3H(X — AX kA7) — H(X — 3AX, kAT)
(2AX)3 ’
(6.32)
along with the numerical approximation for the additional term
1 A .1 A A
— ( (X)) H=- ( (X)) H(X, kAT) . (6.33)
2 % 2 X

Combining (6.32) and (6.33) and letting h be a function of X, we obtain
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A ~

H(X, (k+1)A7) =H(X, kAt)

~ ([ H(X + AX kA7) — H(X — AX. kA7
+A%{— gh<X)< (X + AX kA7)~ H(X — AX. T>>

2AX

3 H(X + AX, kA7) — H(X — AX, kA%))

—5@11}()2, kA7) (

2AX
1, ( HX 4 3AX, kA7) — 3H(X + AX, EAT)
6 ( (2AX)?
. BH(X — AX kA7) — H(X —3AX, k:A%))
(2AX)3

+ % ( gh(f()>X ﬁ(f(,km)}

(6.34)

Substituting X = iAz in (6.34) gives H(iAz, kAt) for all i and k. We use (6.34) to

model the run-up stage of our model.



CHAPTER 7: Transitioning Between Stages

We have now derived each stage of our model. It remains to discuss how these models
fit together. When an earthquake begins underwater, it produces a forcing on the
environment around it. This forcing produces a wave which can be modeled using
the forced wave equation. We can recall and analyze both half wave equations from

(6.2) and (6.3) namely

0 d\ =
(a _ a_) A= (7.1)
and
(% + c%) H—ii. (7.2)

Note that f in (7.1) is the main forcing due to an earthquake. This forcing creates
a half wave H that acts as the forcing in the other half wave equation (7.2). As the
forcing f dies down the wave H proceeds on, and as it moves away its impact dissipates
as the force in (7.2). Once the earthquake retires as a forcing and the produced waves
move away from each other, natural dispersion and self-focusing terms previously
dismissed start to build up and have more impact on the effect of the wave. The
dispersion and self-focusing effects are what keeps the moving wave from dissipating
or enlarging. This is where the first transition from the wave equation to the KdV
equation takes place, as the wave equation does not have the dispersion and self-
focusing terms in it.

The KdV equation models the wave as it travels through the ocean, up to the
point where it hits land. As the KdV equation is a model for waves traveling along
a constant bottom, it makes sense for it to model a wave traveling in the relatively
constant depths of the ocean. As the wave approaches land where the depth of the

ocean is no long constant, it is clear there is need to switch to a different equation that



81

does not require the bottom to be constant. At this stage we switch to the run-up
equation that allows for the depth of the ocean to vary. The three equations we will

deploy to model tsunamis are:

Wave: H,+ cH, = H
3 1

KdV: Hy+cH, + 5ol H, + 6€2Hmm =0
3 1 1

Run-up: Hy+cH,+ -aHH, + —€?Hypy + =, H =0.

2 6 2

We can see that we initially use the wave equation when there is a forcing H.
Once this forcing dies down the non-linear (self-focusing) and dispersion terms start
to build up and have a greater impact on the wave. These terms are added on to
the wave equation to form the KdV equation. The KdV equation is then used while
the ocean floor remains relatively constant. As the wave approaches land, the ocean
floor drastically changes and thus an additional term is used to compensate for the
change. For this we add the additional term onto the KdV equation to obtain the

run-up equation. This shows a smooth transition between each stage of the model.



CHAPTER 8: Special ¢-Advanced Functions

Here we discuss the special g-advanced functions, where the parameter ¢ satisfies

q > 1, see [6], [7], [8]. We start with

K,(t) = > (—Dre™ [g®D2 | fort >0, ¢> 1, (8.1)

k=—o0
where K (t) =0 for t < 0. K, depends on the parameter ¢ > 1. K (t) is a wavelet
satisfying the multiplicatively advanced differential equation, or MADE, K(t) =
K,(qt) [6]. At any time ¢ such that ¢t < 0, both K,(¢) and its derivatives KP(t)
are flat. For values of ¢ > 0, both K,(t) and its derivatives oscillate by first going
negative into a trough, then positive forming a crest before dampening down (see
Figure 8.1). Note the resemblance that K, has to a tsunami profile. This indicates

that this function and its derivatives will be very useful in modeling tsunamis.

Figure 8.1: K, (dark) and its derivative (light) for q=2

We describe two more wavelets (as in [8]) that will also be useful in modeling
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tsunamis, namely,

Cos(t) = Nq'/ Kq(u)Ky(u—1) du = N, Z ' _q‘j|t‘/qj27 (8.2)
0 — 0o

t - C g
Sin(t) = —Ny- / K,(u)K,(qu —qt) d — | N, Z ) e eI/l (8.3)

) M 2
where -

e
q Z q]2
j=—00
10 /\ 10
=
Figure 8.2: Left: y = ,Cos(t) for ¢ = 1.5; Right: y = ,Sin(t) for ¢ = 1.5.

The constant N, is a normalization constant chosen such that ,Cos(0) = 1. In

addition to also being wavelets, ,Cos(t) and ,Sin(t) also satisfy the MADE criterion
[3]:
Cos"(t) = —q ,Cos(qt) , ,Sin"(t) = —¢° ,Sin(qt) . (8.4)

For ¢ near 1, the MADEs in (8.4) approach f”(t) = —f(t) and, in fact, ,Cos(t)

approaches cos(t) and ,Sin(t) approaches sin(¢) uniformly on compact sets as ¢ — 1.



CHAPTER 9: Tsunami modeling with ¢g-advanced functions

The g-advanced wavelets K,(t) and ,Sin(t) have been used to construct wave height

H,(z,t) and forcing terms F,(x,t) in tsunami models, see [9], where

Hy(r,) = A-K, G) JSin(y - ) (9.1)

and, by differentiating (9.1) twice with respect to t,

0*H, A-q q*t ,
F(z,t)=p 8t2q = K, (T Sin(y-x) . (9.2)
Notice the similarity of the forcing function F, to the wave height H,.
The models discussed in this thesis have a clear difference to the ones previously

used. For example in [12], the following function used to model forcing from a land-

slide:

A t
Hrs = — tanh (’ya: — —) : (9.3)
v T

This suggests that the landslide will not only provide the forcing associated with it,
but the landslide will continue happening for all time.

A second example is one in [14] which models earthquakes, namely,

t
Hywr = (247)sech®(yz)tanh(yz)sin (;—) . (9.4)

T
This earthquake model again simulates an earthquake that quakes on forever. Both
of these models, despite their limitations, are still used to model the initial forcing of

tsunamis.

An advantage of (9.1) and (9.2) is that F} is an £? function with the consequence
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that the forcing terms damp down, a more realistic scenario. Another big advantage
of (9.1) and (9.2) is that the wave height function H, is very similar to the forcing
function F,. This implies that the forcing that creates a tsunami is very similar to
the tsunami itself. The previous models definitely do not have this attribute. As we
shall see, this H,, F; similarity endows our model with an early warning potential for

ocean shores sufficiently distant from the epicenter of the earthquake.



CHAPTER 10: Approximation of Precursor Wave and Forcing terms via

Special Functions

In the event of an earthquake, a vibration emanates from the epicenter disturbing the
ground in every direction. As the earthquake disturbance spreads out underwater,
the disturbance of the land creates a small forcing on the water above, creating what
we will refer to as a precursor wave that precedes the actual tsunami.

We will first take the height function used in [9], and modify it to produce a more
accurate forcing. We begin with the height equation H,(z,t) from the precursor wave.

From (9.1):

Hy(e,t) = A-K, (;) JSin(y - )

which for the appropriate choice of A, ¢, and 7 produces the following graph,

== == Ohserved Earthqualke

s [ for cing for q=1.25

[

[ - T N C R

Y

Figure 10.1: Precursor wave (red dashed) vs. height function H,(x,t) (blue solid)
where the horizontal variable is time (min) and the vertical variable is height (m).

where the dashed red line is the precursor wave for the 2011 Japanese tsunami, and
the solid blue line is the H, model. We clearly see that H, matches the precursor
wave very well for the first and second troughs and the first crest. It then starts to

diverge at the second trough and continues to get worse until both dampen down
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almost completely.

We can now modify and improve the height equation for the precursor wave by
adding an additional term and delaying the time to produce a function that has a
better fit when compared to the precursor wave. We add in the a term that is a scaled

version of the original, along with a delay in time, namely,

t—to

Hyw,t) = A-K, G) JSin(y-7)+B- K, (T) Sin(y-z).  (10.1)

08 - r
06 -

04

0.2 \

' - - \ -——-
0 = . . L ;

0.2

0.4 \
-0.6 - \,
-0.8

-12 -
)

Figure 10.2: Precursor wave (red dashed) vs. new height function H,(z,t) (purple
solid) where the horizontal variable is time (min) and the vertical variable is height

(m).

We can see by comparison of the 2011 Japanese tsunami precursor wave (repre-
sented as the red dashed line) and the new height function (represented as the purple
solid line) that, similar to the previous model, we have a great match on the first wave,
but where the previous data diverged, we now have equation (10.1) matching better.
Thus we have gained more accuracy in matching the height term to the precursor
wave.

This new height function, (10.1), then gives a new forcing function that we use to

model the creation of the 2011 Japanese tsunami, namely
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0*H A-q >t , B-q ¢t —t ‘
Fet) = 000t = 070 () sintreo ot i, (T2 sintea)

(10.2)

When this improved forcing term is entered into the numerical approximation schemes,

we see improved accuracy in comparing the run-up model to actual data.



CHAPTER 11: Program Modeling of Special Functions in the Run-Up

Stage

We now have the capability to choose a forcing, and model a tsunami through each
stage of its existence. First, we can look at the model from [9] that uses the forcing

function (9.2)

0*H, A-q q*t
ot? Ky ( T

Fy(z,t) = p = 13 —) ¢Sin(y - x) .

As we saw in the previous chapter, this forcing was modeled from the height
function (9.1). This function, when compared to the precursor wave of the 2011
Japanese tsunami, matched very closely up to the second trough before it diverged.
The resulting model after being run through a computer program that simulates each
stage of a wave’s existence produced data that simulated a tsunami run-up onto Wake
Island. This model gave an extremely accurate depiction of the tsunami that actually
hit Wake Island in 2011. The figure below compares actual data collected from Wake
Island during the tsunami (depicted in dashed red), and simulated data obtained by

the model in [9] (in solid blue).

06 1
05
0.4 A
0.3
02 A
01 — — Wake Island (tide guage)
a

Runup (3 hours)
01 8
-0.2 A
-0.3

0.4 A

0.5 -

Figure 11.1: Data showing tsunami that hit Wake Island (red dashed) and the run-up
model (blue solid) for Wake Island shoal.
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Note that just like the precursor wave, the model matches very closely to the
actual tsunami data up to the second trough. In particular, the initial wave of the
tsunami is very accurately depicted in the model.

We can now use the new forcing from (10.2) to create a new model of the 2011

Japanese tsunami. We substitute the new forcing function,

0?H A-q gt . B-q Pt —t ,
Fy(z,t) = p ath =P 72 Ky <T) Sin(y-z)+p 2 Kl]( ( - 0))q52n(*y-x),

into the forced wave equation, and run each stage as a program to obtain the simulated

Wake Island tsunami run-up.

0.7
0.6
0.5 - A
0.4 - ! |
0.3 - ! 1
0.2 - I ! Kdv Model

\ 1
0.1 i = == Wake Island
\ P I
o e S . .
\U/ of rso
0.1 5 ) ]

-0.2 "I L\ |
_03 -

0.4 -

Figure 11.2: Data showing tsunami that hit Wake Island (red dashed) and the new
run-up model (purple solid) for Wake Island shoal.

We can clearly see in figure 11.2 that in addition to matching the collected tsunami
data well up to the second trough, the new forcing function matches well up to the
third crest. So, we have obtained a more accurate model of the run-up stage of the

Japanese 2011 tsunami.



CHAPTER 12: Conclusions

We have gained a clear understanding of how each stage of a tsunami is modeled. We
have seen that a tsunami model can be produced from a precursor wave that travels
from its source at a much faster speed than the tsunami itself. We have also seen that
the special functions studied in [9] have clear advantages over previous models due
the more realistic characteristics of the functions and from the similarities that both
the special functions and their derivatives share with the shape of tsunamis. The
models that are produced from these precursor waves produce an accurate model for
the subsequent tsunami. The new, modified forms of the special functions studied in
this thesis were shown to produce an even more accurate model for a tsunami.

Since we can predict a tsunami with a precursor wave that travels at speeds far
greater then the following tsunami, this is an indication of a potential early warning
system for coastal cities sufficiently far from the epicenter of an earthquake creating

a tsunami.
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