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ABSTRACT 

’Be nice, unless it pays to fight’:  A New Theory of Price Determination with 
Implications for Competition Policy 

by Jan Boone* 

This paper introduces a simple extensive form pricing game where firms can react to 
each others’ price changes before the customers arrive.  The Bertrand outcome is a 
Nash equilibrium outcome in this game, but it is not necessarily subgame perfect.  The 
subgame perfect equilibrium outcome features the following comparative static 
properties.  The more similar firms are, the higher the equilibrium price.  Further, a new 
firm that enters the industry or an existing firm that becomes more efficient can raise 
the equilibrium price. 
 
Keywords: Bertrand paradox, price leadership, mergers, joint dominance, balance of power 

JEL Classification: D43, L11, L41 

ZUSAMMENFASSUNG 

‘Sei nett, außer es zahlt sich aus zu kämpfen’: Eine neue Theorie der 
Preisbestimmung und ihre Bedeutung für die Wettbewerbspolitik 

In diesem Beitrag wird die extensive Form eines einfachen Preisspiels vorgestellt, in 
dem jedes Unternehmen auf Preisänderungen des anderen reagieren kann, bevor die 
Kunden eintreffen. Das Bertrand-Ergebnis dieses Spiels ist ein Nash-Gleichgewicht, 
aber es ist nicht notwendigerweise Teilspielperfekt. Das teilspielperfekte Gleichgewicht 
hat die folgenden komparativ-statischen Eigenschaften. Je ähnlicher die Firmen sind, 
desto höher ist der Gleichgewichtspreis. Darüber hinaus kann, wenn eine neue Firma in 
den Markt eintritt oder eine bestehende effizienter wird, der Gleichgewichtspreis 
steigen. 
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Zkhq d pryh e| rqh vhoohu hylghqwo| irufhv wkh rwkhu wr pdnh d
frxqwhu pryh/ kh lv yhu| vwxslgo| uhixvlqj wr orrn ixuwkhu wkdq klv
qrvh li kh surfhhgv rq wkh dvvxpswlrq wkdw lw zloo qrw1

Fkdpehuolq +4<9<= 79,1

4 Lqwurgxfwlrq

Wklv sdshu dlpv wr frqwulexwh wr wkh olwhudwxuh rq roljrsro| sulflqj lq wzr pdlq
zd|v1 Iluvw/ lw lqwurgxfhv wkh lghd wkdw djjuhvvlyhqhvv ri sulfh frpshwlwlrq lq dq
lqgxvwu| lv ghwhuplqhg e| wkh frvw glvwulexwlrq lq wkh lqgxvwu|1 Wkh lqwxlwlrq
khuh fdq eh fkdudfwhul}hg dv edodqfh ri srzhu1 Li �upv kdyh vlplodu h!flhqf|
ohyhov/ lw lv frvwo| iru wkhvh �upv wr �jkw dqg wkh| zloo eh qlfh wrzdug hdfk rwkhu=
wkh| fkdujh d kljk sulfh1 Li rqh �up +ru d jurxs ri �upv, lv idu pruh h!flhqw wkdq
lwv rssrqhqwv/ krzhyhu/ wkhuh lv qr edodqfh ri srzhu dqg lw sd|v wr �jkw wr nhhs
wkhvh lqh!flhqw �upv rxw ri wkh pdunhw1 Vhfrqg/ L revhuyh wkdw wkh dvvxpswlrq
lq d vwdqgdug Ehuwudqg jdph wkdw �upv fdqqrw uhdfw wr rwkhu �upv* sulfhv
ehiruh wkh frqvxphuv duulyh/ lv qrw frpshoolqj lq d qxpehu ri lqgxvwulhv1 Iru
lqvwdqfh/ zlwk uhwdlo �upv dqg lqwhuqhw �upv lw vhhpv pruh uhdolvwlf wr dvvxph
wkdw +zlwk vrph suredelolw|, d �up fdq uhdfw wr rwkhu �upv* sulfh fkdqjhv
ehiruh frqvxphuv duulyh1 Lq wklv qhz sulflqj jdph zklfk lv uhplqlvfhqw ri dq
Hqjolvk dxfwlrq/ wkh Ehuwudqg rxwfrph lv vwloo d Qdvk htxloleulxp exw lw lv
qrw qhfhvvdulo| vxejdph shuihfw1 Wkh vxejdph shuihfw htxloleulxp +VSH, kdv
wkh edodqfh ri srzhu surshuw| deryh1 Wklv lv qrw gxh wr +h{solflw, frooxvlrq1
Ilupv dfw lqghshqghqwo| dqg qrqfrrshudwlyho|/ exw xqghuvwdqg Fkdpehuolq*v
revhuydwlrq deryh1

Dowkrxjk wklv eh0qlfh0xqohvv0lw0sd|v0wr0�jkw rxwfrph grhv qrw vhhp xqqdw0
xudo/ wkh VSH kdv vxusulvlqj frpsdudwlyh vwdwlfv uhvxowv1 D ulvh lq wkh qxpehu
ri �upv lq wkh pdunhw ru dq lqfuhdvh lq h!flhqf| iru vrph �upv lq wkh pdunhw
fdq udlvh wkh htxloleulxp sulfh e| uhgxflqj wkh lqfhqwlyh wr ehkdyh djjuhvvlyho|1
L dujxh wkdw wklv VSH rxwfrph lv d qdwxudo dqg vlpsoh zd| wr irupdol}h wkh
qrwlrqv sulfh ohdghuvkls dqg mrlqw grplqdqfh1

D vlpsoh h{dpsoh looxvwudwhv wkh lghd wkdw wkh frvw glvwulexwlrq lq dq lqgxvwu|
lv d pdmru ghwhuplqdqw ri krz frpshwlwlyh ru djjuhvvlyh �upv* frqgxfw zloo eh
lq wkh lqgxvwu|1 Frqvlghu wzr lqgxvwulhv/ ghqrwhg L dqg LL/ zklfk kdyh wkh vdph
ghpdqg fxuyh iru d krprjhqrxv jrrg= [+s, @ 4 � s/ zkhuh [+s, ghqrwhv wrwdo
ghpdqg dw sulfh s1 Lq hdfk lqgxvwu| wkhuh duh wkuhh �upv1 Frqvxphuv ex| iurp
wkh fkhdshvw �up+v, rqo| dqg li pruh wkdq rqh �up fkdujhv wklv orzhvw sulfh s

wkh| vkduh wkh pdunhw htxdoo| +l1h1 frqvxphuv udqgrpl}h wr fkrrvh d vxssolhu
vlqfh doo �upv duh lghqwlfdo iurp wkhlu shuvshfwlyh,1 Wkh lqgxvwulhv gl�hu lq wkhlu
frvw vwuxfwxuh1 Lq lqgxvwu| L wkh frqvwdqw pdujlqdo frvwv ri �upv 3> 4 dqg 5 duh
uhvshfwlyho|= f

jk @ 3> f
j l

@ 3=68> f
jm @ 3=71 Lq lqgxvwu| LL wkh frvw glvwulexwlrq lv=

f
j<jk @ 3> f

j<jl
@ 3=4> f

j<jm @ 3=71 Lq zrugv/ lq lqgxvwu| LL �up 4 lv forvhu wr �up 3
lq whupv ri h!flhqf| dv frpsduhg wr lqgxvwu| L1 Erwk Frxuqrw dqg Ehuwudqg
frpshwlwlrq suhglfw wkdw wkh sulfh lq lqgxvwu| LL lv orzhu wkdq lq lqgxvwu| L1
Wklv lv qrw dozd|v d frpshoolqj suhglfwlrq1 Dv vkrzq ehorz/ wkh VSH ri wkh
sulflqj jdph lqwurgxfhg lq wklv sdshu suhglfwv wkdw wkh rxwfrph lq lqgxvwu|
L lv pruh frpshwlwlyh wkdq lq lqgxvwu| LL1 Wkh lqwxlwlrq lv wkh iroorzlqj1 Lq
lqgxvwu| L/ lw sd|v �up 3 wr sulfh yhu| djjuhvvlyho| dqg nhhs �upv 4 dqg 5 rxw
ri wkh pdunhw1 Wkdw lv/ �up 3 fkrrvhv wkh olplwsulfh s

j
@ f

j l
@ 3=68 dqg lv wkh

1



rqo| vhoohu lq wkh pdunhw1 Krzhyhu/ lq lqgxvwu| LL lw lv yhu| frvwo| iru �up 3 wr
nhhs erwk �up 4 dqg 5 rxw ri wkh pdunhw ehfdxvh �up 4 lv vr forvh lq h!flhqf|
wr 31 Vr/ ehfdxvh f

j<jl
� f

j<jk lv vpdoo/ lw lv pruh sur�wdeoh iru 3 +dqg 4, wr nhhs
rqo| �up 5 rxw ri wkh pdunhw dqg vkduh wkh pdunhw1 Wkxv/ s

j<j
@ f

j<jm @ 3=71
Sxw gl�huhqwo|/ lq lqgxvwu| LL wkhuh lv d edodqfh ri srzhu

n
ehwzhhq �upv 3 dqg

41 Ehfdxvh wkhvh �upv kdyh vlplodu h!flhqf| ohyhov lw lv yhu| frvwo| iru wkhp wr
�jkw hdfk rwkhu1 Lq lqgxvwu| L/ krzhyhu/ �up 3 lv d orw pruh h!flhqw wkdq �up
4 dqg khqfh lw sd|v wr �jkw lqvwhdg ri ehlqj qlfh dqg vkdulqj wkh pdunhw zlwk
�up 41

Wklv lghd wkdw wkh frvw glvwulexwlrq d�hfwv krz djjuhvvlyho| �upv sod|/ |lhogv
�yh qhz lqvljkwv1 Iluvw/ lw jlyhv d irupdol}dwlrq ri wkh lghd ri sulfh ohdghuvkls1
Wkh sulfh ohdghu+v, lq wkh iudphzrun khuh lv +duh, wkh prvw h!flhqw �up+v,
lq wkh lqgxvwu|1 Wkh sulfh ohdghu fkrrvhv wkh sulfh wkdw pd{lpl}hv lwv sur�wv
+wdnlqj lqwr dffrxqw wkdw rwkhu �upv ohdyh li wkh sulfh lv ehorz wkhlu pdujlqdo
frvw ohyho, dqg qr rwkhu �up kdv dq lqfhqwlyh wr xqghufxw wklv sulfh1

Vhfrqg/ wkh uhvxow wkdw sulfhv duh kljkhu li �upv duh pruh vlplodu +lq whupv
ri h!flhqf|, fdq eh vhhq dv d irupdol}dwlrq ri wkh mrlqw grplqdqfh grfwulqh1
Wkh lghd ri mrlqw grplqdqfh lv wkh iroorzlqj1 Frqvlghu dq lqgxvwu| zlwk wkuhh
�upv zkhuh rqh lv idu eljjhu wkdq wkh rwkhu wzr1 Qrz wkh wzr vpdoo �upv phujh
dqg ehfrph elj dv zhoo1 Wkh ulvn ri mrlqw grplqdqfh lv wkdw wkh uhpdlqlqj wzr
elj �upv vwduw wr frooxgh1 Rqh zd| wr irupdol}h wklv lv wr vd| wkdw lw lv hdvlhu
wr frooxgh zlwk wzr wkdq zlwk wkuhh �upv1 Exw qxpehuv lv qrw qhfhvvdulo| wkh
pdlq lvvxh khuh1 D pruh lqwhuhvwlqj dujxphqw khuh lv wkdw wkh phujhu fuhdwhv dq
lqgxvwu| lq zklfk �upv duh vlplodu dqg wklv vlplodulw| idvflolwdwhv frooxvlrq +vhh/
iru lqvwdqfh/ Vfkhuhu dqg Urvv +4<<3= fkdswhu :, dqg Wluroh +4<;;= fkdswhu 9,,1
Rqh olqh ri dujxphqw wr h{sodlq zk| vlplodulw| idvflolwdwhv frooxvlrq ghshqgv
hlwkhu rq vrph irup ri frqwudfwxdo lqfrpsohwhqhvv +h1j1 vlgh sd|phqwv ehwzhhq
�upv duh qrw doorzhg/ dqg vxfk vlgh sd|phqwv wr vxvwdlq frooxvlrq duh pruh
lpsruwdqw zlwk dv|pphwulf �upv, ru rq d edujdlqlqj sureohp fuhdwhg wkurxjk
wkh dv|pphwu| +h1j1 zlwk v|pphwulf �upv vsolwwlqj wkh vxusoxv htxdoo| lv d
irfdo srlqw zklfk lv devhqw zlwk dv|pphwulf �upv,1 Pruh uhfhqwo|/ Frpswh hw1
do1 +5335,/ Prwwd +5335, dqg Ydvfrqfhorv +5335, kdyh irupdol}hg wkh uhodwlrq
ehwzhhq v|pphwu| dqg frooxvlrq xvlqj vxshujdphv1 Wkh| vkrz wkdw dv �upv
duh pruh vlplodu lq whupv ri hlwkhu surgxfwlrq fdsdflwlhv ru qxpehu ri surgxfw0
olqhv vrog e| hdfk �up/ lw lv hdvlhu wr vxvwdlq frooxvlrq xvlqj wuljjhu vwudwhjlhv1
Dowkrxjk wklv uhvxow lv vlplodu wr wkh edodqfh ri srzhu uhvxow irxqg khuh/ wkh
phfkdqlvp lv gl�huhqw dv L zloo dujxh lq vhfwlrq 8 ehorz1 Wr looxvwudwh/ wkh vx0
shujdph olwhudwxuh �qgv wkdw dv wkh h{shfwhg gxudwlrq ehwzhhq vdohv jrhv xs
+iuhtxhqf| ri pdunhw lqwhudfwlrqv jrhv grzq,/ wkh sulfh jrhv grzq dv lw ehfrphv
kdughu wr ghwhu ghihfwlrq e| ixwxuh sxqlvkphqwv1 Wklv sdshu vwuhvvhv wkh lghd
wkdw dv wkh h{shfwhg gxudwlrq ehwzhhq vdohv jrhv xs/ lw ehfrphv pruh olnho|
wkdw �upv fdq uhdfw wr rssrqhqwv* sulfh fkdqjhv ehiruh fxvwrphuv duulyh dqg
wkhuhiruh rqh vkrxog h{shfw d kljkhu sulfh1

Wklug/ hqwu| e| d qhz �up lqwr wkh pdunhw fdq udlvh wkh htxloleulxp sulfh1
Wklv fdq kdsshq li wkh qhz �up hvwdeolvkhv d edodqfh ri srzhu wkdw zdv qrw
wkhuh ehiruh1 Wkxv lw ehfrphv ohvv dwwudfwlyh wr eh djjuhvvlyh dqg fkrrvh d orzo ��� ��(���� &	�<��1�� %p� %G��1���%�($@^��� �$�T��� ��� -��^N -$�;`F1$&���1���!?DC_](���*^!?D�D	�i1�(:#$��(9#$-�� *���*^*�� � �:78�p@A� � � ��($�'&7�-$��q�� 78��� �?��1��
r<s<�T1J7����	����� &$.;_6����(���`�(��
t � ��%'�T��(�*�-�N	(�7:-�� *J-����9uL`F� �T1J(�N -C�p-�N	7:-�@AK�(���(���� �p% ������������1`�-���� *>1�(9#$���L�:���S�T-	-Q7:-�% ��� &$.p_F� %�-��C�L-<�T1>7�-$���$����� ��%�1�(:#$�?K�� 7T2��:*>v���1$�T%�`F� �T1>-�K�KL-$�����	��%���1�(�����1��8&7�-$��%�� *��:� �:*0��(<�T1�����`��:(�2L.

2



sulfh1 Lq rwkhu zrugv/ wklv w|sh ri hqwu| fdxvhv d vzlwfk lq frqgxfw iurp sod|lqj
djjuhvvlyho| wr ehlqj qlfh zklfk udlvhv wkh htxloleulxp sulfh1 Wklv lv qrw wkh �uvw
sdshu wr frqvlghu wklv qrq0vwdqgdug h�hfw ri hqwu| rq sulfh1 Dq hduo| sdshu khuh
lv Urvhqwkdo +4<;3, zkr frqvlghuv �upv vhoolqj rq gl�huhqw dqg vhsdudwh pdunhwv
exw fkdujlqj wkh vdph sulfh rq doo pdunhwv1 Kh vkrzv wkdw hqwu| rq rqh ri wkhvh
pdunhwv fdq udlvh wkh h{shfwhg htxloleulxp sulfh1 Dqrwkhu sduw ri wkh olwhudwxuh
kdv ghulyhg frqglwlrqv +rq ghpdqg dqg frvw vfkhgxohv, xqghu zklfk Frxuqrw
frpshwlwlrq |lhogv wkh suhglfwlrq wkdw hqwu| udlvhv wkh htxloleulxp sulfh1 Wklv
olwhudwxuh kdv ehhq vxppdul}hg dqg h{whqghg e| Dplu dqg Odpevrq +5333,
xvlqj odwwlfh wkhru|1 Krzhyhu/ wkh| gr qrw vkrz wkdw hqwu| fdq udlvh wkh sulfh
frvw pdujlqv ri �upv +zklfk lv lpsruwdqw iurp d frpshwlwlrq shuvshfwlyh,1 w L
zrun zlwk frqvwdqw pdujlqdo frvw ohyhov lpso|lqj wkdw d ulvh lq wkh htxloleulxp
sulfh udlvhv sulfh frvw pdujlqv iru �upv1 Wklugo|/ wkhuh lv d olwhudwxuh dqdo|}lqj
wkh h�hfw ri hqwu| rq sulfh lq pdunhwv ri lpshuihfw lqirupdwlrq1 Vwljolw} +4<;<,
vxuyh|v wklv olwhudwxuh dqg jlyhv wkh iroorzlqj h{dpsoh1 Dvvxph frqvxphuv nqrz
wkh sulfh glvwulexwlrq lq d pdunhw exw wkh| kdyh wr lqfxu d �{hg frvw wr �qg
rxw zklfk sulfh d sduwlfxodu �up fkdujhv1 Frqvlghu wkh lqfhqwlyh ri d �up wr
uhgxfh lwv sulfh1 Li wkhuh duh rqo| 6 �upv lq wkh pdunhw/ uhgxflqj |rxu sulfh
vxevwdqwldoo| dwwudfwv d odujh qxpehu ri qhz fxvwrphuv ehfdxvh wkhlu h{shfwhg
vhdufk frvw ehiruh wkh| �qg |rx lv orz1 Li wkhuh duh d 433 �upv lq wkh pdunhw/
frqvxphuv* h{shfwhg vhdufk frvw wr �qg d sduwlfxodu orz frvw �up lv kljk dqg
khqfh wkhlu lqfhqwlyh wr orrn iru wklv �up lv orz1 Frqvhtxhqwo|/ d �up*v lqfhqwlyh
wr uhgxfh lwv sulfh duh zhdn dqg wkxv sulfhv duh kljkhu zlwk 433 �upv wkdq zlwk
6 �upv= hqwu| fdq udlvh wkh htxloleulxp sulfh1 Ilqdoo|/ wkhuh lv d uhfhqw dxfwlrq
olwhudwxuh vkrzlqj wkdw d ulvh lq wkh qxpehu ri elgghuv fdq orzhu wkh sulfh1 L
glvfxvv wklv olwhudwxuh lq vhfwlrq 517151

Irxuwk/ wkh VSH lq wkh sulflqj jdph vroyhv wkh Ehuwudqg sdudgr{1 Wklv sdud0
gr{ vwduwv iurp wkh revhuydwlrq wkdw Ehuwudqg frpshwlwlrq lq d gxrsro| zlwk
wzr �upv wkdw surgxfh d krprjhqrxv jrrg zlwk wkh vdph frqvwdqw pdujlqdo
frvwv |lhogv d sulfh htxdo wr pdujlqdo frvwv1 Wklv lv fdoohg d sdudgr{ ehfdxvh
lw vhhpv frxqwhulqwxlwlyh wkdw wzr �upv duh vx!flhqw wr jhw wkh shuihfw frp0
shwlwlrq rxwfrph ri sulfh htxdo wr pdujlqdo frvwv1 Vxuho|/ wzr �upv frpshwlqj
lq sulfhv pxvw eh deoh wr jhw wr dq rxwfrph zlwk d vwulfwo| srvlwlyh sulfh frvw
pdujlq1 Wklv lv h{dfwo| wkh suhglfwlrq ri wkh VSH ri wkh sulflqj jdph khuh1
Li wkhuh duh qr srwhqwldo hqwudqwv/ wkh shuihfw edodqfh ri srzhu ohdgv wr wkh
prqrsro| sulfh dqg wkh �upv vkduh wkh pdunhw htxdoo|1 Wkh uhvxow wkdw d g|0
qdplf h{whqvlyh irup sulflqj jdph uhpryhv wkh Ehuwudqg sdudgr{ kdv douhdg|
ehhq qrwhg e| Pdvnlq dqg Wluroh +4<;;, dqg Idup dqg Zhlexoo +4<;:,1 Wkh
pdlq wzr gl�huhqfhv ehwzhhq wkh Pdvnlq dqg Wluroh sdshu dqg plqh lv wkdw
khuh wkh jdph lv rqh0vkrw lq whupv ri vdohv dqg �upv duh iuhh wr dgmxvw wkhlu
sulfh dw dq| prphqw1 Pdvnlq dqg Wluroh +4<;;, kdyh �upv vhoolqj uhshdwhgo|
wr frqvxphuv exw �upv vwdjjhu sulfhv dqg fdqqrw dgmxvw wkhlu sulfhv dw hyhu|
prphqw1 Wklv doorzv wkhp wr dqdo|}h htxloleulxp sulfh g|qdplfv/ ghulylqj frq0
glwlrqv xqghu zklfk Hgjhzruwk f|fohv duh dq htxloleulxp rxwfrph1 Lq rughu wr
ghulyh wudfwdeoh uhvxowv/ wkh| irfxv rq wkh fdvh ri d v|pphwulf gxrsro|1 Wkhuh
duh wzr uhdvrqv zk| L lqwurgxfh d qhz/ vlpsohu/ sulflqj jdph1 Iluvw/ L zdqw wr
vwuhvv wkdw sulfhv deryh wkh Ehuwudqg rxwfrph fdq kdsshq lq lqgxvwulhv zkhuhx ���6��1��S��yC(�@AK�� �S�$� #	���6�	&4_�@A� �Q($��*6��($@���% -$�XtOr<s�s$s	u?`F1������S�:�$��� &4��(�� %���%��T1��S�:z	��� � � ����� ��@K���� 7:����� �F� �:*���7��:%���1��?K�� � 7��J7�-$%'�F@A(������ �\*����?��-^��1��J(�%�% ��@^K���� -��\-�N;� ��7�����(�%�� ���A� ����������%��T-^%�7:(�� ��.
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�upv rqo| vhoo rqfh1 Vhfrqg/ L dp qrw lqwhuhvwhg lq sulfh g|qdplfv/ exw lq frp0
sdudwlyh vwdwlf uhvxowv zlwk uhvshfw wr wkh qxpehu ri �upv lq dq lqgxvwu| dqg
wkhlu h!flhqf| ohyhov dqg lw lv qrw fohdu wkdw phdqlqjixo uhvxowv fdq eh ghulyhg
rq wklv lq wkh Pdvnlq dqg Wluroh iudphzrun1 Wkh Idup dqg Zhlexoo sdshu kdv
d sulflqj surfhvv wkdw lv vlplodu wr wkh rqh suhvhqwhg khuh1 Wkh| doorz iru pruh
wkdq wzr �upv exw doo �upv duh v|pphwulf1 Wkhuhiruh wkh prqrsro| sulfh lv
dozd|v dq htxloleulxp lq wkhlu sdshu zkloh wklv lv qrw wkh fdvh khuh1

Ilqdoo|/ wkh uhvxowv lq wklv sdshu fdq dovr eh vhhq dv frqwulexwlqj wr wkh olw0
hudwxuh rq frqmhfwxudo yduldwlrqv dqg/ lq sduwlfxodu/ wr wkh olwhudwxuh rq frqvlv0
whqw frqmhfwxuhv +vhh/ iru lqvwdqfh/ Euhvqdkdq +4<;4, dqg Nohpshuhu dqg Ph|hu
+4<;;,,1 Wkh vxejdph shuihfwlrq uhtxluhphqw lq wkh sulflqj jdph ehorz pdnhv
sod|huv* eholhiv +frqmhfwxuhv, derxw rwkhu sod|huv* ehkdylru fruuhfw +frqvlvwhqw,1
Wklv ohdgv wr dq rxwfrph wkdw lv ohvv frpshwlwlyh wkdq Ehuwudqg frpshwlwlrq iru
wkh iroorzlqj uhdvrq1 Ilupv xqghuvwdqg wkdw zkhq wkh| xqghufxw wkh fxuuhqw
sulfh/ wkh rswlpdo uhvsrqvh ri doo rwkhu �upv +zlwk pdujlqdo frvwv ehorz wkh
qhz sulfh, lv wr iroorz wkdw sulfh fxw1 Wklv uhvsrqvh lv pruh djjuhvvlyh wkdq wkh
Ehuwudqg frqmhfwxuh +�upv vwlfn wr wkhlu kljkhu sulfh, dqg khqfh �upv ehkdyh
ohvv djjuhvvlyho|1

Wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh sulflqj jdph
dqg lwv VSH1 Dv wklv sulflqj jdph lv udwkhu vw|ol}hg/ vhfwlrq 6 jlyhv h{dpsohv
ri pruh uhdolvwlf jdphv zklfk |lhog wkh vdph htxloleulxp rxwfrph1 Vhfwlrq 7
dqdo|vhv wkh VSH rxwfrph dqg vkrzv wkh lpsolfdwlrqv iru frpshwlwlrq srolf|1
Vhfwlrq 8 glvfxvvhv vrph h{whqvlrqv ri wkh prgho1 Vhfwlrq 9 dujxhv wkdw wkh
wkhru| suhvhqwhg khuh fdq khos h{sodlq vrph hpslulfdo �qglqjv wkdw duh kdug
wr xqghuvwdqg zlwk vwdqgdug Frxuqrw dqg Ehuwudqg prghov1 Ixuwkhu/ L ghulyh
dq hpslulfdo whvw wr vhh zkhwkhu wkh wkhru| khuh dssolhv lq d fhuwdlq lqgxvwu|1
Ilqdoo|/ vhfwlrq : frqfoxghv wkh sdshu1 Surriv ri doo uhvxowv fdq eh irxqg lq wkh
dsshqgl{1

5 Wkh prgho

Wklv vhfwlrq ghvfulehv dq dxfwlrq vw|oh sulflqj jdph wkdw ghwhuplqhv wkh lqgxv0
wu| sulfh1 Wkh jdph lv vlpsoh/ qrw xqsodxvleoh iurp d wkhruhwlfdo srlqw ri ylhz
dqg kdv +xqghu vrph frqglwlrqv, d xqltxh VSH1 Lw wxuqv rxw wkdw wkh Ehuwudqg
rxwfrph lv d Qdvk htxloleulxp lq wklv jdph exw lw lv qrw qhfhvvdulo| vxejdph
shuihfw1 Wkh dxfwlrq vhw xs/ krzhyhu/ grhv qrw vfruh kljk rq ghvfulswlyh uhdo0
lvp/ pdnlqj lw kdug wr xqghuvwdqg lq zklfk lqgxvwulhv wklv sulflqj jdph dssolhv1
Wkhuhiruh/ wkh qh{w vhfwlrq lqwurgxfhv wzr jdphv zklfk duh pruh uhdolvwlf dqg
L ghulyh frqglwlrqv xqghu zklfk wkh VSH lq wkh dxfwlrq jdph uhpdlqv dq htxl0
oleulxp lq wkh pruh uhdolvwlf jdphv1

514 Lqgxvwu| frqglwlrqv

Frqvlghu dq lqgxvwu| zkhuh �upv surgxfh d krprjhqrxv jrrg zlwk frqvwdqw
pdujlqdo frvw ohyhov1 Ilup l surgxfhv zlwk frqvwdqw pdujlqdo frvwv f { � 31 Ohw
[ +s, ghqrwh lqgxvwu| ghpdqg zklfk lv frqwlqxrxvo| ghfuhdvlqj lq s1 Wkh qxp0
ehu ri �upv wkdw fdq eh dfwlyh lq wkh lqgxvwu| lv ghqrwhg e| Q 5 C1 Wkurxjkrxw
wklv sdshu/ L pdnh wkh iroorzlqj dvvxpswlrqv rq wkh lqgxvwu| frvw dqg ghpdqg
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vwuxfwxuhv1

Dvvxpswlrq 4 f k � f
l

� === � f | � s } @ duj pd{ ~ i[ +s, +s � f k ,j1 Ixu0
wkhu/ [ +s, +s � f k , A [ +s � , +s � � f k , iru hdfk s � dqg s vdwlvi|lqj s � ? s ? s } 1
Ilqdoo|/ sulfhv duh hohphqwv ri d �qlwh julg/ vd| s 5 C/ wkh prqrsro| sulfh s }
dqg wkh frvw ohyhov f { ehorqj wr wklv julg dv zhoo1

Lq zrugv/ �upv duh lqgh{hg vxfk wkdw kljkhu lqglfhv lqglfdwh +zhdno|, kljkhu
pdujlqdo frvw ohyhov1 Ehfdxvh �up 3 lv qhyhu zloolqj wr surgxfh dw d sulfh
deryh lwv prqrsro| sulfh s } / �upv zlwk pdujlqdo frvw ohyhov h{fhhglqj �up
3*v prqrsro| sulfh duh ljqruhg/ zlwkrxw orvv ri jhqhudolw|1 Ixuwkhu/ L dvvxph
wkdw �up 3*v sur�wv dv prqrsrolvw duh lqfuhdvlqj lq s 5 ^3> s } `1 Ilqdoo|/ wr
hqvxuh wkdw rswlpdo uhdfwlrqv h{lvw +lq sduwlfxodu/ wr pdnh vxuh wkdw voljkwo|
xqghufxwwlqj |rxu rssrqhqw lv zhoo gh�qhg, L pdnh wkh vwdqgdug dvvxpswlrq
wkdw wkh sulfh vsdfh lv glvfuhwh dqg zlwkrxw ixuwkhu orvv ri jhqhudolw| L dvvxph
wkdw sulfhv duh lqwhjhuv1 Wklv dovr pdnhv vxuh wkdw wkh sulflqj jdph frqvlghuhg
ehorz lv d �qlwh jdph1 Wr dyrlg urxqglqj lvvxhv/ L dvvxph wkdw wkh prqrsro|
sulfh dqg pdujlqdo frvw ohyhov duh lqwhjhuv1

515 H{whqvlyh irup sulflqj jdph

Wklv vhfwlrq ghvfulehv wkh h{whqvlyh irup jdph wkdw ohdgv wr wkh htxloleulxp
sulfh1 L dvvxph wkdw doo lqirupdwlrq lq wklv jdph lv sxeolfo| nqrzq1 Wkdw lv/
wkh ghpdqg ixqfwlrq dqg �upv* pdujlqdo frvw ohyhov duh frpprq nqrzohgjh1
Qrqh ri wkh uhvxowv ehorz ghshqg rq dv|pphwulf lqirupdwlrq1

Wkh jdph vwduwv dw d kljk sulfh/ vd| s
k

@ s } / dqg Q . 4 �upv1 D urxqg
v lq wkh jdph lv ghvfulehg e| wkh qxpehu ri sod|huv vwloo lq wkh jdph q � / wkhlu
pdujlqdo frvw ohyhov dqg wkh fxuuhqw sulfh s � 1 Hdfk urxqg frqvlvwv ri wzr vwdjhv1
Lq wkh �uvw vwdjh/ doo uhpdlqlqj elgghuv vlpxowdqhrxvo| dqg lqghshqghqwo| pdnh
elgv wr xqghufxw wkh fxuuhqw sulfh s � +sod|huv wkdw gr qrw zlvk wr uhgxfh wkh
sulfh/ vlpso| elg s � djdlq,1 Lq wkh vhfrqg vwdjh/ �upv wkdw glg qrw elg wkh
orzhvw sulfh fdq hlwkhu ghflgh wr iroorz wklv orzhvw sulfh ru ohdyh wkh jdph1 Wkh
hqg ri wkh jdph lv uhdfkhg li lq d fhuwdlq urxqg �v qr �up xqghufxwv wkh fxuuhqw
sulfh s �� 1 Wkh �qdo sulfh lv wkhq ghqrwhg s @ s �� dqg wkh qxpehu ri �upv e|
q @ q �� 1

Diwhu elgglqj hqgv/ sd|r�v lq wklv jdph duh dv iroorzv1 Dq| �up wkdw kdv
ohiw wkh jdph jhwv d sd|r� ri 31 D �up l wkdw kdv qrw ohiw wkh jdph jhwv d

sd|r� htxdo wr � � ~��� +s � f { ,1 Wkdw lv/ hdfk ri wkh q �upv wkdw duh vwloo lq wkh
jdph zkhq wkh elgglqj hqgv/ lv uhtxluhg wr vhoo dw wkh htxloleulxp sulfh s dqg

surgxfh � � ~C�� xqlwv ri rxwsxw1 Wkh uhdvrq zk| wkhvh �upv duh uhtxluhg wr vhoo
+l1h1 wkh| fdqqrw ohdyh dq|pruh, lv wkdw dvvxplqj rwkhuzlvh zrxog wxuq wkh
elgglqj ri sulfhv lqwr fkhds wdon1 Wkh qh{w vhfwlrq uhsodfhv wklv dvvxpswlrq
zlwk d suredelolw| wkdw wkh frqvxphuv duulyh dw wkh hqg ri hdfk vwdjh dqg wkhq
wkh �up kdv wr vhoo dw wkh sulfh wkdw lw txrwhv1

Wkh lqgxvwu| vwru| lv dv iroorzv1 Ilupv fdq hqwhu dqg ohdyh wkh lqgxvwu|
zlwkrxw frvwv/ wkhuhiruh wkh sd|r� ri d �up wkdw ohdyhv wkh elgglqj jdph lv
31 Ixuwkhu/ doo �upv wkdw duh zloolqj wr vhoo dw d sulfh s vkduh wkh pdunhw
htxdoo|1 Wklv lv qrw xquhdvrqdeoh/ ehfdxvh �upv surgxfh krprjhqrxv jrrgv
dqg frqvxphuv idfhg zlwk q surgxfhuv r�hulqj dq lghqwlfdo surgxfw dw wkh vdph
sulfh suhvxpdeo| slfn d vhoohu dw udqgrp1 L frph edfn wr wklv lq vhfwlrq 81
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Wkh lghd wkdw wklv dxfwlrq vw|oh sulflqj vwdjh fdswxuhv/ lv wkdw �upv fdq
uhdfw ehiruh frqvxphuv wr sulfh fkdqjhv e| rwkhu �upv1 Wklv lv wkh rssrvlwh
dvvxpswlrq iurp wkh vwdqgdug Ehuwudqg jdph zkhuh �upv fdqqrw uhdfw dw doo
li rssrqhqwv* sulfhv gl�hu iurp zkdw wkh| h{shfwhg1 Erwk dvvxpswlrqv duh
h{wuhph/ dqg ghshqglqj rq wkh lqgxvwu| rqh dvvxpswlrq zloo eh pruh frpshoolqj
wkdq wkh rwkhu1

Ohppd 4 Wkh Ehuwudqg rxwfrph s @ f
l

lv d Qdvk htxloleulxp rxwfrph lq wklv
jdph1

Wklv uhvxow lpsolhv wkdw sur�wv duh }hur li f
l

@ f k 1 Wkh uhvxow lv qrw vxu0
sulvlqj vlqfh wkh sulflqj jdph ghvfulehg deryh lv d irupdol}dwlrq ri wkh vwrulhv
wkdw duh wrog wr jlyh wkh lqwxlwlrq iru wkh Ehuwudqg rxwfrph +vhh/ iru lqvwdqfh/
Vfkhuhu dqg Urvv +4<<3= fkdswhu 9, dqg Wluroh +4<;;= fkdswhu 8,,1 Exw/ dv wkh
qh{w vhfwlrq vkrzv/ wkh Ehwudqg rxwfrph lv qrw qhfhvvdulo| vxejdph shuihfw1
Vxejdph shuihfwlrq fdswxuhv Ilvkhu*v +4;<;= 459, fulwlvlvp ri wkh Frxuqrw dqg
Ehuwudqg htxloleulxp frqfhswv wkdw �qr exvlqhvv pdq dvvxphv hlwkhu wkdw klv
ulydo*v rxwsxw ru sulfh zloo uhpdlq frqvwdqw dq| pruh wkdq d fkhvv sod|hu dv0
vxphv wkdw klv rssrqhqw zloo qrw lqwhuihuh zlwk klv h�ruw wr fdswxuh d nqljkw1
Rq wkh frqwudu|/ klv zkroh wkrxjkw lv wr iruhfdvw zkdw pryh wkh ulydo zloo pdnh
lq uhvsrqvh wr rqh ri klv rzq�1

516 Vxejdph shuihfw htxloleulxp

Wkh iroorzlqj qrwdwlrq lv xvhg lq fkdudfwhul}lqj wkh VSH rxwfrph ri wkh sulflqj
jdph1

Qrwdwlrq 4 s �{ � duj pd{ ~Y� � ~C�� � ~C� +s � f { , zkhuh q +s, � plq immf � � sj

Lq zrugv/ q +s, lv wkh qxpehu ri �upv zlwk frvw ohyhov vwulfwo| ehorz s1 Dv
vkrzq ehorz/ lq htxloleulxp rqo| �upv wkdw kdyh vwulfwo| srvlwlyh sur�wv vwd|
lq wkh pdunhw1 Iru lqvwdqfh/ li s @ f � wkhq �upv 3> 4> ===> m � 4 duh dfwlyh lq wkh
pdunhw= m �upv lq wrwdo1 Wkxv s �{ ghqrwhv wkh sulfh ohyho wkdw pd{lpl}hv �up
l*v sd|r�v jlyhq wkdw rqo| �upv zlwk pdujlqdo frvwv ehorz s �{ zloo uhpdlq dfwlyh
lq wkh surgxfwlrq vwdjh1 Wkhruhp 4 ehorz vkrzv wkdw wkhvh sulfhv irup sduw ri
�upv* vxejdph shuihfw vwudwhjlhv dqg wkh VSH sulfh htxdov s �k 1 �
Ohppd 5 +Sulfh ohdghuvkls, Wkh �up zlwk wkh orzhvw pdujlqdo frvw ohyho/ gh0
qrwhg e| 3/ lv sulfh ohdghu lq wkh vhqvh wkdw lw suhihuv wkh orzhvw sulfh=

s �k � s � l � s �m � === � s �|
Wklv ohppd jlyhv d irupdol}dwlrq ri sulfh ohdghuvkls wkdw grhv qrw uho| rq

�uvw pryhu dgydqwdjhv1 Ilup 3 fruuhfwo| suhglfwv wkdw �upv zlwk pdujlqdo frvw
ohyhov deryh wkh htxloleulxp sulfh s zloo ohdyh wkh pdunhw1 Wdnlqj wklv lqwr
dffrxqw/ lw fkrrvhv wkh sulfh wkdw lv prvw sur�wdeoh1 Ilup 3 lv sulfh ohdghu lq
wkh vhqvh wkdw qr rwkhu �up lv zloolqj wr xqghufxw lwv sur�w pd{lpl}lqj sulfh1
Wkh lqwxlwlrq lv wkdw d orz sulfh udlvhv wkh dprxqw ri rxwsxw d �up surgxfhv/
dqg wklv lv prvw sur�wdeoh wr d orz frvw �up1� ���QK���� ��7�� K�� �$���L�� @A(:&��L��(F%��8�G7:-���%�� %'�T� ���F-$N�@^-$� �
��1�(���-$������� ��@A���$�9.;�;-�% � @AK�� � N &?�T1���(���($� &C%�� %:�1�-9`��8#$�:�����
`F� � �/� ����-$� �?��1�� %F� %�%����J1�������.
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Wklv qrwlrq ri sulfh ohdghuvkls gl�huv iurp wkh rqh dqdo|}hg e| Nlupdq dqg
Vfkxhoohu +4<<3,/ Urwhpehuj dqg Vdorqhu +4<<3,/ Ghqhfnhuh/ Nryhqrfn dqg Ohh
+4<<5, dqg Ghqhfnhuh dqg Nryhqrfn +4<<5,1 Lq hdfk ri wkhvh sdshuv/ wkh sulfh
ohdghu lv d Vwdfnhoehuj ohdghu dqg wkh sdshuv glvfxvv frqglwlrqv xqghu zklfk
wklv ohdghu iroorzhu rxwfrph lv dq htxloleulxp1 Lq wkhvh sdshuv lw lv lpsruwdqw
wkdw wkh ohdghu frpplwv wr d sulfh1 Wklv lv qrw wkh fdvh lq wkh VSH khuh1 Lw
lv/ lq idfw/ wkh uhdfwlrq e| wkh sulfh ohdghu +dqg rwkhu �upv,/ wkxv wkh odfn ri
frpplwphqw/ wkdw ghwhuv �upv iurp xqghufxwwlqj s �k 1
Wkhruhp 4 Iru wkh sulflqj jdph deryh wkhuh h{lvwv d VSH lq sxuh vwudwhjlhv1
Wkh VSH sulfh htxdov

s @ s �k
Dqg rqo| �upv zlwk f � ? s �k surgxfh rxwsxw1
Vwudwhj| sur�ohv ohdglqj wr wklv htxloleulxp rxwfrph suhvfuleh iru �up l lq dq|
urxqg v ri wkh sulflqj jdph wr gr wkh iroorzlqj= �

li s � A s �{ wkhq elg s �{
li s � � s �{ wkhq gr qrw xqghufxw s �
li s � A f { wkhq vwd| lq wkh jdph
li s � � f { wkhq ohdyh wkh jdph

Wkh VSH sulfh fdq dovr eh fkdudfwhul}hg dv iroorzv= s �k @ f { li

[ +f { ,
l

+f { � f k , �
[ +f � ,

m
+f � � f k , iru hdfk m 5 i4> 5> ===> Q> Q . 4j +4,

zkhuh f |A� l
ghqrwhv wkh prqrsro| sulfh s } 1

Htxdwlrq +4, whoov xv wkdw d sulfh ohyho vwulfwo| lqehwzhhq wzr �up*v frvw
ohyhov/ s 5 kf � > f ��� l

l iru vrph m dqg m . 4/ fdq qhyhu eh rswlpdo iru �up 31 Lq
vxfk d fdvh/ d sulfh htxdo wr f �<� l

|lhogv kljkhu sur�wv/ ehfdxvh lw lv d kljkhu
sulfh +zklfk lv pruh sur�wdeoh e| dvvxpswlrq 4, exw grhv qrw ohdg wr pruh
�upv surgxflqj dqg vhoolqj lq wkh lqgxvwu|1 Vwudwhj| sur�ohv wkdw eulqj wkh
htxloleulxp sulfh s �k derxw duh wkh iroorzlqj1 Hdfk �up l elgv lwv rswlpdo sulfh
s �{ li wkh fxuuhqw sulfh lv deryh wkdw sulfh1 Ixuwkhu/ d �up ohdyhv li wkh sulfh lv
htxdo wr ru ehorz lwv pdujlqdo frvw ohyho dqg vwd|v lq wkh sulflqj jdph dv orqj
dv wkh sulfh lv deryh lwv pdujlqdo frvw ohyho1

Wkh iroorzlqj fruroodu| vkrzv wkdw wkh Ehuwudqg sdudgr{ fdqqrw kdsshq lq
wklv prgho1 �
Fruroodu| 4 Li f k @ f

l
@ === @ f � ? f ��� l

wkhq s A f k =� D$�T� � 78�T� &�% KI��(�2	� ���d��1�� %R� %R��-<��7�-$@^K�� ������.��'��K�� � ��7�� K�� ����(�� %�-d%������$(�@A��%R%�1�-$��� *��L�7�-$��%�� *��:� �:*�`F1���� ��v�� @��h� %�% ��� � �f(�78�T� #	�����C��`F1�������v���@^%R�����h1�(9#$��(�� � ��($*C&�� �:N �9.��1�� %�*�-	��%���-<��($�L��7������ %��8yC� ��% �T� (<�T���<&����C�R*�-	��%�($�L��78�R��� %h��� */. �;-d� � � ��%'�T� (������f7�-$�CP%�� *����¡��1���% ������(�@A�R`F1������R-���� &dv�� @£¢¤1�(�%a� �:N �9.¥,
� (:&$�:�¡��� %a-�KC�T� @A($�6��� *¦��-9`§��z	��(�� %¨p©8ªC«'¬�­'®'¯:°ª:±�² ­ ©8ªF³6©�´ °�µ ¬Q¶ ®T·�¸¹ ±�² ­ © ¹ ³6©:´ ° N -����:(�7T1YºS»)¼$½$¾�¿ ¿ ¿ ¾�ÀYÁ�Â�.a��� ��($� � &$����(�2C� ���4�T1���%��"KL-$% %�� P��� � � ��� ��%\�8y�K�� � 7�� ��� &X� �$��-i($7�7�-$���$�\@A(�2$��%0��1��)($��(�� &C%�� %\��-<�T(<�T� -$��(�� � &X1��:(:#	&	�F`F1�� � �)��-i(�*�*�� ��� -���($�� ��%�� �$1$��%F(�� �J��($� ����*/.Ã eF��1����
%�-�� ����� -���%p�T-?�T1��F5���� ��� ($��*AK�(�� ($*�-:yA(�����K�� -	*���78��*�� �L�������$�T� (<�T� -��/�	7�(�K�($7�� ��&A7�-���%'�T� ($� �$�T%:�� @^KI��� N ��7��Q� ��N -$� @A(<�T� -$�/�G� ��KI��(<�T��*6� �$���:� ($78��� -���%Q(���*6% ��(��$��������*6K���� 7:�S%��8����� ����.YD	�:�S��� � -�� �Yt Ä:Å<Æ$Æ	uN -���(A*�� %�7:��%�% � -���.
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Rqh zd| wr xqghuvwdqg zk| wkh VSH rxwfrph lv ohvv djjuhvvlyh wkdq wkh
Ehuwudqg rxwfrph lv wr xvh wkh lghd ri frqmhfwxudo yduldwlrq1 Lq wkh Ehuwudqg
rxwfrph d �up h{shfwv lwv rssrqhqwv wr nhhs wkhlu sulfh frqvwdqw1 Wkdw lv/
zkhq wkh �up xqghuelgv wkh fxuuhqw sulfh lw h{shfwv lwv rssrqhqwv wr ohdyh wkh
sulflqj jdph dqg khqfh d vpdoo sulfh uhgxfwlrq jlyhv wklv �up wkh zkroh pdunhw1
Ehfdxvh lw h{shfwv lwv rssrqhqwv wr eh vriw +wr ohdyh wkh sulflqj jdph zkhq lw
uhgxfhv wkh sulfh, hdfk �up ehkdyhv yhu| djjuhvvlyho| dqg khqfh wkh rxwfrph
lv djjuhvvlyh1 Lq wkh VSH/ d �up xqghuvwdqgv wkdw hdfk sulfh uhgxfwlrq zloo eh
iroorzhg e| doo �upv zlwk pdujlqdo frvwv ehorz wkh sulfh1 Khqfh d �up h{shfwv
d udwkhu dvvhuwlyh uhvsrqvh iurp lwv rssrqhqwv1 Wklv uhgxfhv wkh lqfhqwlyh wr eh
djjuhvvlyh dqg khqfh wkh rxwfrph lv ohvv frpshwlwlyh1

Wkh iroorzlqj sursrvlwlrq jlyhv vx!flhqw frqglwlrqv iru s Çk wr eh wkh xqltxh
htxloleulxp sulfh1

Sursrvlwlrq 4 Dvvxph wkdw +l, �upv gr qrw sod| zhdno| grplqdwhg vwudwhjlhv/

+ll, s Çk lv d vlqjohwrq dqg +lll, wkh h{suhvvlrq È � É �Ê � É � +s � f k , lv vlqjoh shdnhg dv d

ixqfwlrq ri s rq wkh vhw if k > f
l
> ===> f Ë'Ì l9Í

s Çk j wkhq s Çk lv wkh xqltxh VSH sulfh1

Wkh lqwxlwlrq iru wkh wkuhh frqglwlrqv lv dv iroorzv1 Iluvw/ vlqfh wkh elgglqj
lq hdfk urxqg lv vlpxowdqhrxv/ wzr +ru pruh, �upv frxog vlpxowdqhrxvo| elg d
sulfh s ? s Çk 1 Vxejdph shuihfwlrq +ru rqh0vwdjh0ghyldwlrq, kdv qr elwh khuh wr
uhpryh wklv sulfh s dv dq htxloleulxp sulfh1 Jlyhq wkdw sod|hu l eholhyhv wkdw m

lv jrlqj wr elg s +A f Ë ,/ qrwklqj lv orvw iru sod|hu l wr elg s klpvhoi1 Krzhyhu/
qrwklqj lv jdlqhg e| elgglqj s hlwkhu vlqfh wklv vwudwhj| lv zhdno| grplqdwhg
e| elgglqj s Çk 1 Lq sduwlfxodu/ ehfdxvh lw lv dozd|v srvvleoh wr iroorz wkh sulfh s

odwhurq lq wkh jdph wkhuh lv qr uhdvrq wr elg s |rxuvhoi1 Dvvxplqj wkdw sod|huv
gr qrw sod| vxfk zhdno| grplqdwhg vwudwhjlhv/ qr �up zloo elg d sulfh ehorz s Çk 1

Iljxuh 4 dssur{lpdwho| khuh

Li s Çk lv d vhw zlwk pruh wkdq rqh hohphqw/ lw lv fohdu wkdw rqh fdq kdyh
pxowlsoh htxloleuld1 Pruh lqwhuhvwlqj lv wkh wklug frqglwlrq1 Li �up 3*v sur�wvÈ � É �Ê � É � +s � f k , duh qrw vlqjoh shdnhg rq ^f k > s Çk `/ wkhuh lv d sulfh s Î k zklfk lv d

orfdo pd{lpxp dqg d sulfh s zklfk lv d orfdo plqlpxp dv looxvwudwhg lq �jxuh
41 Wkhq d sulfh s Î A s Çk fdq dovr eh d vxejdph shuihfw rxwfrph1 Frqvlghu wkh
�up m zlwk f Ï @ s Çk +dvvxplqj wkdw s Çk ? s Ð ,1 Wklv �up m zloo whoo �up 3 wkdw
lw vkrxog qrw pdnh d elg ehorz s Î ehfdxvh rwkhuzlvh �up m zloo elg s1 Dw wklv
sulfh s lw lv rswlpdo iru �up 3 wr uhgxfh wkh sulfh ixuwkhu wr s Î k 1 Khqfh �up m

zloo qrw kdyh wr surgxfh dw sulfh s pdnlqj �up m*v wkuhdw fuhgleoh1 Li lqvwhdg

wkh h{suhvvlrq È � É �Ê � É � +s � f k , lv vlqjoh shdnhg rq ^f k > s Çk `/ dq| sulfh uhgxfwlrq e|

�up m wr s ehorz s Çk zloo eh iroorzhg e| wkh rwkhu �upv +zlwk f Ë ? s, exw qrw
vwulfwo| xqghufxw e| dq| �up1 Wkdw lpsolhv wkdw s zloo eh wkh htxloleulxp sulfh
dqg �up m lv irufhg wr surgxfh dw s zklfk ohdgv wr d vwulfwo| qhjdwlyh sd|r� iru
�up m1 Khqfh m*v wkuhdw wr uhgxfh wkh sulfh ehorz s Çk lv qrw fuhgleoh lq wklv fdvh
dqg wkh htxloleulxp sulfh s Çk lv xqltxh1
517 Wzr h{dpsohv

Wklv vhfwlrq suhvhqwv wzr h{dpsohv ri wkh dqdo|vlv deryh1 Iluvw/ L glvfxvv wkh
h{dpsoh jlyhq lq wkh lqwurgxfwlrq/ wkhq iroorzlqj Nohpshuhu*v +5333, vxjjhvwlrq/
L xvh dxfwlrq wkhru| wr looxvwudwh p| L1R1 uhvxowv1
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51714 H{dpsoh lq lqwurgxfwlrq

Wklv vhfwlrq dqdo|}hv pruh fduhixoo| wkh h{dpsoh zlwk wzr lqgxvwulhv jlyhq lq
wkh lqwurgxfwlrq1 Uhfdoo wkdw lq erwk lqgxvwulhv wkh ghpdqg ixqfwlrq lv jlyhq
e| [ +s, @ 4 � s/ zkhuh s lv wkh lqgxvwu| sulfh +wkh orzhvw sulfh fkdujhg e| dq|
�up, dqg [ htxdov wrwdo ghpdqg +iru wkh krprjhqrxv jrrg, dw wkdw sulfh1 Li q

�upv duh fkdujlqj wklv sulfh s wkhq frqvxphuv fkrrvh wkhlu vhoohu udqgrpo| lq

vxfk d zd| wkdw hdfk �up vhoov È � É �Ê xqlwv ri rxwsxw1 Lq lqgxvwu| L wkh +frqvwdqw
pdujlqdo, frvw glvwulexwlrq ri wkh wkuhh �upv lv f Ñk @ 3> f Ñ l @ 3=68> f Ñm @ 3=7 dqg
lq lqgxvwu| LL lw lv f Ñ<Ñk @ 3> f Ñ<Ñl @ 3=4> f Ñ<Ñm @ 3=71

Xvlqj htxdwlrq +4,/ wkh VSH sulfh lv ghwhuplqhg dv iroorzv1 Lq lqgxvwu| L/
�up 3 frqvlghuv wkuhh srvvleoh sulfhv= 3=68 dqg eh wkh rqo| �up lq wkh pdunhw/
3=7 dqg vkduh wkh pdunhw zlwk �up 4 dqg wklugo| d sulfh htxdo wr wkh prqrsro|
sulfh 3=8 dqg vkduh wkh pdunhw zlwk �upv 4 dqg 51 Wkh iroorzlqj lqhtxdolwlhv
vkrz wkdw s Ñ @ 3=68 lv wkh htxloleulxp sulfh1 Qrwh wkdw �up 3*v sur�wv htxdoÈ � É �Ê +s � f k , @

l Ì ÉÊ s1

4 � 3=68

4
3=68 A

4 � 3=7

5
3=7 A

4 � 3=8

6
3=8

Lq lqgxvwu| LL/ krzhyhu/ zh kdyh wkh iroorzlqj lqhtxdolwlhv1

4 � 3=7

5
3=7 A

4 � 3=4

4
3=4 A

4 � 3=8

6
3=8

Khqfh wkh VSH sulfh lq lqgxvwu| LL htxdov s Ñ9Ñ @ 3=7 zklfk lv kljkhu wkdq wkh
htxloleulxp sulfh lq lqgxvwu| L1 Wkh lqwxlwlrq lv wkdw lw lv wrr frvwo| iru �up 3
wr nhhs �up 4 rxw ri wkh pdunhw lq lqgxvwu| LL/ zkloh wklv lv qrw yhu| frvwo| lq
lqgxvwu| L1 Khqfh �up 3 lv pruh djjuhvvlyh lq lqgxvwu| L dqg wkh htxloleulxp
sulfh lv orzhu wkdq lq lqgxvwu| LL1

51715 SHD dxfwlrq

Frqvlghu wkh iroorzlqj +voljkw, prgl�fdwlrq ri wkh Hqjolvk dxfwlrq/ fdoohg d
Sdvvlyh Hqjolvk Dxfwlrqhhu +SHD, dxfwlrq1 Wkh uxohv ri wkh jdph duh dv iroorzv1
Wkh dxfwlrq vwduwv dw d sulfh htxdo wr }hur1 Wkh ex|huv lqglfdwh zkhwkhu wkh|
duh zloolqj wr ex| dw wkh fxuuhqw sulfh/ vd| e| ohdylqj wkh dxfwlrq urrp li wkh|
duh qrw zloolqj wr ex| dq|pruh dw wkdw sulfh +ru d kljkhu rqh,1 Lq dgglwlrq wr
wklv/ dq| ex|hu lq wkh dxfwlrq urrp fdq udlvh wkh sulfh1 Li qr ex|hu ixuwkhu udlvhv
wkh sulfh dqg li wkhuh duh q � 4 ex|huv ohiw/ wkh dxfwlrqhhu udqgrpo| doorfdwhv
wkh jrrg wr rqh ri wkh uhpdlqlqj ex|huv dqg hdfk ex|hu kdv d suredelolw| rilÊ wk ri zlqqlqj wkh jrrg dqg sd|lqj wkh fxuuhqw sulfh1 D ex|hu zkr grhv qrw
jhw wkh jrrg sd|v qrwklqj1 Lq rwkhu zrugv/ li wkh qxpehu ri uhpdlqlqj ex|huv q

htxdov 5 ru pruh wkh h{fhvv ghpdqg lv qrw uhvroyhg wkurxjk lqfuhdvlqj wkh sulfh
exw wkurxjk d udwlrqlqj vfkhph1 Wklv lv fohduo| qrw dq rswlpdo +lq wkh vhqvh
ri uhyhqxh pd{lpl}lqj, dxfwlrq/ dv dq dfwlyh dxfwlrqhhu frxog udlvh wkh uhyhqxh
ri wkh dxfwlrq wkurxjk udlvlqj wkh sulfh xqwlo rqo| rqh ex|hu zhuh ohiw1 Wkdw lv
zk| wkh dxfwlrqhhu khuh lv fdoohg sdvvlyh1

Lq dq L1R1 frqwh{w wklv sdvvlyh dxfwlrqhhu dvvxpswlrq riwhq pdnhv vhqvh1
Li d qxpehu ri �upv vhoo wkh vdph surgxfw dw wkh vdph sulfh/ frqvxphuv duh
lqgl�huhqw ehwzhhq wkh vhoohuv dqg ex| udqgrpo| iurp dq| �up1 Pruhryhu/ lq
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wklv frqwh{w/ wkhuh lv qr dxfwlrqhhu zkr fdq dfwlyho| fkdqjh wkh sulfh wr uhvroyh
h{fhvv vxsso|1

Wkhuh lv d Qdvk htxloleulxp ri wkh SHD dxfwlrq zkhuh wkh ex|hu zlwk wkh
kljkhvw ydoxdwlrq jhwv wkh jrrg dw d sulfh htxdo wr wkh vhfrqg kljkhvw ydoxdwlrq1
Exw wklv htxloleulxp lv qrw qhfhvvdulo| vxejdph shuihfw1

L zdqw wr vwuhvv wzr surshuwlhv ri wkh VSH ri wkh SHD dxfwlrq1 Ò Iluvw/ wkdw
wkh prvw h!flhqw sod|hu grhv qrw qhfhvvdulo| elg xs wkh sulfh xqwlo doo rwkhu
ex|huv ohdyh wkh dxfwlrq1 Vhfrqg/ wkdw dgglqj dqrwkhu ex|hu +zklfk kdv lq idfw
d yhu| kljk ydoxdwlrq, fdq uhgxfh wkh htxloleulxp sulfh1 Ehorz wkhvh uhvxowv duh
uhodwhg wr uhfhqw sdshuv lq wkh dxfwlrq olwhudwxuh1

H{dpsoh 4 Frqvlghu d sulydwh ydoxh dxfwlrq zkhuh wkh ydoxdwlrqv ri ex|huv
3> 4 dqg 5 iru wkh dxfwlrqhg jrrg htxdo uhvs1 t k @ 5

lm > t
l

@ 5 dqg t m @ 41
Xvlqj wkh dxfwlrq htxlydohqw ri htxdwlrq +4,/ wkh VSH sulfh htxdov wkh sulfh wkdw
pd{lpl}hv elgghu 3*v sd|r�1 Ex|hu 3 kdv wkuhh uhohydqw fkrlfhv iru wkh sulfh=
s @ 3 dqg d suredelolw| ri

lÓ ri jhwwlqj wkh jrrg/ s @ 4 dqg d suredelolw| ri

lm
ri zlqqlqj dqg s @ 5 lq zklfk fdvh ex|hu 3 jhwv wkh jrrg iru fhuwdlq1 Lw lv
vwudljkwiruzdug wr yhuli| wkh iroorzlqj lqhtxdolwlhv

5

lm � 3

6
A

5

lm � 4

5
A

5

lm � 5

4

Lq zrugv/ lw lv prvw sur�wdeoh iru sod|hu 3 wr fkrrvh d sulfh htxdo wr 3 dqg
*vkduh* wkh jrrg zlwk ex|huv 4 dqg 51 Ô Khqfh wkh Qdvk htxloleulxp zkhuh sod|hu
3 jhwv wkh jrrg iru fhuwdlq dw d sulfh htxdo wr wkh vhfrqg kljkhvw ydoxdwlrq lv qrw
vxejdph shuihfw1 Qrz frqvlghu zkdw kdsshqv zkhq sod|hu 4 lv uhpryhg iurp
wkh pdunhw1 Lq d vwdqgdug vhfrqg sulfh dxfwlrq/ uhprylqj wkh ex|hu zlwk wkh
vhfrqg kljkhvw ydoxdwlrq zloo uhgxfh wkh uhyhqxh ri wkh dxfwlrq1 Khuh zh jhw wkh
rssrvlwh uhvxow1 Sod|hu 3 kdv qrz wzr uhohydqw fkrlfhv iru wkh sulfh= s @ 3 dqg
d suredelolw| ri

lm ri jhwwlqj wkh jrrg dqg s @ 4 lq zklfk fdvh ex|hu 3 jhwv wkh
jrrg iru fhuwdlq1 Wkh iroorzlqj lqhtxdolw| lpsolhv wkdw sod|hu 3 fkrrvhv s @ 4=

5

lm � 4

4
A

5

lm � 3

5

Khqfh/ dv sod|hu 4 ohdyhv wkh pdunhw/ wkh edodqfh ri srzhu glvdsshduv/ sod|hu 3
ehfrphv pruh djjuhvvlyh dqg wkh sulfh jrhv xs1 Vlqfh wkh jds ehwzhhq t k dqg t m
lv elj/ lw sd|v wr �jkw1

Wkh uhvxow wkdw wkh htxloleulxp sulfh lq dq dxfwlrq fdq idoo dv dqrwkhu ex|hu
lv dgghg kdv dovr ehhq qrwhg lq Exorz dqg Nohpshuhu +5335, dqg uhihuhqfhv
wkhuhlq1 Wkh phfkdqlvp wkurxjk zklfk wklv kdsshqv lv/ krzhyhu/ d frpsohwho|
gl�huhqw rqh1 Exorz dqg Nohpshuhu frqvlghu +doprvw, frpprq ydoxh dxfwlrqv1Õ c�-<�T���T1�(<�
�T-J@A(�2$���T1���%��FKL-�� �$�T%p��1���� �F� %
��-������:*^�T-�� �$�T� -C*���7��F(�% &C@A@A�8�T� � 7F� ��N -���@A(<��� -��S� �	��-��1�� %F(���78�T� -$�0��yC(�@AK�� ��.Ö ��1��>� �:%���� �Q�T1�(<�^K�� (:&$�:�Q×"%�1�(�����%��T1��>@^($� 2����^(<�^("� -:`�K�� � 7��>� %^� ��@A� ��� % 7:���$�^-�N�(YK�(�KI���Q�$&E�� � �L��� ��($��*\H?� ��@AKL�:� �:�JtOr<s�s$s	u
`F1������J7�-���*�� �T� -$��%�(����J*������ #	��*\����*��:��`F1�� 7810��(<�T� -���� ���A� %�-�K���� @^($�N � -�@h�T1���(���78��� -����:���:� %
KL-$� �$��-�NL#C� �8`�.GcF-�������1�(<�
��1���%�1�(���� ����� �:% ��� ��� %
� ��*����:*A(JN -���@h-$NL��(<�T� -���� ����Ø��1���� �^� %?�8yC7:��%�%?*���@A(���*it ��1������Q���C&$����%:�I-����QK���-	*���78�8uF(<���T1��Q7������ �:�$�?K���� 7:�0t Ù"Úh×$u�(���*"&	�8���T1��K���� 7:��*�-	�:%F��-<���$-S��KIÛL�T1����$-	-	*"� %�(�� � -	7:(<���:*"� ($��*�-�@A� &$.�B�-:`���#$���:����1��Q@^($� �"*�� �L�:� �:��7����I�8��`��:���@�&^� ��%���� �
(���*Q�T1���-�����*��:� � #$��*A�$&SE?� � �L��� �
(���*AHJ� �:@^KI��� �:�p� %p��1�(��
1�������� (<�T� -$��� ���?� %p-$KC��� @A(���N � -�@��1��JKL-�� �$�F-�N�#C� �8`¡-�N��T1��J���C&$�:� %:����-����T1��J%���� � �:��.
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Lq vxfk dq dxfwlrq wkh zlqqhu pd| vx�hu iurp wkh zlqqhu*v fxuvh= wkh idfw wkdw
kh zlqv wkh dxfwlrq pdnhv lw olnho| wkdw kh kdv ryhuhvwlpdwhg wkh ydoxh ri wkh
jrrg1 Dv wkh qxpehu ri elgghuv jrhv xs/ lw ehfrphv pruh olnho| wkdw wkh zlqqhu
kdv ryhuhvwlpdwhg wkh ydoxh ri wkh jrrg= wkh fxuvh jhwv zruvh1 Udwlrqdo sod|huv
wdnh wklv h�hfw lqwr dffrxqw dqg vkdgh wkhlu elgv pruh vwurqjo| dv wkh qxpehu ri
sod|huv jrhv xs1 Khqfh/ d kljkhu qxpehu ri elgghuv fdq ohdg wr orzhu h{shfwhg
uhyhqxhv lq wkh dxfwlrq1

Lq wkh h{dpsoh deryh/ wkhuh lv d sulydwh ydoxhv dxfwlrq dqg khqfh wkh zlqqhu*v
fxuvh sod|v qr uroh1 Dovr/ zlwk wkh zlqqhu*v fxuvh wkh sureohp lv wkdw sod|huv
ihdu wkdw wkh hqwudqw kdv d orz vljqdo iru +edg qhzv derxw, wkh ydoxh ri wkh
dxfwlrqhg jrrg1 Lq wkh h{dpsoh deryh/ krzhyhu/ wkh sulfh uhgxfwlrq lv fdxvhg
e| dgglqj d kljk ydoxh sod|hu +elgghu 4,1 Wklv elgghu zlwk d kljk ydoxdwlrq
pdnhv lw ohvv sur�wdeoh iru sod|hu 3 wr elg djjuhvvlyho|1

Qrwh wkdw lq wkh SHD dxfwlrq/ dowkrxjk �up 3 lv zruvh r� zlwk sod|hu 4
dgghg/ �up 5 jdlqv zkhq �up 4 hqwhuv wkh pdunhw1 Ehorz/ L frph edfn wr wklv
dv|pphwulf uhdfwlrq ri sd|r�v lq uhvsrqvh wr hqwu| dqg h{lw1

Ilqdoo|/ wkh uhvxow lq wkh SHD dxfwlrq wkdw lw fdq eh rswlpdo iru elgghuv
wr �vkduh� wkh jrrg dw d orz sulfh fdq dovr eh rewdlqhg lq wkh frqwh{w ri d
vlpxowdqhrxv dvfhqglqj dxfwlrq1 Ü Frqvlghu wkh fdvh zlwk wzr elgghuv dqg dqg
wzr jrrgv1 Elgghu 3 ydoxhv hdfk ri wkhvh jrrgv dw t k @ 5

lm dqg elgghu 4 ydoxhv
hdfk dw t

l
@ 51 Wkdw lv/ li elgghu l jhwv rqh +erwk, jrrg+v, dw d sulfh htxdo wr

s +sulfhv htxdo wr s dqg s Î , klv sd|r� lv t Ë � s +5t Ë � s � s Î ,1 Lw lv urxwlqh wr
yhuli| wkdw lq d vlpxowdqhrxv dvfhqglqj dxfwlrq wkh htxloleulxp sulfh lv 3 lq wklv
fdvh dqg hdfk elgghu jhwv rqh jrrg1 Li wkh ydoxdwlrq ri elgghu 4 lv uhgxfhg wr
t
l

@ 4/ wkh htxloleulxp sulfh ulvhv wr rqh dqg elgghu 3 rewdlqv erwk jrrgv1 Wkh
edodqfh ri srzhu lv eurnhq dqg qrz lw sd|v wr �jkw iru elgghu 31

6 Pruh uhdolvwlf sulflqj jdphv

Dowkrxjk wkh dxfwlrq vw|oh sulflqj jdph lqwurgxfhg deryh lv hdv| wr dqdo|vh/ lwv
glvdgydqwdjh lv d odfn ri ghvfulswlyh uhdolvp1 Wkhuhiruh lw lv kdug wr vhh lq zklfk
lqgxvwulhv wkh wkhru| suhvhqwhg khuh lv olnho| wr dsso|1 Wklv vhfwlrq lqwurgxfhv
wzr prghov wkdw duh pruh uhdolvwlf dqg lq zklfk wkh htxloleulxp ghulyhg deryh
uhpdlqv dq htxloleulxp rxwfrph1 Wklv dovr vkrzv zklfk ri wkh dvvxpswlrqv
pdgh deryh duh hvvhqwldo dqg zklfk duh pdgh iru hdvh ri h{srvlwlrq1

614 Dv|pphwulf lqirupdwlrq

Rqh dvvxpswlrq pdgh deryh lv wkdw sulfhv fdq rqo| pryh lq rqh gluhfwlrq1 Lq
wkh pdunhw frqwh{w/ �upv fdq rqo| xqghufxw suhylrxv sulfhv1 Sulfhv fdqqrw eh
udlvhg1 Wklv jlyhv lpphgldwho| wkh uhvxow wkdw d ghyldwlrq e| dq| �up wr d sulfh
s ? s Çk zloo eh iroorzhg e| doo rwkhu �upv zlwk pdujlqdo frvwv ehorz s1 Lw lv
h{dfwo| wklv h�hfw zklfk pdnhv vxfk sulfh uhgxfwlrqv ohvv dwwudfwlyh dqg wkhuhe|
khosv wr vxvwdlq sulfhv deryh wkh Ehuwudqg rxwfrph1 Vrph shrsoh pd| dujxh
wkdw lq wkh uhdo zruog �upv fdq erwk lqfuhdvh dqg ghfuhdvh wkhlu sulfhv1 Grhv
wklv d�hfw wkh uhvxowvBÝ �
��1�(���2>,G(�����H?� ��@AKL�:� �:��N -������ � ����� ���^��1�� %F% � @Q��� ��(�����-���%F(�%�7��:��*�� ���A(���78�T� -$�\�8yC(�@AK�� �?��-A@�&(<�����:�$��� -��/.
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Doorzlqj iru erwk sulfh lqfuhdvhv dqg ghfuhdvhv ohdgv wr d whfkqlfdo frpsol0
fdwlrq lq wkh prgho deryh lq wkh vhqvh wkdw wkh jdph lv qr orqjhu �qlwh1 E|
dgmxvwlqj sulfhv lq hyhu| shulrg wkh jdph pd| qhyhu frph wr dq hqg1 Lq rughu wr
eh deoh wr xvh wkh rqh vwdjh ghyldwlrq sulqflsoh wr fkhfn vxejdph shuihfwlrq/ zh
qhhg wr dgmxvw wkh prgho wr hqvxuh wkdw lw lv frqwlqxrxv dw lq�qlw| +vhh Ixghq0
ehuj dqg Wluroh +4<<4=443,,1 Wkh zd| lq zklfk wklv lv riwhq grqh lv wr lqwurgxfh
glvfrxqwlqj1 Krzhyhu/ khuh L fkrrvh dqrwkhu zd| wr gr wklv zklfk dovr uhpryhv
wkh vrphzkdw duwl�fldo glvwlqfwlrq ehwzhhq wkh sulflqj vwdjh dqg rxwsxw vwdjh
lq wkh jdph deryh1

Frqvlghu wkh iroorzlqj fkdqjh wr wkh prgho deryh1 Wkh jdph vwduwv zlwk
hyhu| �up txrwlqj d sulfh1 Wkhq zlwk d suredelolw| t 5 k3> 4` wkh fxvwrphuv
duulyh dqg wkh| ex| wkh jrrg iurp wkh �up+v, zlwk wkh orzhvw txrwhg sulfh1 Li
wklv kdsshqv wkh jdph lv ryhu1 Zlwk suredelolw| 4 � t qr fxvwrphuv duulyh dqg
hyhu| �up lv doorzhg wr fkdqjh lwv sulfh1 Diwhu hyhu| �up kdv txrwhg d qhz
sulfh +ru nhsw wkh suhylrxv sulfh xqfkdqjhg, wkhuh lv djdlq d suredelolw| t wkdw
wkh fxvwrphuv duulyh hwf1 Vr wkh suredelolw| wkdw wkh fxvwrphuv duulyh lq urxqg
W htxdov +4 � t, Þ Ì l

t zklfk whqgv wr 3 dv W jrhv wr lq�qlw| dqg wklv jlyhv wkh
frqwlqxlw| dw lq�qlw|1 Qrwh wkdw iru t @ 4 wkh jdph lv d vwdqgdug Ehuwudqg
sulflqj jdph1

Lq wkh jdph ghvfulehg vr idu/ d sulfh s Çk A f
l
grhv qr orqjhu vxuylyh wkh rqh

vwdjh ghyldwlrq whvw1 D �up xqghufxwwlqj s Çk iru rqh shulrg dqg wkhq uhyhuwlqj
edfn wr s Çk jdlqv zlwk suredelolw| t d vwulfwo| srvlwlyh ghihfwlrq sd| r�/ wkhuhe|
euhdnlqj wkh htxloleulxp1 Ehfdxvh lq wkh dxfwlrq sulflqj jdph sulfhv frxog qrw
eh udlvhg/ vxfk d ghyldwlrq zdv qrw srvvleoh1

Xvlqj rqh vwdjh ghyldwlrq lpsolhv wkdw wkh sulfh fxw e| wkh ghyldwlqj �up lv
qrw iroorzhg e| wkh rwkhu �upv dqg diwhu wkh sulfh fxw +lq fdvh wkh fxvwrphuv
glg qrw duulyh, doo �upv fkdujh s Çk djdlq1 Wklv pdnhv wkh sulfh fxw sur�wdeoh1
Exw wklv pd| qrw eh wkh prvw qdwxudo uhvsrqvh iru wkh qrq0ghyldwlqj �upv1 Rqh
zd| wr surfhhg khuh zrxog eh wr lqwurgxfh sxqlvkphqwv vwudwhjlhv dv lq wkh vx0
shujdph olwhudwxuh1 Hdfk �up frpplwv wr d vwudwhj| vd|lqj wkdw doo sulfh fxwv
zloo eh iroorzhg dv orqj dv wkh sulfh vwd|v deryh d �up*v pdujlqdo frvwv1 Krz0
hyhu/ wklv zrxog pryh wkh sdshu wrr forvho| wr wkh olwhudwxuh rq h{solflw frooxvlrq
dqg revfxuh wkh pdlq srlqw ri wklv sdshu wkdw sulfhv deryh wkh Ehuwudqg rxw0
frph fdq eh vxvwdlqhg zlwkrxw frooxvlrq ru frpplwphqw wr sxqlvkphqw vwudwh0
jlhv1 Wkh lpsruwdqw lqjuhglhqw khuh lv wkdw �upv xqghuvwdqg wkdw 0hyhq zlwkrxw
frpplwphqw0 wkhlu rssrqhqwv* ehvw uhvsrqvh wr d sulfh uhgxfwlrq lv wr iroorz
wkdw sulfh uhgxfwlrq1

L looxvwudwh wklv srlqw khuh e| lqwurgxflqj dv|pphwulf lqirupdwlrq1 Lq sdu0
wlfxodu/ �upv gr qrw nqrz zkdw wkh frvw ohyho ri wkh sulfh ohdghu lv1 D sulfh
uhgxfwlrq lv wkhq lqwhusuhwhg dv d vljqdo wkdw f k lv udwkhu orz dqg wkh rswlpdo
uhvsrqvh wr vxfk lqirupdwlrq lv wr iroorz wkh sulfh uhgxfwlrq ehfdxvh d sulfh
ohdghu zlwk vxfk orz frvwv zloo frqwlqxh wr fkdujh wklv orzhu sulfh1 Wklv uhdf0
wlrq vwrsv d rqh vwdjh ghyldwlrq iurp ghvwur|lqj dq htxloleulxp sulfh deryh wkh
Ehuwudqg rxwfrph1

Vlqfh dv|pphwulf lqirupdwlrq lq jhqhudo sulflqj jdphv lv udwkhu khdy| rq
qrwdwlrq/ ß L looxvwudwh wkh srlqw khuh zlwk wkh iroorzlqj vlpsoh h{dpsoh1à ���"K�(�� ��� 7���� (��:��� �\��1���K���� 7:� ���S��($@^��*���%�7:� � �L��*"(��L-:#	�?�T1������?`�-$��� *"�L�J��`�-A��&CKL�:%F-�NG��KL*�(���� ���(��L-$�C��-�K�KL-����:�$��%:�	7�-�% ��� �8#	��� %:Ø�t � u;`F1�� 7T1Sv�� @A%�(�78�T� #	��� &S� ��*���7��FK�� � 7���%�(���*>�$&A1�-:`X@Q��781/�	(���*Yt � � u`F1�� 7T1\v���@^%Qt -���� &�u�N -�� � -9`�K���� 7:�J� �:*���78�T� -$��%:.
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H{dpsoh 5 Frqvlghu dq lqgxvwu| zlwk rqo| rqh ex|hu zkr zdqwv wr ex| dw prvw
rqh surgxfw1 Wkh ydoxdwlrq ri wkh ex|hu lv frpprq nqrzohgjh/ y @ 61 Wkhuh duh
wkuhh �upv/ ghqrwhg 3> 4> 51 Wkh frvw ohyho ri �up 5 lv dovr frpprq nqrzohgjh/
f m @ 51 Hdfk ri wkh rwkhu wzr �upv fdq kdyh frvw ohyho 3 ru 4 zlwk suredelolwlhv
� dqg +4 � �,1 Wkh frvw ohyhov ri wkhvh �upv duh lqghshqghqwo| glvwulexwhg1 Li

t ?
4

6
+4 � �,

wkhq wkh iroorzlqj vwudwhjlhv iru sulfhv/ s 5 C/ á8â dqg eholhiv/ �/ irup d shuihfw
Ed|hvldq htxloleulxp

Ilup 5 fkdujhv d sulfh s m @ 6

D �up zlwk frvw ohyho f
l

@ 4 fkdujhv d sulfh s
l

@ 6 dqg iroorzv d sulfh uhgxfwlrq wr s @ 5

D �up zlwk frvw ohyho f k @ 3 fkdujhv d sulfh s
l

@ 5 dqg iroorzv d sulfh uhgxfwlrq wr s @ 4

� +f k @ 3ms @ 5, @ 4

� +f k @ 4ms @ 6, @ 4

Wr vhh wkdw wklv lv d shuihfw Ed|hvldq htxloleulxp/ qrwh �uvw wkdw �up 5 kdv qhyhu
dq lqfhqwlyh wr fkdujh d sulfh htxdo wr 51 Khqfh lwv rswlpdo vwudwhj| lv wr fkdujh
d sulfh htxdo wr 61 D �up zlwk frvw ohyho htxdo wr 4 fdq fkrrvh ehwzhhq fkdujlqj
d sulfh htxdo wr 6 ru 51 Lw lv urxwlqh wr yhuli| wkdw wkh dvvxpswlrq t ?

lÓ +4 � �,
lpsolhv wkdw wkh iroorzlqj lqhtxdolw| krogv

�

�

t3 . +4 � t,
5 � 4

5

�

.+4 � �,
6 � 4

6
A �

5 � 4

5
.+4 � �,

�

t
5 � 4

4
. +4 � t,

5 � 4

5

�

pdnlqj dq lqlwldo sulfh htxdo wr 6 dqg rqo| iroorzlqj d sulfh uhgxfwlrq wr 5 wkh
rswlpdo vwudwhj|1 á9á Lq zrugv/ li wklv �up fkdujhv d sulfh htxdo wr 6 wkhuh lv d
suredelolw| � wkdw lwv rssrqhqw kdv frvwv htxdo wr 3 dqg fkdujhv d sulfh htxdo wr
51 Zlwk suredelolw| t wkh fxvwrphu duulyhv dqg wklv �up grhv qrw vhoo1 Zlwk
suredelolw| +4 � t, wkh fxvwrphu grhv qrw duulyh dqg wklv �up fdq dgmxvw lwv
sulfh wr 51 Jlyhq wkh vwudwhjlhv deryh/ wkh sulfh zloo qrw eh uhgxfhg ixuwkhu dqg
zkhq wkh fxvwrphu +hyhqwxdoo|, duulyhv wkh sd|r� zloo eh

m Ì lm 1 Zlwk suredelolw|
+4 � �, wkh �up*v rssrqhqw kdv frvwohyho 4 dv zhoo1 Khqfh doo wkuhh �upv fkdujh
d sulfh htxdo wr 6 dqg zkhq wkh fxvwrphu duulyhv sd|r�v iru wklv �up htxdo

Ó Ì lÓ 1
Wkh uljkw kdqg vlgh ri wkh lqhtxdolw| lv ghulyhg lq d vlplodu pdqqhu1 Wkh qh{w
wzr lqhtxdolwlhv vkrz wkdw lw lv rswlpdo iru d �up zlwk frvwv htxdo wr 3 wr fkdujh
d sulfh htxdo wr 5 +lqvwhdg ri 6 dqg 4 uhvs1,

�
5 � 3

5
. +4 � �,

�

t
5 � 3

4
. +4 � t,

5 � 3

5

�

A �

�

t3 . +4 � t,
5 � 3

5

�

. +4 � �,
6 � 3

6

�
5 � 3

5
. +4 � �,

�

t
5 � 3

4
. +4 � t,

5 � 3

5

�

A �

�

t
4 � 3

4
. +4 � t,

4 � 3

5

�

. +4 � �,
4 � 3

4

Erwk lqhtxdolwlhv krog ehfdxvh t A 3 dqg � 5 k3> 4l1o�ã ��1�(<��� %�K�� � 7��:%�(�� �?7T1�-�%����>N � -$@R��1��?%�(�@A���$� � *>(�%��I��N -$� �$.GB������F�T1�� %���� #	��%�(Q#$��� &S%�� @^K�� �?��� � *ä9å�æ�ç�æ8è	æ�éCê .G�F��%���� ��%���-���1���-����$1SN -���(Qv����:����� � *>(�%
`��:� �O�	($%�� -����Q(�%�K�� � 7���%�7�-���� �:%�KL-���*S��-Q-�K���� @^($�7T1�-�� 7:��%^N -��^%�-�@A�>����(�� � ë:(<��� -���%^-�N���1��07�-�% �A� ��#$����ì:í0N -��Q��1��>K���� 7:�>� ��(�*����:.)��1�(<�^� %:�pK�� (:&	����%Q`�� � �� �$���:� K����8�F����*�����7��C����� ���A(�%���#C� *�����7��?�T1�(<��ì í � %�� -9`������T1�(��\K�� ��#C� -���%�� &S�T1�-����$1$�:.o8o c�-<�T�F��1�(<��`F� �T1S($%'&�@A@^������� 7�� ��N -�� @A(<�T� -$�/�$�T1���5���� ����(���*>�:z	��� � � ��� � ��@�7�(��>(�� %�-Q� �:(�*S��-Q1�� ��1��:�K���� 7:��%:.�B�-:`��8#	������� �]��1�� %>�8yC($@AK�� �"��`�-6v���@A%A`F� ��1Z7:-�% ��%>��zC��(����T- ç (����"(���� �\�T-6%���% ��($� �]�T1��@A-���-$KL-�� &>K�� � 7��St îAï é u
`F1�� 7810� %���-��FKL-�%�%�� ��� �J� �>�T1��J5���� ��� ($��*\-��C�T7�-�@A��.
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Wkh lghd ri wkh h{dpsoh lv wkdw fkrrvlqj d orz sulfh +s @ 5, lv rqo| rswlpdo
iru d sulfh ohdghu zlwk frvwv htxdo wr 31 Khqfh d �up zlwk kljkhu frvwv +f @ 4,
grhv qrw wu| wr xqghufxw wkh prqrsro| sulfh ehfdxvh wkdw lv lqwhusuhwhg dv d
pryh e| d orz frvw sulfh ohdghu1 Rqfh wkh �up*v rssrqhqw kdv revhuyhg d sulfh
htxdo wr 5/ kh lqwhusuhwv wklv dv hylghqfh wkdw wkh sulfh zloo vwd| dw 5 +ehfdxvh
wkdw lv wkh rswlpdo fkrlfh iru d orz frvw sulfh ohdghu,1 Khqfh dowkrxjk wkh uxohv
ri wkh jdph gr qrw suhfoxgh d ulvh lq wkh sulfh ohyho/ dv|pphwulf lqirupdwlrq
pdnhv vxuh wkdw lw zloo qrw kdsshq1 Khqfh zh jhw vlplodu uhvxowv dv lq wkh
dxfwlrq w|sh sulflqj jdph zlwkrxw wkh dvvxpswlrq wkdw sulfhv fdq rqo| pryh lq
rqh gluhfwlrq1

615 Frvwo| sulfh dgmxvwphqwv

Dqrwkhu zd| wr nhhs wkh VSH ghulyhg lq wkh dxfwlrq vw|oh sulflqj jdph lv wr
lqwurgxfh phqx frvwv1 Frqvlghu wkh jdph lq wkh suhylrxv vxevhfwlrq/ zkhuh
sulfhv fdq erwk eh lqfuhdvhg dqg ghfuhdvhg dqg zkhuh wkhuh lv d suredelolw| t

wkdw wkh fxvwrphuv duulyh dw wkh hqg ri hdfk urxqg1 Qrz lqvwhdg ri dvvxplqj
dv|pphwulf lqirupdwlrq/ vxssrvh wkdw txrwlqj dqg fkdqjlqj d sulfh frvwv d �up
d phqx frvw � A 31 Wkh iroorzlqj uhvxow ghulyhv d vx!flhqw frqglwlrq iru wkh
VSH lq wkhruhp 4 wr uhpdlq dq htxloleulxp lq wkh jdph suhvhqwhg khuh1 á�ð
Sursrvlwlrq 5 Ohw � ñ�ò�ó ghqrwh wkh VSH sur�w ri �up 3/

� ñ�ò�ó @
[ +s ôõ ,

q +s ôõ ,
+s ôõ � f õ ,

dqg q @ q +s ôõ , wkh qxpehu ri dfwlyh �upv lq wkh VSH lq wkhruhp 41 Li wkh
suredelolw| wkdw fxvwrphuv duulyh lv vpdoo hqrxjk/ lq sduwlfxodu li

t ?
�

+q � 4, � ñ�ò�ó +5,

wkhq s ôõ lv d VSH sulfh lq wkh jdph ghvfulehg deryh1

Wkh uhdvrq zk| t qhhgv wr eh vpdoo lv lqwxlwlyho| fohdu1 Li t lv forvh wr 4/
wkh suredelolw| wkdw wkh rqh vwdjh ghyldwlrq ohdgv wr dfwxdo vdohv +ehfdxvh wkh
fxvwrphuv duulyh, lv kljk1 Wkh dgglwlrqdo sur�w jdlqhg iurp wklv ghyldwlrq lv
ri wkh rughu +q � 4, � ñ�ò�ó dv wkh �up fdswxuhv wkh pdunhw vkduh ri lwv +q � 4,
rssrqhqwv zklfk duh vwloo sulflqj dw s ôõ 1 Dovr qrwh wkdw li wkh qxpehu ri �upv lq
wkh pdunhw lv odujh/ wkh suredelolw| wkdw d ghyldwlrq ohdgv wr dfwxdo vdohv pxvw
eh yhu| orz1 Wkh uhdvrq lv wkdw ghyldwlqj lv yhu| dwwudfwlyh dv q lv odujh1 Ilqdoo|/
li lqhtxdolw| +5, grhv qrw krog/ wkhq wkh idfw wkdw s ôõ fdqqrw eh vxvwdlqhg/ grhv
qrw lpso| wkdw wkh Ehuwudqg rxwfrph +s @ f ö , lv wkh VSH1 Wkhuh pd| eh d sulfh
s 5 kf ö > s ôõ l wkdw lv vxvwdlqdeoh dv d VSH1o x _��L-:#	�F�p1�(9#$��� �$��-�����*S��1���KL-$% %�� ��� � � ��&A��1�(<�p÷Løù � �>��-<�T(<�T� -��YÄ�� %�(�%�����7:-���%�� % ��� ���Q-�N/@A-�� �F�T1�(��-����>��� ��@A�:�$�:."��1��>N -$� � -:`F� ���Y(�� �$��@A���$�^%�1�-:`F%��T1�(<�^N -$�Jú]%�@^($� ������-�����1/�G��1��>-���� &4�:z	��� � � ����� ��@K���� 7:�Q%���% ��($� ��(���� �Q� �"�T1��Q@A-	*����G1������Q� %���1��^%�@A(�� � ��% �J��� ��@A���	�?-�N;÷ øù .Q��-���%�� *�������`�-0��� ��@A���$�T%�÷ ø(���*6÷ ø:ø � �6÷ øù `F1��:� �S÷ ø:øiû ÷ ø .]��1����]v���@^%A`F� ��1ZìTüiýþ÷ ø `F� � ��zC��-<���"(4K�� � 7��\�:z	��(�����-"÷ ø .D	��K�KL-�%��F��-<�:�	��1�(<��� %�(�%�%���@A�F(�� �Lv�� @A%�z	��-<����(�K�� � 7�����z	��($���T-�÷ ø:ø .G��1����>v�� @�ÿ�1�(�%�(��>� ��7����	��� #$���-)����*��:� 7:�C�^� ��%^-�K�KL-����:�$��%^� �6��1��>���8yC�^��-�����*+��-0÷ ø .YWf� �T1+(YK���-���($��� � � ��&��\v���@�ÿ"��($� ��%Q�T1��`F1�-�� �J@^($� 2�����($��*>`F� ��1\(^K���-���(���� � � �'&��������
	�� �F*�-	�:%���-<�F� -$%��?K���-�vC�T%��L��7�($��%���÷Iø�(���*S÷Lø:øJ&�� ��� *t �	&>($%�% ��@^K���� -��Lu
��1��J% ($@^�JK���-�vC�F� �8#	���O.pBF�:��7��F÷Iø:ø�� %���-<�F%���% �T(�� ��(���� �J(�%��:z	��� � � ����� ��@¤K�� � 7��$.
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Lq zklfk pdunhwv fdq rqh h{shfw lqhtxdolw| +5, wr krogB Dv phqwlrqhg lq wkh
lqwurgxfwlrq/ L dp pdlqo| wklqnlqj ri uhwdlo pdunhwv1 Frqvlghu d Kljk Vwuhhw
vkrs vhoolqj whohylvlrqv1 Wkh suredelolw| wkdw lq wkh qh{w krxu/ vd|/ d fxvwrphu
zdonv lq zkr zdqwv wr ex| d vshfl�f WY +ri d jlyhq eudqg dqg w|sh, lv vpdoo1
Vr fkdqjlqj |rxu sulfh ri wklv vshfl�f WY qrz lv olnho| wr eh qrwlfhg e| rwkhu
WY vhoohuv grzq Kljk Vwuhhw ehiruh d fxvwrphu duulyhv ex|lqj wkdw WY1 Dovr/
fkdqjlqj wkh sulfh lv frvwo| dv fdwdorjxhv qhhg wr eh dgmxvwhg hwf1

Frpsdulqj lqwhuqhw �upv zlwk wudglwlrqdo uhwdlohuv/ Edloh| +4<<;, �qgv wkdw
sulfhv iru errnv/ FGv dqg vriwzduh duh kljkhu rq wkh lqwhuqhw wkdq iru wudglwlrqdo
uhwdlohuv1 Xvlqj wkh uhvxow lq sursrvlwlrq 5 rqh fdq jlyh wkh iroorzlqj h{sodqdwlrq
iru wklv �qglqj1 Dvvxplqj wkdw wkh frvw ri fkdqjlqj sulfhv lv vlplodu iru wkhvh
wzr w|shv ri �up/ wkh pdlq gl�huhqfh lv wkh suredelolw| t deryh1 Iru wudglwlrqdo
uhwdlohuv lw lv kdughu wr �jxuh rxw rxw zkdw sulfhv rwkhu uhwdlohuv duh fkdujlqj
dqg khqfh lw lv pruh olnho| wkdw d sulfh fkdqjh jrhv xqqrwlfhg ehiruh d fxvwrphu
duulyhv1 Iru dq lqwhuqhw �up/ lq frqwudvw/ lw lv hdv| wr fkhfn rssrqhqwv* sulfhv
+rqh prxvhfolfn, dqg sulfhv fdq eh fkdqjhg yhu| txlfno|1 Wkdw lv/ t lv orzhu iru
lqwhuqhw �upv1 Khqfh sursrvlwlrq 5 suhglfwv wkdw sulfhv duh kljkhu iru lqwhuqhw
�upv dv lw lv pruh olnho| wkdw lqhtxdolw| +5, krogv1

Kdylqj lqwurgxfhg wkh suredelolw| t wkdw fxvwrphuv duulyh diwhu d jlyhq sulf0
lqj urxqg/ wkhuh duh dovr rwkhu zd|v lq zklfk wkh VSH lq wkhruhp 4 fdq eh
pdlqwdlqhg/ dsduw iurp wkh phqx frvw �1 Rqh lv wr lqwurgxfh wkh lghd ri lqhu0
wld dv xvhg lq frqwlqxrxv wlph jdphv �
� +vhh/ iru lqvwdqfh/ Ehujlq dqg PdfOhrg
+4<<6,,1 Wklv fdq eh dssolhg wr wkh vlwxdwlrq khuh e| dvvxplqj wkdw sulfhv duh
�{hg iru � � 5 shulrgv1 Vr vwduwlqj iurp wkh htxloleulxp sulfh s ôõ / wkh txhvwlrq
lv zkhwkhu d �up l zrxog olnh wr ghyldwh wr d sulfh s ? s ôõ 1 Lw lv fohdu wr vhh wkdw
iru � elj hqrxjk/ wkh rswlpdo uhvsrqvh ri l*v rssrqhqwv lv wr iroorz wkh sulfh
uhgxfwlrq ehfdxvh li wkh| glg qrw iroorz wkh sulfh uhgxfwlrq/ wkhuh lv d sured0
elolw| 4 � +4 � t, ��� ö

wkdw wkh fxvwrphuv duulyh ehiruh wkh sulfh ohyho uhwxuqv wr
s ôõ 1 Khqfh/ dowkrxjk sulfhv fdq eh dgmxvwhg erwk xszdug dqg grzqzdug/ lqhuwld
jlyhv wkh vdph uhdfwlrq wr d ghyldwlrq dv wkh dxfwlrq sulflqj jdph= sulfh uhgxf0
wlrqv duh iroorzhg e| doo �upv zlwk pdujlqdo frvw ohyhov ehorz wkh sulfh1 Wkh
lghd wkdw d �up lv frpplwwhg wr lwv sulfh iru pruh wkdq rqh shulrg lv dovr xvhg
lq Pdvnlq dqg Wluroh +4<;;, dv glvfxvvhg ehorz1

7 Lpsolfdwlrqv iru frpshwlwlrq srolf|= mrlqw grp0

lqdqfh dqg hqwu|

Wklv vhfwlrq ghulyhv d qxpehu ri surshuwlhv ri wkh VSH1 Lq sduwlfxodu/ L gh0
ulyh frqglwlrqv xqghu zklfk frvw uhgxfwlrqv dqg hqwu| ohdg wr lqfuhdvhv lq wkh
htxloleulxp sulfh1 Iluvw/ L ghulyh vrph uhvxowv rq �upv* sur�wv dqg zhoiduh1��� ��1��:� �J� %F(���-���1��:������� (<��� -��\-$N��T1��J��($@A�J*���%�7:� � �L��*\($�L-:#$��(���*"7�-��$�T� �C��-���%��T� @A�J�$(�@A��%:.���-$�CP%�� *����A��1��"7:(�%��0`F1��:� �"v���@A%S2	��-:`�N -$�A%������\��1�(��A�T1��"7���% �T-�@A��� %>(�� ��� #	�\(��S��� @^���J.X��1����]-$���7�($�Y@A-	*����;��1��QK�� � 7�� ���>�$(�@A�Q(�%?-�����`F1������Qv���@A%�7:(��Y7�-$�$��� �	��-$��%�� &Y(�*
�'��% �?K���� 7:��%?���$�T� �;��� @A���J.��Np781�(����$� ���>K���� 7��:%�� %�7�-�% ��� ��%�%:���T1��Q5��:�'�T� ($��*"��($@A��7�($�"�L�Q@A-	*���� � ��*"($%�-�����`F1�������v�� @A%�7T1�-	-�%��K���� 7:��%GN -��;��#$��� &������ ÿ æ ���O.;��1�(<�p� %��<�T1���-$��� &Q� �:� ��#$���$�pK���� 7:��� %;��1���-�����z	��-�����*^(<����� ��!<��1�����(�@A�� �\�T1�� %?K�(�KL�:��� %?-�����`F1������Qv�� @A%�781�-	-$% �QK���� 7:��%�N -�����#$��� &"�#� � ÿ æ �#$T.���1��Q-�KL�:�"��� (�782��8�?� @AK�� � ��%��1�(<�Fv���@A%�7�($�0����($78���T-^��#$��� &0K���� 7���7T1�(������J�L��N -����?��1��J7:��% ��-�@A�:� %F(�� ��� #	�J(<�%�J.p_�� ��1�-�����10�T1�� %F� %(0����(��J@A(<��1��:@A(<��� 7�($�G7T1�($� (�7�������� ë�(<�T� -$�Y-$Np��1��^@A-	*��:�G(��L-9#$���/�FK�� ��N �����T1��^@A-�� �^% �T� (�� ��1	��N -��'`�($� *� �$���:� K����8�T(<��� -��\��%�� ���^��1��JK���-���(���� � � �'&"�	.
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Dowkrxjk ehorz L ghulyh uhvxowv wkdw wkh htxloleulxp sulfh fdq ulvh zlwk wkh
qxpehu ri �upv lq wkh lqgxvwu| dqg wkdw lw fdq idoo zlwk �upv* frvw ohyhov/ lw lv
dozd|v wkh fdvh wkdw wkh sulfh ohdghu lv +zhdno|, ehwwhu r� zlwk ohvv rssrqhqwv
dqg zlwk ohvv h!flhqw rssrqhqwv1

Sursrvlwlrq 6 Wkh sur�wv ri wkh sulfh ohdghu +�up 3, duh qrq0lqfuhdvlqj lq
wkh qxpehu ri rwkhu �upv Q dqg lv qrq0ghfuhdvlqj lq wkh frvw ohyhov ri wkh rwkhu
�upv lq wkh lqgxvwu|1
Krzhyhu/ wkh sur�wv ri �upv lq wkh lqgxvwu| zlwk f & A f õ fdq ulvh zlwk wkh
qxpehu ri �upv dqg idoo zlwk rwkhu �upv* frvw ohyhov1

Wkh odwwhu sduw ri wkh ohppd zdv douhdg| looxvwudwhg e| wkh dxfwlrq h{dpsoh
lq vhfwlrq 517151 Wkh zhdn elgghu jdlqv e| dgglqj dqrwkhu elgghu wr wkh dxfwlrq1
Wkh lqwxlwlrq lv wkdw hqwu| ru h!flhqf| jdlqv e| �upv zlwk f & A f õ fdq pdnh lw
ohvv sur�wdeoh iru wkh sulfh ohdghu wr sulfh djjuhvvlyho|1 Li �up 3 ghflghv wr udlvh
lwv sulfh lq uhvsrqvh wr vxfk fkdqjhv/ vrph �upv fdq qrz sur�wdeo| surgxfh
wkdw zhuh sulfhg rxw ri wkh pdunhw ehiruh wkh fkdqjh1

Khqfh/ xqolnh Ehuwudqg ru Frxuqrw frpshwlwlrq/ hqwu| ru h!flhqf| jdlqv e|
rssrqhqwv gr qrw d�hfw doo �upv* sur�wv lq wkh vdph gluhfwlrq1 Zkhq glvfxvvlqj
phujhuv/ wklv surshuw| jlyhv dq h{sodqdwlrq ri zk| vrph �upv lq dq lqgxvwu|
rssrvh d phujhu zkloh rwkhu +qrq0phujlqj, �upv idyrxu wkh phujhu1

Wkh qh{w uhvxow ghulyhv wkh h�hfwv ri hqwu| dqg h!flhqf| jdlqv rq zhoiduh/
zkhuh zhoiduh lv gh�qhg dv wkh vxp ri frqvxphu dqg surgxfhu vxusoxv1

Sursrvlwlrq 7 Li hqwu| ru h!flhqf| jdlqv uhgxfh +lqfuhdvh, erwk wkh lqgxvwu|
dyhudjh frvw ohyho dqg wkh htxloleulxp sulfh/ wkhq zhoiduh jrhv xs +grzq,1

Frqvxphu vxusoxv idoov dv rxwsxw idoov +ru/ htxlydohqwo|/ wkh sulfh ulvhv, zkloh
surgxfhu vxusoxv ghfuhdvhv dv wkh dyhudjh frvw ohyho lqfuhdvhv1 Wkh uhdvrq zk|
wkh dyhudjh frvw ohyho lv uhohydqw/ lv wkh dvvxpswlrq ri htxdo pdunhw vkduhv iru
dfwlyh �upv1 Vr rqh rqo| jhwv vwudljkwiruzdug uhvxowv li erwk wkh sulfh dqg wkh
dyhudjh frvw ohyho pryh lq wkh vdph gluhfwlrq1 Lq wkh fdvh zkhuh wkh sulfh jrhv
xs zkloh wkh dyhudjh frvw ohyho idoov/ rqh jhwv d wudgh r� vlplodu wr wkh rqh lq
phujhu fdvhv zkhuh wkh idoo lq frvwv +gxh wr hfrqrplhv ri vfdoh2vfrsh, pxvw eh
zhljkhg djdlqvw wkh ulvh lq wkh sulfh ohyho +gxh wr lqfuhdvhg pdunhw srzhu,1

714 H�hfw ri frvw uhgxfwlrqv rq sulfh

Xvxdoo| zh wklqn wkdw d uhgxfwlrq lq d �up*v frvw ohyho qhyhu ohdgv wr dq lqfuhdvh
lq wkh htxloleulxp sulfh lq wkh pdunhw1 Lqghhg wklv fdq qhyhu kdsshq lq d
Frxuqrw ru Ehuwudqg prgho1 Krzhyhu/ lq wkh prgho khuh/ zh fdq kdyh wkdw d
idoo lq surgxfwlrq frvwv iru d �up ohdgv wr d ulvh lq wkh htxloleulxp sulfh1

Frqvlghu wzr sulfhv s dqg s ' zlwk s ' ? s � s ( 1 Ohw q @ q +s, > q ' @ q +s ' ,
dqg � @ q � q ' � 31 Wkhq wkh gl�huhqfh lq sur�wv iru �up 3 ehwzhhq fkdujlqj
s dqg s ' fdq eh zulwwhq dv

� +s> s ' > f õ , �
4

q

�

[ +s, +s � f õ , �
q ' . �

q ' [ +s ' , +s ' � f õ ,

�

+6,

Sursrvlwlrq 8 D frvw uhgxfwlrq pdnhv s ' uhodwlyho| pruh sur�wdeoh frpsduhg
wr s A s ' li
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+l, f ) � s lv uhgxfhg wr f) 5 ks ' > sl ru
+ll, f ) 5 ^f õ > s ' l lv uhgxfhg wr f ) ? f õ 1
D frvw uhgxfwlrq pdnhv s uhodwlyho| pruh sur�wdeoh frpsduhg wr s ' li
+lll, f ) � s ' lv uhgxfhg wr f ) 5 kf õ > s ' l1
Ilqdoo|/ li f) A s ' lv uhgxfhg wr f ) ? f õ wkh h�hfw rq wkh uhodwlyh sur�wdelolw| ri
s dqg s ' lv dpeljxrxv1

Qrwh wkdw s fdq htxdo wkh VSH sulfh ehiruh wkh frvw uhgxfwlrq dqg s ' diwhu
wkh frvw uhgxfwlrq/ exw wkh dujxphqw grhv qrw ghshqg rq wklv1 Lq idfw/ wkh
sursrvlwlrq krogv iru dq| wzr sulfhv zlwk s ' ? s1 Wkh lqwxlwlrq iru wkhvh uhvxowv
lv dv iroorzv1 Lq fdvh +l, d sulfh uhgxfwlrq iurp s wr s ' jhwv ulg ri dq dgglwlrqdo
�up diwhu wkh frvw uhgxfwlrq1 Wkdw pdnhv wkh sulfh uhgxfwlrq uhodwlyho| pruh
dwwudfwlyh iru wkh sulfhohdghu diwhu wkh frvw uhgxfwlrq1 Lq wkh vhfrqg fdvh wkh
frvw ohyho ri wkh sulfh ohdghu jrhv grzq +dqg wkh lghqwlw| ri wkh sulfh ohdghu pd|
ru pd| qrw fkdqjh,1 Wklv dovr lpsolhv wkdw wkh orzhu sulfh s ' ehfrphv uhodwlyho|
pruh dwwudfwlyh iru wkh +qhz, sulfh ohdghu vlqfh orzhu frvwv pdnh kljkhu vdohv
pruh dwwudfwlyh1

Wkh wklug fdvh frqvlvwv ri wzr vxefdvhv1 Iluvw/ frqvlghu d �up zlwk f) � s

wkdw jhwv dq h!flhqf| jdlq vxfk wkdw qrz f ) 5 kf õ > s ' l1 Wklv lpsolhv wkdw wkh
frvw uhgxfwlrq kdv qr h�hfw rq wkh qxpehu ri �upv � sxvkhg rxw ri wkh pdunhw
e| wkh sulfh uhgxfwlrq iurp s wr s ' 1 Krzhyhu/ wkh qxpehu ri �upv wkdw wkh
pdunhw kdv wr eh vkduhg zlwk dw s ' lv qrz q ' . 4 lqvwhdg ri q ' 1 Wklv pdnhv
wkh sulfh uhgxfwlrq uhodwlyho| ohvv sur�wdeoh1 Sxw pruh vwduno|/ d jlyhq sulfh
uhgxfwlrq wkdw uhpryhv 43 �upv iurp wkh pdunhw lv uhodwlyho| pruh sur�wdeoh
li wkh qxpehu ri �upv ehiruh wkh sulfh fxw htxdov 44 lqvwhdg ri 4431 Lq wkh
vhfrqg vxefdvh ri +lll,/ f ) 5 ^s ' > sl lv uhgxfhg wr f ) 5 kf õ > s ' l1 Wkdw lpsolhv
wkdw lq dgglwlrq wr wkh h�hfw ghvfulehg deryh/ wkh sulfh uhgxfwlrq qrz uhpryhv
rqo| � � 4 �upv iurp wkh pdunhw lqvwhdg ri �1 Wkxv dovr lq wklv fdvh/ wkh frvw
uhgxfwlrq pdnhv wkh kljkhu sulfh s uhodwlyho| pruh sur�wdeoh wkdq wkh orz sulfh
s ' 1

Ilqdoo|/ d frvw uhgxfwlrq wkdw uhsodfhv wkh fxuuhqw sulfh ohdghu zlwk d sulfh
ohdghu zlwk orzhu frvwv exw dw wkh vdph wlph lqfuhdvhv q ' dqg pd| uhgxfh �

+li f ) 5 ^s ' > sl ehiruh wkh frvw uhgxfwlrq, kdv dpeljxrxv h�hfwv rq wkh uhodwlyh
sur�wdelolw| ri s dqg s ' 1 Wkh uhdvrq lv wkdw wklv frvw uhgxfwlrq fdq eh vhhq dv wkh
*vxp* ri frvw uhgxfwlrqv +ll, dqg +lll,1 Uhgxflqj wkh frvw ohyho ri wkh sulfh ohdghu
pdnhv orzhu sulfhv uhodwlyho| pruh sur�wdeoh iru wkh sulfh ohdghu1 Dw wkh vdph
wlph lqfuhdvlqj wkh qxpehu ri �upv zlwk zklfk wkh pdunhw kdv wr eh vkduhg dw
wkh orz sulfh s ' +dqg uhgxflqj wkh qxpehu ri �upv uhpryhg iurp wkh pdunhw e|
uhgxflqj wkh sulfh iurp s wr s ' , pdnhv wkh kljk sulfh uhodwlyho| pruh dwwudfwlyh
iru wkh sulfh ohdghu1 Khqfh wkh ryhudoo h�hfw lv dpeljxrxv khuh1

Lq rwkhu zrugv/ d frvw uhgxfwlrq rqo| xqdpeljrxvo| uhgxfhv wkh sulfh li d
uhodwlyho| kljk frvw ohyho lv uhgxfhg wr d ohyho voljkwo| ehorz s ru li d udwkhu orz
frvw ohyho lv uhgxfhg ixuwkhu1

Wkh uhvxowv deryh kdyh wkh iroorzlqj wzr lpsolfdwlrqv iru phujhu srolf|1
Iluvw/ sursrvlwlrq 8 surylghv d qhz irupdol}dwlrq ri wkh mrlqw grplqdqfh frqfhsw
dv lw lv fdoohg lq HX phujhu srolf|/ ru frruglqdwhg h�hfwv dv lw lv fdoohg lq wkh
XV1 Wkh lghd lv wkh iroorzlqj1 Wkhuh lv dq lqgxvwu| zlwk wkuhh �upv1 Rqh �up
lv h!flhqw/ wkh rwkhu wzr duh udwkhu lqh!flhqw1 Qrz wkh wzr lqh!flhqw �upv
phujh dqg wkurxjk hfrqrplhv ri vfdoh dqg vfrsh wklv phujhg hqwlw| jdlqv lq
h!flhqf|1 Dowkrxjk h!flhqf| jdlqv duh jhqhudoo| vhhq dv zhoiduh hqkdqflqj/ wkh
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zruu| khuh lv wkdw wkh wzr orz frvw �upv zloo eh deoh wr fkdujh d kljk sulfh1
Lqghhg wklv lv h{dfwo| wkh lpsolfdwlrq ri sursrvlwlrq 81 Li d kljk frvw ohyho lv
uhgxfhg wr d ohyho forvh wr f õ / wkh sulfh whqgv wr jr xs1

Wkh vhfrqg lpsolfdwlrq iru wkh dqdo|vlv ri phujhuv lv wkh iroorzlqj1 Zkhq
uhdglqj wkh qhzvsdshuv rq phujhuv/ wkh vlwxdwlrq vhhpv pruh vxewoh wkdq wkh
vwdqgdug Frxuqrw iudphzrun doorzv1 Iru lqvwdqfh/ wkhuh duh fdvhv zkhuh vrph
�upv rssrvh d sursrvhg phujhu/ zkloh rwkhu +qrq0phujlqj, �upv idyrxu lw1 Lq
wkh vwdqgdug iudphzrun/ li d phujhu +gxh wr h!flhqf| jdlqv, uhgxfhv rqh �up*v
sur�wv/ lw uhgxfhv wkh sur�wv ri doo rwkhu +qrq0phujlqj, �upv1 Dv d ixuwkhu
looxvwudwlrq ri wklv/ frqvlghu wkh Vfkqhlghu2Ohjudqg phujhu dv ghvfulehg lq Wkh
Hfrqrplvw +5334,1 Vlhphqv/ rqh ri wkh ulydov ri wkh phujlqj �upv/ dujxhg wkdw
wkh Hxurshdq Frpplvvlrq vkrxog rssrvh wkh phujhu ehfdxvh lw zrxog ohdg wr
kljkhu +$, sulfhv1 *
+ Wkh iroorzlqj phujhu h{dpsoh ihdwxuhv hdfk ri wkhvh h�hfwv=
mrlqw grplqdqfh/ kljkhu htxloleulxp sulfh/ d �up wkdw jdlqv dqg d �up wkdw orvhv
gxh wr wkh phujhu1

H{dpsoh 6 Frqvlghu dq lqgxvwu| zlwk ghpdqg ri wkh irup [ +s, @ 7 � s dqg
irxu �upv zlwk frqvwdqw pdujlqdo frvw ohyhov ri f õ @ 3> f ö @ f , @ f - @ 3=61 Wkhq
wkh VSH sulfh htxdov s @ 3=61 Qrz vxssrvh �upv 4 dqg 5 phujh vr wkdw wkh|
fdq lpsuryh wkhlu h!flhqf| wkurxjk vrph frpsohphqwdulwlhv1 Li wkh| phujh/
wkhlu pdujlqdo frvw ohyho ehfrphv 3/ f ö
.�, @ 31 L dvvxph wkdw wkh phujhg hqwlw|
4)5 nhhsv wkh wzr vhsdudwh rxwohwv lw kdg ehiruh1 *0/ Rqh fdq uhdglo| yhuli| wkdw
diwhu wkh phujhu wkh htxloleulxp sulfh htxdov wkh prqrsro| sulfh iru �upv zlwk
3 pdujlqdo frvw= s ( @ 51 Khqfh wkh phujhu ohdgv wr mrlqw grplqdqfh= wkh
htxloleulxp sulfh ulvhv gxh wr wkh phujhu +dowkrxjk wkh phujhu ohdgv wr d elj
h!flhqf| jdlq,1 Qh{w/ qrwlfh wkdw �up 3*v sur�wv duh uhgxfhg gxh wr wkh phujhu1
Lqghhg �up 3 zloo rssrvh wkh phujhu rq wkh jurxqg wkdw lw udlvhv wkh htxloleulxp
sulfh$ Ilqdoo|/ qrwh wkdw �up 6*v sur�wv duh udlvhg gxh wr wkh phujhu1 Ehiruh
wkh phujhu/ �up 6 frxog qrw surgxfh zkloh lw surgxfhv d vwulfwo| srvlwlyh rxwsxw
ohyho diwhu wkh phujhu1

715 H�hfw ri hqwu| rq sulfh

Dv deryh/ frpsduh djdlq wkh uhodwlyh sur�wdelolw| ri wzr sulfhv s dqg s ' zlwk
s ' ? s xvlqj wkh h{suhvvlrq lq htxdwlrq +6,1 Qrz L frqvlghu hqwu| e| d qhz
�up/ qrw d frvw uhgxfwlrq e| dq h{lvwlqj �up1 Ohw f 1 ghqrwh wkh frvw ohyho ri
wkh hqwudqw1

Sursrvlwlrq 9 Li f 1 � s wkhq hqwu| kdv qr h�hfw rq wkh uhodwlyh sur�wdelolw| ri
s dqg s ' >
li f 1 5 ^s ' > sl wkhq hqwu| pdnhv s ' uhodwlyho| pruh sur�wdeoh>2�3 e����J��yCK�� (���(<�T� -$�\N -�����1�� %�� %���1�(��?D	� �:@A����%F-�K�KL-$% �:*0��1���@^�:� ���:���L�:7�(���%��J� �F�8y�KL��7�����*\(AK���� 7������*���7���� -���t %�(:&	�
�L��7:(���%��0-�NF�04A7�� ����7�&6�$(�� ��%^N -��Q�T1��0@A��������*iv���@A%Tu8.6B�-:`���#$���:�
(�������� ���Y��-Y�T1��

����-�KL��($�]��-$@^@A� %�� -$�6�T1�(<�A()@A���������^%�1�-$��� *i�L�0-�K�KL-�%���*i�L��7:(���%��0� �A� ��*���7��:%^K���� 7:��%^*�-C��%^��-<�%����:@þ�T-S�L��7:-��$#C� ��7:� ����.�D	-A�T-S7�-$�$#C� ��7��J�T1��^��-$@^@A� %�% � -����IDC� �:@^�:��%�7�� (�� @A�:*"� �?�8yCKL�:78�T��*"(SK���� 7��� ��7�����(�%���.G��1��F�8yC(�@AK�� ���;�$� #	���$��%�� ���?��1���%�������($@^�FKL����N ��7��
��zC��� � � ��� � ��@�-�N��T1���K���� 7�� ���J��(�@A���	*�-	��%��-<�F����� &0-��YD	� �:@A����%�@A� %�� �:K�� �:% �:�$��� ���A� ��%�#�� ��`F%���-A@A� % � ��($*>�T1��Q��-�@A@A� %�%�� -$�/.2�5 _��^� %�%������ �A@A-	*���� � � ���J@A����������%G`F1����A@A(������ ��(���7�-�% �T%p(�����7:-���% ��($�$�
� %p��1������L�:78�
-�N��T1���@^�:� ���:�-��6��1��>@A(���2��8�^%�1�(����S-$N���1��>@A��� �$��*+v�� @ t %������pN -$��� ��% ��($��7��$�
D	(�� (��$�^���Q($� .+t Ä:Å<Æ76$uT�p,G�����'&6(���*,G-�� ���:��t'Ä:Å�Æ78�u8��["7�_�N �:�J�8�F($� .�t'Ä:Å$Å�r$u�uT.p�'�0��1��J��yC(�@AK�� �J1�����������1��JzC����% ��� -��\� %�`F1�����1��:��(A@A��� �$��*v���@a`F� ��1:9;�=<�(�7���� #$��-�K�KL-����:�$��%:�$1�($%p(J@A(�� 2$�8�
%�1�(�����-�N?>@ -��BA@DC >FE U�-$�p@�&QK���� KL-$%���%:�$1�-:`���#$���:���1�� %F� %F��-<�F(��\� % %����J($%���1��?@A�:� ���:��� %FK�� -$vC��($��� �J����*�������� �T1�����(�%�%���@AKC�T� -$�/.
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li f 1 5 ^f G > s ' l wkhq hqwu| pdnhv s uhodwlyho| pruh sur�wdeoh>
li f 1 ? f G wkhq wkh h�hfw ri hqwu| rq wkh uhodwlyh sur�wdelolw| ri s dqg s ' lv
dpeljxrxv1

Wkh lqwxlwlrq iru wkhvh h�hfwv lv dv iroorzv1 Hqwu| deryh dq htxloleulxp
sulfh kdv qr h�hfw vlqfh sulfh lqfuhdvhv ehfrph ohvv dwwudfwlyh wkdq ehiruh dqg
wkh dwwudfwlyhqhvv ri sulfh uhgxfwlrqv lv xqfkdqjhg1 Hqwu| mxvw ehorz sulfh s

pdnhv d sulfh uhgxfwlrq pruh dwwudfwlyh vlqfh vxfk d uhgxfwlrq qrz uhpryhv dq
dgglwlrqdo �up iurp wkh pdunhw1 Krzhyhu/ hqwu| dw d frvw ohyho forvh wr wkh
sulfh ohdghu pdnhv sulfh uhgxfwlrqv ohvv dwwudfwlyh iru wkh vdph uhdvrq dv lq fdvh
+lll, lq sursrvlwlrq 81 Ilqdoo|/ hqwu| e| d �up wkdw ehfrphv wkh qhz sulfh ohdghu
kdv dq dpeljxrxv h�hfw rq wkh sulfh ohyho1 Rq wkh rqh kdqg/ d pruh h!flhqw
sulfh ohdghu suhihuv orzhu sulfhv1 Rq wkh rwkhu kdqg/ vxfk hqwu| fuhdwhv pruh
�upv zlwk orz frvw ohyhov pdnlqj sulfh uhgxfwlrqv ohvv dwwudfwlyh1

Lq vhfwlrq 51715 deryh/ L kdyh douhdg| vkrzq wkdw lw lv srvvleoh wr frqvwuxfw
h{dpsohv lq zklfk hqwu| lqghhg fdxvhv d ulvh lq wkh htxloleulxp sulfh ohyho1 Exw
rqh pd| zrqghu zkhwkhu wklv lv mxvw d wkhruhwlfdo srvvlelolw| ru dq h�hfw wkdw
kdv sudfwlfdo uhohydqfh1 L jlyh wkh iroorzlqj wzr dujxphqwv wr vkrz wkdw wklv
lv pruh wkdq d wkhruhwlfdo srvvlelolw|1 Lq vhfwlrq 9/ L glvfxvv hpslulfdo hylghqfh
vxjjhvwlqj wkdw wklv h�hfw fdq eh uhohydqw1 Khuh L xvh vlpxodwlrqv wr vkrz wkdw
lw lv qrw xqolnho| wkdw hqwu| udlvhv wkh htxloleulxp sulfh1

Iljxuh 5 vxppdul}hv wkh uhvxowv ri wkh iroorzlqj vlpxodwlrq h{huflvh1 Frq0
vlghu dq lqgxvwu| zlwk ghpdqg ri wkh irup [ +s, @ 4 � s dqg zkhuh �upv*
frvw ohyhov f & duh gudzq iurp d orjqrupdo glvwulexwlrq zlwk h{shfwdwlrq H +f & , @
h � G7H IKJ � 3=7:/ yduldqfh Y +f & , @ h �#L H J �

h
G7H J

� 4
�

� 3=47 dqg prgh htxdo wr
h �#L H J � 3=551 MONQP MOR Qrz frqvlghu wkh iroorzlqj h{shulphqw1 Iluvw/ gudz Q frvw
ohyhov iurp wklv glvwulexwlrq dqg fdofxodwh wkh VSH sulfh s ôG 1 Qh{w gudz dq dg0
glwlrqdo �up Q . 4 iurp wkh glvwulexwlrq dqg fdofxodwh wkh qhz VSH sulfh dqg
vhh zkhwkhu wkh sulfh zhqw xs ru grzq gxh wr hqwu|1 Wklv h{shulphqw lv grqh
433/333 wlphv iru hdfk Q 5 i5> 6> ===> 433j1 Iljxuh 5 irfxvhv rq wkh fdvhv zkhuh
wkh frvw ohyho ri �up Q . 4 lv ehorz wkh sulfh ehiruh hqwu|1 Wkdw lv/ lw frqvlg0
huv wkh fdvhv zkhuh hqwu| lv uhohydqw1 Ru/ sxw gl�huhqwo|/ rq wkh fdvhv zkhuh
hqwu| kdv dfwxdoo| dq h�hfw rq wkh lqgxvwu| vlqfh lw iroorzv iurp sursrvlwlrq 9
wkdw hqwu| e| d �up zlwk frvwv deryh wkh htxloleulxp sulfh kdv qr h�hfw rq wkh
htxloleulxp sulfh1 Iru wkhvh fdvhv zkhuh hqwu| grhv kdyh dq h�hfw/ M
S �jxuh 5
uhsruwv iru hdfk Q wkh shufhqwdjh ri lqgxvwulhv zkhuh wkh sulfh lqfuhdvhv dqg
wkh shufhqwdjh zkhuh wkh sulfh ghfuhdvhv1 Dowkrxjk sulfh ghfuhdvhv duh pruh
suhydohqw/ lq durxqg 43( ri wkh lqgxvwulhv wkhuh lv d sulfh lqfuhdvh gxh wr hqwu|1
Wklv lv dq lqglfdwlrq wkdw wklv h�hfw pd| eh uhohydqw hpslulfdoo|1 Dovr qrwh wkdwT�U�VXWFY%Z\[ ]_^O`�^Oa7Y�b cedDf g;h i0jlk�[ m�a\n
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iru Q deryh :3 sulfh lqfuhdvhv gxh wr hqwu| ehfrph ohvv olnho|1

Iljxuh 5 durxqg khuh

8 Glvfxvvlrq dqg h{whqvlrqv

Wklv vhfwlrq glvfxvvhv wkh iroorzlqj wkuhh lvvxhv= sulfh frpshwlwlrq zlwk hqwu|
frvwv/ udwlrqlqj uxohv dqg wkh uhodwlrq ehwzhhq wkh prgho lqwurgxfhg khuh dqg
wkh olwhudwxuh rq g|qdplf sulfh frpshwlwlrq dv lq Pdvnlq dqg Wluroh +4<;;, dqg
vxshujdphv1

814 Hqwu| frvw

Lqwurgxflqj vxqn hqwu| frvwv lq d Ehuwudqg prgho zlwk krprjhqrxv jrrgv dqg
frqvwdqw pdujlqdo frvwv jlyhv ulvh wr wkh iroorzlqj frxqwhulqwxlwlyh uhvxow1 Qr
pdwwhu krz vpdoo wkh hqwu| frvw/ dv orqj dv lw lv srvlwlyh/ wkh Ehuwudqg htxl0
oleulxp rxwfrph lv wkdw wkh prvw h!flhqw �up lv d prqrsrolvw dqg vhoov dw
wkh prqrsro| sulfh1 Rqfh dqrwkhu �up ghflghv wr hqwhu/ Ehuwudqg frpshwlwlrq
pdnhv vxuh wkdw lwv sur�wv duh }hur dqg khqfh lw fdqqrw uhfryhu lwv hqwu| frvwv1
Frqwhvwdeoh pdunhw wkhru| +Edxpro hw do1 +4<;5,, fdq eh vhhq dv d uhdfwlrq wr
wklv rxwfrph e| dujxlqj wkdw sulfhv vkrxog eh h{shfwhg wr eh forvhu wr pdujlqdo
frvwv wkdq suhglfwhg e| wkh Ehuwudqg prgho1 Wkh prgho lqwurgxfhg khuh jlyhv
d vlplodu uhvxow1

Frqvlghu wkh prgho zlwk phqx frvwv � dv lqwurgxfhg lq vhfwlrq 6151 Ohw i

ghqrwh wkh frvw ri hqwu| lqwr wklv lqgxvwu|1 Dvvxph wkdw lq wkh prgho zlwkrxw
hqwu| frvwv wkh sulfh fkrvhq e| wkh sulfh ohdghu htxdov s ¡¢ @ f £ ? s ¤ / wkdw lv
�up l lv +mxvw, sulfhg rxw ri wkh pdunhw1 Ixuwkhu dvvxph wkdw dw wklv sulfh s ¡¢
�up l � 4 fdq sur�wdeo| hqwhu wkh pdunhw dqg srvw lwv sulfh/ wkdw lv vxssrvh

[ +s ¡¢ ,
l

+s ¡¢ � f £�¥#¦ , � i . �

Sursrvlwlrq : Ohw s ¡ vroyh wkh iroorzlqj htxdwlrq

s ¡ @ 4 . f £ . i . �

t[ +s ¡ � 4,

Wkhq s ¡ lv d VSH sulfh lq wklv lqgxvwu|1

Iluvw qrwh wkdw s ¡ lv qrw wkh xqltxh VSH sulfh1 Lq sursrvlwlrq 5 +zlwk i @ 3,
L kdyh vkrzq wkdw s ¡¢ lwvhoi lv dovr d VSH sulfh1 Wkh srlqw khuh lv wkdw d kljkhu
sulfh s ¡¢ fdq eh vxvwdlqhg lq wklv fdvh1 Wkh sulfh s ¡ lv gh�qhg lq vxfk d zd|
wkdw li �up l xqghufxwv s ¡ +zlwk 4 ehfdxvh s 5 C e| dvvxpswlrq, wklv |lhogv
qrw hqrxjk sur�wv wr hduq +vwulfwo|, pruh wkdq i . �1 Zlwk suredelolw| t �up
l fdswxuhv wkh zkroh pdunhw e| hqwhulqj +li wkh fxvwrphuv kdsshq wr duulyh dw
wkdw wlph, dqg zlwk suredelolw| +4 � t, �up 3 uhgxfhv lwv sulfh wr s ¡¢ 1 Wklv sulfh
uhgxfwlrq e| �up 3 lv fuhgleoh ehfdxvh s ¡¢ lv 0e| gh�qlwlrq0 wkh VSH sulfh lq wkh
jdph zkhuh �up l lv suhvhqw dv zhoo +l1h1 wkh jdph zkhuh i @ � @ 3,1

Vr wkh prgho deryh suhglfwv wkdw d ulvh lq hqwu| frvwv i lqfuhdvhv wkh htxl0
oleulxp sulfh exw qrw +qhfhvvdulo|, wr wkh prqrsro| sulfh dv lq wkh Ehuwudqg
jdph1 Dovr/ wkh kljkhu t +wkh pruh olnho| lw lv wkdw wkh fxvwrphuv duulyh ehiruh
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wkh lqfxpehqwv fdq uhdfw wr hqwu|, wkh orzhu wkh pdun xs ryhu f £ wkdw fdq eh
vxvwdlqhg lq htxloleulxp ehfdxvh klw0dqg0uxq ehkdylru e| �up l ehfrphv pruh
dwwudfwlyh lq wklv fdvh1

815 Udwlrqlqj uxohv

Deryh L kdyh dvvxphg wkdw zkhq q vhoohuv duh zloolqj wr vhoo dw wkh orzhvw sulfh/
hdfk vhoohu vhuyhv

¦§ wk ri wkh pdunhw1 Dowkrxjk wklv dvvxpswlrq lv uhdvrqdeoh
lq dq L1R1 frqwh{w dqg pruh ru ohvv vwdqgdug/ rqh fdq dvn zkhwkhu wkh uhvxowv
ghulyhg deryh fulwlfdoo| ghshqg rq wklv dvvxpswlrq1

Vr li wkhuh duh q �upv zloolqj wr vhoo dw wkh orzhvw sulfh/ rqh fdq gh�qh d
pruh jhqhudo udwlrqlqj uxoh dv iroorzv1 Ilup l jhwv d pdunhw vkduh � £ zkhuh wkh
� £ *v vdwlvi|

� £ � 3 iru doo l 5 i3> 4> ===> q � 4j +7,§ ¥#¦
[

£©¨ ¢ � £ @ 4

Iru lqvwdqfh/ Frxuqrw frpshwlwlrq lq d krprjhqrxv jrrg pdunhw zkhuh �upv
gl�hu lq h!flhqf| |lhogv dq rxwfrph zkhuh doo �upv vhoo dw wkh vdph sulfh exw
zlwk gl�huhqw pdunhw vkduhv1 Wkh txhvwlrq deryh fdq qrz eh skudvhg dv iroorzv=
Fdq zh kdyh dq htxloleulxp zlwk s A f ¦ iru doo udwlrqlqj uxohv vdwlvi|lqj +7,B
Fohduo|/ wkh dqvzhu lv �qr�1 Frqvlghu wkh iroorzlqj wzr h{wuhph fdvhv +l, � ¢ @ 3
dqg +ll, � ¢ @ 41 Lq wkh �uvw fdvh/ wkh prvw h!flhqw �up zloo qhyhu zdqw wr vkduh
wkh pdunhw zlwk dqrwkhu �up dqg wkh VSH sulfh htxdov wkh Ehuwudqg sulfh
+s @ f ¦ ,1 Wkh vhfrqg fdvh zlwk h!flhqw udwlrqlqj lv pruh lqwhuhvwlqj1 Khuh wkh
rwkhu �upv zloo qhyhu zdqw wr vkduh wkh pdunhw1 Wkhuh lv dozd|v d �up l � 4
wkdw xqghufxwv dq| sulfh s A f ¦ 1 Lq rwkhu zrugv/ dowkrxjk lw vhhpv dgydqwhjrxv
iru �up 3 wr kdyh d orw ri pdunhw srzhu h{ srvw +lq wkh vhqvh wkdw � ¢ lv kljk,/
h{ dqwh �up 3 zrxog olnh wr frpplw wr d orzhu pdunhw vkduh1 Lq sduwlfxodu/ li
�up 3*v sur�w pd{lpl}lqj sulfh lq ohppd 5 vdwlv�hv s ¡¢ @ f £ A f ¦ wkhq �up l

lv ehwwhu r� zlwk d udwlrqlqj uxoh � ª @
¦ £ iru doo m 5 i3> 4> ===> l � 4j wkdq zlwk

� ¢ @ 41
Dowkrxjk wkhuh duh udwlrqlqj uxohv wkdw ghvwur| dq| VSH sulfh deryh wkh

Ehuwudqg sulfh/ L qrz vkrz wkdw wkh uhvxowv deryh gr qrw ghshqg rq wkh htxdo
vkdulqj udwlrqlqj uxoh1 Lq sduwlfxodu/ L vkrz wkdw iru hyhu| vxejdph htxloleulxp
zlwk htxdo pdunhw vkduhv zkhuh wkh sulfh lv deryh wkh Ehuwudqg sulfh/ wkhuh
h{lvwv d vxejdph htxloleulxp zkhuh �upv kdyh gl�huhqw pdunhw vkduhv dw wkh
vdph pdunhw sulfh1

L irfxv lq wkh uhpdlqghu rq udwlrqlqj uxohv zklfk lpso| kljkhu pdunhw vkduhv
iru pruh h!flhqw �upv/ wkdw lv

� ¢ � � ¦ � === � � §
zklfk vhhpv d uhdvrqdeoh dvvxpswlrq1 Wkh iroorzlqj uhvxow irupdol}hv wkh lghd
wkdw wkh uhvxowv ghulyhg lq wklv sdshu gr qrw klqjh rq wkh htxdo vkdulqj dvvxps0
wlrq1
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Ohppd 6 Dvvxph wkdw f ª A f ª ¥#¦ iru doo m � 41 «0¬ Li lw lv wkh fdvh wkdw

[ +f £ ,
l

+f £ � f ¢ , A
[ +f ­ ,

n
+f ­ � f ¢ , iru doo n 9@ l

wkhq wkhuh h{lvw ixqfwlrqv � ª +l, vdwlvi|lqj

� ¢ +l, A � ¦ +l, A === A � § ¥#¦ +l, A 3 +8,

� ª +l, @ 3 iru doo m � l£�¥#¦
[

ª ¨ ¢ � ª +l, @ 4

vxfk wkdw s @ f £ lv wkh htxloleulxp sulfh xqghu wklv udwlrqlqj uxoh1

Qrwh wkdw d udwlrqlqj uxoh � ª +q, kdv wzr dujxphqwv= wkh srvlwlrq ri wkh
�up +m, dqg wkh qxpehu ri �upv lq wkh pdunhw +q,1 Wkh lghd ri wkh surri lv wr
frqvwuxfw udwlrqlqj uxohv � ª +q, forvh hqrxjk wr wkh htxdo vkdulqj uxoh wkdw doo
lqhtxdolwlhv frqwlqxh wr krog iru wkh htxloleulxp s @ f £ 1 Vlqfh wkh htxloleulxp
lv gh�qhg zlwk vwulfw lqhtxdolwlhv/ wklv lv dozd|v srvvleoh1

Wkh lqwurgxfwlrq ri � ª +q, jlyhv dq h{rjhqrxv vroxwlrq wr wkh htxdo pdunhw
vkduh uhvxow1 Wkh qh{w h{dpsoh looxvwudwhv krz gl�hulqj pdunhw vkduhv fdq
eh rewdlqhg hqgrjhqrxvo| e| prylqj dzd| iurp frqvwdqw pdujlqdo frvwv1 Dq
dqdo|vlv ri jhqhudo frvw ixqfwlrqv f £ +{, lv eh|rqg wkh vfrsh ri wklv sdshu dqg
ohiw iru ixwxuh uhvhdufk1

H{dpsoh 7 Frqvlghu dq lqgxvwu| zlwk [ +s, @ 4 � s dqg �upv* frvwv ri wkh
irup

f £ +{, @ f £ . 4

5
!{ ®

zlwk f ¢ � f ¦ � === dqg zkhuh { lv wkh rxwsxw ohyho ri �up l1 Txrwlqj d sulfh lq
wkh sulflqj jdph ri vhfwlrq 5 qrz lpsolhv d frpplwphqw e| wkhvh �upv wr vhuyh
doo wkh pdunhw dw wklv sulfh1 Khqfh d sulfh iroorzhu i zloo vhw klv rxwsxw ohyho wr
htxdwh pdujlqdo frvwv zlwk pdujlqdo uhyhqxh/ f ¯ ° +{ ° , @ s dqg khqfh rqh �qgv

{ ° +s, @

� ± ¥�²
³´ li s A f °
3 li s � f °

D sulfh ohdghu o vhwv wkh sulfh s wdnlqj wkhvh vxsso| ghflvlrqv lqwr dffrxqw/ l1h1
�up o vroyhv

pd{±
3

C4 � s �
[

° { ° +s,

4

D +s � f µ ,
Lw lv vwudljkwiruzdug wr vhh wkdw �up 3 dv sulfh ohdghu vhwv wkh orzhvw sulfh s ¡¢ ri
doo �upv1 Khqfh/ dv ehiruh/ qr �up zdqwv wr xqghufxw s ¡¢ 1 Vhwwlqj d sulfh deryh
s ¡¢ lv khuh htxlydohqw wr ohdylqj wkh pdunhw dv wkh �upv frpplwwhg wr s ¡¢ vhuyh
wkh zkroh pdunhw dw wklv sulfh1 Khqfh rqh jhwv vlplodu uhvxowv dv deryh/ exw qrz
zlwk hqgrjhqrxvo| ghwhuplqhg pdunhw vkduhv1¶�·�¸�¹\º »�¼
»�»�½\¾:¿FÀ�º Á
Â�Á
Â�Ã0Á
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816 Uhodwlrq zlwk rwkhu prghov ri g|qdplf sulfh frpsh0

wlwlrq

Wkh dqdo|vlv lq wklv sdshu lv uhodwhg wr wzr vwudqgv ri g|qdplf sulflqj jdphv=
wkh prgho e| Pdvnlq dqg Wluroh +4<;;, +khqfhiruwk PW, dqg wkh vxshujdph
olwhudwxuh1 Wkh pdlq gl�huhqfhv ehwzhhq p| sdshu dqg wkhvh dssurdfkhv lv wkdw
+4, khuh wkh jdph lv rqh0vkrw lq whupv ri vdohv dqg +5, L doorz �upv +zlwk vrph
suredelolw|, wr uhdfw wr rwkhu �upv* sulfh fkdqjhv ehiruh fxvwrphuv duulyh1 Lw lv
zruwk vshoolqj rxw zkdw wklv lpsolhv1

Wkh pdlq uhdvrq zk| wkh jdph deryh lv rqh0vkrw lq vdohv lv wr vwuhvv wkdw
uhshdw vdohv duh qrw qhfhvvdu| wr jhw d sulfh deryh wkh Ehuwudqg rxwfrph1 Dovr
wkh prgho deryh lv d orw vlpsohu wkdq PW doorzlqj ph wr dqdo|}h frpsdulyh vwd0
wlfv zlwk uhvshfw wr wkh qxpehu dqg h!flhqf| ohyhov ri �upv lqvwhdg ri irfxvlqj
rq wkh fdvh ri d v|pphwulf gxrsro|1 Pruhryhu/ lw lv qrw fohdu krz PW vkrxog eh
h{whqghg wr pruh wkdq wzr �upv1 Lq PW �upv fkdqjh sulfhv lq dq dowhuqdwlqj
zd| +�up 4 fkdqjlqj lwv sulfh lq hyhq shulrgv/ �up 5 lq rgg shulrgv,1 Wklv
pdnhv vhqvh zlwk wzr �upv/ ehfdxvh wkh pdlq uhdvrq zk| d �up pd| zdqw wr
xsgdwh lwv sulfh lv wkdw wkh rwkhu �up pdgh d sulfh fkdqjh1 Krzhyhu/ zkhq
wkhuh duh �yh �upv lw lv qrw frqylqflqj wr dujxh wkdw hdfk �up fdq rqo| dgmxvw
lwv sulfh rqfh hyhu| �yh shulrgv1 Li rqh ri wkh �yh �upv xqghufxwv wkh rwkhuv lq
d fhuwdlq shulrg/ lw lv uhdvrqdeoh wr h{shfw wkdw pruh wkdq rqh �up zloo zdqw wr
uhdfw e| dgmxvwlqj lwv sulfh1 Exw li rqh doorzv pruh wkdq rqh �up wr dgmxvw lwv
sulfh lq d shulrg/ wkh htxloleulxp rxwfrph lv djdlq Ehuwudqg1 Û0Ü

Wkh vxshujdph olwhudwxuh +vhh/ iru lqvwdqfh/ Juhhq dqg Sruwhu +4<;7,/ Urwhp0
ehuj dqg Vdorqhu +4<;9, dqg Deuhx +4<;9,, xvhv wkh lq�qlwh uhshwlwlrq ri wkh
vwdjh +sulflqj, jdph wr ghulyh wkh uhvxow wkdw sulfhv deryh wkh Ehuwudqg sulfh
fdq eh vxvwdlqhg1 Uhfhqwo| Frpswh hw1 do1 +5335,/ Prwwd +5335, dqg Ydvfrq0
fhorv +5335, kdyh h{whqghg wklv olwhudwxuh e| doorzlqj iru dv|pphwulhv ehwzhhq
�upv1 Jrdo ri wkhvh sdshuv lv wr irupdol}h wkh mrlqw grplqdqfh dujxphqw glv0
fxvvhg deryh1 Khqfh wkhlu uhvxowv duh vlplodu wr wkh rqh rewdlqhg khuh lq wkdw
pruh vlplodulw| lq �upv* frvw ohyhov ohdgv wr kljkhu sulfhv1

\hw/ wkhuh duh d qxpehu ri gl�huhqfhv1 Iluvw/ wkhvh sdshuv irfxv rq phujhuv
dqg wkxv gr qrw dqdo|}h wkh h�hfwv ri hqwu|1 Vhfrqg/ lq wkh vxshujdph olwhu0
dwxuh li wkh +h{shfwhg, gxudwlrq ehwzhhq vdohv lqfuhdvhv/ lw ehfrphv kdughu wr
glvflsolqh �upv dqg wkh +frooxvlrq, sulfh ghfuhdvhv1 Khuh/ d orqjhu +h{shfwhg,
gxudwlrq ehwzhhq vdohv pdnhv lw pruh olnho| wkdw �upv fdq uhdfw wr hdfk rwkhu*v
sulfh fkdqjhv ehiruh fxvwrphuv duulyh +t lv orzhu lq vhfwlrq 6, dqg khqfh sulfhv
whqg wr eh kljkhu1 Wklug/ lq wkh vxshujdph olwhudwxuh li wkh glvfrxqw idfwru lv
forvh hqrxjk wr 4 +rqh, wkh prqrsro| sulfh lv vxvwdlqdeoh +shuihfw frooxvlrq,1 Lq
vhfwlrq 5 deryh/ wkh glvfrxqw idfwru lv 4 dqg |hw s ¡¢ fdq eh ehorz wkh htxloleulxp
sulfh1 Wkh uhdvrq lv wkdw wkh vxshujdph olwhudwxuh dvvxphv wkdw �upv fdq gh0
flgh rq wkh glvwulexwlrq ri pdunhw vkduhv zkloh khuh L dvvxph wkdw zlwk q �upv
vhoolqj lq wkh pdunhw/ hdfk �up*v pdunhw vkduh lv

¦§ 1 Li �upv fdq fkhfn hdfk
rwkhu*v surgxfwlrq fdsdflw| ru vdohv/ wkh| fdq yhuli| zklfk �upv vwlfn wr wkh
djuhhphqw1 Li wklv lv qrw ihdvleoh/ wkh dvvxpswlrq pdgh lq p| sdshu ehfrphvÝqÞ
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pruh qdwxudo1 Ilqdoo|/ d glvdgydqwdjh ri wkh vxshujdph dssurdfk lv wkh pxowl0
solflw| ri htxloleuld/ zkloh wkh jdph dqdo|}hg khuh kdv +xqghu vrph frqglwlrqv,
d xqltxh htxloleulxp1

9 Hpslulfdo lpsolfdwlrqv

Wkh uhvxowv ghulyhg deryh wkdw frvw uhgxfwlrqv ru hqwu| fdq ohdg wr kljkhu htxl0
oleulxp sulfhv duh lq vxfk frqwudvw wr frqyhqwlrqdo zlvgrp wkdw rqh fdq dvn
zkhwkhu wkh wkhru| suhvhqwhg khuh kdv dq| hpslulfdo uhohydqfh1 Wklv vhfwlrq glv0
fxvvhv d qxpehu ri hpslulfdo uhvxowv wkdw duh kdug wr xqghuvwdqg xvlqj vwdqgdug
Frxuqrw ru Ehuwudqg prghov exw zklfk fdq eh h{sodlqhg xvlqj wkh iudphzrun
suhvhqwhg khuh1 Wkh vhfwlrq frqfoxghv zlwk d gluhfw whvw wkdw fdq eh dssolhg wr
�up ohyho gdwd wr vhh zkhwkhu wkh wkhru| suhvhqwhg khuh lv uhohydqw lq d fhuwdlq
vhfwru1

914 Hpslulfdo �qglqjv

Iluvw/ frqvlghu wkh h�hfw ri frvw uhgxfwlrqv rq wkh htxloleulxp sulfh1 Zkhuhdv
Frxuqrw frpshwlwlrq suhglfwv wkdw frvw uhgxfwlrqv ohdg wr orzhu sulfhv wklv lv
qrw dozd|v irxqg lq hpslulfdo uhvhdufk1 L glvfxvv khuh wkh h�hfwv ri fkdqjhv lq
h{flvh wd{hv dqg fkdqjhv lq wkh h{fkdqjh udwh rq wkh htxloleulxp sulfh1 Dvkhq0
ihowhu dqg Vxoolydq +4<;:, dqdo|}h wkh h�hfwv ri fkdqjhv lq wkh h{flvh wd{ rq
fljduhwwhv rq wkh fljduhwwh sulfh1 Wkh| zulwh �Rxu idloxuh wr xqlirupo| �qg
wkdw h{flvh wd{ lqfuhdvhv +ghfuhdvhv, dfw wr lqfuhdvh +ghfuhdvh, fljduhwwh sulfhv
111 fdoov lqwr txhvwlrq yluwxdoo| dq| k|srwkhvlv derxw �up ehkdylru lq wklv lqgxv0
wu|�1 Lqghhg/ wkh vwdqgdug Frxuqrw dqg Ehuwudqg prghov fdq vkhg qr oljkw rq
vxfk �qglqjv1 Krzhyhu/ wkh prgho lqwurgxfhg khuh fdq jlyh lqwxlwlrq iru vxfk
uhvxowv1 Uhzulwlqj htxdwlrq +6, wr lqwurgxfh h{flvh wd{hv/ rqh jhwv wkh iroorzlqj
frpsdulvrq ehwzhhq wzr sulfhv s dqg s ¯ zlwk s wkh htxloleulxp sulfh ehiruh wkh
ulvh lq h{flvh wd{ w dqg s ¯ dq duelwudu| sulfh ehorz s=

� +s> s ¯ > w, �
[ +s . w,

q
+s � f ¢ , �

[ +s ¯ . w,

q ¯ +s ¯ � f ¢ ,
Wkh iroorzlqj uhvxow jlyhv d vx!flhqw frqglwlrq iru wkh ulvh lq w wr pdnh wkh
orzhu sulfh s ¯ uhodwlyho| pruh sur�wdeoh frpsduhg wr s1

Fruroodu| 5 Li [ ¯ ¯ +s, � 3 iru doo s � 3 wkhq
ê
ë

+ ±Dì ±7í�î ï ,ê ï ? 31

Wkh lghd ri wkh surri lv wkdw fkrnlqj r� ghpdqg +e| udlvlqj w, lv sduwlfxoduo|
edg iru sur�wv li wkh sulfh frvw pdujlq lv kljk1 Wkh dvvxpswlrq wkdw wkh ghpdqg
ixqfwlrq lv frqyh{ h{foxghv wkh fdvh zkhuh kljk sulfhv ohdgv wr vpdoohu orvvhv lq
rxwsxw gxh wr dq lqfuhdvh lq wkh sulfh e| gw1

Qh{w frqvlghu wkh fdvh zkhuh dq h{fkdqjh udwh fkdqjh pdnhv wkh surgxfwv
ri iruhljq �upv pruh h{shqvlyh rq wkh grphvwlf pdunhw1 Jrogehuj dqg Nqhwwhu
+4<<:, jlyh wkh iroorzlqj h{dpsoh1 Ehwzhhq 4<<7 dqg 4<<8 wkhuh zdv d 67(
dssuhfldwlrq ri wkh |hq djdlqvw wkh groodu/ pdnlqj Mdsdqhvh surgxfwv pruh h{0
shqvlyh lq wkh XV1 Lq wkh vdph shulrg/ wkh vxjjhvwhg uhwdlo sulfh ri d odujh vfuhhq
Vrq| Wulqlwurq dfwxdoo| ihoo +e| 48(,1 Dowkrxjk rqh zrxog h{shfw Mdsdqhvh
�upv wr wu| wr nhhs wkhlu groodu sulfhv frqvwdqw/ lw lv vhhpv frxqwhulqwxlwlyh wkdw
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vxfk dq dssuhfldwlrq ri wkh |hq ohdgv wr d idoo lq groodu sulfhv1 Krzhyhu/ li rqh
dvvxphv wkdw wkhvh h{sruwhuv duh sulfh ohdghuv lq wkhlu h{sruw pdunhwv/ zh �qg
wkh iroorzlqj uhvxow1 Ohw h ghqrwh wkh h{fkdqjh udwh lq grooduv shu |hq/ wkhq d
Mdsdqhvh sulfh ohdghu fkdujlqj d groodu sulfh s uhfhlyhv d |hq sulfh htxdo wr

± ð
1

Qrz wkh frpsdulvrq ehwzhhq wkh rswlpdo sulfh s ehiruh dssuhfldwlrq ri wkh |hq
dqg d sulfh s ¯ ? s ehfrphv

� +s> s ¯ > h, �
[ +s,

q

�s

h
� f ¢ � �

[ +s ¯ ,
q ¯

�

s

h̄
� f ¢ �

Wkh iroorzlqj uhvxow vkrzv wkdw ghshqglqj rq wkh frvw glvwulexwlrq dqg wkh
uhodwlrq ehwzhhq wrwdo uhyhqxh s[ +s, dqg s/ dq dssuhfldwlrq fdq pdnh d orzhu
groodu sulfh pruh dwwudfwlyh

Fruroodu| 6 Li uhyhqxh shu �up lv kljkhu dw sulfh s wkdq dw s ¯ wkhq
ê
ë
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Dqrwkhu lvvxh lq lqwhuqdwlrqdo L1R1 lv wkdw vrph h{sruwlqj lqgxvwulhv nhhs
wkhlu sulfhv +pruh ru ohvv, frqvwdqw lq wkh fxuuhqf| ri wkh jrdo frxqwu| zkloh
rwkhuv ydu| wkhlu sulfhv zlwk h{fkdqjh udwh fkdqjhv +vhh wkh vxuyh| e| Jrogehuj
dqg Nqhwwhu +4<<:, iru uhihuhqfhv,1 Wkh wkhru| suhvhqwhg khuh vxjjhvwv wkdw
lq wkh iruphu fdvh/ wkh h{sruwlqj �upv duh idfhg zlwk d grphvwlf +lq wkh jrdo
pdunhw, sulfh ohdghu wkdw sulfhv wr nhhs rwkhu grphvwlf �upv rxw ri wkh pdunhw1
Khqfh s ¡¢ grhv qrw ydu| zlwk wkh h{fkdqjh udwh1 Lq wkh odwwhu fdvh/ rqh ri
wkh h{sruwhuv pd| eh wkh sulfh ohdghu1 Dv wkh fruroodu| vkrzv wklv pd| lpso|
fkdqjlqj |rxu sulfh lq uhvsrqvh wr h{fkdqjh udwh fkdqjhv1

D uhodwhg lvvxh lv wkh lqwurgxfwlrq ri d vlqjoh pdunhw lq Hxursh1 Dowkrxjk
wklv zdv zlgho| h{shfwhg wr ohdg wr orzhu sulfhv/ vxfk dfurvv wkh erdug sulfh
uhgxfwlrqv kdyh qrw pdwhuldol}hg1 Dv wkh qh{w h{dpsoh vkrzv/ zlwk wkh VSH ri
wkh sulflqj jdph lw lv qrw reylrxv wkdw d uhgxfwlrq lq wudgh eduulhuv ohdgv wr d
idoo lq sulfhv1

H{dpsoh 8 Frqvlghu wzr frxqwulhv D dqg E/ zkhuh lq hdfk frxqwu| wkhuh lv
rqh �up +d dqg e uhvs1, surgxflqj d krprjhqrxv jrrg zlwk }hur pdujlqdo frvwv
+f ñ @ f ò @ 3,1 Lq erwk frxqwulhv/ wkh ghpdqg uhodwlrq lv ri wkh irup {+s, @ 4�s1
Khqfh wkh prqrsro| sulfh lq hdfk frxqwu| lv s ¤ @ 3=81 Ohw s

ª £ ghqrwh wkh sulfh
�up m @ d> e fkdujhv lq frxqwu| l @ D> E1 L gr qrw uhtxluh d �up wr fkdujh
wkh vdph sulfh lq erwk frxqwulhv1 Ohw w ghqrwh wkh lpsruw wdul� wkdw �up d +e,
sd|v wr vhoo lwv surgxfw lq frxqwu| E +D,1 Wkhq iru w � s ¤ hdfk �up vhoov rqo|

lq lwv rzq frxqwu| dqg fkdujhv wkh prqrsro| sulfh1 Iru w 5 ^
¦® �

t ¦ó > s ¤ l/ Û
ô
wkh sulfh hdfk �up fkdujhv htxdov w dqg hdfk �up rqo| vhoov lq lwv rzq frxqwu|1

Iru w 5 ^3>
¦® �

t ¦ó l hdfk �up vhoov lq erwk frxqwulhv dw wkh prqrsro| sulfh

s ¤ 1 Khqfh/ wkh htxloleulxp sulfh dv d ixqfwlrq ri w lv qrqprqrwrqh/ dv vkrzq
lq �jxuh 61 Qrwh wkh gl�huhqfh ehwzhhq wkh wkhru| khuh dqg d wkhru| edvhg rq
frooxvlyh ehkdylrxu1 Zlwk ixoo frooxvlrq/ iru dq| w A 3 �upv zloo fkrrvh wr vhoo
rq wkhlu krph pdunhw rqo| dqg qrw h{sruw1 Lq frqwudvw/ wkh VSH uhtxluhv �upv
d dqg e wr vkduh erwk pdunhw D dqg E htxdoo|1Ý ¶ ¸�¹\Å�Æ
¼
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Iljxuh 6 durxqg khuh

Khqfh ryhu d udqjh ri ydoxhv ri lpsruw wdul�v/ sulfhv idoo dv wdul�v duh uhgxfhg1
Krzhyhu/ li �upv duh v|pphwulf dqg wdul�v idoo ehorz d fhuwdlq wuhvkrog/ sulflqj
djjuhvvlyho| wr nhhs rwkhu �upv rxw ri wkh pdunhw lv qr orqjhu sur�wdeoh1 Wkhq
lw ehfrphv rswlpdo wr dffrprgdwh/ fkdujh wkh prqrsro| sulfh dqg vkduh wkh
pdunhw zlwk iruhljq �upv1

Qh{w frqvlghu wkh h�hfw ri hqwu| rq wkh htxloleulxp sulfh1 Erwk Frxuqrw dqg
Ehuwudqg prghov suhglfw wkdw hqwu| e| d �up zlwk d frvw ohyho ehorz wkh lqgxvwu|
sulfh zloo uhgxfh wkh htxloleulxp sulfh1 Krzhyhu/ hpslulfdo uhvhdufk kdv qrw
irxqg vxfk d fohdu uhodwlrqvkls1 Frqvlghu wkh iroorzlqj h{dpsohv1 Nqhwwhu +4<<7,
whvwv wkh iroorzlqj prgho gxh wr Gl{lw +4<;<,1 Wkh odujh groodu dssuhfldwlrq ri
wkh 4<;3v pdgh iruhljq surgxfhuv* jrrgv d orw fkhdshu lq wkh XV1 Khqfh/ rqh
zrxog h{shfw iruhljq �upv wr pdnh wkh vxqn lqyhvwphqw ri vhwwlqj xs dq h{sruw
olqh wr wkh XV lq wklv shulrg1 Wklv lpsolhv dq lqfuhdvh lq wkh qxpehu ri �upv
lq wkh XV pdunhw1 Vlqfh wklv hqwu| frvw lv vxqn rqh h{shfwv wkhvh �upv wr vwd|
hyhq zkhq wkh groodu ghsuhfldwhv1 Wkh k|srwkhvlv wkhq lv wkdw sulfhv lq wkh XV
pdunhw duh orzhu diwhu wklv dssuhfldwlrq gxh wr hqwu| e| iruhljq �upv1 Ryhudoo
Nqhwwhu �qgv rqo| zhdn hylghqfh lq idyru ri wklv k|srwkhvlv1 Pruhryhu/ kh �qgv
wkdw iru vrph vhfwruv pdun0xsv dfwxdoo| zhqw xs1

Jhurvnl +4<;<, hvwlpdwlqj wkh h�hfw ri hqwu| rq sulfh frvw pdujlqv frqfoxghv
wkdw �hqwu| vkrzv dq hqruprxv dprxqw ri yduldwlrq dfurvv lqgxvwulhv dqg ryhu
wlph/ zkloh pdujlqv duh udwkhu suhglfwdeoh ryhu wlph iru dq| jlyhq lqgxvwu|�1
Wklv lv kdug wr xqghuvwdqg zlwklq d Frxuqrw ru Ehuwudqg iudphzrun1 Krzhyhu/
dv wkh vlpxodwlrqv lq �jxuh 5 vxjjhvw/ lq wkh prgho khuh hqwu| grhv qrw uhgxfh
sulfhv lq 73( wr 83( ri wkh fdvhv dqg pd| dfwxdoo| udlvh wkh sulfh lq vrph fdvhv
pdnlqj wkh vwdwlvwlfdo olqn ehwzhhq hqwu| dqg sulfh frvw pdujlqv udwkhu zhdn1

Nohwwh +4<<<, lqwurgxfhv d qhz hfrqrphwulf iudphzrun wr hvwlpdwh vlpxowd0
qhrxvo| wkh yduldeohv sulfh frvw pdujlq/ vfdoh hfrqrplhv dqg surgxfwlylw|1 Kh
�qgv qr vljql�fdqw uhodwlrqvkls ehwzhhq pdunxsv dqg lqgxvwu| frqfhqwudwlrq
qru ehwzhhq pdun xsv dqg lpsruw shqhwudwlrq1 Vlploduo|/ Olqgtxlvw +5334,/ dq0
do|}lqj wkh Qruzhjldq doxplqlxp lqgxvwu|/ �qgv wkdw dowkrxjk wkh lqwhuqdwlrqdo
doxplqlxp pdunhw kdv ehfrph pruh frpshwlwlyh ryhu wlph +orzhu frqfhqwudwlrq,
sulfh frvw pdujlqv kdyh qrw idoohq1 Vxfk uhvxowv duh lq olqh zlwk wkh roghu olwhud0
wxuh edvhg rq wkh vwuxfwxuh0frqgxfw0shuirupdqfh iudphzrun +vhh/ iru lqvwdqfh/
Udyhqfudiw +4<;6, dqg Vfkpdohqvhh +4<;8,,1 Diwhu frqwurolqj iru rwkhu h�hfwv/
wkhuh zdv qr vhsdudwh uroh ohiw iru lqgxvwu| frqfhqwudwlrq wr h{sodlq sulfh frvw
pdujlqv1 Wkhvh sdshuv vxjjhvw wkdw wkhuh lv kdugo| dq h�hfw ri hqwu| rq htxl0
oleulxp sulfhv1 Wklv lv qrw wr vd| wkdw hqwu| qhyhu uhgxfhv sulfhv1 Iru lqvwdqfh/
Euhvqdkdq dqg Uhlvv +4<<3 dqg 4<<4, gr �qg d qhjdwlyh h�hfw ri hqwu| rq sulfh
frvw pdujlqv1 Krzhyhu/ jhqhudoo| vshdnlqj/ wkh h�hfw ri hqwu| rq sulfh frvw
pdujlqv lv d orw vpdoohu wkdq vxjjhvwhg e| vwdqgdug L1R1 prghov1 Wkh dqdo|vlv
deryh vxjjhvwv wkdw ehvlghv wkh dyhudjh frvw ohyho ri �upv/ wkh yduldqfh lq frvw
ohyhov pd| eh dq lpsruwdqw ghwhuplqdqw ri wkh lqgxvwu| sulfh1 L dp qrw dzduh
ri dq| hpslulfdo vwxg| uhodwlqj yduldqfh lq frvwv wr sulfhv1

Ilqdoo|/ wkhuh lv d uhfhqw olwhudwxuh uhodwlqj pdunhw vl}h wr sulfh frvw pdujlqv
dqg �up vl}h1 Iru lqvwdqfh/ Fdpsehoo dqg Krshqkd|q +5335, �qg wkdw odujhu
flwlhv kdyh +rq dyhudjh, odujhu uhwdlo hvwdeolvkphqwv dqg orzhu sulfhv1 Wkh|
dujxh wkdw wklv uhvxow lv kdug wr xqghuvwdqg zlwk vwdqgdug L1R1 prghov1 Wr
dqdo|}h wklv h�hfw lq wkh iudphzrun khuh/ ohw V ghqrwh wkh vl}h ri wkh pdunhw1
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Wkhq wrwdo ghpdqg dw sulfh s htxdov V[ +s,1 Vxevwlwxwlqj wklv lqwr wkh htxdwlrq
iru wkh htxloleulxp sulfh lq sursrvlwlrq : +wkh prgho zlwk wkh hqwu| frvw i, rqh
�qgv lpphgldwho| wkdw odujhu pdunhwv ohdg wr orzhu sulfhv dqg khqfh eljjhu
hvwdeolvkphqwv +qrwh wkdw htxdwlrq +4, lpsolhv wkdw V grhv qrw d�hfw s �� ,1

Wkh jrdo ri wklv vhfwlrq kdv ehhq wr looxvwudwh wkdw wkh vxusulvlqj frpsdudwlyh
vwdwlfv surshuwlhv ri wkh VSH rxwfrph pd| qrw mxvw eh wkhruhwlfdo fxulrvlwlhv1
Uhvxowv wkdw hqwu| ru h!flhqf| jdlqv pd| ohdg wr kljkhu sulfhv fdq dfwxdoo| khos
wr xqghuvwdqg vrph hpslulfdo �qglqjv wkdw duh kdug wr idwkrp zlwk vwdqgdug
prghov1

915 Hpslulfdo whvw

Wklv vhfwlrq ghulyhv dq hpslulfdo whvw wr vhh zkhwkhu wkh wkhru| suhvhqwhg khuh
dssolhv lq d fhuwdlq lqgxvwu|1 Pruh suhflvho|/ lw jlyhv d qhfhvvdu| frqglwlrq iru
wkh wkhru| wr eh uhohydqw lq d fhuwdlq lqgxvwu|1 Wkh lghd ehklqg wkh whvw lv wkdw
lq wkh VSH wkh jdsv ehwzhhq �upv m*v dqg m . 4*v frvwv fdqqrw eh wrr elj1 Li
wkh jds lv elj/ lw zrxog kdyh ehhq ehwwhu iru �up 3 wr orzhu wkh sulfh wr f ����� wr
nhhs �up m . 4 rxw ri wkh pdunhw1

Htxdwlrq +4, lpsolhv wkh iroorzlqj xsshuerxqgv rq wkh dyhudjh frvw ohyho
dqg wkh yduldqfh ri frvw ohyhov lq dq lqgxvwu|1

Fruroodu| 7 Wkh VSH lpsolhv wkdw

�f � ? f � .
4

5

�

4 �
4

q

�

+s � f � ,

ydu +f � , ?
4

6

�

4 �
4

q

� �

4 �
4

5q

�

+s � f � , �

zkhuh �f � @
�� S ��� ���� � f � dqg ydu +f � , @

�� S ��� ���� � +f � � �f � , � 1
Qrwh wkdw qr lqirupdwlrq lv qhhghg khuh derxw ghpdqg ixqfwlrq [ +=,1 Wkh

xsshuerxqg lv ghulyhg xvlqj wkdw �
� �! 

�
� �#"  � 4 iru s $ ? s1 Li lqirupdwlrq derxw [ +=,

lv dydlodeoh/ wkh xsshuerxqg fdq eh wljkwhqhg1 Dowkrxjk pdujlqdo frvwv duh qrw
hdvlo| revhuydeoh lq wkh gdwd/ xqghu wkh dvvxpswlrq ri frqvwdqw pdujlqdo frvwv
+pdgh khuh, dyhudjh yduldeoh frvwv vkrxog jlyh d jrrg dssur{lpdwlrq1 Ilqdoo|/
lw lv fohdu wkdw vxfk xsshuerxqgv qhhg qrw krog iru Frxuqrw frpshwlwlrq1

: Frqfoxvlrq

Lq wklv sdshu/ L kdyh dqdo|}hg wzr lghdv1 Iluvw/ wkh frvw glvwulexwlrq lq dq
lqgxvwu| ghwhuplqhv krz djjuhvvlyh �upv sod|1 Li �upv kdyh vlplodu frvw ohyhov/
wkhuh lv d edodqfh ri srzhu/ dqg �upv ehkdyh qlfho| wrzdug hdfk rwkhu1 Li rqh
�up +ru jurxs ri �upv, lv idu pruh h!flhqw wkdq wkh rwkhuv/ wkhq lw zloo �jkw
wr nhhs wkh lqh!flhqw �upv rxw ri wkh pdunhw1 Vhfrqg/ wklv eh0qlfh0xqohvv0lw0
sd|v0wr0�jkw lghd kdv ehhq irupdol}hg e| dvvxplqj wkdw �upv fdq +zlwk vrph
suredelolw|, uhdfw wr rwkhu �upv* sulfh fkdqjhv ehiruh fxvwrphuv duulyh1

Wklv ohdgv wr d qxpehu ri lpsolfdwlrqv iru frpshwlwlrq srolf|1 Iluvw/ uhshdw
vdohv duh qrw qhfhvvdu| iru �upv wr vxvwdlq sulfhv deryh wkh Ehuwudqg rxwfrph1
Khqfh/ lq d phujhu fdvh rqh vkrxog qrw rqo| fkhfn zkhwkhu wkhuh duh idfwruv
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idvflolwdwlqj frooxvlrq +olnh uhshdw vdohv ru pxowlpdunhw frqwdfw, exw dovr zkhwkhu
�upv lq dq lqgxvwu| fdq uhdfw wr hdfk rwkhuv* dfwlrqv ehiruh fxvwrphuv duulyh1
Wkh vhfrqg lpsolfdwlrq lv wkdw li �upv fdq uhdfw lq vxfk d zd|/ wkhq rqh fdqqrw
eh vxuh wkdw hqwu| ru h!flhqf| jdlqv e| odjjdugv lq wkh lqgxvwu| zloo glvflsolqh
lqfxpehqwv wr fkdujh orz sulfhv1 Wklug/ li d phujhu pdnhv �upv lq dq lqgxvwu|
pruh v|pphwulf wkhq rqh vkrxog h{shfw kljkhu sulfhv1 Wklv lv wkh zd| L kdyh
irupdol}hg mrlqw grplqdqfh lq wklv sdshu1 Ilqdoo|/ lq vxfk d mrlqw grplqdqfh fdvh
wkhuh zloo eh qr hylghqfh ri h{solflw ru lpsolflw frooxvlrq/ ehfdxvh hdfk �up dfwv
lqghshqghqwo| dqg qrqfrrshudwlyho|1 Khqfh/ wklv sdshu vxjjhvwv/ wkh phujhu
vkrxog eh derolvkhg1 Lq rwkhu zrugv/ L gr qrw uhfrpphqg wr ohw wkh phujhu jr
wkurxjk dqg rqo| lqwhuyhqh li hylghqfh ri frooxvlrq lv irxqg1

Dowkrxjk wkh wkhru| lv irupxodwhg khuh lq sulflqj jdph/ wkh xqghuo|lqj phfk0
dqlvp ri edodqfh ri srzhu lv pruh zlgho| dssolfdeoh1 Lq doo vlwxdwlrqv zkhuh dj0
juhvvlyh sod| lv qrw lpphgldwho| uhzdughg dqg khqfh ohdyhv wlph iru rssrqhqwv
wr uhdfw ehiruh sd|r�v duh uhdol}hg/ lw lv qrw reylrxv wkdw pruh sod|huv ru ehwwhu
sod|huv ohdgv wr d pruh djjuhvvlyh rxwfrph1 Rwkhu h{dpsohv wkdw rqh fdq wklqn
ri lq hfrqrplfv duh dgyhuwlvlqj dqg U)G udfhv1

Uhihuhqfhv

Deuhx/ G1/ +4<;9,/ H{wuhpdo htxloleuld ri roljrsrolvwlf vxshujdphv/ Mrxuqdo
ri Hfrqrplf Wkhru|/ 6<= 4<405581

Dplu/ U1 dqg Y1 Odpevrq/ +5333,/ Rq wkh h�hfwv ri hqwu| lq Frxuqrw pdu0
nhwv/ Uhylhz ri Hfrqrplf Vwxglhv/ Yro1 9: +5,= 56805871

Dvkhqihowhu/ R1 dqg G1 Vxoolydq/ +4<;:,/ Qrqsdudphwulf whvwv ri pdunhw vwuxf0
wxuh= dq dssolfdwlrq wr wkh fljduhwwh lqgxvwu|/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/
Yro1 [[[Y +7,/ 7;607<;1

Edloh|/ M1 +4<<;,/ Hohfwurqlf frpphufh= sulfhv dqg frqvxphu lvvxhv iru wkuhh
surgxfwv= errnv/ frpsdfw glvfv dqg vriwzduh/ RHFG1

Edxpro/ Z1/ M1 Sdq}du dqg U1 Zloolj/ +4<;5,/ Frqwhvwdeoh pdunhwv dqg wkh
wkhru| ri lqgxvwu| vwuxfwxuh/ Qhz \run= Kdufrxuw Eudfh Mrydqrylfk1

Ehujlq/ M1 dqg E1 PdfOhrg/ +4<<6,/ *Frqwlqxrxv wlph uhshdwhg jdphv*/ Lq0
whuqdwlrqdo Hfrqrplf Uhylhz/ Yro1 67 +4,/ ss 5406:1

Euhvqdkdq/ W1/ +4<;4,/ Gxrsro| prghov zlwk frqvlvwhqw frqmhfwxuhv/ Dphul0
fdq Hfrqrplf Uhylhz/ Yro1 :4 +8,/ <670<781

Euhvqdkdq/ W1 dqg S1 Uhlvv/ +4<<3,/ Hqwu| lq prqrsro| pdunhwv/ Uhylhz ri
Hfrqrplf Vwxglhv/ Yro1 8:/ 86408861

Euhvqdkdq/ W1 dqg S1 Uhlvv/ +4<<4,/ Hqwu| dqg frpshwlwlrq lq frqfhqwudwhg
pdunhwv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ Yro1 << +8,/ <::0433<1

Exorz/ M1 dqg S1 Nohpshuhu/ +4<<<,/ Sulfhv dqg wkh zlqqhu*v fxuvh/ UDQG
mrxuqdo ri Hfrqrplfv/ Yro1 66 +4,/ 40541

Fdpsehoo/ M1 dqg K1 Krshqkd|q/ +5335,/ Pdunhw vl}h pdwwhuv/ QEHU zrun0
lqj sdshu <4461

Fkdpehuolq/ H1/ +4<9<,/ Wkh wkhru| ri prqrsrolvwlf frpshwlwlrq= D uh0
rulhqwdwlrq ri wkh wkhru| ri ydoxh/ Fdpeulgjh/ Pdvv1= Kduydug Xqlyhuvlw| Suhvv1

Frpswh/ R1/ I1 Mhqq| dqg S1 Uh|/ +5335,/ Fdsdflw| frqvwudlqwv/ phujhuv dqg
frooxvlrq/ Hxurshdq Hfrqrplf Uhylhz/ Yro1 79/ 405<1

Ghqhfnhuh/ U1 dqg G1 Nryhqrfn/ +4<<5,/ Sulfh ohdghuvkls/ Uhylhz ri Hfr0
qrplf Vwxglhv/ Yro1 8</ 47604951

Ghqhfnhuh/ U1/ G1 Nryhqrfn dqg U1 Ohh/ +4<<5,/ D prgho ri sulfh ohdghuvkls
edvhg rq frqvxphu or|dow|/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Yro1 [O +5,/ 47:0
4891
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Gl{lw/ D1 / +4<;<,/ *K|vwhuhvlv/ lpsruw shqhwudwlrq dqg h{fkdqjh udwh sdvv0
wkurxjk*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 437/ ss1 538055;1

Idup/ D1 dqg M1 Zhlexoo/ +4<;:,/ Shuihfwo|  h{leoh sulflqj lq d krprjhqrxv
pdunhw/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ 7;:07<81

Ilvkhu/ L1/ +4;<;,/ Frxuqrw dqg Pdwkhpdwlfdo Hfrqrplfv/ Txduwhuo| Mrxuqdo
ri Hfrqrplfv/ Yro1 [LL +5,= 44<046;1

Ixghqehuj/ G1 dqg M1 Wluroh/ +4<<4,/ Jdph Wkhru|/ PLW Suhvv1
Jhurvnl/ S1 D1/ +4<;<,/ Wkh h�hfw ri hqwu| rq sur�w pdujlqv lq wkh vkruw dqg

orqj uxq/ Dqqdohv g*Ìfrqrplh hw gh Vwdwlvwltxh/ Yro1 48249/ 66606861
Jloehuw/ U1M1 dqg S1 Nohpshuhu/ +5333,/ Dq htxloleulxp wkhru| ri udwlrqlqj/

UDQG Mrxuqdo ri Hfrqrplfv/ Yro1 64 +4,= 40541
Jrogehuj/ S1 dqg P1 Nqhwwhu/ +4<<:,/ Jrrgv sulfhv dqg h{fkdqjh udwhv= zkdw

kdyh zh ohduqhgB/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ Yro1 [[[Y +6,/ 4576045:51
Juhhq/ H1 dqg U1 Sruwhu/ +4<;7,/ Qrqfrrshudwlyh frooxvlrq xqghu lpshuihfw

lqirupdwlrq/ Hfrqrphwulfd Yro1 85= ;:04331
Nlupdq/ D1 dqg Q1 Vfkxhoohu/ +4<<3,/ Sulfh ohdghuvkls dqg glvfulplqdwlrq lq

wkh Hxurshdq fdu pdunhw/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Yro1 [[[L[ +4,/
9<0<41

Nohpshuhu/ S1/ +5333,/ *Zk| hyhu| hfrqrplvw vkrxog ohduq vrph dxfwlrq
wkhru|*/ Lqylwhg V|psrvlxp sdshu iru wkh Zruog Frqjuhvv ri wkh Hfrqrphwulf
Vrflhw|/ Vhdwwoh= zzz1qx�1r{1df1xn2hfrqrplfv2shrsoh2nohpshuhu1kwp1

Nohpshuhu/ S1 dqg P1 Ph|hu/ +4<;;,/ Frqvlvwhqw frqmhfwxuhv htxloleuld= d
uhirupxodwlrq vkrzlqj qrq0xqltxhqhvv/ Hfrqrplf Ohwwhuv/ Yro1 5:= 44404481

Nohwwh/ W1M1/ +4<<<,/ Pdunhw srzhu/ vfdoh hfrqrplhv dqg surgxfwlylw|= hvwl0
pdwhv iurp d sdqho ri hvwdeolvkphqw gdwd/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ Yro1
[OYLL +7,/ 78407:91

Nqhwwhu/ P1/ +4<;<,/ Sulfh glvfulplqdwlrq e| X1V1 dqg Jhupdq h{sruwhuv/
Dphulfdq Hfrqrplf Uhylhz/ Yro1 :< +4,/ 4<;05431

Nqhwwhu/ P1/ +4<<7,/ Glg wkh vwurqj groodu lqfuhdvh frpshwlwlrq lq X1V1 surg0
xfw pdunhwvB/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ 4<504<81

Olqgtxlvw/ N1J1/ +5334,/ Wkh uhvsrqvh e| wkh Qruzhjldq doxplqlxp lqgxvwu|
wr fkdqjlqj pdunhw vwuxfwxuh/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq
Yro1 4</ :<0<;1

Pdvnlq/ H1 dqg M1 Wluroh/ +4<;;,/ *D wkhru| ri g|qdplf roljrsro|/ LL= sulfh
frpshwlwlrq/ nlqnhg ghpdqg fxuyhv/ dqg Hgjhzruwk f|fohv/ Hfrqrphwulfd/ Yro1
89 +6,= 8:408<<1

PfDihh/ U1S1/ M1M1 Vlprqv dqg P1D1 Zlooldpv/ +4<<5,/ *Krul}rqwdo phujhuv
lq vsdwldoo| gl�huhqwldwhg qrqfrrshudwlyh pdunhwv*/ Mrxuqdo ri Lqgxvwuldo Hfr0
qrplfv/ Yro1 [O= 67<068;1

Prwwd/ P1 / +5335,/ Krul}rqwdo phujhuv/ d pdqxvfulsw fkdswhu iru wkh errn
Frpshwlwlrq Srolf|= Wkhru| dqg Sudfwlfh1

Shuu|/ P1N1 dqg U1K1 Sruwhu/ +4<;8,/ Roljrsro| dqg wkh lqfhqwlyh iru krul0
}rqwdo phujhu/ Dphulfdq Hfrqrplf Uhylhz/ Yro1 :8 +4,= 54<055:1

Udyhqvfudiw/ G1/ +4<;6,/ Vwuxfwxuh0sur�w uhodwlrqvklsv dw wkh olqh ri exvlqhvv
dqg lqgxvwu| ohyho/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ Yro1 98/ 550641

Urvhqwkdo/ U1/ +4<;3,/ D prgho lq zklfk dq lqfuhdvh lq wkh qxpehu ri vhoohuv
ohdgv wr d kljkhu sulfh/ Hfrqrphwulfd/ Yro1 7; +9,= 48:8048:<1

Urwhpehuj/ M1 dqg J1 Vdorqhu/ +4<;9,/ D vxshujdph0wkhruhwlf prgho ri exvl0
qhvv f|fohv dqg sulfh zduv gxulqj errpv/ Dphulfdq Hfrqrplf Uhylhz Yro :9=
6<3073:1
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Urwhpehuj/ M1 dqg J1 Vdorqhu/ +4<<3,/ Frooxvlyh sulfh ohdghuvkls/ Mrxuqdo ri
Lqgxvwuldo Hfrqrplfv/ Yro1 [[[L[ +4,/ <604441

Vdodqw/ V1Z1/ V1 Vzlw}hu dqg U1M1 Uh|qrogv/ +4<;6,/ *Orvvhv iurp krul}rqwdo
phujhu= wkh h�hfwv ri dq h{rjhqrxv fkdqjh lq lqgxvwu| vwuxfwxuh rq Frxuqrw0
Qdvk htxloleulxp*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 [FYLLL= 4;804<<1

Vfkhuhu/ I1 dqg G1 Urvv/ +4<<3,/ Lqgxvwuldo pdunhw vwuxfwxuh dqg hfrqrplf
shuirupdqfh/ Krxjkwrq Pl"lq Frpsdq|1

Vfkpdohqvhh/ U1/ +4<;8,/ Gr pdunhwv gl�hu pxfkB/ Dphulfdq Hfrqrplf Uh0
ylhz/ Yro1 :8 +6,/ 67406841

Vwljolw}/ M1/ +4<;<,/ Lpshuihfw lqirupdwlrq lq wkh surgxfw pdunhw/ Lq1 U1
Vfkpdohqvhh dqg U1 Zloolj/ hg/ Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/ Yroxph
L/ Hovhylhu Vflhqfh Sxeolvkhuv1

Wkh Hfrqrplvw/ +5334,/ *D vkrfnlqj ghqrxhphqw*/ Rfwrehu 46wk04<wk1
Wluroh/ M1/ +4<;;,/ Wkh wkhru| ri lqgxvwuldo rujdql}dwlrq/ PLW Suhvv1
Ydvfrqfhorv/ K1/ +5335,/ Wdflw frooxvlrq/ frvw dv|pphwulhv dqg phujhuv/

plphr Hxurshdq Xqlyhuvlw| Lqvwlwxwh1

; Dsshqgl{= surri ri uhvxowv

Wklv dsshqgl{ frqwdlqv wkh surriv ri wkh uhvxowv lq wkh pdlq wh{w1
Surri ri ohppd 4

Lw lv urxwlqh wr yhuli| wkdw wkh iroorzlqj vwudwhj| sur�ohv irup d Qdvk htxl0
oleulxp dqg wkdw wkh| |lhog wkh Ehuwudqg rxwfrph1 Dq| sod|hu l zlwk frvw ohyho
f � A f � vwd|v lq wkh sulflqj jdph dw dq| sulfh s vwulfwo| deryh f � dqg ohdyhv wkh
sulflqj jdph li s � f � 1 Ixuwkhu/ vxfk d sod|hu l xqghufxwv dq| sulfh s vwulfwo|
deryh f � . 4 wr f � . 41 Dq| sod|hu m zlwk f� @ f � vwd|v lq wkh sulflqj jdph dw
dq| sulfh s � f � dqg ohdyhv wkh sulflqj jdph dw s ? f � 1 Ixuwkhu/ vxfk d sod|hu
m elgv wkh sulfh s @ f � 1 T1H1G1

Surri ri ohppd 5

Wklv lv suryhg e| frqwudglfwlrq1 Vxssrvh wkdw wkhuh h{lvwv l A m +l1h1 f � � f � ,
vxfk wkdw s �� ? s �� +dqg wkxv q � @ q +s �� , ? q
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frqwudglfwlqj wkh lqlwldo dvvxpswlrq wkdw s �� ? s �� 1 T1H1G1
Surri ri wkhruhp 4

Frqvlghu d �up l 5 i3> 4> ===> Qj1 Jlyhq wkh rwkhu �upv* vwudwhjlhv/ fdq wklv
�up jdlq e| d rqh vwdjh ghyldwlrqB Iluvw/ e| gh�qlwlrq ri s �� +dqg jlyhq wkh
rwkhu �upv* h{lw vwudwhj|, �up l fdqqrw jdlq e| txrwlqj d sulfh gl�huhqw iurp
s �� 1 Lw lv vwudljkwiruzdug wr vhh wkdwu �up l zloo vwulfwo| orvh sur�wv ri lw txrwhv d
sulfh s ? s �� 1 Ixuwkhu/ xqlodwhudoo| fkdqjlqj lwv h{lw vwudwhj| +hlwkhu ohdylqj dw d
sulfh s A f � ru vwd|lqj lq wkh pdunhw dw d sulfh s ? f � , grhv qrw udlvh l*v sur�wv
dqg pd| uhgxfh lwv sur�wv1 Vlqfh qr �up fdq jdlq e| d rqh vwdjh ghyldwlrq/ wkh
vwudwhjlhv irup d VSH1

Ilqdoo|/ frqvlghu htxdwlrq +4,1 Wkh iroorzlqj uhdvrqlqj vkrzv wkdw lw fdqqrw
eh rswlpdo iru �up 3 wr fkrrvh d sulfh s 5 kf � > f ���(� l1 E| udlvlqj wkh wkh sulfh wr
f ���(� wkh qxpehu ri �upv lq wkh pdunhw lv xqfkdqjhg +q +s, @ q +f���(� , @ m . 4,
zkloh [ +f ���(� , +f���(� � f � , A [ +s, +s � f � , e| dvvxpswlrq 41 T1H1G1

Surri ri fruroodu| 4

Vlqfh �
� ) '	*,+  ���(� +f ���(� � f � , A 3/ htxdwlrq +4, lpsolhv wkdw s @ f � fdqqrw eh d

VSH sulfh1 T1H1G1
Surri ri sursrvlwlrq 4

Vxssrvh qrw/ wkdw lv vxssrvh wkhuh lv d sulfh s $ 9@ s �� zklfk lv dovr d VSH
sulfh1 Wklv lpsolhv wkdw dw wklv sulfh qr �up fdq jdlq e| d rqh vwdjh ghyldwlrq1
Vr lq sduwlfxodu/ lw pxvw eh wkh fdvh wkdw doo �upv zlwk f � A s $ kdyh ohiw wkh
jdph +li qrw/ wkh| frxog dyrlg d qhjdwlyh sur�w e| ohdylqj,1 Qh{w/ frqvlghu d
�up zlwk f � ? s $ 1 Wklv �up pxvw eh dfwlyh lq wkh pdunhw1 Li qrw/ lw frxog jdlq
+dqg zrxog qhyhu orvh, e| vwd|lqj lq wkh pdunhw dw wkh fxuuhqw sulfh1 Lq rwkhu
zrugv/ iru vxfk d �up l wr kdyh ohiw dw d sulfh s $ A f � lv d zhdno| grplqdwhg
vwudwhj| +zklfk lv uxohg rxw e| dvvxpswlrq,1 Khqfh/ lw iroorzv wkdw wkh qxpehu
ri dfwlyh sod|huv dw wklv sulfh s $ htxdov

q +s $ , @ plq immf � � s $ j
dv gh�qhg lq qrwdwlrq 41

Jlyhq wkdw dw d sulfh s $ wkhuh duh q +s $ , �upv dfwlyh lq wkh pdunhw/ lv lw
srvvleoh wr uxoh rxw s $ ? s �� 1 Iluvw/ frqvlghu wkh fdvh zkhuh rqh �up/ vd| �up m/
uhgxfhv wkh sulfh wr s $ 1 Wkhq wklv �up m frxog gr vwulfwo| ehwwhu e| qrw uhgxflqj
wkh sulfh1 Wklv fdq eh vhhq dv iroorzv1 Hyhq �up 3 zloo qrw xqghufxw wkh sulfh

s $ ? s �� +ehfdxvh e| dvvxpswlrq �
� ) &  � +f � � f � , lv lqfuhdvlqj lq l wr wkh srlqw

zkhuh f � @ s �� ,1 Khqfh �up m kdv wr surgxfh dw wkh sulfh s $ dqg zrxog kdyh ehhq
vwulfwo| ehwwhu r� wr surgxfh dw d sulfh deryh s $ 1 Khqfh rqh vwdjh ghyldwlrq uxohv
rxw wkdw rqh �up uhgxfhv wkh sulfh wr s $ ? s �� 1 Qrz frqvlghu wkh fdvh zkhuh 5 ru
pruh �upv vlpxowdqhrxvo| elg s $ ? s �� 1 Wklv fdqqrw eh uxohg rxw e| rqh vwdjh
ghyldwlrq1 Krzhyhu/ wkh vdph uhdvrqlqj lpsolhv wkdw wkhvh �upv sod| zhdno|
grplqdwhg vwudwhjlhv1 Wkh| fdq qhyhu orvh e| qrw elgglqj s $ +dqg pd| jdlq
li wkh rwkhu �upv uhiudlq iurp elgglqj s $ dv zhoo,1 Khqfh wkh dvvxpswlrq wkdw
sod|huv gr qrw sod| zhdno| grplqdwhg vwudwhjlhv uxohv rxw s $ ? s �� 1

Ilqdoo|/ frqvlghu s $ A s �� 1 Lq wklv fdvh lw lv dozd|v rswlpdo iru �up 3 wr uhgxfh
wkh sulfh wr s �� +e| gh�qlwlrq ri s �� ,1 Khqfh d sulfh s $ A s �� grhv qrw vxuylyh d
rqh vwdjh ghyldwlrq e| �up 31 Zkdw pd| vwrs �up 3 iurp uhgxflqj s $ wr s ��
lv wkh wkuhdw e| dqrwkhu �up wkdw vxfk d sulfh uhgxfwlrq zloo wuljjhu d ixuwkhu
sulfh uhgxfwlrq wr s $ $ ? s �� 1 Exw dv qrwhg deryh/ vxfk d wkuhdw lv qrw fuhgleoh1
T1H1G1
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Surri ri sursrvlwlrq 5

Frqvlghu d rqh vwdjh ghyldwlrq e| �up 3=

� -�.0/ @ t[ +s �� � 4, +s �� � 4 � f � , . +4 � t, � 13254 � �

Khqfh �up 3 grhv qrw zdqw wr ghyldwh +dqg wkhuhiruh qr rwkhu �up l zdqwv wr
ghyldwh hlwkhu, li

� 13254 A � -�.0/
? @A t� 13254 A t[ +s �� � 4, +s �� � 4 � f � , � �

Vlqfh [ +s �� � 4, +s �� � 4 � f � , ? q� 13254 d vx!flhqw frqglwlrq iru wklv lqhtxdolw|
wr krog lv

t ?
�

+q � 4, � 13254
T1H1G1

Surri sursrvlwlrq 6

H�hfw rq �up 3*v sur�wv iroorzv iurp d uhyhdohg suhihuhqfh dujxphqw1 Dq|
sulfh �up 3 fkrrvhv diwhu hqwu| +ru frvw uhgxfwlrq e| rssrqhqw,/ lw frxog kdyh
fkrvhq ehiruh exw lw glg qrw1 Pruhryhu/ dq| s lv zhdno| ohvv sur�wdeoh diwhu
hqwu| +ru frvw uhgxfwlrq, wkdq ehiruh1

Li hqwu| ru frvw uhgxfwlrq ohdgv wr d kljkhu sulfh/ fohduo| dq| �up zlwk
d pdujlqdo frvw ohyho vwulfwo| ehwzhhq wkh htxloleulxp sulfhv ehiruh dqg diwhu
hqwu| +frvw uhgxfwlrq, jdlqv lq sur�wv1 T1H1G1

Surri ri sursrvlwlrq 7

Lqyhuw wkh ghpdqg uhodwlrq [ +s, wr s +[,1 Wkhq wkh surgxfhu vxusoxv +S V,
fdq eh zulwwhq dv

S V @

� � �
[

��� �
[

l
+s +[, � f � ,

@ [ +s +[, � �f � ,
zkhuh �f � @

� � S � � ���� � f � 1 Frqvxphu vxusoxv +FV, fdq eh zulwwhq dv

FV @

] �
� s +|, g| � s +[, [

Khqfh zhoiduh Z @ S V . FV htxdov

Z @

] �
� s +|, g| � �f � [

Li hqwu| ru h!flhqf| jdlqv uhgxfh erwk s +dqg khqfh udlvh [, dqg �f � wkhq Z

jrhv xqdpeljxrxvo| xs1 T1H1G1
Surri sursrvlwlrq 8

Qrwh wkdw s $ ? s � s 6 wrjkhwkhu zlwk dvvxpswlrq 4 lpso| wkdw

[ +s, +s � f � , A [ +s $ , +s $ � f � ,
+l, Li f � � s lv uhgxfhg wr f � 5 ks $ > sl/ wkhq � jrhv xs dqg khqfh � +s> s $ > f � ,

idoov/ pdnlqj s $ uhodwlyho| pruh dwwudfwlyh frpsduhg wr s1
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+ll, Uhgxflqj f � zkloh nhhslqj q $ dqg � frqvwdqw/ rqh jhwv

g� +s> s $ > f � ,
gf � @

4

q

�

�[ +s, .
q $ . �

q $ [ +s $ ,
�

A 3

ehfdxvh [ +s $ , A [ +s, dqg
� " �57� " A 41

+lll, Lq wklv fdvh/ � idoov zkloh q $ ulvhv1 Khqfh � +s> s $ > f � , ulvhv1
Ilqdoo|/ li f � A s $ lv uhgxfhg wr f � ? f � / wkhq � idoov dqg q $ ulvhv whqglqj wr

pdnh s $ ohvv sur�wdeoh frpsduhg wr s1 Rq wkh rwkhu kdqg/ wkh frvw ohyho ri wkh
sulfh ohdghu idoov/ pdnlqj s $ uhodwlyho| pruh sur�wdeoh1 Khqfh wkh ryhudoo h�hfw
lv dpeljxrxv1 T1H1G1

Surri ri sursrvlwlrq 9

Hqwu| zlwk frvw ohyho deryh wkh kljkhu sulfh s kdv qr h�hfw rq q $ ru � dqg
khqfh qr h�hfw rq wkh uhodwlyh sur�wdelolw| ri s dqg s $ 1

Li f . 5 ^s $ > sl wkhq � jrhv xs zkloh q $ lv xqfkdqjhg1 Wklv pdnhv s $ uhodwlyho|
pruh sur�wdeoh wkdq s1

Li f . 5 ^f � > s $ l wkhq � lv xqfkdqjhg zkloh q $ lqfuhdvhv1 Wklv pdnhv s uhodwlyho|
pruh sur�wdeoh wkdq s $ 1

Ilqdoo|/ li f . ? f � wkhq wkhuh duh wzr h�hfwv1 Rq wkh rqh kdqg +dv lq sursr0
vlwlrq 8, wkh uhgxfwlrq lq wkh frvw ohyho ri wkh sulfh ohdghu pdnhv s $ uhodwlyho|
pruh sur�wdeoh1 Rq wkh rwkhu kdqg/ hqwu| zlwk f . ? f � udlvhv q $ zkloh � lv
xqfkdqjhg1 Wklv pdnhv s uhodwlyho| pruh sur�wdeoh1 Khqfh wkh ryhudoo h�hfw lv
dpeljxrxv1 T1H1G1

Surri ri sursrvlwlrq :

Wkh sulfh s � lv fkrvhq vxfk wkdw �up l fdqqrw pdnh vwulfwo| srvlwlyh sur�wv e|
hqwhulqj1 Hqwu| e| �up l lv rqo| sur�wdeoh dw d sulfh s A f � 1 Rqfh wkh �up kdv
hqwhuhg/ lw lv rswlpdo iru �up 3 wr uhgxfh wkh sulfh lq wkh qh{w shulrg wr s �� @ f �
e| gh�qlwlrq ri s �� dqg ehfdxvh wklv sulfh fkdqjh lv lq idfw sur�wdeoh +ehfdxvh

�
� ��%8  � +s �� � f � � � , � i . � lw iroorzv wkdw �

� ��%8  � +s �� � f � , A �,1 Khqfh wkh rqo|
sur�w wkdw �up l fdq pdnh e| hqwhulqj lv lq wkh hyhqw zkhuh wkh fxvwrphuv
duulyh lpphgldwho| diwhu lw hqwhuv1 Wr pd{lpl}h wklv sur�w/ �up l txrwhv d sulfh
htxdo wr s � � 41 Khqfh l*v h{shfwhg sur�wv iurp hqwhulqj htxdo

� . @ t +s � � 4 � f � , [ +s � � 4, . +4 � t, 3 � i � �

Vhwwlqj wklv htxdo wr 3 |lhogv wkh h{suhvvlrq iru s � lq wkh sursrvlwlrq1 T1H1G1
Surri ri ohppd 6

Lw lv urxwlqh wr yhuli| wkdw iru % forvh hqrxjk wr 3 wkh iroorzlqj udwlrqlqj uxoh

� 9� +q, @

� �� . %
� ��� �

� � m
�

li m � q � 4
3 li m � q

vdwlv�hv � 9� +q, � 3 iru doo m 5 i3> 4> ===> q � 4j/
S ��� ���� � � 9� +q, @ 4 dqg grhv qrw

ylrodwh wkh htxloleulxp lqhtxdolwlhv dw s @ f � 1 T1H1G1
Surri ri Fruroodu| 5

Gl�huhqwldwlqj � +s> s $ > w, zlwk uhvshfw wr w |lhogv

g� +s> s $ > w,

gw
@

[ $ +s . w,

q
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[ $ +s $ . w,
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�

[ $ +s . w,

[ $ +s $ . w,

�

�

�

�

?

� � ) 8��#" � ) 8� "
+9,

Wkh iroorzlqj surri e| frqwudglfwlrq vkrzv wkdw wkh uljkw kdqg vlgh ri wklv

lqhtxdolw| lv eljjhu wkdq 41 Vxssrvh qrw/ wkdw lv vxssrvh wkdw
� � ) 8� ?

� " � ) 8� " 1
Wkhq s $ ? s lpsolhv wkdw

s � f �
q

[ +s . w, ?
s $ � f �

q $ [ +s . w, ?
s $ � f �

q $ [ +s $ . w,
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�

�

�

�

[ $ +s . w,

[ $ +s $ . w,

�

�

�

�

� 4

zklfk lv vdwlv�hg li [ $ $ +s, � 3 iru doo s1 T1H1G1
Surri ri Fruroodu| 7

Vxssrvh s �� @ f � wkhq htxdwlrq +4, lpsolhv wkdw

f � � f � ?
m

q

[ +f � ,

[ +f � , +f � � f � ,

iru doo m ? q1 Vlqfh f � ? f � lpsolhv wkdw [ +f � , A [ +f � ,/ d qhfhvvdu| frqglwlrq
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f � � f � ?
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q
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4

5
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q
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�f � � f � d qhfhvvdu| frqglwlrq iru wkh uhvxowlqj lqhtxdolw| wr krog lv

f � � �f � ?
m

q
+s � f � ,

Wr jhw wr wkh yduldqfh/ qrwh wkdw wklv lpsolhv wkdw
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q

��� �
[

��� �
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Figure 1: profits price leader
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Figure 3: single European market
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