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High Moment Partial Sum Processes of Residuals in
ARMA Models and their Applications

Hao Yu*

Abstract

In this paper we study high moment partial sum processes based on residuals of
a stationary ARMA model with or without a unknown mean parameter. We show
that they can be approximated in probability by the analogous processes which are
obtained from the independent and identically distributed (iid) errors of the ARMA
model. However, if a unknown mean parameter is used, there will be an additional
term that depends on model parameters and a mean estimator. But, when properly
normalized, this additional term will be cancelled out. Thus they converge weakly
to the same Gaussian processes as if the residuals were iid. Applications to change-
point problems and goodness-of-fit are considered, in particular CUSUM statistics
for testing ARMA model structure changes and the Jarque-Bera omnibus statistic
for testing normality of the unobservable error distribution of an ARMA model.

Keywords: ARMA, residuals, high moment partial sum process, weak convergence, CUSUM,
omnibus, skewness, kurtosis, y/n consistency.

1 Introduction and results

Statistics or stochastic processes constructed from residuals of stationary autoregressive
moving-average ARMA (p, ¢) models have been studied extensively in literature. For ex-
amples, Boldin and Arie (1982), Boldin (1990), Koul (1991), Kreiss (1991), Bai (1994),
and Yu (2003) study the weak convergence of (sequential) empirical processes. Yu (2003)
shows that the standard Kolmogorov-Smirnov goodness-of-fit test based on residuals of

stationary ARMA models with unknown mean parameter is not applicable. Kulpeger

*Department of Statistical and Actuarial Sciences, University of Western Ontario, London, Canada.
hyu@stats.uwo.ca.
Research supported by a grant from the Natural Sciences and Engineering Research Council of Canada.


https://core.ac.uk/display/7188713?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

(1985) and Bai (1993) investigate the partial sum process of residuals in autoregressive
AP(p) models and ARMA(p, ¢) models respectively. On the other hand, the so-called Jar-
que and Bera (1980,1987) test for the normality of the error distribution has been popular
among economists. It is an omnibus test based on the standardized sample skewness and
sample kurtosis of residuals which has been known among statisticians since the work of
Bowman and Shenton (1975). So far the asymptotic validity of the Jarque and Bera test
has been proved for AR models only (see Liitkepohl (1993)).

Recently Kulperger and Yu (2003) construct and study high moment partial sum
processes based on residuals of GARCH models. They show that partial sum processes
and Jarque and Bera test statistics are two special cases of high moment partial sum
processes. In addition, CUSUM statistics can be constructed to test various GARCH
model structure changes such as variance change in errors. Another important feature
is that, when properly normalized, high moment partial sum processes will cancel out
terms that are related to model parameters. Thus any statistics constructed from high
moment partial sum processes of residuals will behave as if residuals were iid errors. In
this paper we study high moment partial sum processes based on residuals of a stationary
ARMA model with or without a unknown mean parameter. Applications to change-
point problems and goodness-of-fit are considered, in particular CUSUM statistics for
testing ARMA model structure changes and the Jarque-Bera omnibus statistic for testing
normality of the unobservable error distribution of an ARMA model.

An ARMA(p, q) time series model with a unknown mean parameter is defined as
Y; =+ ¢1(Y;5—1 - :u) +eeet ¢p(Y;‘—p - ,U) + e+ elet—l +F eqet—qa (11)

where the errors {¢} are i.i.d. with zero mean and a unknown distribution function
(d.f.) F on the real line R, and y, ¢1,...,¢, and 6y, ..., 60, are unknown parameters. Let
X, =Y, — p. Then {X,} will be the usual ARMA(p, q) process with zero mean, i.e., if we
set ;1 =0, the {Y;} will be the same as {X;}.

Let ®(2) =1— 12— ¢o2® — -+ —¢pzP and O(z) = 1 + 012 + - - - + 6,29, According to
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Brockwell and Davis (1991), if
(A1) ®(2) and O(z) do not have common roots
(A2) All roots of ®(z) and ©(z) lie outside the unit circle of the complex plane,

then {Y;} (and {X;}) is strictly stationary and invertible. In particular, the invertibility
implies that
O(1)=1+6,+---+0,#0. (1.2)

Given n + p observations {Y;, —p + 1 < t < n}, the residuals are calculated by the

recursion formula

~

G=Xi—0Xia— =Xy —Oe g — =06, 1<t<n, (L3

where X, = Y, — fi, and fi, ¢ = (¢1,. .. ,gzgp) and 6 = (6, ... ,éq) are the estimators for
i, @ = (¢1,...,¢0,) and @ = (64,...,6,), respectively. The initial values of é_,41,...,¢€
are set to zero if ¢ > 0. In case we consider an ARMA(p, q) model without the mean
parameter (1 = 0), then the above construction of residuals is still valid except that
X, =X, =Y,

The kth (kK = 1,2,3,4,...) order high moment partial sum process of residuals is
defined as

[na]

SP)=> &, 0<x<1, (1.4)

t=1
where, for any real number a, [a] denotes the largest integer < a. Its counterpart based
on iid errors is defined as -
SH()=) ¢, 0<zx <1 (1.5)
t=1
In order to present our first result, in addition to the conditions (Al) and (A2) on

{Y;}, we need the following assumptions which are similar to those given by Bai (1993):

(A3) {&} are ii.d. with zero mean, finite variance and d.f. F.



(A4) Va(i — ) = Op(1), Valg; — ¢;) = Op(1), i = 1,...,p, and Vn(f; — 0;) =

Theorem 1.1 We assume that the assumptions (A1) to (A4) hold. Then Ele|* < oo for

an integer k > 1 implies that

1 balne] 1= S0 60 ~
L (aw i — g -1 ol ot N
i | (30000) = 819()) + SRS EE a0 or(1) - (10)
and
1 Sr(zk)(x) S (x) kpg—1[nx] 1 =50 &
sup |— — — + =L (e — p)| = op(1), 1.7
0<a<1 [V ( Yy Vi) WP 1+ ( ) p(1),  (L7)

where = Bef ™', 42, = SP(1) /n and 42, = ST (1) /n.

Remark 1.1 We note that if (Al), (A2), and (A3) are assumed, then the conditional

least square estimators for p, ¢1,...,¢,, and 0y, ...,0, satisfy (Ad).

Remark 1.2 Obviously, with k = 1 and a unknown mean parameter p introduced and
estimated, Theorem 1.1 differs from Theorem 1 of Bai (1993) where there is no an extra
term in (1.6) that is related to model parameters and the estimator fi. Since puy = 0 by

(A3), for &(Qn) and 7(271) defined in Theorem 1.1, (1.6) implies

Vi |3ty =2 = op(). (19

Hence 43, is an estimator of the variance juy, i.e., 4

n) > M2 in probability under the

mainimum condition e < oo. Similarly, if pux—1 = 0 for some even number k > 4, the
extra terms in (1.6) and (1.7) disappear. Notice that the standard deviation scale 4y in

(1.6) does not help to cancel the extra term out.

To get similar results of Theorem 1.1 without a unknown mean parameter, we need

to modify the assumption (A4) as

(A4’> p=0, \/ﬁ(ggz - ¢z) = OP(1)7 i=1,...,p, and \/ﬁ(éj - 93) = OP(1)7 J=1....q



Theorem 1.2 We assume that the assumptions (Al) to (A3) and (A4’) hold. Then

Eleo|* < 0o for an integer k > 1 implies that

1 |-
sup —= |5 (@) = S (@) = or(1)
0<z<1 V1
e (k) (k)
1| Sy Sy
sup — Ak(:v) - k(a:) = op(1).
Oast VL] T )

Theorem 1.2 extends Theorem 1 of Bai (1993) to high moment partial sum processes.
As expected, there is no an extra term since there is no a mean parameter. By Theo-
rems 1.1 and 1.2, we immediately obtain the following result after using CUSUM normal-

1zation.

Theorem 1.3 If (A1) to (A3) and (A4) or (A4’) hold, then E|eo|* < oo for an integer
k > 1 implies that

sup —

0<z<1 V1 n

(800 - 2500 ) - (50900 - "5 )| = on
Theorem 1.3 implies that the CUSUM normalized high moment partial sum process
{(8(z) — 28 (1)) /\/n, 0 < 2 < 1} has the same Gaussian limit as that of {(S" (z) —
25 (1))/y/n, 0 <z <1} and the extra term in (1.6) cancels.
Let v} = E(ef — ux)?> < oo. Then the invariance principle for partial sums of iid

sequence {eF} (cf. Billingsley (1999)) implies that

{Sr(Lk)(SU) — [nx]ST(zk)(l)/n’ 0<az< 1}

I/k\/ﬁ
converges weakly in the Skorokhod space D|0, 1] to a Brownian bridge { B(z), 0 <z < 1}.

Hence the following result follows from Theorem 1.3.

Corollary 1.1 If (A1) to (A3) and (A4) or (A4’) hold, then Ele|** < oo for some

integer k > 1 implies

S (2) — [n] S (1) /n
l/k\/ﬁ

converges weakly in the Skorokhod space D0, 1] to a Brownian bridge {B(z), 0 < x < 1}.

,0§x§1}
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Remark 1.3 To use Corollary 1.1 for CUSUM tests of structure change of stationary

ARMA models, one needs to estimate v. The details are left to the next section.

Before we give the next result, we need to redefine the high moment partial processes
of (1.4) and (1.5). The kth order high moment centered partial sum process of residuals

is defined as

TW@) =S (6-8" o<z <1, (1.9)

T () =Y (-8, 0<z <1, (1.10)
where € is the sample mean of errors.

Theorem 1.4 If (A1) to (A3) and (A4) or (A4) hold, then E|eo|* < oo for an integer
k > 1 implies that

sup — | T (z) — T¥) (2)| = op(1) (1.11)
0<z<1 V1
and (k) (k)
1|7 T
sup —= Ak(x) — k(:v) = op(1), (1.12)
Osz<1 VIV | Oy T (n)

where 67, = 12(1)/n and ol = 72 (1) /n.

Remark 1.4 Obviously, 6(2n) 1s the usual sample variance estimator. In fact, Theorem 1.}

)y > M2 in probability under the minimum condition ps < oo. Although

implies that 57(2n

the estimator ’Y(Qn) in Theorem 1.1 does not use sample mean centering, both ’y(Qn) and &(2”)
estimate the variance po. In addition, by (1.8) and Theorems 1.2 and 1.4, they have the

same limiting distribution regardless whether there is a mean parameter or not.

Remark 1.5 By comparing Theorem 1.4 with Theorem 1.1, one can notice that, by
merely sample mean centering, the extra terms in Theorem 1.1 cancel in Theorem 1.4.

This is quite in contrary to the result obtained by Kuperger and Yu (2003) for GARCH
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models where 6,y and 0,y must be used in order to cancel a term that is related to GARCH

parameters.

Theorem 1.4 implies that {(T3" () — nzu)/v/n, 0 < x < 1} has the same Gaus-
sian limit as that of {(T,Sk)(x) — nzug)/v/n,0 < x < 1}. So does {(T,gk)(:v)/afn) -
nzAg)/v/n, 0 < x < 1}, where \y = uk/ug/Q. However, except for the cases k = 1,2, those
Gaussian limits depend on the moments of the error distribution and cannot be identified
to specific processes such as Brownian motions or Brownian bridges. The details can be
found in Kulperger and Yu (2003). Here we just give the following two corollaries that
will be used to construct a CUSUM statistic and the Jarque-Bera test statistic given in

the next section.

Corollary 1.2 Assume that (A1) to (A3) and (A4) or (A4’) hold. Then Eej < oo

1 T2
AQ(x) —nz|, 0<xr <1
(A —=1)n \ 0,

converges weakly in the Skorokhod space D0, 1] to a Brownian bridge {B(z), 0 < x < 1}.

implies that

Corollary 1.3 Assume that (Al) to (A3) and (A4) or (A4’) hold. Assume also that

k> 1 is a odd number and ps = pix = fleyz = pors1 = 0. Then Ele|** 1) < oo implies

1 Ték) T Tr(Lk+1)
{%( Ak( )—nx)\k, a_k—+1(y)_ny)\k+1 ’ O§x7y§1

(n) (n)
converges weakly in the Skorokhod space D?[0, 1] to a two dimensional Gaussian process

{(B®(@). B*D()) 0< 2,y < 1}, where {BW(z), 0< z <1} and {B**(y), 0 <

that

y < 1} are two independent zero mean Gaussian processes defined by

forany 0 < z,y <1 and x Ay = min(zx, y).



Applications for change-point problems and goodness-of-fit tests are given in the next
section, alone with a discussion of using the residuals to construct a kernel density esti-

mation of the error distribution. All proofs are presented in Section 3.

2 Applications

Intuitively, the adequacy or inadequacy of the fitted model is reflected through model
residuals. It includes if model parameters are properly chosen and if parameters change
over time. One of the motivations to construct high moment partial sum processes of
residuals is to capture as much information as possible of model parameters through
different moments of residuals. On the other hand, identifying the distribution of the
error distribution and to know if it has a constant variance are two important aspects
of model diagnostic checking. Although normality is not necessary for many statistical
procedures, its tests are useful for such tests as serial correlation in model residuals and
for autoregressive conditional heteroscedasticity (ARCH). In this section we discuss two
applications of high moment partial sum processes. One is to construct statistics for
testing the presence of change-point in ARMA models, including if the variance of error
terms changes over time. The other is to construct the popular Jarque-Bera test for
the normality of the error distribution. In addition, the uniform consistency of a kernel

density estimator constructed from the residuals is discussed.

2.1 Change-point Problem

The change-point problem related to ARMA models can be formulated to test the hypoth-
esis (null) of no ARMA parameters change over time versus the hypothesis (alternative)
that parameters change at unknown time. MacNeill (1978) proposes a test statistic for
linear regression models. His test has been applied to AR models by Kulperger (1985)
and ARMA models without a mean parameter by Bai (1993). However, Theorem 1.1

shows that, once a unknown mean parameter is introduced, the test statistic is not valid



since the limiting process is no longer to be a Brownian motion. Based on Remark 1.2
one can still use the squared residuals to construct the test statistic. But one needs to
verify if it performs as required. We will not pursue along this line in this paper. Rather
we will propose in the following the standard CUSUM test introduced by Brown, Durbin
and Evans (1975). It was one of the first tests on structural change with unknown break
point.

Firstly, a change-point problem for ARMA models is to test the mean change. We
can formulate it in the following hypothesis tests. The null hypothesis is “no-change in
the mean”

Hy: p=constant, t =1,2,....n

against the “one change in the mean” alternative

fop=p, t=1,... [nzY]
Nl op=n", t=[nzt|+1,... 0,
where p/ # ¢ and 0 < z* < 1. To test the above hypothesis, we use the standard CUSUM

tests constructed from residuals as

CUSUMY = max M
1<i<n (Af(n)\/ﬁ

By a straight calculation, it is easy to verify that

. SV (@) — [n2] SV (1) /n‘
= Su
OSxIS)I &(n)\/ﬁ

provided that Ee? < co. Therefore, by Corollary 1.1 and Remark 1.4, under Hy,

+op(1)

cUSUMY 25 sup |B(z)],

0<z<1
where {B(x), 0 < x < 1} is a Brownian bridge. Hence we can reject the Hy in favor of

H, if CUSUMW is large.

Remark 2.1 The statistic CUSUM ™ involves the estimation of /3 with O(n) being
used. Based on Remark 1.4, one can use 9(,) as well. Probably a pooled estimator of /1
should be used in CUSUM® which may result in better power.
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To test the error variance change of an ARMA model, we use the null hypothesis for

“no-change in the error variance”
H : us = constant, t =1,2,...,n

against the “one change in the error variance” alternative

g - po = ph, t=1,... [nx*]
| e =py, t=[nx*|+1,...,n,

where pfy # pf and 0 < z* < 1. In the following we propose two CUSUM statistics. The

first one is defined as

@) ‘Ei:l ét2 - iz:‘;l é?/n’
CUSUM;” = max - ,
1<i<n Do/

where

is an estimator of vy = E(e3 — u2)? = p3(Ag — 1). The second one is defined as

1 ~ ~\ 2 . n ~ =\ 2
@) ‘Zt:l (Et - a —1 Zt:l (Et B g) /n‘
CUSUM,” = max _ ,
1<i<n 1/2\/%

that is, CUSU M2(2) is centered about the sample mean ¢ in contrast to no centering

cUsSU MI(Q). Again, by straight calculations, it is easy to show that

S (@) ~ [na)S2 (1) /n]

CUSUM® = su - +op(1
! ogxgl Uay/n r(1)
and o
6.2 T 2 (x)
CcUSUM? = su - (n) i —nx ||+ op(1),
2 OSxIS)l VQ\/E U(2n) P( )

provided that Eej < oo. Therefore, by Corollaries 1.1 and 1.2, under H,

C’USUMim 2. sup |B(x)], i =1,2,

0<u<1
where {B(z), 0 < z < 1} is a Brownian bridge. Hence we can reject the H{ in favor of

H! if C’USUMZ»(Q) (1 =1,2) is large.
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2.2 Jarque-Bera normality test

Omnibus statistics based on sample skewness and kurtosis have been used to test normal-
ity. Bowman and Shenton (1975) and Gasser (1975) give details of this method. Later
Jarque and Bera (1980,1987) populate it among economists. It is related to the sample
skewness partial sum process and the sample kurtosis process defined in (1.9) for k£ = 3

and k = 4. They correspond to

(3)
Tn
pulz) = &ﬁfc)/", 0<z<l1
(n)
and W
~(4
- n(z)/n
Fn(z) = —— , 0<z <1,
(n)
respectively. By Corollary 1.3,
n . n . D
E (pn<1) - )‘3)2 + ; ("in(l) - )‘4)2 - X2(2>7 (214)
p K

where, by (1.13),

02 = E(BY®(1))? = (A\s — A2) +3(3 + 322 — 2)\4) + 3X3(X3/4 + 3Xs)\y/4 — \s)

p

and

02 = E(BW(1))? = (Mg — A2) + 4X3(4Xg + 4Ashy — 2X5) + 4X4 (A2 — Xg).

K

If the error distribution F' is a normal distribution which is symmetric about 0, then
A3 =0, \y =3, 07 =6 and 0} = 24. (2.14) becomes

JB = gﬁiu) + % (Rn(1) = 3)° 25 v2(2). (2.15)

Jarque and Bera (1987) prove that the omnibus test based on the JB statistic can be
interpreted as a Lagrange muliplier (LM) test within the Pearson family of dstributions.
They point out that it is asymptotically equivalent to the likelihood ratio test, implying
it has the same asymptotic power characteristics including maximum local asymptotic

power (Cox and Hinkley (1974)). Hence a test based on JB is asymptotically locally
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most powerful and (2.15) shows that JB is asymptotically distributed as x*(2). The
hypothesis of normality is rejected for large sample size, if the computed value of JB is

greater than the appropriate critical value of a x*(2).

2.3 Nonparametric density estimation

Assume that the error distribution F' has a uniformly continuous density function f(x)
which is unknown. Let h, be a sequence of positive numbers and K(z) be a probabil-
ity density function (kernel). Then the kernel density estimation of f(x) based on the

residuals is defined as

. 1 n _ 2
fula) = ZK(xth), reR.
t=1
Its counterpart based on iid errors is defined as
1 — T — €
n = K ) R.
he) = o ok () e e

Bai (1993) obtains the following uniform consistency for a stationary ARMA model with-

out a mean parameter

sup | fu(z) — f(x)| = 0p(1)

zeR

under the assumptions
(i) hy > 0; h, — 0; /nh? — oo,
(ii) supjsp |7[K(r) — 0 as b — oo,
(iii) K is Lipschitz, i.e., there exists a constant C' such that

|K(z) — K(y)| < Clz —y|, Vz,y €R.

and (A1) to (A3) and (A4).

From the proof of Theorem 1.1, it is easy to see that

1 &,
%Z € — el = Op(1)
t=1
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which implies

sup |f(2) = fu(2)| = 0p(1).

z€R

Thus we are able to extend Bai’s result to stationary ARMA models with a unknown

mean parameter. The detail is omitted.

3 Proofs

First we give two technique lemmas which will be used frequently in proofs. By (A2),

1/6(z) and 1/®(z) have power series expansions as

and

Lemma 3.1 If (A2) holds, the there are e >0, 0 < <1 and M > 0 such that
(i) |vi(u)] < M, 0<i<oo forall|u—6|<e,
(i) [i(ur) —i(ug)| < Mlug—ug|if™!, 0 <i < oo for all ju;—0| < € and jluz—0| < ¢,
(iii) |m(v)] < MB', 0<i< oo forall |v— ¢| <e,

where u = (uy,...,uy) € RY, v = (vy,...,v,) € RP, and we use |-| to denote the mazimum

norm of vectors.
Proof: We refer to Bai (1993).

Lemma 3.2 Suppose that Eleg|"™ < oo for an integer k > 1 and some § > 0. Let
G = h(€_1, € 9,...) be Fy_1 adapted with B¢ < oo, where Fy = o(es : s < t) is the sigma
field generated by the sequence {€;, €;_1,...}. Then

[nz]

1
sup |— Y el — el g op(1), 0 <1<k

n n
0<a<1 |4
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Proof: We refer to Lemma 3.6 of Kulperger and Yu (2003).
In the rest of this section, we will use the well known C,. inequality in many occasions

without mentioning it. It is of
14w <m T (| T )

for any integer m > 2, r > 1, and x; € R, i =1,...,m.
To simplify the proof of Theorem 1.1 and others as well, we need to define a few

notations. It follows from the definitions of €, that

€& —€ = — Zp: (@ ¢z) Xii — Z <9z‘ - 6@') €t—i — Zq: éz (sz' - Etfz')
=1 j i=1

=1 1=
p ~
5
i=1
By repeated substitution and using the initial values € = é€_; = -+ = €_441 = 0 we
obtain
D t—1 R q R t—1 R
e = Y0) =Y (di—0) D ws@Xiiy =3 (0 0) D vi(@)eri,
=1 7=0 =1 7=0
P . t—1
- (1 —Z@) (e — 1) > 15(6), (3.16)
i=1 7=0
where
Yi0) = —vu@)eo — {vi1(8) +11(0)d }e_l —
- {1/1t+q—1( )+ Yriq2(0 )0+ + 1/%(@)@(1—1} €—g+1-
Let

P t—1 1
(5 ¢J (0 + —u) Xt i—j
=1 =0 \/_

J



and

2l v,w) = ( z 72) o (04 L),

where w € R. Then by (3.16), we have

b= (Vi —0), V(- ¢). Vil — p)) (3.17)

where

g(u,v,w) = ¢+Y; (0 + —u &(u,v) + —=2Z(u, v,w) (3.18)

= ¢+ N(u,v,w).

Notice that, in the case where there is no a mean parameter, one can drop the term

Zy(u,v,w)/y/n in (3.18).

Proof of Theorem 1.1. First by (3.18) we have

Zet u, v, w) Zet—i-kz A (u, v, w) —1—2( )ZeflAi(u,v,w).
=1 I= =1

In case that & = 1, there is no last term in the above expression. By (A4) for any ¢ > 0,

there exists b > 0 and ng such that

P(vVald -0 >b) <o, P(Vald— ¢l >b) <0, P (valji—pul > ) <

if n > ng. Thus, by (3.17), we can prove (1.6) if we can show that

[nz]

-1 ME— 1[”'7:] ¢z
sup Ay(u,v,w) + =op(1 3.19
0<2<1 |u|<b, \v\<b w|<b Z o ) n 1_'_23':1 j p1) (3.19)
and
L e I
sup — > &l A (u, v,w)|" =op(1), L=2,...,k. (3.20)
jul<bv|<b,luwl<b VI ;

To simplify the proofs of (3.19) and (3.20), we break them down into Lemmas 3.3 to
3.7 which are given in the back of this section. Thus (3.19) follows easily from (3.18),
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Lemmas 3.3, 3.5 and 3.6, while (3.18), Lemmas 3.3, 3.4 and 3.7 yield (3.20). This finishes
the proof of (1.6).

By (1.6), it is easy to prove (1.7) if we can show that

~

Yy = V| = 0P(1)

Vvn

which follows by the usual A method and (1.8). This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Along the line in proving Theorem 1.1, the proof of Theorem 1.2

should be trivial since there is no Z;(u, v,w) term in (3.18) and hence is omitted.

Proof of Theorem 1.4. By (3.18)

n 1 n B
a(u,v,w) =&+ — ZAt(u, v,w) =&+ A(u, v, w).
t=1 n t=1

Hence

Thus we can prove (1.11) if we can show that

[na]
sip sup %;(et — o (A(u v, w) — A(wviw))| = op(1)  (3.21)

0<z<1 |u|<b,|v|<b,|w|<b

and

1 & _
sup ﬁ;\et—akl|At(u,V,w)—A(u,V,w)]l:0p(1),l:2,...,k. (3.22)

[u[<b,|v|<b,[w]|<b

In the following, k used in Lemmas 3.2 to 3.7 is different from & used in proving (3.21)
and (3.22). It will be any integer between 1 and k of (3.21) and (3.22).
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We first prove (3.22) for the case k > 2. Obviously (A3) and CLT imply that € =
Op(1/y/n). Letting k =1 and z = 1 in Lemmas 3.3, 3.5 and 3.6, we obtain
sup M(u,v,w){ =0p <L> .
Jul <b, V]l <b Vn

Again, letting k =1 > 2 and x = 1 in Lemmas 3.3, 3.4 and 3.7, we have

n

sup A(a,v,w)|' = 0p(1), 1=2,... .,k
>l

] <b,|v| <b, w] <b {5

Putting all above, together with (3.20), proves (3.22).
By using the binominal formula and € = Op(1/y/n), (3.21) is reduced to

[nz]

1 _
sup sup Zei (At(u,v,w) —A(u,v,w)) =op(1),1=0,....,k—1,
t=1

0<w<1 Ju|<b,[v|<b,|wl<b | VI

which is true by Lemmas 3.3 and 3.5 under the assumption (A4’) and otherwise is further
reduced to

fna]
e (Z(u,v,w) — Z(u,v,w))| = op(1), I =0,....k—1,
1

1
sup sup —
0<2<1 u|<b,|v|<b,[w|<b | T T

where Z(u,v,w) = Y7 Z;(u,v,w)/n. Finally, by Lemmas 3.2 and 3.6, the above is

reduced to
1— ?:1 Cbi
L+>7% . 0;

By the definition of Z;(u, v, w) and (i) and (ii) of Lemma 3.1, the above expression can

sup Z(u,v,w) +

[u| <b,|v|<b,|w|<b

w‘ =o(1).

be again reduced to
n t—1

1 1
Ezzl/)j(e)—m

t=1 j=0

= o(1)

which follows easily by (i) of Lemma 3.1 and the fact that

= 1 1
JZO%’ ®=8m "1 + 05

(3.23)

This completes the proof of (1.11).
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(1.11) implies that

Thus (1.12) follows easily by (1.11) and A method. Now we finish the proof of Theo-

rem 1.4.
Lemma 3.3 If (A2) and (A3) hold, then Eleo|* < oo for an integer k > 1 implies that

- 1
a7t (9+ )

supz = Op(1) for any fixed b>0and [ =1,... k.
Proof: For the € given in Lemma 3.1, when n is large enough, we have b/y/n < e. Hence,

lu|<b =

by Lemma 3.1, we obtain

sup
[ul<b

vn

Yt(eJFLu)‘ < MpBeo| + {MB™ + MB(|0] + €)Y e_r| + - -

H{MBFT 4+ MBTR(|0] + €) + -+ MB'(|6] 4 €) He—gia]
M max(|0] + €, 1)

< 1-3 B'(leol + - + le—gaal)-
Thus
= 1 M max( |0|—|—e

k—ly 1 k=l gt !
sup € Y(9+—U)‘ < lec" 5" (o] + - -+ + [e—g+1])
|u|§b; t Tt Jn (1— Z o+

= Op(1)

since

B (Z e 8% (leo] + -+ + |€—q+1|)l)

t=1

o

= Ela/*"B(leo] + -+ legn])' Y " < 0.

t=1
This proves Lemma 3.3.

Lemma 3.4 If (A2) and (A3) hold, then Eleo|* < oo for an integer k > 2 implies that

sup Z|ef '6/(u,v)| = Op(n) for any fixed b> 0 and [ =2,... k.

[u|<b, |v|<b

18



Proof: By Lemma 3.1

sup Z |ef;C lft (u V)|

[u[<b,|v|<b T
. !
< (2p) le,|"" sup (9 + —u) Xy
21; Jul<b Z Vn ’
. !
2q l lbl |€t|k l sup (0 + _u) €rii
2; jul<b Z Vn !

< eSS l(zm . ﬂ)

i=1 t=1

T z(z% . A)

=1 t=1

Hence Lemma 3.4 follows if we can show that
i—1 !
max max sup e, E B X—i—j
2<l<k 1<’L<p t>1 .
J=0
and
t—1 !
max max sup E|e|[F~ E B ler—i—jl
2<l<k‘ 1<Z<q t>1 - 0
J:

We just need to verify the first one since the second one follows similarly. Since ¢, and

X,_;_; are independent and E|e;|"~! = Eleo|*~!, we only need to show
t—1 k
E N Ximiog | < oo
max sup <z;ﬁ| t—i JI) 00
]:

From E|eylF < oo, we have E|Xy|* < co. On the other hand, it is easy to verify that for
any integers 0 < ji, - ,jp <k, i+ + =k
E|Xy [ | X [ < BJX|"

Thus by multinominal expansion, we obtain

t—1 k t—1 k

, , E|Xo|*
B pX ) <Bxk(Sp) < 200 oo
7=0 j=0 (1 - ﬁ)

This proves Lemma 3.4
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Lemma 3.5 If (A2) and (A3) hold, then Eleo|* < oo for an integer k > 1 implies that

[nz]

sup  sup Z ¢ (u,v)| = op(1) for any fixed b > 0.

0<z<1 |u|<b, \v\<bn P

Proof: By the definition of &(u,v), to prove Lemma 3.5, it suffices to show that

[nz] t—1
1 1 .
sup sup — g it E Y, <0 + %u> Xiij|=op(l),i=1,...,p (3.24)

0<z<1 [ul<b T

t=1 §=0
and
1 [nz] t—1 1
k—1 .
sup sup — € O+ —u)e_i_i|l=o0p(1), 1=1,...,q. 3.25
s 1> Zw( =) ey = on(l) . ()
By Lemma 3.1,
1 [nz] t—1 1
k—1
sup sup — € O+ —u ) X,
0§x21|u|§an ; t jzowj( vn ) o
S o 2 D @) X Z\e r’“Zm ) Xiici
ST t=1 j=0
mzlﬂl’“ IZW Xl
Since
B (Z’Gt\klz%‘ (H)Xtij\> < Eleo|" 1 EIXo| Y Y MB < o0
t=1 j=t t=1 j=t
and

n t—1
E (Z Ll Zjﬂ“lxmr) = 0(n),
=1 j=1
to prove (3.24), it suffices to prove
[na]

1 .
sup — Z Z% ) Xi—ij| =op(1), i=1,...,p. (3.26)

0<z<1 M
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Adapting the common backshift operator B for ARMA models, we have by (1.1) and

(A2)
B(B)X, i = O(B)er i — —— X, = ——e,
t—r — et—’L @(B) t— — @(B) Et—lﬂ
which is

Z Y (0) Xy—ij = Z T (@) €1—i—j = Gel€riy €1—im1, - - ).
j=0 Jj=0

Now (3.26) follows from Lemmas 3.1 and 3.2. Similarly to (3.24) one can prove (3.25).
This finishes the proof of Lemma 3.5.

Lemma 3.6 If (A2) and (A3) hold, then Ele|* < oo for an integer k > 1 implies that

[nz]

- 15" ¢
sup sup 17, v, w) + e [na] =19

1
- q
0<a<1 Ju|<b,|v|<b,[w|<b | T T n 1+ Zj:l 0

= op(1)
for any fixed b > 0.

Proof: The proof is similar to that of Lemma 3.5. We skip some details. We only need
to show that

[nz]

1 1N fir—1[n] 1
sup |— € (0) — =op(1
0§121 n ; t ]ZO % ( ) n 1 + Z?:1 0] P( )

which follows easily from Lemma 3.2 and (3.23). This completes the proof of Lemma 3.6.

Lemma 3.7 If (A2) and (A3) hold, then Eleo|* < oo for an integer k > 2 implies that

n

sup Z le:[*71 Zy(u, v, w)|' = Op(n) for any fixed b >0 and [ = 2,..., k.

|u|§b7|v|§b7|w|§b t=1

Proof: The proof is similar to that of Lemma 3.4 and hence is omitted.
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