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Abstract

This paper proposes an adaptive version for the Metropolis adjusted Langevin algorithm
with a truncated drift (T-MALA). The scale parameter and the covariance matrix of the
proposal kernel of the algorithm are simultaneously and recursively updated in order to reach
the optimal acceptance rate of 0.574 (see Roberts and Rosenthal (2001)) and to estimate
and use the correlation structure of the target distribution. We develop some convergence
results for the algorithm. A simulation example is presented.
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1 Introduction

Markov Chain Monte Carlo (MCMC) is a well-established probabilistic tool to sample from prob-
ability measures known only up to a normalizing constant. A MCMC algorithm is designed by
specifying a transition kernel with a predefined invariant probability measure. Such transition ker-
nel typically depends on various parameters to be provided by the user. This is a strength of the
method as it allows the user to possibly run the best algorithm for its problem by providing the
appropriate parameter value. But finding the best value of the parameters for a given target dis-
tribution is a difficult analytical problem. This problem needs to be solve in a satisfactory way for
MCMC to become routinely used by non-experts. Adaptive MCMC is a possible solution. The idea
is to solve both problems (the sampling problem and the optimal parameter value finding problem)
simultaneously by updating the transition kernel in the course of the simulation given the sample
generated so far. Recently an approach based on stochastic approximation and recursive estimation
has been developed and applied to the Independent Metropolis algorithm and to the Random Walk
Metropolis (RWM) algorithm (Haario et al. (2001), Andrieu and Moulines (2003), Atchade and
Rosenthal (2003)). In Haario et al. (2001) and Andrieu and Moulines (2003) the covariance matrix
of the RWM algorithm is sequentially updated to find the correlation structure of the target dis-
tribution. In Atchade and Rosenthal (2003) the covariance matrix is fixed and the scale parameter
of the RWM algorithm is sequentially updated to find the one that gives the optimal acceptance
rate. The main objective of this paper is to extend this methodology to the Metropolis adjusted
Langevin algorithm with a truncated drift (denoted T-MALA in the sequel). We update both the
covariance matrix and the scale parameter simultaneously. It is worth noting that the algorithm and
the results developed in the paper actually apply to any random walk Metropolis type algorithm
with bounded drift; so they also apply to the RWM algorithm.

The adaptive T-MALA is proposed and analyzed in Section 2. A simulation example is presented
in Section 3 to illustrate the algorithm. The proof are postponed to Section 4.
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2 Adapting the T-MALA

Let X be an open subset of R?, the d-dimensional Euclidean space (equipped with its Borel subsets
B?) and 7 a positive and continuously differentiable density (with respect to Lebesgue measure on
X). For 6 > 0, Define the drift function of the algorithm by D(z) = WVlog m(z),
where V is the gradient operator. For a positive definite matrix A and a scale parameter o > 0,

let ¢oa(2,y) be the density (with respect to Lebesgue measure on X') of N/ <x + TD( x), 2A> the

Gaussian distribution with mean =+ %QD(x) and covariance matrix o>A. The Truncated Metropolis
Adjusted Langevin Algorithm (T-MALA) with proposal density Qo a (2, dy) = ¢oa (2, y)dy has been
introduced in Roberts and Tweedie (1996). This algorithm generates a Markov chain (X,,) with

invariant distribution 7 as follows. Given X,, a new proposal Y, .1 ~ N <Xn + %ZD(Xn),UQA>

is made. We then either “accept” the proposed value and set X, .1 = Y,y1 with probability
Qo A (Xn, Yoi1), or we “reject” it and set X, = X,, with probability 1 — ay (X, Yo41), where

7(Y)40,4 (y,%)
( )er A( 7y)
by such algorithm. We have:

aya(T,y) = min (1 ) Let P, 5 be the transition kernel of the Markov chain generated

Py a(z, A) = /A on () on (2, 9)dy + 1o a ()14 (), (2.1)

where
roa() = / (1 = apa(2,4)) don (2, 9)dy. (2.2)

As its name indicates, the T-MALA is a truncated drift version of the Metropolis Adjusted Langevin
algorithm (MALA) whose drift function is D(z) = Vlegn(z). The MALA has better mixing
properties than the Random Walk Metropolis algorithm, but its rate of convergence is often unstable
due to the unbounded drift (see Roberts and Tweedie (1996)). Here we show (see Proposition 2.1)
that the T-MALA has similar geometric convergence property as the Random Walk Metropolis
algorithm.

2.1 An adaptive version of the T-MALA

The choice of the scaling parameters (o, A) has a large effect on the mixing time of the T-MALA.
It is believed that the strategy that works best is to take A = 3. the covariance matrix of the
distribution 7 and to choose o so as to achieve a prescribed global acceptance rate in stationarity,
(approximately 0.574 for Langevin type algorithms). Many theoretical works have been done that
support this strategy (see e.g. Roberts and Rosenthal (2001), Breyer et al. (2004)). Clearly those
optimal values are not known in general. Often in practice, tedious pilot simulations are necessary to
first estimate those parameters. We propose an adaptive T-MALA that generates an inhomogeneous
Markov chain (X,,, A,,, 0,,) where no pilot simulation and parameter tuning is necessary.

Fix 0 < g1 < A; < o0 and g2 > 0. Write ©, = [e1, A1] equipped with the Euclidean norm
of R. Let Or be the convex set of all semipositive definite matrices I" with |I'| < A;, where

1/2
IT| == tr'/2(TT") = {Zw |%j|2} is the Frobenius norm. This norm is derived from the scalar

product A - B := tr(AB’). We introduction three projection functions pi,ps,ps to contain the
algorithm. pi(0) = o if 0 € O,, pi1(0) = ¢1 if 0 < & and pl( )= A; if 0 > A;. For a semidefinite
positive matrix ¥, define pQ(E) =X if |¥| < A and po(X) = ‘E‘Z if Y| > Ay. Forz € RY ps(x) =z

if |x] < A; and p3(x) = E |x if |x| > A;. The p; are orthogonal projections and satisfy:

o' —p1(o)| < |0’ —0a|, o' €0O,, cd €R, (2.3)
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T — po(T)] < TV =T, I' € Or, T semidefinite positive, (2.4)

W = ps()| < i —pl, [W] < Ay, peRY (2.5)

Let (7,) a sequence of positive numbers and 7 the optimal acceptance rate; (here 7 = 0.574).

Algorithm 2.1. [Adaptive T-MALA|

1.

2.

Start the algorithm at some point zy € X, with pg € R, oy > 0, [y semidefinite positive
matrix.

Suppose that at time n > 0, we have X,, € X, u,, 0, and I',,. Set A, =T, + e21,.
2.1 Generate Y, ~ N (Xn + %R(Xn), JfLAn) and generate U ~ U(0, 1).

2.2 It U < ag, A, (Xy, Yat1), then set X, 11 = Y11, Otherwise, set X, 11 = X,,.
2.3 Set

Op+1 = P1 (Gn + Yn (aan,/\n (Xn’ Yn-l-l) - 7__)) . (26)
Mn+1 = P3 (,un + Tn (Xn-i-l - :un)) ) (27)
Fn+1 = P2 (Fn + Yn ((Xn+1 - Mn)(Xn—i-l - Mn)/ - Fn)) : (2-8)

Remark 2.1. 1. At each step of the algorithm, a valid T-MALA in used. A small diagonal

matrix is added to the current estimate of .. This improves the numerical stability of
the algorithm (particularly if ¥, is not positive definite) and is also crucial in proving the
ergodicity of the algorithm.

. The parameter (u,,0,, ;) is sequentially updated with a stochastic approximation algorithm

with re-projection on a fixed compact set. Stochastic approximations are well-known random
iterative algorithms of the form 6,1 = 0,, + v, (h(0,) + €,,+1) initiated by Robbins and Monro
(1951) and used to find solutions of equations of the form h(¢) = 0 when the function h is
unknown and/or hard to compute; see Kushner and Yin (2003) and the references therein.
This type of algorithms has been introduced in MCMC by Haario et al. (2001) in a restricted
setting and by Andrieu and Robert (2002). By adapting simultaneously o and A, the algorithm
proposed here is sensibly better than (see the simulations below) the Random Walk Metropolis
type algorithms proposed in Andrieu and Moulines (2003) and Atchade and Rosenthal (2003).

2.2 Ergodicity of the algorithm

We make the following assumptions.
Assumption Al: Assume that m is positive with continuous first derivative such that

lim n(x) - Viegn(z) = —o0,

|z[—o00

and
limsupn(z) - m(x) < 0,
|z|—o0
where V is the gradient operator, n(x) = ¢ and m(x) = ‘gzgg‘

Assumption A2:
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(1) |px| < Ay and |2, < Ay, where ji; = [an(dz) and X; = [ za'm(dz) — pqp,.
(ii) There exists oop € O, such that T(oupt) = T and (0 — oopt)(7(0) — T) < 0 whenever o # Tupt,

where the acceptance rate in stationarity function T is defined as

7o) = [ 7(de) [ aun 0. 0)t0r, (@ 0)d,

where A, = X +e91,.
Assumption A3: v, = 0O (n"\), 1/2< A< 1.

Remark 2.2. 1. (Al) has been introduced in Jarner and Hansen (2000) to analyze the conver-
gence rate of the RWM algorithm. Many densities of the form e ?® or h(x)™P®) where p is
polynomial are known to satisfy (Al). See Jarner and Hansen (2000) for more details.

2. Tt is always possible to choose A; such (A2)(i) hold, at least in theory. (A2)(ii) is difficult to
check and actually may not hold. But we believe that o, may still converge to a solution of
7(0) = 7 even if 7 is not decreasing and 7(0) = 7 has many solutions. In any case, it is worth
noting that the ergodicity of the algorithm does not rely on (A2)(ii).

3. We recommend ~,, = ¢ for some constant c.

Theorem 2.1. Let (X,,) be the stochastic process generated by algorithm 2.1 on some probability
space (0, F,P). Define V(z) = cr'/?(x), where ¢ is any constant such that V > 1.

(1) Assume (A1), (A3) and (A2)(i). There exists a finite constant K such that
1L20(Xn) () = 7()[y12 < Kn~*og(n)V (z), n > 2 (2.9)
where L,,(Xy) is the distribution of X,, given that Xo = xo and for a signed measure y,

el = supjcyre [, u(f) = [ f(z)u(dz).
Also, for any measurable function f: X — R with |f| < V2,

%Z [(X;) — n(f) P—as. (2.10)

(ii) Assume (A1)-(A3). Then N, — Ay =X, 4+ 21y and 0, — Oopr as n — 00, P a.s.
Proof. (i) Take G(z,0,A) = f(x) and apply Lemma 4.5 and Lemma 4.8.

(ii) is proved in Theorem 4.1.
[

As part of the proof of Theorem 2.1 we will see that the transition kernel of the (nonadaptive)
T-MALA has a geometric rate of convergence and is a smooth function of its parameters. These
results are interesting on their own and are stated here.

For 0 < by < by < 00, let C = C(by, by) be the set of all couples (o, A) where o € [by, bo] and A is
a positive definite matrix such that |A| < by and such that the smallest eigenvalue of A is greater
or equal to by. For (o,A) € R x R¥ define the norm |(o,A)| := (|c7|2 + |A|2)1/2. C is convex and
compact.
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Proposition 2.1. Assume (A1). For0 < a < 1 write V,(z) = cn~%(x) where ¢ is such that V, > 1.
Then there exist p < 1, R < oo such that:

sup |Pra(z,-) —7(-)| < Rp"Valz), n >0, z € X. (2.11)
(o,N)eC

Proof. See Section 4. O
We can also prove that P, f(x) is a smooth function of (o, A).

Proposition 2.2. Under (A1), there is a constant Ky < oo such that for (o1,A1), (02, A2) € C:

sup. Py no [ (@) — Poyn, f(2)] < K VV2(2) (02 — 01, g — Ay)] (2.12)
|f‘§V1 2

where V(z) = en~Y2(x) with ¢ chosen such that V(x) > 1.

Proof. See Section 4. O]

3 Simulation Example

We take 7 to be the 3-dimensional normal distribution with mean 0 and covariance matrix

0.9575 24384 —0.3741
Yip = 24384 7.0338 —1.0638
—0.3741 —1.0638 0.2632

We compare 4 strategies to sample from 7 using the T-MALA. All the simulations are run for
n = 100,000 iterations started from Xy, = (5,5,5) and the drift is bounded by 6 = 1,000. We
compare four different strategies.
1. A fully adaptive version of the T-MALA as presented in Algorithm 2.1. We use v, = 1n—0.
g1 = 1074 A; = 10°, 5 = 0.01. We start using the estimated covariance matrix only after
5,000 iterations.

2. A nonadaptive T-MALA with the optimal values of the parameters o, and 2. o, = 0.6395
(estimated from the adaptive chain).

3. A nonadaptive chain manually tuned. We take the proposal covariance matrix to be I3 and
estimate the value of o that gives an acceptance rate of 0.574. We find ¢ = 0.49. Many
trial-and-errors were required. We call this Strategy 1.

4. Finally we also try a nonadaptive chain where the covariance matrix has been manually tuned
first and given the estimate of >, obtained, o was tuned to reach the 0.574 acceptance rate.
Even more trial-and-errors were required. We call this Strategy 2.

We only look at the first component of the chains. Graph 1 displays the correlation functions
of the output of the 4 strategies. We see that the adaptive chain is almost optimal and clearly
outperforms the two strategies where the parameters are manually tuned. We also show the scale
parameter o, and the acceptance rate of the adaptive chain.
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Graph 1: Autocorrelation functions of the four strategies implemented, and scale parameter and
acceptance rate of the adaptive chain.

4 Proofs of the results

We prove Proposition 2.1 in Section 4.1 and Proposition 2.2 in Section 4.2. The main theorem
(Theorem 2.1) is proved in Section 4.3.

4.1 Proof of Proposition 2.1

Essentially, the idea of the proof is the same as the proof of the geometric ergodicity of the RWM
algorithm developed by Jarner and Hansen (2000). There are some additional technicalities due to
the drift of the algorithm. But the fact that the drift is bounded is crucial.

Proof of Proposition 2.1. In Lemma 4.1 below we show that there are ¢ > 0, a Ball C, a nontrivial
probability measure v such that:

inf P,a(z,A) >ev(A), AeB, zeC,
(o,N)eC

and in Lemma 4.2 below we show that we can find A < 1, b < oo such that

sup PoaVi(x) < AVp(z) +ble(z), =€ X,
(o,A)eC

where C'is as above and V,(z) = er~*(x), 0 < a < 1 and c is such that V,(z) > 1.

The theorem then follows from the fact that geometric bound for Markov chain can be obtained
from these two inequalities based solely on the constants ¢ > 0, C, v, A < 1, b < oo and V. See
e.g. Meyn and Tweedie (1994). O
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Lemma 4.1. There is € > 0, a Ball C, a nontrivial probability measure v such that:
inf o ayec Poa(x, A) > ev(A), AcB zeC.

Proof. For a > 0, let g, be the density of the d-dimensional normal distribution with zero mean and
covariance matrix al,;. Because the drift of the algorithm is bounded by ¢ and (o,A) € C, we can
find e; > 0 and k; > 0 such that inf(, ayec ¢oa(2,y) > k19e, (y — x). Take R > 0 and C' = B(0, R).

) . - " T . ) e1 (R dz
Define ™ = ming e ity ssco THEAET. 7 > 0. Write & = 7y and v(4) = Lpetafe, we

have inf, ayec Pa(z, A) > ev(A)1c(z) as needed. O

Lemma 4.2. Assume (A1) and let o and V,, as in Proposition 2.1. There exist A < 1, b < 0o such
that sup(, pyec PoaVa(r) < AVo(x) +blc(x), x € X, where C can be chosen as in Lemma 4.1.

Proof. We only need to show that:

P(,,AVQ (SL’)
sup sup ————~—

< 00, 4.1
veX (on)ee ValT) (4.1)

and
I; PO',AVOz<:U>
imsup sup ———=
tj—oo (o) ValT)
See Jarner and Hansen (2000) Lemma 3.5.
For x € X, note A, z(x) = {y : % > 1} and R, a(z) = Apa(x)® the complement of
A, A(x). Because the drift of the algorithm is bounded and (o, A) € C, we can find 0 < g1 < g2 < 00,
0 < k1 < ky < oo such that:

<1. (4.2)

klgm (y - .1') S qa,A(x> y) S k2952 (y - x)? (43)

where for a positive number a, g, is the density of the d-dimensional normal distribution with mean
0 and covariance matrix al;. We have:

PayAVa(iL‘)

_ . T(Y)eoaly, 2)Valy)
Va(.Q?) B /Aa,A(x) anA( 7y) Va(ﬂf) dy + /RU,A(OC) 7T($)QU7A($, y)Va(x) qu( ’ y)dy
_ T(Y)gony, @) )
* /RJ,A(x) (1 W(x)QU,A(xa y)) QU,A( ’y)dy
< QualrRonte)+ [ Ty
ﬂ-l_a<y)QU A(y; )
+/RJ,A<x) (ﬂ-la(xMJA(x y)) @, Y) -
On A, A(z), B
:_ag; Qo (,) < 4o A (Y, 2)050"(7,y) < K3ge,(y — 2), (4.4)
and on R, A(z),
() o (y,

Wlfa(m)qu(a; y; qu(l' y) < q (ya )qg,A(xvy) S k%gaz(y - 1') (45)

Hence (4.1) is satisfied.
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Let ¢ > 0. we can find R < oo such that:
/ 982 (y - x)dy Z 11— E. (46)
B(z,R)

Define Cr(py = {y : m(y) = m(z)} and for u > 0, Cry(v) = {y + sn(y) : y € Crw), —u < s <ub.
Because 7 super-exponential, we can find 7 such that for |x| > 7, any point y € X’ can be written
y =1+ sn(x;) for s € R and 1 € Cr(y).

From (4.3) and the proof of Theorem 4.1 of Jarner and Hansen (2000), it follows that we can
find v > 0 and r5 > 71 such that for |z| > 7o,

/ ge,(y — x)dy < e. (4.7)
Cﬂ.(z) (u)ﬂB(x,R)

Now, for S € {A,a(x), Rya(z)} and w as in (4.7), write
S =(SNB(z,R))U (SN B(z,R) N Criry(w)) U (SN Bz, R) N Crey(w)°). For |z| > ry, it follows
from (4.4), (4.6) and (4.7) that:

T T
/ qo,A (ZE, y) —a (y) dy + / Go,A (QZ', y) —a (y> dy S 2]{%57 (48)
Ag.A(z)NB(z,R)° () Ay A (2)NB(2,R)NC () (w) ()

and from (4.5), (4.6) and (4.7) we have:

™ %(y) g, , T ™ (y) gy » L
/ ( l,a(y) Ay )>qU,A(a:,y)dy + / ( lfa(y) Ay ))qU,A(a:,y)dy
Roa(@)nB(,R)e \T' " (T)qo,a(2,Y) Ro A (2)NB(2. R)NCy oy () N7~ (@) oA (2, Y)

< 2ke. (4.9)
For r > 0 and a > 0, write d,.(a) = SUP 3>y W That 7 is super-exponential implies that

d,(a) — 0 as 7 — oco. From this we can show that 3 < oo exists such that for |z| > r3 + R:

Ty
/ Gop(T,Y) ,a< >dy < d,,(9). (4.10)
Ag A (2)NB(z,R)NCr (6)° ()
e () gy (4.2)
T Y)on Y, T
- : Gor(z,y)dy < kod,, (u). (4.11)
/RUA(mB(x,R)ncm(a)c (W ' a(x)qo,A(%y)) o

The bounds (4.8), (4.9), (4.10), (4.11) implies that:

P, AV, ,
limsup sup A—(x) = limsup sup Q (z, Roa(x))
|x| =00 (o,A)EC Voc(x) |z| =00 (o,A)EC

= 1 —liminf inf Q,a (z,A,a(2)). (4.12)

|z|—o0 (o,A)eC

qo,A(yaa:)
qo,A(Izy)

7 is super-exponential, m(z — un(x)) > %ﬁ”) for any x such that |z| is sufficiently large. Thus,
for |z| sufficiently large and v < R, x; = x — un(z) € A,a(z). For € > 0 arbitrary small define
W(z)={r1—al, 0 <a< R—u, (€S |¢—n(z1)| < e/2}, where S is the unit-sphere
in RY. We show that for |z| sufficiently large, W(z) C A,a(z) for all (o,A) € C. therefore
Qon(x, Apa()) > ko fw(x) ¢, (y — x)dy = ¢ > 0. This together with (4.12) shows (4.2) and the
Proposition will be proved.

For R > 0, we can find ¢y > 0 such that inf cp( r) inf;a)ec > ¢g. Take © > 0. Because
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Assumption (A1) implies that for |z| sufficiently large, m(z) - n(z) < —e. Also for |z| suf-
ficiently large, |n(y) —n(x)| < /2 for any y € W(x). For any y € W(x), m(y) - ¢ = m(y) -
(¢ —n(xy) +n(z1) —nly) +n(y)) <e/2+¢/2 —e =0, for |z| sufficiently large. For y = 21 —a( €
W (x), consider the function f(t) = w(zy —t¢). f(0) = 7(z1), f(a) = 7(y) and f is differentiable.
Therefore there is 7 € (0,a) such that f(a) — f(0) = —ar( - Vr(zy — 7¢() > 0 as seen above.
Therefore 7(y) > m(x1) which implies that y € A, x(z) for |z| sufficiently large. O

4.2 Proof of Proposition 2.2

Proof. We only sketch the proof leaving the details to the reader. The idea is to show that for any

r € X, there exists a finite constant K such that sup, ¢ ‘ﬁpa,Af(x)H < KV'Y2(z), where

H %PU,AJC(%)
R x R?. Since C is convex, the result follows from mean value theorem.

Write 1, (x,y) = % and a, A (z,y) = min (1,7, 4(x,y)), so that

is the norm of the differential of P, f(z) (z fixed) seen as a linear functional on

Poaf(2) = / min (1, ra(2,9)) £ ()0 (&, y)dy + £(2) / (1 = apa(2,4)) don (2 9)dy.

It is not hard to show that for (h, H) € RxR?, the derivative of ¢o.n (2, y) with respect to (o, A) eval-

uated at (h, H) can be written: %qw\(aﬁ, y)(h, H) = gon(z,y) (Bi(z,y,0,A, h) + Ba(x,y,0,\, H)),

where the functions By, By satisfy: |By(z,y,0, A, h)| + |Ba(z,y,0, A, H)| < Ky |y — z|*|(h, H)| for
some finite constant Ks. And a straightforward calculus gives for any (h, H) with |(h, H)| < 1:

0 T 0
‘6(0', A) [(aU7A(I> y)qc,/\(xv y)) f(y)] (h7 H)‘ = %I{TU’A(IJJ)<1}0(U’ A) [QJ,A(ya $)f(y)] (hv H)
F L oot g A0 0] 1, )
< KQ |y—l’|2 Vl/Q(x)qQ(xvy)? (4'13)

for some finite constant e > 0 where ¢., is the density of the d-dimensional normal distri-

bution with mean 0 and covariance €9ly. Similarly, ﬁ (1 — asa(z,9))gon(x,y)] (h,H)’ <

Kz ly =zl gz, (, ).
Thus P, s f(z) is differentiable under the integral and:

0

a0, ) A)PJ,Af(x)(h’vH)‘ < K2V1/2(35)/|y — 2 q., (z,y)dy, (4.14)

and we are done. O

4.3 Proof of Theorem 2.1

Showing the convergence of the stochastic approximation processes (point (ii) of the theorem) is
slightly harder than showing that the algorithm is ergodic (point (i) of the Theorem). The ergodicity
of the algorithm is proved as in Atchade and Rosenthal (2003) through Lemma 4.5 and Lemma
4.8. Essentially, we need the uniform (in (o, A)) rate of convergence as shown in Proposition 2.1
and the fact that the adaptation is diminishing (Proposition 2.2 and Lemma 4.4). The adapting
process (fin, on, Ay) need not converge. To prove the convergence of the stochastic approximation
algorithm, we use an improved version of the Robbins-Siegmund Theorem (Lemma 4.7).
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Unless otherwise stated, (X,) refers to the random process generated by Algorithm 2.1 on
(Q,F,P). Let by = min(ey,e3) and by = Ay + &5. Let © = C(by1,by) be the set of all couples
(o,A) where o € [by,bs] and A is a positive definite matrix such that |A] < by and the smallest
eigenvalue of A is greater or equal to by. Forn > 1, 6, = (0,,A,) € © and the minorization and
drift conditions established in Lemma 4.1 and Lemma 4.2 are readily available and the constants
involved are independent from n. A repetitive application of this uniform drift condition yields the
following simple Lemma.

Lemma 4.3. Assume (A1). For any o € (0,1] there is a constant Ry = Ry(a) < oo such that for
n=>0,j=>20
E(VH( Xnij)|Fn) < RiVY(X,). (4.15)

The next lemma will allow us to control the variations in the stochastic approximation algo-
rithms.

Lemma 4.4. Assume (A1). There exists Ry < oo such that for n > 0:
|tng1 — ] + [Dnga — o] + |onir — 0a] < RQ'VHVI/Q(XM-I)' (4.16)

Proof. Follows from (2.3)-(2.5), the fact that ., [y, 0, are bounded and the fact that |z| + |z|* <
V12(x). O

The following lemma is adapted from Atchade and Rosenthal (2003). Let G: & x © — R be
a measurable function, where © = C(by,by). Assume that there exist constants Ks, K3 < oo such
that:

sup |G(z,0)| < KoVY2(x), 2 € A, (4.17)
0€O
|G(z,0,) — G(z,0,)| < KsVY2(x) |0, — 6o], 61,6, €0,z € X. (4.18)

Define ¢(0) := [ G(x,0)7(dz).

Lemma 4.5. Assume (A1). Let G and g as defined above. Then there exist constants C; < oo
0 < p <1 (that depend on G only through K> and K3) such that for n >0, k > 0,

IE (G (Xt Onii) — 90ni)| F)l < C1 (08 + k) V(X,), P — as. (4.19)

Proof. Define f,(z) = G(x,0,) — g(6,,). Then
G(Xn—i-ka gn—l—k) - g(en—i-k) = fn(Xn+k) + G(Xn—Hm en-‘rk) - G(Xn-i—ka en) + g(en) - g(9n+k)
From (4.18) it follows that |g(6,) — g(61)| < Ksm(V'/2) |03 — 6;|. Thus:
|G( Xtk bntk) — G( X, 0n)] + 19(0n) — 9(Oni)| < RSVI/Q(Xn—&-k) |Ontk — Ol (4.20)

for some finite constant Rs.Therefore:
B (G (Xt O k) = 900 i) Fa)| < [E (Fa(Xo i) |F0)| + BB (VX ) O = Ol 1) . (421)

An argument similar to the one used in Atchade and Rosenthal (2003) (Lemma 3.1) can be used
here to show that

k-1
E (fr(Xnt)| Fn)| < RZPkV1/2(Xn) + Ry Zpk_l_JE (VI/Q(Xnﬂ') |0n+j — On| ’fn> : (4.22)
j=1
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Back to (4.21), (4.22) gives:

k
(G (Xt O k) = 90nii)lFa)l < Rop VI2(X0) + R > pHIE (VI2(Xoty) s — Ol 1)

j=1
< Gy (ph k) V(X), (4.23)
using Lemma 4.4 and Lemma 4.3 for some finite constant C'. [

We introduce the functions e1(z) = z, e2(z) = (x—pir) (x—pir)', Az, 0, A) = [ g (@, y)gon(z, y)dy,
and 7(0,A) = [ A(z,0, A)m(dx). For two matrices A and B recall that the scalar product of A and
Bis A- B—tr(AB)

Lemma 4.6. Assume (A1) and (A3). Then a.s. we have:
(i) Y VA(X,) < oo

(i) > vnlpn — pir) - (Popn,€1(Xn) = pir) < 00

(i) S (T — 50) - (Pooa,ea(Xn) — £n) < o0.

(iv) T = 22) - (1 = p) (Po, pne1 (X)) = i)' < 00.

(V) 22 vnl(on — oopt) - (A(Xn, 00, Ap) — T(00, Ag)) < 0.

Proof. The idea is to choose the appropriate function and to apply Lemma 4.5 and Lemma 4.8 with
fn = O'(Xo,O'(),. .. >Xn70n)-

(i) Take G(z,0) = V/2(z). Recall that § = (0, A). Lemma 4.5 implies that
IE(VY2(Xpik) — m(VY2)|F)| < C1 (0 + 70k) VI(X,). Then Lemma 4.8 below implies that
SN2 (VY2(X,) — m(V1/?)) < oo and since Y12 < oo, S 72V12(X,) < oo.
(ii) Take G(z,0) = Pyei(x). Then [ G(z,0)m(dx) = pin, |G(z,0)| < KPVY?(x) < KVY%(z) for
some finite constant K and from Proposition 2.2 we have
|Py,e1(z) — Pper(w)| < K30y — 61| VV/2(x). Therefore by writing
(Mn—&-k - ,urr) (P9n+k (Xn+k) - :uﬂ) = (Hn—&-k - :un) (P9n+k (Xn-i-k) - Mﬂ)
+(pn — pix) - (Poyp€1(Xnn) — fin)

and applying Lemma 4.5 we get:

‘E ((p“n-i-k — fix) - (P9n+k 1(Xngr) — :uﬂ) |~7:”)| Klkrynvlﬂ(Xn) + Ci(p" + k) V(Xyn)

<
< GCo(p" + k) V(Xn).

Lemma 4.8 then implies Y vy, (pin — pir) - (Pa, €1(Xn) — fix) converge to a finite random variable.
(iii) Similar to (ii) with G(z, ) = ea(x).
(iv) Similar arguments as in (ii) and (iii).

(v) Take G(z,0) = A(z,0) = A(x,0,A). As one can see by applying the mean value theorem from
Equation (4.13) in the proof of Proposition 2.2, A(z,-) is Liptschitz. For n > 0, k > 0:
(Un+k - Uopt) : (A(Xn-‘rka 0n+k7An+k> - T(Un+k7 An-i—k)) < kv
+(op — Uopt) (A(Xntks Ontkes Ansk) — T(Tngrs Agr)) -
Then Lemma 4.5 gives: |E ((0y4% — Oopt) - (A(Xotks Ontres Mtke) — T (i, M) | Fn) | < kv
+C (p* + 7:k) V(X,,) and applying Lemma 4.8 once more yields (v).
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We are now ready to prove the convergence of the stochastic approximation processes.

Theorem 4.1. Assume (A1)-(A3). Then:

(1) pn — pr a.s., as N — 0.
(i) I, = X, a.s. asn — oo.

(iii) 0, = oppt a.5. as n — oo.

Proof. (i) For n > 0, define F,, = 0(Xo, 00, ..., Xn,0,). We have:
& °

’p3 (,un + PYn(Xn+1 - Nn)) — Hr
|Nn — Mr + ’Yn(Xn-‘rl - :un>|2

’/‘1’714*1 — Mr

<
<

’Mn - ,u7r|2 - 2%@ |:un - Nle + K’Vivlﬂ(Xn—H) + 27n(lun - :u7T) . (XTH-I - :u7r>7

K constant. Therefore writing U, = V,, = |ptn — px|” and Wy, = KR7/2VY2(X,) + 27 (ptn —

:uw) ’ (Pcrn,Anel(Xn) - ,Ulrr) we get:
E (Unsi|Fn) < U, =2V, + W,.

(4.24)

From Lemma 4.6, > W, < oo a.s. and we can apply Lemma 4.7 to obtain that >V, < oo

which implies that p, — p.
(ii) Similarly, we have:

Tt = al* < Do = Zal” = 290 [T = S + K72V (X1)

+270 (Tn — Zr) - (X1 = ) (X1 — pin)’ — X)
290 (T = 2r) - (Xngr — ptr) (e — fin)’)
+27n<rn EW) ) ((Mn - Nﬂ)(Xn—l-l - :un),) .

Write U, = V,, = |T', — £,|” and
W, = RV VYAX,) 4+ 27T — 2x) - (Poo,e2(X0n) — Zx)
27 (0 — Zx) - (Ponan€1(Xn) = pn) (1r — 1))
+29 (T = Er) - ((pn — Nw)(PUn,Anel (Xn) — Uw))/'

We get:
E (Unsi|Fn) < U, =2V, + W,.

It is easily seen from Lemma 4.6 that > W, < oo and (ii) follows from Lemma 4.7.

(iii) We have:

|0n+1 - Jopt|2 S |0n - Uopt|2 + 2771(0-71 - O-Opt>(7—(0-n’An> - 7_—)

+’VT2L + 2'7n(‘7n - ‘70pt> (aon,A(Xn7 Yn+1) - T<Una An)) .

Therefore:
E<Un+1’Fn) S Un - 2’)/nvn + Wna

where U, = |o, — aopt|2, Vi = —(0n — 0opt) (T(00, A) — 7)

(4.25)

(4.26)

and W,, = v2 + 2v,(0, — 0opt) (A(Xn, 00, Ay) — 7(00, Ay)). From Lemma 4.6, Y 7y, (0, —
Oopt) (A(0n, A, X)) — 7(0p, Ay)) < 00 and since A, — X, + ey, it follows from point (ii) of
(A2) that V,, > 0 for n sufficiently large. From Lemma 4.7 we conclude that o,, converges to
a finite random variable and > ~,,V;, is finite a.s. which implies (iii) since if o,, converges to a
limit that is not o, Y 7, Ve = 00 because of (A2)(ii) and (A3), leading to a contradiction.

]
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4.4 Some useful technical lemmas

Lemma 4.7 (Robbins-Siegmund Theorem). Let (Uy,)n>0, (Vi)nso and (W,)n>0 be three random
processes defined on some probability space (2, F,P) and adapted with respect to a filtration (F,)
such that:

(i) U, >0, > W, < oo and for P-almost any every w € Q there exists no(w) such that V,(w) >0,
n > no(w),

(i) E(Upsi|Fn) < U, =V, + W,.
Then U, and >V, converge almost surely to finite random variables.

Proof. Let Y, = U, — E:.L;OI(Wi —V;), n > 1. Then (Y,) is a supermartingale. For a positive integer
N > 0 define Sy = {w: Y1 o(Vi—W;) < N, n > 0}. Then on Sy, (Y;) is a supermartingale
bounded from below (by —N) therefore converges a.s. to a finite random variable. We have
Z?:_Ol V.=Y,-U,+ Z?:_()l W, <Y, + Z?:_Ol W;. Since > W, < oo and V,, is nonegative for n
sufficiently large, > V,, < co on Sy and U, also converges on Sy to a finite random variable.

Let w € Q be such that Y~ W, (w) < oo and V,,(w) > 0 for n > no(w). Y i (Wi(w) — Vi(w)) <
sup,, > o Wi(w) + Z?ﬁg‘“) |Vi(w)| < oo. Then taking N > sup, > -  Wi(w) + Z?ﬁg") [Vi(w)], we get
w € Sy. In conclusion €2 = USy and we are done. O

Lemma 4.8. Let (X,)n>0 be a random sequence on some probability space (Q, F,P) adapted with
respect to a nondecreasing filtration (F,,). Assume that there exist constants K1, Ky < 00, 0 < p < 1,
a sequence of positive numbers v, = O (n"\), AE (%, 1] and an adapted positive random sequence
Vi, such that |E (X, 1| Fn)| < Ki(p™ + kYn) Vi, sup, E(V2) < 0o and E(V;, 1| Fn) < KoV,

Then there exists a constant K < oo (that depends only on Ky, Ks, p and (7)) such that

|E (Xnyi|Fn)| < Kyplog(k)Vy, P —a.s. (4.27)
1 n
- ZXk — 0, a.s., asn — 00, (4.28)
k=1
and
Z%X" converges a.s. to a finite random variable. (4.29)

Proof. Since (F,) is nondecreasing, for n,k >0, 0 < j < k:

E (il = [E[E (Kol o) 5]
K (Pk_] + (k — j)%z—f—j) E(Vit i Fn)
K1 K (07 + (k= §)Ynss) Vo

Therefore, |E (X, Fn)| < ming<j<x K1 K> (pk_j + (k — j)fynﬂ») V,, < K3y log kV,.

Define Y,, = X,, — E(X,,) and F,, = {0,Q} if n < 0. Then it is easily seen that (Y,,F,) is
a mixingale with mixingales sequences ¢, = const. and p, = v,log(2 + n). We apply Corollary
2.1 of Davidson and de Jong (1997) to obtain that > Y; — 0 a.s. But since |[E(X,)| <
K3y, log(2 +n)E(Vp) — 0 as n — oo, (i) follows.

Similarly, (v,Y;, F,) is a mixingale with mixingale sequence ¢, x 7, and p, = v,log(2 + n).
From Theorem 2.7 of Hall and Heyde (1980), we have »_~,Y, converges a.s. to a finite random
variable. (ii) follows since Y v,E(X,,) is a convergent series. O
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