Metadata, citation and similar papers at core.ac.uk

Provided by Research Papers in Economics

Dipartimento di Economia
Universita degli Studi di Parma
Via Kennedy 8
43100 Parma

Andrea Mantovi

Long run value stabilization in a real options per spective

WP 01/2009

Serie: Economia e Politica Economica

FEBBRAIO2009


https://core.ac.uk/display/7188524?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Long run value stabilization in a real options peive

Andrea Mantovi

Universita degli Studi di Parma, Dipartimento didfmmia,
Via Kennedy 6, Parma, Italy.

Email: andrea.mantovi@unipr.it

Tel. 390521032314

Fax 390521032402

Abstract The present value of growth opportunities with Eadbng run value and decreasing investment cost is
addressed in a real options perspective. The misdeblved in terms of closed form solutions, ardlality between
elementary real options of waiting to invest is jestured to be a fundamental structure of a forthatg theory of real
options. A pure capital budgeting perspective isspad. Natural lines for future research are accaifor.

JEL classification: D92
Keywords: PVGO, real options, strategic investmksarning.



1 Introduction

Real Options (RO) represent a major tool of wgialin modern capital budgeting and corporatetesjsa Standard
models recognize basic drivers of the value of adR@heassetside of projects. The present contribution setthfa
perspective in which the value drivers of a ROrammgnized on an equal footing on both the assktiahility sides of
the investment opportunity. A fundamendalality is thus assessed between standard models andnaoB€) in which
it is the diminishing pattern of the investment emgiture which drives the value of the RO. The eonjre set forth by
the present contribution is that such a dualityhmigpntribute to sharpen the understanding of tBeaRproach up to
the point of building a RQheory, bounded by well defined conditions for the existe of a value embedded into
managerial flexibility, and tailored along simpledaelegant lines.

Myers (1977) introduced the expression ‘reala® to denote the firm’s growth opportunities @sated with assets
notin place. The ‘real’ specification was meant tstidiguish RO fronfinancial options, which a few years before had
been given a foundational status by Black and ®sh@973) and Merton (1973) by means of the BSM ehdaf
European options. The seminal analysis by Myersamadffect in driving capital budgeting towards tbeognition of
the bundle of RO embedded within the firm as thgikeue in a forward looking perspective on thenfiit is by now
undisputed that RO provide coherent quantitatiyeragentations of the value of the firm gging concernunder
uncertainty, a value not (yet) embedded in bookiemlof assets in place, and yet reflected in theeaations of
investors, which aggregate in the market valuédeffirm. The present value of growth opportunifie¥GO) is meant
to measure the gap.

In first instance the value of the firm must empass the net present value (NPV) of expected ftmsh. That may
be the whole story. The expressioash cowsdenotes firms which guarantee stable and huge ftashprospects,
generated by assets already in place. On the btret, there may be more to the value of the firmayided a bundle
of growth opportunities can be conceived, and &blg plan of sequential investment expendituredsdd, so as to
capitalize omestednvestment opportunities; “strategy involves chngsamong and committing to long-term paths or
trajectories of competence development” (Smit andebrgis, 2004, p. 91). The typical case is a ferpanding its
capacity in order to enhance competitive advaniagmarket shares and experiencing. RO methods a@anito
provide quantitative valuations in such respedisraby contributing a representation of corporatategy in which
investments decisions lie at the core of the gisesharket power.

A RO resembles to some extent a perpetadl option, the right, without the duty, to exercise imvestment
opportunity, i.e. to buy a definite asset at a djgetprice, the cost of theeal investment expenditure. Myers (1977, p.
149) points out that the value of such RO “dependthe rule for deciding whether the options arbdexercised”, i.e.
the complete investment plan contingent on theiza@dn of definite states of nature. That is wR& models are
supposed to yield. As is well known, the monopwmistature of the investment opportunity inherenthderpins basic
RO models; competition can be introduced as adurskep of analysis (see for instance Grenadi€)2 26r the role of
RO in a Cournot competition setting). At a rapictg@aa quantitative RO approach has developed amginginto a
comprehensivéine of research, whose conceptual foundationslerta represent the required returnsroeversibility
of the investment expenditure, as well as the vafi@perationalflexibility (Trigeorgis, 1996), if any. A whole
‘taxonomy’ of RO has been tailored, ranging throegpanding, mothballing, abandoning, switching leetwdifferent
mixes of inputs or outputs, and much more. The ggitye of the approach has reverberated RO in Hwtprofessional
direction and towards foundational perspectives.

On the one hand, RO analysis is now a firm palaapplied corporate finance (see for instanceokt and Shockley,
2002, Copeland and Antikarov, 2003, Bulan, 200%). iRvestment triggers represent a step forward vétipect to
discounted cash flow (DCF) analysis, in that, istfinstance, they exploit the role of thaatility of profit prospects in
business judgement rules: “the firm requires a érgleturn to invest when volatility is higher, btidoes so exactly
because it is more likely to encounter periods erfyMow returns” (Dixit and Pindyck, 1994, p. 42®).fact, “DCF
analysis does not reflect the value of managem@€aley and Myers, 2003, p. 617). On the othedhacholars have
been led to argue about the extent to which RO ldhba made to fifundamentaltheoretical perspectives, like
competitive equilibrium analysis (Dixit and Pindyd®94, ch. 8). Such top-down and bottom-up reselames seem to
point at a generality of th&tructureof the RO approach, which is worth attention id &y itself. The aim of this paper
is to set forth a RO model in continuous time (imrdd, to the author’'s knowledge) which admits battransparent
interpretation and a closed form solution, therebmtributing, in first instance, to the conceptuatierstanding of the
structure of the RO approach. In fact, the strectof the RO approach is currently investigated ompuutational
grounds, see for instance Nagae and Akamatsu (2008)

The option of waiting to invest (McDonald ande&2l, 1986) can be considered #lementaryRO in continuous
time, in that the minimal stylized fact is accouhfer, namely, the choice of the investment trigaem realization of a
geometric brownian motid{GBM) with positive drift, with respect to a coast lump sum expenditure. The ‘inverse’
problem is optimal disinvestment once the expeutdde of the asset is supposed to decrease atritelefte (see for
instance Lambrecht and Myers, 2007). Evidently, albinvestment opportunities are encompassed @l sghemes:
investment opportunities exist on growth procesgeish approach a constant asymptotic value, faaime the level

! We refer to Karatzas and Shreve (1998) for a timgincaccount of the Markov and martingale propemigsesented in brownian
motions.
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at which a market saturates. The saturation of etarkepresents a key issue in the global economyyhich
competition is worldwide anfhst focused on the time horizon which entrants valke to satiate an unsatiated demand,
which typically corresponds to a barely constamelein the long run. The case of LG Semicon and ridiail
Electronics entering too late the DRAM market ia thineties is by far a textbook (Hill, 2007, ch) tase.

In this paper we set forth a RO of waiting tedst for which the dynamics of the value of theeistiment opportunity
approaches a deterministic limit, and the investneapenditure is a decreasing lump sum. We leate & broader
audience to establish the applicative relevandi@fpresent model, which may depend on the rotheproject in a
broader investment strategy, and/or on employiniinite financial architectures. Recall that dimimisg costs are
related to technological progress and to the trenkarning curves(Spence, 1981), a typical exponential damping.
Thus, aservicemay be offered to intercept a non satiated demauiitth, costs diminishing as the enterprise gains
experience. The role of diminishing costs in sgeténvestment has long been recognized. “A caatideship position
is more likely to be attractive when demand’s d@rngi to price is highly elastic, when the produist more
commodity-like, and when customer services are tmdifferentiate” (Smit and Trigeorgis, 2004, 9)50ur model is
meant to assess a basic theoretical role for sudhsae, at the same time, admittedly, leaving samaé unspecified
the interpretations of the model. A typical pattefrdeterministic monotonic growth with asymptagiabilization is the
logistic one. In fact, RO models on stochastic ulyileg processes which generalize such a patteffersfrom
encompassing special functions (see for instaneardk, 2000) which make it rather cumbersome tggyeconomic
insights. The point of the present contributiotoisepresent the dynamics of the value of assdtrmlace by means
of a GBM process, therefore paving the way to stashdomputational recipes. The simplicity of thegant model
aligns with seminal contributions, in first instanin themultiplicative representation of the relation between the NPV
and RO triggers, which disentangles the effectsabie drivers, as discussed in sections 3 and 5.

RO have reshaped tHieundationsof the science of investment under uncertaintigwahg a natural coupling to
strategic analysis (see for instance Thijssen, 2B@8jues and Savva, 2009, and references thetleémgby finding a
way in the Industrial Organization perspective. Amdhe various forms of competition, one can emthedbundle of
growth options which characterize the firm in awtto phase. Furthermoricentivescheme have been coupled to RO
problems, for instance by Grenadier and Wang (2G0®) Schianchi and Mantovi (2007), therefore eishinlg a
guantitative representation of the effect of agessyes in shifting to suboptimal investment palioy the other hand,
Roemer (2004) tailors a parallel between the ROQaamgh and Transaction Costs Economics so thatreersibility
of the investment expenditure corresponds to thexifipity of the investment in the institutionalafnework with
respect to which transaction costs are assesseaxllRat in first instance the firm and the priziof corporate
liabilities is the perspective in which financigltaon emerged (Black and Scholes, 1973).

Such a wide perspective in the background, thegmt analysis sets forth a model meant to shahgeconditions for
the applicability of RO methods as well as the liigfibility of the embedded insights. We addrespwe capital
budgeting problem in continuous time. A risk neutigent faces an exogenous stochastic processsesyirgg the
dynamics of the value of the investment opportyrstich a process approaches a finite asymptotit kvhich sets the
fundamental scale of out problem. A constant rigle fdiscount rate defines the value of time andotiechmark for
returns on risk free investments. We then postw@aterfect frictionless capital market in whigianningholds, so that
contingent claims analysis represents the no-agetrcondition yielding the differential equation fbe value of the
RO. The model does not encompass the financingadittee investment, i.e. the cost and the struotdre capital of
the firm represented by the risk neutral agent.ddess to say, our model can be taken as disenthrigien the
financial policy to the extent that the expectatidrout costs and revenues are not influenced blathiéity side of the
balance sheet. As already stated, our choice afeadithg a pure capital budgeting problem is a nustlogical one.
Such being the rationale of the analysis, we stmifine the mathematical details to a bare minimonrake our model
fit the orthodox RO perspective and point out thginal insights.

As is well known, the differential equations BD represent the Bellman equations of a dynamigrproming
approach to the optimality of the investment. Thespnt analysis focuses on the contingent clainpsoaph as a
perfectionhypothesis on the elementary stylized fact. Dymgpnogramming is well known to be the natural setiin
which complex problems, for instance incrementakesiment, can be formulated. The coherence of ontirgent
claims approach is not spoiled by the irreversipitif the real investment expenditure, as Brealey and Myers (R003
point out. Correspondingly, Merton (1977) pointst ¢iat contingent claims reflect the propertiestioé market
embedded in the value of the underlying, such @sinfstance, the price of risk. Along the samedjnBrennan and
Schwartz (1985, p. 154) point out the propertiegthef market embedded in the self replicating pbafd'on the
assumption that such portfolios may be formed bgitrg in future contracts in the output commodityhe minimal
model we set forth is a full fledged consistguotre investment problem, in which essentidéal properties of the
market can be embedded in the value of the underlyiUnless there are bankruptcy costs, the MaaidMiller
theorem holds, so the firm’s real investment decisiare independent of its financial structure”x{Dand Pindyck,
1994, p. 174). The plan of the paper is as follolssection 2 we sketch the problem of the optichetierministic
investment problem. In section 3 we set forth tii& Rodel. In section 4 we argue about a duality betwour model
and standard RO models. In section 5 the comparatiatics for the crucial value drivers exploite thasic insights.
Finally, section 6 tailors major lines of relevariocethe model.



2 Deterministic trigger

The focus of traditional capital budgeting was lireak-even conditions and present values compugedisk-
adjusted discount rates. DCF analysis is meanttess apreadover the risk free rate which accounts for the&fbf
uncertainty on expected returns (possibly, utdtierhe improvement brought in by RO is to let @pienal flexibility
enlarge the computational perspective upon profispects. As a typical fact, operational flexilyilihay enable one to
choose the time of exercising an investment oppastua freedom which is far from guaranteed inanpetitive
environment). Dixit and Pindyck (1994, section B)lstart their analysis by establishing the optinmaestment rule
for the opportunity to purchase the property right&in asset whose value grows at a constantaatewhose cost, a
lump sum expenditure, is constant. We shall refesuch a problem d30,, and to the corresponding RO problem in
which the underlying is a GBM a@0,. Along similar lines, let us consider the problempurchasing the property
rights on an asset whose vakaturatesat a constant rate, and whose cost, again a lumpespenditure, decreases at
the same rate. The model is as follows.

Letr be the risk free discount rate. Let the asset aidbe problem be defined by the deterministicatyits of the
valueS(t) of the investment opportunity, assumed to be

St)=E@1-e)==x({t)=2 1-yd)) , (2.1)

a monotone growth pattern which exponentially coges to the limit=. Such a parameter defines the fundamental
scale of the problem, which is naturally interpdeses the target long run NPV of the project. Ihitime is set at the
vanishing of the state variab& The normalized dimensionless state variaklasdy are meant to factor out the scale
E. The dynamics of the state variab&8 andy(t) is governed by the ordinary differential equasi¢®DE)

dS=-a(E-S)dt, dy=-aydt (2.2)

which represent the same dynamic content; we s$hledl advantage of the possibility of switching bextw the two
equivalent descriptions. Notice that the growtitqrat(2.1) may represent an approximation to astaggrowth which
has already reached the asymptotic phase.

Let the liability side of the problem be definby a lump sum cost which guarantees the propéghts upon the
asset. Let such a lump sum cost decrease withaingidven by

Ct)=1e =1 y(t) (2.3)

with the samé rate  as in (2.1). The initial amountof the investment cost is the second scale ofnoadel, which
only represents cost at the initial time, whenghgect has vanishing value. The profitability (NB¥the assebncein
place) of the project being the present value ef difference between such quantities, the recagnitif the very
existence of a value in waiting to invest is oustfissue.

The break even time

ilndJrI silnf , §EE+|

= =
= o =

(2.4)

threakeven =

establishes the instant at which the project ibéeg worth. Notice that,eax everhas the correct dimension of time and
that the argument of the logarithm is dimensionl&s$act, the parametérsets a natural benchmark for the investment
problem at hand. The monotonicity represented ih,82 enables us to state the break even condititerms of state
variables, namely

[1]

|
+1

[1]

= 2.

=
=+
=

» Ybreakeven =

[1]

O |

|
Snreakeven =5
g

+

which represent a deterministic benchmark for R@reaches. Formulas (2.5) embody the relative effetthe scales
= andl in determining the break even point.
Define the optimization proble®O, as

t" = argma><— e +=(1- e“”t))e‘rt , (2.6)
te[0,)

2 Such an exact identity leads to simple closed fsoiations. In section 4 we set forth a profourghilicance for the identity. It is a
natural conjecture that the qualitative pictureuttisg is stablewith respect to the small differences in the tates.
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that is, the optimality of the exercise is defingal as to maximise the discounted profitability bé tinvestment
opportunity. The unique stationary point

to =1|n(“+“§)=§|n(b%lg ) b

r 2.7

o o
is an interior maximum: our model encompasses aevial waiting to invest, since revenues from exg@ng increase
and the expenditure decreases. Evidently, theemdstof a value in waiting depends on the domath@bptimization
problem: had we posed the problem as startinglatiea time, we may not have found a value in défgrrin fact, as
stated in the introduction, the study of the cdondi for the existence of RO is the bottom linetloé present
contribution. At the point (2.7), marginal increaise discounted revenues equals marginal decreasiisagounted
expenditure.

Let us compare our triggers with those of thebfemDO;. The break even valdan DO; represents the value of the
asset which just offsets the cost; in our modehsaiccondition is represented by (2.4), at which lihtance of the
processes (2.1) and (2.3) holds. Then, the trigger

r

| (2.8)
r—o

(Dixit and Pindyck, 1994, section. 5.1.A) of theblemDO, represents the value of the asset at which thienality
condition is fulfilled. Recall that such a problésnwell defined oncex < r °. In our problem we do not need such a
condition to be satisfied since the valbef the projects approaches asymptotic stabilityusib can be any positive
number; in the limitb — 0 the value of time expires, i.e. the agent isffedent between the same flows even if
scheduled at different times.

Then, corresponding to (2.8), the expressiortferinvestment trigger for ourDO, problem reads

. b1 b

= mg = m Ybreakeven (2-9)

y

a dimensionless number ranging between 0yangk .venWhich characterizes the fraction of long run NRMadich,
once realized, investment is optimal. The multipllli)él1 embodies the value in waiting. RO models typicadipresent
+

the required returns on irreversibility in suchoanfi, an occurrence related to the analytic propeif the dynamics of
the profitability. A natural correspondence betweabe optimal investment rules is set by comparihg ¢ost
benchmarK in the problenDO; with the dimensionless benchmafkn the problenDO,.

The next step is the expression of the valugf the investment opportunity as parametrized ey dptimal trigger
(2.9), namely

= -b
V(y)=b%r1(;iJ , (2.10)

an expression which parallels the one in Dixit &mudyck (1994, p. 139). Notice that the argumerthefpower law is
dimensionless, and th&tis proportional to the scale. As pointed out by Myers (1977), the value of tfmeestment
opportunity depends on thecognitionof the optimality of the investment policy, whi¢h.10) is meant to represent
explicitly: there is a value in owning the posstljito delay investment, a value which grows acoaydo the power
law (2.10). Such a formula does not encompass aogrtainty inherent to the investment opporturtity, issue which
RO models are meant to account for, once well dfsstochastic processes model the expectations phufitability.
The solution of the proble@O, is an explicit representation of the reason ferdkistenceof a value in waiting to
invest: the value of the project is growing at ardasing speed, but one finds it profitable to waite the investment
expenditure is decreasing too. It is not diffictdt convince oneself that a constant lump sum expaedfor the
acquisition of the asset (2.1) doest leave room for a value in waiting to invest.

The functional dependence represented in (Zd0jts at the RO valuation perspective. FormulaqRdefines the
value of the investment opportunity as a functibthe actual state of the underlying: we can gbfithe dynamics in
time and represent the optimization with respecth® state variable. Along this line we take thetnstep, by
computing the basic building block of the RO appiga.e. the expression of profitability as a fuontof the state

3 Evidently, an investment opportunity wida > r should not be disregarded, it is only optimizatimeblems which need to be
tailored on a rationale different from the one esgnted in (2.6).
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variables. Such a representation supports theitiefirof the free boundary problem for the RO whgdmeralize the
deterministic model. Again, the monotonicity regneted in (2.1,3) enables us to get rid of the titapendence in the
profitability P, and write it as a function of the state variaptesmely

P(S)=¢£S-1, P(y)=E@Q-¢y) . (2.11)

With a slight abuse of notation, we employ the sagmabolP for the two functions, which represent the sameet.
BeingE > 1, our setting departs from standard recipes builthe problenDO,, in that the slope of the straight lines in
(2.11) differs from 45°, since the cost of the pmjis not constant. In fact, as such a costs kasiasymptotically, the
slope ofP(S) exceeds 45%. Then the following pictures

I I
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I I
I I
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Figurel Left profitability as a function of the normalized aessaluex; Right profitability as a function of the normalized izsle
y. The investment opportunity is characterizectby 1 andl = 0.5 .

represent the benchmark for the RO approach: tbétatility of the project is plotted as a functi@i the state
variable, with respect to which a RO model is iargje of optimizing an investment schedule, which sgilect a point
along such lines. Then, a convex function is méamépresent the value of the RO to invest, a fonanatching such
lines at the investment trigger. Evidently, the heé in the left plot does not enter the half glaabove the 45° line
since such a region corresponds to profit exceedagnues. and is bounded by the value of the amfiop
profitability of the project, which coincides withe maximum valu& attained bys.

Our understanding of RO enables us to predietdffect of stochasticity in the dynamics of pmfitVe expect
volatility to increase the value of waiting, ancettbfore to push forward in time the investmentgeig Then, we
conjecture the functional form of tHeO, value to approach the power law (2.10) in the meitastic limit. We shall
confirm such expectations in the following sectidime deterministic optimization we have gone thigugot only
supports the definition of the RO model, but defitiee ideal benchmark of perfect information wigspect to which
the RO defines a smooth departure.

Let us turn to numbers, so as to come to grifih the effective value of waiting. We take advaseof the
factorization (2.9) to leave unspecified the sc&@emdl, which establish the break even condition, andetatocus on
the drivera of the value of flexibility. Being = 3% , we find the optimal investment schedule

o= 001 002 003 010

b+1= 133 167 2 433
b

which quantifies the value in waiting: as expected,lag shrinks ag decreases, already far= 1% the departure from

the limit bil_ﬂ of no value in flexibility is not that large.
+



3 Real options
As a generalization of the ordinary differengiguations (2.2), let us consider the stochastierdntial equations
dy=-aydt+oydz, dS=-o(E-S)dt+c(E-S)dz (3.2)

the first one representing a GBM with negativetdiithe insight underlying (3.1) is growth with slog trend which
approaches a stable deterministic asymptotic lisoitthat the stochastic effect diminishes corredpagty. The analytic
rationale for such a choice follows the line of #$tandard literature, which has long recognizedcdteceptual and
analytical relevance of such processes (Chang, )20@4principle, any stochastic differential eqoatimay be
employed as underlying a RO model. Due to theiumngteconomic interpretation, arithmetic browniaatimns, mean
reverting process and Poisson jumps have beensixdnemployed (Dixit and Pindyck, 1994) in theefature. Yet,
the properties of GBM processes have a unique aealand conceptual grip on fundamental modele fidlevance of
such models parallels the foundational role of@kponentialform of the discounting factor in continuous tinie;a

sense, GBM processes defineeferencestochastic growth.

As is well known, there exist closed form salug for the time evolution of GBM sample paths, dne time
dependent log-normal distribution of the statealalg is a standard tool in stochastic finance.Heurhore, for a GBM
X with negative drift, the barriet= 0 is well known to absorb sample paths withiimée expected time. We shall not
come to grips with such explicit expressions, aather employ Ito’s lemma we take advantage of theathness of
the RO differential problem, as compared to the diffierentiability of GBM sample paths. We can digge with the
non differentiability of sample paths just because address an elementary stylized fact. Recall dimatbsorbing
barrier determines a transition from a stochastiomth to a deterministic stability which eyondthe RO trigger at
which optimal investment is supposed to be exedcifes already stated, the recognition of such ogliiyn drives the
value of the investment opportunity; our stylizedttfresembles the RO approach to disinvestmendjsasissed in
section 5.

Following the standard recipe, the value of aiR@presented by a free boundary problem forcarsk order ODE.
Provided definite ideal assumptions are satisfigdthe financial ‘environment’, the ODE represent® tsmooth
variation of a contingent claim, and the free bamdconditions define the optimality of the investmh exercise
strategy. Let us simply sketch the recipe, andrréde Dixit and Pindyck (1994) and references theréar a
comprehensive analysis. Consider a portfolio mddelong position in the optiod and a short position in the asSet

with size % Contingent on the stat® the stochastic return (differential) of the fineélinedhedgedportfolio reads

dV—%dS . Applying Ito’s lemma to the expansion

2
av=3Y gs, 18V
ds 2 ds?

(ds)°

of the stochastic differentiaV we confirm that the fine tuning results in a ris&e return on the portfolio. Then,
standard no-arbitrage argument applies for thecodémce of such return with the risk free rat&he resulting smooth
condition leads us to a linear homogenous secoter @DE, which we write for the normalized variaklas

1, ,dAV dv
—o°l-X*"—+a (l-X)—-rV =0 . 3.2
20'( ) o2 o )dx (3.2)

Notice that the scalg& does not appear in the equation. It is naturaloajectureV as proportional to the scdig in
fact, the differential problem is completed by thitial condition and the free boundary problemwihich the scaleg
andl play a role. Upon switching to the varialgleve face the differential problem defined by theEOD

lgzyZﬂ_ayd_W_rwzo (3.3)
2 dy? dy

for the functionW(y) = V(x(y)), defined ony", +w), beingy” the solution of the free boundary problem. Equafi®.3)
is of the Euler type, and takes to the familiardissape of basic RO models. Notice that in switchingquation (3.3)
the second term has reversed its sign.

The two dimensional linear spafef solutions to (3.3) is spanned by the linear borations

W(y) = Ay + Ay"2



in which the power laws are determined as the robthe fundamental quadratic%o-z,é’(,b’—l)—a,b’—r =0, which

admits real distinct roots with opposite signs.ié\svell known, the essence of the RO investmenblpro lies in such
exponents and in their deterministic limit: the tiplicative representation for the trigger (seeoél disentangles the
effects of the scaleg and| from that of the key value drivers andc, as we discuss at length in section 5. The
elements inL are positive functions in the relevant domain pted the coefficient#\, , are positive, a consistency
requirement for a RO which our model must fulfil.

Building on the intuition tailored in the predegl section, we expect the boundary problem tocséee negative root

2 2\2
a+Z - [|la+Z| +2ro?
2 2

B = 2 (3:4)

o

of the fundamental quadratic, which approaches=-b in the deterministic limit in whiclks vanishes, as can be
o

checked by means of a Taylor expansion of the squ@st about = 0. It is not difficult to convince oneself that
By o ang 2P OB
oo or oo

The solution of our problem is in fact charaizted byA, = 0, as thenegativepower lawg; is uniquely determined
the boundary value condition

<0 , whose significance we shall exploit in section 5

W(y) -> 0 , (3.5

Y>>+

which represents the vanishing of the option valtu¢he ‘initial state’ of the underlying, i.e. the infinite past: as
intuition suggests, the farther the trigger, thedothe PVGO. As is well known, this property cltaesizes the RO
perspective on disinvestment, as issue to whicluwein section 5. On the contrary, the standav@ésitment problem
RO, is characterized by positivepower law, as the boundary condition poses thésharg of the RO value at the zero
value of the asset.

At the opposite extreme of the interval, the foeeindary problem is defined by a pair of boundaogditions. The
value matching condition

W(y') = Ay” ==f-¢y') (3.6)

establishes the intersection of RO value plot wiitd line which represents the profitability of tiwestment once
exercised, in our model, the straight line in FegirRight. Then, the smooth pasting condition.

—(y )=ApYy =B 3.7)

establishes the continuity of the slope of the R&ph at the trigger, a requirement of tdgimality of the trigger (see
for instance Dixit and Pindyck, 1994, and referantteerein). As in standard settings, we expect itiond (3.6,7) to
select among the elements of functional spA@e unique solution for the option value. As is g&md procedure, the
trigger is established by the ratio of (3.6) and)3resulting in

. A1
CB-1¢& =

y

which, as expected, entailsraultiplier for representing the RO optimality of the exeraigth respect to the break even
benchmark. Notice that (3.8) is consistent withdieéerministic trigger (2.9), sing& — — b in the deterministic limit.
Such a value can be employed to fix the value efctinstant

-_= ﬂl_ﬂl(l_ ﬁl)l_ﬂl : (3.9)

notice the minus sign which guarantees the possiige of A; . Then, the solution is uniquely determined as



B
y j (3.10)

Wig, (¥) = Ay = —i( v

bh-1

of the model. Notice the correspondence with the&erddnistic solution: as the power lay approaches the
deterministic limit b, the value of the RO approaches the solution j2atlich represents the value in flexibility in the
absence of uncertainty in profit prospects. Figurepresents a typical behaviour of a solutiorheftype (3.10).

15
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Figure 2 The value of a typical real option (blue curvepdsnction ofy for a profitability (red line) defined b = 1 and = 0.5 .

The closed form solution for the RO value imterof the variable establishes the main differemitle respect to the
model; the power law is a negative one. Yet, theveaity property remains. Working with a varialyleanging in [0,1]
makes intuition easily grasped. pspproaches zero, the NPV of the project approathasymptotic limit, so that the
smaller the triggey”, the more value in waiting. As a first check of ttonsistency of the analysis, let us establish the
comparative statics for the investment trigger witkpect to the parametefs |, r, whose effect as value drivers of
investment opportunities rests on general groundsspecific to the RO approach. The factorizatirich underpins
basic RO analysis tailors the lines of the analyli® scaleE andl enter the break even benchmdrkvhereas the rate
r is embedded in the multiplier.

It is quite obvious that the initial sizeof the expenditure increases the value in waiteg,represented in the
following comparative statics. The scalesndl of the problem have been factored out in the hanegus differential
equations (3.1-2); they plays a role in the boupdanditions. As the triggey” is proportional to the break even scale
&, the effects oE andl are embodied in the comparative statics

* Y *

o, ¥ ___ Y g (3.11)
d  E+D)

dy” _ S
= (E+1)

which exploits the natural fact that the asymptotitue= of the asset not in place is a positive valueadriwhereas
the opposite holds for the amourdf the investment expenditure.

Then, the rate is embodied in the multiplier, as a coefficienttbé fundamental quadratic. As a general capital
budgeting issue, we expect that the lowahe more value in waiting. Such an effect is espnted in the comparative
statics

1 OB
500 o >0 (3.12)
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which sets the smooth sensitivity of the investnteigger with respect to the risk free rate whickasures absolute
time preference.

The next step is the comparative statics withpeet to the value drivers and o, which characterize the RO
approach. Yet, before that we need to take a n&gp towards the profound significance of our motléé have
already pointed out the key role of the hypoth#dsi the same rate drives the dynamics of the asSads well as that
of the liability sideC. Such a ‘measure zero’ hypothesis calls for a @iepn with models in which a finite difference
in the rates is allowed. We do not enter such aoeiswe are interested in tledementaryinsight built into the
exponential damping of the investment expenditaneant to represent an iddaénchmark much like the perfect
information hypotheses underpinning benchmark géremguilibrium models. Yet, the RO approach inlsestability
properties which may result in a deep theoretielvance, in first instance, the smooth determinishit (see section
5).

4 The value of delaying investment

In the previous section we have solved an origit@l model facing a long run stabilization of the fitadility of the
investment opportunity. The closed form solutioargls fundamental analytical properties with thaddéad RO model,
and representguantitativelythe basic tradeoff which generates a value inyitedginvestment in the probleRO,: it is
profitable not to exercise immediately the investment opportuditye to the ongoing increase in the value of the
underlying asset as well as to the diminishingdrefhthe investment expenditure. Both facts moastbompensate the
opportunity cost not to exercise immediately arestment opportunity with positive NPVSuch an intuitive stylized
fact takes us to the foundations of the RO approadtereupon we can take advantage of the transpamthe
solution of modeRO, to raise a general issue about ¢baditionsfor the very existence of a value in waiting tedst.
As previously stated, a constant lump sum costHeracquisition of the ass8tdescribed by (2.1) or (3.1) does not
leave room for a value in deferring investment.

In a nutshell, RO exist once three conditioresfatfilled. First, there exists a definite flexiby in the exercise of an
investment opportunity. Second, a well defined mjation problem can be set up. Third, the ongagalization of
the stochastic underlying can be observed to baibgut the information upon which the investmentesiite is
tailored. The investment trigger (3.8) represenésdlementary schedule for the moRé€b, in a perfect parallel to the
corresponding trigger for the probldR©,. In such a parallel we can recognize that theevaluvaiting to invest in the
modelRO, stems exclusively from the increase in value efuhderlying asset. It is natural to look at dual problem
in which the value in waiting stems exclusivelyrfrahe diminishing trend in expenditures. Such aliguanight
represent a fundamental structure in a RO theowghntike the asset-liability dichotomy is the fungental structure of
immunization theory.

Such a conjecture about a fundamental struéuRO theory is supported by the observation thatmhodeRRO, can
easily be recognized as forma#iguivalentto a model (call iRO;) in which the value of the asset not yet in plescat
a constant leveE, whereas its lump sum cost is represented bytduhastic process & E) y(t) upon which to set up
the free boundary problem. Notice that, in facgttis the perspective we have pursued in the pusvéection when
working with the variablg. The conjecture that such a duality might repressarline of force along whichtaeory of
RO might build is then a natural step. The profiigbof the investment opportunity can be modellad stochastic
dynamics on both the asset and the liability siofethe problem. Our analysis seems to point atttfee elementary
facts which entail a value in waiting to invest.eTfirst occurs for a GBM with positive drift, regenting the dynamics
of the asset value, coupled to a constant lump issastment. The second occurs once the cost ofirdeg|@an asset
with constant value is a decreasing lump sum reptes by a GBM with negative drift. Such a duatippears at an
elementary enough level to suggest that no fustreicture can be recognized at a more elementaey. [Ehen, with
respect to such ‘coordinates’ for the space of iptssRO, one can envisage a structure for a theaily along such
lines. Just aRRO, turned out to be a stylized fact which can be sirdswhich great complexity, the same, in line of
principle, can be thought of the probléd®;. As already stated in the introduction, the rdigiminishing expenditure
in the modelling of complex RO has long been recah Our point is to argue about the relevancatoéducing the
dichotomyRQ, - RO; as a conceptual framework for organizing the insigmbedded into complex models.

The key issue in thRO, - RO; duality is the difference between the asymptosibdviour of the growth opportunities
built in the models. It is quite obvious than, afyanstant, one can trade an increase in the vafluen asset with a
corresponding decrease in the expenditure reqdoedcquiring the property of such an asset. Suttalgebraic
identity is not evidently our point. It is the difent asymptotic behaviour which calls for diffdrezlation between the
asset and liability for a value in waiting to exiBtgure 1 represents such a difference: in theplet, the 45° slope of
the profitability of the project in a mod8lO; (blue line) represents a constant expenditurechivibes not influence

4 Notice that the explicit functional form for thelstions of RO problem are related to the expligitdtional form of discounting, an
issue with which Myers (1977) does not come togrperefore maintaining a greater generality.
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the 45% slope of the straight life= x. On the other hand, the slope of the profitabilityhe modeDO, (the red line)

is larger than 45°, as a result of the diministofighe cost of acquisition. Evidently, such a slapenot be maintained
indefinitely, so as not to enter the region of fitene in which the NPV of the project exceeds tkleoPthe asset. The
difference in the asymptotic behaviour characterites diversity of the models, which cannot be whixene cannot
combine the asset side of mo&sD, with the liability side of modeRO; and obtain a consistent RO model. Combining
an asset with exponential expected growth withahility exponentially damped leads to a profitableestment
opportunity, which, nonetheless, cannot be addressrms of a RO of waiting to invest. A forthcorgifRO theory
should be bounded in such a direction, and, posstblvisage generalized criterions of optimality.

5 Value drivers in comparison

The conceptual significance of the duality sethf appears quite natural. Thus, we expect th@maroperties of
our model to be correspondingly transparent. Leassess the comparative statics for the pair ofdtesers of the
value in flexibility, namely, the damping rate at which the size of the liability side decreassasd the volatilitys,
which enhances the profitability of capitalizing gpward shocks. The comparative statics confirnctiteerency of the
two models, in which the value drivers play, m#atiutandis, the same role. Then, a comparison wthdard
reference approaches assesses the relative sigmiéicof each model, therefore contributing to gipiie boundaries
of the RO approach. Thus, the somewhat ‘heterodmpes of the red lines in Figure 1 can be ble§sed natural
fitting of the model in the overall RO framework.

As a first step, let us come to grips with numsbgeneralizing the schedule of section 2, whigresents the limit of
vanishingo. Again, we leave unspecified the scafeandl, and focus on the value drivers embedded in thigiptier.
Foro = 0.10 and 0.20 respectively, we find the optis@dedules

o= 001 002 003 010 o= 001 002 003 010
B-1 _ 1729 2 2295 4547 B-1 _ 2457 2721 3 5160
B B

As expected, the effect of volatility is to enharhe value of flexibility; such an effect superpede the monotone
trend driven bye, resulting in an amplification of the value of Akility. Let us turn to the smooth setting of
comparative statics.

The growth rater characterizes the duality under inspection: inrfwdelRG, it is the driver of the growth of the
value of the asset, in the modR&D; it is the driver of the damping of expendituresbbth models, the higherthe less
value in delaying exercise. Such an expectati@oigirmed by the comparative statics

o1 LB,
oo -1 oa " G

recall that the state variable has an expected value which decreases with timehat a positivegy entails
(24

accelerating the exercise of the option. Such fateis coherent with that of the rate of growtitld asset value in the
modelRQ,, in which the profitability grows accordingly tbe value of the asset.

Then, the role of the volatility of the GBM underlying is what characterizes the &@ the profitability of waiting
for the optimal trigger to exercise the investmepportunity. The smooth enhancement of the valudeiaying for
increasing is represented by

¥ 1 .op
o0~ 551" o0 ° ®-2)

as long established, the higher the volatility, there profitable shocks may turn out to be, and firéher the
investment trigger poses the optimality of exercRecall that thesize of the shocks is proportional to the actual size
y(t) of the state variable, thus shrinking on aver@gme elapses.

Out of such comparative statics we get the eiixpression of the shifts of the RO value causgdhanges i
andc. The insights have been well established: we é@xpedncrease ix to induce a downward shift i, as a
consequence of the trigger being pulled back iretimhereas an increasedndetermines an upward shift i, as a
consequence of the trigger being pushed forwatiine. The corresponding comparative statics fontilae of the RO
as represented in (3.10) stems from applicatich@thain rule, namely, for amin the relevant domain,
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Notice that the analytical structure of the problisntailored by the multiplicative form (3.8): bothe effects of the
drift and stochasticity are embodied in the rghtof the fundamental quadratic. The analytical rafee of the
elementary modelRO, - RO; can be traced back to such neat expressions. Thepgproach has grown naturally
factorizing the value in waiting in the multipliex,pattern into which our model fits naturally.

As already stated, the multiplier built out@fembodies both the effect of ttrend of the dynamics of profitability,
as measured by, and the effect of shocks, as measuresb¥he resulting expressions exploit the increase as a
result of the enhanced profitability of capitaligion the freedom of waiting for positive shockseTiwo opposite
effects get balanced once, for aniyn the relevant domain,

dW=Mda +%da=0 (5.4)
oo oo

the vanishing of a differential form, which canrepresented as a flow in thec plane.

Then, delicately switching off uncertainty leaglto the deterministic limit discussed in secomotice that the very
existenceof a smooth deterministic limit is of great relaga, a stability property of the RO approach whichy
represent a handle upon which general economiesdssnay rely for addressing the issue of efficienmyder
uncertainty, as Dixit and Pindyck (1994, ch. 8 &)fsrth.

The insights embodied in the previous relatidesfit the standard RO framework, as we furtherficonin a
comparison with the basic RO perspectives on imvest and disinvestment. Basic models encompass GBM
underlying with, respectively, positive and negatilrift. In a sense, our model does fit ‘in betwesrch recipes in
well defined analytical sense, which we sketchamparison with a pair of representative papB@; is a model of
investment, thus focused on tlmcreasein the value of the underlying. Yet, as the ungad approaches an
asymptotic limit, the moddRO; shares the analytical form of the solution with dinvestment perspective.

Consider the strategic investment problem sei oy Grenadier (2002), which models Cournot catitipe facing a
stochastic market: exogenous uncertainty in denmadiven by a GBM with positive drift, a multipb¢ive shock on
demand. The Author employs a definite couplingtfa differential problems of the competitors, whimthilds on the
modelRGO, and entails ositivepower law (Grenadier, 2002, p. 703) for the valfithe RO, whose effect is entangled
with the complex dynamics of the stochastic gama. Bodel, on the other hand, represents a markieshveaturates,
and which therefore entailsn@gativepower law.

The negative power law characterizes the ROpeetive on disinvestment, for which we take Lambtemd Myers
(2007) as representative analysis. The Authors eyrIGBM with negative drift to model the stochastivolution of
the value of the firm. They partition the value thé RO to disinvest into the stylized claimholdarsl potential
acquirers. Their RO model for the firm value estaihegativepower law (Lambrecht and Myers, 2007, p. 815),clvhi
is selected by an initial condition which parall€3s5). Their theory, among other things, expldits role of flexibility
and volatility into the value maximizing strategiefsplayers with different objectives. Recall thlé RO perspective
on disinvestment differs from the one embeddedhénEuropean option perspective on corporate ltasl(Black and
Sholes, 1973), and specifically in the put-callifyafsee for instance Miller, 1988), in which a fstablished time of
expiry of the option represents debt maturity. Bieke price of the European option naturally cepends to the
exercise price of the RO, which is, on the othendchatriggered by the realizing sample path of thechsastic
underlying. In both models shareholders may cheoseplenish bondholders and retain all claimstenfirm’s cash
flows; the different analytical properties of th@dels set the difference in the economic perspeciivfirst instance,
the absence of the drift of the GBM underlyinghie BSM equation.

6 Perspectives

Among the many types of RO, the option to detesestment plays a key role, in that the operatidiexibility is
stripped down to its essentials. We have gone gir@RO model in continuous tithethich isdual to the standard RO
model of delaying investment. In standard settitigs,value drivers of delay are, in first instante, expected rate of
growth of the value of assets not in place. Onagosite, our model encompasses a value in waibingvest which
can be driven solely by the decrease in the investnexpenditure. Thus, naturphirings are established: the
exponential growth of the expected value of theetasan be paired to a constant lump sum expenditthiereas the

5 A corresponding analysis in discrete time may jmtevurther insight.
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exponential decrease of expected expenditures egaioed to a constant asset value. This is thet pdithe present
contribution, whose rationale issgmmetryrequirement to envisage the asset and liabildgsion a equal footing with
respect to the search for value drivers. As alrestdied, the role of diminishing costs as valugeds for general RO
models has long been recognized. Our point is twitghe RO, — RO; duality as abasic framework for building
analytical models as well as for organizing insightVe conjecture that such a duality encompassesn®lete
characterization of the conditions for the existen€ value in waiting to invest. The rationale behthe conjecture is
the elementaryduality of the stylized facts. Should the conjeetturn out to be falsified in some sense, a magpw s
towards the building of a Rheorywould anyway come about.

As already stated, we envisage a natural agjgitaf the present model to real business in sesviln fact, the
market for energy supply may represent a natunaliggiion, in which the diminishing costs of prothg energy from
renewable sources entail a value in waiting to shvim fact, regardless definite interpretationshaf model, the duality
RO, — RO; may represent a means by which to enlarge thghtssbuilt into the analysis of incremental investi) as
represented in Dixit and Pindyck (1994), which 8wh a demand driven by a multiplicative GBM skitriable with
positive drift, therefore committing the analysistheRO, side.

Once we expand our risk neutral agent into niandamental structure, the net of contracts intfiéefirm comes into
view, establishing the boundaries of the firm adl ae the coordination and incentive mechanismseihe The RO
model set forth by Lambrecht and Myers (2007) dnégs the divergence of objectives between thezstyl
claimholders induced by the flexibility in the digestment opportunity. Such incentives drive thay@ccording to the
contractual arrangements taken as exogenously .gh®is well known, the opposite perspective tailtire Principal-
Agent model (Bolton and Dewatripoint, 2005), whiséts the general framework for addressing optimeéntive
mechanisms and contract arrangemegitgen the preferences of players and models for infoionat asymmetries.
Grenadier and Wang (2005) provide a seminal apprdacrepresent the effect of agency problems irsicaua
departure from the first best RO trigger: once éhercise of the investment opportunity is delegated agent may
capitalize on asymmetric information. The Authongpdoy the modeRO; to exploit the effect of adverse selection and
moral hazard in shifting the first best optimaléstment trigger to the second best correspondemtn@del represents
the natural dual perspective on the investmenbsect

Then, switching from the inside to the outsidaéhe firm, we turn to the competitive issues addesl by Industrial
Organization. Upon relaxing the hypothesis of malistic investment opportunities, one is led to sider the whole
range of competitive frameworks, from imperfectprfect competition, for which Smit and Trigeor@)04) tailor
natural lines for taking into account the PVGO Il tpayoff structure of strategic interactions. kwgtance, pre-
emption becomes an issue which our model can bes tmdepresent, along the lines of Grenadier (200@3sibly
providing a ‘structural’ organization for the inkig about value drivers. In first instance, theésabout the conditions
for the very existence of a value in flexibility ynae sharpened, along with the recognition of tasted structure of
growth option which the firm can pursue in the dques market power. The point is to envisage the af investment
opportunities on both the asset and the liabilidesAs a typical fact, the asset side is charatdrby exogenous
uncertainty, for instance market demand, upon whkiehfirm may have little control. On the other Gathe liability
side may provide handles (for instance, learning)nieans of which the firm can drive PVGO and inwestt
strategies. As it has become clear in the lastdigcstrategic (game theoretic) investment modedsesent the real
‘battlefield’ upon which RO methods can demonstriteir power. “Value creation suggests that theestment
strategy should be focused explicitly on the refewalue drivers” (Smit and Trigeorgis, p. 32). {@éoping growth
options and developing a strategic position to aedheir benefits are enabled in part becauseoti€ips pursued and
experiences and efficiencies acquired in earligiogs” (Smit and Trigeorgis, 2004, p. 91). The feag effect on
diminishing costs embedded in our model comesdddte.

As a final remark, our model may provide furtiesights with respect to the role which RO mayyptaa regulatory/
framework (see for instance Roques and Savva, 2008)tempting to envisage RO as a major scientibntribution
to the assessment objectivemeasures with respect to which regulators cantghe design ofules and, possibly,
contribute to the building of a world “in which tieeis not only greater prosperity, but also sopiatice”, as Stiglitz
(2001) posits.

5 The italian market for electric energy supplieas been recently liberalized.
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