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Aspects of the moduli space of instantons on CP? and its orbifolds
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We study the moduli space of (framed) self-dual instantons on CP2. These are described by an Atiyah-
Drinfeld-Hitchin-Manin (ADHM)-like construction which allows us to compute the Hilbert series of the
moduli space. The latter has been found to be blind to certain compact directions. In this paper, we probe
these, finding them to correspond to a Grassmanian, upon considering appropriate ungaugings. Moreover,
the ADHM-like construction can be embedded into a 3d gauge theory with a known gravity dual. Using
this, we realize in AdS,/CFTj; (part of), the instanton moduli space providing at the same time further
evidence supporting the AdS,/CFT5 duality. Moreover, upon orbifolding, we provide the ADHM-like
construction of instantons on CP?/Z,, as well as compute its Hilbert series. As in the unorbifolded case,
these turn out to coincide with those for instantons on C?/Z,,.
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I. INTRODUCTION

In the recent past, it has become clear that studying
gauge theories in diverse circumstances is of the utmost
interest in order to unravel their dynamics. In particular, it is
very interesting to consider their response to curvature by
considering placing gauge theories on curved backgrounds.
In that respect, very recently developed techniques—such
as localization—allow us to compute exactly certain
observables, such as partition functions and surface/line
operators in certain gauge theories. In turn, these are
sensible to different physical aspects. For example, while
the supersymmetric partition functions of N =2 4d
theories on S' x $3 have the interpretation of an index—
a weighted counting of Bogomol’'nyi-Prasad-Sommereld
states—the homologous computation on S* is interpreted as
a partition function, and it is closely related to the
Zamolodchikov metric [1].

In these computations, the nonperturbative sector typi-
cally plays a crucial role. In particular, it is well known that
instantons are very important configurations in gauge
theory. For example, the partition function of gauge theories
contains contributions from saddle points of all instanton
numbers. This can be made fully precise in the case of
supersymmetric gauge theories with eight supercharges,
when the supersymmetric partition function can be com-
puted exactly thanks to localization (see [2] for a seminal
contribution). One can then explicitly see that, in addition to
purely perturbative saddle points, the partition function
localizes on instantonic configurations, whose contribution
one has to sum. On general grounds, such contributions are
the one-loop determinants around each instanton saddle
point, which can be computed by the so-called Nekrasov
instanton partition function. In turn, in the case of pure
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gauge theories, the latter coincides with the Hilbert series of
the instanton moduli space (see, e.g., [3,4]). Therefore,
the construction of instanton moduli spaces, as well as the
computation of their associated Hilbert series, is of the
greatest importance (of course, the reasons alluded to before
are just a very limited subset of those making the instanton
moduli space a very interesting object).

In the case of instantons on C?>—or its conformal
compactification S*—the problem of constructing instantons
of pure gauge theories' with gauge group A, B, C, D was
solved long ago by the Atiyah-Drinfeld-Hitchin-Manin
(ADHM) construction [5]. Moreover, it turns out that the
ADHM construction has a natural embedding into string
theory as it arises as the Higgs branch of the Dp-Dp + 4-
brane system [6-9]. In this paper, we are interested in the
parallel story but for the case of CP2. As opposed to $*, CP?
is a Kéhler manifold. This naturally induces a preferred
orientation which distinguishes self-dual (SD) from anti-self-
dual (ASD) 2-forms. As a result, the construction of gauge
connections with ASD and SD curvatures is intrinsically
different. In this paper, we will concentrate on SD con-
nections on CP? (and its orbifolds). In the mathematical
literature, an ADHM-like construction for such gauge
bundles has been developed long ago [10—14]. Very recently,
it has been shown that such construction can be embedded
into a gauge field theory, which, moreover, admits a string/M
theory interpretation [15]. Surprisingly, the gauge theories
engineering the ADHM construction for instantons on CP?
are 3d gauge theories with N' = 2 supersymmetry—that is,
four supercharges. Nevertheless, as shown in [16] (see, also,
[15,17,18] for a discussion in the physics context), the
Hilbert series and other properties do indeed satisfy proper-
ties compatible with the expected hyper-Kihler condition of
the moduli space.

'We will concentrate on instantons in pure gauge theories with
eight supercharges throughout the paper.
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In this paper, we consider several aspects of these moduli
spaces for SD instantons on CP?, as well as develop their
construction on orbifolds of CP?. As introduced above,
being CP? a Kihler manifold, a preferred orientation is
induced. In turn, this intrinsically distinguishes SD from
ASD configurations. It is then natural to ask whether both
types of instantons can be physically relevant. To elucidate
this, we need to construct a supersymmetric gauge theory
on the curved space such that its instanton sector includes
SD configurations. A very useful strategy put forward by
[19] s to couple the gauge theory to supergravity so that the
combined system is automatically supersymmetric. Then, a
suitable rigid limit freezes the gravity dynamics around the
chosen background in such a way that we are left with the
quantum field theory appropriately supersymmetrized on
the curved space. From this perspective, the vacuum
expectation values (VEVs) of the fields in the SUGRA
multiplet become the supersymmetric couplings in the
gauge theory. Moreover, in order to preserve supersym-
metry, generically the SUGRA, the background must be
nontrivial. A very natural way to supersymmetrize a gauge
theory is by means of topologically twisting—perhaps
including an equivariant version—with the R symmetry.
Following this method, in [20] the partition function for
gauge theories on Kihler spaces, in particular, CP?, was
constructed. However, the relevant instanton sector in that
case was that of ASD configurations. As we describe, this is
related to the choice of topological twist: because of the
Kihler property, twists based on left-handed spinors are
intrinsically different from twists based on right-handed
spinors. As we explicitly spell out in this paper, by
choosing the appropriate twist, it is possible to construct
a supersymmetric gauge theory on CP?> for which the
relevant instanton sector contains SD configurations.

In the case of SD instantons on CP?, the corresponding
Hilbert series was computed in [16—18] and reobtained in
[15] from a physics-based approach. In particular, it was
shown that these coincide with the Hilbert series of a
“parent” instanton on CZ?. This immediately raises the
question that, being CP? a topologically nontrivial space,
it is natural to expect that our instantons are described by
extra topological data. In particular, given that CP? con-
tains a nontrivial CP', gauge field configurations should be
labeled as well by a first Chern class basically correspond-
ing to flux on the nontrivial CP'. Since the Hilbert series,
which coincides with the Nekrasov instanton partition
function, is insensitive to this information, it follows that
the partition function is independent on the choice of first
Chern class for the gauge bundle. However, other observ-
ables might depend on it (in particular, surface operators).
Thus, on general grounds, it is natural to explore the
structure of the full moduli space. Such description has
been accomplished in the mathematical literature [16—18]
for the unitary case. In particular, it has been shown that the
dimension of the moduli space seen by the Hilbert series is
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smaller than the dimension of the actual moduli space. As
argued from a mathematical perspective for the unitary
case, in particular, in [17], such “extra directions” are
associated to (compact) Grassmanian subspaces in the full
moduli space.2 Note that these extra directions were
detected by means of other methods, as being compact,
the Hilbert series is blind to them. In this paper, we explore
from a novel physics-based perspective, these extra direc-
tions associated to the extra topological data. Our approach
applies to the unitary case as well as to orthogonal and
symplectic instantons. For that matter, we consider the
simplest case of a SD configuration probing these extra
directions, namely, that with zero instanton number but
nonzero first Chern class. Amusingly, for unitary instan-
tons, the construction degenerates into a 3d version of the
theory in [21], whose moduli space has been argued to be a
(compact) Grassmanian manifold, thus, reassuringly recov-
ering the expectations in the mathematical literature. This
theory, which admits a brane description, provides a clear
physical description of the extra directions of the moduli
space not captured by the Hilbert series. Moreover, it
suggests a novel way to study such extra directions by
using the so-called master space [22] of the theory. The
latter is an extended notion of the moduli space where one
ungauges the Abelian part of the gauge symmetry. As in
[23], upon appropriately ungauging U(1) groups, we are
effectively considering the complex cone over the compact
base. In this modified scenario, we can now use the Hilbert
series, which probes the extra directions finding agreement
with the expectations. Moreover, we use this technique to
probe the resolved moduli space for orthogonal instantons
as well—symplectic instantons are trivial in this respect.
Thus, our new approach provides a direct and physical
method to explore in detail the moduli space of SD
instantons of all classical groups on CP?.

Yet another very interesting aspect of the construction of
SD instantons on CP? is that the gauge theory containing
the ADHM construction of unitary instantons admits a
large N limit where it is dual to an AdS, geometry. It is then
natural to study the instanton moduli space in the gravity
dual. Similar to other examples in the literature, the gravity
dual captures the subset of operators involving only
bifundamental fields in the quiver corresponding to “closed
string degrees of freedom” (as opposed to fundamental
matter corresponding to “open string degrees of freedom”).
It is possible, however, to identify this subset in the field
theory for detailed comparisons. In particular, the expected
hyper-Kéhler structure is recovered from the AdS dual.
Moreover, in order to find agreement with the field theory
description, the exact R charges of the operators are
required. This provides an interesting cross-check of the

’In [15], the full moduli space including the Grassmanian
directions was called the resolved moduli space, as it discerns the
extra directions not seen by the Hilbert series.
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field theory results. At the same time, it provides very
nontrivial evidence of the proposed AdS,/CFT; dualities,
as, in particular, it requires detailed matchings involving R
charges in A = 2 theories—free to deviate largely from the
free-field ones.

Starting the ADHM construction for instantons on a
given space can be used to find the corresponding con-
struction on related spaces obtained by orbifold projections.
In this manner, we find the ADHM construction, as well as
the Hilbert series for moduli spaces of instantons on
CP?/Z,, whose construction and description were not
known to the best of our knowledge. As these spaces have
an even richer topological structure, the identification of
ADHM-like quiver data with the instanton data is more
involved and not known, yet we propose some conjectures
supported on the observations coming from the unorbi-
folded case. We stress that our approach towards exploring
compact directions of the moduli space plays an important
role in guessing the topological properties of instantons on
the orbifolded spaces.

The structure of this paper is as follows: In Sec. II we
explicitly describe the relevance of SD instantons on CP?
in the computation of the partition function for the
topologically twisted gauge theory. In particular, we show
how SD instantons on CP? arise as the minima of the
localization action, as well as (very briefly) review some
relevant aspects of the ADHM construction in the math-
ematical literature. In Sec. III we study unitary instantons
on CP?, considering, in particular, our novel approach
consisting of the resolution of the extra directions upon
ungauging U(1)’s as well as the AdS/CFT description of
(part of) the instanton moduli space—this providing very
nontrivial evidence of both the construction and the
AdS/CFT duality, as it requires a precise matching of
superconformal R charges. In Secs. IV-VI we turn to
instantons on orbifolded spaces, for which we provide the
first explicit description. In Sec. IV we consider the
construction of unitary instantons on the orbifold space.
In Sec. V we turn to the symplectic case, finding the
ADHM construction of their moduli space on CP?/Z,,. In
Sec. VI we turn to orthogonal instantons, analyzing, very
much like in the unitary case, the compact extra directions
associated to the nontrivial topology. Moreover, we provide
the construction of orthogonal instantons on the orbifolded
space. We provide a short summary of the highlights as
well as some conclusions in Sec. VII. Finally, we describe
some exotic cases as well as compile some figures in the
appendixes in order to not clutter the text.

II. SELF-DUAL INSTANTON CONTRIBUTIONS TO
SUPERSYMMETRIC GAUGE THEORY ON CP?

We are interested in pure gauge theories on CP?. Hence,
our first task is the construction of the supersymmetric
Lagrangian for the theory on the curved manifold. For that
matter, we follow the approach in [19], which amounts to
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considering the combined system of supergravity plus the
gauge theory of interest. Then, a rigid limit freezes the
gravitational dynamics so that we are automatically left
with the supersymmetric gauge theory on the curved space.
Since we are interested in N = 2 gauge theories, we will
use conformal supergravity as in [24].

Recently, the partition function of supersymmetric gauge
theories on CP? was considered in [20]. However, in this
paper, we are interested in a different version of the gauge
theory. Recall that in order to find the supersymmetric
theory, we need to solve the gravitino variation as well as
the auxiliary condition in [24]. These provide both the
background fields as well as the Killing spinors for the
gauge theory on the curved space. A natural solution to
these equations is the topological twist [25]. On general
grounds, this amounts to redefining the Lorentz group—
generically locally SO(4) ~ SU(2),¢ X SU(2),ign—bY
twisting either SU(2)jefigne With SU(2)g. Nevertheless,
as described in, e.g., [26], since for Kihler manifolds the
holonomy is really SU(2),ign X U(1))ef @ second version
exists whereby one twists the U(1),. by the Cartan of the
SU(2)x (note that in this case, one chirality is privileged
over the other by the orientation naturally induced by the
Kihler form). While in [20] this latter choice was consid-
ered, in this paper we will focus on the former version of
the topological twist, which can be performed both for
positive and negative chiralities of the background Killing
spinors.

Setting to begin with all supergravity fields other than the
metric and SU(2), gauge field to zero, the equations
defining the supersymmetric backgrounds are defined by
the conformal Killing spinor equation [24] (we refer to this
reference for details)

. 1 .
Dyel. = 4 7,Del. =0, (1)

where the covariant derivative acting on the background
Killing spinors is

Dﬂeiﬁ: = vﬂeil: + (Au);'ei_’ (2)
while A, is the SU(2) gauge field, and V, is the covariant
derivative acting on spinors including the spin connection.
Moreover, the metric of the CP? is

s SIp s
dscp: = dp* + 2 [d6* + sin*Od¢
+ cos?p(dy + cos 0dgp)?],

pE

0,’2[} wel0.4r, 0€l0.q]. ¢el0.2x].

(3)

In hindsight, in this paper we are interested in keeping
the positive chirality spinors. Choosing then
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. i .
(A;t);‘ = _anabw,uab(al)}" (4)

where 7, is the 't Hooft symbol and ¢/ are the Pauli
matrices, we have that the spin connection part in the
covariant derivative is canceled, so that the Killing spinors
are simply’

i 0
i
el = o | €t = o | aeR. (5

Furthermore, one can check that the remaining supergravity
equation is solved upon appropriately tuning the super-
gravity scalar [25].

Following [24], negative chirality spinors could be
included choosing a Killing vector v of CP? as ¢ =
ilze"+ upon turning on 7~ = 2dw|_. Let us stick, however, to
the topological case. Then, since the theory is invariant
under the supersymmetry generated by the above €', we
could add to the action the Q-invariant term —¢ [ 5V, being
SV = |6Q1, |> 4 |6QL|%. The standard argument suggests
then that the action is ¢ invariant. A straightforward
calculation gives [we set (¢! )7e, = 1]

1 I )
8V = (F 7 + DL + ¢ [V + [l AP (6)

where we have imposed the reality condition Y'; = (¥7;)*
[20]. Since Eq. (6) is strictly positive, in the classical limit
t — oo, the theory localizes on configurations such that the
scalar in the vector multiplet is constant and lies along the
Cartan of the gauge group while F™ = 0. Note that, had we
chosen to keep negative chirality spinors, we would have
obtained F~ = 0. Being more explicit, the condition F™ =
0 is, in the conventions of [24], equivalent to*

Ft == (F—=%F)=0w F = «F. (7)

| =

That is, F must be SD. Since, for the standard orientation of
the CP2, the Kéhler form is also self-dual, we have that the
relevant gauge configurations in this case are instantons of
the same duality type of the Kéhler form. This is precisely
the type of instantons described in [15] using the King [13]
and Bryan and Sanders [14] constructions elaborating on
[10-12].

*We choose a chiral representation for the Dirac algebra so that
I's = diag(1,-1).
*Here, (*F),, = 4 €apeaF?.
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A. The construction of self-dual instantons on CP?

While we are interested in constructing self-dual instan-
tons on CP?, it is, however, more convenient to regard
them, upon orientation reversal of the base manifold, as
ASD instantons on CP? (the opposite-oriented CP?). Then,
we can directly borrow the construction of their moduli
spaces from King [13] and Bryan and Sanders [14]. Let us
give a lightning overview of the relevant ingredients of the
construction and defer to [10-14] for the detailed account
(see, also, [15] for more references).

On very general grounds, there is a correspondence
between the moduli space of instantons on projective
algebraic surfaces and the moduli space of (stable) hol-
omorphic bundles which goes under the name of Hitchin-
Kobayashi correspondence. In this context, the ADHM
construction can be regarded as a device to construct
holomorphic bundles over the appropriate manifold.

An alternative version of the Hitchin-Kobayashi corre-
spondence, more useful for our purposes, was proven by
Donaldson by using the so-called Ward correspondence,
which associates an ASD connection—that is, a connection
whose curvature is ASD—on a (not complex) manifold X
to a holomorphic bundle on a related manifold Xj,.
Roughly speaking, one regards X as a conformal compac-
tification of some underlying complex manifold X.
Since both the Yang-Mills equations and the self-duality
constraints are conformally invariant, solutions with def-
inite duality properties (say, ASD) on X, can be naturally
extended into solutions on X. Note that, in doing this, the
behavior of the gauge field at the added point must be
specified; that is, a framing must be chosen. In particular,
we choose a trivial framing, where the gauge transforma-
tions become the identity at infinity.

On the other hand, it is well known that connections with
an ASD curvature on a complex manifold X, are in one-
to-one correspondence with holomorphic bundles on X, CPIX.S
Since the moduli space of the latter is a rather sick notion,
being X, a noncompact space, we can considering a
holomorphic compactification of X, into Xy, whereby
we add the complex line at infinity ¢ and demand the
holomorphic bundle to be trivial over there. Hence, all in
all, the problem of constructing trivially framed ASD
connections on X is mapped to the construction of
holomorphic bundles—denote them by E—over X,
trivial over . The ADHM construction is precisely the
device constructing such bundles. N

In the case at hand, we consider X, = C?, the blowup
of C? at a point defined as

’Roughly speaking, this is due to the fact that the ASD
condition on a connection A is equivalent to the integrability
condition 9% = 0 of 9, = O + A, hence, defining a holomorphic
bundle on X, through the Newlander-Nirenberg theorem. See
[10-14] and [15] for more references.
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U(N) U(N)

FIG. 1.

Quiver diagram for SU(N) instantons on CP? (on the
left) and for SU(N) instantons on C? (on the right).

C’ = {(x1.x) X [21,22) € C* X CP'[x,2 = xp25}.  (8)

Then, on one hand, we can find a conformal compactifi-
cation of X i, = C? into X = CP?—the opposite-oriented
CP%2—as follows:

C? > CP%: ((x1, %) X [z Z])_){[xz’x15x2]’ )
PRI 0.2zl

Note that CP? is not really a complex manifold, as the
orientation does not follow from the Kihler form.
On the other hand, we can find a holomorphic compac-

tification by adding #, which compactifies C? into Xholo =
CP? blown up at a point, that is, Hirzebruch’s first surface
[F,. Hence, we have that framed ASD connections over CP?
are in one-to-one correspondence with holomorphic bun-
dles over F' which are trivial over 7. Since upon
orientation reversal, ASD connections on CP? become
SD connections on CP2, it follows that the desired moduli
spaces are in correspondence with holomorphic bundles
over [;. Then, the ADHM construction is precisely the
device to construct such bundles.

While here we will not dive into more details, an
instrumental notion in arriving at the actual ADHM
construction, from this point of view, is the associated
twistor space, which takes into account the sphere bundle
of compatible complex structures over Xy, Instead of
delving into more intricacies, here we will describe the
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ADHM-like description of instantons for unitary, orthogo-
nal, and symplectic gauge groups embedded in a gauge
theory as in [15], and refer to [10—14] for the details of their
construction along the lines outlined here.

One word of caution is in order. Even though in the
following we will loosely refer to instantons on CP?, the
previous description of the precise construction should be
borne in mind—that is, we are describing SD instantons on
CP? or equivalently ASD instantons on CP2. Moreover, we
stress that we discuss framed instantons where a particular
behavior in the added line (trivial) is imposed.

III. U(N) INSTANTONS ON CP?

As described in [15], the King [13] construction for
unitary instantons on CP? can be embedded into a 3d
quiver gauge theory. The theory in question is a 3d N = 2
gauge theory whose quiver is in the left panel of Fig. 1,
supplemented with the superpotential

W = Tr[A'B'A’B> — A'B?A?B' + gA'Q].  (10)

Note that the chiral nature of the theory demands,
because of the parity anomaly, the gauge nodes to have
a nonvanishing Chern-Simons level % + k; and — % + kg,
respectively, where k;, Ky are integers including zero.
In the following, we will concentrate on the case
k L — k R — 0

As a 3d gauge theory, it has been argued [27,28] that the
theory flows to an IR fixed point, where the charges of the
fields are listed in Table I. For the particular case N = 1, as
argued in [28], the mesonic moduli space (excluding
“Higgs-like” directions where fundamental fields take a
VEV) of the theory is the direct product of a conifold times
the complex line. In general, as N is increased, this
geometric branch of the moduli space becomes an increas-
ingly more involved toric manifold (see [28]).

The instanton moduli space of interest is that of G =
U(N) instantons on CP?, denoted as M¢ ,. It arises as a
Higgs-like branch of the full moduli space of the gauge
theory dubbed the instanton branch where fundamental
fields take a VEV. Note that the instanton gauge group
appears as the flavor symmetry of the ADHM construction.
Note as well that in order to specify the instanton, in

TABLE I. Transformations of the fields for the CP? quiver gauge theory. Here, r is an unknown real parameter
whose value, nevertheless, does not affect subsequent results.

Fields U(ky) U(kg) U(N) SU(2) U(l)g
Al [1,0,....0] [0,...,0,1]_, [0] [0] 1/2
A? [1,0,....,0], [0,...,0,1]_, [0] [0] 1/2
B', B? [0,...,0,1]_, (1,0, ...,0],, 0] [1] 1/4
q [0] [1,0,...,0],, o,...,0,1]_, [0] 1—1/4r
0 [0,...,0,1]_, [0] [1,0,....0],, [0] 1/4r
F term [0,...,0,1]_, [1,0,....0],, [0] [0] 1
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general, a set of numbers / including the instanton number
is required. We will come back to this issue below.

More precisely, as described in [15], the instanton branch
of the moduli space arises when we set A! (as well as all
monopole operators, typically denoted by 7, T) to zero. It is
important to note that the truncation A' =7 =T =0 is
consistent with the quantum constraint on the moduli space
introduced in [28]. Then, the only relevant F' term arises
from the superpotential and reads

OaW = B'A’B?> — B’A’B' + qOQ. (11)

Together with the field content and gauge groups of the 3d
gauge theory, this constraint precisely realizes the King
construction. Note that even though the flavor symmetry
is U(N), the U(1) part is really gauged. Hence, we can
think of our instantons as instantons of SU(N) [even
though, as we will review below, we should really think
of SU(N)/Zy].

In the following, we are interested in the Hilbert series of
the instanton moduli space. The ADHM construction just
introduced (and the corresponding orthogonal and sym-
plectic versions in addition to their orbifoldings to be
described below) allows us to compute it using by now
standard methods as in, e.g., [15,29-31] (see, also, [32] for
the study of instantons on C?/Z,). Let us pause to make a
point on notation. Throughout the paper, we will denote the
Hilbert series H of the instantons’ moduli space as
H[I,G,M], being I the integers characterizing the instan-
ton, which appears as the date of the gauge group of the
ADHM construction, G those characterizing the instanton
gauge group appearing as a flavor group in the ADHM
construction, and M the ambient manifold of the instanton.

As anticipated, in order to specify a particular G
instanton on CP?, a set of quantum numbers / is required.
It is clear that one such integer is the instanton number.
However, since CP? is a topologically nontrivial manifold,
it is natural to expect that instantons on CP? might carry
extra quantum numbers. Indeed, as reviewed in [I5]
following [16], we can characterize the instanton by its
first Chern number ¢ and its instanton number k. Using the
correspondence between ASD connections on X and
holomorphic bundles E on X,,, these can be written as

(@(BLich == (e(B)- "R a@r ) <k

(12)

being [C] the CP! class inside [F;—recall that, in this case,

X = CP? and X}, = [F;. These, in turn, are related to the
quiver data k;, kg as follows:

(ki + ke) — = (ky — k). (13)

C:kR—kL, k= N

N =
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As an algebraic variety, M (S:%N) can be mapped into the
moduli space of a related instanton on C>—described by
the Higgs branch of the theory in the right panel of Fig. 1—

in the following way,

m: (A2, B',B% 0,q)
- (X' = A2B' X2 = A2B%,1 = A%q,J = Q), (14)

being X', X2, I, J the fields of the quiver diagram for C?
theory. Indeed, if we multiply the F-term relation (11) by
A? and we apply the map (14), we recover the F term for
SU(N) instantons on C?,

XL, X2 +1-J=0. (15)
In turn, the inverse map o can also be defined as

o (X', X%, 1,J)
- (A2 =134, B'=X',B2=X>q=1,0=1).
(16)

Let us momentarily consider the case where k; = kg,
which corresponds to ¢ =0 and k = k,. From the con-
struction in Eq. (14), it is clear that the integer K in the
quiver in the right panel of Fig. 1 is identified with k; .
Thus, we have that as an algebraic variety, the moduli space
of k; SU(N) instantons on CP? is identified with the
moduli space of k;, SU(N) instantons on C2. Consistently,
the Hilbert series of these instantons coincide, from which
it follows that dime Mot = 2Nk, .

In the general case k; # kg, one finds that the above
construction still holds upon setting K = min(k;, kg).
Consistently, as described in [15], the Hilbert series
corresponding to the instanton branch of the quiver in
the left panel of Fig. 1 coincides with the Hilbert series of
the Higgs branch of the quiver in the right panel of Fig. 1,
that is,

H((ky. kg). SU(N),CP?|(t,x,y)
= H[min(k;, kg), SU(N),C?(£},x,y), (17)

where ¢ is the fugacity of the R charge, x the fugacity
associated with the SU(2) global symmetry, and y’s are the
fugacities associated with the U(N) global symmetry. Note
that the fugacity associated to the R charge is rescaled from
t in the CP? case into #* in the C? case.
Naively, Eq. (17) suggests that the dimension of the
moduli space of unitary instantons on CP? is
dime M2V = 2N min(ky, kg). (18)
Note that, even though the quiver is specified by three
integers N, k;, kg, Eq. (18) is only sensitive to two of them.
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However, it is possible to consider an extended notion of
the moduli space where the extra directions associated to all
the three quantum numbers specifying the instanton are
taken into account. This is the so-called resolved (as the
extra directions are discerned) moduli space denoted as

A/;IE%N), whose dimension is [16-18]
. ~SUN A . SU(N) | 4 N
dime MY = 2kN = dimeMEON +2(N - ). (19)

Note that for ¢ = 0, N the dimension of 72"

cp?
the dimension of Mﬁ{,ﬁ’”. This suggests that ¢ is really a

modulo N quantity corresponding to an instanton gauge
group which is really SU(N)/Zy. We warn the reader that,
while in the following we will not clutter notation by
suppressing the Zy, the global properties of the gauge
group must be kept in mind.

is equal to

A. The resolved moduli space and the Grassmanian

In order to explore the resolved moduli space, it is
instructive to first consider the simplest case where k; = 0.
The theory simplifies into a one-noded quiver flavored
only with fundamental fields (and not antifundamentals)
shown in Fig. 2. Recall that the CS level is adjusted so as to
cancel the parity anomaly, and, furthermore, there is no
superpotential.

The leftover theory in this particular case corresponds to
a 3d version of the theory considered in [21]. Then, as
argued in that reference, the moduli space is a complex
Grassmanian (compact) manifold, consistent with the
expectations in [16-18].

We can now understand why MQS;ZEN) is insensitive to
these extra directions, as forming a compact Grassmanian
manifold, the Hilbert series is blind to them. Indeed, since
in the theory in Fig. 2 the gauge group is U (kg ), the Higgs-
like moduli space is empty, as no gauge invariant can be
constructed out of fundamental fields. Consistently, for-
mula (18) gives a zero-dimensional moduli space.
However, as in [23], we can consider a version of the
theory where only the non-Abelian SU (kg) part of U (k) is
gauged, while the U(1) is kept as a global baryonic
symmetry [alternatively, we could think of this as the

U(kr)

U(N)

U(N -kgr) U(N)

FIG. 2. Quiver diagrams for Grassmanian (we show the dual
pair—see text).
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master space [22] of the U(kg) theory]. In this case, we can
form baryonlike gauge-invariant operators, thus, finding a
nonempty moduli space which, in fact, is a complex cone
over the Grassmanian. It is straightforward to compute the
Hilbert series. Unrefining the flavor fugacities, we have

HS = / PE[N 10, ] (20)

where y, is the character of the SU (kg) fundamental. Let
us introduce the d-Narayana numbers

Nars = S (4 VTR

=0 i=0

x (”:l)_l. (21)

Using them we can define the Narayana polynomial

(d—1)(n—1)

Py,(1) = Z N g it®™. (22)
=0

In terms of this polynomial, one can see that
HS = (1 — %)k 1=k Py (23)

We can easily read off the dimension of the moduli space
from the pole at t = 1, which is simply coming from the
prefactor before the Narayana polynomial, finding (this
result, not known in the literature to the best of our
knowledge, generalizes that in [33])
dimepSUN)

cp? |Grassmanian = k(N —kg) + 1. (24)
Recalling that the +1 is due to the U(1) which we are not
integrating over—resulting in moduli space which is a
complex cone over the Grassmanian—we find a result in
accordance with Eq. (19).

Equation (24) is invariant under the exchange
kg <> N — k. Indeed, one can explicitly check that the
Hilbert series of the theories with SU (k) gauge group and
SU(N — kg) are identical up to a trivial redefinition of z,
thus, suggesting a duality among these theories. Note that
this should imply nontrivial identities among Narayana
polynomials, which would be interesting to explore. Such
duality is also suggested by the brane construction in [21].°
In that reference, in a IIA system consisting on an NS-brane
and an NS'-N D4-branes intersection, ki D2-branes are
stretched along x° direction between the NS and the

We should stress that the same choice of Fayet-Iliopoulos (FI)
parameters as in those references related to the stability con-
ditions in the ADHM-like construction applies.
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NS’-D4 intersection. Then, the N D4’s can be broken on
the NS’ and, say, the lower part of them can be sent to
infinity. As argued in [21], the gauge theory on the D2’s is
precisely the 2d version of the gauge theory in the first
panel of Fig. 2. Upon T duality along x?, this system
engineers the actual 3d gauge theory of interest, namely,
that in the first panel of Fig. 2. Explicitly, the system
contains

(1) An NS-brane along 012345.

(ii) A braneweb with an NS’-brane along 012389 meet-

ing N D5-branes along 012378 and emanating a
(1,N) fivebrane.
(iii) kp D3-branes along 0126, starting at the braneweb
junction and ending on the NS.
Note that the NS'-D4 intersection in the ITA system
becomes a braneweb in the IIB system, as D5-branes
meeting an NS’ give rise to a (1, N) fivebrane. In fact, it is
precisely this bending that gives the expected CS level in
the 3d gauge theory [34,35]. In this, it is important to recall
that the D3’s meet the fivebranes right at the junction, as
this is what makes the 3d theory contain only fundamental
(and not antifundamental) matter [21], which, in turn,
generates the 5 CS level.

We can now imagine crossing the NS to the other side.
Then, due to the Hanany-Witten effect, the final configu-
ration contains N — kp D3-branes but is otherwise identi-
cal, consistent with our finding that the two theories in
Fig. 2 yield the same Hilbert series (for a more detailed
account of the duality in the 2d case, we refer to [21]).

Coming back to the general discussion, in view of the
k; =0 case, it is natural to guess that ungauging the
Abelian part of the largest gauge symmetry will allow us to
resolve the extra directions in M. For that matter, let us now
consider the case k; = 1. Writing the remaining U (k)
gauge group as U(1) x SU(kg), we can compute the
Hilbert series upon integration only over the non-
Abelian SU (kg ) part. In this case, finding a closed analytic
form seems a daunting task. Nevertheless, from explicit
computations for k; = land krp = 2,3and N = 1,2, 3, we
find that (the explicit forms of the Hilbert series are rather
unilluminating, and we will refrain from explicitly display-
ing them here) reading the dimension of the moduli space
from the order of the pole at r =1, the dimension is
compatible with the formula

SUN) — ok N+ e(N—¢)+1,  (25)

dime M,

which is precisely the expected result (19). Unfortunately,
explicitly checking higher-rank cases is technically chal-
lenging. Nevertheless, it would be very interesting to
perform further checks for higher ranks.

B. Rank one and AdS/CFT

In the particular case of k; = kg, upon setting N = 1 and
for k; = kg = 0, the theory engineering the moduli space

PHYSICAL REVIEW D 93, 026009 (2016)

of unitary instantons on CP? becomes exactly that found in
[28] to describe M2 branes probing C x C, the direct
product of a conifold times the complex line. The metric
of the CY, cone can be written as

dsgone = dp2 + pzds%s’ (26)

2 2 2
dsy = da* + sin*ady” + CO; ¢ <dl// + Z cos 9id¢i>
i1

cos’a
dO? + sin?0,d¢?). 27
+ g (@0 sin'0dg) (27)
Then, on general grounds, the near-brane geometry for a
stack of k; M2 branes probing this cone is AdS, x B,
which, in global coordinates, can be written as

r2
ds* = —(1 +L2>dr2 +

2
D P (sin20d6® + dip?)
(1+5)
+ 4L%ds%, (28)

being L the radius of the AdS, space. Besides, there is a 6-
form flux whose field strength integrates to k; on 3. Hence,
in the large k; (= ki) limit, the gauge theory is holo-
graphically dual to AdS, x B with k; units of flux through
B. 1t is, thus, natural to wonder whether, at least partially,
the moduli space of unitary instantons on CP? can be
geometrically realized in this context.

As discussed in [28], the gauge theory contains a mesonic
branch of the moduli space which realizes the dual geometry.
In general, it is natural to expect that the holographic dual
captures gauge theory operators made out of bifundamental
fields, while those corresponding to fundamental matter
would require extra multiplets on top of the AdS, x B to
account for the “flavor brane open string” degrees of free-
dom. Hence, it is natural to expect that the sub-branch of the
instanton branch involving just {A2, B'} fields is visible in
the geometry. This is indeed analogous to the cases discussed
in [31,36], where only the “closed string fields” in the quiver
are captured by the gravity dual.

More explicitly, following [31,36], it is natural to expect
that this sub-branch of the instanton branch is captured by
dual giant graviton branes moving in the appropriate
subspace corresponding to the instanton branch. For that
matter, we consider a probe M2 brane wrapping (z,Q,),
where €, is the sphere inside the AdS,. Moreover, we
assume that y = w/(7) and ¢, = ¢,(¢), while

v,a,0,, ¢, 0, = constant. (29)
The action for such probe brane is

S=-T, / V=9+T, / P[AD)], (30)

which becomes
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ASPECTS OF THE MODULI SPACE OF INSTANTONS ON ...

PHYSICAL REVIEW D 93, 026009 (2016)

2 4L2 2 .
S — —Tsz/dtr2<\/<l +£2) - (1)

. 4L2cos?asin?0, - r
+COS€2¢2(1))2 =2 )

6 (1) —— .

It is easy to convince oneself that the equations of motion fix a@ = 0 (for simplicity, from now on we set @ = 0). Then,
with the Legendre transforming to the Hamiltonian H = H(6,, r, P, P, ), we obtain

. P2+ L2 [3(5—cos20,)PL — 24 cos 6,
A NE

The minimum energy configurations are

P
cosfy =22 (31)
Py
for which
3P,
r = 0 or r= 271// . (32)
2L°T,V,

Both configurations are degenerated in energy, one corre-
sponding to pointlike gravitons and the other to true dual
giant gravitons. The energy is

_ 3k,

H=——-.
2L

(33)

Coming back to the solution in Eq. (31), we can para-
metrize the phase space of the spinning M2 as a dynamical
|

0 21}?\/2
—2LT,V, 0
MAB — 3
0 0
—2L7? co3s 0,T,V, 0
Therefore, the symplectic structure reads
2L*T,V 2L*T,V 0
w = %dr/\dl// + #dﬂ\d{ﬁz
2L*T,V,rsin @
_cb 1o Vorsint N

3

Integrating, we obtain

21T, Vyr
==

v (dy + cos O,dpy) = 0 =dv.  (34)
Hence, upon introducing p?> = 4L*T,V,r/3, we just re-
cover the data of C?. Following [31,36], we can do
symplectic quantization of this dynamical system. On

PPy, +2(6P) + 4Lr*sin*0,T3V3) ~ V,Tor?
2sin’6, L

|
system by the coordinates Q* = {r,a,y,0,,¢,} and the
conjugated momenta Py ={P,,P,.P,.Py,.P,, }. Moreover,
the conjugated momenta P, must obey the following
constraints:

fr_Pr’ fa_Pa’ sz P(Jz’
2L2T2V2r
fl// =y — 3 s
2L2T,V,rcos 6,
f¢z = P!f’z - 3 :

As usual, the matrix Mg = {f4, f5}pp encodes the sym-
plectic form associated to the phase space of our dynamical
system as {Q4, 08} = (M45)~' (DB stands for Dirac
brackets). Deleting the row and column corresponding to the
trivial @ coordinate, we find

2L2T,V, cos 6,
0 3
0 0
—2L%rsin0,T,V,
0 3
2L%rsin0,T,V, 0

3

|
general grounds, that amounts to identifying the holomor-
phic functions on the phase space—in this case C>—with
the allowed wave functions. These can easily be counted,
simply obtaining the Hilbert series for C2.

Let us now turn to the gauge theory. As discussed, we
expect our probe branes to be dual to operators on the
instanton branch not containing fundamental fields. These
are of the schematic form

Opm = (A2BY)"(A2B?)™. (35)
Note that the F terms imply that the B’ indices are

completely symmetrized; that is, the operators O, ,, are

in a spin ("Lzm) representation of the SU(2) global symmetry
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rotating the B’s. Hence, for a fixed R charge
R[O,,] =3(n+m), the number of operators is
(n+m)+1, and the corresponding generating function
is just 352, (j + 1)x/ = (1 —x)%, which is precisely the
C? Hilbert series; here, x is a generic fugacity.

We can explicitly compare the gauge theory operators
with our probe brane configurations on the gravity side. For
that matter, let us first note that exactly the same configu-
ration on the gravity side would have been obtained fixing
6, = 0,7 and having our brane orbiting y + ¢, respec-
tively. Hence, in all our formulas, we can trade y for
W =y + ¢,. In particular, Eq. (33) becomes HL = %P,,-,.

In order to compare our probe branes with the gauge
theory operators, we need to identify charges. Itis reasonable
to guess that the momentum along v is proportional to the R
symmetry. Hence, let us identify P,, = r, being r (not to be
confused with the arbitrary integer in Table I) proportional to
the charge R under the U (1) in a way which we will shortly
come back to. Moreover, in order to understand the Py,
momenta, it is instructive to consider momentarily removing
the quarks from the gauge theory. It then exhibits an
SU(2), x SU(2), global symmetry rotating, respectively,
the A’ and B’ fields. Then, the quark multiplets break the
SU(2), down to a U(1) ,, while the SU(2) rotating the B’s
remains as a global symmetry. We identify the U(1) , charge
denoted as Qy4, with P, as Q4 = P, . With no loss of
generality, let us assume Q,[A%] = 1, which corresponds to
the choice 6, = x. Then Py = P, — P, translates into
Py =r—Q,. Analogously, we identify P, with the
Cartan of the SU(2), denoted as Qjp.

Note that Eq. (31) translates into Qg = (r — Q) cos 0,,
and, therefore, Qp € [—(r — Q4), (r — Q4)]. Let us com-
pare this with the gauge theory operators (35). Using
Table I, the charges of the operators in the expression
(35) are RO,,] =" and 04[0,,] ="5". As
expected, being chiral operators, they satisfy the usual
relation A = R. Moreover, it is clear that Q5 = 5™, so that
Op € [, 28]. Comparing the ranges for Qp in gravity
and field theory, we find the identification

R=3(r=0.). (36)

N[ W

Turning now to the energy for our branes, we find
HL =3 (r—Q,), which, upon using Eq. (36), becomes
A = R, precisely as expected for chiral operators.
Moreover, we can explicitly fix the value of r. For that
matter, let us turn to the field theory operators and consider
the highest Qp weight state, which corresponds to m = 0.

For this one, 0, = Qp =4, while R = % In turn, from

the gravity side, the brane with the highest Qp is
Qp =1 — Q4. Since this must correspond to Qg = Q,4,

we find Q4 = 2r. Hence, this implies r = *E.

PHYSICAL REVIEW D 93, 026009 (2016)

We can offer an alternative test of our identifications. For
that matter, let us consider metric fluctuations polarized
along the internal manifold. On general grounds, these
fluctuations correspond to operators of the schematic form
T O, being 7 the stress-energy tensor of the theory. Note
that, for the particular case when the inserted operator O is
one of those in Eq. (35), we expect that the dimension is
3 + A. In turn, these fluctuations satisfy the Klein-Gordon
equation in AdS, x . For a CY, of the form C x C, this
problem was considered in [37], where it was shown that
the dimension of the dual operators can be written in terms
of the eigenvalues of the scalar Laplacian on C. In turn,
borrowing the results from [38], the eigenvalues of the
scalar Laplacian on the conifold are

r2
&:6Gua+u+fmg+n—§) (37)

where ¢, are, respectively, the SU(2), x SU(2), total
spin and r the charge along the yw direction. For the
operators in Eq. (35), we have that 7, = ¢, = 7. In turn,
the charge r must satisfy £ € (-7, 7). Focusing on the
highest weight state, we would require r = 2#, which is
nothing but » = 20, as seen before. Then, using [37]

A:3+%ﬁ (38)

This precisely coincides with our expectations upon iden-
tifying A =3¢. This can be written as A =3, which
becomes A = R upon using the identification r = %R
advocated above.

Let us stress that these tests find exact matching between
the gauge theory expectations and the gravity dual com-
putations by making explicit use of U(1), charge assig-
nations. Since these are not protected in N = 2 theories,
the agreement we find should be regarded as a highly
nontrivial check of the duality.

So far, we have considered the case k; = k. It is natural
to expect that k; # kr can be accommodated into the
gravity dual by adding nonvanishing flat B, over a 2-cycle
in the internal manifold [39]. Nevertheless, such modifi-
cation of the background would not change our computa-
tion. Hence, we would find the same result even for the case
k; # kg, in agreement with the field theory result where the
Hilbert series only depends on min(k;, kg).

IV. U(N) INSTANTONS ON CP?/Z7,

A natural generalization of the ADHM construction of
instantons on CP? is to consider orbifolding the ambient
manifold upon quotienting by a subgroup of its sym-
metries. In particular, since CP? is invariant undera U(1) x
U(1) action corresponding to the ¢, w coordinates in
Eq. (3), it is natural to consider quotienting such symmetry
by some discrete subgroup of it. Note that the spinors in

026009-10



ASPECTS OF THE MODULI SPACE OF INSTANTONS ON ...

Eq. (5) are constant and, moreover, annihilated by
eff/2=I3) (], are the Lorentz generators in tangent space

indices J;; = 1 [[;,T]). Therefore, we can consider a Z,,
orbifold of the ¢ direction whereby we restrict ¢ ~ ¢ + 27”
In the rest of the paper, we will be interested in the ADHM
construction of instantons on these orbifolded spaces. For
that matter, we will take as the starting point the ADHM
construction in the unorbifolded case, on which we will
implement the orbifold by standard methods [9].

Let us consider the case of unitary instantons presented
above. In order to find the orbifolded theory, we first need
to identify the transformation properties of the fields. These
read as follows:

(i) The fields A/ (with j = 1, 2) in the bifundamental

representation,

v =diag(l,....,1,@,,...,0,,...
——
ky times k3 times

v, =diag(l,....1,@,,...,0,,...
k, times k4 times

L@y, ...

= diag(1,...,1,w,, ...
73 g(

N| times N, times

, Wy

, Wy

PHYSICAL REVIEW D 93, 026009 (2016)

(i) The fields B; and B, in the bifundamental repre-

sentation,
B' — w;'y,BlyT!, B> — w,y,B*7!,  with
w, = >/, (40)
(iii) The fields Q and ¢,
g=rnqrs's Qe ', (41)

where the matrices y;, 75, and y3 are given by

2n—1
ey with Yk =k
ceey n i — L,
ky,_1 times fodd
2n
n—1 n—1 : —
L) with E k; = kg,
k», times reven

n
oyl o) with Y N, =N.
U .

i=1

N, times

It is easy to check that the superpotential (10) is invariant under the transformations (39)—(41). In addition, the two gauge
groups U(k;) and U(kg) of the initial theory and the flavor group U(N) are broken into

2n—1
Ulk) = ® Ulk).

Ulkp) > & U(k,).

ieven i=1

n

and after the action of the transformations (39)—(41), the various fields become

Al 0 0 - 0 A}, 0 0 0
0 A, 0 -~ 0 0 43, 0 0
Al=1 0 o0 A ™ o0 |. A=|o0 0 A4} 0 |-
0 0
0O 0 0 0 Al 0O 0 0 0 A2
o 0 0 - Bl 0 B, 0 -~ 0
B, 0 0 0 0 0 B3 -~ 0
B! = 0 Béz 0 0 , B2 — 0 0 o .- . ,
0 0 By,
0 0 0 B, , O B2,, 0 0 0 0
gn 0 0 0 On 0 0 0
0 g»n O 0 0 0n O 0
g=1 0 0 g3 0 1. o0=1 0 0  0Os 0
0 oo 0

Qi’li’l
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U(Ny)

1 2
All All

1 2
A22 A22

U(N2)

FIG. 3.

Quiver diagram for the CP?>/Z, theory.

A. Constructing U(N) instantons on CP?/Z,

Let us now show the actual construction of unitary
instantons on CP?/Z,,.

1. The CP?/Z, case

Let us consider the simplest case of the Z, orbifold.
Applying the rules above, we obtain a theory whose quiver
is reported in Fig. 3 together with the superpotential (42).
Note that WF{) denotes the superpotential for F)) (the first
phase of the Fy was studied in [40] in the case of 4d field
theories and in [41] in the context of 3d field theories).
Moreover, for future reference, we compile the trans-
formation properties of the fields and the F terms under
the various symmetry groups in Table II,

W= Tr[AlilB{zAlzczBlyeike/z + q11A} Q11 + 42245 05
= Wpr + Trlg11A1Qu + 4043 0. (42)
In the unorbifolded case, the instanton branch appeared

upon setting A' = 0. Therefore, in this case, we need to
impose A}, = Al, = 0. Then, the only relevant F terms are

Fio 00 W= B},A3,B3, — B,A% By +¢11011 =0,

(43)
— B3 1A}, Bl + 4205 = 0.

(44)

Fy: 04 W = By AT BT,

PHYSICAL REVIEW D 93, 026009 (2016)

This describes the ADHM construction for instantons
on CP?/Z,.

As we have reviewed above, in the unorbifolded
case, it is possible to map instantons on CP? into
instantons on C2. Inherited from this, we can find a
mapping from the ADHM construction for instantons
on the orbifolded space into that for instantons on the
appropriate orbifold of C2. To see this, using the map =
in Eq. (14), we have the following identifications
between the fields of the CP?/Z, theory and the
fields of the C?/Z, theory,

A?IB%z 0 X .
By =1, v =X
Azsz1 X5 0
( fian >:<111 0>:1,
22‘122 0 Iy
A2 B! 0 Xx!
AzBl—< 5 H 12>=< | 12>:X1,
A22BZI Xy 0
0 J 0
QZ(QH >:<11 >:J,
0 On 0 Jn
Then, upon multiplication of the F-term relations (43)

and (44) by Al, and A3,, respectively, these can be rewritten
as

X1,X3, = X1, X5, + 111 J1 =0, (45)

Xélx%Z - X%IX{Z +15nJ5 =0, (46)
which are the F-term relations for the C?/Z, theory [31].
Hence, we recover the analog to the unorbifolded case,
namely, that the moduli space (at least removing possible
compact directions, which we will come back to below) is
biholomorphic to the moduli space of C?/Z,.

The Hilbert series of instantons described by the theory
with flavor group U(N,) x U(N,) and gauge ranks
k = (ky, ko, ks, ky)" reads

HIk,F,CP*/Z,|(t,x,y,d)

:/dMU(m(u)/dMU(kz>(W)/d”U<ks)(z)

X /dﬂu(lq)(v)PEb(Af]lz +an,t X Tt Al

—)(szﬂ,
(47)

+)(qllt2 _|_)(Q11l2 +quzt2 +)(Q22t2 _ZF1t4

where we are using the following notation:

"We will summarize the ranks of the various gauge groups with
a vector k and the ranks of the flavor groups with a vector N.
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TABLE II. Transformations of the fields and of the F terms for the CP?/Z, theory.

Fields U(ky) U(k,) Ul(ks) Ul(ky) U(N,) U(N,) SU(2) U(l)
ALy [1.0.....0[,;  [0,....0.1] (0], (0], (0], (0], (0] 1/2
A3, (0], [0], [1.0.....0],;  [0,....0.1] [0l (0], (0] 1/2
Bi,. Bj, (0], (1,0,....01;  [0,...,0, 1], (0], (0], (0], (1] 1/4
BLBY,  [0...0.1], 0], 0], [1,0,....0, O 0, o 14
q1 (0], (1,0,....0] (0], (0], [0,....0,1]_, (0], (0] 1—1/4r
On [0,....0,1]_ [0, (0], (0], (1.0, ....0], (0], (0] 1/4r
q2» [0], [0], [0], [1,0.....0],, [0], [0,...,0,1]_, [0] 1—1/4r
O (0], [0]o [0,....0,1]_, [0] (0] [1,0,....,0; (0] 1/4r
Fy 0,....0.1],  [1.0,....0], (0], (0], [0], (0], (0] 1

F, 0]y 0]y 0,01, [1.0.....0]., 0]y 0], [0] 1

(1) The fugacity t is associated with the R charge and
keeps track of it in units of one quarter.
(i) The fugacities u, w, z, and v are associated with the

(iii) The fugacities x, y, and d are associated with the
global symmetries SU(2), U(N;), and U(N,),
respectively.

gauge groups U(k,), U(k,), U(ks), and U(ky), (iv) The contribution of each field is given by
respectively.
|
ko k ky kg k ks
T 3 SYTTIPAISS 3 SEFTIPHI (FE) ) 3p ot
a=1 b=1 T a=1 b=1 a=1b
4 i ki Kk ks k4
R D WITHETE 3 DI 3 o L
. a=1b a=1 b=1 a=1 b=1
ky N, Lk ky N, Ny k3
_ -1 _ _
Fon =2 D Wi ren =2 0 e xem =D ) vl z0n=D2.0 4%
a=1 b= a=1 b=1 a=1 b= a=1 b=

(v) The Haar measure of each U(k) gauge group is

taken equal to
du;
d J
/ HOWI =7 <H?|{u_|1 2ﬂiu->
X H up—u;)

1<i<j<k

ujl)

In addition, PE stands for the plethystic exponential defined

as PE[ ()] —CXP(Z,, 1 n )

Explicit computation shows that the Hilbert series on
the instanton branch for gauge group G = U(k;) X
U(ky) x U(ky) x U(ky) with flavor group U(N;) x
U(N,) corresponding to instantons on CP?/Z, is equal
to the Hilbert series on the Higgs branch of the A; quiver
with U(K;) x U(K,) gauge symmetry and global
U(N,) x U(N,) symmetry corresponding to instantons
on C?/7, [31], where

KI = min(kl, kz), K2

min(ks, k). (48)

|

In Fig. 4, we graphically summarize the relation between
the theory describing instantons on CP?/Z, and that
describing instantons on C?/Z,. Note that each flavor
node flavors two adjacent nodes, which are precisely those
merging into a single node in the C?/Z, cousin.

Let us turn to explicit examples supporting of our claim.
U(N,) instantons: k = (1,1,1,1) and N = (N{,0). Using
Eq. (47), we have

H[k —(1,1,1,1 ),N = (N,,0),CP?/Z,](t, x,y)

(27” ?{ulu%wuwlez

f 7XPE&AZZ’ +)(A2t +XBJI+ZB][
[v|=1
+)(411t2+)(Q11t2_)(Flt4_ZF2t4]’

. . 8
where the various characters are given by

*We rewrite the flavor group U(N,) as U(1) x SU(N,). We
denote with p the fugacity of the U(1) subgroup, while we denote
with y the fugacities of the SU(N,) group.
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U(Ny)
// Ky = min(ky, ko)
H \%

IXN

U(ky) >
J

N s
Y
«
<«
J \

<<

L J
i)
Ky =min(ks, k4)
U(N,)

U(’B &

Xq, =wp~'[0,....0, 5. Ko = H

Integrating over z and v, we obtain

2711 %,“uj{vlw

x PEb{l]n r +XQ11 t2]’

(1 =19)x%(u + t*w)
—w)(t*w — x%u) (u — t*x*w)

then integrating over the second gauge group, we find

1—t6% du
X —— —PE[up~'*0,...
(278) Jju=1 u up™r|

14146
(1-15/x*)(1=15x?)
+u'pr?[1,0,...0);].

70a l]v

We can reabsorb the fugacity p of the U(1) flavor as
u' = up~'. Therefore, the previous integral becomes

o 1- tﬁ% du'
(27i) Jjwj=r o

+2/u[1,0,...0;].

1+
(1—=1/x*)(1 = 1°x?)
x PE[u'1*[0, ..., 0,1];

Finally, u' =u,/t, the previous expression

becomes

doing

141 1—1° du,
bR, A00,...,0,1]-
(1—1%/x%)(1—15x?) x (27i) f{,zzl Uy 2’| ])

3u51[1,0,....0%5).

PHYSICAL REVIEW D 93, 026009 (2016)
FIG. 4. Relation between the CP?/Z,
quiver gauge theory (on the left) and the
corresponding C?/Z, quiver gauge
theory (on the right).

U(N)

U(N2)

This last expression coincides with the Hilbert series for
one SU(N,) instanton on C?/Z, [it coincides with
Eq. (2.15) of [31]].

U(1) instanton: k = (2,1,1,1) and N =
Eq. (47), we find that

(1,0). Using

Hk = (2,1,1,1),N = (1,0),CP?/Z,](t, x)

B 1+
(1 =10/x)(1
which is the Hilbert series of one U(1) instanton on C?/Z,.

U(1) instanton: k = (2,1,2,1) and N = (1,0). Using
Eq. (47), we find that

—%?)°

H[k = (2,1,2,1),N = (1,0), CP%/Z,](t, x)
1+

T (1= (1 = %)

which is again the Hilbert series of one U(1) instanton
on C?/7,.

U(1) instanton: k =
Eq. (47), we find that

(1,2,1,2) and N = (1,0). Using

Hk = (1,2,1,2),N = (1,0),CP?/Z,](t, x)

B 1+
T =m0

which is again the Hilbert series of one U(1) instanton
on Cz/Zz.

U(2) instanton: k = (2,1,1,1) and N =
Eq. (47), we find that

—5%%)

(2,0). Using

Hk=(2,1,1,1),N = (2,0), CPz/Zz](t,x,yl,yz)
(1+1°)2%y,y,
(15 = x*)(1 = ) (1Oy, — y2) (y1 — 1%y2)
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U(N) q11

Qll

U(ky) U(kz)

1 2
All Al]

PHYSICAL REVIEW D 93, 026009 (2016)

FIG. 5. The quiver diagram for the
CP?/Z; theory.

U(Ns)

U(ka)

| B,

being y; and y, the fugacities of the flavor group. The
previous expression coincides with the Hilbert series for
one U(2) instanton on C?/Z,.

U(2) instanton: k = (2,2,1,1) and N = (2,0). Using
Eq. (47) and unrefining for simplicity, we find

Hlk = (2.2,1.1),
N = (2,0),CP?/Z,](1,1,1,1)
130+ 11412 1008 4 11724 + 370 4 16
(1=19)°(1 + 1) ’

which is the unrefined Hilbert series for K = (2,1)
instantons with flavor group N = (2,0) on C?/Z,.

U(2) instanton: k = (2,2,1,1) and N = (0,2). Using
Eq. (47), this time we find that

Hk = (2,2,1,1),N=(0,2),CP?/Z,|(t, x, y1,y>)
(1+ ) (x? + 2% + 182 — 12(1 + 2% + x))y 12
(18 = x2)(1 = 1°x%)(yy — y2) (v1 — %))

being y; and y, the fugacities of the U(2) flavor group. The
previous expression is the Hilbert series of K = (2,1)
instantons with N = (0,2) on C?/Z,.

2. The CP?/Z; case

Let us now consider the case of CP?/Z. Using the rules
above, we find that the quiver describing the moduli space
of instantons on the CP?/Z5 is Fig. 5. We summarize the
fields’ quantum numbers in Table III.

The superpotential (10) becomes

W= Tr[AézBélA%lB%z - A}IB%ZA%ZB%l + A§3Bé2Ang%3
— A% B5,A%, By, — AY3B3 AL By + Aj  B13AS B3,
+411A1 011 + 40AY, 00 + 43344 033). (49)

422

Now the instanton branch emerges upon setting A}, = 0.
The relevant F' terms are

Fii0p W= Bi3A3:B3, — BA% B + 411 Q1 = 0.
Fy: 0q W = By AT B, — B5;A5BY, + 4005 = 0,
Fy: 0p W= B},A3,B3; — B3 A} Bis + 433033 = 0.

This defines the ADHM construction for instantons
on CP?/Z,.

If we multiply F, F,, and F3, respectively, by A3, A3,
and A%;, we obtain

A% B13A%; B3, — A} B,A%,B), + AT,1411011 =0, (50)
A%,B) A} BT, — A3,B5;,A%;BY, + A%,¢2 05 = 0, (51)

A33B1,A3,B5; — A3;B3 AT Bl 4 A33933033 = 0. (52)

It is easy to check using the identification provided by the
map 7z in Eq. (14) that the expressions (50)—(52) match the
corresponding F terms of the C?/Z5 theory. Note that, as
opposed to the unorbifolded and Z, orbifold, the SU(2)
global symmetry rotating the B; fields is broken due to the
orbifold action. This correlates with the fact that the moduli
space of instantons on CP?/Z, is biholomorphic to the
moduli space of instantons on C?/Z,, which exhibits a
SU(2) symmetry for n = 1, 2 but not for higher n.

The Hilbert series for F = U(N,) x U(N,) x U(N3)
instantons on CP?/Z; with the configuration k =
(kl s kz, k3, k4, ks, kﬁ) reads
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TABLE III

PHYSICAL REVIEW D 93, 026009 (2016)

Transformations of the fields and F terms for the CP>/Z5 theory.

Fields  U(k)) U(k,) U(ks) U(ky) Ul(ks) Ul(ks) U(N,) U(N,) U(N3) U(1)g
A [1.0....0], [0.....0.1], (0], (0], (0], (0], (0], (0], (0], 1/2
A3, [0], (0], (1.0,....0]y; [0.....0.1], (0], (0], (0], (0], (0], 172
A% (0], (0], (0], (0], (1.0.....0]4; [0.....0.1], (0], (0], (0], 1/2
By (0], [1,0,....0], (0], (0], [0.....0.1]_, [0], (0], (0], (0], 1/4
By [0.....0.1] (0], (0], (1.0.....0], (0], (0], (0], (0], (0], 1/4
Bl [0l (0], [0.....0.1]_, (0], [0], (1.0.....0], (0], (0], (0], 1/4
B}, [0l [1.0.....0; [0.....0.1] (0], (0], [0], (0], (0], (0], 1/4
B3, [0l (0], (0], (1.0.....0[4; [0....,0.1], (0], (0], (0], (0], 1/4
By [0,...0.1], [0l [0l [0l (0], (1,0,....0], (0], [0l (0], 1/4
an [0], [1.0,....0], [0], (0], (0], [0], [0,....0.1]_, [0], (0], 1—1/4r
Qi [0....,0.1], [0l (0], [0l (0], [0], (1.0.....0], (0], (0], 1/4r
a2 (0], (0], (0], (1.0.....0], (0], [0], (0], [0.....0.1] (0], 1—1/4r
O» (0], [0, [0.....0.1]_, (0], (0], (0], (0], [1.0,....0], (0], 1/4r
q33 (0], [0], [0], [0], [0], (1.0,....0) [0, [0], [0....0. 1] 1—1/4r
03 [0] [0l [0l [0l [0,....0,1]; [0], (0], [0l (1,0,....01;,  1/4r
Fy o [0.....0.1]; [1.0.....0], (0], (0], (0], (0], (0], (0], (0], 1
Fy [0], (0], [0.....0.1; [1.0.....0], (0], [0], (0], (0], (0], 1
Fy [0], (0] (0], [0l [0......0.1; [1,0,....0], (0], (0], (0], 1

HIK F.CP/23)0.3.d.) = [ diu(w) [ dioiy ) [ dioieo@) [ dioy ) % [ dioe G) [ die (@)

x PE[y 2 1* +ZA§2I2+)(A§3t +)(ij"‘ZB%J‘H(Bglf+)(B;lf+)(B}3t+)(3;2f+)(q,lf2

+)(Q11t2 +)(422t2 _'_)(sztz +Z[133t2 +)(Q33t2 —XF t* _)(th4 _)(Fstﬂ’ (53)
where the contributions of the F terms and the various fields are given by
ks Ky ks ke k N, N,k
=2 G e A= D i =D D wails oy =D ) vty
a=1 b= a=1 b= a=1 b= a=1 b=
ky Ny Ny k3 ks N3 N3 ks
_ -1 _ -1 _ _ 1
)(qZZ_ZZU“d ’ )(sz_zzdazb X = ZZC Sy ZQB_ZZS‘IJ}’ ’
a=1 b=1 a=1 b=1 a=1 b= a=1 b=1
ki ky ks ky ks ke ky k3 ky ks
Ty =2 s =D D w26 =D D e Am =D ) s A =D ) vy
a=1 b= a=1 b= a=1 b= a=1 b= a=1 b=
6 l 4 l 2 5 6 3 ] 2
A, =D D Catyls Aoy =D D vty Xol =D ) Wbyl =D 0 et xR =D ua W
a=1 b= a=1 b= a=1 b= a=1 b= a=1 b=
As above, the Hilbert series on the instanton K, = min(ky, k),
branch of the quiver describing instantons on Ko — min(ke. k 4 Ke— min(ke k 54
CP?/7Z, with gauge group of G = U(k;) x 2 = min(ks, ky), an 3 = min(ks, ks). ~ (54)
U(kz) X U(k3) X U(k4) X U(kS) X U(kﬁ) and
flavor group U(N;)x U(N,) x U(N3) is equal to We can again summarize graphically the relation

the Hilbert series of the Higgs branch describing the
moduli space of instantons on C?/Z; with flavor group
U(N;)xU(N,)xU(N3) instantons and gauge group K =
(K] s Kz, K3) [31], where

between the theory describing CP?/Z5 instantons and its
C?/Z5 cousin as in Fig. 6. As in the Z, orbifold case, each
flavor node flavors a pair of gauge nodes which “merge”
into a single node in the cousin C?/Z5 theory.
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FIG. 6. Relation between the
U U CP?/Z4 quiver gauge theory (on

the left) and the corresponding
C?/Z5 quiver gauge theory (on

{ O O] the right).
U(k1) U(k2) @——@

U(Ns)

Let us support our claim with explicit examples. U(1) instanton: k = (1,1,1,1,1,1) and N = (1, 0,0). Using Eq. (53),
we find that

1—£+1
(1=2)PA+2+16)

which is the Hilbert series for N = (1,0,0) instantons and K = (1, 1, 1) on C?/Z;. U(2) instanton: k = (1,1,1,1,1,1)
and N = (1, 1,0). Using Eq. (53) and unrefining, we find that

H[(1,1,1,1,1,1),(1,0,0),CP?/Z;](t) =

(1= 1+ +O)(1+ 2 + )2

which is the unrefined Hilbert series for N = (1,1,0) instantons and K = (1,1,1) on C?/Z;. U(l) instanton:
k=(2,1,1,1,1,1) and N = (1,0,0). Using Eq. (53), we find that

H[(1,1,1,1,1,1),(1,1,0),CP?/Z5)(t,1,1) =

-8+
(1=PP(1+7 +19)

which is again the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C?/Z;. U(l) instanton:
k=(2,1,2,1,1,1) and N = (1,0,0). Using Eq. (53), we find that

H[(2,1,1,1,1,1),(1,0,0),CP?/Z;](t) =

- 11— 41
(1= + £ +10)

which is again the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C?/Z;. U(2) instanton: k =
(2,1,1,1,1,1) and N = (2,0,0). Using Eq. (53), we find that

H[(2.1,2,1,1,1),(1,0,0), CP?/Z5](r)

(1= 42—+ 1)y,
(1 =P (142 + 1)1 = y2) (92 = y1)
being y; and y, the fugacities of the flavor group U(2). The previous expression is the Hilbert series for N = (2,0, 0)

instantons and K = (1,1,1) on C?>/Z5. U(2) instanton: k = (2,2,1,1,1,1) and N = (2,0,0). Using Eq. (53) and
unrefining, we find that

H[(2,1,1,1,1,1),(2,0,0),CP?/Z5|(t,y1,y,) =

H[(2.2,1,1,1,1),(2,0,0),CP?/Z5](t.1,1)
- B2 — 94312 4015 _ 418 _ 21 _ 527 4 030 _ 533 _ 39 _ 442 L 0 AS | 3448 _4S1 L 054 _ 5T 4 460
B (1= A+ 22142 +0)(1—12)2 (1 —19)? ’

which is the Hilbert series for N = (2,0,0) instantons and K = (2, 1, 1) on C?/Z;. U(2) instanton: k = (2,1,2,1,1,1)
and N = (2,0,0). Using Eq. (53), we find that
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(c)

FIG. 7. (a),(b) and (c) are the steps for the construction of the quiver diagram for the CP?/Z, theory.

(1 - t3 + 2t6 - tg + t12)y1y2

H(27171’1’1? 1)’(2’0’0)’CP2/Z\ (t’y ’y ) = ’
| sl192) = TR A 1 )y, =) ys =)
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being y; and y, the fugacities of the flavor group U(2). The
previous expression is the Hilbert series for N = (2,0, 0)
instantons and K = (1,1,1) on C?/Z;.

3. The CP?/Z,, case (n >3)

It is now easy to generalize the previous construction of
U(N) instantons to higher orbifolds of CP2. For a general Z,,
orbifold, the resulting procedure is as follows (see Fig. 7):

(i) The quiver has 2n circular nodes linked together in

an alternating way; i.e., a segment with fields A}, and
A% is alternated with a segment with field B, [see
Fig. 7(a)].

(ii) Then we add the contribution due to the fields B, , .
In order to do this, we begin from one circular node
[for example, the one in which there is the gauge
group U(k;)], and we move clockwise counting
three segments (in this case, we will count the
segment labeled by Al,, the segment labeled by
B?,, and finally the segment labeled by A},). When
we reach the circular node at the end of the third
segment, we draw a line between this node and the
initial circular node [in this case, a line between the
node U(k,) and the initial node U (k;)]. This line we
labeled by a B}, | ; field (in the case we are consid-
ering, by the field B} ) [see Fig. 7(b)].

(iii) We apply the same procedure starting this time from
the next circular node arising from the first gauge
group U(k; ) [in this case, the one labeled by U(k3)],
and we will continue to apply this algorithm up
to the end of the circular nodes arising from the
decomposition of the first gauge group. Finally, we
add the contributions due to the various flavor groups,
and we obtain the quiver reported in Fig. 7(c).

Note that N corresponds to the sum of the ranks of the
flavor nodes. In turn, the gauge ranks correspond to the
instanton number as well as, together with relative flavor
ranks, other quantum numbers describing the instanton (we
will briefly come back to these issues below).

We can compute the Hilbert series on the instanton
branch. In general, we find a correspondence between the
Hilbert series for the moduli space of N=(Ny,...,N,)
|

H[(1.1,....1),(N{. N>, ...

an)7CP2/Zn](t’ ui’j)i)

PHYSICAL REVIEW D 93, 026009 (2016)

U(N;)

1
G415+l
2 .
Afijn U(Nj+1)

FIG. 8.
theory.

Basic element of the quiver diagram for the CP?/Z,,

instantons with k= (k.k,,....k,,) on CP?/Z, and the
Hilbert series for the moduli space of N=(Ny,...N,)
instantons with K=(K,...,K,) on C?>/Z, upon identifying

Kl = min(kl, kz),
Kz = min(k3, k4), .. .K” = min(kzn_l s an)' (55)

This can be easily proven in the particular case

Moreover, we denote with z; i = 1, ..., 2n the fugacities of
the various U(1); gauge groups and with u; and y; the
fugacities of each flavor group U(N;) [being u; the fugacity
of the U(1) part, while y;’s are the fugacities associated with
the SU(N) part of the flavor group].

The Hilbert series reads

2n 1 dZi n
= H —H)(A}J(f’ 2j-1225) XXB (¢, 22) sz+1))(3;4j(l’ 22js sz—l))(Fj(t’ 2j-1522))
11 i,

27i Jyo| i i

X Xq,, (1 22)5 Yisuilxo,,(t:22j 1 Vi Uj)-

The contributions of the various fields are’

%See Fig. 8.

(56)
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xaz, (t.22j-1.225) = PE[fzzzj—ﬂEjl], Ve

B!, (. 2242 22j-1) = PE[fzszZEjl_l]»

)(Q‘,-_‘,-(t, Z2j—17}7jvuj) = PE| 215,1 11,0, 0] ”j]’

Therefore, the Hilbert series (56) becomes

PE[tzzgjl_l[l, 0,...,

(t, 22j» sz+1)

)(Fv(l‘, 22j-1> sz)

O}y;uj + t2Z2j[07 ey

PHYSICAL REVIEW D 93, 026009 (2016)

= PE[tZZjZEjIH]’
= PE[_ZAZEJ‘I—IZZj]’

= PE[r*2,,[0. ..., 0, 1]; u7'].

qu,j(t’ ZQJ"-)?]"MJ') Yi~lJ

0. l]y‘,”]l](zzj—l —*25))

H2m | Zi H

22j-1
i1 vl

2 — tZZZj—l)(l - ZZ.Zj (1=

tsz+2)

2241 22j-1

It is important to note that we can integrate over the gauge group U(1); with an even value of the index i. This is due to the
fact that the only contribution to these integrals comes from the poles located at z,; = 2, j—1- Therefore, performing the

integrations, we obtain

2n L dZ[ PE[IZZE;_I[],O, ,O]y»ju, +I4Z2j_1[0, ...,0, 1}):]_14]71](@]-_1 - t622j_1)
; 2ri |z Zi = ) (1 _ t3ZZj—I)(1 _ 1312j+1) B
iodd j=1 22j-1 —Z2j+l —sz_l
then we perform the change of variables z,;_; > 1z5;_i,
H f le n PEt 1511_1[1,0,...,0])7}uj+t3zzj_1[0,. ,0, l]y I Kl —1‘6)
3, 3, .
ioaa 27z G Jj=1 (1- tzj_jfll)(l B tzijjl)

Finally, we observe that instead of considering only the odd numbers between 1 and 2#, it is more useful to consider all the
integer numbers between 1 and n. Therefore, we can make the following replacements z,;_; +— z; and 2,1 = Z;4, and

we rewrite the previous integral as
o T

which is the Hilbert series for N = (N, N,,...,N,) in-
stantons with K = (1,1, ..., 1) on C?/Z,, [it coincides with
the expression (2.41) of [31]].

Up to now, we have deliberately postponed discussing
the identification of the quantum numbers of the instanton.
Recall that in the C?/Z, case [31], the instanton is
described by n — 1 first Chern classes, one second Chern
class, and n holonomies of the gauge field, all in all a total
of 2n quantum numbers corresponding to the 2n integers
specifying the A,_; quiver.

In the case at hand, the quiver describing instantons on
CP?/Z, is specified by a total of 3n integers corresponding
to 2n gauge ranks and 7 flavor ranks. In turn, we expect the
instanton on CP?/Z,, to be described by 2n — 1 first Chern
classes—corresponding to n orbifold copies of the CP? 2-
cycle plus n — 1 extra 2-cycles introduced by the orbifold—
one second Chern class and n holonomies, hence, totaling
the expected 3n quantum numbers. While the exact
identification of integers is not known, note that, from
the examples above, the mapping of the CP?/Z, quiver
into the C?/Z,, one is such that one node of the latter arises

,0])711/!1 —|— t3zj[0, ceey

0, 15 u; ' [PE[P 227}y + £z 125",

|
from the merging of two adjacent commonly flavored
nodes of the former in such a way that the common flavor
group in the CP?/Z,, case becomes the flavor group in the
C?/Z, case. Hence, it is natural to guess that the n
holonomies correspond to the n flavor nodes. Moreover,
the n — 1 first Chern classes associated to the cycles arising
from the orbifold are naturally associated to the differences
among the minima of the ranks of each pair of “merging
nodes.” Obviously, there are n such nodes arising from
merging, whose n — 1 rank differences would correspond
to first Chern classes. In turn, the relative rank between the
merging nodes is naturally associated with the n remaining
2-cycles, orbifold copies of the original 2-cycle in CP?.
Finally, the sum of the ranks is naturally related to the
second Chern class. Note that clearly the identification of N
with the sum of the ranks of the flavor nodes is consistent.
As a small consistency check, let us consider the simple
case of the vanishing first Chern class associated to cycles
introduced by the orbifold. This would correspond to a rank
assignation of the form (---,k,q,,k q,.1.k,---) with
q; > k, so that among each “merging pair,” the minimum
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rank is k. Then all relative rank differences among the
“merged nodes” are 0 corresponding to a C?>/Z,, instanton
with zero first Chern classes. Moreover, let us consider the
case of the vanishing second Chern class from the C?/Z,
point of view, which demands k = 0. This is analogous to
the case k; = 0 in Sec. IIT A. We are then left with a gauge
rank assignation of the form (---,0,4,,0,¢,.,0, ).
According to our conjecture, these integers ¢; should
correspond to the first Chern classes on the n 2-cycles
coming from the orbifold images of the original 2-cycle.
Indeed, if we consider just one of them, that is, we set all
but one of the ¢;’s to vanish, we simply recover the
Grassmanian quiver above. Note that, as expected, indeed
we have n such possibilities corresponding to the n 2-cycles
coming from the orbifold images of the original 2-cycle.

V. Sp(N) INSTANTONS ON CP?/Z,

So far, we have concentrated on the case of unitary
instantons. Let us now turn to the case of instantons in the
symplectic gauge group. The explicit ADHM construction
of such instantons was introduced in [14]. As described in
[15], it can be embedded into a 3d gauge theory upon
restricting to the appropriate instanton branch. In 3d N = 2
notation, such theory contains one U(k) vector multiplet
coupled to one chiral multiplet A in the second rank
antisymmetric tensor representation of the gauge group
and three chiral multiplets S, S, S in the second rank
symmetric tensor representation. In addition, there is a
number of chiral multiplets in the fundamental representa-
tion with an Sp(N) global symmetry. The corresponding
quiver is reported in Fig. 9.

In turn, the superpotential is

W= €aﬁ(Sa)ab‘§bC (Sﬂ)chda + AabQia ij-]i

being J the Sp(N) symplectic matrix. As shown in [15], the

instanton branch emerges upon setting A—as well as the
monopole operators—to zero.

As in the unitary case, it is possible to embed the CP?
symplectic instantons ADHM construction into the C?

(57)

j

A

Sp(N)

S

FIG. 9. Quiver diagram for Sp(N) instantons on CP?.
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symplectic ADHM construction and vice versa [15]. It
should be noted though that now the equivalent to the map
7z in Eq. (14) is quadratic and, hence, does not define a
proper mapping. Nevertheless, as a consequence, the
Hilbert series for symplectic instantons on CP? coincides
with that of symplectic instantons on C?. We refer to [15]
for further details.

A. Constructing Sp(N) instantons on CP?/Z,

Just as in the case of unitary instantons, we can consider
orbifolding the base CP? manifold and study Sp(N)
instantons on CP?/Z,. It is then natural to engineer the
ADHM-like construction by orbifolding the CP? case, just
as for unitary instantons. As a guideline, let us compare
with the case of instantons on C2 and its orbifolds [31]. The
gauge theory realizing the ADHM construction for unitary
instantons on C?/Z,, can be thought of as the world volume
theory on a D3-D7 system, where the transverse directions
to the D3’s inside the D7’s wrap C?/Z,,. Then, symplectic
(and orthogonal) instantons can be constructed upon add-
ing O7 planes of the appropriate charge. A comprehensive
picture appears upon 7" duality along the asymptotically
locally Euclidean (ALE) space. Then, the D3-branes are
mapped to D4-branes wrapping a circle. In turn, the D7’s
are mapped into D6 at fixed positions in the circle. Finally,
n NS5-branes on the circle arise from 7 dualizing the ALE
space. In this context, the construction of symplectic
(alternatively, orthogonal) instantons boils down to adding
two identical— because they come from 7' duality of a
single O7-06 plane of the appropriate charge at opposite
points in the circle such that each side of the circle mirrors
—due to the orientifold projection—the other side. This
procedure highlights an obvious difference between the
cases of even and odd orbifolds. As the distribution of NS5-
branes must be symmetric on the circle, for an odd n, it is
clear that one such NS5 must be stuck in an orientifold plane.
In turn, in the case of even n, we can have a symmetric
distribution by either sticking one NS5 at each O plane or not
sticking any NS5’s on the O planes. These possibilities lead,
respectively, to the so-called no-vector structure (NVS) and
vector structure (VS). We refer to [31] and references therein
for further explanations. Note that the 7-duality construction
suggests that the two O planes are of the same type.
Nevertheless, once in the IIA setup, one might imagine
other versions whereby the O planes are of different type.
These configurations were dubbed hybrid in [31]. We will
briefly touch on the equivalent to these in the case at hand
below, showing an explicit example in Appendix A.

In view of the C2 /Z, case, it is natural to proceed in a
similar way in the case of instantons on the orbifolded CP?,
that is, first consider orbifolding unitary instantons and then
considering orientifolding. Note, however, that in this case,
the brane picture is much less clear. Nevertheless, as we
will see, the results are qualitatively similar. Since we will
set monopole operators to zero, formally the procedure is
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identical to the case of 4d gauge theories. Hence, we can
borrow the technology developed [42,43] to construct the
relevant theories.

As illustrated in [42], the orientifold field theory is
obtained from the parent field theory performing a Z,
identification of the gauge groups, chiral multiplets, and
superpotential couplings. As explained in [43], this means
that the O-plane involution defines a Z, automorphism of
the quiver diagram that reverses the directions of the
arrows. Therefore, the quiver of the parent theory has a
Z, symmetry that can be visualized as a reflection through
a fixed line once we embed the quiver diagram in R?. In the
following, we will follow the method used in [43] that
allows us to obtain the orientifold theory starting directly
from its quiver diagram. Of course, as can be verified, the
application of the method of [42] that acts on the dimer
diagram of the theory leads to the same results.

In order to explain how this procedure works, we apply it
to the case of the CP?/Z, theory, and we refer to [43] for
the analysis of the general case. An inspection of the
corresponding quiver diagram shows that there are two
inequivalent ways to cut it with a line, such that the quiver
displays arrows reversing the symmetry with respect to this
line (see Fig. 10).

In order to obtain the corresponding orientifold theory,
we label each node and each line intersecting perpendicu-
larly to the cutting line with a sign (denoted with a roman
number in the figure) that can be positive or negative. Then,
the orientifold theory is constructed as follows. Each node
untouched by the cutting line corresponds to a U (k) group,
while each node touched by the line corresponds to an
SO(N) or Sp(N) (for a positive or negative sign, respec-
tively) in the orientifold field theory. In the same way, each
edge of the quiver diagram away from the cutting line

(a) VS vector structure

(b) NVS no-vector structure

FIG. 10. The two inequivalent ways to obtain the CP?/Z,
orientifold theory. The VS case (a) and the NVS case (b).

PHYSICAL REVIEW D 93, 026009 (2016)

corresponds to bifundamental matter, while each edge
crossing the cutting line perpendicularly corresponds to
symmetric matter (positive sign) or antisymmetric matter
(negative sign) in the orientifold field theory. The values of
the signs must be fixed requiring that the superpotential of
the parent theory is invariant under the involution. Note
that, in general, more than one choice is allowed. For
example, in the case of the quiver diagram in Fig. 10(b), we
can choose the following values of the signs (+, +, +, +),
(— +,+,-), (+,—,+,—), (+,+,—,—). In the following,
we will always fix the signs in order to obtain the theory
whose Higgs branch describes the moduli space for Sp(N)
instantons (respectively, SO) on CP?/Z,, which, in the
case at the hand, means to select the (+,+,+,+) con-
figuration. The remaining allowed choices correspond to
the “hybrid configurations” discussed in [31]. Even though
we will not touch upon these further in this paper, we
present an explicit example in Appendix A.

Therefore, as in [31], we have two different situations
depending on whether the degree of the orbifold is even
or odd.

(1) If nis odd, we have only one type of quiver diagram
corresponding to the fact that we have only one
inequivalent way to cut it with a line.

(i1) If n is even, we have two types of quiver gauge
theories corresponding to the two possible inequi-
valent ways to cut it with a fixed line. These two
cases are just the equivalent of the vector-structure
and no-vector-structure cases for C?/Z, symplectic
instantons. By analogy, in the following we will
refer to them as the VS and the NVS, respectively.

Note that N corresponds to the sum of the ranks of the
flavor groups in the ADHM quiver. In turn, gauge group
ranks correspond to the instanton number (as well as to
other possible quantum numbers labeling the instanton).

1. Sp(N) instantons on CP*/Z,: VS

Starting from the CP?/Z, and applying the rules above,
we can obtain the VS theory for Sp(N) instantons on
CP?/Z,. The corresponding quiver diagram is reported in
Fig. 11, while we summarize the transformations of the

Sp(N2) Sp(N1)
FIG. 11. Quiver diagram for VS symplectic instantons on
CP?/Z,.
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TABLE IV. Transformations of the fields for VS symplectic instantons on CP?/Z,.

Fields Ul(ky) Ul(k,) Sp(Ny) Sp(N,) SU(2) U(1)
A [0.1,0....0]_, [0] [0] [0] [0] 1/2
5, 2.0,....0], [0] [0] [0] [0] 1/2
A [0] [0.1.0.....0],, [0] [0] (0] 1/2
S, [0] [2.0.....0]., [0] [0] [0] 1/2
B!, B [1,0,....0],, [.....0.1],, [0] [0] [1] 1/4
0, [1,0,...,0],, [0] [1,0.....0] [0] [0] 1/2
0, [0] [0,....0,1],, [0] [1.0.....0] [0] 1/2
F 0,1,....0],, [0] [0] [0] [0] 1

Fy [0] [0.1,....0], [0] [0] [0] 1

fields under the different groups in Table IV. Note
that N :Nl +N2

The branch of the moduli space that can be identified with
Sp(N) instantons on CP?/Z, is the one on which A; = 0
and A, = 0. Then, the Hilbert series of the instanton branch
corresponding to the VS theory with flavor symmetry
Sp(N,) x Sp(N,) and gauge ranks k = (k;, k) is

HIk,F.CP?/Z,)(t.x.y.d)

:/dﬂu(kl)(z)/dﬂu(kz)(P)PEbfsztz+Z§1t2+)(B/‘f

+20,0 + 20,8 = xr, 1 = 2,1, (58)
where z and p are the fugacities of the U(k,) and U (k,)
gauge groups, respectively, while y and d denote the
fugacities of the Sp(N,) and Sp(N,) flavor groups, respec-
tively. Finally, x denotes the fugacity of the global SU(2)
symmetry rotating the B and B, fields. The contribution of
each field is given by

N, N &
ra =3 (30 5) s
i=1 Yi/ W=
N, N L
=3 (0+3) 5w X e
j=1 7/ b=1 1<a<b<k,
X, = . Dby X5, = Y. a5
| <a<b<k, |<a<b<k,
N bk
xBf:(”;)ZZzap;R xe,= Y papy
a=1 b=1

1<a<b<k,

Explicit computation shows that the Hilbert series for the
instanton branch of the VS theory with gauge group G =
U(ky) x U(k,) and flavor group Sp(N,) x Sp(N,) corre-
sponding to the moduli space of instantons on CP?/Z,
turns out to be equal to the Hilbert series for Sp(N)
instantons on C2?/Z, with gauge group G = O(K,) x
O(K,) (see [31] for more details). The two theories share
the same flavor groups, and the gauge groups are related as

Kl = kl’ K2 = kz. (59)

Let us show some explicit examples supporting our claim.
Sp(2) instanton: k = (1, 1) and N = (1, 1). Using Eq. (58)
and unrefining, we find that
Hk = (1,1),Sp(1) x Sp(1),CP?/Z,](t,1,1,1)
1=28 4615 =21 + 12
(=)

which is the unrefined Hilbert series for Sp(2) instantons
on C?/Z, with K = (1,1) and N = (1, 1). Sp(3) instan-
ton: k= (1,1) and N =(1,2). Using Eq. (58) and
unrefining, we find that

Hk = (1,1).Sp(1) x Sp(2),CP*/Z,](1.1.1,1.1)
(14 2%)(1 =28 + 1015 = 2¢° + 1'2)
(1-7)B8(147)° ’

which is the unrefined Hilbert series for Sp(3) instantons
on C*/Z, with K = (1,1) and N = (1,2).

2. Sp(N) instantons on CP?/Z,: NVS

Let us now consider the second possible configuration
corresponding to the NVS case. The quiver diagram of the
corresponding theory is reported in Fig. 12, while the

U(N)
Q q
Al A3
3 U(ky) U U(ks) S»
gl Sl
FIG. 12. Quiver diagram for NVS symplectic instantons on

CP?/Z,.
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TABLE V. Transformations of the fields for NVS symplectic instantons on CP?/Z,.

Fields U(k)) U(k,) U(N) SU(2) u(1)
Sl’ Sz [270”0]—2 [0] [0] [l] 1/4
Si, 8, [0] 2.0.....0] 5 [0] (1] 1/4
A2, [1.0.....0]., 0.0, .... 1], [0] 0] 1/2
q (0] [1.0.....0],, [0.....0.1],, 0] 1/2
0 [0.....0. 1], 0] [1.0.....0],, [0] 1/2
F [0,....,0, 1], [1,0,...,0] [0] 0] 1

transformations of the fields and of the F term are
summarized in Table V.

The branch of the moduli space that can be identified
with Sp(N) instantons on CP?/Z, is the one on which
Al, = 0. Then, the Hilbert series of the instanton branch
corresponding to the NVS theory with flavor symmetry
U(N) and gauge ranks k = (k;, k,) is

HIk,F.CP*/Z,)(t.x.y)

= /d/"U(kl)(z) / duy(r,)(P) X PE[ys,t + X3t
+ 202+ xot® + xgt* = xet'], (60)

where z and p are the fugacities of the U (k) and U (k,) gauge
groups, respectively, while y denotes the fugacity of the U(N)
flavor group, and x denotes the fugacity of the global SU(2)
symmetry acting separately on the two doublets S‘a and Sp.
The contribution of each field is given by

1 1
)(Sj=<x+;> Z PaPbs )(gi:<x+;> Z za'z, s

1<a<b<k, 1<a<b<k,
kl 7 N
1, =D ) wli's o= EZZ% i
a=1 b= i=1 a=
N ks ki ky
s=2 D P 2 =D D Py
j=1 b= a=1 b=

In this case, by explicit computation of the Hilbert series of the
instanton branch of the NVS theory with gauge group G =
U(ky) x U(k,) and flavor group U(N) for the moduli space
of instantons on CP?/Z,, we find that it turns out to be equal
to the Hilbert series for Sp(N) instantons on C?/Z, with

|

Hlk = (2,2),U(1),CP?/Z,)(1.1,1)

1

gauge group G = U(K) (see [31] for more details). The two
theories share the same flavor group, and the gauge groups are
related in the following way:

K, = min(k,. ky). (61)

Let us explicitly show a few examples supporting our claim.
Sp(1) instanton: k = (1, 1) and N = 1. Using Eq. (60) and
unrefining, we find that
Hk = (1,1),U(1),CP?/Z,](t,1,1)
1205420 + 212 4418
(=) (1420 4260 + )

which is the Hilbert series for Sp(1) instantons on C?/Z,
with N =1 and K| = 1. Sp(2) instanton: k = (1,1) and
N = 2. Using Eq. (60) and unrefining, we find that
Hk = (1,1),U(2),CP?/Z,](t,1,1,1)
1= 50 448 + 4112 40 4 508 — 2 4
- (1—1‘3)6(1—1—1‘3)2(1 +t3+t6)3

’

which is the Hilbert series for Sp(2) instantons on C2/Z,
with N =2 and K| = 1. Sp(1) instanton: k = (2, 1) and
N = 1. Using Eq. (60) and unrefining, we find that
Hk = (2,1),U(1),CP*/Z,](t,1,1)
L2054 20 + 2112 4118
(=) (1420 4260 + )

which is again the Hilbert series for Sp(1) instantons on
C?/Z,withN = land K, = 1. Sp(1) instanton: k = (2,2)
and N = 1. Using Eq. (60) and unrefining, we obtain

(14265427 + 92 + 1065 + 15¢'8 + 187!

=P+ AP+ O (12 + P+ 2+ 6+ 0 4 117)
+ 2812 +261%7 + 340 + 261°% + palindrome + 1°°),

which is the Hilbert series for Sp(1) instantons on C?/Z, with N = 1 and K; = 2. In the NVS case, we can graphically
summarize the relation between the parent C?/Z, instanton and the CP?/Z, one as in Fig. 13. Note that, as in the unitary
instanton case, we again have a merging of the flavored pair of gauge nodes into a single node with the rank the minimum of

the “merged ones.”
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U(N)
Q g Ky =min(kq, k)

S Sp ¢

FIG. 13. Relation between the CP?/Z, quiver gauge theory in
the NVS case (on the left) and the C?/Z, quiver gauge theory (on
the right). Dﬂ are two fields in the symmetric conjugate
representation of the gauge group U(K;), while D, are two
fields in the symmetric representation of the gauge group U(K )
(see [31] for more details).

Ay qs

Q i
B? AL, A2
Sp(Ny ) —S——{U (k1) & 2522 (ks

51

FIG. 14. Quiver diagram for symplectic instantons on CP?/Z5.

3. Sp(N) instantons on CP*/Z;

For the case of odd orbifolds, there is only one
inequivalent choice. We report in Fig. 14 the quiver
diagram of the corresponding field theory, while we
summarize the fields and F-term transformations in
Table VI. Note that N = N| + N,.

The branch of the moduli space that can be identified
with Sp(N) instantons on CP?/Z; is the one on which
Al, =0 and A; = 0. The Hilbert series of the instanton
branch corresponding to the theory with flavor symmetry
Sp(N;) x U(N,) and gauge ranks k = (ky, k,, k3) is

PHYSICAL REVIEW D 93, 026009 (2016)
H[k,F,CP?/Z;](t,x,y.,d)

= /d,uU(kl)(Z)/dﬂU(kz)(p)/dﬂU(ks)(w)

X PEly, 2 + x4, + 24,1 + gt —I—;(A%th

Faptas, st ast = et =t (62)

where z, p, and w are the fugacities of the U(k;), U(k,),
and U(k3) gauge groups, respectively, while y denotes the
fugacity of the Sp(N,) flavor group and d the fugacity of
the U(N,) flavor group. Finally, x is the fugacity of the
U(1) symmetry acting on the S, and S5 fields. The
contribution of each field and of the F terms are

S -1,-1 L -1 ,-1,-1
x5, = >, w@Hh xsn= >, papy'xh
1<a<b<k 1<a<bz<k,
){S3 = Z WaWpX,
1<a<b<k;
kN, ks Ny
)(% = § E Za(yl '>’ E E Wa
a=1 i= i a=1 j=
ky N, ky ks
Xy = E E P; E E DPa Wb’
a=1 j= a=1 b=
ki ks ky k3
— -1 _ —1
Ko, =D Pyl aw, =)D pavi'.
a=1 b=1 a=1 b=1
ky ks
X5, = E W KR = Y
a=1 b= 1<a<b<k,

By explicit computation, we find that the Hilbert series
of the theory with gauge group G = U(k;) x U(k,) X
U(ks) and flavor group Sp(N;) x U(N,) for the moduli
space of instantons on CP?/Z5 coincides with the Hilbert
series for the moduli space of Sp(N) instantons on
C?/Z5 with gauge group G = O(K,) x U(K,) and flavor

TABLE VI. Transformations of the fields for symplectic instantons on CP?/Z.

Fields U(ky) U(ky) U(ks) Sp(Ny) U(N) u(1) u(1)
Q1 [1,0,....,0],, [0] [0] [1,0,...,0] [0] [0] 1/2
0 0] o) [1.0....0],, 0] 0.0, 1] o] 1/2
0 0] 0. 0.1] 0] 0] [1.0.....0],, o] 1/2
B3, [1,0,....0]4, [0,....0, 1], 0] [0] [0] [0] 1/4
A%, [0] [1,0,....,0],, [0,....0, 1], [0] [0] [0] 1/2
B, [1.0,....0], 0] [1.0,....0],, 0 0 0] 1/4
S, 2,0,....0]_, [0] [0] [0] (0] [0] 1/2
S, [0] [2,0,...,0]_, [0] [0] [0] 1/x 1/4
S5 [0] [0] 2.0,....0]., [0] [0] x 1/4
F, 0.1,0,.....0], o) 0] 0] 0] 0] !
Fy [0] [0,....0, 1], 1.0,....0], [0] [0] [0] !
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group Sp(N;) x U(N,) (see [31] for more details) upon
identifying

Kl = kl’ K2 = min(kz, k3) (63)

Let us turn to explicit examples supporting our claim.
Sp(1) instanton: k = (1,1,1) and N = (1,0). Using
Eq. (62) and unrefining, we find that

Hlk = (1,1,1),Sp(1).CP?/Z;)(t.1,1)
(1451 -7 +1)
(1= 4220+ +1)°

PHYSICAL REVIEW D 93, 026009 (2016)

which is the Hilbert series for Sp(1) instantons on C?/Z;

with N=(1,0) and K=(1,1). Sp(1) instanton: k = (1,1, 1)

and N = (0, 1). Using Eq. (62) and unrefining, we find that
Hk=(1,1,1),U(1), CPZ/Z3](Z, 1,1)

1+654+20 + 2612 42615 + 18 4 424
(1=2)*A+ )21+ )1+ + 1)

which is the Hilbert series for Sp(1) instantons on C2/Z;
with N=(0,1) and K = (1,1). Sp(2) instanton: k =
(1,1,1) and N = (1,1). Using Eq. (62) and unrefining,
we find that

1-20 + 56— 20 + 61' — 2¢'% + 518 — 272! 4
(1 =514+ %) (1 428 + 215 + )2

which is the Hilbert series for Sp(2) instantons on C?/Z3 with N = (1,1) and K = (1, 1). Sp(1) instanton: k = (1,2, 1)
and N = (1,0). Using Eq. (62) and unrefining, we find that

Hk = (1,1,1),Sp(1) x U(1),CP2/Z5)(1,1,1,1) =

El

(1+ )1 -7+ 1)
(=31 +2)0+ 2 +15)°

Hk = (1,2,1),Sp(1),CP?/Z5](1,1,1) =

which is again the Hilbert series for Sp(1) instantons on C?>/Z; with N = (1,0) and K = (1,1). Sp(1) instanton:
k =(1,1,2) and N = (1,0). Using Eq. (62) and unrefining, we find that

(1+65)(1-7+1)
(1=)*1+2)0+2+15)°

Hk = (1,2,1),Sp(1),CP?/Z;](t,1,1) =

which is again the Hilbert series for Sp(1) instantons on C?/Z; with N = (1,0) and K = (1,1). Sp(1) instanton:
k = (1,1,2) and N = (0, 1). Using Eq. (62) and unrefining, we find that

1405420 4202 42415 4 18 4 24

Hlk = (1.1.2), U, CPY Z3)(0 1 1) = (s a4 (15 5 67

which is again the Hilbert series for Sp(1) instantons on C?/Z; with N = (0,1) and K = (1,1). Sp(1) instanton:
k =(1,2,1) and N = (0, 1). Using Eq. (62) and unrefining, we find

1+t6+2t9+2t12+2t15+t18+t24

Hk = (1,2,1),U(1),CP*/Z;](t,1,1) = T EY I (B Y

which is again the Hilbert series for Sp(1) instantons on C?/Z; with N = (0,1) and K = (1,1). Sp(1) instanton:
k =(2,1,1) and N = (1,0). Using Eq. (62) and unrefining, we find that

Hk = (2,1,1),8p(1),CP?*/Z5)(t,1,1)
= ! (1+7
(1= +2)* A+ +00)(1+ 2 + 260+ 20 + 22 + 115 +118)2
+ 365 + 477 + 812 + 14415 + 191" + 2372 4+ 2712 + 2617 + 271 + palindrome + °%)

=144 + 2 + 13112 + 14115 + 33418 + 4272 + 80r%* 4 1047%7 + o(1*7),

which is the Hilbert series for Sp(1) instantons on C?/Z; with N = (1,0) and K = (2, 1).

As shown in Fig. 15, we can graphically summarize the relation between the symplectic CP?/Z5 instanton and its cousin
on C?/Z5 as the merging of the flavored pair of gauge nodes into a single node whose rank is the minimum among the
“merging ones.”

026009-26



ASPECTS OF THE MODULI SPACE OF INSTANTONS ON ...

Sp(N1)

Sp(N1)
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U(N2)
A
q3 @
[N
q1 Uk 12 L@ 22 4122
52 @
> By,
Sh
Ky = min(ks, k3)
O Xi2 /\ Y12
O(K1) ) | U(K2) ) U(N2)
Xo1 ‘I Yo1
By
U(N2)
q2 s
Al, A3 B2
q1 22 4122 U(ks) 23 U(ka) q4

Starting from the theory whose instanton branch
describes instantons on CP?/Z, and applying the rules
in [42], we obtain the theory for Sp(N) instantons on

Sp(N3)

4. Sp(N) instantons on CP*/Z4: VS

Sy

FIG. 15. Relation between the
quiver diagram for Sp(N) instantons
on CP?/Z; and the quiver diagram
for Sp(N) instantons on C?/Z5. In
the figure, the symbol D, denotes
two fields transforming in the sym-
metric representation of the gauge
group U(K,) (however, see [31] for
more details).

FIG. 16. Quiver diagram for VS
symplectic instantons on CP?/Z,.

CP?/Z, in the VS case. The corresponding quiver diagram

Table VII.

is reported in Fig. 16, while we summarize the trans-
formations of the fields under the different groups in

TABLE VII. Transformation of the fields for VS symplectic instantons on CP?/Z,.

Fields U(k;) (ka) U(ks) U(ky) Sp(Ny) U(N,) Sp(N3) U(l1)
B, [1,0,....0],, [0,....0,1], [0] [0] [0] [0] [0] 1/4
A3 0 1000, [0....0.1],, o] 0] 0 0 1/2
B2, [0] [0] [1,0...,0] [0,....0,1],, [0] [0] [0] 1/4
S, 2.0.....0], [0] [0] 0] [0] (0] (0] 1/2
S4 [0] [0] [0] 2,0...,0];, [0] [0] (0] 1/2
Bl, [1,0,...,0],, [0] (1,0.....0],, [0] [0] [0] [0] 1/4
B, 0 0,00 1], 0 0., 0,11, 0 0 0] 1/4
a1 (1,0,....,0],, [0] [0] [0] [1,0,.... [0] [0] 1/2
a3 (0] [0, ..., 0, 1], [0] [0] [0] [1,0,....0], (0] 1/2
0 0] 0] [1.0.....0],, o] 0 000l 0 1/2
as 0] 0] 0 0...,0.1], o] 0 1.0.....0] 172
Fy  [0.1.0....0],, o) o] 0] o] 0 0] 1
F) 0 0. 0.1); [1.0.....0],, 0 0 0 0] 1
Fy (0] [0] [0] 0.1.0......0]_, [0] (0] [0] 1
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The branch of the moduli space that can be identified
with Sp(N) instantons on CP?/Z, is the one on which
Al, =0, §; =0, and S; = 0. The Hilbert series of the

|

PHYSICAL REVIEW D 93, 026009 (2016)

instanton branch corresponding to the VS theory with
flavor symmetry Sp(N;) x U(N,) x Sp(N3) and gauge
ranks k = (kl,kz,k3,k4) is

H[k,F, CPZ/Z4](t,x,y,d,u) —/dﬂU(kl)(z)/d,uU(kz)(p>/dﬂU(kg)(W)/d/‘U(k4)(v)

X PE[ g, 0 + g, + 2, + 2g, 0+ a2t + a2+ a2t ap t+ ap

+ 3, P+ s, 1

4 4 4
—xr, =yt = xr,

(64)

where z, p, w, and v are the fugacities of the U(k;), U(k,), U(k3), and U(k,) gauge groups, respectively, while y, d, and u
denote the fugacities of the Sp(N) flavor group, the U(N,) flavor group, and the Sp(N3), respectively. The contributions

of the various fields are

k
)(B%z = z]:zzjzapb s

ko

)(A%z = Zzpawb s

a=1 b= a=1 b=
xs, = E VqUp, E ZaZb>»
1<a<b<ky 1<a<b<k;
ki ks ky ky
Ko, =D D wa =D ) pity
a=1 b= a=1 b=
kN, Ny kK
— _ -1
D 9 S RS R S
a=1 j= j=1 b=l

By explicit computation of the instanton branch Hilbert
series for the theory with gauge group G=U (k;) x U(k,) x

U(k3)xU(ky) and flavor group Sp(N, )x U(N,)x
Sp(N3), we find that it is equal to the Hilbert series for
Sp(N) instantons on C?/Z, with gauge group G=0(K)x
U(K,)xO(K3) and flavor group Sp(N;)xU(N,)x
Sp(N3) (see [31] for more details) upon identifying

K1 = kl’ K2 = min(kz, k3), K3 = k3. (65)

Let us show some explicit examples supporting our claim.
Sp(1) instanton: k = (1,1,1,1) and N = (1,0,0). Using
Eq. (64) and unrefining, we find that

which is the Hilbert series for Sp(1) instantons on C?/Z,
with N = (1,0,0) and K = (1, 1,1). Sp(1) instanton: k =
(1,1,1,1) and N = (0, 1,0). Using Eq. (64) and unrefin-
ing, we find that

Hk =(1,1.1,1).5p(1).CP?/Z,](1.1) = (66)

1+4112 %

Hk=(1,1,1,1), m,

U(1),CP*/Z,)(1,1) =

which is the Hilbert series for Sp(1) instantons on C?/Z,
with N=(0,1,0) and K= (1,1,1). Sp(1) instanton:

x5, =

ky k4
rry =D 0wt

a=1 b=

—1,-1
g v, vy,

1<a<b<k,

ky k3
-1,-1
> @Gt = ZZ W,
a—1 b=1

1<a<b<k,
ks Ny ky N
St sy (k)
a=1 i= a=1 i

I

k =(1,2,1,1) and N=(1,0,0). Using Eq. (64) and
unrefining, we find again the expression (66). Sp(1)
instanton: k=(1,1,2,1) and N=(1,0,0). Using Eq. (64)
and unrefining, we find again the expression (66). Sp(1)
instanton: k = (2,1,1,1) and N=(1,0,0). Using
Eq. (64) and unrefining, we find that

Hlk =(2.1,1.1).8p(1).CP?/Z,)(1.1)

145012 818 4 824 + 8730 4 5736 4 142 4 18
B (1=£9)0(14£9) (1 +£° +£12)? ’

which is the Hilbert series for Sp(1) instantons on C?/Z,
with N=(1,0,0) and K = (2,1, 1).

We can graphically relate the symplectic VS CP?/Z,
instantons with their cousin on C?/Z, as in Fig. 17.

5. Sp(N) instantons on CP*/Z,: NVS

Let us now consider the second configuration leading to
the NVS case. The quiver diagram of the corresponding
theory is reported in Fig. 18, while the transformations of
the fields and of the F terms are summarized in Table VIII.

The branch of the moduli space that can be identified
with Sp(N) instantons on CP?/Z, in the NVS case is the
one on which A}, =0 and Al; = 0. The Hilbert series of
the instanton branch corresponding to the NVS theory with
flavor symmetry U(N,) x U(N,) and gauge ranks k =
(kl s kz, k3, k4) is
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B, FIG. 17. Relation between the CP?/Z,
® quiver gauge theory in the VS case and
the corresponding C?/Z, quiver gauge

U(N2)
x theory.
Sy " \a S5 ry.
2

q1 3122 h A%z Agz /l\u B q4
Sp(N1) U (k1) w \U(ke._)/J U (k4) Sp(Ns)
=

K5 = min(ko, k3)
Q1 K12 /\ Yo Q2
Sp(N1) O(Ky) | [ U(K2) | [ O(K3) Sp(Ns)
Xo1 Yo1

U(N2)

Za

FIG. 18. Quiver diagram for NVS sym-

U(Ny) plectic instantons on CP?/Z,.

U(N2)

q3

1 2 1 2
All All A33 A3.’3

U(k1)

U(ks)

Sy

1
B 32

HIk PP 2 0.x.3.8) = [ die(2) [ sy ®) [ dioiey )
X /dMU(k4)(V) X PE[y, 4 14,1 + X0, * + 14,1 txpt+aa r txa, r
gt st ast Fast ast = xe = 2t (67)
where z, p, w, and v are the fugacities of the U(k;), U(k,), U(k3), and U(k4) gauge groups, respectively, while y and d

denote the fugacities of the U(N;) flavor group and the U(N,) flavor group, respectively. The contributions of the various
fields are given by
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TABLE VIII. Transformation of the fields for NVS symplectic instantons on CP?/Z,.

Fields U(k) U(k,) U(ks) Ul(ky) U(Ny) U(N;) u(l)
ALy (1.0,....0], [0.....0. 1], [0] (0] (0] [0] 1/2
B%3 [0] [1,0,....0],, [0,...,0, 1], 0] [0] [0] 1/4
A [0] [0] [1.0.....0], [0.....0. 1], [0] [0] 1/2
Bl, 0,....,0,1],, [0] [0] [1,0,....0],, [0] [0] 1/4
S 2,0....0], [0] [0] [0] (0] (0] 1/4
S, [0] 2.0.....0], [0] (0] [0] [0] 1/4
S; [0] [0] 2.0,....0]_, [0] (0] (0] 1/4
S4 [0] [0] [0] 2.0.....0],, 0] (0] 1/4
9 [0] [1.0.....0], [0] [0 [0.....0. 1] (0] 1/2
9> 0,...,0, 1], [0] [0] [0] [1,0,....0],, [0] 1/2
R [0] [0] [0] [10.....0], [0] [0.....0.1] 1/2
94 [0] [0] [0.....0.1], [0] [0] [1.0.....0], 1/2
Fi 0..,0.1,,  [10.....0],, 0 0] 0] 0] I
Fy [0] [0] [0.....0. 1], [1.0.....0], [0] [0] 1
ki -k ks k4
X, = > Valhe AR =D Pelals Ap, =)D Wil
1<a<b<k, a=1 b=1 a=1 b=1
X5,= Y. @nh xs = Y. PaPr X5 = D, wawyl,
1<a<b<k; 1<a<b<k, 1<a<b<k;
ky, N, kN, ks N, ks Ny
)a,l:zz;?ay, 7 Zzza Vi sza Zzw;‘d
a=1 i= a=1 i= a=1 j= a=1 j=
)(Aflzzzzal’b ) XB2, _Zzl’awb ’ XAz, —ZZW ”b ) XBl, _szbza :
a=1 b= a=1 b= a=1 b= a=1 b=

Explicit computation of the instanton branch Hilbert series with gauge group G = U(k;) x U(k,) x U(k3) x U(k,) and
flavor group U(N;) x U(N,) shows that it coincides with the Hilbert series for Sp(N) instantons on C?/Z, with gauge
group G = U(K,) x U(K,) and flavor group U(N,) x U(N,) (see [31] for more details) upon the identification

K] = Inin(kl s kz), K2 = min(k3, k4) (68)

Let us show a few explicit examples. Sp(1) instanton: k = (1,1,1,1) and N = (1,0). Using Eq. (67) and unrefining, we
find that

1_t3+2t9_t15+t18

Hlk = (1111, U().CPY/Z,)(x.1) = (I=PPA+2)P0 4+ +0 40 +12)

(69)

which is the Hilbert series for Sp(1) instantons on C?/Z, with N = (1,0) and K = (1,1). Sp(2) instanton: k = (1,1, 1, 1)
and N = (1, 1). Using Eq. (67) and unrefining, we find that

Hk = (1,1,1,1),U(1) x U(1),CP*/Z,)(1.1,1)
14200430 4 8112 + 1147 4 134" + 122" + 1312 4 11627 + 870 4 315 + 270 + 12
B (=N + 22N+ + 031+ +2600 +20 + 2112 4+ 115 +118)

’

which is the Hilbert series for Sp(2) instantons on C?/Z, with N = (1,1) and K = (1,1). Sp(1) instantons: k =
(1,2,1,1) and N = (1,0). Using Eq. (67), we find again the expression (69).
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FIG. 19. Relation between the CP?/Z, quiver gauge theory in
the NVS case and the corresponding C?/Z, quiver gauge theory,
where D, D, are two fields in the symmetric representation of
the gauge group U(K;), while L, L, are two fields in the
symmetric representation of the gauge group U(K,) (however,
see [31] for more details regarding the C?/Z, theory).

Finally, in Fig. 19 we graphically show the relation
between symplectic NVS instantons on CP?/Z, and their
cousins on C?/Z,.

6. Sp(N) instantons on CP*/Z,, with n > 4

Let us now consider the generic case of instantons on Z,,
orbifolds of CP? with n > 4. Based on the previous
examples, we can extract the generic pattern of both the
quiver as well as the relation between the symplectic
instanton on CP?/Z,, with its relative on C?/Z,,.

Recall that N is the sum of the ranks of the flavor groups
in the ADHM quiver, while the ranks of the gauge groups
are related to instanton number and, together with the
relative flavor ranks, to other possible quantum numbers
labeling the instanton. Unfortunately, the precise identi-
fication between quiver data and instanton data is not
known. Sp(N) instantons on CP?/Z,, . Elaborating on
the previous examples, we conjecture that the theory
describing symplectic instantons on CP?/Z,,. is related
to its counterpart on C?/Z,,,, as in Fig. 31. Moreover,
while the flavor groups continue to be the same, the ranks
of the gauge groups are related in the following way:

Kl = kl’ K2 = min(kz,k3),
K3 = min(ky, ks), ... K, 1| = min(ky,, ky, 1) (70)
Sp(N) instantons on CP?/Z,,: VS. Elaborating on the

lowest n cases, we can extrapolate both the quiver for VS
symplectic instantons on CP?/Z,, and their relation to

PHYSICAL REVIEW D 93, 026009 (2016)

their cousins (of course, VS) on C?/Z,, as shown in
Fig. 32. Moreover, while flavor nodes remain the same, the
gauge rank identification is as follows:

Kl :kI’ K2 :min(kz,k3),...

Kn—l = min(an—27 k2n—1)’ Kn = erL- (71)
Sp(N) instantons on CP?/Z,,: NVS. Elaborating on the
lowest n cases, in this case, we can extrapolate both the
quiver for NVS symplectic instantons on CP?/Z,, and
their relation to their cousins (of course, NVS) on C?/Z,,
as shown in Fig. 33. Moreover, while the flavor nodes
remain the same, the gauge rank identification is as follows:

Kl = min(kl, kz),
K2 = min(k3, k4), Kn = min(kz,,_l, an) (72)

It is interesting to note that the merging nodes are those
going over, in the C?/Z,, parent, to unitary gauge groups.
In turn, in the parent C?/Z,,, these are the nodes admitting a
blowup mode through the FI parameter. It would be
interesting to have a deeper understanding of these facts,
as well as the topological data characterizing Sp instantons
on CP?/Z,.

VI. SO(N) INSTANTONS ON CP? AND ITS
ORBIFOLDS

We now turn to the case of orthogonal instantons on CP?
and its orbifolds. As described in [15], the ADHM
construction for orthogonal instantons can be embedded
into a 3d gauge theory which, in 3d N =2 language,
contains a U(2k) vector multiplet as well as one chiral
multiplet S in the symmetric two-index tensor representa-
tion of the gauge group and three chiral multiplets A, A,, A
in the antisymmetric two-index tensor representation of the
gauge group. The corresponding quiver is shown in Fig. 20.
Note that the total flavor rank corresponds to N, while the
gauge ranks—as well as the relative configurations of the

A

SO(N)

S

FIG. 20. Quiver diagram for SO(N) instantons on CP?.
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flavor ranks—correspond to instanton number and other
data specifying the instanton.
In turn, the superpotential reads

W = eP(A,) pA™ (Ap) 5™ + 5 Q1,01 My, (73)
being M given by
MSOCN) — ( 0 1NXN>
1N><N 0 ’
0 1N><N 0
MSO@RN+1) — Tyon 0 o1l. (74)
0 0 1

As shown in [15], the construction of orthogonal instantons
on CP? can be embedded into that of a parent orthogonal
instanton on C2. As a consequence, the Hilbert series of the
instanton on CP?/Z,, matches that of its counterpart on C?.

A. Resolved moduli space for orthogonal instantons

The gauge group in the ADHM construction of orthogo-
nal instantons on CP? is U(2k). However, as shown in [15],
k can be a half-integer while the Hilbert series is only
sensitive to | k|, that is, the largest integer which is smaller
orequal to k. In fact, it was conjectured that the instantons are
distinguished by their second Stiefel-Whitney class written
as 2(k — | k|). From this perspective, it is also natural to
expect a notion of “resolved moduli space”—resolved, as in
the unitary case, in the sense that these extra directions
associate to other quantum numbers are discerned.

In order to explore the possibility of such resolved moduli
space, following the example set by the unitary case, let us
consider the simplest case where such extra directions are
present. The instanton number was conjectured to be [k].
Then the analogous, for orthogonal instantons, to the case of
aunitary instanton with k; = 0 (as discussed in Sec. III A) is
k= %, corresponding to a U(1) gauge theory. Such theory
does not have the antisymmetric matter, and on the instanton

branch, § = 0. Therefore, the theory only contains the Q’s
out of which no gauge invariant can be constructed. Hence,
very much like the Grassmanian, we find a extra compact
manifold associated to the extra directions labeled in this
case by the Stiefel-Whitney class. Just like in the unitary
case, we can imagine resolving these directions by ungaug-
ing the U(1) global symmetry. It is then straightforward to
compute the instanton branch Hilbert series, which, upon
unrefining the SO(N) labels, reads

141
HS = vy (75)

Interestingly, this can be written as

PHYSICAL REVIEW D 93, 026009 (2016)

2 1

== oy

(76)

which is the Hilbert series for two CV~! meeting at a CV=2,
This is a dimension N — 1 manifold analogous to the cone
over the Grassmanian in the unitary case. Note that the
dimension of the resolved moduli space is 2k(N — 2), while
that seen by the Hilbert series is 2| k| (N — 2) [15]. Hence,
the difference is 2(N — 2)(k — |k|). Particularizing to the
case k = %, this is an (N — 2)-dimensional compact mani-
fold. Then, the complex cone over it is a N — 1 complex
dimensional manifold, just as we have found.

Note that the case of symplectic instantons does not
admit a similar construction. For example, in the quiver in
Fig. 9, the instanton branch appears upon setting to zero an
antisymmetric field while keeping the symmetric fields.
Hence, the theory is never empty of gauge-invariant
operators, as it happens in the case of unitary and
orthogonal instantons, therefore, suggesting that no com-
pact directions exist in that case.

B. Constructing SO(N) instantons on CP?/Z,

Let us now turn to the construction of orthogonal
instantons upon orbifolding the base space. In view of
the ALE case, and following the symplectic instanton case
in Sec. V, we construct the theories whose instanton branch
describes orthogonal instantons on CP?/Z,, by first orbi-
folding and then orientifolding the unitary instanton case
following the rules in [42,43]. As for symplectic instantons,
we have qualitatively different situations depending on
whether # is even or odd:

(1) If nis odd, we have only one type of quiver diagram
corresponding to the fact that we have only one
inequivalent way to cut the quiver diagram with a line.

(i) If n is even, we have two types of quiver gauge

theories corresponding to two possible inequivalent
ways in which we can cut the quiver diagram with a
line. Inspired by the ALE case, we will refer to them
as the VS case and the NVS case, respectively.

Also, in this case, there can be hybrid configurations
associated with one choice for the values of the signs
implementing the orientifold prescription. As above, we
restrict our analysis to the configuration of signs correspond-
ing to the quantum field theory whose instanton branch
describes orthogonal instantons on CP?/Z,, which, for the
case of even n, are either VS or NVS. Just as in the other
cases, the rank of the SO(N) bundle corresponds to the sum
of flavor ranks in the ADHM quiver. The rest of the ADHM
data correspond to other data specifying the instanton.

1. SO(N) instantons on CP*/Z,: VS

Starting from the CP?/Z, and applying the rules in [42],
we obtain the theory for SO(N) instantons on CP?/Z,. The
corresponding quiver diagram is reported in Fig. 21, while
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SZ Sl

5’1 =0 and S, =0. The Hilbert series of the instanton
branch corresponding to the VS theory with flavor sym-
metry SO(N) x SO(N,) and gauge ranks k = (ky, k,) is

SO(Ny) SO(Ny)

H[k.F,CP2/Z,)(t.x.y.d)
_/dﬂU(zkl)(Z)/dﬂU(zkz)(P)PED(AJZ+)(A1f2+)(3,t

+x0, +x0,* = xr 1t — x5, 1Y, (77)

FIG. 21. Quiver diagram for VS orthogonal instantons on

CP*/Z,. where z and p are the fugacities of the U(2k;) and

U(2k,) gauge groups, respectively, while y and d denote
we summarize the transformations of the fields under the  the fugacities of the SO(N,) and SO(N,) flavor groups.
different groups in Table IX. Finally, x is the fugacity of the SU(2) symmetry acting

The branch of the moduli space that can be identified ~ on the B; doublet. The contribution of each field is
with SO(N) instantons on CP?/Z, is the one on which  given by
|

=Y. % A= >, Pa'Dy

1<a<b<2k, 1<a<b<2k,
1\ 2k 26

_ L -1.-1 L -1

XA, = E PaPb> XA, = E Za Zp s Xpi = (x—i—;) ZaPyp >
1<a<b<2k, 1<a<b<2k, a=1 b=1

2k, Pl <Yi + yl) Ny even, 2k, . > (di + di) N, even,
ZQ] — (Z Za> X (N _1)/2 . )(Qz e (Zp ) X
a=1 1 + Zi:i (yl + *) Nl Odd,

Vi

Explicitly computing the Hilbert series with gauge  Let us show a few explicit examples. SO(5) instanton:
group G = U(2k;) x U(2k,) and flavor group SO(N,) x  k =(1,1) and N = (2,3). Using Eq. (77) and unrefin-
SO(N,) for the moduli space of instantons on  ing, we find that
CP?/Z, shows that it is equal to the Hilbert series for

Sp(N) instantons on C2/Z, with gauge group G=  Hk =(1,1),50(2) x SO(3),CP*/Z,|(1,1,1,1)
Sp(K;) x Sp(K,) (see [31] for more details) upon 1=+ 566 440 + 4812 + 4715 4 5718 _ 21 | 24
identifying =

(1= +£2)2(1 + £ + 1%)3 ’

which is the Hilbert series for the SO(5) instanton on
Ky =k,  Ky=k. (78) €2/, with K = (1,1) and N = (2,3). SO(6) instanton:

TABLE IX. Transformations of the fields for VS orthogonal instantons on CP?/Z,.

Fields U(2k;) U(2k,) SO(N/) SO(N,) SU(2) U(1)
A 0.1,0,0]_, [0] [0] [0] [0] 1/2
5, [2,0.....0], [0] [0] [0] [0] 1/2
A [0] 0.1.0.....0],, [0] [0] [0] 1/2
A3 [0] [2.0.....0] [0] [0] [0] 1/2
B [1,0,....0]., 0,....0,1],, [0] [0] [1] 1/4
0, [1,0,....0],, [0] [1,0.....0] [0] [0] 1/2
0, [0] [0.....0.1] [0] [1.0.....0] [0] 1/2
F, 2,0.....0], [0] [0] [0] [0] 1

Fy [0] [2,0.....0], [0] [0] [0] 1
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Q q
Al A2
Ay U(2ky) S U (2k»)
1211 Al

k =(1,1) and N = (3,3). Using Eq. (77) and unrefin-

ing, we find that

H[k = (1.1),50(3) x SO(3).CP?/Z,](1.1,1,1)
12084800+ 5112 + 1211 45118 - 8724 — 2777 + 10
B (1=)8(1 4+ 1+ +10)*

El

which is the Hilbert series for the SO(6) instanton on
C?/Z, with K = (1,1) and N = (3,3).

2. SO(N) instantons on CP?/Z,: NVS

Let us now consider the case of orthogonal NVS
instantons on CP?/Z, upon choosing the other nonequiva-
lent way to cut the quiver diagram. The quiver diagram of
the corresponding theory is reported in Fig. 22, while the
transformations of the fields and of the F term are
summarized in Table X.

|

> pabs

1
)
X/ 1<a<b<ok,

2k; 2k, N 2k

Xe = wpys xo =Y v

a=1 b=1 i=1 a=1

1
=)
X/ 1<a<b<ok,
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FIG. 22. Quiver diagram for NVS orthogonal
instantons on CP?/Z,.

Ay

The branch of the moduli space that can be identified
with SO(N) instantons on CP?/Z, is the one on which
Al, = 0. The Hilbert series of the instanton branch corre-
sponding to the NVS theory with flavor symmetry U(N)
and ranks k = (ki, k,) is

H[k,F,CP?/7,](t,x,y)

= / dpy ) (z) / dpyor,) (P)

XPE[yat+25 1+ 22,0+ 208+, —xpt']. (79)

where z and p are the fugacities of the U(2k,) and U(2k,)
gauge groups, respectively, while y denotes the fugacity of
the U(N) flavor group. Finally, x is the fugacity of the

SU(2) acting on the A4 and A, doublets. The contribution
of each field is given by

E 22tzt,

N 2k, 2k, 2k,
— E -1 — E E -1
Xg = pbyj s XF = Za Pb-
j=1 b=l a=1 b=1

The explicit computation of the instanton branch Hilbert series with gauge group G = U(2k,) x U(2k,) and flavor group
U(N) shows that it coincides with the Hilbert series for SO(N) instantons on C?/Z, with gauge group G = U(2K) (see
[31] for more details regarding the C?/Z, Hilbert series) upon setting

TABLE X. Transformations of the fields for NVS orthogonal instantons on CP?/Z,.

Fields U(2k,) U(2k,) U(N) SU(2) U(1)
A A, 0.1.0....0]_, 0] [0] 1] 1/4
Al A, [0] 0.1,0.....0]., 0] [1] 1/4
A2, [1,0....,0]., 0,0, ....1],, [0] 0] 1/2
q 0] [1,0,....0],, 0,0, ....1] 0] 1/2
0 [0,...,0,1],, 0] [1,0,....0] 0] 1/2
F [0.....0. 1], [1,0,....0]., [0] 0] 1
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(80)

Let us show explicit examples supporting our claim. SO(6) instanton: k = (1,1) and N = 3. Using Eq. (79) and

unrefining, we find that

Hk = (1,1),U(3),CP*/Z,)(1,1,1,1,1)

14278 49154 247 4 501" + 761" + 1088 4 120¢*! + 1087** 4 palindrome + - - - + 1*

(1=2)B(1+£)°(1+ 8 +10)1 :

which is the Hilbert series for the SO(6) instanton on C/Z,
with K=(1,1) and N=3. SO(8) instanton: k = (1,1) and
N = 4. Using Eq. (79) and unrefining, we find that

Hk = (1,1),U(4),CP*/Z,](1,1,1,1,1,1)
1
BT LT o
4+ 441 + 123112 + 272115 + 546418 4 886721
+ 125972 4 1544177 + 167810

+ palindrome + - - - + %0),

which is the Hilbert series for the SO(8) instanton on C/Z,
with K = (1,1) and N = 4.

U(N) U(N)

Ky =min(ky, ko)

FIG. 23. Relation between the CP?/Z, quiver gauge theory in
the NVS case (on the left) and the corresponding C?/Z, quiver
gauge theory (on the right), where I:/; are two fields in the
antisymmetric conjugate representation of the gauge group
U(2K,), while L, are two fields in the antisymmetric represen-
tation of the gauge group U(2K;) (see [31] for more details).

I

We graphically summarize in Fig. 23 the relation
between the NVS orthogonal instanton on CP?/Z, and
its cousin on C?/Z,.

3. SO(N) instantons on CP*/Z;

In this case, there is only one inequivalent choice of the
orientifold action. We report in Fig. 24 the quiver diagram
of the corresponding field theory, while we summarize the
fields and F-term transformations in Table XI.

The branch of the moduli space that can be identified
with SO(N) instantons on CP?/Z5 is the one on which
Al, =0 and S; = 0. The Hilbert series of the instanton

branch corresponding to a theory with flavor symmetry
SO(N,) x U(N,) and gauge ranks k = (ky, ky, k3) is

H[k,F,CP?/Z;](t.x,y.d)

:/dﬂU(Zkl)(z)/dﬂU(ZkZ)(p)/dﬂU(2k3)(W)
XPE[y g, + g, + 20, + a2 t 22 1
(81)

+xp 1+ 23, 2 TXA T XA L= XF, *—xr,1,

where z, p, and w are the fugacities of the U(2k,), U(2k,),
and U(2k;3) gauge groups, respectively, while y denotes the
fugacity of the SO(N) flavor group and d the fugacity of
the U(N,) gauge group. Finally, x is the fugacity of the
U(1), symmetry acting on A, and A5. The contribution of
each field and of the F terms are

U(N)

FIG. 24. Quiver diagram for
SO(N) instantons on CP?/Z;.

q3

1 2
AQQ A22

U(2k2)

32
SO(V)) 2 U(2k1) 12
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Transformations of the fields for SO(N) instantons on CP?/Z5.

Fields U(2k,) U(2k,) U(2ks) SO(N,) U(N,) u(l), u(1)
0 [1.0.....0],, (0] 0] 1.0, ....0] 0] 0] 1/2
p 0 o 1,0,..0],, 0 001, 0 12
0 o] 0.0, 1], 0 0 0LoL, 012
B, [1,0,....0,, 0.....0.1],, 0] 0] 0] 0] 1/4
AL 0 10001, [0.0.1],, 0 0 o ap
B (1,0,...,0] [0] [1,0,...,0] 4, [0] (0] (0] 1/4
A [0,1,0,...,0]_, [0] [0] [0] [0] [0] 1/2
i 0] 0,1,0,....0]_, 0] 0] 0] 1/x 1/4
A, (0] (0] 0.1.0.....0], 0] 0] X 1/4
F 2,0,...,0],, [0] [0] [0] [0] [0] 1
F) 0 00001, (10,00, o o 0 i
2%y 2k, 2%y 2k 2k, 2k
X, =D Py A= DY P X = DY ZaWe AR = D Zalb
a=1 b=1 a=1 b=1 a=1 b=1 1<a<b<2k,
2%k, 25\2{2( i+$> N, even, 2%; N, 2%y N,
oy = 2 %a X | g, = wedi' g = pad;.
! Z; 1+§1g4m(%+$)<mom, ! Z;;;b ’ Z;;; '
2%y 2k
i = > @G aa = ). pam L xa = D wonx xe =) palws
1<a<b<2k 1<a<b<2k, 1<a<b<2k a=1 b=1

By explicitly evaluating the Hilbert series with gauge
group G = U(2k;) x U(2k,) x U(2k3) and flavor group
SO(N;) x U(N,) for the moduli space of instantons on
CP?/Z5, we find it to be equal to the Hilbert series for
SO(N) instantons on C?/Z; with gauge group G =
Sp(K,) x U(2K,) and flavor group SO(N;) X U(N,)
(see [31] for more details) with the identification

[
Supporting our claim, we show a few explicit examples.
SO(5) instanton: k = (1,1,1) and N = (3,1). Using
Eq. (81) and unrefining, we find that
Hk =(1,1,1),S03) x U(1),CP?/Z;](t,1,1,1)
1
= 1+ +4£

(T R (R T

+ 97 + 18112 + 25115 4 33118

+307%! 4 337%* + palindrome + - - - + 1*?),

FIG. 25. Relation between the quiver
diagram for SO(N) instantons on
@ CP?/Z5 and the quiver diagram for
SO(N) instantons on C2/Z3, being D,
two fields transforming in the antisym-

metric representation of U(2K,) gauge

group (see [31] for more details).

Kl = kl’ K2 = min(kz, k3) (82)
U(N2)
A a3
2 142
SO(Ny) q1 U(2k1) Biy {@ Agy Azo
(9
Bl
S
Ko = min(ks, k3)
O X2 Y12
SO(N1) Sp(K1)) [U(2K2)] U(N2)

‘n )
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1
B24

U(N2)

q1

PHYSICAL REVIEW D 93, 026009 (2016)

FIG. 26. Quiver diagram for VS
orthogonal instantons on CP?/Z,.

Az

SO(Ny) U(2k;

which is the Hilbert series for the SO(5) instantons on
C?/Z5 with N = (3,1) and K = (1,1). SO(5) instanton:
k = (1,1,1) and N = (1,2). Using Eq. (81) and unrefin-
ing, we find that

Hlk = (1.1,1,1),80(2) x U(1),CP*/Z;)(1.1,1,1)
=28 + 565 =20 4 6117 = 2115 + 5018 — 2721 12
B (1 =51 +8)(1 + 28 + 215+ 1°)?

which is the Hilbert series for the SO(5) instantons on
C?/Z5 with N = (1,2) and K = (1,1). We can, as well,
graphically summarize the relation between the orthogonal
instanton on CP?/Z5 and its cousin on C?/Zj as in Fig. 25.

4. SO(N) instantons on CP*/Z4: VS

Starting from the theory for unitary instantons on
CP?/Z, and applying the rules in [42,43], we obtain the
theory for SO(N) instantons on CP?/Z, in the VS case.
The corresponding quiver diagram is reported in Fig. 26,
while we summarize the transformations of the fields under
the different groups in Table XII.

B
\_/) U(2ky)

El

SO(N3)

Ay

The branch of the moduli space that can be identified
with Sp(N) instantons on CP?/Z, is the one on which
AL, =0, A, =0, and A; = 0. The Hilbert series of the
instanton branch corresponding to the VS theory with
flavor symmetry SO(N,) x U(N,) x SO(N3) and gauge
ranks k = (ky, ko, k3, ky) is

HIk,F,CP*/Z4)(t,x,y.d,u)
= /dﬂU(Zkl)(z)/dﬂU(Zkz)(p)/dﬂU(2k3)(w)

x /dMU(2k4)(V) X PEly, 2 + 14,1 + 14,1
A A P A sy e
a2 —xrt = xett = e, (83)

where z, p, w, and v are the fugacities of the U(2k;),
U(2k,), U(2k3), and U(2k,) gauge groups, respectively,
while y and d denote the fugacities of the SO(N,) flavor
group of the U(N,) flavor group and of the SO(N3) flavor
group, respectively. The contributions of the various
fields are

TABLE XII. Transformation of the fields for VS orthogonal instantons on CP?/Z,.

Fields U(2k,) U(2k,) U(2k3) 2ky) SO(N,) U(N,) SO(N3) U(l)
B}, [1,0,....01;;  [0,....0, 1], [0] (0] [0] [0] [0] 1/4
A3 [0] [1,0,0,;  [0,...,0. 1], [0] [0] [0] [0] 1/2
B3, [0] [0] (1,0....0l,;  [0,...,0,1], [0] [0] [0] 1/4
A, [0.1,0....0], [0] [0] 0] [0] [0] [0] 1/2
Ay [0] [0] [0] [0.1,0.....0] [0] [0] [0] 1/2
Bl [1.0...0], o) [1.0.....0],, 0] o] o 0 1/4
B, 0 0,0, 1], 0 0,011, o] o] 0] 1/4
Q1 [1,0,....0],, [0] [0] [0] [1,0,....,0] [0] [0] 1/2
a3 [0] [0, ...,0, 1], [0] [0] [0] [1,0,....0], [0] 1/2
0 [0] [0] [1,0,....0], [0] [0] [0,....,0, 1], [0] 1/2
as 0] 0] 0 0.0, 1], o] 0] 10,0 172
F, 2.0....0] o) 0 0] 0] 0] 0 1
F) 0 0. 01); (10,0, 0] 0] 0] 0] 1
F3 (0] [0] [0] 2.0,.....0, [0] [0] [0] 1
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2k, 2k, 2k, 2k3
Xp, =Y E WPy =Y E Pawy'
a=1 b= a=1 b=
Ni/2 1
2k, Dot it ;) N even,
Xg — E Zq X
(N-1)/2 1
a=1 1+ Z ( + V_l) N1 Odd,
2k 2k; 2k; N,
D IPIEATS =22 wad;!
a=1 b=1 a=1 i=
XAy — E VaUp,s XF = E ZaZb>
1<a<b<2ky 1<a<b<2k,

PHYSICAL REVIEW D 93, 026009 (2016)

2y 2k
— O —-1-1
BZ = E E Wal)b s ){Az = E Za Zp s
a=1 b= 1<a<b<2k,
N, 2%, 2%, 2k,
— -1 — —1,,-1
6 =22 dpt =D D pat
j=1 b=1 a=1 b=1
N3/2 1
2ky 2t ity Njeven,
2 vt ;
(N3-1)/2
e 1+ M2 (v +1) Nyodd,
2, 2k
— —1,,—1
E E Pa va )(F3 - E Vg Uy -
a=1 b= 1<a<b<2ky

By computing the Hilbert series with gauge group G = U(2k;) x U(2k,) x U(2k3) x U(2k,) and flavor group
SO(N;) x U(N,) x SO(N3), we find that it turns out to be equal to the Hilbert series for SO(N) instantons on

C?/Z, with gauge group G = Sp(K,
more details) with the identification

Kl :kl, K2:

Let us now show a few explicit examples. SO(6) instanton: k = (1,1,1,1) and N =

unrefining, we find that

) x U(2K,) x Sp(K3) and flavor group SO(N,

min(kz,k3), K3 = k4.

) x U(N,) x SO(N3) (see [31] for

(84)

(2,0,4). Using Eq. (83) and

14415 422112 4 361" + 54124 + 36170 + 2217 + 4142 + 18

Hlk = (1,1,1,1),50(2) x SO(4), CP*/Z,)(t.1,1) =

which is the Hilbert series for the SO(6) instantons on C?/Z, with N =
(2,1,2). Using Eq. (83) and unrefining, we find that

k=(1,1,1,1) and N =

El

(1=2)3(1+£)%(1 + 1)

(2,0,4) and K = (1,1,1). SO(6) instanton:

H[k = (1,1,1,1),50(2) x U(1) x SO(2),CP2/Z,](1,1,1,1)

1

T A=ARA A A+ O A+ P+ O+ P+ O+ P+ 1)
+514'8 + 69721 4+ 93724 + 110727 + 120770 + 110£°® + palindrome + - - -

which is the Hilbert series for SO(6) instantons on C?/Z,
with N = (2,1,2) and K = (1, 1, 1). Finally, we summa-
rize in Fig. 27 the relation between the theory describing
VS orthogonal instantons on CP?/Z, and its cousin on
C?/2,.

5. SO(N) instantons on CP*/Z,: NVS

Let us now consider the second possibility leading
to the NVS case. The quiver diagram of the corresponding
theory is reported in Fig. 28, while the transformations
of the fields and of the F terms are summarized in
Table XIII

The branch of the moduli space that can be identified
with SO(N) instantons on CP?/Z, is the one on which
Al, =0 and Al; = 0. The Hilbert series of the instanton
branch corresponding to the NVS theory with flavor

(142 + 365+ 71 + 1812 + 3313

+19),

symmetry U(N;) x U(N,) and gauge ranks Kk =
(ki, ko ks, ky) is
H[k,F,CP?/Z,)(t,x.y.d)
= /dﬂU(Zkl)(z)/d//‘U(Zkz)(p)/dﬂU(2k3)(W)
X /dﬂU(2k4)(v) X PEb(ql [2 +)(q2[2 +)(q3 [2
T Fap e P st aA
Faat FAuatFaat = xett = xpt, (85)

where z, p, w, and v are the fugacities of the U(2k;),
U(2k,), U(2k3), and U(2k,) gauge groups, respectively,
while y and d denote the fugacities of the U(N;) flavor
group and the U(N,) flavor group, respectively. The
contributions of the various fields are given by
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B, FIG. 27. Relation between the
CP?/Z, quiver gauge theory in the
. VS case and its relation with the
(N2) corresponding C?/Z, quiver gauge
\U theory.
SO(N,) A <2k3) B (oera 4 soov)

SO(N1) SO(Ns)
2k, N,
_ —1,,-1 _
= D owawih = ) v =2 2 pai
1<a<b<2k; 1<a<b<2ky a=1 i=
2k 2ky
_ -1 I -1,-1 —
)(B;z - E § UpZy » )(Al - E Za Tp > XA, = E PaPbs
a=1 b=l 1<a<b<2k, 1<a<b=2k,
2k; N, 2ky N, 2ky N, 2k 2k,

— -1 -1 -1 _ -1
xq2—§ Ezay,w E gvd,-, E Ewd )(FI—E EPbZa7
a=1 i=I a=1 j= a=1 j= a=1 b=1
2k 2k, 2ky 2k 2ky  2ky 2ky 2ky

— -1
Iy =0 wrils =D ) P =D ) vy =22 il
a=1 b=1 a=1 b= a=1 b= a=1 b=

Performing the computation of the Hilbert series with gauge group G = U(2k;) x U(2k,) x U(2k3) x U(2k,) and
flavor group U(N,) x U(N,), we find that it coincides with the Hilbert series for SO(N) instantons on C?/Z, with gauge
group G = U(2K ) x U(2K,) and flavor group U(N;) x U(N,) (see [31] for more details) with the identification

FIG. 28. Quiver diagram for NVS

U(Ny) orthogonal instantons on CP?/Z,.

U(N2)

Al A2 AL, A2
U(2k1) 11 11 33 33

U (2ks)

Ay

1
B32
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TABLE XIII. Transformation of the fields for NVS orthogonal instantons on CP?/Z,.

Fields U(2k,) U(2k,) U(2k;) U(2ky) UN,) U(N,) u(1)
2 100, 0.0, 0 0 0 0 2
B, o 1000, 0...0.1],, 0 0 0 14
AL o 0 0.0, [0.0.1],, 0 0 12
B, 00,1, 0 0 1,0...0], 0 0 14
A [0.1,0,....0]_, [0] [0] [0] (0] [0] 1/4
A [0] [0,1,0,....0], [0] [0] (0] [0] 1/4
As (0] [0] [0.1,0,....0]_, [0] (0] [0] 1/4
Ay [0] [0] [0] 0.1,0,....0],, 0] [0] 1/4
qi [0] [1,0,....0], [0] [0] [0,....0, 1], [0] 1/2
0 [0,...,0, 1], [0] [0] [0] [1,0,.... 0], [0] 1/2
a3 [0] [0] [0] [1,0,.... 0], (0] [0,....0,1],,  1/2
qa [0] [0] [0,....0, 1], [0] (0] [1,0,....0[,,  1/2
Fi 0....0.1],,  [10....0],, 0] 0] 0] 0] I
Fy [0] [0] [0,....0, 1], [1,0,....0], [0] [0] 1
Kl = min(kl s kz), K2 = min(k3, k4) (86)

Let us show an explicit example of our claim. SO(6) instanton: k = (1,1,1,1) and N = (2,1). Using Eq. (85) and
unrefining, we obtain

1
=P+ 291+ P+ 2+ O+ 2+ 10+ 0+ M)
X (14365 + 91 + 227 + 5412 + 114" + 219418 + 37172
+ 582174 4- 827177 + 109230 + 1323133 4 1493436
+ 15481 + 1493¢*? + palindrome + ¢'2),

Hk = (1,1,1,1),U(2) x U(1),CP*/Z,)(t.1,1,1) =

|

which is the Hilbert series for SO(6) instantons on C?/Z,
with N=(2,1) and K = (1, 1). Finally, we graphically
summarize the relation between the theory describing the
NVS orthogonal instantons on CP?/Z, and its cousin on
C?/Z, in Fig. 29.

U(N)

Al A2
A U(ky) L U(ks) S,

FIG. 29. Relation between the CP?/Z, quiver gauge theory in

the NVS case and the corresponding C?/Z, quiver gauge theory, 3, A,

where Dy, D, are two fields in the antisymmetric representation

of the gauge group U(2K,), while L, iz are two fields in the FIG. 30. Quiver diagram for instantons of the hybrid configu-
antisymmetric representation of the gauge group U(2K5). ration on CP?/Z,.
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Ko = min(ko, k: B
o = min(ks, k3) > G(KZD__‘: U(N2)

K3 =min(ky, ks)
> | U(Ks) U(N3)
> (v U(Ny)
-
]\/yn = Inin(k‘bz—l ; k‘Zn,—2)
1 v U(Np_1)
—
-
=min(kop+1, kon
V) (o o) > U(N)
—

FIG. 31. Relation between the quiver diagram for Sp(N) instantons on CP?/Z,, ., (on the left) and the quiver diagram for Sp(N)
instantons on C2/Z,,,,, (on the right), where D, and D, are two fields in the symmetric representation of the gauge group U (K, ).

6. SO(N) instantons on CP*/Z,, with n > 4 the quiver as well as the relation between the orthogonal

Let us now consider the generic case of instantons on Z,,  instanton on CP?/Z,, with its relative on C?/Z,,.
orbifolds of CP?> with n > 4. Based on the previous Recall that N is the sum of the ranks of the flavor groups
examples above, we can extract the generic pattern of both  in the ADHM quiver, while the ranks of the gauge groups
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O(K1)

U(N2)

\

¢

Ko = min(ks, k3) ~ G(K

\Z

K3 =min(ky, ks) G( Kg): f U()

4

G(K‘;) i U(Ny4)

I(n,—Z = Hlin(an—Z}- an—l) \
)’ (anZ) U(an'd)

Ky -1 = min(kay,-1, kon-2)
>’ (anl) U(anZ)

FIG. 32. Relation between the quiver diagram for VS Sp(N) instantons on CP?/Z,, (on the left) and the quiver diagram for VS
Sp(N) instantons on C?/Z,, (on the right).
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K1 = min(kl, kg)

]{2 = IIliIl(kg7 k4)

PHYSICAL REVIEW D 93, 026009 (2016)

I

U(N2)

> G(fﬁ)

L

[/(n,fl = Illill( k72n,73 5 k2'n,72)

> ( U(K3) l ‘ U(Ns)

A

T [vWVa-1)

U(Nn-1)

r

L

.+ min(kap_1, k2,)

y

U{(Nn)

r

FIG. 33.

U(Nn)

Relation between the quiver diagram for NVS Sp(N) instantons on CP?/Z,, (on the left) and the quiver diagram for NVS

Sp(N) instantons on C?/Z,, (on the right), where D, and D, are two fields in the symmetric representation of the gauge group U (Ky),
while D3 and Dy are two fields in the symmetric representation of the gauge group U(K,).

are related to instanton number and, together with
the relative flavor ranks, to other possible quantum
numbers labeling the instanton. Unfortunately, also in this
case, the precise identification between quiver data and
instanton data is not known. SO(N) instantons on
CP?/Z,,,,. Elaborating on the previous examples,
we conjecture that the theory describing orthogonal instan-
tons on CP?/Z,,,, is related to its counterpart on
C?/Z,,.: as in Fig. 34. Moreover, the gauge ranks are
related by

Kl = klv Kz = mil’l(kz, k3),
K5 = min(ky, ks), ...K, 1 = min(ky,, ky,y1).  (87)

SO(N) instantons on CP?/Z,,: VS. In this case, based
on the lowest n examples, the relation between the theory
describing VS instantons on CP?/Z,, and their VS
counterparts on C?/Z,, is summarized in Fig. 35. In
addition, we find the gauge rank identification
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K = min(ko, k:
2 2. ks) >> 621(2) U(N2)
K3 = min(ky, ks5)
> (UK UNa)
> U(2Ka) U(Ny)

K,, = min(ko,_1, kop_
I |U(Npor) Char s ancs) U(Np-1)
A N
Ko1|= min(kop41, kopn
U(N.) +1 ( 2n+1; V2 ) )) U(Nn,)
=)

FIG. 34. Relation between the quiver diagram for SO(N ) instantons on CP?/ Z,,,., | (on the left) and the quiver diagram for SO (N ) instantons
on C?/Z,,, (on the right), where L, and L, are two fields in the antisymmetric representation of the gauge group U(2K, ).

SO(N) instantons on CP?/Z,,: NVS. Elaborating on the
previous examples, we conjecture that the theory describ-
K, = ki, K, = min(ky, k3), ...K,_; = min(ks,,_y, k,,_1), ing NVS orthogonal instantons on CP?/Z,,. is related to
its NVS counterpart on C?/Z,, ; as in Fig. 36. In addition,
Kn = an' (88) . . .
the gauge rank assignation is
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K5 = min(ks, k3)

U(N2)

K3 = min(ky, ks)
> (vexy U(N3)

U(Ny)

>> G(?K )

I

Ky—o= 111‘111(]{‘2”_;;, k2n,—4) ~ \

> (U(2Ka-2) U(Nn-3)
K, -1 = min(kop_1, kop_2)

>) U(2K,, 1) U(Nyp-2)

FIG. 35. Relation between the quiver diagram for VS SO(N) instantons on CP?/Z,, (on the left) and the quiver diagram for VS
SO(N) instantons on C?/Z,, (on the right).
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Ky = min(ky, ka)

Ko =min(ks, ky)

PHYSICAL REVIEW D 93, 026009 (2016)

Ly
Lo
U(2K,) U(Nl)

1

> G(m) [ U(Na)

T [v@WVa-1)

K1 = lnin(k“bz,—‘dﬁ ]{271—2)

> ' U(2K3) [ U(Ng)

A

>

U(Nn-1)

K, = min(kay,-1, ksz

7

U(Ny)

>
Y

FIG. 36. Relation between the quiver diagram for NVS SO(N) instantons on CP?/Z,, (on the left) and the quiver diagram for NVS
SO(N) instantons on C?/Z,, (on the right), where L, and L, are two fields in the antisymmetric representation of the gauge group
U(2K,), while L3 and L4 are two fields in the antisymmetric representation of the gauge group U(2K,).

Kl = min(kl, kz), Kz = min(k3, k4),
Kn = min(an—lv k2n)' (89)

Note that, as in the symplectic case, the merging nodes are
those going over to unitary nodes in the parent C?/Z,
theory. It would be very interesting to understand this
feature deeper, as well as the topological data classifying
orthogonal instantons.

VII. CONCLUSIONS

In this paper, we analyzed and clarified several aspects of
the moduli space of instantons on CP?. First, we explicitly
spelled in which context the instanton configurations
arising from the ADHM-like construction on CP? are
relevant. Then, by using master space techniques, we
explored from a physical perspective the topological
properties of the instanton moduli space to which the
Hilbert series alone is blind. In the particular case of unitary
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instantons, an AdS/CFT approach is feasible, finding
perfect agreement between gauge theory and gravity
computations. Moreover, this can be regarded as a non-
trivial check of the alluded AdS/CFT pair, as it is sensible,
in particular, to nonprotected scaling dimensions of oper-
ators in A/ = 2 theories. We also provided the construction
of instantons on orbifolds of CP?. While their topological
classification is not fully understood, by using our master
space approach, we are able to provide conjectures on the
identification of quantum numbers and quiver data.

Since CP? is a Kihler manifold, its Kihler form
naturally induces an orientation which, in particular,
intrinsically distinguishes ASD and SD 2-forms. This is
very relevant for the construction of gauge bundles whose
curvature has definite duality properties, as such construc-
tion will be different depending on whether we are
interested in the SD or ASD case. In this paper, we were
interested in SD connections, whose physical relevance in a
suitably constructed gauge theory we have shown. In turn,
these are the ones which admit an ADHM-like construction
recently embedded into a 3d N = 2 gauge theory arising
from a brane construction in [15].

Since CP? is a topologically nontrivial manifold, the
gauge bundles of interest are classified by more than simply
the instanton number. Indeed, they admit a nonzero first
Chern class. As a consequence, the moduli space of
instantons on CP? typically has compact submanifolds
associated to these extra directions. In turn, the Hilbert
series of the moduli space—that is, the generating function
of holomorphic functions on the instanton moduli space or,
equivalently, the generating function of gauge-invariant
operators in the ADHM description of the instanton moduli
space—which coincides with the Nekrasov instanton par-
tition function, and it is, therefore, a very interesting
quantity, is not sensible to these compact directions.
Hence, in retrospect, it is natural to expect that it would
coincide with the Hilbert series for a parent instanton on C?,
as it was explicitly shown in [15]. In this paper, we
provided evidence of this picture by probing the compact
directions upon using a novel approach. Focusing on the
simplest case admitting such directions, and following [23],
we considered the master space of the gauge theory
describing these instantons. This amounts to ungauging
a U(1), which allows us to construct extra gauge invariants
otherwise not present. These precisely reproduce a moduli
space, which is a complex cone over the noncompact
directions. By using this strategy, we were able to under-
stand the extra directions in the unitary and orthogonal
cases. In turn, the case of symplectic instantons does not
admit a similar construction, consistent with the observa-
tion in [15] that it does not involve quantum numbers other
than the instanton number. Note, however, that we explic-
itly checked this picture for the lowest instanton numbers. It
would be worth exploring this new approach further to all
instanton numbers, including studying the geometry of the
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moduli space with extra directions, which is not simply a
direct product of the noncompact times the compact
directions (this can be easily checked already in the
simplest cases by studying the relations among operators
in the moduli space).

The case of unitary instantons is particularly interesting,
as its AHDM construction is in terms of the gauge theory
dual to M2 branes probing a certain CY,4 cone [28]. Hence,
it is natural to guess that, at least partially, the instanton
moduli space can be read from the AdS/CFT duality.
Typically, fundamental degrees of freedom—that is, open
stringlike—are not captured by the geometry alone in
AdS/CFT. Hence, it is natural to expect that the back-
grounds in [28] can capture only the part of the instanton
moduli space which does not involve fundamental fields.
We explicitly checked this proposal, finding complete
agreement between field theory results and gravity com-
putations. Turning things around, we can think of our
results as a nontrivial check of the proposed AdS,/CFT;
duality in [28], where we explicitly match charges in field
theory with geometrical data in AdS.

The ambient manifold where our instantons live is CP2,
which is, in particular, a toric manifold. Being acted by a
T?, it is natural to consider quotienting by a discrete
subgroup—that is, orbifolding. In turn, by means of the
standard methods, we can orbifold the CP? ADHM
construction as a field theory to find the ADHM con-
struction of instantons on CP?/Z,. This way, we con-
structed the ADHM construction for unitary, symplectic,
and orthogonal instantons on CP?/Z,. Note that the
orbifolded space has a nontrivial topology containing
2-cycles of a somewhat different origin. On one hand,
we originally had a 2-cycle in the CP? which gets mirrored
by the orbifold. On the other hand, the orbifold introduces
extra (vanishing) 2-cycles at the orbifold fixed point. It is
natural to expect that the cycles originating from the
original one in CP? are invisible to the Hilbert series—
just as the original one was—while the others introduced by
the orbifold are, indeed, visible. In fact, it is natural to guess
that the Hilbert series for instantons on CP?/Z,, coincides
with the Hilbert series of a parent instanton on C?/Z,, just
as in the unorbifolded case. Note that, consistently, the
Hilbert series of instantons on C?/Z,, is, indeed, sensible to
the 2-cycles associated to the orbifold fixed point [3 11." In
this paper, we, indeed, confirmed this picture, in particular,
by explicitly showing the matching of the CP?/Z,, Hilbert
series with that of a parent C?>/Z,, one. As shown in the
text, the process suggests a certain “folding” of the CP?/Z,,
quiver by “node merging” into that of C?/Z,,. In fact, since
at least for unitary instantons on C?/Z,, the matching

"Strictly speaking, this applies to unitary instantons. The case
of orthogonal and symplectic instantons is more involved, as the
ADHM construction does not allow for enough FI parameters so
as to blow up all cycles (see [44] for related discussions).
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between quiver data and instanton data is known, this
naturally suggests, at least partially, an identification of the
quiver data with the instanton data in the CP?/Z,, case.
Unfortunately, the full identification with the ADHM
quiver data of the relevant quantum numbers specifying
instantons on the orbifolded CP? space is not known.
Nevertheless, we provided—at least for the case of unitary
instantons—certain conjectures based on the mapping into
C?/Z, based, in particular, on our approach via the master
space to all directions in the moduli space. As a check, the
expected compact directions can be recovered upon appro-
priate ungaugings of U(1)’s. Of course, a more compre-
hensive study of these aspects would be very interesting.
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APPENDIX A: HYBRID CONFIGURATION
(AN EXAMPLE)

In this appendix, we study an example of a hybrid
configuration, making the following choice for the charges
of the orientifolds plane in Fig. 10 (I,I1,1I1,1V) =
(+,—,4,—). The corresponding quiver is reported in
Fig. 30, while the transformations of the fields are
summarized in Table XIV.

The Hilbert series of the hybrid configuration is given by

H[ka Fa CP2/ZZ](I’ a’ Ss y)
= /dﬂu(k.)(l) / dpyi,)(P)PElrg t +xs,t + x4t

Fant e A xol + 2t = xrttl, (A1)
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where z and p are the fugacities of the U(k;) and U(k,)
gauge groups, respectively, y denotes the fugacity of the
U(N) flavor group, s denotes the fugacity of the global
U(1), symmetry acting S; and S,, while a denotes the
fugacity of the global U(1), symmetry acting on A; and A,.
The contribution of each field is given by

k k N

Xp = zl:izap Xo = Zzza Vi
a=1 b= i=1 a=
N ki ko
ZZ[%)’, : ;(F—Zzza P
j=1 b= a=1 b=

-1_-1

X, =5 > DaPp )(31:% >

Za Zp s
1<a<b<k, 1<a<b<k,
_ I 1 -1,-1
Xa, =a PaPbs  Xi, = 2 % -
1<a<b<k, l<a<bzk,

In this case, by explicit computation of the Hilbert series
for the hybrid configuration with gauge group G =
U(k,) x U(k,) and flavor group U(N), we find it to be
equal to the Hilbert series for the SA hybrid configuration
on C?/Z, with gauge group G = U(K) (see [31] for more
details). The two theories share the same flavor group, and
the gauge groups are related in the following way:

Kl - min(kl,kz). (AZ)

Let us explicitly show a few examples supporting our
claim. k = (1,1) and N = 1. Using Eq. (A1) and unrefin-
ing, we find that

1_t18

k= SR

(1,1),U(1),CP?*/Z,)(1,1,1)

which is the Hilbert series for the SA hybrid configuration
onC?/Z, withN=1and K, = 1.k = (1,1) and N = 2.
Using Eq. (A1) and unrefining, we find that

TABLE XIV. Transformations of the fields for instantons of the hybrid configuration on CP?/Z,.

Fields U(k,) U(k,) U(N) u(1), (1) u(1)
3, 2.0.....0]_, [0] [0] 1/s [0] 1/4
S5 [0] 2.0.....0],, [0] s [0] 1/4
A, 0.1.0....0]_, [0] [0] [0] 1/a 1/4
Ay [0] [0.1,0,....0], [0] [0] a 1/4
A2, [1.0,....0],, 0.0,....1],, [0] [0] [0] 1/2
q 0] 1.0.....0],, [0.....0. 1], [0] [0] 1/2
0 0.0, 1], 0 [1.0,....0], o] 0] 1/2
F 0.0, 1], [1.0,....0],, o] 0] (0] 1
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Hk = (1.1),U(2),CP*/Z,)(1.1.1) =

PHYSICAL REVIEW D 93, 026009 (2016)

1426 4+ 40 + 2112 + 118
(1=2)* 1428 + 265+ )’

which is the Hilbert series for the SA hybrid configuration on C?>/Z, with N =2 and K; = 1.k = (1,2) and N = 2. Using

Eq. (A1) and unrefining, we find that

Hk = (1,2),U(2),CP*/Z,|(t,1,1) =

14260+ 48 + 2112 + 118
(1=2)* (14268 + 265+ )27

which is again the Hilbert series for the SA hybrid configuration on C?>/Z, with N =2 and K; = 1. k = (1, 1) and N = 3.

Using Eq. (A1) and unrefining, we find that

142846605+ 150 42112 + 185 + 21418 + 15721 4+ 612 + 127 + 130

Hk = (1,1),U(3),CP?/Z,)(t,1,1) =

(1= + ) 1+ £ + 1) '

which is the Hilbert series for the SA hybrid configuration on C?/Z, with N = 3and K; = 1.k = (1,2) and N = 3. Using

Eq. (A1) and unrefining, we find that

1+ +61° 4 150 + 2112 + 181" + 211" + 152" + 612 + 177 + 1°

Hk = (1,1),U(3),CP?/Z,)(t,1,1) =

1 =)0+ £)*(1 + £ +15)? ’

which is again the Hilbert series for the SA hybrid configuration on C?>/Z, with N = 3and K; = 1. k = (1, 1) and N = 4.

Using Eq. (Al) and unrefining, we find that

Hlk = (1,1),U(4),CP*/Z,)(1,1,1)

1428 + 1365+ 407 + 861" + 1321"5 + 1941'® + 220¢2! + 1941%* + palindrome + 142

which is the Hilbert series for the SA hybrid configuration
onC?/Z, withN =4and K, = 1.k = (2,2) and N = 1.
Using Eq. (A1) and unrefining, we find that

H[k = (2,2),U(1),CP?/Z,](1, 1, 1,1)
1—t3+2t9—t15+[18

which is the Hilbert series for the SA hybrid configuration
on C?>/Z, with N =1 and K, = 2.

APPENDIX B: QUIVERS AND RELATIONS
FOR Sp(N) AND SO(N) INSTANTONS ON
CP%/Z, WITH n > 4

In this appendix, we collect the quiver diagrams for
Sp(N) and SO(N) instantons on CP?/Z, (with n > 4)
showing their relations with the corresponding quiver
diagrams of the corresponding C?/Z,, theory.
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