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Introduction

Credit research has been extremely active for proposing pricing and risk management
models, but empirical studies of their inputs, and more precisely of default probabilities and
correlations, were still rare events up to the last two years. Recent literature brushes away the
cobwebs from migration matrices estimation techniques, searching for accurate and tractable
methodologies. These works first comply with difficulties we have to face on data: confidential-
ity, short time series and sometimes reduced cross-sectional observations. Second, they rely on
a priori, or conveniencies on the default process and ratings: rating systems are represented as
Markov chain, issuers with the highest quality should not be zero probability defaulters, and
so on. Yet it is well known that the data does not necessarily support such assumptions, or
even violates the Markovian property. Among others, Kavvathas (2000) or Lando & Skodeberg
(2001) documented non Markovian patterns due to durations spent in a previous rating class
or up to the measurement point. Bahar & Nagpal (1999) exhibit dependency with respect to
the previous rating change, referred to as the rating momentum.

As current pricing and risk management models are highly sensitive to default probabilities
and to default correlations, researchers and practitioners now try to provide cautious signals
on their estimates. Christensen, Hansen & Lando (2004) examine confidence levels on one year
homogenous hazard probability estimates. Gordy & Heitfield (2004) study efficient estimation
using cohorts. Over the same one year horizon Jafry & Schuermann (2004) compare these
standard estimation techniques through various matrix metrics and present implied capital
requirements. But all these papers concentrate on estimation techniques ground on the Markov
property. Surprisingly, even if this hypothesis has been shown to be misspecified, alternative
approaches are still missing. There is no real attempt to encompass the two time dimensions of
the default risk: firms are exposed to business conditions (referred to as calendar time effects)
but their reaction capacity or implications of the economy may differ according to the firm’s
various ages (in the whole rating process or in particular rating classes, referred to as ageing
effects). Yet the time at which the firm operates (calendar time) and from which it started to
operate (ageing time) may have distinct implications. The latter effects are usually assumed to
be constant. As a consequence, little is known about profiles of default probabilities through
the rating process and through time. Documented Markovian violations might be only due to
a spurious interpretation of the rating system which is not built by agencies as a Markov chain,
but which rather try to provide a cross-sectional ranking of firms. In addition, the traditional
cohort and homogenous hazard estimators cannot be used to correctly investigate the temporal
span of these non Markovian patterns.

Meanwhile, several discussions around the so-called through-the-cycle default probabilities
implied by rating agencies’ outputs have been opened. Differences in estimates along with the
business cycle (e.g. see Nickell, Peraudin & Varotto (2000)) cast doubt on this through-the-
cycle (TTC) label. With the Basel II banking regulation rules and the fear to amplify the
business cycle, a good understanding of these through-the-cycle default probabilities becomes
critical. Some researchers (e.g. see Loffler (2004)) advocate for their use to compute capital
requirements because these probabilities are more stable than point-in-time default (PIT)
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probabilities (usually internally computed by banks or from the KMV approach). Others are
more prudent because of their reported poor capacity to predict the default events or to explain
credit spreads (e.g. see Altman & Kao (1992)). We claim that it is necessary to rely on an
other kind of estimators, so as to infer default probabilities from agencies’ outputs not flawed
by structural misspecification and to understand what they are capturing before using them
in pricing or risk management models.

In this paper we choose to take the point of view of durations in order to derive default
probabilities. It allows to recover default intensities from rating changes and default events.
Intensities can be interpreted in terms of probability of default on the very short run. The
continuous-time homogenous hazard technique is a parametric example of intensity estimation
(it assumes that intensities are constant). Worthwhile instruments, intensities provide clear
treatments of censoring and truncation mechanisms which affect credit data. But first and
foremost, durations do not necessarily call upon the Markovian assumption and can embrace
several point of views over the rating process. We can for instance either look at durations
within rating classes (i.e. conditional on "no rating change") or along with the whole rating
process. Close to this study, Fledelius, Lando & Nielsen (2004) propose a way to separate
ageing and calendar time effects. However, they use a biased smoothing technique which
requires in addition discrete time adjustments and which do not clearly handle censoring.

Contributions of this study are both methodological and empirical. From empirical prospects,
we first deliver new insights on the behaviour of default probabilities in the rating process under
the objective measure. We point out that rating agencies success in preserving cross-sectional
ranking through time. Second, we show that both ageing and calendar time effects coexist
generating large variation in instantaneous probabilities for all rating classes. Our results jus-
tify conditional modelling of default probabilities using time series of covariates. Third, we
update and complement knowledge on deviations from the Markovian hypothesis. In partic-
ular we show the temporal span of the rating momentum and its mean reversion. We finally
evidence that ratings do not lag underlying probability changes but rather under react in terms
of magnitude because their target horizon matches the mean reverting time of instantaneous
default probabilities. In other words, our results suggest that the TTC label would be more
appropriated when referring to the credit cycle.
From methodological prospects, we first rely on a non Markovian setup thanks to durations.
Second, we introduce a new smooth nonparametric estimator of default intensities and prob-
abilities, and establish its consistency and asymptotic normality. The estimator is based on
Gamma kernels which do not suffer from the boundary bias present in symmetric kernels. We
show that the impact of this bias can lead to unacceptably large errors in one year default prob-
ability estimates when using smooth kernel estimators (thus allowing intensities to vary with
ageing time). In a bivariate version, we provide a way to derive the whole dependence structure
(the bivariate survival function and its copula function) taking into account censoring.

The first section of the paper defines the intensity estimator and gives its asymptotic
properties. We check robustness of our estimator and draw comparisons with nonparametric
estimators proposed earlier in the literature using simulations. The second section describes the
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Standard & Poor’s database and discusses its characteristics. We investigate default intensities
in the third section. We exhibit the shape of intensities, discuss the role of ratings and figure
out calendar time effects. Then, we explore and comment known non Markovian patterns.
The fourth section extends the estimator to the bivariate case so as to obtain the dependence
structure. A final section concludes.

I. A Smooth Nonparametric Intensity Estimator

The technology we employ to estimate default probabilities relies on kernel estimators
of intensities as introduced by Ramlau-Hansen (1983) (see also Yandell (1983) and Tanner
& Wong (1983)). We modify their estimator in order to accommodate for an asymmetric
Gamma kernel. The Gamma kernel has a major advantage as it allows for the estimation on
the short run (i.e. on the boundary at zero1), whereas symmetric kernel estimators can only
provide estimations on the interior of the support. In the following, we define the Gamma
kernel intensity estimator, give its asymptotic properties and assess its performance over its
competitors. Its advantages will constitute essential elements for a correct evaluation of credit
risk since as we will see other smooth estimators are not reliable. In addition, homogeneity and
Markov assumptions used by industry standard cohort and hazard rate estimators are relaxed.
Further technical details, proofs and comments are gathered in appendix.

A. The GRHE estimator

Assumptions

As we have already underlined we look at distributions of durations, or times-to-default. Sub-
sequent developments are based on standard assumptions and techniques used in the counting
process literature2. To make the reading easier, we keep the time-to-default prospect without
loss of generality concerning this intensity estimator, and focus on a given risk class. First, we
put forward a setup allowing for a correct definition of intensities.

Assumption I.1 All firms in the studied risk class are assumed to be homogenous and inde-
pendent.

Assumption I.2 The censoring mechanisms are random and independent from the default
process. They will be reported through a process Y (u).

1Symmetric kernels such as the standard Gaussian kernel, allocate weight over both negative and positive
spectra. This leads to a bias at zero which is the lower bound for duration data. However this bias has subtantial
repercussions over a domain which includes at least [0, b[, b being equal to the smoothing parameter. For further
details on asymmetric kernels and their properties, see Chen (2000) or Bouezmarni & Scaillet (2001).

2See Andersen & al. (1997) for a complete presentation of counting processes estimation methods. They
also deliver a complete survey on the multiplicative intensity specification and on the Nelson-Aalen estimator
of the cumulative hazard rate used hereafter.
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Y (u) is left unspecified at this stage and will be clarified later on. Let Di denote the
uncensored duration up to default of firm i and Ci the censored duration. For a pool of n firms,
Assumptions I.1 and I.2 imply respectively that D1, ..,Dn (resp. C1, .., Cn) are identically and
independently distributed, and that censoring is uninformative.

Let N i
u be the counting process associated with a given firm i in the risk class, and F i

u its
natural filtration augmented by its censoring indicator. This process is initially null when the
firm enters the class and jumps to one when it defaults. We also set Ui = min (Ci,Di) the time
at which the firm leaves the class either because of censoring (Ci) or because it defaults (Di).
The Ui’s, jointly with the indicators of censoring, are the true observations. In this context,
provided that N i

u is a non-explosive point process adapted to F i
u, we assume further that there

exists a predictable non-negative process λi (u) with
R u
0 λi (s) ds <∞ such that

M i
u = N i

u −
Z u

0
λi (s) ds

is a martingale adapted to the filtration F i
u. λ

i (u) is the F i
u-intensity

3 of the process N i
u, or

equivalently the intensity of default associated with the firm i. Intensities can be interpreted
as probabilities of default on the very short run (let us say over one day for durations around
10 years).

For estimation purposes, we then consider the aggregate process Nu =
X
i

N i
u which counts

the total number of defaults in the class. We define a general filtered probability space
(Ω, (Fu) , P ) whose filtration Fu is the σ-algebra generated by the individual counting pro-
cesses N i

u and censoring indicators: Fu = σ
¡F1u ∨ .. ∨ Fn

u

¢
4 (when necessary, this filtration

generated over all individuals from class I will be denoted by FI
u ≡ Fu). Additional assump-

tions are required :

Assumption I.3 All firms default eventually, i.e. Di <∞, ∀i.

Assumption I.4 The intensity of individual counting processes satisfies the Multiplicative
Intensity Model:

λi (u) = α (u)Y i (u)

where α (u) is deterministic and called the hazard rate, whereas Y i (u) is a predictable and
observable process.

Y i (u) is then typically given by5 Y i (u) = I(u−<Ci)I(u≤Di), that is, denotes the presence of
the firm in the observed sample up to u days into the class. Along with this formulation we
also state (through u−) that default occurs before censoring.

3From a probabilistic point of view the intensity accounts for the expectation of the jump in the counting
process at time u given information at u− : E

£
dN i

u

¯̄F i
u−
¤
= λi (u) du. See Bremaud (1981) for further technical

details.
4We recall that σ (A ∨ B) is the smallest σ-algebra containing both A and B.
5 In the following, I (A) stands for the indicator function on set A.
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As a consequence of Assumptions I.1 to I.4, Nu is a non-explosive counting process adapted
to Fu with intensity λ (u) defined by

Mu = Nu −
Z u

0
λ (s) ds = Nu −

Z u

0
α (u)Y (u) ds (1)

where Mu is a Fu-martingale and Y (u) =
X
i

Y i (u).

Definition

In this framework, we are interested in the estimation of the baseline hazard function α (u).
Calling Λ (u) the cumulative hazard function which integrates α (u), denoting further bΛ (u) the
Nelson-Aalen estimator of Λ (u), the Ramlau-Hansen estimator α (u) is then defined by

α (u) =
1

b

∞Z
0

K

µ
u− s

b

¶
dbΛ (s) = 1

b

∞Z
0

K

µ
u− s

b

¶
J (s) dNs

Y (s)
(2)

where K is a symmetric kernel with support on [−1, 1], b being the bandwidth (or equivalently
the smoothing parameter) and J (s) = I(Y (s)>0) guaranteeing existence of the Nelson-Aalen
estimator.

We modify the estimator by substituting an asymmetric Gamma kernel for the symmetric
kernelK(.). The main reason lies in the fact that the Ramlau-Hansen estimator is not properly
defined on [0, b[. For instance, considering rating classes above CCC, a meaningful b (in the
sense of cross-validation - see the appendix) is about 2 years implying that we cannot evaluate
consistenly short term default probabilities. We correct for this unacceptable drawback.

Definition I.1 Under Assumptions I.1 to I.4, the Gamma kernel estimator bα (u) of the hazard
rate (Gamma Ramlau-Hansen Estimator, GRHE) is defined by

bα (u) = ∞Z
0

su/b e−s/b

bu/b+1 Γ
¡
u
b + 1

¢dbΛ (s) = ∞Z
0

J (s)

Y (s)

su/b e−s/b

bu/b+1 Γ
¡
u
b + 1

¢dNs. (3)

The empirical counterpart of the estimator replaces the integral by a sum over observed
default durations and Y (u) is computed as the number of firms for which the last time of
observation U is greater than u. Y (u) is usually described as the risk set and handles censoring.
Intuition behind this nonparametric estimator is as follows: probabilities of default on the
very short run are estimated as a weighted average of past (if any), current and subsequent
observed instantaneous probabilities of default. The weights are determined by the kernel,
the bandwidth, as well as by the durations between the event and other default events. We
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recall that survival probabilities can then be retrieved as P (U > u) = exp
¡− R u0 bα (u) du¢. In

addition, this estimator can be used for nonparametric specification tests in the framework of
Fernandes & Grammig (2002).

Asymptotic Properties

The following propositions state that the GRHE is asymptotically unbiased both on the interior
and at the zero boundary. Technical assumptions are precised in appendix so as to ligthten
the exposition.

Proposition I.1 Under assumptions (A1), the GRHE is pointwise consistent and asymptoti-
cally unbiased for all u ∈ [0,∞[.

Proposition I.2 Under assumptions (A2), we get in the interior
¡
u
b −→∞

¢
q
n
√
b (bα (u)− α (u))

LÃ N
µ
0,

α (u)

τ (u)
√
u2
√
π

¶
and at the boundary

¡
u
b −→ κ

¢
√
nb (bα (u)− α (u))

LÃ N
µ
0,

α (u) Γ (2κ+ 1)

τ (u) 21+2κ Γ2 (κ+ 1)

¶

τ (u) is explicitly defined in appendix and represents the survival probability just before
time u, taking into account censoring. In other words, it corresponds to the distribution of
the Ui’s6. In our case κ is equal to zero. Proposition I.2 implies that in most of situations7

accuracy declines when one considers increasingly long durations as τ (u) tends to zero. This
loss of power is more severe as riskiness increases, although we emphasize that contrary to
other smooth estimators, the Gamma kernel partially limits this global decline because of the
presence of the square root of the duration at the denominator of the variance. In order to
present realistic confidence intervals, through this paper we will generally rely on small sample
bootstrapped intervals rather than on asymptotic confidence intervals.

Small sample confidence intervals can be obtained using Efron (1981) bootstrap procedure.
This approach consists of rebuilding samples from both the observed defaults and the censoring
indicators. Hence, both durations and censoring are jointly drawn with replacement. The
highly censored nature of default data makes this joint drawing crucial (see Strawderman and
Wells (1997)).

6Remark that in our case of independent censoring, if SD (u) is the survival function of the Di’s and SC (u)
the survival function of the Ci’s, then the survival function of the Ui’s is given by τ (u) = SD (u) SC (u).

7More precisely, it will not be the case if the intensity has a finite support (for instance if we are sure that
all firms default before ten years) and if intensities decrease faster than the survival function of the Ui’s. These
are not realistic conditions for credit risk.
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Remark that kernel estimators are known to be quite sensitive to the choice of bandwidth,
i.e. to the degree of smoothness of the estimator. In our empirical applications, we compute the
optimal bandwidth by cross-validation using a grid-search algorithm. More specifically, we used
the well-tried leave-one-out method (see Wand & Jones (1995) for a discussion of bandwidth
selection methods) to determine the bandwidth which minimises the mean of squared in-sample
prediction errors.

B. Comparison with Standard Estimation Techniques

Cohort and Homogenous Hazard Methods

There are two popular approaches to evaluate default probabilities. The industry standard
is the well know cohort method. Probabilities of default at a given horizon are computed
as the ratio of defaulting firms over firms in the sample at the begining of the estimation
window. Typically, rating agencies produce one year probabilities defining a calendar year as
the estimation window. Notice that the cohort technique ignores censoring and assumes that
the homogenous Markovian property is fulfilled: whatever the time spent in the class before
the 1st of January of each year, all firms in a class are exposed to the same default probability
over the year. From a duration prospect, it corresponds to an exponentiality assumption (i.e.
constant intensity). Evidences against such a behaviour have largely been documented (e.g.
Kavvathas (2000) exhibits dependence of such probabilities with respect to past duration).
The so-called homogenous hazard rate is another popular methodology, widespread among
academics. Here, the term homogenous is synonymous with constant. Keeping the same basis,
the technique focuses on intensities and provides more efficient estimations as it takes into
account left censoring. It follows partly the Nelson-Aalen insights in that way.

The GRHE relaxes both the constant hazard hypothesis and the Markovian setup, allowing
the intensity to vary as duration increases. As standard estimators do not rely on the same
framework, they cannot be used to assess the performance of the GRHE. We thus need to focus
on other smooth estimators of intensities, but considering exponential durations we compare
its outputs with the ones of cohort and homogenous hazard approaches.

Smooth Estimators of Intensities

Estimation of smooth hazard rate functions involves two challenges. The first one lies in
the boundary biais, the second one in the fact that the variance of the estimator widens as
duration increases. In order to tackle with these issues, Müller & Wang (1994) proposed an
estimation procedure with adaptative kernels and bandwidths. The kernel family used in their
approach is still with finite suppport, but the support reduces near the boundary and becomes
non symmetrical, so as to decrease this boundary biais. Adaptative or local bandwidths also
allow for diminishing the growth rate of the variance using higher bandwidths when the local
number of observations is low. However the estimation process of such estimators is very costly,
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and the final accuracy highly depends on some ad-hoc inputs8. In addition their complexity
prevents from the specification of multivariate estimators. The GRHE acts along with the
same dimensions but keeping simplicity of evaluation.

In our simulations, we choose four benchmarks from kernel estimators of intensities: the
Epanechnikov kernel, the biquadratic kernel, and their adaptative counterparts as defined by
Müller & Wang (1994).

Simulation Results

Table I presents mean squared errors (MSE) and their decomposition for a constant unit in-
tensity (i.e. exponential distribution for times-to-default). We also ran simulations over a
decreasing intensity (Weibull distribution) and over a bell-shape intensity (log-normal distri-
bution)9. Results are displayed for different uniform censoring schemes (10%, 20% and 40%)
which cover the range found in our rating data.

[INSERT TABLE I HERE]

Results are clearly in favour of the GRHE. As pointed up, the Epanechnikov and bi-
quadratic kernels constitute the more basic solution. They offer the same level of MSE with a
little advantage to the Epanechnikov kernel as the censoring proportion increases. The use of
adaptative kernels and bandwidths enhances the performance of the estimator by 30% to 20%
but the GRHE goes beyond these estimators reducing the average MSE of the basic kernels
by 50% to 30%. Most of the efficiency comes from a huge cutting-down of the bias. However,
remark that enhancements decrease as the censoring increases. In terms of variance, the GRHE
is similar to the adaptative Epanechnikov kernel. Let us observe in more details the behaviour
of the different estimators from Figure 1, concentrating on the unit exponential distribution
under 10% uniform censoring.

[INSERT FIGURE 1 HERE]

Picture 1(a) shows as expected that the GRHE operates the MSE reduction on the short
term and in particular at the boundary. Additional lowering is realized on the long term
whereas all estimators are equivalent around the mean of the distribution. Concerning the
variance (Figure 1(b)) the GRHE offers higher variations on the short run but decreases long
term variations as expected. Picture 1(c) displays the squared bias and picture 1(d) targets
long term squared bias (which is far lower than at the boundary). From these simulations it
is clear that the GRHE is unbiased on the short run but it slightly suffers from higher bias
on the long run. This is due to the lower convergence rate of the GRHE with respect to its
competitors and constitutes its main weakness.

8See the detailed estimation procedure in appendix.
9Results not reported here: findings do not differ from the exponential case. Moreover, different sample sizes

do not modify the relative performance between estimators.
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Remark that multiplying the duration axes by 1000 (and thus the squared bias by 1e-6)
gives the magnitude of errors made by the other estimators for firms with a B- or CCC+ rating:
with an average life of 34 months, the boundary bias has large impacts over the first 17 months
in the class. Credit risk management cannot afford such errors over a so long period. In terms
of probabilities, if we consider 1000 simulated samples of 100 individuals with 40% of censoring
(37% of CCC observations are censored) and keeping this average default duration of 1000 days,
the true one year probability is equal to 30.58%. Notice that the exponential case is the most
favourable situation for both cohort and homogenous hazard techniques. Estimations from the
Epanechnikov kernel displays a probability of 23.79%, its adaptative version of 27.84% and the
GRHE of 30.86%. On the same samples, the cohort and the homogenous hazard estimator
exhibit respectively an average default probability of 27.72% and 28.55%. It indicates that
operating standard kernel smoothers can lead to disastrous results, and more interestingly that
they are less accurate than techniques used by practitionners. However, the GRHE outperforms
all other methods. From the one hand, it implies that the use of boundary unbiased estimators
is crucial. From the other hand, it shows that both censoring and hazard non homogeneity
matter.

II. Default Data Description

Ratings Data

Our ratings data was extracted from Standard & Poor’s Credit Pro 6.6 database. This database
contains S&P’s rating histories for 10439 companies over the period January 1981 to December
2003. Overall 33044 rating migrations are recorded in Credit Pro as well as 1386 defaults and
default rate ranges from 3% to 29% across industries. Remark that credit reviews concluding
to no changes in rating are not reported in the database. Such data could indicate whether
agencies revise their credit risk assessment more frequently during specific part of the business
cycle, of the firm life cycle, or not. This could induce a bias in our analysis conditional on
the business cycle as it would lead to sharper decrease/increase in estimated default intensities
during peaks and throughs. This behaviour would also accentuate non Markovian patterns such
as the rating drift, namely the fact that a firm which has been recently downgraded is more
likely to be downgraded than another one. However, S&P argues that ratings are reviewed
on a regular basis, and more frequently if substantial new information arises. A rating is only
modified when the likelihood of default changes significantly and if this change is not purely
transitory. The Credit Pro database has already been used and extensively described by Bangia
& al. (2002) over the period January 1981 to December 1998. From that date the database
has been strongly improved and in particular with respect to the industrial classification.

Within our sample, firms are classified by industrial groups and each of them has been
refined by subindustry criteria. Practically, we have at our disposal 13 industries or 526 distinct
subindustries distributed among 93 countries. But 6897 firms (66%) are US ones. Moreover,
S&P attributes 25 distinct ratings plus the NR one, but we aggregate the data coming from a
grade and its plus/minus modifiers because of minimal population requirements. Besides, all
grades below B- have been put in the CCC class. An important point to interpret following
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results lies in the fact that these ratings are mid term assessments of the credit riskiness of
firms and should ideally not be altered by business cycle changes on this period. We expect
that probabilities of default are quite stable over a 3 to 5 year horizon. That kind of ratings
are called through-the-cycle (TTC) and assess the capacity to face with a given stress event.
These ratings are usually opposed to bank internal rating systems which evaluate directly the
marginal probability of default (PIT probabilities).

Censoring and Truncation

Rating events require careful treatment as three sources of censoring are present in the database.
Figure 2 shows the number of firms entering into the rating process year by year, as well as
the number of observed non investment grade firms (i.e. Y (u)) as duration increases. Left
truncation arises from the fact that 1371 issuers had already received a rating before they were
included in the database (i.e. before January 1981). We do not have information about the
attribution date of their first rating and therefore for robustness checks we run all estimations
both on the full sample and on the reduced sample excluding left-censored data (the reduced
sample contains 9068 companies and 25993 rating migrations). Obviously, a first type of right
censoring is also an inherent feature of any ratings database as most companies survive after
the end of the recordings. Another specific type of right censoring requires specific consid-
eration. Some companies leave the rating process and fall into the not-rated (NR) category.
Several reasons may explain this fact: the rated company may be acquired by another firm or
may simply decide no longer to be rated by S&P. The database has the nice feature to identify
firms that migrated to NR and subsequently defaulted. The NR class is not a complete loss
of information: although there is no more indications of credit quality, a NR firm is a non
defaulter.

[INSERT FIGURE 2 HERE]

There is no obvious concensus on how to handle NR events, in particular for the purpose of
calculating transition matrices. Accordingly it requires some discussion. Some authors assume
that the migration to NR is a neutral event. They then redistribute the probability of migration
to NR on all other rating classes by dividing the probabilities of migration to non-NR classes
by (1-Pr(migration to NR)). Other authors take NR events as potential signs of weakness for
a corporate (the withdrawal of information may be an attempt by the company to conceal
its difficulties). They then reallocate the NR probability to downgrade states only. In fact,
looking carefully at the database, one can observe that many companies falling into NR leave
this class direcly for the default state. This represents about 15% of default observations. Thus
we choose to apply a more efficient treatment to NR events, as allowed by the database. We
erase NR events when we know that firms will go out from that state later, and we consider
as right censored firms which stay into that state up to the 12/31/2003. This strategy keeps
full information on default, even if it needs to assume that between corresponding NR events
and defaults companies conserved their previous rating.
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Times-to-Default

Let us notice that such a database allows to consider two types of durations, implying two
different approaches to the behaviour of default probabilities. On the one hand, we can look at
times-to-default from entry in a risk class up to the last available observation. This perspective
constitutes the primary goal of ratings: ratings rank firms in cross-section with respect to their
expected default probability over three to five years. Thus splitting the sample of firms on the
basis of ratings should lead to homogenous classes of risk at these horizons. In this setting,
default can then be considered as a binary process but with distinct distributions for each cross-
sectional (rating) band. On the other hand, we can examine times-to-default conditional on
staying in a given risk class up to the default time. By doing so, the emphasis is put on rating
migrations giving stonger relevance to rating changes, and the default process is represented as
a multistate process. Actually the difference lies in the way default probabilities are assumed
to evolve. In the first case firms can change continuously their default probability and the
evolution of corresponding intensities can be interpreted as debt life cycle. In the second case
the default intensity should remain constant within a rating class and jump when the rating
is revised. The latter corresponds to the standard Markov chain assumption. Remark finally
that time profiles of intensities, if non constant, would reflect impacts of time spent within a
rating class, a well know deviation from the Markov property.

III. Behaviour of Times-to-Default

From our knowledge, little is known about shape and evolution of default probabilities.
Fledelius & al. (2004) made first analyses but the estimation technique they used suffers from
boundary bias and oversmoothing, and lack of efficiency because of discrete time adjustments.
Yet knowledge of the probabilities’ patterns or equivalently intensity dynamics under the phys-
ical measure is of prime interest. First, risk managers require to model the evolution of realized
default probability. Second, empirical intensities become a major input of pricing models, the
form of risk premia being fixed (e.g. see Jarrow & al. (1997), Kijima & Komoribayashi (1998)
or Acharya & al. (2002)), and in specific cases objective intensities being directly the critical
quantity (e.g. see Bielecki & al. (2004) (2004) for an application to hedging). Remark that
intensities features are also interesting for reduced-form modelling which assumes specific dy-
namics. These dynamics are most often chosen so as to provide convenient formulas but do
not rest on a careful analysis of empirical behaviours.

Our framework lets us study these default intensities on a continuous time basis and to
exhibit their movements through time, without relying on a spurious Markovian assumption
or on biased inference techniques. Using unconditional durations to default and durations
conditional on staying in a given risk class, we exhibit default intensity dynamics and provide
analysis of the role of ratings. We then investigate the time span and potential fading out of
some documented deviations from the homogenous Markov property.
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A. Default Intensities and the Role of Ratings

Dynamics along with the Rating Process

Figure 3 considers durations up to the end of the firms’ life. It reveals default intensities
and their 95% bootstrap confidence intervals for investment grades (AAA to BBB, noted IG)
and non investment grades (BB to C, noted NIG) risk classes. We also include corresponding
survival probabilities.

[INSERT FIGURE 3 HERE]

As expected IG and NIG intensity curves have markedly different levels but overall exhibit
large variations through time. Both intensities present a shape with two humps (or possibly
three) that is recurring throughout our analyses as well as over single rating classes. A first
explanation is economic or equivalently lies in calendar time effects. During the period covered
by our sample, three US recessions have been observed, one at the beginning of each decade. We
can conjecture that the observed humps show increases in intensities due to macro-economic
conditions. The magnitude of this humps may reflect the numbers of firms present in the
sample during each of these recessions. Figure 2(a) indeed shows that left truncated observed
firms represented most of the companies which faced the first recession. The first hump may
then be amplified by firms which entered the process after 1996 (they constitute almost 35
percent of the sample). The same remark applies to the other hump.

Alternatively this double bell shape may be explained by pure measurement issues and
more specifically by the impact of censoring events on the estimator. Dramatic drops in the
size of the risk set may create jumps in intensities10. Indeed, the first decrease in NIG intensity
occurs roughly at the mean of censored observations. We could suspect that humps represent
average life of firms or average times before a rating change, which both strongly lower the
risk set size and highly raise instantaneous probabilities at subsequent default times. However,
Figure 2(b) does not exhibit any sharp decrease in the size of the risk set which would provide
support for this second hypothesis. Hence, we favor the first explanation.

[INSERT FIGURE 4 HERE]

Figure 4 shows survival probabilities over industrial sectors. If the global trend is similar
for most of industries, some huge differences can be observed. At the top of secure sectors, we
can find the financial institutions whereas the telecommunications can be found at the bottom.
These graphs highly advocate the necessity to specialize modelling sector by sector.

[INSERT FIGURE 5 HERE]

10Remember that the number of firms at risk enters into the measure through the 1
Y (s)

term.
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Finally, Figure 5 shows that the shape of low speculative grade (B and CCC) intensity
curves is globally downward sloping, while intensities for higher quality corporates are upward
sloping with humps. These results indicate that usual distributions can not reproduce intensity
patterns: exponential distributions (or equivalently the homegenous Markov assumption) imply
flat intensities whereas Weibull, log-normal or log-logistic can only provide one bump. If some
more regular functions could be used to fit survival probabilities (for instance, by analogy
with interest rates, one could fit polynomial functions), it seems highly challenging to fully
parametrize intensities in an unconditional setting.

Impact of Vintages

We have just put forward macro-economic shocks as a potential explanation for the two humps
in intensity curves. Note that Fledelius & al. (2004) isolate ageing and calendar time effects
on intensities, using a bivariate version of their estimator and integrating out marginal effects.
In fact, they assume either a multiplicative structure for these effects or an additive one. They
obtain almost flat intensities with respect to firm’s age and very smooth evolution through
calendar time, but our simulations manifest that these results are doubtful because of the
smoothing technique they use11. To avoid marginal integration as they do, we choose to split
our sample by year in which the firms entered the NIG class, i.e. by "vintages". These
vintages additionally offer a first informal test of the necessity to model intensity conditioning
on calendar time information, or equivalently to time series of covariates. Figure 6 presents
results on quaterly sliding vintages from 1985 to 1989 and proves that it exists a term structure
of default probabilities with strong variations through time, but also on the short and mid
term durations. Default intensity variations are consequently the result of the joint impact of
calendar time and ageing time effects, the former dominating on the long run, the latter on
the short run.

[INSERT FIGURE 6 HERE]

The results are indeed strongly supportive of the hypothesis that humps are caused by
macro-economic shocks. We can observe that the humps shift to the left as the year of reference
increases. This implies that the peaks are observed at the same calendar time period. For
instance, the first peak of the 1989 vintage occurs at a duration of about 2 years, while the
first peak of the 1987 vintage is located at the 4 year horizon. Both intensity peaks therefore
reflect the 1991 recession. The second hump also clearly corresponds to the 2000-2001 recession.
The mid 1985 to mid 1986 vintages are peculiar as they exhibit a sharp drop in intensity over
the first year before increasing progressively to reach a maximum at about five years (again
corresponding to 1991). The initial fall in intensity may be attributable to the end of the
default crisis in the energy sector which took place from 1987 onwards. Furthermore, the
vintages clearly figure out a distinct short-mid term behaviour with respect to the age of the
firm (time-to-default). Indeed, as we pointed out earlier, the intensity increases over the first

11Remark that their estimator has not been tested in our simulations. However it involves a double smoothing
with Epanechnikov kernels and as a consequence should lead to a higher bias.
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one to three years in the NIG class before reaching a somewhat average intensity level. This is
also true for the vintages covering 1986, right after a first adjustment (i.e. a fast decrease). We
find evidences of a specific short-mid term feature for all classes. It suggests that conditional
on calendar time information, intensities should be monotonous and increasing (or decreasing
for the B and CCC classes) as duration raises up. Clear consequences for potential parametric
modelling are the following. Weibull distribution should be adapted and the constant hazard
assumption might be valid on the long run. We also observe that peaks vary in magnitude and
that crises also differ in length. Simple regime-switching models will struggle to capture these
features.

Ratings: Preserving Risk Ranking

Rating agencies claim that the purpose of ratings consists of ordering firms with respect to
the default risk they face. The difference in magnitudes between IG and NIG intensities from
Figure 3 shows that initial ratings successfully rank firms. Figures 7(c) and 7(d) confirm this
fact on rating classes. It additionnally suggests a global stability of the risk faced by a firm
over its life along with the rating process as probability curves do not intersect even on the long
run. Numerous researchers in corporate finance believe in the existence of a target leverage.
Thinking about leverage as a rough measure of default risk, our results are in accordance with
such a perspective.

[INSERT FIGURE 7 HERE]

Rating changes should then reflect changes in, or deviations from, the initial level of de-
fault risk through the life of the firm. Comparing intensities of unconditional durations with
durations conditional on no rating change, proves that agencies succeed in preserving such a
cross-sectional ranking. Figures 7(a), 7(b) and 8 display empirical conditional intensity and
survival probability curves, as well as 95% bootstrap confidence intervals. Confidence intervals
widen compared to Figure 3 as a smaller part of the corresponding default distribution can be
observed. The two intensity curves still present two humps but differences can be observed in
location and magnitude.

[INSERT FIGURE 8 HERE]

In particular, looking carefully at Figure 8(a), we observe that the IG intensity drops
slightly at extremely short time horizons before increasing up to about 10 years. However it is
noticeable that the IG intensity curve is almost flat for the first five years, significant changes
arising at longer horizons. On the contrary the IG intensity is no longer stable over these
first five years on Figure 3(a). Recall that the former tracks firms until either default or exit
from IG or NIG classes, while the latter considers durations to default, irrespective of any
intermediate downgrade or upgrade12. Hence, it is intuitive and in line with agencies claims

12Here we only consider the broad risk categories (IG and NIG), not strictly speaking ratings. Results are
the same over individual rating classes.
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to find that the IG (resp. NIG) intensity is lower (resp. higher) on Figure 8. On the same
way, Figure 8(b) presents a higher first peak and the decrease between 5 and 15 years is less
sharp. This can be attributed to firms surviving the first crisis (which materialises at around
5 years) or simply improving their solvency and being upgraded to IG. Their default intensity
then becomes similar to other IG firms, thereby decreasing the intensity on Figure 3(b) after 5
years. That kind of seasoning effect is well-known in prepayment analysis of mortgage backed
securities. Such findings still hold over rating classes. Intensities are more stable over the first
five years within rating classes. But if it shows that agencies achieve to preserve risk ranking
changing assigned ratings, we first have to underline that this stability spans closer to five
than three years. This horizon confirms the "long term" label of through-the-cycle ratings
(e.g. see Altman & Rijken (2004)) in comparison with the short term assessment given by
point-in-time ratings. In addition, there are irregularities on the short run which constitutes
a recurring pattern over all rating classes: IG intensity decreases during the first six months
(Figure 8(a)) and NIG intensity strongly increases up to two years (Figure 8(b)). We already
underline that these irregularities reflect firms’ local (i.e. within a given class) ageing effects.
Loosely speaking there are due to an informational adjustment during the first months in a
new rating class.

Looking further at survival probabilities, humps coincide with local maxima of the slope.
Comparing Figures 8(c) and 3(c), as well as Figures 8(d) and 3(d) demonstrates that the rating
process successes to identify major changes in default risk. Indeed, if after five years 2% of
firms which started rated as investment company died, up to 99.8% of firms which stayed as
investment companies were still alive. The reverse is true for non investment company but at
larger horizons manifesting difficulties to upgrade to IG. In particular, it is striking to observe
that after 10 years around 50% of non investment companies died. From risk management
purposes, the real 10 years default probability that one should consider for a firm which enter
the market in the investment class should be 4.5% (given by Figure 3(c)) instead of the 0.5%
observed from Figure 8(c).

B. Non Markovian Patterns

Some deviations to the Markovian assumption have been emphasized in the credit liter-
ature. Seminals papers from Nickell, Peraudin & Varotto (2000) and Bangia & al. (2002)
show that unconditional on the economic cycle transition matrices can not be considered as
Markovian whereas conditioning on the NBER classification of business cycles is meaningful.
Bahar & Nagpal (1999) as well as Lando & Skodebeg (2001) argue that other non Markovian
effects exist, like the so-called well documented rating momentum. But usual frameworks can
only provide partial results on these effects. As our methodology does not ground on the
Markovian property, we give additional information on these effects and in particular exhibit
their persistency or reverting behaviour.
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Rating Momentum, Rating Reactivity and Risk Classes Homogeneity

The homogeneity of risk classes is a tricky issue as it is fully correlated with the confidence that
we are willing to put in the ratings. Yet documented non Markovian features cast doubt on
this homogeneity. That is the reason why agencies have refined their initial range of ratings,
adding 1-3 variants for Moody’s or +/- for Standard & Poor’s. In addition, the extended
ratings were perceived as a partial answer to the debated low reactivity of ratings with respect
to changes in firms’ likelihood of default. Following results point out the links between these
questions.

[INSERT FIGURE 9 HERE]

Figure 9(a) shows intensities conditioning with respect to downgrade/upgrade as well as
the whole BB class intensities, looking at times-to-default over the whole rating process. A,
BBB and B classes also exhibit this pattern but the difference in the first year is slightly lower
than for the BB class. Recently downgraded firms face a higher risk, and consequently are
more likely to be downgraded again than other firms in the same risk class. Conditioning on
a downgrade indeed leads to higher intensity over the first two years. It proves that the rating
momentum phenomenon is not an artefact due to agencies’ rating methodology but is truly
called by credit risk behaviour. Our estimates show that the rating momentum should also
apply to upgraded firms, although to a lesser extent, as found by Bahar & Nagpal (1999).
However, our methodology allows to investigate the time-span of these effects. We observe
readjustments which take from one to three years: the light and normal curves converge. It
confirms the existence of a mean-reverting pattern in the intensity of default. Remark that the
difference between downgraded and upgraded firms is statistically significant13 (Figure 11(b)
displays the difference and its bootstrap 95% confidence interval). Interestingly original ratings
of the firms still have an impact on the long term, after readjustment has taken place. From 4
years, the relation is reversed, indicating that after a while downgraded firms return to lower
risk states. This is a clear evidence of non Markovian behaviour.

Nevertheless, if the rating momentum can now be justified by changes in default intensities,
the issue lies in the way agencies incorporate the phenomenon. Looking at durations conditional
on staying into the rating class, Figure 9(c) shows (for the BB case) that ratings are correctly
changed in accordance with changes in default risk. Focusing on the first six years within the
BB class we cannot observe sharp decreases or increases in intensities, nor convergence between
upgraded and downgraded issuers. In particular, a low reactivity of ratings would have been
indicated by variations over the first year in the class. Some researchers still conclude to a
low reactivity of ratings. Because of capital requirements, it would be an undesirable feature.
Results from previous studies are not clear. Altman & Saunders (2001) claim that ratings lag
the business cycle and D’Amato & Furfine (2003) differentiate new ratings from existing ones.
But such a behaviour would be a problem only if the business cycle and the evolution of default

13For comparative purposes between different intensity curves, we compute pointwise confidence interval on
distances by bootstraping both curves and looking at all combinations of bootstrap samples. The interval is
given by the upper and lower 5% among all computed differences.
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probabilities were co-cyclical. There is no evidence of such a linkage (e.g. see Koopman & Lucas
(2004)). The issue is consequently more closely related to the reactivity of ratings to changes
in underlying default probabilities than to timeliness. Our results suggest that the rating
reactivity problem resides in the magnitude of rating changes rather than in the time at which
the event occurs as Figure 9(c) clearly shows that the standard classes are not homogenous
with respect to previous ratings. From bootstrap samples, the difference between the green
and red curves is statistically different: downgraded firms have always higher intensities than
upgraded ones during the period when they share the same rating. One may believe that
the extended rating range correct for this lack of granularity. The database does not allow
us to consider more disaggregated classes to check for such an improvement. Notice that
given the disastrous consequences that a rating change can induce on firms asset, a straight
explanation for this "step by step" phenomenon would say that agencies are frightened of
large changes in ratings. Figure 9(c) still advocates for another explanation. As the situation
does not reverse even after 10 years, as it was the case on Figure 9(a), it is more likely that
agencies anticipate future reversals or wait for further information on the firms (the recently
launched Watchlists and Outlooks of Moody’s confirm surch a perspective, see Hamilton &
Cantor (2004)). Corroborating this phenomenon, Löffler (2004) shows that ratings react on
permanent shocks in default probabilities rather than to transitory shocks. Hence, issues
concerning potential lagging phenomena between the credit cycle and capital requirements
should not be due to a lack of granularity (e.g. see Altman & Saunders (2001)) but rather to
an inadequacy between the horizon of ratings and the one of capital requirement rules.

The Macro-Economic Conditions

We now analyse further how intensities behave when conditioned on macro-economic condi-
tions. We used NBER classification to pool firms in "expansion" or "contraction" periods
when they enter into the rating process. Figure 10(a) presents intensities and Figure 11(a)
plots differences in intensities between expansion and contraction, for non investment grades.

[INSERT FIGURE 10 HERE]

[INSERT FIGURE 11 HERE]

As expected in recessions firms follow countercyclical intensities, showing conservatism of
analysts whereas a peak is reached between 4 to 6 years after the crisis. This lag may correspond
to the length of the default procedure as advocated by Altman (1989). Moreover we can see
that survivors to crisis are less risky than others on the long run, which constitutes a very
intuitive result. Statistics on these differences confirm these findings. Notice that the same
study on durations up to the last day in the sample delivers the same patterns but differences
are only significant between 10 to 13 years. Indeed in that case the sample includes firms which
have been quickly upgraded to IG on the short run and firms which have been downgraded on
the long run, smoothing the differences. The data used in Figure 10 also indicates that the
"speed of ratings" increases in recession. The average time-to-default from a recession period
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is 1237 days compared to 1654 in a growth period. Similarly durations to exit (which include
migrations to IG and NR) decrease to 1421 days from 1656 in an expansion period.

These results are consistent with findings of Nickell, Peraudin & Varotto (2000). Over one
year, the probability of default is indeed higher in expansion than in contraction. However,
considering the target horizon of ratings, integrating intensities shows that three to six years
default probabilities do not exhibit any statistical difference. It justifies the through-the-cycle
label of these ratings: the business cycle can induce variations on the short term but rating
classes, or equivalently cross-sectional ranks, are stable on the mid term. Moreover, it matches
the results of Altman & Rijken (2004) who find an adequacy between point-in-time default
probabilities and through-the-cycle default probabilities at a six years horizon.

IV. Nonparametric Estimation of the Dependence Structure

Up to now we focused on univariate estimation. A major concern in pricing of credit
portfolios and complex derivatives consists of modelling the dependence between the different
identified risk classes. One needs in particular to estimate correlations and maybe the full
dependence structure through copula functions. For that purpose, we extend our univariate
setting to the bivariate case keeping the main features of the GRHE, the absence of boundary
bias and the treatment of censoring. In two dimensions, bias effects and censoring become
more pronounced. Then, we briefly described estimation of the bivariate survival and copula
functions.

A. Multivariate Hazard Estimation

We concentrate on two risk classes. Consider a firm i which belongs to the risk class I and a
firm l which belongs to the risk class L. Assumption I.1 does not preclude possible dependence
among firms in the same class. Moreover, we claim that the independence hypothesis contained
in this assumption can be relaxed by an equidependence hypothesis14 without implying any
modifications on the consistency and the unbiased property of the estimator (it modifies the
asymptotic variance). It then allows for estimation of the dependence within rating class. Let
us define the bivariate default counting process by N i,l (ui, ul). This process equals one if and
only if both default of company i has been observed before ui and default of company l has
been observed before ul. Therefore, as soon as one marginal time-to-default is censored, the
process can no more jumps to one. This process allows us to study the joint intensity of default.
Once again we rely on the multiplicative intensity model:

Assumption IV.1 The bivariate intensity of the counting processes N i,l satisfies the Multi-
plicative Intensity Model:

λi,l (ui, ul) = α (ui, ul)Y
i,l (ui, ul)

14See Gourieroux & Monfort (2002) for details on the equidependence assumption.
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where α (ui, ul) is deterministic and called the bivariate hazard rate, whereas Y i,l (ui, ul) is a
predictable and observable process.

As before Y i,l (ui, ul) handles censoring and ensures correct definition of the intensity up
to the joint default event, that is Y i,l (ui, ul) = I((u−i <Ci ∩ ui≤Di) ∩ (u−l <Cl ∩ ul≤Dl)). Under
Assumption I.2, the indicator function can be split and rewritten

Y i,l (ui, ul) = I(ui≤Di ∩ ul≤Dl)I(u−i <Ci)I(u−l <Cl).

Note that involved processes are scalar-valued. Besides, N i,l corresponds to the product of
individual counting processes N i,l (ui, ul) = N i (ui)N

l (ul), but facilitates the definition of a
so-called bivariate intensities. Pedroso, De Lima & Pranab (1997) studied a vector-valued
counting process

¡
N i (ui) , N

l (ul)
¢
but were unable to exhibit a proper bivariate intensity.

Our framework is closely related to the early paper of Dabrowska (1988) and matches works
of Fermanian (1997). Dabrowska proposed an estimator of the joint distribution of times-
to-default considering the partial ordering (s ≤ u)= (si ≤ ui ∩ sl ≤ ul). This set up allows
to define a bivariate survival function by Si,l (u) = P (Di > ui;Dl > ul). Dabrowska built
his estimator on the ground of a multivariate version of the Kaplan-Meier (1958) estimator
which becomes tricky. On the contrary, Fermanian proposed an estimator using the nice
features of a smooth version of the Nelson-Aalen estimator. The estimator we propose below
is similar but replaces the symmetric kernel with the Gamma kernel, exactly as we modified
the standard Ramlau-Hansen estimator. As in the univariate case we consider the bivariate
counting process over the entire classes N I,L (u) = N I,L (uI , uL) =

X
i∈I

X
l∈L

N i,l (ui, ul). Under

the filtration Fu = FI
u ∨ FL

u , the intensity of this process can be defined as

λI,L (u) = α (u)Y I,L (u)

where Y I,L (u) =
X
i∈I

X
l∈L

Y i,l (u). Then the baseline hazard can be estimated through obser-

vation of N I,L.

Definition IV.1 Under Assumptions I.1-I.3 and IV.1, we define the bivariate Gamma kernel
estimator bα (u) = bα (uI , uL) of the bivariate hazard rate (Bivariate Gamma Ramlau-Hansen
Estimator, BGRHE) by

bα (u) = ∞Z
0

∞Z
0

K
³
sI ,

uI
b
+ 1, b

´
K
³
sL,

uL
b
+ 1, b

´ JI,L (s)

Y I,L (s)
N I,L (dsI , dsJ) (4)

where JI,L (s) = I(Y I,L(s)>0)

Convergence and asymptotic properties of the estimator follow from the study of Fermanian
(1997) and techniques used in appendix to prove the properties of the GRHE. This bivariate
version clearly smooths over the durations from two risk classes. Previous interpretations still
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hold. Remark that Fermanian investigates higher dimensional scalar-valued hazard rates. We
do not extend the definition of the BGRHE to the general case because kernel estimators suffer
from the curse of dimensionality as the convergence rate critically decreases with the number
of dimensions, and because in practice we are not able to easily analyze (and visualize) higher
dimensional dependence structures.

B. Dependence Structure

In this setting, so as to derive the bivariate survival function, we also require estimation
of the hazard rate of the risk class I given survival of individuals from the class L.

Definition IV.2 Under assumptions I.1-I.3 and IV.1, we define the Gamma kernel estimatorbαI (u) = bα (uI , uL) of the I-class hazard rate conditional on the L-class survival (Conditional
Gamma Ramlau-Hansen Estimator, CGRHE) by

bαI (u) = ∞Z
0

K
³
sI ,

uI
b
+ 1, b

´ JI,L (sI , uL)

Y I,L (sI , uL)
N I,L (dsI , uL) (5)

There is indeed no direct relationship between the bivariate survival function and the
bivariate hazard. However, Dabrowska (1988) proposes simple derivations using conditional
hazard rates. The survival function can be expressed in the two dimensional continuous case
by

S (u) = SI (uI) SL (uL) exp

⎛⎝ uiZ
0

ulZ
0

α (s) dsl dsi −
uiZ
0

ulZ
0

αI (s) αL (s) dsl dsi

⎞⎠
S· (u·) being marginal survival functions, and estimated as bS (u) using the BGRHE, the
CGRHE and the GRHE while keeping the same degree of smoothing.

From that stage, using the survival function version of the famous Sklar’s Theorem, the
survival copula function as well as the corresponding copula function can easily be infered.
Remark that methods to estimate nonparametrically the copula function from kernel estima-
tors of density functions have already been proposed (e.g. see Fermanian & Scaillet (2003)).
However, these methods cannot handle for the censoring properties of duration samples.

Summary

We examine default intensities, default probabilities and the role of ratings from the
Standard & Poor’s rated universe. Even if standard cohort or homogenous hazard estimators
are highly convenient, they rely on an assumption that is not required by rating systems and
which is known to be empirically violated: the Markov property. In particular, recent studies
show that the Markov property is not verified when conditioning on the business cycle, or

21



conditioning on the previous rating. As cohort and homogenous hazard approaches, or more
generally the Markov chain representation, are only reporting tools, we examine whether these
patterns are artefacts due to misspecified estimation techniques of default probabilities or not.

We thus propose a nonparametric estimator of instantaneous default probabilities which do
not necessitate a Markovian framework so as to investigate the evolution of default probabili-
ties through time. We build this estimator in a duration framework. It is free of bias, highly
tractable and allows for straightforward estimation of default intensities across rating cate-
gories, industries and time periods, taking into account censoring properties of credit events
and credit data. Unlike the homogenous hazard estimator, the default intensity can vary as the
time spent in a rating class increases. Through simulations, we prove the superior behaviour of
this Gamma kernel estimator (GRHE) in comparison with existing smooth hazard estimators.
We show that its unbiased feature is of first importance. Indeed, we find that other smooth
estimators (not relying on a Markovian setup) are not successful in estimating realistic default
probabilities because the boundary bias that they suffer from, has large impacts over horizons
up to 2 to 3 years. Moreover, looking at standard estimators we show that both relaxing
the Markovian setup and taking into account censoring matter. The GRHE achieves a better
accuracy and can provide reasonable pictures of default probabilities, on the short, mid and
long run.

We investigate the behaviour of firms in the rating process focusing on the primary goal
of ratings, i.e. on the basis of the cross-sectional risk ranking that they deliver. We find
that ratings are successful not only in ranking firms when they enter into the rating process
but also in preserving this rank afterwards. Through-the-cycle ratings correctly split the
credit risk universe at a 3 to 5 year horizon. We exhibit intensities shapes and show that
they are far from being constant as assumed by cohort and homogenous hazard estimation.
Capturing these movements in intensities is crucial to obtain finer probability estimates and
to differentiate the risk of a new A issuer with respect to an old one. Our results support an
increasing exposition to the risk of default for AAA to BB issuers, but a decreasing exposition
for B and overall CCC issuers. However, studying more specifically vintages, we show that
time-to-default distributions change through calendar time. In other words macro-economic
conditions seem to induce large variations in intensities. These results advocate for modelling
default probabilities taking into account ageing effects but conditionally on time series of
covariates.

Finally, the flexible setting of the GRHE allows us to investigate conditional patterns
avoiding spurious inferences. Our empirical results reveal time spans of non Markovian patterns
of default probabilities. In particular we show that the rating momemtum phenomenon reverses
on the long run. Moreover we do not find evidence of lag in the reaction of ratings to significant
changes in default likelihood. Results suggest that rating reactivity problems and rating class
heterogeneity evidences, are attributable to under reactions in magnitude rather than to timing
issues. These drawbacks may have been solved by the higher granularity brought by +/- or
1-3 rating variants, but we are not able to adress this question with this dataset. Nevertheless,
our findings justify these "step by step" rating adjustments since the mean reversal feature of
default intensities seems to match the target horizon of rating agencies.
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Appendix

Asymptotic Properties of the GRHE

Properties of the Gamma hazard rate estimator are derived in the usual set up of counting
processes. This methodology can be considered as extensions of the work of Ramlau & Hansen
(1983) or of Andersen & al. (1997). As underlined, the GRHE offers at least two advantages in
comparison to their proposition. Indeed for the same degree of smoothness, the Gamma kernel
induces thiner confidence intervals when the duration increases. Furthermore, our estimator is
consistent at the boundary.
Before turning on proofs, let us define other quantities for mathematical convenience. As usual
we will note the Gamma kernel as

K
³
s,
u

b
+ 1, b

´
=

su/b e−s/b

bu/b+1 Γ
¡
u
b + 1

¢ .
Then let eα (u) denote a smooth version of the true hazard rate

eα (u) = ∞Z
0

K
³
s,
u

b
+ 1, b

´
α (s) ds (6)

and α∗ (u) which guarantees estimations on the support of J (s) = I(Y (s)>0)

α∗ (u) =
∞Z
0

K
³
s,
u

b
+ 1, b

´
α (s)J (s) ds. (7)

Even if smoothed intensity estimation has been widely studied in the statistical literature,
Ramlau-Hansen proposition is much more powerful because their estimator has been derived in
the multiplicative intensity framework. However, proofing techniques used by Ramlau-Hansen
cannot be applied here. The main advantage of their estimator consists of the fact that the
support of their kernel can be as small as required when the number of observations tends to
infinite. Hence, convergence in the interior of the intensity domain can easily be handled. In
our case the support of the kernel is fixed and for that reason, we need different assumptions.

Definition Integration compatibility. The Gamma kernel is said to be integration compatible

with a distribution if ∃B such that ∀0 < b ≤ B, K
¡
s, ub + 1, b

¢ f(s)
1−F (s) = o

³
s− rHB

´
when

s −→∞ for a rHB > 1 and K
¡
s, ub + 1, b

¢ f(s)
1−F (s) = o

³
s− rLB

´
when s −→ 0 for a rLB < 1, where

F is the cumulative distribution function and f its density.

Definition represents a constraint both on the tail behaviour and on the boundary between
the Gamma kernel and the hazard rate of the distribution, meaning in particular that the
product should be integrable on [0,∞[. This is required for Equation (6) to be defined. However
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let us notice that this is a very weak constraint. Indeed, for instance, one can easily show
that the Gamma kernel is integration compatible with any exponential, Weibull, loglogistic or
lognormal distribution.

Assumption (A1)
• α is C2 ([0,∞[)
• b = b(n) −→ 0 when n −→∞,
• The Gamma kernel is integration compatible with the distribution of default durations
D1, ..,Dn with cumulative distribution function FD.
• ∀0 < u < ∞, FC (u) < 1 where FC is the cumulative empirical distribution of censoring
durations.

The last assumption simply means that the whole distribution can be observed, provided
that the number of observations tends toward infinity.

Proof of Proposition I.1
We need to show that E

£bα(n) (u)¤ −→ α (u) as n −→ ∞. Consider a sequence of aggregate
counting processes N

(n)
(u) and let us compute,

E
£bα(n) (u)¤ = E

⎡⎣ ∞Z
0

K

µ
s,

u

b(n)
+ 1, b(n)

¶
J (s) dN

(n)
(s)

Y
(n)
(s)

⎤⎦
= E

⎡⎣ ∞Z
0

K

µ
s,

u

b(n)
+ 1, b(n)

¶
J (s) dM

(n)
(s)

Y
(n)
(s)

⎤⎦+ E hα∗(n) (u)i from 1.

The first term is a martingale and its expectation is null. The second term still involves a
stochastic component through the positivity of the aggregate specific part. At this stage,
notice that Y

(n)
(u) is positive for all u, that Y

(n)
(0) > 0 and that 0 is an absorbing barrier for

this process15. Hence, setting an = sup
n
s ∈ <+;Y(n) (s) > 0

o
, we can write

E
£bα(n) (u)¤ = eα(n) (u)− ∞Z

an

K

µ
s,

u

b(n)
+ 1, b(n)

¶
α (s) ds . (8)

From usual technics of asymmetric kernels16, eα(n) (u) can be understood as an expectation:
eα(n) (u) = E hα³ξu,(n)´i

15 In fact, in the full unconditional setting, the process Y only tackles censoring and as a consequence is a
decreasing function of u. However, the decreasing shape is not necessary and does not hold in a semi-parametric
framework.
16See Chen (2000).
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where ξu,(n) is a random variable with Γ
³

u
b(n)

+ 1, b(n)

´
distribution. By Taylor expansion as

n −→∞ quoting μu,(n) = E
h
ξu,(n)

i
,

eα(n) (u) = α
³
μu,(n)

´
+
1

2
α00 (u)V ar

³
ξu,(n)

´
+ o

¡
b(n)

¢
= α (u) + b(n)

µ
α0 (u) +

1

2
uα00 (u)

¶
+ o

¡
b(n)

¢
. (9)

As from the latest assumption an −→ ∞ as n −→ ∞, from the integration compatibility
condition and positivity the second term on the right hand side of equation (8) is defined and
converges to 0 as n −→∞ (remainder of a convergent positive generalized integral).

Last point and Equation (9) show that E
£bα(n) (u)¤ −→ α (u) as n −→∞ for all u ∈ [0,∞[,

meaning that the GRHE is asymptotically unbiased both in the interior and at the boundary.

Next definition has already been proposed by Tanner & Wong (1983) in a simpler frame-
work:

Definition Compatibility. The Gamma kernel is said to be compatible with a distribution if

for all M > 0, ∃B such that ∀0 < b ≤ B,
K(s,ub+1,b)
1−F (s) is uniformly bounded for all s such that

|s− u| > M , where F is the cumulative distribution function.

Let us remark that if the Gamma kernel is compatible with FX (s) and FZ (s), then it is
compatible with the independent product FXZ (s).

Assumption (A2)
• (A1)
• nb(n) −→∞ when n −→∞,
• supP (Y(n) (u) = 0) = o

¡
n−1

¢
,

• E
h
nJ(n)(u)

Y(n)(u)

i
−→ 1

τ(u) as n −→∞ uniformly on compact sets for which Y(n) (u) > 0,

• The Gamma kernel is compatible with the distribution of default (resp. censoring) durations
D1, ..,Dn (resp. C1, .., Cn).

τ (u) represents the survival probability at time u. Indeed, if FD and FC are the cumulative
functions corresponding respectively to default durations and censoring, then it is obvious that
E
h
nJ(n)(u)

Y(n)(u)

i
−→ ((1− FD (u)) (1− FC (u

−)))−1.

Proof of Proposition I.2
Let us derive the asymptotic variance of the GRHE. We consider the squared bias term between
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the smooth version of the hazard rate and the true hazard
¡eα(n) (u)− α (u)

¢2 which from (9)

is equal to
¯̄
b(n)

¡
α0 (u) + 1

2uα
00 (u)

¢
+ o

¡
b(n)

¢¯̄2
and therefore,

E
h¡eα(n) (u)− α (u)

¢2i
= O

³
b2(n)

´
(10)

meaning that this component tends to zero as n tends towards infinity. The first variance
component comes from the non capacity to observe the whole default distribution in finite
samples:

E
∙³

α∗(n) (u)− eα(n) (u)´2¸ = E

¯̄̄̄
¯̄
∞Z
0

K

µ
s,

u

b(n)
+ 1, b(n)

¶
α (s)

¡
J(n) (s)− 1

¢
ds

¯̄̄̄
¯̄
2

= E

¯̄̄̄
¯̄
∞Z
0

K

µ
s,

u

b(n)
+ 1, b(n)

¶
α (s) I(J(n)(s)=0)ds

¯̄̄̄
¯̄
2

Using the integration compatibility condition and the fact that the whole default distribution
can be observed as n −→∞, we get that for M > 0, ∃N s.t. ∀n ≥ N ,

E
∙³

α∗(n) (u)− eα(n) (u)´2¸ ≤
¯̄̄̄
¯̄
∞Z
0

K

µ
s,

u

b(n)
+ 1, b(n)

¶
α (s)P (Y(n) (s) = 0)ds

¯̄̄̄
¯̄
2

and from assumptions made,

E
∙³

α∗(n) (u)− eα(n) (u)´2¸ = o

µ
1

n

¶
(11)

when n −→∞, and thus E
∙³

α∗(n) (u)− eα(n) (u)´2¸ = o

µ
1

bγ
(n)

n

¶
for γ = 0.5 and 1.

Finally, we focus on the second variance component E
∙³bα(n) (u)− α∗(n) (u)

´2¸
. For that pur-

pose we note that

∞Z
0

K2

µ
s,

u

b(n)
+ 1, b(n)

¶
ds =

Γ
¡
2u
b + 1

¢
b2

2u
b
+1Γ2

¡
u
b + 1

¢ = Gb (u) .
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We now show that nE
∙³bα(n) (u)− α∗(n) (u)

´2¸ ∼ α(u)
τ(u)Gb (u) as n −→ ∞. Indeed, let us fix

ε > 0,

|A| =

¯̄̄̄
¯̄̄̄nE

∙³bα(n) (u)− α∗(n) (u)
´2¸

Gb (u)
− α (u)

τ (u)

¯̄̄̄
¯̄̄̄

= G−1b (u)
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0

K2

µ
s,

u

b(n)
+ 1, b(n)

¶(
α (s)E

"
nJ(n) (s)

Y
(n)
(s)

#
− α (u)

τ (u)

)
ds

¯̄̄̄
¯̄ .

As α is uniformly continuous on a neighbourhood of u, for εα, ∃δα such that |α (s)− α (v)| < εα

for |s− v| < δα. On the same way, for ετ , ∃δτ such that
¯̄̄
1

τ(s) − 1
τ(v)

¯̄̄
< ετ for |s− v| < δτ . Let

us denote δ = δα∧δτ . In addition, for εY , ∃N such that ∀n ≥ N sup
[0,an]

¯̄̄
E
h
nJ(n)(x)

Y(n)(x)

i
− 1

τ(x)

¯̄̄
< εY .

Therefore using the same notations, for n ≥ N ,

|A| ≤ G−1b (u)

¯̄̄̄
¯̄̄̄ Z
|s−μu,(n)|<δ

K2

µ
s,

u

b(n)
+ 1, b(n)

¶(
α (s)E

"
nJ(n) (s)

Y
(n)
(s)

#
− α (u)

τ (u)
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¯̄̄̄

+G−1b (u)

¯̄̄̄
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u

b(n)
+ 1, b(n)
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α (s)E
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nJ(n) (s)
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#
− α (u)
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¯̄̄̄

|A| ≤ G−1b (u)

Z
|s−μu,(n)|<δ

|A1|+G−1b (u)

Z
|s−μu,(n)|>δ

|A2| .

Introducing required terms,Z
|s−μu,(n)|<δ

|A1| ≤
Z

|s−μu,(n)|<δ
|α (s)− α (u)|E

"
nJ(n) (s)

Y
(n)
(s)

#
K2

µ
s,

u

b(n)
+ 1, b(n)

¶
ds

+

Z
|s−μu,(n)|<δ

α (u)
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¯E
"
nJ(n) (s)

Y
(n)
(s)

#
− 1

τ (s)
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¯K2

µ
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u
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¶
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Z
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α (u)
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1

τ (s)
− 1

τ (u)

¯̄̄̄
K2

µ
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b(n)
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¶
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which gives for suitable choices of εα, εY and ετ , and for a constant CTY depending both on
N and the neighbourhood μu,(n),

G−1b (u)

Z
|s−μu,(n)|<δ

|A1| ≤ Gb (u)

Gb (u)
{εαCTY + α (u) εY + α (u) ετ} ≤ ε

2
. (12)

Furthermore we have,Z
|s−μu,(n)|>δ

|A2| ≤
Z

|s−μu,(n)|>δ
K2

µ
s,

u

b(n)
+ 1, b(n)

¶
α (s)E

"
nJ(n) (s)

Y
(n)
(s)

#
ds

+
α (u)

τ (u)

Z
|s−μu,(n)|>δ

K2

µ
s,

u

b(n)
+ 1, b(n)

¶
ds
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Z

{|s−μu,(n)|>δ}∩[0,an]
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µ
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u

b(n)
+ 1, b(n)

¶
α (s)E

"
nJ(n) (s)

Y
(n)
(s)

#
ds (13)

+
α (u)

τ (u)
Gb (u)

Z
|s−μu,(n)|>δ

fηu,(n) (s) ds

where ηu,(n) is a random variable with Γ
³
2u
b(n)

+ 1,
b(n)
2

´
distribution and mean μu,(n) and

variance σ2u,(n) =
bu
2 +

b2

4 , hence using Tchebyshev inequality,Z
|s−μu,(n)|>δ

fηu,(n) (s) ds ≤
σ2u,(n)

δ
.

The first component on the right hand side of equation (13) can be written as

≤
Z
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¯E
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thus using integration compatibility and compatibility assumptions, it exists CT1 and CT2 > 0,
such that

≤ CT1εY

Z
{|s−μu,(n)|>δ}

K

µ
s,

u

b(n)
+ 1, b(n)

¶
ds

+CT2

Z
{|s−μu,(n)|>δ}

K

µ
s,

u

b(n)
+ 1, b(n)

¶
ds

and once again using Tchebyshev inequality, we get,

G−1b (u)

Z
|s−μu,(n)|>δ

|A2| ≤ α (u)

τ (u)

σ2u,(n)
δ

+G−1b (u) (CT1εY + CT2)
v2u,(n)
δ

where v2u,(n) = bu+ b2 is the variance of ξu,(n). Therefore since
17 G−1b (u) −→ 0, for a suitable

N 0 ≥ N , as b −→ 0 when n −→∞ we proved that,

G−1b (u)

Z
|s−μu,(n)|>δ

|A2| ≤ ε

2
. (14)

From equations (12) and (14), we showed that for n ≥ N 0

|A| ≤ ε

meaning that it tends to zero as n tends to infinity and that

nE
∙³bα(n) (u)− α∗(n) (u)

´2¸ ∼ α (u)

τ (u)
Gb (u) (15)

As a consequence using limiting properties of Gb (u), equivalency (15), equation (11) and
Cauchy-Schwarz inequality, we proved that

n
√
bE
h¡bα(n) (u)− eα(n) (u)¢2i ∼ α (u)

2
√
πτ (u)

√
u
if
u

b
→∞ and

nbE
h¡bα(n) (u)− eα(n) (u)¢2i ∼ α (u) Γ (2κ+ 1)

τ (u) 21+2κ Γ2 (κ+ 1)
if
u

b
→ κ .

Proof of asymptotic normality does not involve further complexity and can be obtain in the
same way than Ramlau-Hansen using the same techniques than we have just presented. As
this is not the main goal of this paper we leave the proof to interested reader.

We point out that asymptotic properties of the GRHE do not require non standard as-
sumptions. Besides, the asymptotic convergence of the estimator has been derived with weaker
assumptions, allowing for instance for linear-exponentially increasing asymptotics for the haz-

17Limits of Gb (u) on the interior and at the boundary has been studied by Brown and Chen (1999).
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ard rate at the infinity and unbounded hazard at zero. On the contrary standard estimators
are painful on the tails of the hazard rate. Solutions to this problem have been proposed in
the statistical literature but they require changing kernels and bandwidths which make them
harder to implement. The GRHE is a simpler and more accurate alternative.

Adaptative Kernels

Müller & Wang (1994) provide the reference contribution concerning adaptative kernels
and bandwidths. They propose such estimators to improve basic kernel estimators of intensi-
ties. They specify a new form for the kernel K∗ (u, s, b) by K∗ (u, s, b) = 1

b(u)K
³
q (u) , u−sb(u)

´
. It

modifies the Ramlau-Hansen type of estimators using a different kernel function in the interior
and at the boundary. More precisely, near the boundary the kernel support becomes asym-
metric so as to reduce the boundary bias. Secondly, they proposed to use local bandwidths
instead of a global bandwidth, in order to diminish the long run variance of the estimator while
avoiding oversmoothing. This local bandwidths minimize pointwise mean squared errors. In
the following, we recall the basic definition of adaptative kernels estimators, as well as the ex-
plicit form of the particular epanechnikov and biquadratic cases. Müller & Wang (1994) give
a complete description of possible kernel choices. At last we present the estimation procedure
that we used in the comparison, as proposed by Müller & Wang.

Definition Under assumptions I.1 to I.4, the adaptative kernel bαK (·) with bandwidth func-
tion b (·) is defined setting K∗ (u, s, b) = 1

b(u)K
³
q (u) , u−sb(u)

´
, where q (u) = 1 if u ∈ I =

{x;x ≥ b (x)} and q (u) = u
b(u) if u ∈ B = {x; 0 ≤ x ≤ b (x)}

Let us remark that this definition differs sligthly from the definition of Müller & Wang
as they do not rely on a multiplicative intensity framework. However, the definitions are
equivalent under the independent censoring assumption.

Definition The adaptive epanechnikov estimator of intensities is given by

K (q, z) =
12

(1 + q)4
(z + 1)

£
z (1− 2q) + ¡3q2 − 2q + 1¢ /2¤

and the adaptative biquadratic estimator by

K (q, z) =
15

(1 + q)5
(z + 1)2 (q − z)

"
2z

µ
5
1− q

1 + q
− 1
¶
+ (3q − 1) + 5(1− q)2

1 + q

#

For estimation purposes, the difficulty lies in the fact that the local bandwidth determines
the local kernel expression. The process can be decomposed as follows:

1. For each duration point of a first equidistant grid G1, compute the leading intensity
estimate setting b (·) ≡ b0.
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2. Using the leading intensities estimates, search for each point of G1 the bandwidth min-
imizing the estimated MSE criterion over a bandwidth grid B which ranges from 2b0/3
and 4b0. It provides an optimal bandwidth function bb∗1 (·) on the grid G1.

3. On a final grid G2, compute local bandwidths by smoothing bb∗1 (·) so as to obtain a new
bandwidth function bb∗2 (·) on the grid G2. bb∗2 (·) approximates the optimal bandwidth
function.

4. Estimates final intensity on G2 using the bandwidth function bb∗2 (·).
Notice that in some circumstances (in particular for bell-shape intensities) the adaptative

Epanechnikov and the adaptative biquadratic kernels lead to negative intensities on the short
run which is incompatible with hazard rate theory and reality as intensities can never be
negative by definition. A second comment comes from the intricate estimation procedure of
these adaptative kernels: simulation results were highly sensitive with respect to the initial
bandwidth we used. In particular optimal bandwidths (b∗epa and b∗biq) derived from the basic
correponding kernels were not always the best choice (we tried alternatively 2b∗xxx and b∗xxx/2
as b0). In other words, we repeated steps 1 to 3 three times with different initial bandwidths
b0 and kept best minimizers of the estimated MSE criterion.

Bandwidth Choice for Smooth Hazard Estimators

Kernel estimators are known to be quite sensitive to the choice of the bandwidth (i.e.
the degree of smoothness of the estimator). In our empirical applications, we computed the
optimal bandwidth by cross-validation using a grid-search algorithm. More specifically, we
used the well-tried leave-one-out method18 to determine the bandwidth which minimises the
mean of squared in-sample prediction errors. We give below the main lines of the method. If
λ is the true intensity and bλb is the estimated intensity using the bandwidth b, the optimal
bandwidth is obtained as:

bopt = argmin
b
E
∙Z ³bλb − λ

´2¸

bopt = argmin
b
E

⎡⎣ ∞Z
0

⎛⎝ ∞Z
0

K∗ (u, s, b) dbΛ (s)− λ (u)

⎞⎠2 du
⎤⎦

where Λ is the true cumulative hazard function. Expanding this expression, one can only focus
on the two first terms:

bopt = argmin
b
E

⎡⎣ ∞Z
0

bλ2b (u) du− 2 ∞Z
0

bλb (u)λ (u) du
⎤⎦

18See Wand & Jones (1995) for discussion of bandwidth selection methods.
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The leave-one-out cross-validation consists of replacing the intensity at each duration by an
estimation on the subsample which leaves that observation out. Calling CV L the corresponding
empirical criterion, we get

CV L =

∞Z
0

bλ2b (u) du− 2 nX
i=1

bλb,− i (Ui)λ (Ui) I(Ui=Di)

Patil (1993) showed the validity of this criterion. Its empirical counterpart is given by replacing
λ (Ui) by another estimation. We can either choose the leave-one-out Nelson-Aalen estimator,

eλ (Ui) =
dbΛ (Ui)

du
=

dNUi ,− i

Y− i (Ui)

where N· ,− i (resp. Y− i(·)) is the class counting processes (resp. the risk set size) where the
firm i has been removed, or from a smoothed estimator19 as proposed by Ramlau-Hansen
(1983) and Andersen & al. (1997):

bbλ (Ui) =
1

n

1bSD,− i (Ui)

dNUi ,− ibSC,− i (Ui)

where SD,− i (·) (resp. SC,− i (·)) is the default (resp. censoring) survival function estimated

leaving the firm i out through bSD,− i (u) = exp

⎛⎝− uZ
0

bλb,− i (s) ds

⎞⎠
(resp. bSC,− i (u) =

j 6=iY
Uj≤u

³
(n−1)−j+1
(n−1)−j+2

´1− dNj ,− i

the corresponding product limit estimator).

In empirical applications the optimal bandwidth has always been chosen from the CV L
criterion, computing a first grid of computations with 50 days spaced out bandwidths, and a
second grid around the first optimal point with 1 day spaced out bandwidths.

19 In all applications we choose to use this last estimator.
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Table I

Estimators Performance on Simulated Samples

Unit Exponential Average MSE Average Variance Average Squared Bias

Censoring 10%
Epanechnikov 0.060416 0.037998 0.030679
Biquadratic 0.058383 0.041543 0.025100
Adaptative Epanechnikov 0.041137 0.034916 0.006220
Adaptative Biquadratic 0.041997 0.036334 0.005663
Gamma 0.033885 0.033157 0.000728

Censoring 20%
Epanechnikov 0.07974 0.051142 0.028598
Biquadratic 0.079958 0.057002 0.022956
Adaptative Epanechnikov 0.055655 0.049461 0.006193
Adaptative Biquadratic 0.058435 0.052805 0.005629
Gamma 0.048292 0.046780 0.001512

Censoring 40%
Epanechnikov 0.092349 0.066949 0.025399
Biquadratic 0.10553 0.083883 0.021646
Adaptative Epanechnikov 0.073962 0.062389 0.011573
Adaptative Biquadratic 0.079196 0.068842 0.010354
Gamma 0.067355 0.062535 0.004820

Comparison of smooth hazard rate estimators. Results are computed from 1000 simulated samples
of 100 observations for different uniform censoring schemes. The true intensity is constant and equal
to 1 (a unit exponential distribution). Averages are computed over an equidistant grid (250 points)
between [0,2].
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Figure 1

Pointwise Estimators Performance on Simulated Samples
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(b) Variance
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(c) Squared Bias
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Estimation errors for various smooth hazard rate estimators on 1000 simulated samples of 100 obser-
vations from a unit exponential distribution under a 10% uniform censoring scheme.
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Figure 2

Censoring Structure of the Database
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Database information: number of firms entering the rating process and lengths of observed durations.
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Figure 3

IG and NIG Unconditional Probabilities of Default
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(a) IG - Intensity
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(b) NIG - Intensity
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(c) IG - Survival probability
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(d) NIG - Survival probability

Intensities and implied survival probabilities of Investment Grades (IG, ratings from AAA to BBB)
and Non Investment Grades (NIG, ratings from BB to CCC) risk classes from entry in the class to
the last day of observation. Dotted lines represent 95% bootstrap confidence intervals. For IG (resp.
NIG), we observed 235 (1363) defaults - average duration among defaults is about 3228 (1635) days
for 3038 (1789) among exits - the optimal bandwidth counts 111 (106) days.
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Figure 4

Survival Probabilities over Industrial Classes
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(c)
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(d)

Survival probabilities oves industrial risk classes from entry in the class to the last day of observation.
Sectors are broad sectors defined by Standard & Poor’s : Aeromotive, Automobile, Capital Goods
and Metal (AACG) - Consumer and Services (CSS) - Energy and Natural Ressources (ENR) - Forest
Product and Building (FPBH) - Financial Institutions (FI) - Health Care and Chemicals (HCC) -
High Tech and Office Equipments (HTCOE) - Insurance (INS) - Leisure, Time and Media (LTM) -
Telecommunications (TEL) - Transports (TRA) - Utility (UTI). A last sector, namely Real Estate, has
not been estimated because of minimum population requirements.
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Figure 5

Intensities of Default over Rating Classes
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(d) CCC

Intensities of default over BBB, BB, B and CCC risk classes from entry in the class to the last day of
observation. Dotted lines represent 95% bootstrap confidence intervals. We observed respectively 217,
574, 1199 and 879 defaults - average duration among defaults is respectively about 2671, 1932, 1326
and 335 days for 2293, 1878, 1605 and 1071 among exits - the optimal bandwidth counts 108, 106, 101
and 66 days.
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Figure 6

Impact of Vintages over NIG Default Intensities
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Non Investment Grades (NIG) default intensity for distinct vintages up to the last day in the sample,
sliding the reference month quaterly. For instance the first pool is made up of firms entered into the
rating process between the 1/1/1985 and the 12/31/1985, whereas firms entered between the 1/4/1985
and the 3/31/1986 have been collected in the second one.
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Figure 7

Survival Probabilities over Rating Classes
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(a) Within IG - Survival Prob.
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(b) Within NIG - Survival Prob.
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(c) IG - Survival Prob.
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(d) NIG - Survival Prob.

Survival probabilities over rating classes both within classes (conditional on staying in the class up to
default) and from entry in the class to the last day of observation (unconditional).
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Figure 8

IG and NIG Probabilities of Straight Default

0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
x 10-5

Years

In
te

ns
ity

(a) IG - Intensity
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(b) NIG - Intensity
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(c) IG - Survival probability
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(d) NIG - Survival probability

Intensities and implied survival probabilities of Investment Grades (IG, ratings from AAA to BBB)
and Non Investment Grades (NIG, ratings from BB to CCC) risk classes from entry in the class to
first exit. Dotted lines represent 95% bootstrap confidence intervals. For IG (resp. NIG), we observed
29 (1357) defaults - average duration to default is about 3508 (1513) days, and 2704 (1451) days for
durations to exit - the optimal bandwidth counts 111 (106) days.
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Figure 9

BB Default Behaviour w.r.t Previous Move
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(a) Intensity (U)
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(b) Survival Probabilities (U)
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(c) Intensity (CS)
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(d) Survival Probabilities (CS)

Default intensities and survival probabilities on BB firms conditioning by previous grades, up to the
last day in the sample (Unconditional, U) and up to the first exit (Conditional on Staying in the class,
CS). For unconditional observations, from upgrades (resp. downgrades), we observed 67 (133) defaults
- average duration among defaults is about 2233 (1428) days for 1691 (2020) among exits - the optimal
bandwidth counts 91 (96) days. For conditional observations, from upgrades (resp. downgrades), we
observed 16 (19) defaults - average duration among defaults is about 2955 (1012) days for 1069 (824)
among exits - the optimal bandwidth counts 66 (65) days. Notice that the total unconditional (resp.
conditional) population counts 574 (80) defaults.
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Figure 10

Non Investment Grades Default Behaviour and the Business Cycle
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(b) Survival Probabilities

Non Investment Grades default intensities and survival probabilities conditional on economic condi-
tions, up to the first exit. During expansions (resp. contraction), we observed 1058 (39) defaults -
average duration among defaults is about 1654 (1237) days for 1656 (1421) among exits - the optimal
bandwidth counts 106 (97) days.
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Figure 11

Bootstrap Differences in Conditional Hazard Rates
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(a) Expansion vs contraction on NIG firms

0 2 4 6 8 10 12 14 16 18
-4

-2

0

2

4

6

8
x 10-4

Years

D
iff

er
en

ce
s 

in
 In

te
ns

ity

(b) Upgrades vs downgrades on BB firms

Differences between two intensity curves with 95% confidence intervals. These intervals have been
computed from differences between 1000 bootstrap samples of both curves.
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