
   

Università degli Studi di Siena 

DIPARTIMENTO DI ECONOMIA POLITICA 

  
ROBERTO RENO’ 
ANTONIO ROMA 
STEPHEN SCHAEFER 
  
         
         
       
 

A Comparison of Alternative Nonparametric Estimators 
of the Short Rate Diffusion Coefficient 
 
   
 
 
 
 
  
   

 n. 445 -  Dicembre  2004 

 
 

 

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/7182643?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Abstract - In this paper we discuss the estimation of the diffusion coefficient of one-factor models 
for the short rate via non-parametric methods. We test the estimators proposed by Ait Sahalia 
(1996a), Stanton (1997) and Bandi and Phillips (2003) on Monte Carlo simulation of the Vasicek 
and CIR model  and show that all estimators, especially that proposed by Ait-Sahalia (1996a), are 
problematic for values of the mean reversion coefficient typically displayed by interest rate data. 
Moreover all estimators depend crucially on the choice of the bandwith parameter. Data analysis 
shows that the estimators lead to different estimates on the data set analyzed by Ait-Sahalia (1996a) 
and Stanton (1997); moreover we show that the two data set are inherently different. 
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í�ç.Ò�ÓwÑ�çwÖ�ÓÁÑ�çwÐ}ÎTë�çÃÓÁÍ�ç�ÎTë�Í�õ$Ñ�Í�Í�ðaÐ�Ô�ë�ÎTÔ�çÁíÄÑ�Ö�^�Ñ��Jð�ë�çI�`�U^�Õdë�Í�ÕJ�]ÎTÖ�í%Î�ódçwë�Î;�dç#ì ç�ÎJÖÄë�çÁóJçwë�Ð�Ñ�ÕJÖ �&ç#ÕdôaÔ�ÎJÑ�Ö
ë�çÁÍ�Ñ�ÎJô�Í�çSçwÐgÔ�Ñ�ì>ÎTÔ�çwÐBÕJé}Ô�îaç íaçwÖ�Ð�Ñ�Ô�õ�ÕdÖaÍ�õKé�ÕdëP� ú 5 *D��*** ÕdëBÍ�ÎJë,�JçwëL� Ê�ë�ë�ÕJë�ÐBÑ�Ö�çÁÐ�Ô�Ñ�ì>ÎTÔ�Ñ�Ö�� Ô�îaç
ì>ÎJë,�dÑ�Ö�ÎJÍ=íaçwÖ�Ð�Ñ�Ô�õ Ó�ÎJÖlî�Î�ódç½ÎSí�ë�ÎJì½Î^Ô�Ñ�Ó#ç�	/çÁÓÁÔ
ÕdÖ Ô�î�ç½çÁÐ�Ô�Ñ�ì>ÎTÔ�ç�ÕJé&Ô�î�ç Öið�ì>çÁë�ÎTÔ�ÕdëwÚ�ÎJÐ0Ñ�Í�Í�ð�Ð�Ô�ë�ÎTÔ�çwí
Ñ�Ö ^�Ñ��Jð�ë�ç½ÛaÚ�Î;��ÎTÑ�ÖUÚ'çwÐ��eçÁÓwÑÏÎTÍ�Í�õ��¢Ñ¡Ô�î<Í�Õ�� ÕdëÃÎ�ódçÁë�Î;�JçLì>çwÎJÖ<ë�çÁódçÁë�Ð�Ñ�ÕdÖ��1Hºî�Ñ�ÐÁÚ=Ñ�Ö Ô�ð�ë�Ö/Ú�Î�	eçwÓÁÔ�Ð
Ô�îaç
óTÎJë�Ñ�ÎJÖ�ÓÁç�çwÐ�Ô�Ñ�ì>ÎTÔ�çT�¢îaÑ�Ó�î$Ñ�Ð¹ódçÁë�õÀ�5ÕNÕJë¹é�ÕdëºÐ�ì>ÎJÍ�ÍeÐ�ÎJìF��Í�ç�Ð�Ñ��ÁçwÐ ý ^�Ñ��dð�ë�ç�Ù þ �Hºî�ç���ÎJëgÔ�Ñ�Ówð�Í�ÎJë�ÓwÎJÐ�ç>é�Õdë ÃXú *D�Ö* 5 � � ú 5 �Ç**;* Ú�ÎTÔ�Ô�î�çLô5ÕJÔ�Ô�Õdì#è�Í�çÁé´Ô0ÓwÕdë�Ö�çwë
ÕJé�^�Ñ��Jð�ë�çÁÐ_�NÚ ÛaÚ Ù
Ñ�Ð��&Õdë�Ô�î Ö�ÕTÔ�Ñ�ÖD����N�çwë�çJÚ'Ñ�Ö%Ô�î�ç ÓwçÁÖ�Ô�çwë0ÕJé&Ô�î�ç í�Ñ�ÐgÔ�ë�Ñ�ô�ðaÔ�Ñ�ÕdÖ/Ú/Ô�î�ç í�çÁÖ�Ð�Ñ¡Ô�õ%Ñ�Ð}ÕIódçwë�çwÐgÔ�Ñ�ì>ÎTÔ�çwí ý ^�Ñ��Jð�ë�ç%$% þ ÎTÖ�í1Ô�î�ç%Öið�ì çwë�ÎTÔ�Õdë½ð�Ö�í�çÁë�çwÐgÔ�Ñ�ì½ÎTÔ�çwí��½Hºî�çwÐ�ç Ô<�&ÕXçK	eçwÓ.Ô�Ð3ÓwÕdì
ô�Ñ�Ö�ç�Ô�Õ���ë�ÕGí�ð�ÓÁç�Ð�ð�ôaÐ�Ô�ÎTÖiÔ�ÑÏÎJÍ
ð�Ö�íaçwë�çÁÐ�Ô�Ñ�ì>ÎTÔ�Ñ�ÕdÖXÕJé�Ô�î�ç3óJÎTë�ÑÏÎTÖ�Ówç�� � Ð�õGìF�aÔ�ÕJÔ�Ñ�ÓwÎJÍ�Í¡õdÚ�Ô�î�ç$çwÐgÔ�Ñ�ì½ÎTÔ�çwÐ�ÎJë�çÀ8GðaÑ�Ô�çS�dÕGÕNíXô�ðNÔ�Ú&é�ÕJë#Í�Õ��
ì ç�ÎJÖ�ë�çÁódçÁë�Ð�Ñ�ÕdÖ ý�ÃSú *D�Ö* 5 þ ÚUÕJÖ�Í�õ$é�Õdë¥óTÎJÍ�ð�çwÐ�ÕJéQ� Í�ÎJë,�dçÁë�Ô�î�ÎJÖ ÎJë�ÕJð�Ö�íX5 **`�Ç*** �}æ�Ö%ÓwÕJÖiÔ�ë�ÎJÐgÔ�ÚUé�Õdë
î�Ñ
�dî ì ç�ÎJÖ ë�çÁóJçwë�Ð�Ñ�ÕJÖUÚ¼�¢î�Ñ�Ó�îjð�Öaé�ÕdëgÔ�ð�Ö�Î^Ô�çwÍ¡õ Ñ�Ð0Ö�ÕJÔ#Î3é�ç�ÎTÔ�ð�ë�ç½ÕJé¹Ô�îaç½í�ÎTÔ�ÎaÚ¼�&çLÕdôaÔ�ÎJÑ�Ölë�çwÎJÐ�ÕdÖ�ÎJô�Í�ç
çwÐgÔ�Ñ�ì½ÎTÔ�çwÐºÕJé'Ô�îaç0íaçwÖ�Ð�Ñ�Ô�õdÚÂÖið�ì çwë�ÎTÔ�Õdë¢ÎTÖ�í$óTÎJë�ÑÏÎJÖaÓwç�çÁóJçwÖSÑ�Ö3Ð�ì>ÎJÍ�ÍeÐ�ÎJìF��Í�çwÐL�

^�Ñ
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^�Ñ
�dð�ë�çSÛa×�Z�ÕdÖNèB��ÎJë�ÎTì>ç.Ô�ë�Ñ�Ó3çwÐ�Ô�Ñ�ì>ÎTÔ�çÁÐ>ÕTé�Ô�î�çSÖGðaì>çÁë�ÎTÔ�Õdë>Ñ�Ö Ô�î�ç � Ñ�Ô�è7?aÎJî�ÎTÍ�ÑÏÎ�çÁÐ�Ô�Ñ�ì>ÎTÔ�Õdë ý í�ÎJÐ�î�çÁí
Í�Ñ�Ö�ç þ ÚiÕdÖBÎ�Ð�Ñ�Ö��JÍ�ç�Ð�Ñ�ì
ð�ÍÏÎTÔ�Ñ�ÕdÖ�ÕJé/Ô�î�ç�-RÎJÐ�Ñ�Ówçwö�ì ÕNíaçwÍ ý Ø *dþ ÕJé�Í�çwÖ��TÔ�îS� ÚNé�ÕdëRí�Ñ=	/çÁë�çwÖ�Ô&óJÎTÍ�ð�çÁÐ&ÕJéT� ÚaÎTÐ
í�Ñ�Ð,��Í�ÎIõJçwíUÚÚ�¢Ñ�Ô�î Åjú 4 � Û��LÚ � ú *D� ØJÚ�� ú Ø �* @>ÎJÖ�í�í�Ñ=	/çÁë�çÁÖiÔ¥Í�ç.ódçwÍ�Ð�ÕTé-ì>çwÎJÖÄë�çÁódçÁë�Ð�Ñ�ÕdÖU× Ã3ú 5 ý Ô�Õ;�
ë�Õ�� þ Ú Ã�úÄ*D� 5 ý ÓÁçwÖ�Ô�ë�ÎJÍUë�Õ�� þ ÎTÖ�í Ã>ú *D�* 5 ý ô5ÕJÔ�Ô�Õdì ë�Õ�� þ �[^�Õdë&ÓwÕdìF��ÎJë�Ñ�Ð�ÕdÖUÚiÔ�î�ç�Ô�ë�ð�ç�Öið�ì çwë�ÎTÔ�ÕJëEÑ�Ð
Ð�îaÕJ�¢Ö ý Ð�ÕdÍ�Ñ�íBÍ�Ñ�Öaç þ �
oqp�U V ¶ µ=WXW'º`µ[¶ ´�W7v½´Tx�wP´IvjxD·�¸QvjºNlç0ÖaÕJ� Ô�ðaë�Ö3Ô�Õ#ÓwÕJì'��ðNÔ�ç�Ô�î�ç�Ð�ì½ÎTÍ�Í/Ð�ÎJìF��Í�çT�aë�Õ�5çwëgÔ�Ñ�çÁÐºÕJé'Ô�î�ç}çwÐgÔ�Ñ�ì½ÎTÔ�ÕdëL�hHºî�ç}Ó�î�ÎJëgÔ�Ð�Ñ�ÖÀ^�Ñ
�dð�ë�ç�5�&çwë�çºÓÁÕdìF��ðaÔ�çÁí#ð�Ð�Ñ�Ö��ÃØdÚ *** ë�çL�aÍ�Ñ�ÓwÎTÔ�Ñ�ÕdÖ�Ð'ÕJéÂÐ�ÎTì'��Í�çwÐh��ÎTÔ�îaÐ¼�¢Ñ�Ô�îY� ú @ �Ç**;* �MN�çwë�çºÎJÖ�íÃÔ�î�ë�ÕdðD�dî�ÕdðaÔ
ÎJÍ�Í'Ô�î�ç_��Î;�5çwëÁÚ��Eç#í�ë�Î3� Ô�î�ç#Ð�Ô�ÎJë�Ô�Ñ�Ö��\�5ÕdÑ�ÖiÔ¥é�Õdë�ç�ÎTÓ�î Ð�ÎJìF��Í�ç]��ÎTÔ�î�é�ë�Õdì8Ô�î�ç ý Ô�ë�ð�ç þ ð�Ö�ÓÁÕdÖ�í�Ñ¡Ô�Ñ�ÕJÖ�ÎJÍ
í�Ñ�Ð�Ô�ë�Ñ�ô�ðNÔ�Ñ�ÕJÖ��\Hºî�çLÓ�î�ÎJë�Ô�Ð
Ñ�Ö Ô�î�ç Ò�ë�ÐgÔÃÓÁÕdÍ�ð�ì Ö ÕTé¢^�Ñ��Jð�ë�ç'5$Ð�î�Õ�� Ô�î�ç>ì>çwÎJÖlóTÎJÍ�ð�ç>ÕTé>�� Ú�Ô�Õ�dç.Ô�î�çÁë�¢Ñ�Ô�îBÔ�î�çI5,� ÎTÖ�í1�5,� ÓwÕJÖaÒ�í�çÁÖ�Ówç0Í�Ñ�ì>Ñ¡Ô�ÐwÚié�Õdë¹óTÎJÍ�ð�çwÐ¢ÕJé Ã ÕTé¦5 �*Sý Ò�ë�Ð�Ô�ë�Õ�� þ Ú *`� 5 ý Ð�çwÓwÕJÖ�íSë�Õ�� þ ÎJÖaí*D�* 5 ý Ô�î�Ñ�ë�íBë�Õ�� þ ��æ�Ö3Ô�î�ç¥Ò�ë�Ð�Ô¢ÓÁÕdÍ�ð�ì ÖUÚiÔ�î�ç�çÁÐ�Ô�Ñ�ì>ÎTÔ�ÕdëRÑ�ÐEÓwÕdìF��ðaÔ�çwíBð�Ð�Ñ�Ö��ÃÔ�î�çYZ\[�]_^�óTÎJÍ�ðaçwÐ¹ÕJé Ã ÎJÖaíÅ�ý ÎJÐ¹Ô�î�ç�Ô�î�çwÕJë�õLë�çL8ið�Ñ�ë�çwÐ þ ��^�ÕdëEÔ�î�ç�Ó�î�ÎJëgÔ�ÐºÑ�ÖLÔ�î�ç�Ð�çÁÓwÕdÖaíSÓÁÕdÍ�ð�ì Ö\�&ç�ð�Ð�ç�Ô�îaç�Ô�ë�ðaç�óJÎTÍ�ð�ç�ÕTé Ã ÎJÖaí
ÎJÖ�çÁÐ�Ô�Ñ�ì>ÎTÔ�çÁíÄóTÎJÍ�ð�ç�ÕJéQ`���^�Õdë¢Ô�î�ç
Ô�î�Ñ�ë�í�ÓwÕJÍ�ð�ì ÖUÚ5ôeÕJÔ�î�çwÐgÔ�Ñ�ì½ÎTÔ�çwíÄóTÎJÍ�ð�çwÐ�ÕJé-ô5ÕJÔ�îO��ÎJë�ÎJì çÁÔ�çwë�Ð�ÎJë�ç
ð�Ð�çwí��?NÕdì ç#ÕJéRÔ�î�ç�ë�çÁÐ�ð�Í¡Ô�Ð0ÎJë�ç#Ð�Ô�ë�Ñ�öiÑ�ÖD���_^�Õdë�ë�çwÍÏÎ^Ô�Ñ�óJçwÍ¡õ Ã�ú 5 �* Ô�î�ç_�5çwë�é�ÕJë�ì>ÎJÖ�Ówç#ÕTé&Ô�î�ç�çwÐ�Ô�Ñ�ì>ÎTÔ�ÕJëwÚ
çÁóJçwÖ.�¢Ñ�Ô�îa� ÎJÐ�ñ�Í�ÕJ�¢ò�ÎJÐ»@ ��*** ÚIÑ�Ð»8ið�Ñ¡Ô�ç¦�dÕGÕGí�ÎTÖ�íUÚ^Ñ�Ö�Ô�çÁë�çwÐgÔ�Ñ�Ö���ÚIÔ�î�ç[�5çwëgé�Õdë�ì>ÎJÖ�ÓÁç-ÎJÓÁÔ�ð�ÎJÍ�Í¡õ�Ñ�ì'��ë�ÕIódçwÐ�¢î�çÁÖjçwÐ�Ô�Ñ�ì>ÎTÔ�çÁí óTÎJÍ�ð�çwÐ�ÕJé Ã ÎJÖ�í Å ÎJë�ç ð�Ð�çwí<Ñ�Ö ��Í�ÎJÓwç ÕJé¹Ô�î�ç>Ô�ë�ð�ç óJÎTÍ�ð�çÁÐL�ÀHºî�ç½Ñ�ì'�aë�ÕIódçÁì>çÁÖiÔ�Ñ�Ð��ÎJëgÔ�Ñ�Ówð�Í�ÎJë�Í¡õ�ì>ÎJë�öJçwíY�¢î�çÁÖ>Ô�îaç¹Ô�ë�ðaç¢óTÎJÍ�ð�çºÕJé Å Ñ�Ð�ë�çL��Í�ÎJÓwçÁí>ô�õ#Ñ¡Ô3V Ð�çwÐ�Ô�Ñ�ì>ÎTÔ�ç¢ÎTÖ�í#Ô�î�ç¢ë�çwÎJÐ�ÕJÖ é�Õdë=Ô�î�Ñ�Ð
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Ñ�Ð=Ô�î�ÎTÔwÚ�ôiõÃð�Ð�Ñ�Ö���Ô�î�ç¢çwÐgÔ�Ñ�ì½ÎTÔ�çwíÃóTÎJÍ�ð�ç¹Ô�î�ç¢ì ç�ÎJÖ�ÕJéÂÔ�î�ç¢ð�Ö�ÓwÕJÖ�í�Ñ�Ô�Ñ�ÕdÖ�ÎJÍaí�Ñ�Ð�Ô�ë�Ñ�ôaðaÔ�Ñ�ÕdÖ�ÎJÖ�í#Ô�îaç�Ð�ÎJìF��Í�ç
ì ç�ÎJÖ�ÓwÕJÑ�Ö�ÓÁÑ�í�ç¢ÎJÖaí�Ô�î�ç¢Öið�ì>çÁë�ÎTÔ�Õdë-ÎJÖ�í í�çÁÖ�Õdì Ñ�Ö�ÎTÔ�Õdë=ÕJé5Ô�îaç�çÁÐ�Ô�Ñ�ì>ÎTÔ�Õdë�ôeçÁÓwÕdì çºì>ÕJë�ç ñ�ÓÁÕdÖ�Ð�Ñ�Ð�Ô�çwÖ�Ô�ò��^�Õdë Ã ú *D� 5lÎTÖ�í *D�* 5NÚ¹îaÕJ�&çÁóJçwëÁÚ�Ô�îaç1�5çwë�é�ÕJë�ì>ÎJÖ�Ówç$ÕJé�Ô�î�çÄçÁÐ�Ô�Ñ�ì½Î^Ô�Õdë�Ñ�Ð'8ið�Ñ�Ô�çÈ�5ÕNÕJë>ç.ódçwÖ �¢î�çÁÖ
çwÐgÔ�Ñ�ì½ÎTÔ�çwí óJÎTÍ�ð�çÁÐ¹ÕJé Ã ÎTÖ�í Å ÎTë�ç¥ðaÐ�çwíG�Ræ�Ö���ÎJë�Ô�Ñ�ÓwðaÍÏÎJëÁÚié�ÕJë&Í�ÎJë,�dç¢óTÎJÍ�ðaçwÐEÕTé ø Ô�î�ç¥ì ç�ÎJÖ½Ñ�ÐRÑ�Ö�ÓÁë�ç�ÎTÐ�Ñ�ÖD�
Ñ�Ö ø ç.ódçÁÖSÔ�îaÕdð��dî3Ô�î�ç�Ô�ë�ð�ç�óTÎJÍ�ðaç�ÕJé ø Ñ�ÖBÔ�î�Ñ�ÐºÓ�ÎJÐ�ç�Ñ�ÐwÚ�ÕTé�ÓÁÕdð�ë�Ð�çJÚÂÓwÕJÖ�Ð�Ô�ÎJÖ�Ô3�
oqpcb sutTv ¹ÚtTwP¸7¹Þv wA¾\·�tTvedTµ[³T¿gf ¸<·�t�´Tµ¦x�µ[¶dv�·�vjxih� Ówë�Ñ�Ô�Ñ�Ó�ÎJÍ&Ñ�Ð�Ð�ð�ç$Ñ�ÖKÎJÖ�õjÖ�ÕJÖ���ÎJë�ÎJì>ç.Ô�ë�Ñ�ÓBÐ�Ô�ð�íaõXÑ�ÐÃÔ�î�ç3Ó�î�ÕdÑ�Ówç3ÕJé�Ô�î�ç$ô�ÎJÖaíD�¢Ñ�Ô�î���ÎJë�ÎJì çÁÔ�çwë'�ÀÎJÖaí
Ô�îaç
Í�Ñ¡Ô�çÁë�ÎTÔ�ð�ë�ç���ë�ÕIóNÑ�í�çwÐ�Ö�Õ'�¢Ñ�í�çwÍ¡õ$ÎJÓwÓÁçL�aÔ�çwí�ë�çwÓwÑ
�eç}é�ÕdëºÔ�îaÑ�Ð�Ó�î�ÕdÑ�ÓÁç;�¢æ�ÖSÔ�î�Ñ�Ð�Ð�çÁÓÁÔ�Ñ�ÕdÖUÚ)�&ç
Ð�Ô�ð�íaõ3Ô�îaç
í�çK�eçÁÖ�í�çwÖaÓwç
ÕTé�Ô�î�ç � Ñ�ÔgèQ?aÎTî�ÎJÍ�Ñ�Î�çÁÐ�Ô�Ñ�ì½Î^Ô�Õdë¹ÕJÖO���^�Ñ��Jð�ë�çÁÐI@$ÎJÖ�íu/3Ð�î�Õ�� Ô�î�ç>ë�çwÐ�ð�Í�Ô�Ð�ÕTé¹Ð�Ñ�ìÃð�Í�ÎTÔ�Ñ�ÕdÖ�Ð�ÕJé&Ô�î�çY-RÎJÐ�Ñ�ÓwçÁö�ì>ÕGí�çwÍ�Ð��¢Ñ�Ô�î%Ô�îaç½Ð�ÎTì>çY��Î^è
ë�ÎTì>ç.Ô�çwë�Ð�ÎJÐ�Ñ�Ö ^�Ñ��dðaë�ç_5GÚUô�ðaÔ��¢Ñ¡Ô�îX� ú ÛBÎJÖ�íX� ú 5½ë�çÁÐ,�5çwÓ.Ô�Ñ�óJçwÍ¡õ�IHºîaçwë�ç�ÎTë�çÃÔ<�&Õ$ì>ÎJÑ�Ö�ë�çwÎJÐ�ÕdÖaÐ
é�Õdë¢ÓwÕJÖ�Ð�Ñ�í�çwë�Ñ�Ö��>Î îaÑ��dî�çÁë�óTÎJÍ�ð�ç}ÕJé[���P^�Ñ�ë�Ð�Ô�Ú�Ñ¡Ô¢�¢Ñ�Í�Í/Í�ç�ÎTí$Ô�ÕLÎ�Ð�ì ÕNÕJÔ�î�çwë¢çÁÐ�Ô�Ñ�ì½Î^Ô�ç}ÕJé�Ô�î�ç0í�çwÖ�Ð�Ñ�Ô�õ3Ñ�Ö
Ô�îaç0Ô�ÎJÑ�Í�ÐºÕJé�Ô�î�ç�íaÑ�Ð�Ô�ë�Ñ�ô�ðaÔ�Ñ�ÕdÖ��¢î�çwë�ç�é�ç��EçÁë¥Õdô�Ð�çwëgóJÎ^Ô�Ñ�ÕJÖ�Ð¥ÎTë�ç0Î�óJÎTÑ�ÍÏÎTô�Í�ç��P?GçwÓwÕJÖ�íUÚ��&ç�ÎJì>çÁÍ�Ñ�Õdë�ÎTÔ�ç¥Ô�îaç��ë�Õdô�Í�çÁì7ÕJéRð�Öaí�çwë�çwÐ�Ô�Ñ�ì>ÎTÔ�Ñ�Ö�� �� �¢î�çÁÖu���¥Ñ�Ð�Ð�çÁÍ�çwÓ.Ô�çÁí ÎJÐ�Ñ�Ö�çL8ið�ÎTÔ�Ñ�ÕdÖ ý / þK Ð�Ñ�Ö�Ówç]�&ç�öiÖ�Õ�� Ô�î�ÎTÔ�Ô�îaç
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