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Abstract

We analyze a model of irreversible investment with two sources of uncertainty. A risk-
neutral decision maker has the choice between two mutually exclusive projects under input
price and output price uncertainty. We propose a complete study of the shape of the rational
investment region and we prove that it is never optimal to invest when the alternative invest-
ments generate the same payoff independently of its size. A key feature of this bidimensional
degree of uncertainty is thus that the payoff generated by each project is not a sufficient
statistic to make a rational investment. In this context, our analysis provides a new motive
for waiting to invest: the benefits associated with the dominance of one project over the
other. As an illustration, we apply our methodology to power generation under uncertainty.

Keywords: investment under uncertainty, technology choice, optimal stopping, real options.

1 Introduction

How does uncertainty affect technology choice by a firm or a public authority? Since the early
works on the option value by Arrow and Fisher [2] and Henry [14], it has become common
knowledge that under uncertainty, it is not optimal to invest as soon as the net present value
generated by a project is positive. Indeed the option to wait in order to gather some information
on the evolution of the uncertain state variable has to be taken into account. Therefore, the
presence of uncertainty tends to delay investment. Recently, the question of the technology
choice has been addressed and it has been proved that having the choice between several tech-
nologies to undertake an investment creates an other source of delay: indeed, the investor wants
the two technologies to generate sufficiently different expected payoffs in order not to invest
in the technology that turns out to be the less favorable. This is the theoretical result proved
by Décamps et al. [6] who analyze the choice an investor faces in presence of one uncertainty
source on the output price. They find that as well when the expected profits of each project are
too low as when they are equal (around the “indifference point”), waiting is optimal as Figure
1 illustrates. If the initial price had been lower, the investor would have invested in the low

return project, and had it been higher, he would have invested in the high return project. But
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in this intermediate region, more information is needed to know in which direction the price
will evolve and to be sure of the decision that will be taken. Dias [7] and Dias et al. [8] find a
similar result, but they focus on the case of the petroleum industry and use simulation methods
to motivate their results. They analyze the case where three projects are available and show
numerically that there exist two inaction regions around the two indifference points. However,
in these different works, if at the beginning of the analysis the output price is low (lower than
p} in Figure 1), investment will be triggered when the output price crosses the threshold defined
by Arrow and Fisher [2] and Henry [14], pj in Figure 1, and the inaction region does not play a
role.

In our article, we propose a deeper analysis of the problem as far as we consider two un-
certainty sources. Two technologies, technology N and technology G, produce the same output
whose price is random. Technology G is moreover subject to a second uncertainty source: in-
put price uncertainty. This setting applies to a public utility who has the choice between two
technologies to produce electricity sold at an uncertain price: either a nuclear power plant char-
acterized by high sunk costs or a gas power plant that is more flexible but also subject to the
uncertain cost of gas. This is also the kind of questions that any petroleum industry faces before
it decides which field to exploit (as suggested by Dias [7] and Dias et al. [8]). Indeed, fields may
present different features: gas may be necessary to extract petroleum or to carry it. In Alberta,
for instance, petroleum extraction from bituminous sand is costly also from an environmental
viewpoint. These additional costs should be taken into account.

In our setting, as in the one-dimensional case, we prove the existence of inaction regions
when the two projects generate similar net expected present value. However, contrary to the
existing literature, we prove that for some parameters’ values there exists a path for the two state
variables (input and output prices) such that no investment is optimal, whereas an investment
could have been optimal in case the two technologies had been considered separately. One of the
major features of bidimensional investment problems like ours is that the investment value is
no longer a sufficient statistic to undertake optimally the project. Indeed, as we show, for some
parameters’ values, it may be optimal not to invest in any project even if their expected profit
tends to infinity. Moreover, we also prove that it is never optimal to invest when the two projects
generate the same expected payoff whatever size it has. This fact makes unexpected an explicit
computation of the optimal time to invest and that is the main reason why the bidimensional
investment models received little attention in the literature. Indeed, the introduction of input
price uncertainty in addition to the usual output price uncertainty makes the problem quite more
complex from a mathematical viewpoint. However, the presence of the two uncertainty sources
reinforces the applicability of our model. We also show that contrary to the one-dimensional
case, even if the state variables are low at the beginning, the optimal timing may be quite
different than in the case without choice. This issue on technology choice under uncertainty had
first been addressed by Dixit [10] but he did the implicit assumption that the date at which the

technology is chosen does not coincide with the date at which investment is triggered. Décamps



et al. [6] propose a different analysis by assuming that as long as no investment has been
undertaken, the choice still exists: the two dates are thus the same. This is the approach we

also chose.

This work comes within the scope of the literature on investment under uncertainty that
has developed very quickly since the early works by Arrow and Fisher [2] or by Henry [14] who
show that investment under uncertainty creates what is commonly called a time value. The
existence of such an option value requires three features: ¢) the investment problem has to be
dynamic insofar as waiting allows to learn more on the state variables; i7) there must be some
uncertainty concerning the cash flow that will be generated in the future; ii:) the investment
decision has to be irreversible. McDonald and Siegel [19] were the first to give an expression to
the option value. Moreover they showed that when the underlying value of the investment project
evolves as a geometric Brownian motion, the optimal strategy is usually a trigger strategy, that
is, invest as soon as the investment value is greater than a threshold that can sometimes be
explicitly computed using standard smooth-fit techniques (see Dixit and Pindyck [8]). Many
authors extended the original model in different directions. Dixit [9], Kandel and Pearson [16]
and Aguerrevere [1] studied how such an approach could be used by a firm to choose both
an optimal capacity and an optimal timing. Other authors rather concentrated on a strategic
viewpoint by considering not a monopolist but many firms and they tried to characterize the
competitive equilibrium. Leahy [17] showed that “the interaction of competition does not affect
the timing of irreversible investment decisions at all”.

Our results are also related to the literature concerning American options on multiple assets.
Broadie and Detemple [5] and Villeneuve [24] studied the exercise regions of such American
options (they mostly focused on convex payoff options) and both showed that exercise regions
may exhibit interesting shapes. In particular, in the case of an option on the maximum between
two assets, when the underlying assets are equal, it is not optimal to invest in one of them even if
the payoff process tends to infinity, but it is optimal to wait in order to collect information about
the evolution of the state variables. However we do not consider an option on the maximum
of two different assets, but on the maximum of two different linear combinations of assets and
this approach is new. This allows to introduce correlation in the two alternative projects. Last
Geltner et al. [12] considered an investor who has the choice to invest in a land but for two
different uses: if the first use is chosen, the value of the land follows a geometric Brownian
motion, but if the second use is chosen, the value is a different state variable that also follows a
geometric Brownian motion. The construction cost is assumed to be fixed and to be the same in
the two cases. The investor chooses the use that yields the highest payoff. Geltner et al. studied
the exercise region in this bidimensional setting and found that it can be decomposed into two
symmetric disjoint regions (one for each use). When the value of each use generates the same

profit, the investor prefers to wait than to invest in one of the two.



As already explained above, this paper focuses on a bidimensional setting. But in contrast
to Geltner et al. [12], the output process is the same for both projects and the second source of
uncertainty comes from the input price. In our setting, we prove the existence of an “inaction
region”. When both projects have the same value or very similar values, it is optimal to wait
rather than to invest in one of the two. In this bidimensional setting, the investment value is
not a sufficient statistic to take a decision. Indeed, we prove that the investor might decide not
to invest in any project even if each payoff tends to infinity. The shape of the exercise regions
is quite different depending on the ranking of the output flow of project N, Gy, relative to the
output flow of project G, Ba. The investment decision thus not only depends on the level of the
state variable but also on the output flow. It is interesting to note that if each project had been
evaluated separately, exercise regions would have been quite different. Indeed we prove that the
introduction of the choice modifies the exercise regions of each project taken separately: it can be
optimal to delay investment whereas without this choice immediate investment would have been
optimal. We thus introduce the concept of choice value between the two alternative projects. It
is straightforward to extend these results to the case of n mutually exclusive projects.

Once the theoretical results have been presented, we turn to an application of our model
to power generation under uncertainty. We assume technology N produces electricity from a
nuclear power plant whereas technology G produces electricity from gas. Applying our results
to this example, we find that the investment decision not only depends on the values taken by
the state variables but also on the cash-flow generated by each technology (Gx or Sg). These

coefficients are function of the construction time and the lifetime of each technology.
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Figure 1: Investment strategies in Décamps et al. [6]

The next section of this paper describes the model and gives the first properties of the
value function. In section 3, exercise regions are described for the different possible ranking

of the output flows and their different properties are carefully stated. Section 4 is devoted to



the illustration of the theoretical model with power generation under uncertainty. Section 5

concludes.

2 The model

This is a model of choice between two technologies, technology N and technology G, both
producing the same output whose price is uncertain by different means. Technology G has a
stochastic input. Time is continuous and labeled by t > 0. A single risk-neutral investor can
engage in one of these two projects. To give a rigorous formulation to our model, we start with a
probability space (€, F,P) equipped with a filtration (F;),-, representing the information avail-
able at time . We consider a bidimensional F;-Brownian _motion (th, WE). The output price
P = {P;;t > 0} is a geometric Brownian motion with drift » — dp, strictly positive convenience
yield dp and volatility op:

d]f,? = (r — 6p) dt + opdW}. (1)
Let P} be the solution of (1) starting from P} = p. The input price X = {X;;¢ > 0} is also a

geometric Brownian motion with drift »—Jx, strictly positive convenience yield é x and volatility

ox:

dXi

T = (= ox)di+ox (pdWE /T ) @
t

Let X7 be the solution of (2) starting from X§ = z. The correlation between P; and X; equals
pt. The instantaneous cash-flow generated by each project equals 3;P;,i = N,G. We refer to
0B; as the output flow or as the price sensibility of technology i. For a sake of completeness, we
study the three different cases: Oy > Bg, Onv < B¢ and Oy = Bg. The sunk cost of project
N, Iy, is greater than the sunk cost of project G, In. The second project is the only one to

generate a strictly positive variable cost voX;. The net expected profits are thus equal to
Uy (p) = Bnp — Iy for technology N and, (3)

Ve (p,x) = Bap — vax — Ig for technology G. (4)

Let 7 be the set of all stopping times adapted to F;. Because the investor has the opportunity to
choose between the two projects, he shall invest in the project with the highest payoff. The value
function associated to this investment problem can thus be formulated as an optimal stopping
time problem

V (p.2) = supE [e max (U (PY) e (P X7))]. (5)

that is defined for p > 0 and > 0. The way the problem is stated implies that until no decision
has been taken, the investor is still free to choose one or the other technology. Note that the
problem involving

Vi (. 2) = o (sup’E e~ (PP)] sup e (P2 X2)] )
TeT TeT



illustrates a completely different setting. Indeed, Vins represents the value function a decision
maker faces when he has the choice between two technologies but the choice has to be imme-
diately done. Given the choice he is committed to, he then determines the optimal timing.
V' > Ving: in the first case, the technology choice is only done at the date at which investment
is triggered, whereas it is immediately done in the second case. There is thus a choice value in
the first case leading to a greater value function.

We define the investment region as

T ={(p,2) € RL|V (p,2) = max (¥n (p), V¢ (p,2))} . (6)

The investment region is the set where the decision maker can invest optimally. Since the func-
tion (p,z) — max (¥ (PF), V¢ (PP, X)) is continuous and since e~ (U (PF), ¥ (PP, X7))
converges to 0 as t T 400, Theorem 10.1.9 by Oksendal [20] gives that 77, defined by 77 =
inf{t > 0| (P, X;) € Z}, is an optimal stopping time. Analytically, this means that if (p,z) € Z

V(p.x) =E[e" (Uy (PP)  Ug (PP, X2))]. (7)

TI?

We also define the indifference line as

D= {(p,z) €RL|¥n (p) = Vg (p,x)}. (8)

For a vector (p,z) of output/input values that belongs to D, the two alternative technologies
deliver the same payoff and a decision maker who would be forced to immediately invest would

be indifferent between the two projects. If (p,z) € D then the following relation holds

Bnp — IN = Bep — e — L,
or written in a different way

{p_gNigG<IN_IG’_’YGx) if By # Ba,

_ In—Ig : _
T = if By = Ba-

Iy — 1

NG that corresponds to the output value for which the payoff
N — PG

of the two projects are the same when the input price is zero. We start our analysis with a

We denote p the ratio

proposition that summarizes the most intuitive properties of the value function V. To clarify

the presentation of our results, all proofs have been relegated to the Appendix.
Proposition 1 The following properties on the value function V hold:

1.V (p,x) € RE,V (p,x) < +o0,

2. p— V (p,x) is an increasing function,

3. x+— V (p,x) is a decreasing function,

4. (p,x) — V (p,x) is a convex function.



When the value of the output price increases, the investment opportunity becomes more
valuable since the promised payoffs are higher. Furthermore, when the input price increases,
the opportunity to invest becomes less valuable since technology G induces a higher production
cost. Concerning the convexity result 4, the decision maker is ready to accept risky bets on the

initial values for the output and input prices simultaneously.

3 Shape and properties of the investment region

We analyze in this section the properties of the investment region Z. We first try to elicit
information from the one-dimensional setting. In the standard real option framework, an increase
in the output price does not change the decision to invest when it has already crossed the
investment threshold. Indeed, if P; lies in the investment region, then it is also true for AP, for
any A > 1. By analogy, it seems reasonable to claim that if (P, X;) lies in Z, so lie (AP;, X;) and
(Pt, %Xt). It seems also reasonable to claim that investment is optimal as soon as the payoff is
sufficiently large. We will see that these two conjectures turn out to be false.

In order to describe the investment region 7, let us remind the investment thresholds corre-
sponding to the two competitive projects taken separately.! If we only focus on an investment
in technology N, we consider

Vv (p) = flelgE (e (BrPr — In)] - (9)

The investment threshold corresponding to this project is equal to
(10)
where 3 is the positive root of the usual characteristic equation 1/20%3 (8 — 1)+ (r — dp) f—r =

0 (see Dixit and Pindyck [11]).2 Similarly, if we only focus on an investment in technology G,

we consider

Ve (p,2) = suwpE [e7 (Ba P! — 76 X7 — Ia)] . (11)
In the special case where x = 0, we obtain
Ve (p) = sugIE [6_” (BaPr — I(;)] , (12)
TE

and the investment threshold that triggers investment is equal to

RS (<]
T B-10c

According to Loubergé et al. [18], the investment region corresponding to the general case

(13)

(x > 0) takes the following form

Ia {(z,p) Vg (p, ) = Bap — vax — Ig},

= {@p)lp=Crz+pg}.

!These results can be found in Dixit and Pindyck, chapter V [11].
2This quadratic equation comes from the second order equation satisfied by Vy, %U%PZVI({ (P) +
(7" — 5P) PVI([ (P) —rVn (P) =0.




A more involved problem we can focus on is the special case of our bidimensional problem when
the input price is zero. In this case, the value function becomes

V(p) = sugE [e™"" max (BN Pr — In, B Pr — Ic)] - (14)
TE

This problem has been deeply studied by Décamps et al. [6]. Under the assumption that p} < p,
they find that there exist two thresholds p; and po such that for every p € [pf, p1], it is optimal
to invest in technology G, and that Vp € |pa, 400}, it is optimal to invest in technology N. But
for p € |p1,p2[, it is not optimal to invest neither in technology N nor in technology G. They
call the interval (p1,p2) the “inaction region” (see Figure 1).

Before giving further results in our setting, let us put some restrictions on the parameters’

values. From now on, we assume that
Assumption 1 py < p.

Assumption 1 means that there exists an inaction region in the one-dimensional setting (see

, . 8 . ~ I In—1I,
Décamps et al. [6] p.431). Since 5 > 1, then 71 > L Therefore, if py < p, then P < =L,
implying that p;, < pj. When the input price equals zero, another result allows to rank the

different thresholds.
Proposition 2 A lower bound for the threshold ps exists and is given by
B -
> —0D.
D2 53— 1]7
We are now in a position to prove the existence of a similar inaction region in the bidimen-

sional setting.

Theorem 1 The indifference line D never belongs to the investment region. Analytically,
V (p,x) > Bnp — In for all (p,z) € D.

This result extends the one-dimensional result obtained by Décamps et al. [6]. The investor’s
preference to wait in order to collect more information about the dominance of one project over
the other before investing creates an inaction region. In a two-dimension space, the interpretation
is the same. When the variables are on the indifference line, the investor prefers to wait in
order to collect more information about the dominance of one project over the other. If the
initial output price decreases, the investor may optimally content to invest in the low return
technology rather than wait with the hope to reach the set of optimal investment in the high
return technology. On the contrary, if the output price increases relative to the input price,
the investor has more chances to invest in the technology with the highest return. In fact, this
kind of result has already been obtained by Broadie and Detemple [5] or Villeneuve [24] in the
case of financial options. They show indeed that with an American option on the maximum of

two assets, it is never optimal to exercise the option when the prices of underlying assets are



equal. Our setting is close to this one, except that in our case, the underlying assets are more
complicated since we have linear combinations of state variables. According to this result, we
now have a more precise idea of the shape of the investment region. It can be decomposed into
two disjoint sets Z = Iy |JZg. Zn is the investment region in which it is optimal to invest in
technology N and Zg the one in which it is optimal to invest in technology G. Zn and Zg are
defined by

In ={(p,z) ERL|V (p,z) = Bxp — In} and, (15)
Ic = {(p,z) eRL|V (p,z) = Bap — oz — I} - (16)

We focus on the shape of the investment regions and we give some general properties.

Proposition 3 Let (po,zg) € Ri. The following properties hold
1. If (po, o) € Zg, then Va < xq, (po,x) € Zg,
2. If (po, o) € Iy, then Yz > xq, (po,x) € In,
3. If By > Ba and if (po,x0) € In, then ¥p > po, (p,xo) € I,

4. If Ba > Bn and if (po,x0) € L, then ¥p > po, (p,z0) € Zg.

Result 1 states that if it is optimal to invest in technology G, it will remain so if the input
price decreases. Indeed, its expected profit increases whereas the expected profit generated by
technology N remains constant. On the contrary, when investment in technology N is optimal,
it remains so if the input price increases (Result 2). Such an increase indeed has no effect on
the expected payoff generated by technology N and at the same time it makes technology G
less competitive. In the case where the price sensibility of technology N is higher than the one
of technology G, if it is already optimal to invest in technology N for a given level of output
price, it is all the more optimal to invest in technology N with a higher output price and hence
a higher profit (Result 3). Result 4 tells the same story in the case where the price sensibility
of technology N is lower than the one of technology G.

This proposition gives a first idea of the shape of the investment regions. But a more precise
study requires a separation of the different cases depending on the ranking of the output flows.
Before going further, we present the graphs of the two investment regions in the three cases
BN > Ba, Ba > By and By = S

We begin with a careful examination of the case By > (Bg. As the remaining two cases will

exhibit similar properties, developments will be shorter.

3.1 The output flow of technology N is higher than the output flow of tech-
nology G: Oy > (q

In this paragraph, we describe the exercise region that corresponds to the investor’s problem

when the output flow generated by technology N is greater than that generated by technology
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G. First, we study the investment region for which it is optimal to invest in technology N, Zy.

Let us define
Piy (z) =inf{p € Ry|(z,p) € Iy}, (17)

which is the minimal level of output price for which it is optimal to invest in technology N given

that the input price equals . Next proposition gives the main features of this function Pl*? N-

Proposition 4 (MacDonald and Siegel [19] or Dizit and Pindyck [11])

Function Py exhibits the following properties:
1.z Py (x) is a decreasing function,
2. x— Py () is a convex function,
8. Py (0)=p2,
4. lim Py (z) =py.

Proposition 4 describes the shape of the investment region Zy. Result 1 states that when the
input price increases, the threshold value of the output price for which it is optimal to invest in
technology N decreases. Indeed, when the input price increases, the expected payoff generated
by technology G decreases whereas the expected payoff generated by technology N remains
constant. Knowing that technology G becomes less profitable, the investor chooses a threshold
value of the output price for which it is optimal to invest in technology N that is decreasing
with the input price. This effect decreases as the input price increases (Result 2): in this case,
technology G is less competitive and plays almost no role in the decision any more. Ultimately,

when the input price tends to infinity, project G totally disappears, coming back to the basic

11



setting where there is only one project. It is thus optimal to invest as soon as the output price
is greater than the usual threshold p}; (Result 4).
Concerning investment region Zg, we have to prove first that it is nonempty under Assump-

tion 1.
Proposition 5 Under Assumption 1, Zg is nonempty.
We define function

p— Xig(p) =sup{z € Ry|V (z,p) = Bap — oz — I} (18)

which has to be viewed as the maximal level of input price for which it is optimal to invest in
technology G given that the output price equals p. Its main features are summarized in the

following proposition.

Proposition 6 Function X , exhibits the following properties:
1L p—X{g (p) is a concave function,
2. X{q(pg) =0.

Concavity of function X{ ¢ implies the existence of a maximum level of input cost above
which it is never optimal to invest in technology G. As soon as the input cost increases, the
set of output prices for which it is optimal to invest in technology GG becomes smaller and tends
to disappear. Moreover, the shape of the investment region gives some counterintuitive results.
Let us imagine that the input/output prices are such that they are “just above” Z so that it is
not optimal to invest immediately. If the output price decreases and the input price increases in
such a way that they fall into Zg, it becomes optimal to invest in technology G though both the
output and the input prices decreased. In this case, the investor is indeed sure that it will be too
long and thus costly to reach Zy. He thus accepts to invest in the project with the lowest price
sensibility. When we consider the two projects simultaneously, the investment regions are quite
different from the case where each project is taken separately. The presence of the two projects
makes the investor more reluctant to invest in one of the two projects when the projects’ profits
are close and even if they are very high. He prefers to wait to obtain more information about
the dominance of one project over the other: a choice value is created. Note that contrary to
Décamps et al. [6], if at the beginning, the two state variables present low values, investment
may be triggered later than if no choice had been available.

Let us look at two extreme cases. If the two state variables P; and X; tend to 0 when ¢ tends
to +00 (what happens when r < min (dp, dx)), there exist paths such that if, at the beginning,
the state variables do not belong to any exercise region, no investment will never be undertaken
before both state variables reach the point (0,0). If only one technology had been available,

an investment may have been optimally triggered. Conversely, if the two state variables tend

12



to +o0o when ¢ tends to +oo (what happens when r > max (dp,dx)), an investment will be
triggered for sure. Let us now turn to the case where the output flow from technology G is

greater than the one of technology N.

3.2 The output flow of technology G is higher than the output flow of tech-
nology N: Bg > (On

In order to study the shape of the investment regions, we define P , () = inf {p € Ry | (z,p) € Z¢}.

To be more explicit, we have
PQ’"G () =inf{p € R4|V (x,p) = Bap — yaz — Ig}. (19)

P2*7G has to be viewed as the minimal level of output price for which it is optimal to invest in
technology G given that the input price equals z. We first focus on investment region Zg and

on the general properties of function P2*7G.

Proposition 7 Function P2*7G exhibits the following properties:

1. x — P§ - (x) is an increasing function,
2. x— P () is a conver function,
3. PQ*,G (0) — p*G'

These results are very similar to the ones obtained in Proposition 4 when By > (g. As
the input price increases, the threshold value of the output for which it is optimal to invest
in technology G increases. Indeed, for a given output price, when the input price increases,
the expected payoff generated by technology G decreases. Therefore, in order technology G to
remain the optimal choice, the optimal threshold has to increase (Result 1). Convexity of the
optimal threshold (Result 2) shows that the choice value created by the competition between the
two projects is all the more important as the input price increases. When the input price is equal
to zero, technology G dominates technology N since it has a higher payoff and a lower cost. It
is indeed as if technology N did not exist any more and it is optimal to invest in technology G
as soon as the output price exceeds the usual threshold pf (Result 3). Next proposition states
precisely the behavior of function P for large input price and confirms that the choice value
increases with the input price. In order to prepare the statement of the proposition, we need to
recall some results concerning the price of an exchange option.

Let Ce(p,x) be the price of an exchange option defined by
Ce(p,x) =supE [e_” (PP — Xf)] )

It is well known (see for instance Brodie and Detemple [5]) that the exercise region (the set

where C¢(p,x) = p — z) of the exchange option is given by the set
{(p,x) € (0,00)%; p > K"x}

where «* is a real number larger than one.

13



Proposition 8 Function PZ*,G exhibits the following property

PrA(x
lim sup Q’G( ) < e K",
T——+00 x Ba — BN
and .
N 2,G (z) YG
lim inf

e Be — BN

The limit of P2*,G is difficult to obtain. However, its asymptotic behavior can be determined.
We observe in particular that as the input price x increases, P2*7G moves away the indifference
line D. Therefore, there is an open cone on the left side of the indifference line (likely with a
very small aperture) where it is never optimal to exercise. As a consequence, for any fixed time
horizon T', there is a path with positive probability that remains inside the cone up to time 7'
Thus, it is optimal not to invest in any project even if their expected profit tends to infinity.
This feature depends crucially on the bidimensional setting. The choice value is thus unbounded
for large values of both input and output prices. Now, we focus on the other investment region

In and on function
p— X5 n (p) =inf{z € Ry|V (p,z) = Bnp — IN}, (20)
which is the minimal level of input price for which it is optimal to invest in technology V.

Proposition 9 Function X;N erhibits the following properties:
1. p— X3 N (p) is a convex function,

2. lim X3y (p) = +o0.
plpy 7

The findings concerning the investment regions are symmetric with the case Sy > Bg. Along
the indifference line and despite the fact that the profit is unbounded, it is not optimal to invest
in any project due to the choice value generated by the competition between the two projects.
Moreover, there is a minimum level of input price that makes investment in technology N
optimal. For a given input price that is very low, investment can only occur in technology G.
On the contrary, for a given input price that is high enough, investment can occur in the two
technologies depending on the level of the output price. As in the previous case, when P, and
X; tend to (0,0) (that is if » < min (d0p, dx)), there exist paths such that no investment will be
triggered even if the state variables are high at the beginning, under the condition that they do
not belong to any investment region. If only one technology had been available, an investment
might have been optimal. We study the last case where the two technologies generate exactly

the same output flow.
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3.3 The output flow of both technologies are equal: Gy = (¢

In this section, the two technologies present the same price sensibility. The indifference line is
then equal to x = IN,Y;GIG It is interesting to note that the three different cases are described by
a rotation of the indifference line. Here, we are in the extreme case where the indifference line

is vertical. As in the first two cases, we define
Py (z) =inf{p € Ry |V (p,z) = Bap — ver — Ig} and (21)
P3y (z) = inf {p € R{|V (p,z) = Bnp — IN}. (22)
Proposition 10 The following properties concerning functions P:;’:G and P?T,N hold:
1. .~ Pjq(z) is an increasing and convez function,
2. x— Piy (x) is a decreasing and convex function,

3. Py (0) =p; and  lim Pig(x) = +oo,
eiiite

4. l}}VH}IG Py (z) = +oo and  lim P5y (z) = py-
x

G
When the input price is zero, this is as if technology G were unique and investment in
technology G is thus optimal as soon as the output price is greater than the usual threshold
pe;- On the contrary, when the input price tends to 400, this is as if there were only technology
N and investment is optimal as soon as the output price is greater than pj;. Here the two

investment regions are clearly separated by a vertical line that corresponds to the indifference
In—Ig

line. When the input price is lower than , any potential investment would only occur
in technology G, whereas when the input price is greater than INW;GIG, it would only occur in
technology N. That P:;G is increasing and P:,i n 1s decreasing illustrates the interaction between
the two technologies. This effect is at its height when the input price exactly equals INV;GIG,
since the investor will never invest in any of the two projects even if the common profit tends to
infinity. Indeed, his indifference makes him wait to choose the most favorable technology. With
this extreme case, we see that the level of the future cash-flow is not a sufficient statistic to take
any decision in this bidimensional setting.

Here also, when P, and X; tend to (0,0) (r < min (dp,dx)), there exist paths such that no
investment is undertaken, whereas an investment may have been triggered if the two technologies
had been separately available. When P, and X; tend to (4+o00,400) (r > max (dp,dx)), an
investment will be triggered in one or the other technology. We now have a precise idea of the
shape of the investment regions for different values taken by the pair input/output prices and
by On and Bg. We can go to the next section that proposes an application of this model to

power generation under uncertainty.
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4 Application: power generation under uncertainty

The multiple technologies to produce electricity makes any investment decision difficult. For
instance, what should an investor choose between a technology with high sunk costs and a high
price sensibility and a technology that is more flexible but that presents a lower price sensibility
at the same time? Moreover, how to take into account the characteristics of the electricity
market? This is the kind of questions we are trying to answer in this section. We consider two

ways to produce electricity:
- technology N produces electricity with a nuclear power plant,
- technology G produces electricity with a gas power plant.

In this particular case, P can be considered as the electricity price, whereas X can be viewed
as the cost of supplying gas. Bgckman et al. [4] review the different models for electricity price.
They recall that Schwartz and Smith [23] and Pindyck [22] prove that long term electricity
price can be modelled as a geometric Brownian motion, this approximation leading to only
small errors. Gollier et al. [13] also model electricity price as a geometric Brownian motion.
Concerning gas price, Pindyck [21] explains that “for purposes of making investment decisions,
one could just as well treat the price of oil as a geometric Brownian motion”. Each technology

presents the following features.

-Technology N. Tx years are needed to build the production unit. This means that once
the investment decision has been taken, the investor does not get any profit immediately:
there is a lag between the time at which investment is decided and the time at which
power generation starts. We assume moreover that the production unit lasts Ly years,
implying that, following an investment at date t, the profit flow only exists on the time
period [t + Ty, t + Tn + Ly]. Sunk capital cost is denoted Iy. The profit is thus given by

the following function:

Uy (p) =e"VE U P (t)e "dt|P (0) = p] — Iy.
TN

According to the dynamic of P, for t > T,

1
P, = Pr, exp { (r —0p — 0123> (t—Tn) +op (W — W%N)} :

2
Therefore
TwtLn —rt _ _ i _ —dpLn —rTN _
E P(t)e "dt|P(0) =p| = 5 l1—e E [e Pr|P(0) =p],
Ty P
— P —5pTN _ ,—%pLyN
5Pe (1 e ) .
We finally have that
Uy (p) = Bnp —IN (23)
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with Oy = ée*(”‘SP)TN (1 — e*‘SPLN). We recover the expression of the initial model with
the output flow By. On that can also be seen as the price sensibility of the technology is
an increasing function of Ly, and a decreasing function of T. The more important is the
time lag between the decision and the effective electricity generation, the less profit the

investor gets.

-Technology G. T years are needed to build the production unit that lasts Lg years. Sunk
capital cost is denoted I. The amount of gas required to generate one electricity unit is

equal to [g. The profit is given by the following function:

Ta+La
Vg (p,z) = e "T6R [/ P (t)e "dt|P (0) = p]
Ta

Ta+Lg
—e"IGE [/ lgX (t) e "dt| X (0) = x] —Ig.
Te
By making similar computations than in the case of the nuclear technology, we easily
obtain that
Ve (p,x) = Bap — 6w — Ia, (24)

with Bg = ie‘(’““‘éP)TG (1 _ e—éch) and v = (ls%e—(r—F&X)TG (1 _ €—5XLG)'

As for technology N, B¢ is increasing in L and decreasing in Tz. But the effect on the
profit function is not clear, because the variable cost has to be taken into account and
¢ is increasing in Lg and decreasing in T¢. Therefore, the total effect of Lg and T on
Ue (p,x) is not determined.

We make the following assumptions on the parameters’ values:
- Iy > Ig,
-lg > 0 and so vg > 0.
Thanks to these assumptions and depending on the values taken by T; and L;, for ¢ = N, G, the
three cases concerning the ranking of the price sensibility §; may arise. We suppose that the
length of life of a nuclear power plant is twice longer than that of a thermal power plant and

that there exists £ > 1 such that Ty = £Tg. The three following cases arise:

1 1— e 2rlc
—If ¢ €:|1,1—}— o) To 1n<1_€—5PLG > [,then BN > Ba,
1_67251)[/@
—If 56]1—1— 500 Ta ln<1_e—6pLG ) ,+oo[,then Ba > BN,

1 1_6—25PLG

With the assumption on the length of life, the output flow generated by the nuclear power plant

is greater than the one generated by the thermal power plant if the construction time of a nuclear

power plant is not too long relative to the thermal power plant. We recover the characteristics
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of the investment regions obtained in the previous part. In the case where the output flow of
the nuclear power plant is greater than the one of the gas power plant, it can be optimal to
invest in a gas power plant after a fall in the electricity price and an increase in the gas price.
Indeed, the investor prefers to be sure he does not lose an opportunity to invest in the nuclear
power plant, therefore he waits until it becomes too costly to invest in the nuclear technology.
When the price sensibility of the gas power plant is higher than the one of the nuclear power
plant, the optimal choice goes from the gas power plant to the nuclear technology as the cost of
supplying gas increases. If gas is not too costly, it is preferred because the technology is more
flexible than a nuclear power plant. Another surprising result occurs when Gy = Bg. Indeed,
when z = INW;GIG, we are on the indifference line and even if the output price tends to infinity,
the investor is indifferent between the two projects. Although it is possible for him to obtain
an infinite profit, he prefers to wait to know in which direction the state variables are going to
evolve and which technology to select. We recover the fact that the profit level is not a decision
variable any more. These extreme results should of course be understood with care notably with
respect to the assumptions: no competition, no terminal date... The presence of the terminal
date for instance would trigger an investment even in the inaction region. Bobtcheff [3] analyzes
the role of competition in such a model of technology choice with one uncertainty source and
shows that under competition, the inaction regions may disappear. However assuming that
the construction times of the two plants are not too different, Sy will be greater than Gg and
investment in the nuclear technology is more likely to be optimal.

However we think that our analysis allows to have some insights on the investment policy
in the energy sector, where some choices are done by the public authority and the effect of
competition is thus alleviated. Indeed, according to the International Energy Agency, “electricity
capacity reserve margins are declining in most OECD countries signalling the need for new
investment. The supply disruptions in parts of North America and Europe in summer 2006
have raised again questions about the adequacy of generation margins and investment in network
infrastructure”.? Here our interpretation of this fact is that the simultaneous presence of different
technologies (coal, gas and nuclear plant, renewable resources) in the electricity sector creates a
source of delay in such an investment decision. Note also that the results are highly dependent
on the characteristics of each power plant. In this application, depending on the values given
to the construction lag and to the lifetime of the production unit, we may obtain very different

results as far as the ranking of Sy with respect to G may change.

5 Concluding remarks

This paper studies the choice by an investor between two mutually exclusive projects under both
output price and input price uncertainty. In this bidimensional setting, the main difficulty is to

determine the set of values for which it is optimal to invest. Our main finding is that it is never

3See World Energy Outlook 2006 [15].
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optimal to invest when the competitive projects yield the same profit, that is when the investor
is indifferent between the two. The interpretation is that the investor prefers to wait in order to
collect information rather than to invest too fast in a project that turns out to be unprofitable.

The study of the different possible investment regions shows us that they are quite different
depending on the values taken by the price sensibilities. When (g > By, for low values of the
input price, optimal investment may only occur in technology G, and for high values of the input
price, optimal investment occurs more likely in technology N. When By > B¢, for high values
of the input price, optimal investment can only occur in technology N, and for low values of
the input price, optimal investment may occur in both technology. The shape of the exercise
regions is very different than if each project were taken separately: the interaction between the
two projects creates what we shall call a choice value. It has to be added to the time value that
corresponds to the optimal moment to invest and that has been demonstrated by McDonald
and Siegel [19] or by Henry [14]. A natural extension could be to consider such a technology
choice in a competitive setting. Do firms still take the time to ensure their investment decision?
The fear of being preempted will certainly decrease the choice value but to which extent? Are
firms going to differentiate one from the other by doing asymmetric investment? Some of these

questions have been analyzed by the first author under one uncertainty source (see Bobtcheff

[31)-
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A Proof of Proposition 1
To prove Result 1, we fix a stopping time 7:

E [e™"" max (Uy (PP), Ug (PP, X7))] E e (Oy (PP)] +E[e7"" (Ta (PE,XD))],
E e (Bn PP = In)] + E 77 (8o PP =6 X7 — Ig)]
E[e™" (ByPE —IN)| +E e (Ba P — Ic)]

SupE [ (B PY — Iy)] + supE [ 77 (B P? — Ic)] .

T

(VAN VAN VAN VAN

This implies that V (p,z) < Vi (p) + Ve (p,0). Because dp > 0 and dx > 0, Vy (p) and Vi (p,0) are
explicit functions (see MacDonald and Siegel [19] or Dixit and Pindyck [11]) that are finite. The value
function V is thus finite.

Results 2 and 3 immediately follow from a composition of monotonic functions.

Concerning Result 4, we have to show that

V(Apo+ (1 =) p1,Azo+ (1 = A)x1) < AV (po, o) + (1 =NV (p1, 1),

for any (po, o), (p1,21) and A € [0, 1].
By definition, putting p(A) = Apg + (1 — A) p1 and 2(\) = Azg + (1 — A) 21 we have

V. (p(A),z(A) = sup E [e*” max (\IJN (hW) g (pf(A), Xfm))] .

Focusing on the right hand side, we have

B [ mas (B PS030 Iy, g1 g0t 00 1)]

E [e7 mas {fy (NP + (1 — X) PP) — Iy, f (NP + (1 — X) PP) — 7 (AXZ0 4 (1= 3) X70) — I}
AE [e7"" max (By PP — Iy, fa PP —va X7° — Ia)]

(1 =NE [e7" max {8y PP — Iy, B PP — yaXE — Ig}].

+ IA

Because this inequality is true for every stopping times 7, it follows that
V (Apo + (1 = A) p1, Azo + (1 = A) 1) < AV (po, o) + (L = A) V (p1,21)

what concludes the proof. O

B Proof of Proposition 2

Let us introduce the value function
C (p) = supE [67” ((ﬁN — ﬁG) PT — (IN — IG))+] .
Using that max (z,y) = (¢ — y), +y, we have

E[e™" max (n Pr — In, BaPr — Ic)] = E [e™" (By — Bo) Pr — (In — 1)) ] +E [e7" (Ba Pr — 1a)] -

Taking the supremum over the stopping times 7 gives the inequality V (p) < C (p) + Vi (p). According
to MacDonald and Siegel [19] or Dixit and Pindyck [11], the optimal threshold above which the value
function C'(p) has to be exercised is given by

B In =1 _ 8 G
-1y —Ba B-1"

Therefore, for any p > %ﬁ, we have V (p) < Byp—In. It follows that V (p) = Byp—In and po > %;’5
O
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C Proof of Theorem 1

For every t > 0, we have by definition of the value function

2 2
-5 J’—P>t+ w}l —6p—22 ) t+opW}
Vip,z) > Ele”max <5Np6<r LA —IN,»BGP@(T " 2> e

—Yare

<7'—5x—%>t+ax (/Jth-i'\/l—PthZ) I )1
—1G y

2 E [max (ﬁNpe‘sPH”PW‘l?t - INﬁGp@*&PHGPWtL%t
62
> E[max (Byp (1+0pW}) = In, Bap (L+0pW})

- 7Gx (1 +ox (Pth +v1-= PZWtZ)) - IG)] +E [f (t’Wlth2t)] )
= OByp—In+E [max (5NPUPWt175GPGPWt1 —Yerox (Pth +v1- PQWE)H
+ EI[f(t, W], W3)],

where the last equality comes from the fact that (p,x) belongs to the indifference line and where the
function f(.) is defined as

2 -2 2
—(p+—F)ttoryr —(p+F)t+ory e~ x5 ttox (pyr+y/1=97y2)

f (tay17y2) = maX(ﬁNpe - IN7ﬁGpe
Ic)

— max (ﬁzvp — In + Bnpopyr, Bap — vax — Ig + Bapopyr — Yaxox (py1 +v1- pzyz)) .

-G

Now, we are going to show that for ¢ small enough E|f (¢, W}, W?) | < ct where c is a constant. Using
that max(a,b) — max(c,d) < max(a — ¢,b — d), we have:

o2 ”2
f(ty,y2) < max L%pe(‘;l’*;)”‘”’yl — Bnp (1 +0opyr), Bape” OrT 3P _ 3op (14 opy)
02
_ (,nye(5x+2x)t+crx(l7y1+\/1p2y2) — o (1 +ox (pyl + 1— 02y2))>:| ,
o2 -2
‘5NP€_(6P+;)HUH“ — Bnp (1 +opyr) |+ |Bape™Crt=0Horv _ Gop (14 opyr)

o2
" ‘(VGR_(‘S”;{)HUX(pyﬁ VIZE) e (1+0x (pwa + V1= p2y2>)> ‘ '

IN

For each of the three terms of the right hand side, we use the following inequality: |e¥ — 1 —y| < %e‘m.
So, for the first term, we obtain for ¢ small enough,

PSS S TS SV o7
BypeCrTtoru _ gun (1 4 opy)| = ‘ﬁNpe @r+=)tHorn _ gy (1 — (op + QP)H'UPZA)

—  Bnpdpt|,
( (6p+ T)t)
opyr — (0p + 5~ ) o2 o2
< PBnp 5 elorun=Crt=0t 4 Byp(5p + ?P)t,
S Clt.

Hence, by repeating this operation twice, we obtain that E|f (t, W}, W2)| < (c1 + o+ c3)t = ct. Tt
follows that

Vp,z) > Bnp—In
+ E [max (ﬂNpathl,ﬂgpathl —Ygrox (thl +4/1- pQWtz))} + o(t).
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Because W} (resp. W2) has the same law as v/tg; (resp. V/tg2), where the g; are Gaussian random
variables, we have

V (x,p) > Byp — In + VIE [max (h1, ho)] + o(t), (A1)

where hy = Bypopgr and he = (Bepop — Yaxox)g1 — /1 — p?>varoxgs are also Gaussian random
variables. According to the standard property:

IfEg=Eh =0 and P(h # g) > 0, then Emax (g, h) > 0,
we have that V' (z,p) > Bnyp — Iny which concludes the proof.

D Proof of Proposition 3

Case 1: Vz < xo,

0 S V(pOax)_V(vamO)

Tsqup E e max (Vy (Pr), Ve (XE, Pr))]

- jujp E[e”" max (Vy (Pr), VY (X, Pr))]
TeTh

< su?PPE [6_” (max (U (Pr), Ve (XE,P;)) —max (U (Pr), g (X20, PT)))] ,
TE

— sup E[e" (max (0,96 (X7 - XD)].
TeTP

< v (zo— ).

Because V (po, o) < Bapo — Yaxo — Ig, we get V (po,x) < Bapo —vax — Ig, and thus (pg, z) belongs to
the investment region.

Case 2: Yz > xg, V (po,x) <V (po, o). So, we have V (pg,z) < Bnpo — In.
It follows that V (po, z) = Bnpo — In, which ends the proof.

Case 3: In this case, By > B and we take p > pg:
174 <p’ -’L’O) . v (po,.’lﬁo) < <p _po) sup E [e—r'r max (ﬁNe(T-_(SN—%U?\,)T-&-oNWTl,ﬁGe(7'—6N—%012\,)T+UNWTl)} )
TeTP

As By > Bg, it follows that V (pg,x) — V (po,z0) < (p—po)Bn. Because we assume V (pg,zq) =
Bnpo — In, we have: V (p,x0) < Bnp — In and the result follows.

Case 4: As p > pg, we have the same inequality than above:
V (p,0) = V (po,0) < (p—po) sup E e max (el =N 3R oIV goo(r=iv=hol)rronivs) |
TeTP

But, now, B¢ > Bn and consequently, V (pg,z) — V (po,20) < (p— po) Bg. An analogous argument as
above with V' (pg, xo) = Bapo — Yo — Ig leads to the result. O

E Proof of Proposition 4

Result 1: Let (xg, 1) € R? such that 29 < z1. By definition of Pl oy, (xo, Py (xo)) € In. According to
the previous proposition, (a:l, Pi N (xo)) € In. By definition of Py v,
Py (z1) < Pf y (20). It follows that Py (.) is a decreasing function.

Result 2: In order to show that Py is a convex function, we are going to proceed in several steps. The
first step consists in proving that Zy is a convex set. We want to show that if (zg, pg) and (z1,p1) € (IN)2,
then (Azg + (1 — A)x1,Apo+ (1 — N)p1) € In.
Vwo+ 1 —=XN)p, Azo+ (1 —=Nz1) < AV (po,zo)+ (1 =XV (p1,21),
= A(Bypo—In)+ (1= A) (Bpr — In),
= OBy (Apo+ (1—=A)p1) —In.
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But, knowing that
V(Apo+ (1 =N p1,Axo+ (1 —A)z1) > max {8y (Apo+ (1 — M) p1) — Iy,
Ba (Apo + (L = A)p1) =76 (Azo + (1 = A) 21) — I}
This implies that
V(Azg+ (1 =Nz, Apo+ (1 —XN)p1) =08 Apo+ (1= N)p1) — Iy

and thus
(>\$0 + (1 - >‘) x1, Apo + (]. - A)pl) eln.

The second step consists in showing that Py y is effectively a convex function. As Z is a convex set,
(Azo + (1 =N @1, APy (z0) + (1 = A) P’y (1)) € In.

By definition, we have the following inequality:
Piy Azo + (1= A z1) S APy (20) + (1= A) Py (1),

and it follows that Py 5 is a convex function.
Note that we have also proven that (p,z) — V (p, ) is a convex function.
Result 8: This result has been shown by Décamps, Mariotti and Villeneuve [6].
Result 4: Once again, we are going to demonstrate this result using several steps.
Note that Viy (p) < V (p,x). Let us define the set N = {(z,p) € R2|Bnvp — In > Bap — ez — Ig} and
take (p,z) € N with p < pl,. We have the following inequalities:
> Byp—In.

It follows that (p,z) does not belong to Zn. Moreover, we have hr—s{l V(py,z) > VN (PN)-
The next step consists in proving that liI_P V (py, ) = Voo (PN)-

Tr— 100
We take (2,),,5, that tends to +oo. If n is high enough, (py,z,) € N.

0 < V(yzn) —Vn(PN)»
< E e max (ByPEY — In, BaPEY — 16X — Ia)| ~E 7™ (ByPEY — In )],

—

with 7, = inf {t > 0| (Pﬁmxgvn) € I} It follows that:
0 < V(pn:on) = VN (PN)s

E {6 (Ba — Bn) PrnN —Yc X" (IG_IN))_J,

IA

IN

E e (In — Ig — 7aX50), ]
< swpE e (In — Ig — e Xi),]
= P('YGxn)u

where P (ygx,) is the price of a put option with a strike equal to In — Ig. But, we know that
hm P (vgxn) = 0.

It follows that hrf V (py,xn) = Vi (py). Note that we have also proven that
lim E [e "7 (ﬁprjv — JN)} = Baply — In. (A.2)
n—-+oo

The last step consists in proving that (7,),, tends in probability to 0. We have the following inequalities:
el (ar )] = B ()]

= Bwph—In+ E/O e (rIn = 3pPIV ) 1y, Ly

A

< Bnpy — I+ (rIy — 5pp}‘v)E/ ey du
0 Py, ZpN
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Since rIny — dpp}y is nonpositive, (A.2) gives

Tn Tn
lim [E e "1 * du lim E e~ e du
n—too  J, {PIN >p%} n—too {opWut(r—dp—L1o2)u>0} "
= O,

which implies that (7,), tends in probability to 0.

Finally, suppose lirf Py y(z) =1 > py and let € be such that ¢ < [ — p%,. Let us define M = INW;GIG
T—+00 ’

and the stopping times 75, = inf {¢ > 0| X" < M}, and 7. = inf {t > 0|Ptp;’ <py+ e}.
We have 7,, > 73, A 7 and lir_~r_1 Ty A\ Te = Te, what leads to a contradiction
n—-—1+:0oo

All these steps allow us to conclude that lirf_l Py y (z) =py. O
r—+00 ’

F Proof of Proposition 5

We will make a proof by contradiction assuming that Zg is empty. As a consequence, optimal stopping
theory (see Theorems 10.1.9 and 10.1.12 in Pksendal [20]) gives

Vip,z) = E [e_”’ max(¥y(Pr,), \Ilg(PTI,XTI))] ,
= Ele " (BnPy, — In)],
< Vn(p)-

Therefore, we have V (p,z) = Vi (p). But, for z < ﬁ”,y:f‘; (p—py), we get

Barn —vex —Ia < V(py,z),

= Vn(pn),
= Bnpy — In,
< Bepn —ver — la,
which yields to a contradiction. O

G Proof of Proposition 6

Concerning Result 1, we are going to use the same steps as the ones used to prove the convexity of the
function Py 5. Z¢ is a convex set which implies that

(AXT g (po) + (1 = X) X7 ¢ (p1) . Apo + (1 = A) p1) € g
But, we also have that
(XiG (Ao 4+ (L= X)p1), Apo + (1 — X) pl) €lg.
Therefore by definition of X7 5,
X{gApo+ (1 =A)p1) > AXT ¢ (po) + (1 = A) X7 ¢ (p1) -

Concerning Result 2, recall that function Vg defined in the previous section is such that Vg (p,z) <
V (p,x). It follows that X7 ; (p) € Zg. Therefore

P — Pa

0<X7g(p) < o,

By letting p tend to pg;, we conclude that X7 . (p) = 0. m]
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H Proof of Proposition 8

Let us explicit the exchange option price by:

Ce (p,x) =supE |:6_TT (pe(T‘SP%UJQD)TJr”PWfl — xe(r Sx—g0%)T+ox (pW tVi=p Wz))]
)
.

Using
max (Byp — In, Bep — ver — Ig) = max(Byp— In + Ig, Bep — v67) — Ia,
= max(— Uy —Ia),(Ba — Bn)p —vax) — Ig + BNp,
< max (0, (Ba — Bn)p —vax) — Ig + Bnp,
we obtain

v ('rap) S Ce ((ﬁG - ﬁN)p7 ’YGx) + C (ﬁNap7 IG) )
where C (On,p, In) is the price of a call option defined by

C (ﬂN,p, Ig) = supE [67”— (ﬂNPf — Ig)] .

ot 8
If we takep>max{ﬁc_ﬁN/f T, 57 13 } we have

Vp,z) < (Bc—Bn)p—7cz— Ic + BNp;
= Bep— ez — Ig.
jate} B
Bo—An" T B 15
such an z, we finally have: V (p,x) = Bgp — vax — Ig.
It follows that

In fact, the condition p > max{ } becomes p > 7o B k*x for x high enough. And for

Jim sup Py (2) G .
T—+00 z ~ Ba — BN

To prove the other part of the proposition, we set p = ﬁ We then customize the indifference line

by the pair (p + ﬂ;%ﬁNL x). For every h > 0, we have using equation (A.1)

G ~ e
Vip+(1+h > Vp+ —F2,¢z
®+( )ﬁG—ﬁN =) ® Ba — BN )
> () — Iy + ViE(max(hi, ha)) + oft),
Ba — BN
where hy = fnpopgr and hy = (Bgpop — vaxox)g1 — V1 — p?ycroxgs. Because g1 and gy are two

independent Gaussian random variables, Jensen’s inequality gives
E(max(hi, he)) > yezE(max(0, 0xg2).

Thus, we obtain

Ba — 5N Ba — BN Ba — Bn Ba

We choose ¢ small enough to have o(1) > —%%E(max(& 0x92)). Therefore, for every h < v/t ﬁGﬁ;GﬁNE(maX(O, 0x92))
we have

V(pt+h) —2C 2 1) > By (-8 a)—In+ barve s (/BG 75NE(maX(O,Ung)) —|—0(1)) .

) gle] 3 Bava
5G*ﬂN x)>ﬁN(p+ﬂG*5Nx) IN—HLﬂG*ﬂNx

T , ) does not belong to the investment region and because h does not

Vp+Q+h)—"—

Thus, the pair (p + (1 + )4
depend on x, we have
P3 g (x) gl
liminf —= > .
vt Ba — BN
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I Proof of Proposition 10

The proof of the first two results comes directly from the properties of functions z — P (z) and
x = Pr iy (x).
Concerning Result 3, as z +— P3q (z) is an increasing and convex function, and as the indifference
line does not belong to the stopping region, TE\IH}IG P3¢ (z) = +oo0.
R Vit 1

G
A similar arguments holds for Result 4, and the limit when z — +o0o comes from the limit of

z— Py (z). o
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