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1 Introduction

Since the seminal work of Ramsey [1928], optimal growth models have played a
central role in modern macroeconomics. Classical growth theory relies on the as-
sumption that labor is supplied in fixed amounts, although the original paper of
Ramsey did include the disutility of labor as an argument in consumers’ utility
functions. Subsequent research in applied macroeconomics (theories of business
cycles fluctuations) have reassessed the role of labor-leisure choice in the pro-
cess of growth. Nowadays, intertemporal models with elastic labor continue to
be the standard setting used to model many issues in applied macroeconomics.

Lagrange multiplier techniques have facilitated considerably the analysis of
constrained optimization problems. The applications of those techniques in
the analysis of intertemporal models inherits most of the tractability found
in a finite setting. However, the passage to an infinite dimensional setting
raises additional questions. These questions concern both the extension of the
Lagrangean in an infinite dimensional setting as well as the representation of
the Lagrange multipliers as a summable sequence.

Our purpose is to prove existence of competitive equilibrium for the basic
neoclassical model with elastic labor using some recent results (see Le Van
and Saglam [2004]) concerning the existence of Lagrange multipliers in infinite
dimensional spaces and their representation as a summable sequence.

Previous work addressing existence of competitive equilibrium issues in in-
tertemporal models attacks the problem of existence from an abstract point
of view. Following the early work of Peleg and Yaari [1970], this approach is
based on separation arguments applied to arbitrary vector spaces (see see Be-
wley [1972], Bewley [1982], Aliprantis et al. [1997], Dana and Le Van [1991]).
The advantage of this approach is that it yields general results capable of ap-
plication in a wide variety of specific models but they require a high level of
abstraction.

Dynamic optimizing models where infinitely-lived heterogeneous agents max-
imize their lifetime utilities in perfect foresight equilibrium settings have, to
date, concentrated on perfectly inelastic labor supply cases. In a complete
market model, Le Van and Vailakis [2003] have studied the so-called reduced
form associated with the welfare maximization problem in a single-sector model
with inelastic labor supply. Many difficulties arise when they prove conver-
gence of the optimal path due to the fact that the Pareto-optimum problem is
non-stationary. Their arguments exploit the fact that the stationary problem
involving only the agents with a discount factor equal to the maximum one has
a unique stable state k°. This property enable them to prove the consumption
paths of all agents with a discount factor equal to the maximum one converge
to strictly positive limit points. Subsequently, by using this limit points, they



define a sequence of prices as the marginal utility and prove that the sequence of
prices belong to [} (see Lemma 9 in Le Van and Vailakis [2003]). This method,
with some additional assumptions', also has been used in Le Van and Vailakis
[2004] to prove the existence of competitive equilibrium in a model with one
representative agent and elastic labor supply.

Recently, C. Le Van, M.H. Nguyen and Y. Vailakis [2007] extend the canon-
ical representative Ramsey model to include heterogeneous agents and elastic
labor supply where supermodularity is used to establish the convergence of op-
timal paths. The novelty in their works is that relatively impatient consumers
have their consumption and leisure converging to zero as time tends towards
infinity. However, they did not prove the existence of competitive equilibrium
of the economy and the method used in Le Van and Vailakis [2003] could not
apply due to the presence of leisure. The purpose of this paper is to complete
this important point. Our approach is based on the result of existence of La-
grange multipliers of the Pareto problem and their representation as a summable
sequence to define the sequence of prices and wage as these multipliers rather
than marginal utility as usual. Following the Negishi approach, our strategy for
tackling the question of existence relies on exploiting the link between Pareto-
optima and competitive equilibria. We show that there exists a Lagrange mul-
tiplier as a price system such that together with the Pareto-optimal solution
they constitute a price equilibrium with transfers. These transfers depend on
the individual weights involved in the social welfare function. An equilibrium
exists provided that there is a set of welfare weights such that the corresponding
transfers equal zero.

The organization of the paper is as follows. In section 2, we present the
model and provide sufficient conditions on the objective function and the con-
straint functions so that Lagrangean multipliers can be presented by an li se-
quence. We characterize some dynamic properties of the Pareto optimal paths
of capital and of consumption-leisure. In particular, we prove that the optimal
consumption and leisure paths of the most impatient agents will converge to
zero in the long run, with a very elementary proof compared to the one in C. Le
Van, M-H. Nguyen and Y. Vailakis [2007] which uses supermodularity for lattice
programming. In section 3, we prove the existence of competitive equilibrium
by using the Negishi approach and the Brouwer fixed point theorem.
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2 The model

We consider an intertemporal model with m > 1 consumers and one firm. The
preferences of each consumer take additively form: Y 3%, Bfu'(ct, i) where 3; €
(0,1) is the discount factor. At date ¢, agent i consumes the quantity ¢!, spends a
quantity of leisure /! and supplies a quantity of labor Li. Production possibilities
are presented by the gross production function F' and a physical depreciation
§ € (0,1). Denote F(ky, Yot (1 —18)) + (1= 0)ke = f(ke, >y (1 —12)).

We next specify a set of restrictions imposed on preferences and production
technology.? The assumptions on period utility function u’ : Ri — R are as
follows:

Assumption Ul: v’ is continuous, concave, increasing on Ri and strictly

increasing, strictly concave on Ri L
Assumption U2: ¢(0,0) = 0.
Assumption U3: ' is twice continuously differentiable on Ri o with partial
derivatives satisfying the Inada conditions: lim._ul(c,1) = +oo, ¥l > 0 and
limy ¢ uj(c, 1) = 400, Ve > 0.

The assumptions on the production function F : Ri — R4 are as follows:

Assumption F1: F is continuous, concave, increasing on Ri and strictly
increasing, strictly concave on Ra_ 4

Assumption F2: F'(0,0) = 0.

Assumption F3: [ is twice continuously differentiable on R?H with partial
derivatives satisfying the Inada conditions: limg_.o Fi(k,1) = 400, limg_, 4 oo
Fk(kz,m) < 6 and limy,_,q FL(k,L) = 400, Vk > 0.

For any initial condition ky > 0, when a sequence k = (ko, k1, ko, ..., k¢, ...)
such that 0 < ki1 < f(ke, m) for all ¢, we say it is feasible from k¢ and we denote
the class of feasible capital paths by I(ko). Let ¢; = (cf,c?,...ci") denote the
m-vector of consumptions and I, = (I}, 12, ...I7*) denote m-vector of leisure of all
agents at date t. A pair of consumption-leisure sequences (c,1) = ((co, lo),(c1,11), ...
is feasible from ko > 0 if there exists a sequence k € II(kg) that satisfies

m m

Yt keer < flke ) (1—1)) and 0 < Ij < 1v¢.
=1 =1

The set of feasible from ky consumption-leisure is denoted by > (ko). Assump-
tion F3 implies that

2We relaxed some important assumptions in the literature. For example, the convex cone
of zero of the production set (Bewley [1972]) or the strictly positiveness of derivatives of utility
functions on R% ( Bewley [1982]). The utility functions in our model may not differentiable
in Ri_ from which many difficulties arise when we deal with boundary points.



fe(+oo,m) = Fy(+oo,m)+ (1 —-6) < 1,
Ju(0,m) = Fp(0,m)+ (1—6) > 1.

From above, it follows that there exists k& > 0 such that: (i) f(k,m) =k ,
(ii) k > k implies f(k,m) < k, (iii) k¥ < k implies f(k,m) > k. Therefore for
any k € II(ko), we have 0 < k; < max(ko, k). Thus, a feasible sequence k € %°
which in turn implies a feasible sequence (c,1) € I5° x [0, 1]*°.

In what follows, we first study the Pareto optimum problem from which we
obtain the Lagrange multipliers in l_lF. Then these multipliers will be used to
define prices and wages systems for the equilibrium.

Let A = {n1,m2,...,nm|ni > 0 and Y ;" n; = 1}. Given a vector of welfare

weights 1 € A, define the Pareto problem

m o0
max Z 7 Z Blu;(ch, 1)
i=1 =0
m

s.t. Z ¢t + ki1 < [k, Z(l — 1)), vt
i=1

= =1
>0, 1l>0, 1 <1, Vi,Vt
ky > 0, Vt and kg given.

It is well known that any Pareto-efficient allocation can be represented as the
solution to Pareto optimum problem. By varying the welfare weights it is
possible to trace the economy’s utility possibility frontier. Following the Negishi
approach, this procedure can also be used to prove the existence of a price
system that supports Pareto-optima and characterize competitive equilibria as
a set of welfare weights such that the associated transfer payments are zero.
Note that, for all kg > 0, 0 < k; < max(kg, k), then 0 < ¢! < f(max(ko, k), m)
Vt, Vi = 1...m. Therefore, the sequence (ul'), = > | Blu;(ci,1}) is increasing
and bounded, it will converge. Thus we can write

> om Y Bl ) =0 niBlui(d, 1)
=1 =0

t=0 i=1
Let denote
c = (c',c? .., c,...,c™) where ¢’ = (cg,ci,...ci, ),
1 = (L1300, 1) where 1P = (15,18, .08, ...),
x = (¢, k]1)e (IF)™ <1 x (I)™



Define

Fx) = =) > mbiuild,l)

t=0 i=1

Di(x) = Zci + k1 — f (ke Z(l — 1) vt
=1 =1
dF(x) = —c,Vt,Vi=1..m
3 (x) —ky, Vt
di(x) = —ILVt,Vi=1..m
PV (x) = I —1,Vt,Vi=1..m
o, = (O}, 7, P}, P}, B}, VE,Vi=1..m

The Pareto problem can be written as:

min F(x)
st.®(x) < 0,xe (IF)™ <1 x (I)™

where:

F oo ()" xIP x (I)™ - RU{+o0}
P = (P)i=0..00 : (1) x 1T x (I)™ = RU {400}
Let C = dom(F)={xec (IT)" xIF x (IT)"|F(x) < o0}
I' = dom(®)={xe (1) x I x (IT)"|Ps(x) < +o0, Vt}.

The following theorem follows from Theoreml and Theorem2 in Le Van and
Saglam [2004].

Theorem 1 Letx,y € (I)™ x 1 x (I)™, T € N.
T ’Lf t S T
ye of t>T
Suppose that two following assumptions are satisfied:
T1:Ifx e C,y € (I)™ x I x (I)™ satisfy VT > Tp, x (x,y) € C then
F(xT(x,y)) — F(x) when T — oc.
T2: IfxcTl,ycTl andx'(x,y) €', VT > Ty, then

Define af (x,y) =

a) ®;(xT(x,y)) = Pi(x)as T — oo
b) IMs.tNT > Ty, || @ (x (x,y))| < M
) N > T, Jim [ (x.y)) — ®i(y)] = 0

Let x* be a solution to (P) and x € C satisfy the Slater condition:

sup®;(x) < 0.
t

5



Suppose xT (x*x) € CNT. Then, there exists A € I} \{0} such that
F(x)+ Ad(x) > F(x*) + AP(x"), Vxe (CNT)
and A®(x*) = 0.

Obviously, for any n € A, an optimal path will depend on 7. In what
follows, we will suppress 7 and denote by (c**, k*, L*,1*) any optimal path for
each agent 7 if possible. The following proposition characterize the Lagrange
multipliers of the Pareto problem.

Proposition 1 If x* = (¢, k*,1*) is a solution to the Pareto problem:

maxZZmﬁfui(cf;, l;) (@)

t=0 i=1

st chtkga < fkn Y (L—I))VE>0
=1 i=1
d > 0, 0IL>0, Il <1, Vi,Vt

k, > 0, Vt and ko given.

Then there ewists, Yi = L..m, A= (A, 2 03 X% A% € [Lx (11)™ x 1L x
()™ x (li)m A # 0 such that

m

S (el 1) ZAth TR - F (- 6))

t=0 i=1 i=1

—(1=8)k) + ZA%’C@* + Z Nok; + Z AJ 4 Z)\ (1—1%)
t=0 t=0 t=0

> szﬁ wi(cy, I ZAt th+kt+1 k‘hZ(l —11)))

t=0 i=1 i= =1

—(1—6)ky) + ZA%@'C:; + Z Noky + Z A ZA?’Q —1 (1)
t=0 t=0 t=0 t=0
MDY e+ ki — fD L) =0 (2)
1=1 =1

Mg —0,Vi=1..m (3)
Aiki =0 (4)
MI* =0,Vi =1..m (5)
A1 =17 =0,Yi=1..m (6)



0 € niBonu’ (", 17") — {\} + {\F'}, Vi = 1..m (7)

0 € niBioou’ (e 1) — Mo f (ki L) + {N'} = {X'} . Vi=1..m  (8)

0 € Mo f(ky, Ly) + {N} — I} (9)

where, Lj = S L = ST (1 — 1), dyu(c*,1§%),0; f(ki, L}) respectively

denote the projection on the j** component of the subdifferential of function u
at (c*,1%) and the function f at (k}, L})3

Proof: We show that the Slater condition holds. Since f,(0,m) > 1, as in
the Theorem?2 in Le Van - Saglam [2004]. then for all kg > 0, there exists some
0 < k < ko such that: 0 < k < f(if\, m) and 0 < k< f(ko, m).Thus, there exists

two small positive numbers €, €; such that:

O<E+e<f(%,m—51) and0<%~l—6<f(k:0,m—51).

Denote x = (¢, k, 1) such that ¢ = (¢!, &, ....¢,...,¢™), where
T L
C —(Ct )t:O, Oo_(mvm7m7"')
- -1 -2 ) -m
1=(1,1,...1,...,1 ), where
7 ol €1 €1 €1
U= (I )mo oo = (22 LU
(i yem,o0 = (22,2
and k = (ko,k\,/l;, ...). We have
®H(X) = D ch+hi < flko, D (1-1h))
i=0 i=1

= 5+E—f(kro,m—51)<0

m

PLx) = > el ko < flhe, > (1-1))
=0

=1
= e+k—f(kym—e1) <0
O(x) = e4+k—flkym—e1) <0, Vt>2

PH(X) = —¢'=—— <0, Vt>0,Yi=1.m
¢ m

3For a concave function f defined on R™, df(x) denotes the subdifferential of f at . We
have to write the first-order conditions by the subgradient set since at the point (0,0), the
functions u’ and f are not assumed to be differentiable.

“As the Remark 6.1.1 in LeVan and Dana [2003], assumption f5(0,1) > 1 is equivalent to
the Adequacy Assumption in Bewley (1972) and this assumption is crucial to have equilibrium
prices in lﬁ_ since it implies that the production set has an interior point. Subsequenctly,
it allows using a separation theorem in the infinite dimensional space to derive Lagrange

multipliers.



OH(x) = —ko <O
P}(x) = —k<O0 Vt>1.

H(x)=—L <0, Vt>0,Vi=1.m
¢ m

V(%) = % —1<0,Vt>0,Vi=1.m
Therefore the Slater condition is satisfied.
It is obvious that, VT, xT'(x*,x) belongs to (I5°)™ x I x (I%°)™
As in Le Van-Saglam 2004, Assumption T2 is satisfied. We now check
Assumption T1.
For any x € C,x¢€ (IS°)™ x 1% x (I3°)™ such that for any T, XT(>~<,§) eC

we have

f(XT( szﬂ Uj CtalZ Z Zmﬁ Us Cplz
t=01i=1 t=T+1i=1
As x € ()™ x 152 x (I2)™, sup|5~£| < 400 , there exists a > 0, Vt, ]c:t| < a.
t

Since (€ (0,1),as T — oo we have

0<| D> Y mBfui(ch, ) <ua, 1) D> =" > mpf—0.
t=T+1i=1 t=T+1i=1 i=1t=T+1
Hence, F(xT (%, §)) — F(x) when T' — oo.Taking account of the Theorem 1,
we get (1) - (6).
Obviously, N, ri(dom(u;)) # 0 where ri(dom(u;)) is the relative interior of
dom(u;). It follows from the Proposition 6.5.5 in Florenzano and Le Van (2001),

we have

0> miBlui(c 177) = mif] Z Oui(c}”, 1}")
i=1
We then get (7) - (9) as the Kuhn-Tucker first-order conditions. m

Let us denote I = {i |n; > 0}, f=max{fili € I}, 1 ={ie | B =pF} and
IQI{iGI’ﬂZ'<,3}.

In the following proposition, we will prove the positiveness of the optimal
capital, consumption and leisure paths which will be used later.

Proposition 2 i) If kg > 0, the capital optimal paths k; > 0, Vt.
ii) If ; > 0 then ci* > 0, [i* > 0 Vt.

The proof is given in the Appendix. C. Le Van, M.H. Nguyen and Y. Vailakis
[2007] did not prove the positiveness of consumption and leisure paths. For the

capital path, by choosing only one agent in an alternative path, our proof is



simpler since it does not require to consider two separated cases of one agent
and more than one agents.

We now show that the consumption and leisure paths of all agents with a
discount factor less than the maximum one converge to zero. The proof is very
simple compared to the one in C. Le Van, M.H. Nguyen and Y. Vailakis [2007]
which uses the supermodular structure inspired by lattice programming.

Proposition 3 If (k*,c™*,1™) denotes the optimal path starting from ko, then
Vi € Iy, ¢i* — 0 and I — 0.

Proof: Let
V(kt, kiv1) = maXZmﬁfui(cf;,li)
i=1
st ki < F(ky Y (1-1)+ (1—08)k .
i=1 i=1

It is easy to see that problem (Q) is equivalent to

max Z V(ke, key1)
t=0
st. 0 < ki < F(kt,m) + (1 — 5)kt

ko is given.

Assume that there exist io € I and a subsequence (c*2) which converges to
@2 > 0 when 7 — o0o. Let asmall € > 0 and 41 € I;. At the time ¢ = 7, consider
a feasible path ((c’,1°),, k) defined as follows:

i1 ¥

Cr =C.  FE¢&,

19 _xi9 i X1 . ..

2 =c"—¢e = VieI\{i1, iz}
*7 :

=0 Viel,

li
ke = ki, V.

i)

ii)

i) 1
)

1v

Define
Ar(e) = Zniﬁfui(cia If) — Zmﬁfui(@”, i)
=1 =1

Mia 87 [uiy (52, 1) = wiy (57, 1)
023, [y (2, 12) — iy (672, 17)]
*11 l*il

ﬁT [77i1ui1 (Cilvlil) = Mg Wiy (CT )y by )

+ [ni2 Uiy (Cig P l?) — Nig Wiy (Cj;k-i2 5 lim )] (

Biy

5]



The concavity of u;,,u;, imply that

Biy

AT(E) 2 67— nilui1 (C? ) lj(-“) - niQU? (C?, lj(—m)( ﬁ

)| €

Since (c¥2) — €2 > 0,n;,u2(c22, lf‘é)(%)T — 0 when 7 — o0, ci! is bounded,

A, (g) > 0 when 7 — co. We get a contradiction. Hence Vi € I, ci* — 0 .
Similarly, we can prove that [(* — 0 Vi € 5. m

3 Existence of competitive equilibrium

Let us now give the characterization of equilibrium. For each consumer i, let
denote:

A sequence of prices (po, p1,.) € 11 \{0},a price 7 > 0 for the initial capital
stock.

A consumption allocation ¢! = (cé, cil, ...ci,...) where ¢! denote the quantity
which agent ¢ consumes at date t.

A sequence of capital stocks k = (ko, k1, ...k, ...) where ko is the initial en-
dowment of capital. Denote o’ > 0 be the share the profit of the firm owned
by consumer 4, > ", a’ =1, 9" > 0 be the share of initial endowment owned
by consumer i, Y v, 9" =1 and 9" ko be the endowment of consumer i. Let
denote ' = (18,14, ...,1%,...), L' = (L, L, ..., Li,...),w = (wp, w1, ..., wy, ...) be

the sequences of leisure, labor supply and wage, respectively.

Definition 1 A competitive equilibrium for this model is defined as follows.
With an allocation {c**,k*,1* L*}, one can associate a price sequence p* for
consumption good, a wage sequence W* for labor and a price v for the initial
capital stock ko such that

i)

¢ € I 1* el L* el kel

p* € [\{0},w* €l\{0},r > 0.
ii)For every i, (c'*,1*) is a solution to the problem

max Z?io Bf“i(cia li)

st >, pici + Yoo will < Yoo wi+Virky + o'

where ™ is the maximum profit of the single firm.
iit) (k*,L*) is a solution to the firm’s problem:

10



iv)Markets clear: Vt,

m

ZC +kt+1 (k;fkszi*)v

t=1

m
4+ L =1,L; =Y L and k§ = ko.
t=1

With the optimal path (c*, k*,1*, L*) we have proved that there exists the
Lagrange multipliers

A = (), A% (), A2 (), A% (), X% ()
€ Lx ()™ x 1L x (I)™x (15)™,i = 1..m,
for the Pareto problem. In what follow, we want to prove, with the optimal

path (c*, k*,1*, L*), one can associate a sequence of prices p}, a sequence of
wages w; defined as

i = AWt

wi = AL v
where fr(kf, L) € O2f (ky,L}), and a price r > 0 for the initial capital stock
ko such that ( c*, k*,1*, L*, p*, w*, r ) is a price equilibrium with transfers. We

next show that, there exists a set of welfare weights such that these transfers
equal to zero.

Lemma 1 Let kg > 0. The sequence of prices pf, the sequence of wages wy
defined as
ro= AL
w; = ALfu(ki L)Vt where fi (ki) € Oaf (K7, L)
belong to 1\{0}.
Proof: See in the Appendix. =

Now we define a price equilibrium with transfers

Definition 2 A given allocation {c™*,k*, 1%, L™*}, together with a price se-
quence p* for consumption good, a wage sequence w* for labor and a price r for
the initial capital stock ko which constitute a price equilibrium with transfers if

i)
¢ e (D)1 e (1)L € (1) k* €I,
p* € IN\{0},w" elf\{0}, r>0

11



ii) For every i = 1..m, (c**,1*) is a solution to the problem

max Y | Fui(c, 1)

t=0
oo ) e¢] (e.¢] )
Zptct + Zw?li < ZP:C? + wali*
t=0 t=0 t=0
ii1) (k*,L*) is a solution to the firm’s problem:

Tt = maxzp:[f(ktal/t — k1] — Ztht —rko
st 0 < kt+1 < f(kt,Lt),O < Lt,Vt

iv)Markets clear

m

Vt7 Z:il Cé* + k;:k+1 = f(k;(> Z Lff*)7
i=1
Ly =" L 1 =1—L¥* and k§ = ko
Theorem 2 Let ( k*,c*,L* 1*) solve Problem (Q). Take

pi = Ay wp =N frlky, Ly) for any t
andr = MNy[Fi(ko,0) +1—6].

Then {c*, k*, L*, p*, w*,r} is a price equilibrium with transfers .
Proof: See in the Appendix. =

The appropriate transfer to each consumer is the amount that just allows the
consumer to afford the consumption stream allocated by the social optimization
problem. Thus, for given weight n € A, the required transfers are:

) =Y pi(m)ei’ (n) + Z wi (I ()= Y wi(n)—0'rko — a'm* (1)
t=0 t=0

where

Zpt n), Li () = K ya ()] = 3 wi ()L (n) — rho.
t=0

A competitive equilibrium for this economy corresponds to a set of welfare
weights 1 € A such that these transfers equal to zero.

Proposition 4 i) Let kg > 0. Then for any n € A, 7*(n) > 0.
ii) If n; = 0 then Vt, ci* = 0, ¥ = 0 and ¢;(n) < 0

12



Proof: i) Let (ko,0,0,...) € II(kg). Then
() = Ao(m)[F(ko,0) + (1 = 8)ko] — rko

= Xo(m)[F(ko,0) + (1 = 8)ko] — Ao(n)[Fr(ko, 0) + 1 — &]ko
> 0.
ii) Let n; = 0. Suppose for simplicity that ¢ > 0.
Let j satisfies n; > 0. Define ¢f* = 0, ¢} = " + cl. We have
mii (5™ 157) = miui (e, 167) = 0myug (6™, 17) > mjuy (", 1),

Hence we get new utility is greater than the optimum which leads to contradic-
tion. Now, assume that [§* > 0. Let j satisfies n; > 0. Define

@ = Flkoym =Y I§)+(1—0)ko—ki — > cf

k#£i k#j
G =0

We have cg)** > cj * and
muz(CB*, [Z)**) = nzuz(06*7 l*) =0, 77]“](67** lj*) > UJUJ(CJ 71‘6*)'

that also leads to contradiction. Thus, ci* = 0, I¥* = 0 Vt. Now, we have

n=>_pimd* +Zwt )i (1
t=0

—Zwt( )— Yrky — alr* (n)

t=0

For given 7, properties in the Proposition 2 , kf > 0, ¢i* > 0, I¥* > 0
Vt,Vi € I, and Inada condition on function F' implies the uniqueness of Lagrange
multipliers A} = p}(n) = niBlul(ci*, 1*), wi(n) = M\ fo(kf, L}). Thus, ¢;(.) is a
function of n. The following theorem is a direct application of Brouwer’s fixed
point theorem.

Theorem 3 Let ko > 0. Then there exists n € A,n >> 0, such that ¢;(n) =
0,Vi . That means there exists an equilibrium.

Proof: First, we prove that ¢;(.) is a continuous function of n for every i. Let
n" € A and n" — n € A. We shall prove that ¢;(n") — ¢i(n). It is easy to
check that, for given n € A,

U(n,k,c,1) ZZUZB (18

t=0 =1
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is continuous over A x II(ko)x > (ko), II(ko)x > (ko) is compact, it follows
from Berge’s Theorem that ci*(n), ki (1), 1i*(n)
the product topology. Let us recall that ¢;(n) =

PR AGEA +Zwt )i (n Zwt ~irko — o' ().
t=0

Firstly, we consider the first three terms of ¢;(n). Boundedness of ct*(n), [:*(n),
concavity of u; together with conditions (3),(5),(6),(10),(11) imply that, Vi =

1,..,m,

are continuous functions of 7 for

(el (n). 1§ (n) = mi6s(0.0)
> gt (el (), B (n)) i (m)
— () = N " () = A ()i ().

niBiui(cy*(n), 1" (n)) — niBiui(0,0)
> miBluj(c(n), 11 ()l (n)

= [wf(n) — A" () + A7 ()] (n)
= [wi(n) + X () = wi(m)l*(n).

(Note that if i ¢ I then c¢i*(n) = 0,1*(n) = 0).
Thus, Ve > 0, there exist T" and a real number M > 0 such that

> pie(m) = YN () < > MBL < .
t=T t=T t=T
Zwt M (n <ZM@ << 5

Moreover, since Y~ w; (77) < +00, we also can write

> win) <
t=T

NeN O

For some ¢ € I, we have

(™) = miBlul(ct, 1) = pi(n),
wi(n™) — N fulkl, L) =w;(n)

since ¢*(n™) — ci*(n) > 0, II*(n™) — 1¥*(n) > 0. Thus,
1> pi(n" Zwt " ( ")*Zw?(ﬁ )
=0
s .
=Y pi(m)e(n) — i (1) + Z wy (1



t=0 t=0
T T
> wf ™M m™) =Y wi () () |+ (i)
t=0 t=0
T T
> wim™) = win)] (iii)
t=0 t=0
+D pr e (") + > pi(n)e(n)
t=T t=T
D wi (MY D> wi ()l (n)
t=T t=T
+ win") + Y wi(n) <e
t=T t=T

since, given T, the continuity of p}(n),w;(n),c*(n),1*(n) implies that there

exist N such that for any n > N, each term (i), (ii),(iii) is smaller than §.

The similar arguments can show that
9" )ko — a'm* (") — 'r(n)ko — @' (n).

Hence, ¢;(.) is a continuous function of 7.

Let define T : A—A, T(n) = (T1(n),T2(n), ..., Tin(n)) where T;(n) defined
as
IEDIREAC)
with ¢;(n) = —¢i(n) if ¢;i(n) < 0, and ¢3(n) = 0 if ¢;(n) > 0. T is a continuous
mapping from the simplex into itself. By the Brouwer fixed point theorem,
there exists 7 € A such that T'(n) = 7. We have

Ti(n) =

- )\+¢
P = T —m > @15: 1
n 1 ¢1¢( n ﬁb (1)

If 7j; = 0, Proposition 4 (ii) implies that ¢;(17;) < 0 and ¢;(7) > 0 :a contradic-
tion with (1). Thus, n; > 0, Vi. If i@;(ﬁ) > 0, then ®;(7) > 0, Vi. From the
definition of c;S/.( ) this implies ¢Z( Z)_i 0, Vi. But this contradicts Walras’ Law
which says Z(bz( ) = 0. Thus, Z¢ 7) = 0 which implies ¢;(7) = 0, ¥i. But

in this case we have ¢;(1) > 0, Vz From Walras’ Law we have ¢;() =0, Vi. m
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4 Conclusion

In this paper, we prove the existence of competitive equilibrium in an optimal
growth model with heterogeneous agents and elastic labor supply. This paper is
an extension of Le Van and Vailakis [2003] who studied the model without labor
supply. It is also the completeness of the important issue about the existence
of competitive equilibrium in the model of C. Le Van, M.H. Nguyen and Y.
Vailakis [2007]. Following the Negishi approach, our strategy for tackling the
question of existence relies on exploiting the link between Pareto-optima and
competitive equilibria. The proof is based on the result of existence of Lagrange
multipliers of the Pareto problem and their representation as a summable se-
quence. We show that there exists a Lagrange multiplier as a price system such
that together with the Pareto-optimal solution they constitute a price equilib-
rium with transfers. These transfers depend on the individual weights involved
in the social welfare function. An equilibrium exists provided that there is a
set of welfare weights such that the corresponding transfers equal zero.

5 Appendix

Proof of Proposition 2

Proof: i) Let ko > 0 but assume that k} = 0. Denote Lj =m — >, [i*. Since

it = f(ko, L) > 0,

el
there exists some 7; € I such that CS“ > 0. First, we claim that there exists p
with ;7 > 0.

Assume the contrary that [3* = 0,Vi € I. In this case, we prove that there
exists p with ¢;” > 0. Indeed, if ¢;* = 0 Vi € I then k3 = f(0,m). Choose
e > 0 such that ¢j* > ie—i'—sz. Let a = % and v = m Consider
the alternative path ((c*,1'),, k) defined as follows:

i) o= — (e 4e?), ch=chl, Vie I\{i1}
i) ' =ae ¢ =0, Viel\{i}
) =1 Vel I =g, 18 =0, Vi € I\{i1}
iv) d=c"and Il =1}, Vi I,Vt>?2
v) ki=e¢, ke =ki, Vt>2.

—

111
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Observe that

ZCB—i—kl =

i€l
gt =+ + D ite < D+ k= f(ko, L)
i€l\{i1} iel

Moreover,

fller,m — 1) — kg — ¢t
= f(e,m—~e)— f(0,m) — as
> elfule,m —re) = frle,m —ye)y —af.
Due to the Inada conditions on F' the term inside the bracket is strictly positive

for £ small enough. This proves feasibility of the alternative path.

Observe that as ¢ — 0 both « and v converge to a finite value. In addition,

a 41 .
5 =Co- Define:

= m Y Bluilci,b) ZmZﬁtuz AN

iel =0 iel =0
= N [ui1 (Cgl ) lél) Uiy (Coll ) l*“ )] + iy ﬁil [uh (Cl ) lz ) Uiy (61“ l*zl)] :
The concavity of u’t implies that
Ale)

;i = ﬁil Uiy (Cilvlil) Uiy (Clll l*ll)] + [ull (CO ’ZO ) Uiy (c()l1 l*“ )]
1

> Biyui, (0, ve) — ul (cff, 1) (e + £2).

If ulc} > 0, then

A; (e oE ,
;711( ) Z /B”Llull <757€ ) _UZ (CO 7l61)(5+5 )
1
a 7 1 7t1 2
Z ﬁuuh (731) ’76—%1 C l )(€+€ )
> 2 (i 1
> Byull ;, aE — uy, co, )(e + &%)
2
= fauit (1) TE i 1) (e + )
Bi
= (24 ¢)ult (co,1> cO,l“] 0.

If ulc} <0, then

A .
77<€) > 61'1“7;1 (O[E, 75) - U“ (CO ’ lll)(e + 62)
i1
> B ult (ae,ve)ae — uil(célalél)(f‘f‘gz)
> (€4 o)ful (ae, 1) — it (e, ).
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Due to the Inada conditions on u;,, the term inside the bracket becomes non-
negative for £ small enough. A contradiction.

Thus, there exists p such that ¢;” > 0. For this p, we claim that [;¥ > 0.
Indeed, if this were false, define a feasible path as follows:

) B=e =1 Vitp,
i) =7+ fOm—e) = f(0,m), ¢} =i’ Vi p,
) ¢ =ct =10 Vi V£ 1k =kt

Define:

&)=Y _m> Blui(c 1) ZmZﬁ ui (e, 17

el t=0 el t=0
= 1plp [up(c)s ) — uP (1", 0)] > mpBpub(cf,e)(f(e, L) — f(0,L7))
+npﬁpu€(czl)a E)‘S > npﬁp[_ug(cqv 5)(fL(07 m— 5) + ug’(clf’ 5)]8

As e — 0, uf(c],e) — 400 while —ul(cl,e)(fL(0,m — ¢) < 4o0. Hence, for
e > 0 small enough, Ay(¢) > 0: a contradiction. Thus, [3¥ > 0.
Now, we consider the alternative feasible path ((c;,1;);, k) defined as follows:

) = —e A ="+ [, L7) - f(0,L}), & =¢, Yt > 2,
i) =c"Vi#p Vtand Il =1, ViVt
i) ki =e, ke =k}, Vt > 2.

Define:
Ao=D Zﬁ wileh, 1) = mi Zﬁtuz A1)
el t=0 el t=0

The concavity of u, and f implies that

An” () — P + B, [un( ) — (e )]
S [l ( )+ Bl ) fule, LD

As e — 0, B ul(, 1)) fu(e, L}) — +oo while ul(ch,1f) — ul(cp’, ") < +o0.
Hence, for € > 0 small enough, A,(e) > 0 : a contradiction. It follows that
kT > 0. Working by induction we can show that k; > 0 for any ¢.

ii) It follows from proposition 10 in C. Le Van, M.H Nguyen and Y. Vailakis
[2007] that there exists v > 0 such that k; > ~ Vt. Suppose that there exist an
optimal paths (c*,1%,k*) with ¢}* = 0,we can choose a feasible paths from this
optimal paths where we just repalce c(l)*, ki with ¢} =9 > 0, kt = k} — & in
which {&;} is an increasing sequence bounded from above by 7 ( for example,
g =y — t+n,n > 0) such that Zzelct + ki — et < f(kf — e, Ly). This

feasible path create a new greater value than optimal value which leads to a
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contradiction. Thus ¢;* > 0 for all ¢. It follows from (7) that [;* > 0. (Otherwise,
A¢ would not belong to I1). =

Proof of Lemma 1
Proof: Consider A(n) = (Al,)\zi,)\3,)\4i,)\5i) of Proposition 1. Conditions
(7),(8),(9) in Proposition 1 show that Vi = 1...m, du;(ci*,1¥*) and OF (k}, L})
are nonempty. Moreover,Vt,Vi = 1...m, there exists u’(ci*,[*) € Oyu;(ci, 1i*),
W(c* %) € Bou(cit, 1), fulki, LY) € 01 f(k, L)and fr (K7, LY) € Oof (k7 L)
such that

miBiul (e 1) — N+ AP =0,Vi = 1..m (10)
ni Bt (1) = AL fr(kf, LY + A = X' =0,Vi = 1..m (11)
N fiulki L)+ A7 =M\ =0 (12)

We have - -
+00 > Zﬁfw(eﬁ*, 1) - Zﬁfuxo,m >

Zﬁfui(cé*,l” Y4+ Zﬁtul I Vi = 1..m
t=0
which implies
> Blui (e 1 < +o00,Vi = 1..m (13)

t=0

and for any 1,

+o0 > Y N F(RFLY) = Y NSO, L; - L) =

t=0 t=0

o0 (0]
S ON kS LK+ N fo(ky, L)L
t=0 t=0
which implies
© .
> M FL(ky, L)LY < 4o (14)
t=0
Given T, we multiply (11), for each i, by Li* and sum up from 0 to 7. We then
obtain

T
VT, Zmﬁtul (e )L = A fo(ki, L)LY (15)
t=0

- Z ALY+ Z AL Vi =1..m
t=0 t=0
Observe that

o oo
0< D AL <) A < 4o00,Vi = 1..m (16)
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(e} o
0< > ALF <) A < 4o00,Vi = 1..m (17)
t=0 t=0

Thus, since L¥* = 1 — [*,Vi = 1...m, from (15), we get

T
Z miBli (", 17%) Z MBI + S0 A fu (kL L)L

t=0
. . T . .
+ Z ALY = ALY
t=0 t=0
Using (13),(14),(16),(17) and letting T" — oo, we obtain

0 < Z nlﬁtul ct*v li* Z nzﬂtul Ct*a lz* ll*

o0 o0 o0
S Ok L)LY+ ALY =Y ALY < 400
t=0 t=0 +=0

Consequently, from (11),

For all ¢ € I, Proposition 2 (ii) together with conditions (3), (10) imply that
i = At = piBui(c*, 1i*) > 0. Inada condition on function F together with
(8) imply that L; > 0. Hence, by Proposition 2 (i), w;(n) = A\ fr.(k;, L}) > 0.
Therefore, p;,w; belong to I \{0}. This completes the proof. m

Proof of Theorem 2

Proof: i) From Proposition 1 and Lemma 1, we get
¢t e (ID)™ I € (1), k* €1, p* € 7 \{0},w* € [;\{0},7 > 0.
ii) We now show that (c**,1%*) solves the consumer’s problem. Let (c?,1?) satis-
fies
Zp;‘ci + Zw{fli gZpIci* + Zw;‘li*.
t=0 t=0 t=0 t=0

By the concavity of u;, we have:

Z /Btuz Ct*7 ll* Z ﬁful(ci’ lylf)
t=0

Z ul (e}, 1) ( —ct—i—26tul o 1) (U = 1),
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Combining (3 ),(6),(10),(11) yields that

o~ A=A e LR L) = AN
AZZ%(Q _Ct)+z L t t77i t L (5 —=1)
t=0

IV
el -

A A kf, LY) N1 —1D)
“Ler — ) +27th( DA — 1) +Z
—o par i
=Y ML LY e o
> Znit(ct Ct +ZM(Z —l)
t=0 t=0 ¢
. p* 1k (2 . ’UJ* vk (2
:Zé(ct _Ct)'i_z%(lt =) >0
=0 i t=0

This means (c™*,1°*) solves the consumer’s problem.
iii) We now show that (k*,L*) is solution to the firm’s problem. Since
p? - A%? w;fk - A%fL(kZ(7L>tk>7 we have

[e.e] e}

. Z)\Hf(k‘f,lzf) — ki) - Z)‘tlfL(k’f,Lf) L — rko.

t=0 t=0
Let :

T
th (kf L7) = kil = Y N fu(ks, L) Ly — kg
t=0

T T
(Z M (f (ks Le) = kera] = > N fulky, L)L ko>
0 t=0

By the concavity of f , we get

T
Ap > Z)\tfk KEL L) (k= ke) = > A\ (K — Eryr)
t=0

= [ 1fk(k17LT) — o) (KT — k1) + .
N fu (B, L) = Ap_) (K7 = k) = Ap(Kpgq — k).
By (4) and (12), we have: Vt = 1,2,...,T
N Fi(ky s L) = M) (KF = Ke)
==\ (kj — k) = Nk > 0.
Thus,
Ar > =Ap(kpyy — ki) = =Apkfyg + Apkrin > = Apkp.

Since M € l}r, supky ; < 400, we have
T

lim Az > lim — Ak, =0.
T—+o00 = T——4o00 7T+l

We have proved that the sequences (k*, L*) maximize the profit of the firm.
It is easy to see that market is clearing at the equilibrium. =
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