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Abstract

In this paper we analyze how an individual should optimally invest
in her own human capital when she also has financial wealth. We treat
the individual’s option to take more education as expansion options
and apply real option analysis. We characterize the individual’s opti-
mal consumption strategy and portfolio weights. The individual has
a demand for hedging financial risk, labor income risk, and also wage

level risk.

Keywords and phrases: Optimal portfolio choice, Investment in hu-

man capital, Hedging demand.
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1 Introduction

In this paper we examine the decisions of a life-cycle investor that can in-
vest in her own human capital, as well as financial assets. Two important
characteristics of human capital investments are that they are irreversible
and that they have uncertain returns.! Hence, investments opportunities in
human capital are typical examples of projects with inherent option values.
This is an important aspect of our analysis; the value of an individual’s

human wealth at a given point in time has two components:
1. The value of her human capital in place.

2. The value of her options to invest in more human capital at later points

in time.

Standard models of saving and portfolio choice either ignore the exis-
tence of human capital or treat it as exogenous. Likewise, models of human
capital accumulation and labor earnings over the life-cycle usually ignore
portfolio choice. This is unfortunate, not only because human wealth is
the most important asset for most young and many middle-aged individu-
als, but in particular because taking into account the interaction between
human capital investments, labor income, savings, and portfolio choice can
yield important insights into how such decisions are made (or should be
made). Two exceptions are Bodie, Merton, and Samuelson (1992) and Vi-
ceira (2001), as they allow for endogenous labor supply. By varying her
labor supply, the individual can affect her earnings (and thus the value of
her human capital). However, these models do not analyze human capital
investments per se and therefore do not take into account the option values
inherent in the individual’s wealth. Judd (2000)? and Williams (1978) solve
static models of educational investments when the individual also can in-

vest in financial assets. Although both authors recognize the irreversibility

!They also differ from many irreversible investments in physical capital in that the
investor has a monopoly right to undertake the investment, because the property rights
to human capital cannot be transferred. The latter point implies that that finiteness of

life plays a central role in human capital investments (Blinder and Weiss (1976)).
2We should note that Judd’s model incorporates moral hazard, while we treat the

non-marketability of human capital as exogenous.



of human capital investments, the static framework precludes them from
analyzing such investments by the real options approach.?

In this paper we derive the value of the human capital already in place
for an individual. In addition we derive the value of the option to invest in
more education. An individual’s total wealth is the sum of the value of the
human capital and the financial wealth. The non-marketability of the human
capital causes a demand for hedging the risk associated with human capital.
To this end we also characterize the individual’s optimal consumption and
portfolio strategy. In addition to the mean-variance tangency portfolio (see
e.g., Merton (1969)), the individual now also hedges the risk from labor
income and the risk from the rental price for human capital. The present
paper is related to recent work by Saks and Shore (2005) on risk and career
choice. While their focus is on the interaction between the type of education
people choose and their portfolio choice, this paper is about the amount of
education (in a broad sense) and portfolio choice.

The paper is organized as follows: In section 2 we lay out a life cycle
model of human capital investments, savings, and portfolio choice. As-
suming that risks to human capital investments are spanned by the traded
assets of the economy, we demonstrate in section 3 how the individual’s
human wealth should be valued. We also analyze the implied profiles for
earnings over the life-cycle. Given these profiles, we proceed to examine the
individual’s optimal savings and investment policies in section 4. The paper

is concluded in section 5.

2 A life-cycle model

In this section we develop a life cycle model that will be used to explore the
interactions between accumulation of human capital (i.e., education) and

portfolio choice.

3Williams (1979) gives approximate solutions to an intertemporal model, but still ig-

nores the option values inherent in the individual’s wealth.



Preferences and financial wealth We study an individual that is as-
sumed to live forever.* She derives utility from consumption only, and we
treat her labor supply as fixed and exogenous. The individual’s objective is

to meimize Uy = Ey { /0 h e—‘”u(C(t))dt] : (1)

where FE; is the conditional expectations operator, J is the rate of time
preference, C'(t) is consumption at time ¢, and u is an instantaneous utility
function with standard properties.

At any time t the individual can invest in one riskless and one risky
financial asset. The riskless asset has an instantaneous real return r, while

the price process for the risky financial asset is given by
P
——2% = pdt + odz(t). (2)

Here, z(t) is a standard Wiener process, the constant p is the instantaneous
expected rate of return on the asset, and ¢ is the instantaneous standard
deviation of the return. Thus, the risky asset has a lognormal price dis-
tribution and normally distributed returns. Modelling financial investment
opportunities in this manner is standard and dates back to Merton (1969).

Let F(t) denote the individual’s financial wealth at time ¢, while «a(t)
gives the share of financial wealth invested in the risky asset. Given (2), it
is straightforward to show that the evolution of the financial wealth is given
by

dE(t) = [(a(t) (w—1) +7) F(t) — C(t)] dt + a(t)F(t)odz(t) + dy(t), (3)

where dy(t) is the flow of disposable labor income (to be defined below) at

time ¢.

Human capital and labor income The individual has an initial stock

of homogenous human capital (skills and knowledge) H(0) = Hy. There is a

“Infinite time horizon is necessary to obtain a closed-form solution to the option pricing
problem considered in the next section. The modelling of human capital formation and
labor income presented below give us reasonable life-cycle behavior despite the assumption

of infinite horizon.



market in which the services of human capital are traded, and a(t) denotes
the real rental price for a unit of human capital H(t) at time ¢. This price
is taken as given by the individual. We assume that the rental price a(t)

follows the geometric Brownian motion
da(t)
a(t)

where A is a constant drift coefficient and b is a positive constant. As

= \dt + bodz(t), (4)

Bodie et al. (1992), we assume complete markets since the rental price of
human capital is perfectly correlated with the risky financial asset. This
is a necessary assumption to solve the option valuation problem in section
4.1 below. Human capital transforms into labor income through the Cobb-
Douglas function

7ty =a®)H®)?, 0<6<1, (5)
where y(¢) is realized labor income at time ¢. We notice that the marginal
labor earnings product from human capital is e H? 1.

Next, we will assume that the individual can add to her human capital
stock at any time t at a cost (in terms of the consumption good) k(t) = koe?!
per unit added, with p > 0 and kg a constant. The cost of increasing
the level of skills and knowledge is rising over time; human capital is only
partial expandable.® It is this assumption that ensures reasonable life-cycle
behavior despite our infinite time horizon setting.5 We let dH (t) = Q(t)dt
be the flow of acquired human capital at time t. For simplicity, we will
ignore depreciation, so that Q(¢) denotes net investment in human capital
at time ¢. Then, by applying Ito’s lemma to (5), we can write the flow of

disposable” labor income as

dy(t) = a(t)H(t)? [\dt + bodz(t)] — |koe”t — a(t)0H ()| Q(t)dt.  (6)

®Dixit and Pindyck (1998) present a model with partial expandability of physical cap-

ital.
5As will be explained below, this model implies marginal cost of human capital invest-

ments shifts upward over time, while the marginal value will be constant. In classical
human capital models with finite time horizon (see e.g., Ben-Porath (1967)), the marginal
investment cost is constant over time, while the marginal value shifts down due to the

finite horizon.
"Disposable for consumption and investment in financial assets, that is.



The first term on the right hand-side of (6) is the labor income flow delivered
by the preexisting level of human capital, while the second term shows the
net income from any investment in human capital at time t. The term in
the last square brackets is net marginal investment cost at time ¢.® Note
that net investment cost increases with time since the unit cost k& increases

exponentially over time.

3 Human wealth and labor income over the life-

cycle

As argued in the introduction, the characteristics of human capital invest-
ments make them well suited to be analyzed by the real options approach.”
In this section we use this approach to derive the value of the individual’s
human wealth, her optimal human capital investment policy, and the im-
plied profile for earnings over the life-cycle. The next section incorporates

this into the individual’s broader savings and portfolio choice problem.

3.1 Valuation of human wealth

At any time ¢, the value of the individual’s human wealth consists of two
components: the value of the human capital she already has, and the option
value (evaluated at time t) of investing in more human capital now or in the

future. We will value each component in turn.

Human capital in place In general, the value at time ¢ of the existing
human capital is the expected discounted value of the (maximum) future
wage income it can deliver. At time ¢, the individual’s stock of human
capital is H(t). If she makes no new investments in human capital, this
stock will be constant over time. However, the rental price will fluctuate, so

at time 7, t < 7, labor earnings are y(7) = a(7)H(t)?. Combining (4) and

8The word net is important here. As the model is set up, acquiring a marginal unit of
human capital gives an asset with a certain value (to be determined later in this section),
but it also gives immediate income a@H?~1. The net investment cost of a marginal unit

is thus the gross cost k less the instantaneous income provided by the unit.
9The authoritative reference to this approach is of course Dixit and Pindyck (1993).



(5), we have that
dy/y = A\dt + bodz. (7)

We can then follow Bodie et al. (1992) (see their section 4) to demonstrate

that the value of the individual’s human capital in place is given by

y(t) _a(t)H(®)’
r4+bu—r)—X rH+bu—r)—N

V(H;a,t) = (8)

where we assume that the denominator is positive. We can notice that the

marginal value of acquired human capital at time t is

' _ OV Ba(t)H(t)"!
U(H,a,t):a—H_Hb(M_T)_A, (9)

a concave function in H.

Option value of investing in more human capital We now analyze
the individual’s options to invest in additional human capital. Denote the
value of these options by G(H;a,t). Since we have assumed complete mar-
kets, we can follow Dixit and Pindyck (1993) and Dixit and Pindyck (1998)
and set up a risk free portfolio to determine GG. Suppose that we hold one
unit of the (portfolio of) expansion options and sell short m units of the
spanning asset n. In the appendix, we demonstrate that this gives the fol-
lowing differential equation for the value of the marginal expansion option
g(H;a,t) = —0G/0H:°

;(ba)%Qng + A —b(p—r)] a% —rg+ % =0. (10)

This partial differential equation is subject to the four boundary conditions

g(H;0,t) = 0 (11)

g(H;a™,t) = v(H;a"t)— I(H;a",t) (12)

dg(H;a*,t) _ Ov(H;a",t) 0OI(H;a",t) (13)
oa B Oa Ja

tlim g(H;a,t) = 0. (14)

If @ hits zero, it will stay at zero and the opportunity to invest in human

capital will be worthless; hence the first boundary condition. Equations (12)

0An increase in H means exercising some of the future expansion options, so G /OH

must be negative.



and (13) are the value matching and smooth pasting conditions, respectively
(see e.g., Dixit and Pindyck (1993)). The former says that at the value a*
where it is optimal to exercise the marginal option, the individual receives
a net payoff equal to the present value of labor income it delivers minus the
net marginal cost. The smooth pasting condition requires that g(H;a,t) is
continuous and smooth at the critical exercise point a*; if not one could do
better by exercising at a different point. Finally, boundary condition (14)
says that the value of the option to invest in a marginal unit of human capital
approaches zero as time passes by. This follows since the cost of exercising
the option (the ‘strike price’) is increasing exponentially with time.

We demonstrate in the appendix that the solution to (10) is given by
9(H;a,t) = B(H)a(t)e ", (15)

where B(H) and ¢ are parameters to be determined, while

1 A—b(u—r1) A=bu—r) 1\° 2(r+q)
ﬁl—z‘wW(w‘z) T o (10

Given (15), we can use (12) and (13) to solve for the critical exercise value

a*

B [r+b(p—r)— Nkoe
51 —1 QH(t)efl

The product [r+b(u—71)— ke in (17) can be interpreted as the instanta-

a*(H,t) = (17)

neous flow cost of increasing the human capital stock by a marginal unit at
time t. Equation (17) illustrates that the value of the current marginal labor
earnings product a@H’~! must be a multiple 3;/(1 — 31) > 1 of this flow
cost to trigger investment. The rental price of human capital must cover
the full cost of investing: the direct flow cost plus the opportunity cost of
investing now instead of later. We notice that the human capital rental price
necessary to induce investment is increasing with time, due to rising costs
over time, and with the level of human capital, due to decreasing marginal
labor earnings product.

Substituting (17) into (13) gives the following expression for B(H)

QHGfl
[r+b(pw—r)

81
() = (3 -1 ) A

9



Since B(H) does not depend on t, we have from (18) that ¢ = p[fi(q) — 1].
Substituting equation (16) for (31(¢) and solving for ¢ gives

_ L [r4bp—r)=A-—0p
¢ - p[‘z‘ (bo)?

[F+bu—7r)=AN—p 1\, 2u—)
+¢( D Nop 1), 2 ]>O.

Now, (15) gives the value of the option to produce a marginal unit of

human capital at time ¢. In principle, the individual could produce an
infinite amount of human capital, but we recall that the marginal labor
earnings product is decreasing in the preexisting level of human capital, and
this effect enters through the ‘constant’ in (18). Using (15), the total value
of the expansion options, evaluated at time ¢ is

G(H;a,t) = /H (t)B(H)a(t)ﬂle’qth

_ balt) )ﬁl <51 - 1)ﬁ1‘1 o [* e
- <[r+b(u—r)—/\]ﬂ1 ko ¢ /H(t)h ah-

A sufficient condition for the latter integral to converge is that 8; > 1/(1 —

0). That is, if the increase in labor income from more human capital de-
creases sufficiently fast (6 is sufficiently less than 1), we can be sure that the
individual’s expansion options have finite value for all . We will throughout
the paper assume that this convergence condition holds. It then follows that

the total value of the expansion options is given by

(BT H) 008 falt) G-
G(H’“’”‘( o ) <1—e>ﬂ1—1([r+b<u—r>—wl> 6(1;9)

The value of the expansion options is increasing in the rental price, decreas-

ing in the stock of human capital, and will approach zero as time passes by
since the cost of investing in skills and knowledge rises exponentially with
time.

3.2 Investment in human capital and labor earnings

The option valuation in the previous subsection is helpful in analyzing the

optimal human capital investment policy for the individual. The function

10



a*(H,t) implicitly defines the optimal human capital level at every instant.
If, at time ¢, @ and H are such that a(t) > a*(H,t), the individual should
invest in human capital until a* = a(t). Equivalently, we can rearrange (17)
in terms of H*(a,t), and express the optimal level of human capital at time

t as

* /81 —1 a(t)e > -0

H*(a,t) = .
(a,7) < B1 [r+bp—r)— A koert

Thus, if H* > H(t), the individual would add to her human capital stock,

(20)

whereas no investment would be undertaken if H* < H(t). Summarizing,

the optimal human capital investment policy can be written as
Q*(a,t; H) = H¥(a,t)— H(t), ifa* <af(t), (21)
=0 if a* > af(t).
Given a* > a(t), the amount of human capital investment is increasing in
the rental price a and decreasing with time t.

Combining (6) with the optimal investment policy in (21) we have that

the optimal disposable labor income flow is given by

dy* = aH®(\dt + bodz) (22)

Br—1 af = .
(( /81 [7’+b(lu,—r)_)\]koept> _H> (aQH 1_k0€pt>] dt,

where j is an indicator function with j = 1 if a* > a(t), and j = 0 otherwise.

+J

4 Consumption and portfolio choice

We now turn to the consumption and portfolio decision of the individual.
Formally, the problem is to choose paths for C(t), Q(t), and a(t) to maximize
the expected utility in (1), subject to the evolution of the state variables.
We have already found the optimal solution for Q(t) (equation (21)). At
this stage we can incorporate this solution in the individual’s maximiza-
tion problem, upon which the problem is reduced to a pure consumption/
portfolio choice problem.
The indirect utility function for this problem is defined by

J(F,a,H,t) = max FE / e OTu(C(7))dr|,
( )= o t[t (Ctn)

11



and the maximization is subject to the budget equation

dFF = [(a(p—r7r)+7r)F —C]dt+ aFodz
vaH® At + bodz] + jQ* (H; a,t) (a9H6_1 _ l{:gept) dt,
equation (4), the (optimal) evolution of human capital, dH* = jQ*dt, and
the current values F'(t), a(t), and C(t). The Hamilton-Jacobi-Bellman equa-
tion is

0 = %n%}i{u(C)e_& + Je[(alpp — 1)+ 7)F — C + aH'X + jQ* (a0 H™! — koet))]
1 1
+J; + §JFF[(05FO')2 + 2aFaHb0” 4 (aH’b0)?] + Jeal + iJaa(abU)2

+J1iQ* + Jpaabo?(aF + baH)},

where subscripts denote partial derivatives with respect to the designated

variables. The resulting first-order conditions are
uc(Ce % = Jp
and
Je(u— 1) + Jppo?(aF + baH®) + Jpeabo® = 0.

We can now determine the optimal consumption function and the optimal

portfolio choice, i.e.,
C*(F,a,H,t) = ual(JFe‘st) (23)

and
Jp p—r JFa
T 2 by(t) ba(t)¢ (24)

(aF)*(F,a,H,t): -
JrF

o J R O
where we have used 7(t) = a(t)H (t)?.
We recognize (23) as the envelope condition. At the optimum an extra
unit of consumption is as valuable to the investor as an extra unit of wealth
to finance future consumption. From (24) we see that the optimal portfolio

can be decomposed into three terms (Svensson and Werner (1993)):

1. The first term on the right hand-side is usual mean-variance tangency
portfolio. It is the reciprocal of the coefficient of absolute risk aversion
—Jr/Jpr) times the expected excess return to the variance of the

risky financial asset.

12



2. The second term can be labeled the “labor income hedge portfolio”. It
gives the substitution away from the risky asset needed to (perfectly)

hedge the variability of labor income.

3. The third term gives the adjustment necessary to hedge the uncer-
tainty associated with the state variable a. This term can thus be la-
beled the “human capital rental price hedge portfolio”, where Jp,/Jpp
is the ratio of the absolute aversion of rental price risk to the absolute

aversion to (financial) wealth risk.

Substitution of (23) and (24) back into the Hamilton-Jacobi-Bellman
equation delivers a second-order partial differential equation (PDE) for the
value function J(F,a, H,t). It is generally not possible to find an analytical
solution for this PDE, so one has to restore to numerical solutions. Those so-
lutions will not, however, affect the basic economic intuition for the problem

we have analyzed in this paper.

5 Conclusions

We have analyzed how an individual should optimally invest in education,
consume, and construct her financial portfolio. The individual’s wealth has
been divided into human wealth and financial wealth. The human wealth
has further been divided into human capital already in place and value of the
option to invest in more education. We show that there exist a wage level a*,
i.e., rental price for human capital, that triggers the individual to invest in
more education. When taking human capital into account, we show that the
individual’s optimal portfolio weights take the human capital into account.
The individual now also hedges the labor income and the uncertainty in the

wage level.

A Derivation of selected equations

A.1 Equation (10)

The portfolio of expansion options and m units of the risky financial asset

costs G(H;a,t) — mP(t) to buy. Suppose that the options go unexercised

13



at time t. The portfolio pays no dividend, but by Ito’s lemma, (2) and (4),

instantaneous capital gains are

B oG oG 1 5 20°G
dG —mdP = <8t —l—)\aaa + 2(ba) 53 —muP) dt
+ <baaaG - m0P> dz.
Oa

ba 0G

By choosing m = P 9o at every instant, the portfolio will be risk free. In

the absence of arbitrage we must accordingly have

2
<aG oG | 1 9°G  badG P> "

ot T, Tl G~ pa
ba 0G
_ L
7"<G 7 a )dt

Finally, we differentiate this expression with respect to H, use the definition
g(H;a,t) = —0G/0H, and rearrange to obtain (10).
A.2 Equation (15)

By substitution, we can readily confirm that the function g = Ba(t)?e~ %

satisfies (10), provided that 3 is a root of
1
S 00285 = 1)+ I\~ b(u— ] 8 —r g =0.

The first root (3; is given in equation (16), while the second is

A—ww_\/<ww )2

(bo)? (bo)2 2 (bo)?

< 0.

1
o=~
The general solution to (10) is thus
g(H;a,t) = BaPe " + Ba™e 1,
but since G2 < 0 the first boundary condition implies that B =0, and we
are left with (15).
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