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ABSTRACT

The purpose of this paper is to construct a model of a labor-
managed market economy, in which preference relations of consumers
are defined both on commodity bundles and on labor supply, and to observe
economic mechanisms, inherent in the model, that determine which firms

are formed and coexist in a market economy.

The present work was initially inspired by J. Greenberg [5] and his
unpublished manuscript on the application of the Lindahl solution to

a labor-managed market economy. His discussion with the author
stimulated this research. Of course, the author is solely responsible
for any possible errors in this paper. The financial support for this
research was provided, in part, by a National Science Foundation Grant
No. GS 31346X through The Center for Mathematical Studies in Economics
and Management Science, Northwestern University.



L. 1INTRODUCTION

An attempt was made in an earlier paper, T. Ichiishi [6], to explain
the formation of firms in a labor-managed market economy, where the
productivity of consumer coalitions (firms) was emphasized as one cause
of this phenomenon. To make this viewpoint explicit, it was postulated in
that paper that each economic agent can be characterized as an "economic
animal'; i.e., he has a lexicographic preference ordering over nominal
wealth levels and (marketed) commodity bundles.

Another model, more classical and standard in flavor, in which each
economic agent has a preference relation defined not only on the commodity
bundles but also on his supply of labor, was considered by J. Greenberg [5]
and his unpublished manuscript. He observed a logical similarity between
his model and the model of local public goods, and furthermore, introduced
various game-theoretic concepts as possible solutions to his model, However,
in his work the formation of firms was not satisfactorily explained.

The present paper combines the above two works: It constructs a
model of a labor-managed market economy, in which preference relations of
consumers are defined both on cémmodity bundles and on labor supply, and
observes economic mechanisms, inherent in the model, that determine which
firms are formed and coexist in a market equilibrium.

The model in this paper, however, cannot cover some important aspects
of the economy, because of considerable technical difficulties which would
arise: First, it assumes that the cardinality of the set of the economic

agents is finite, so it cannot describe an idealized case in which no single
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agent can have an influence on the society. Second, and more important,
it does not explicitly introduce uncertainty into the model. TIf one
wants to apply a model of the labor-managed market economy to a capitalistic
society, one cannot dispense with uncertainty, since stock is considered
as a marketed commodity, and since stock ownership is explained by the
portfolio analysis.

Section II is devoted to construction of a model and statement of the

main results. Proof of the main theorem is given in Section TIT.



II. MODEL AND RESULTS

A model with marketed commodities and non-marketed labor is
constructed. There are m types of commodities, where m 1is a positive
integer, and a commodity is characterized by its physical properties, the
date on which it will be available, and the location at which it will be
available. Denote by M the set of integers {1,...,m}. The important
feature about a commodity is that it is marketed, so that the dual concept,
its price, is well-defined. Full-time labor is not marketed. A wage is
not, therefore, a price but a reward that the laborer gets by participating
a production unit. There are n economic agents, where n 1is a positive
integer. Denote by N the set of integers {1,...,n}. Each economic

agent j € N 1is able to supply zJ types of labor. Denote by L3 the

h h j
set of integers {m + 9 + 1, m+ g + 2,...,m + Zh + ZJ-“, and
h<j h<j h<j
define g =m+ 3 gJ. Note that {M,Ll,...,Ln} is a partition of

JEN
{1,...,4}. A positive integer i (<4 ) signifies the type of commodity if
i € M, and the type of labor supplied by the jth agent if i € Lj. For
a vector x in the jg-dimensional Euclidian space Bﬁ > Xy denotes its
ith component, Xy the subvector {xi \ ie M}, and ij and x ~ are
similarly defined, where L = L1LJ...LJLn.

Each economic agent plays two roles in the economy: that of consumer

and that of member of a production unit. To each agent j € N, as a consumer,

]

are assigned his consumption set XJ, his utility function u~ on XJ, and

his initial endowment wJ. The consumption set XJ, a subset of E& B



A
consists of all consumptions possible for the agent j, and wj is
a point in IRm. The usual sign convention (see, e.g., G. Debreu [3])
is made here, so that for x & Xj, Xy > 0 (< 0, resp.) means demand
(supply, resp.) by the agent j. For each two vectors x,y in a Euclidean
space, X >y means X, > Y, for every 1i; x>y means [x >y and

x # y]l; x >>y means X > Y for every i. Assumptions on the

consumption sector {(XJ,UJ,wJ)}

jen-
(X.l) For every j € N, X € X3 implies [x h = 0 for every h # j,
L
and x , < 0].
LJ
o3 j
(X.2) For every j € N, the interior of ({x I e R \ x € X’V in
L
ﬁj
R is non-empty.
(X.3) For every j € N, xJ is convex and closed in Y.
X.4) For every j € N, [x,x' ¢ XJ] implies (XM’XI‘) e xJ.
(X.5) For every j € N, there exists c? € ]R)e such that

L L

XJ + {cJ“} ol ]R+ » where ]R+ denotes the non-negative orthant of R .

(X.6) For every j ¢ N, the function uwlixd o R 1is continuous,
X.7) For every j € N and for every neighborhood U in X3 of any
X € XJ, there exists %' ¢ U such that [xi = X, and

HdE > dE)l.

(X.8) For every j € N, for every x, x'¢ XJ, and for every t

such that 0< t< 1, uJ(tx + (1-t) x') > Min [uJ(x),uJ(x')].

4
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X.9 For every j € N and for every p € Am-l,pv wJ:>Min {p 'XM\xe;XJ},
m
where Am 1 = {pe ]R$ \ = P; = 1}, and pe+w is the Euclidian

1

inner product of p and .

The assumptions (X.1l) and (X.2) are natural in view of the above discussion

on labor; (X.4) 1is standard, in fact, it is frequently assumed that a
consumption set is 'Rﬁ for a pure exchange economy; (X.7) is a strong
version of local non-satiation. (See, e.g., G. Debreu [3], for discussion on
the other assumptions.)

Let ¥ be an algebra of subsets of N. Each element S of 7, called
a coalition, plays a role as a production unit, where an agent works for
this production unit if and only if he is a member of S. The production
set Y(S), a subset of EJ’, is assigned to each S ¢ . It reflects the
technological knowledge and skill of the members of S; it also reflects
non-marketed and non-labor production factors owned by the members of S.
The usual sign convention is taken to distinguish input and output (see, e.g.,
G. Debreu [3]), so that under a price system p € ﬂin, P Yy is the value-~
added made by the activity vy ¢ Y(8). A coalition structure J is a
partition of N such that every member of 7 belongs to 7. Denote by
g any fixed, non-empty collection of coalition structures. A member J

~

of 7 describes which production units coexist in the economy. Denote by

~

Y the society's total production possibility set ) ( 2 Y(M).
JeT TeJ

~

7Y

Assumptions on the production sector ({Y(S)?S€§f J



(Y.1)

(Y.2)

(Y.3)

(Y.4)

(Y.5)

(Y.6)
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For every S €7, v € Y(S) implies [y 3 =0 for any j ¢ S,
L
and y 3 < 0 for every j ¢ S].
L

For every S ¢ 7, 0 ¢ Y(S); and Y(Q) = {0%.

For every S €7, [y' <y ¢€ Y(S), y'j = 0 for every j ¢ S]
L

y' € Y(8).

For every S €7, Y(S) 1is closed in Bﬁ,

For every S €7, [y e Y(S), and ¢ > O] implies that there

b/ 1

8 > 0 such that if [y' e R , ¥y i << 0 for every j € S,y'j
T

L =

for every j ¢ S, and 3 |y;-y.| < 8l, then (3", y/) € Y(S)
ieL i i M L

for some y" € IRm for which b2 \y; -Yil < e.
M ieM

If is a finite sequence in ]{+x 7 such that

PpoSptpe

z =1 for every j € N, then z Y(S.) c Y.
b@_B:Sbéjkb ' b(":‘B}\b b

The assumption (Y.l) 1is natural in view of the above discussion on

labor;

implies

exists

=0

(Y.5) 1is true if the (implicit) production function is continuous;

the balancedness assumption (Y.6) has recently been discussed extensively

in the literature (see, e.g., V. Bohm [1] and T. Ichiishi [6]). The

assumptions (Y.2) - (Y.4) are standard (see, e.g., G. Debreu [3]).
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An economy £ is a datum (N,7, {(X ,u S )1 @fN’{Y(SﬂSemJ'v)' A

competitive equilibrium of an economy 4 1is a quintuple,

({x‘] 1

% *
T, iy (T)“%TGJ {n GN,p ) of members of ( J] XJ T

jen o~

jeN’

J

n -1
n v, R, , A" ), respectively, such that:
Tes*

wJ + nJ , for every j ¢ N;

b

(ii) z xJ < yL(T), for every T £ J
jJeT

.. 1% *  *
(iii) 5l <p " Yy (T), for every T e T
je
iv) 2 xg{“ < z oWl oz, y;{ (T), and
jeN jeN Tel
* 5 jr_ i ® *
P4 Xy=pe 2w P Z*YM(T),and
jeN JEN Ter
(V) For any S ¢ ¥, there exist no {xJ'}J ESE i Xj, no

j€es

- S
vy € Y(S), no {nJ}jGSG]Rf_ , such that

W) > &I, for every je s,

*
}Y}[S . J+TTJ, for every j € S,
h

xL < Yy and
jes

znl<p Yy -
jes

The condition (i) 1is the wealth constraint for a consumer; (ii) means
that the activity y*(T) is feasible with the collaboration of the
members in T; (iii) means that the value-added distribution {nj*} is
feasible; (iv) means that all the markets are cleared; and (v) means

ots

% j%
that the coalition structure  and the value-added distribution {nJ }
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are stable in the sense that no new coalition S 1is formed to bring
about by its own effort a higher utility level to each member of S. The
following theorem, whose essence is found in the unpublished manuscript of
J. Greenberg, gives a rationale for the behaviors of economic agents and

of production units:

Theorem I. Suppose that ({xJ"}, jﬁ,{y“(T)},{nJ"},p") is a competitive

equilibrium of an ecomomy & in which (X.3), (X.4), (X.6), (X.7),

(X.9), and (Y.2) are satisfied, and {j} € 9 for every j ¢ N. Then,

for every j € N, wa is a maximal element of the budget set

{x e XJ ‘P"'XM < pf wJ + nJ&} with respect to uJ; and for every

ot

oo .
i

T € T, p e yg(T) is the maximum of {p"- Yy \y £ Y(T), vy, = y;(T)}.

Proof of Theorem I. Suppose there exists j £€ N such that, for some %7

oS-

in his budget set, uj(Xj) > uj(xj*). Let jeTe¢ jf. Considering the
coalition {j} for the condition (v), one can easily show that (Y.2) implies
ﬁj* > 0 for every such j. Then, using (X.3), (X.4), (X.6),(X.7) and

(X.9), one can construct a value-added distribution within the coalition T
that contradicfs (v). The second statement of the theorem is obvious in

view of X.7).

Q.E.D.

The main result of the present paper is now stated:
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Theorem II. Let & be an economy which satisfies (X.1) - (X.9) and

(Y.1) - (Y.6). Assume also:

(z.1) Ayn R = {0},

(Z.2) For every j e N, [AY + (wJ,O)] nxl 40

where A C 1is the asymptotic cone of C (see, e.g., G. Debreu [3]). Then

there exists a competitive equilibrium of 4.




III.

Define also Hé

m
For every p € A
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PROOF OF THEOREM IT

ditions of Hp

2
jeN

J

TeJ

- j
= i) {97 jes
F’\
j
‘é:r ‘{ W jen

-

\

as the set of all

except that the last condition for each T ¢ 7

and for every S € 77, define:

wiessaxlex;anlem, ; A

Tye Y(S);

u? < uJ(xJ), and p -x& <p- wJ +-ﬁJ k

2 xJ <
jes
j
Z mm < p- YM
jes J

vie N;Ax) € XAl eR, ; A
Y TET; Ay(T) €Y(T);
] j

u qu(xJ), and P Xy SP'wJ'*'rr ,?_

< yL(T)

ngwJ <P ey (D J’

{uJ}jGN that satisfies all the con-

<p-3 yM(T). Then, ({Vp(S)]SGn,Hp) and ({VP(S)}S(EW,H;) are

is replaced by:
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cooperative games without side-payment. Denote by C(p) the set of all

(J,{XJ?jéN,{wJ}jGN,{Y(T)}Tey_)ej~f>‘<“n x) x B} xTn_ Y(T) such that
: jeN &

{uJ(xJ)}jGN is in Hp with 7, nJ’s and y(T)'s associated with it,
but that for any SE€7 , {uJ(XJ)}st is not an interior point of Vp(S) in
Eﬁrs. Every member of C(p) gives rise to a utility allocation in the core

of the game ({VP(S)} ,Hp). The set C'(p) is also defined similarly,

SeEN

h H' replaces H_.
where P P P
-1
(1) Assume (X.7). Then, C(p) = C'(p), for every p ¢ A"

Proof of (1). Take any QT,{XJ},{HJ},{y(T)}) in C'(p). If there exists

T' € 7 such that 3 ﬂJ >p° yM(T'),then from the condition,
jeT’
5 i j

< pe 3 yM(T), one concludes: AT € 73 2 1
JeN Ter

< pe vy, (T).
JET M

Each member in T could get more wage, and by (X.7) {uJ(xJ)}jGT would

be in the interior of Vp(T) in Eﬁ:T; a contradiction. The other inclusion

is obvious.

Q.E.D.

(2) Assume (X.1), (X.3), (X.8), (Y¥.1) and (¥.6). Then, the game

({Vp(S)},Hé) is balanced for every p ¢ N

. ]
Proof of (2). Let {xb’sb}bEB be a balanced collection, and {u }jGN
jb

.

. b .
be such that for each b ¢ B, {uJ} Vp(Sb). Let x7 [ XJ, ™ € ﬂi%’

=g €
jesy
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and yb € Y(Sb) be associated with {uj}jés . Define:

b
xJ = b3 xbeb,wJ = b KBan . By (Y.6) there is J € J_
beB:S. D bEB:S. 3]
b b
such that z beb = 2 y(T) with y(T) € Y(T) for each T ¢7. With
beB TeT

CT,{XJ},{WJ},{Y(T)}), it is straightforward to check that {uJ}jG e H;.

N

Q.E.D.

(3) Assume (X.1), (X.3), (X.8), (¥Y.1), and (Y.6). Assume also that Hé

-1
is bounded from above. Then, C'(p) is non-empty for evary p ¢ Am .

Proof of (3). Apply V. Bohm's version [1, Theorem 1] of H. Scarf's Theorem

{71 to (2).

Q.E.D.

Remark that for every member of C(p), (i)(ii)(iii) and (v) of the
equilibrium conditions are satisfied. The proof of (1) has shown that
the second condition of (iv) 1is also satisfied by this member. To prove
Theorem II, therefore, it suffices to show that there exists p* € Am_l and
a member of C(p*) such that the first condition of (iv) 1is satisfied:

This is done by the usual technique of fixed-point argument. For this

purpose, one needs:

(4) Assume (X.1) - (X.4), (X.6), (X.9), (Y¥.3) and (Y.5). Fix any S €7

and any p € Am_l. _LE {uJ(xJ)}jES is in the interior of VP(S) in E#:S,
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~

then there exist x7 € x? - and ﬂJ

€ IR+ for every j € S, and

y € Y(8) such that uJ(xJ) > uJ(xJ), P xB]{ < pe wJ + ﬂJ for every j,
2 xi < yL-, 2 nJ <p- Yy and xJ ., is in the interior of
jes j€s L

J : A
(x ;€ B |xe x77 in RY for every j e s.
L

Proof of (4). There exist %7 e XJ, T_rJ € Ry, y € Y(S) such that

W @& > ul =), p-%ﬂlf_ P w

By (X.3), (X.4),(X.6) and (X.9), there exist § > 0, }=<j € Xj with

.

;{i = ;i such that p- ;I{I’IS D wJ + -}T’J - §, and that uJ(}=(J) > uJ(xJ).
By (X.2) and (X.4), there exists ij in the interior of
L
e 3 Ix =3
{x i € R ] x € X’} in TR" , arbitrarily close to x i Put
L L

xJ = (;&,Xi), where th =0 for h# j. By (X.6),one may assume that
L

ud (XJ) > uJ(xJ). In view of (X.1), xJ . <<o0. So, by (Y¥.5), there exists

vy € Y(8) such that 32 x}_].S-YL and Peyy ~Pryy< 5 # S.

Q.E.D.

1

Define the excess demand correspondence Q:Am- - IRm, by

(@ = {2 G- oh)- 2 (DI @ L Ly e ). To
jeN Ter

complete the proof of Theorem II, one makes use of G. Debreu's theorem [2].
In view of (Z.1) and (Z.2), one only needs to establish the following

(5) - (7). (Define ' similarly to , where C' replaces C. First,
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consider the case in which (X.7) is dropped but X3’s are
bounded, and show existence of points that satisfy all the equilibrium

conditions except that (iii) 1is replaced by z nJ“ < p - % yW(T), by
jeN TET*

using the game ({Vp(S)},Hé), the correspondence ', (3) and (5) ~ (7);
then apply the usual limit argument, keeping in mind that the attainable
set is compact; finally apply (1).) Proof of (5) 1is straightforward.
To prove (6), one only has to check that (Y.6) implies convexity of

Y. (7) 1is a consequence of (7') because #J < o.

(5) For every p € A" s Pec'(p) < 0.

(6) Assume (X.3), (X.8) and (Y.6). Then, '(p) is convex for every

m-1
PEA .

(7) Assume X.1) - (X.4), (X.6), (X.9), and (Y.2) - (Y¥.5). Assume also

that XJ is compact for each j € N. Then the graph of g' is closed in

(7'") _Assume (X.3), (X.4),(X.6),(Y.2) - (Y.4), and the conclusion of (4).

Fix any J € J_. Suppose {pv,{xjv}j, {ﬁjv}j,{yv(T)}T}v is a sequence in

At x 1 XinRE x T Y(T) such that it converges to-

JeN TeT

0% 1x3%, 3%, %MD and that (&, [xV}, (V1L 3V (M) € ¢ Y)Y for

eve v. Then, C?,{on}:{njo},{yo(T)}) e c' ().
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Proof of (7'). It is trivial that {uJ(xJO)} € H'o. Suppose

P
{uJ(xJo)}jES were in the interior of V o(S) in Eﬁ:s

p

for some S € 7.

Then there exist x7 € XJ, nJ € R, ,y € Y(S) satisfying the properties in

LN

(4). Then, by (X.4) and (X.6), for every j € S there exists %3 € X

such that x&“ = X&, XJT <<:ij and uJ(xJ“) > uJ(xJO). Put:
1] L
xV = 1 xIV + (1 - l)xJ“, ;M = v. Then it is easy to show that
v v

5 v Y J,.Ziv . Jdv o
j€s =y < Y1 and u ' (x"Y) > u'(x""), eventually. If »p Yy > 0, then

define

"3 1 ~ o~ . . +
" PV ey - P eyl if Fe s,

il

+
0, if ¢S ,

where S = {ie s > 0}. Then 7V > 0 eventually, and

5 -ﬁJv S.Pv'YM' By x&ﬁ = x&, it is easy to show p° - Eéy < pe wJ + ;Jv’
jes

eventually: a contradiction to QT,{va}, {nJv},{yv(T)}) € Cc'(pY) for

every y. If po-yM = 0, we may assume without loss of generality that

y = 0. Put ';Jv = 0. Then, one can get a contradiction again.

Q.E.D.
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