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FOREWORD

The conceptual difficulties involved in the quest for a normative
criterion for social choice are well-known. Arrow's celebrated impossibility
theorem has taught us to be more modest in our search for such a criterion
than earlier pioneers of the new welfare economics had been hoping for. 1In
the context of assessing the relative social desirability of alternative
economic allocations the concept of Pareto-efficiency still stands out as
the central cornerstone of normative economics. However, since it is
recognized that some Pareto-allocations may be rather inequitable from some
intuitive distributional viewpoint, one would like to supplement the
Pareto-condition with some notion of economic justice. If possible, attempts
should be made to design notions of distributive justice which, like the
Pareto-criterion itself, are ordinal in nature and do not involve questionable

interpersonal utility comparisons. This paper presents such an attempt.
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I. INTRODUCTION

While a systematic review of the vast literature on normative
economics is beyond the scope of this paper, some brief remarks regarding
the present state of the art will help put the problem of economic equity in
proper perspective.

When one rereads such classics of the new welfare economics as
Bergson [ 3], Samuelson [15 - 17] and de Graaf [5], one cannot help but feel how
disturbing for normative economics Arrow's [ 1l ] general impossibility
theorem really is. For, had Bergsonian social welfare functions been able
to satisfy Arrow's minimal conditions on such functions, a very powerful
analytical concept indeed would have been available. Significant insights
to normative economics have of course nevertheless been provided by
the social welfare function approach. But, the explicit underlying
(ordinal) interpersonal welfare comparisons (effectively ruled out by
Arrow's result) imply that a robust equity criterion, normatively compelling
for any possible economy, cannot be derived from this particular approach.

The question that suggests itself therefore is whether any
reasonable equity criterion, the normative significance of which is equally
valid in any particular society (economy), can be advanced.

A few years ago, Foley [ 4] advanced the concept of fair (or
envy-free) allocations as a reasonable equity criterion. An allocation is
said to be fair if nobody prefers anybody else's bundle over his own. The
concept of fairness is appealing from an equity viewpoint in that it treats
economic agents symmetrically, is ordinal in nature and is free of inter-
personal comparisons of utility. However, as shown by Pazner and

Schmeidler [12], standard Arrow-Debreu production economies may display



the disturbing feature that among all Pareto-efficient allocations none
can be found that is fair. In light of the general acceptance of the
Pareto-criterion, it would be desirable to have a concept of equity which
never conflicts with Pareto-efficiency (under the standard assumptions on
the economic environment). Since the fairness criterion does not possess
this property and since there also is the question whether an equity
concept based on envy can be morally acceptable in the first place
(see Rawls [14]), the issue of defining an adequate criterion is still open.
The present paper introduces a concept of economic equity which,
as fairness, possesses an appealing symmetry property, is ordinal in nature
and is free of interpersonal welfare comparisons. Specifically, an alloca-
tion is said to be egalitarian-equivalent if there exists a fixed commodity
bundle (the same for each agent) that is considered by each agent to be
indifferent to the bundle that he actually gets in the allocation under
consideration. In other words , an egalitarian-equivalent allocation has the
special property that its underlying welfare distribution could have been
generated by an egalitarian economy. It is shown that Pareto-efficient
and egalitarian-equivalent allocations always exist under (even weaker than)
the standard conditions on the economic environment. When supplemented
by the egalitarian-equivalence criterion, the set of Pareto-efficient
allocations is thus restricted to those allocations having the property that
there exists an egalitarian economy (i.e. an economy in which everybody
gets an identical bundle) in which every agent enjoys precisely the same
welfare level as that experienced by him at the Pareto-allocation under
consideration. Another equivalent way of characterizing the set of

Pareto-allocations which are admissible according to the egalitarian-
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equivalence criterion is to visualize those for which the underlying
indifference surfaces all have at least one point of intersection (when
drawn in the same commodity space with respect to the same origin).

Two remarks on our approach are called for at this point. First, note
that the normative significance of an egalitarian-equivalent allocation
derives from its being agentwise indifferent to the egalitarian distribution
of commodities in some hypothetical economy. This may bring to mind the
hypothetical compensation tests of Kaldor [ 9], Hicks [ 7], Scitovsky [18]
and Samuelson [16] in some of which a state of the economy was said to be
better than another if in the first state everybody could be made better off
than in the second by suitable lump-sum transfers (without requiring
actual compensation to be effected). But note that in our case the welfare
distribution is not hypothetical (only the reference egalitarian economy
conducive to the same welfare distribution is). Since our interest here
is precisely in the distributional‘aspects of any allocation, the distri-
bution of welfare is all important; in the compensation tests, efficiency
was the issue so that the actual distribution of welfare was essentially
ignored. Potential welfare was the issue there; actual welfare is the
issue here.

The second remark we wish to make regards the horizontal and
vertical equity aspects of any egalitarian-equivalent allocation (see
Musgrave [10] for the concepts of horizontal and vertical equity). Any
two individuals having identical preferences will precisely enjoy the
same welfare level in any egalitarian-equivalent allocation. (since the
egalitarian reference economy assigns to everybody an identical bundle

which is preferencewise indifferent for each individual to his actual bundle).
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Hence horizontal equity is satisfied i.e. equal treatment of equals is
assured. For any two individuals having different preferences the inequality
in their actual bundles in any egalitarian-equivalent allocation is limited
by the requirement that their underlying indifference curves (surfaces)
contain at least one common bundle (since they must meet precisely at the
egalitarian allocation of the hypothetical reference economy). Hence

a particular notion of vertical equity is implicit in the egalitarian-
equivalence criterion; an egalitarian economy exists which would assign to
each individual the same welfare level as in the actual allocation.

The main results in the present paper are as follows. The new
concept of equity is shown to be consistent with Pareto-efficiency in both
pure exchange and production economies (Sections II and>V). In the case
of two-person economies, it is shown that any fair allocation is also
egalitarian-equivalent (Section III). 1In the case of n-person economies
this relationship no longer holds but it is seen that the larger the number
of agents becomes, the smaller becomes the set of Pareto-efficient and
egalitarian-equivalent allocations in relation to the set of Pareto-allocations
(Section II). It is also interesting to note that some very natural
maximin interpretations (justifications?) can be given to the set of
Pareto-efficient and egalitarian-equivalent allocations (Section IV).

The precise plan of the paper is as follows. In Section II, the
concept of egalitarian-equivalent allocation is further explained and its
consistency with the Pareto-criterion established. Section III relates
the new concept to that of fairness and presents an arbitration scheme for
allocations based on the new concept. Section IV discusses some maximin

interpretations of the results and relates the present approach to Rawls'
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theory of justice. While Sections II through IV deal mainly with pure
exchange economies, it is made explicit in Section V that the results carry
over to production economies.

Each section is supplemented with a Mathematical Appendix containing
the relevant definitions and statements. The proofs are deferred to the
Appendix at the end of the paper. The text and the appendices have been
so designed as to make it possible for the reader to read them independently.
Both the text and the appendices are self contained but the reader of the

appendices should consult the text for interpretive purposes.
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II. THE CONCEPT OF PARETO-EFFICIENT-EGALITARTAN-EQUIVALENT-ALLOCATIONS (PEEEA)

Consider a standard pure exchange economy in which externalities
are absent and where each consumer has preferences over the non-negative
orthant of the (Euclidean) commodity space that can be represented by a
continuous and monotone increasing utility function. Given any vector
of aggregate endowments, modern welfare economics has singled out the set
of Pareto-efficient allocations (the contract curve) as the relevant set
of allocations from the viewpoint of normative social choice.

The problem of course is that the contract curve (more generally,
the Pareto set) contains some rather unappetizing allocations (for instance
all those at which one individual gets everything or more generally those
in which one or some individuals do not get anything). The subject matter
of the theory of economic equity, as we see it, is to supplement the
Pareto criterion by an ethically appealing distributional criterion the
role of which should essentially be to restrict the set of admissible
Pareto—efficient allocations. As the theoretical justification for any
equity criterion depends heavily on its being consistent with the existing
conceptual framework of modern economic theory, our objective is to present
an equity criterion which does not presume interpersonal welfare comparisons
and which does not stand in conflict with the ordinal nature of Pareto-
efficiency.

For the sake of expositional simplicity, consider the case where
there are two consumers and two commodities (but note that every step in
the argument carries over to any number of agents and commodities; see

Mathematical Appendix to this section). Suppose that each consumer is given
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precisely half the total endowments. This egalitarian distribution will
in general not be Pareto-optimal. Consider the ray in commodity space
that goes from the origin through the vector of aggregate endowments. The
egalitarian distribution is represented by each man being given the same
bundle along this ray. If the egalitarian distribution is not Pareto-
efficient, then (by monotonicity and continuity of preferences) moving up
each man slightly along the ray yields distributions of utilities which
are still feasible since the starting utility distribution is in the
interior of the utility possibility set. In particular, if we simultaneously
move up each man along the commodity ray in precisely the same manner we
eventually will hit a utility distribution that lies on the utility
possibility frontier. This means that there exists a Pareto~-efficient
allocation which is equivalent from the viewpoint of each consumer to the
hypothetical (non-feasible) distribution along the ray which would give
to each consumer the same bundle (which, by being strictly greater than
the egalitarian distribution of the aggregate endowments, is itself not
feasible). This Pareto-efficient allocation is thus equivalent to the
egalitarian distribution in the hypothetical (larger than the original)
economy.

It is now clear that we can repeat this experiment along any
positive direction in the commodity space and by so doing generate the
set of Pareto-efficient allocations, each of them having the following
property: there is an egalitarian allocation in some hypothetical economy
(in which the preferences of the agents are identical to those of the
economy under consideration and the aggregate endowments of some or all

commodities are larger than those of the original economy), so that the
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welfare levels in the hypothetical economy are agentwise equal to those of
the allocation under consideration.

The resulting set of allocations is what we call the set of
Pareto-efficient and egalitarian equivalent allocations (PEEEA in the
sequel). It is a restriction of the Pareto set of the economy to those
allocations having the specified equity property that their underlying
utility levels distribution could have been generated by some egalitarian
economy.

That this method indeed restricts the set of admissible Pareto-~
efficient allocations is clear since, for instance, under strictly monotone
preferences the "end-points" of the utility possibility frontier (in which
some consumers get nothing) are excluded. How substantial the restriction
is in fact depends of course on the precise form of the preference orderings.
However it is obvious that, under strict convexity of preferences, when
the number of agents is much greater than that of commodities the restric-
tion is significant--a desirable result.

From the viewpoint of the ethical appeal of the concept, observe
that it is equivalent to restricting the set of admissible Pareto-efficient
allocations to those for which the underlying indifference surfaces all
meet at least once at a bundle common to all. Since each man is indifferent
between having his actual bundle and a given bundle that is also indifferent
from the viewpoint of every other consumer, the concept treats agents

symmetrically in this sense.
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MATHEMATICAL APPENDIX TO SECTION II
Let T denote the (finite) set of agents in the economy and let
Ri denote the non-negative orthant of the Euclidean space of dimension &,

the set of commodity bundles. Each t in T has a preference relation 2{ on

Ri which is assumed to be total, transitive, continuous and monotonic
. . L .
(i.e., for all x, y, z in R+ the following hold:

. 2
X zfy or y Etx, X Zty and y Eiz imply x f&z, the sets {x' € R l

x' >
+ tx}

and {x' ¢ Ri | X Etx'} are closed in Ri, and x >y and x # y imply x >ty;
where inequalities between vectors in Ri hold coordinatewise by definition,
and the relations >e and ~, are induced by ii in the usual way).

The economy is formally defined as the vector (T, Rl, {zi}teT’ w)
where w is an aggregate initial commodity vector, w > 0, w € Ri. The equity
problem is that of dividing w among the members of T. An allocation is a
T-1list of elements of Ri whose sum is smaller-or-equal to w. An allocation

is denoted by {xt}t or simply {xt}. An allocation {xt} is Pareto-

e T

efficient if for any other allocation {yt} the implication:

> = ~
(Vt e T, vy Xt) > (Vt e T, Ve

x ) holds.
t ™t t t

Definition: An allocation {xt} is said to be egalitarian-equivalent

if there is a bundle z in Ri so that for all t in T, =z ~ Xt; such a

vector z is called an egalitarian-reference-bundle.

In particular, the constant allocation {yt} where for all t,

y. = w/ Tl is egalitarian-equivalent. First the following results are

t
established.

= . L . . s
Proposition 1: For every x > 0 in R+ there is a positive real

number T so that there exists a Pareto-efficient egalitarian-equivalent

allocation {xt} with rx being the egalitarian-reference-bundle (i.e., for
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all t in T, rx ~ xt).

For the next result the strict convexity assumption is used:

For all t in T, all x, y ¢ Ri and all 0 <r <1, if x # y and x z.y then
rx + (1-r)y >£y. We then have the straightforward result.

Proposition 2: Under the assumption of strict convexity, for every

egalitarian bundle there is at most one Pareto-efficient allocation.

The following technical result is needed for the sequel:

Proposition 3: ‘Let there be given a convergent sequence (En) in

Ri with a limit x > O and suppose also that En > 0 for all n. Denote by

;n (and 1) the real number corresponding to §n (and X) via Proposition 1.

Then one has rn—+ r.

£ i
Z x = 1} and denote
i=1

by RP the set of egalitarian-reference-bundles: {rx ¢ Ri | XxePandr

Denote by P the set {x ¢ Ri | x > 0 and

corresponds to X via Proposition 1}. As a simple consequence of Proposition 3

one has that RP is homeomorphic to P. Furthermore, if RP is a bounded set

then the homeomorphism, as well as Propositions 1 and 3, can be extended

to P, the closure of P in Ri, and RP correspondingly. Next denote by ARP
the set of allocations, each of them being Pareto-efficient and egalitarian-
equivalent to some bundle in RP. By Propositions 1, 2 and 3 we have:

Proposition 4: Under the strict convexity assumption the

correspondence that applies Pareto-efficient X - equivalent allocations to

each x in RP is a well defined continuous function from RP onto ARP.

Note however that the function of Proposition 4 is not one to
one; one may have two distinct bundles in RP yielding the same Pareto-
efficient egalitarian-equivalent allocation in ARP. As an example consider

a two persons, two commodities economy with aggregate initial endowment



A-TTI-3

(3,3) and a Pareto-efficient allocation {(1,1), (2,2)}. The corresponding
. i1 . 12
preferences are represented by symmetric utility functions, ul(x) = x X,
1 2 A . . .
uz(x) = X + x . The symmetry of the utility functions implies that any
allocation with values on the diagonal is Pareto-efficient and that if
two indifference curves meet off diagonal, they meet twice. As the
consequence of this example it is not true that ARP is homeomorphic to P.
Nevertheless, it is intuitively obvious that the set of Pareto-efficient
egalitarian-equivalent allocations is of dimension %2-1 at most, whereas
the set of Pareto-efficient allocations is homeomorphic to the simplex

7]

in R (i.e., of dimension ]Tl—l). This last assertion appears in the
book by Arrow-Hahn [2, Chapter 5], which also includes all the technical
tools needed for following the present discussion; the topological
characterization of ARP is outside the scope of this paper. In any event,
when the number of agents is large relative to the number of commodities,
the restriction of the Pareto-set induced by the egalitarian-equivalent

requirement is significant; relatively few Pareto-efficient allocations

are not ruled out as being inequitable.
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III. PEEEA AS A FAIR ARBITRATION SCHEME FOR ALLOCATIONS

In this section we relate the concept of Pareto-efficient-
egalitarian-equivalent allocations to that of fair and Pareto-efficient
allocations. We do so by confining most of the discussion to two-person
economies. The special interest of this case stems from its applicability
to the well known two-person bargaining problem. We note in passing that
the search for plausible arbitration schemes is very closely related to
the quest for an acceptable normative criterion for the division of
economic resources; in either case we are looking for solution concepts
which will be deemed "fair" when all possible social environments
(preferences, resources, ... etc.) are considered at the outset. The
bargaining problem is usually formulated in terms of cardinal utilities
and admits of a number of interesting solutions (e.g. Harsanyi-Zeuthen [ 6],
Nash [11] and the recent work of Kalai-Smorodinsky [ 8]). The case of
ordinal preferences on which so much of economic theory is based, presents
special difficulties and did not lead yet to comparable solution concepts.
The notion of a fair allocation can be thought of as presenting a plausible
way of restricting the set of admissible solutions in the ordinal case.
Before discussing the relevance of the PEEEA concept in the present context,
it thus seems appropriate to review briefly some results of the fairmess
literature.

Recall the definition of a fair allocation. An allocation is
said to be fair (equitable) if no individual prefers the bundle of any
other individual in the allocation over his own. In other words, a fair
allocation is an allocation in which there is no envy; no individual would

like to switch bundles with any other. A Pareto-efficient allocation which
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is fair is called a fair and Pareto-efficient allocation. Fair and Pareto-
efficient allocations have been the subject of some recent literature

[ 4, 12, 19]. The main result in the present context is that while fair

and Pareto-efficient allocations always exist in standard pure exchange
economies, they may fail to exist in standard production economies (see [12]).
This failure is not restricted to the two-person case; we shall come back

to this matter later on. Hence the need for a different normative criterion
which one would like,as in the case of fairmess, to be ordinal in nature

and free of interpersonal welfare comparisons.

As argued below, a major appeal of the concept of PEEEA in the two-
person case lies in its including all fair and efficient allocations whenever
they exist and importantly in its consistency in the general n-person case
(in the sense that Pareto-efficient-egalitarian-equivalent allocations always
exist) even when fair and efficient allocations fail to exist.

For the sake of expositional simplicity we shall conduct the
discussion in this section iﬁ terms of two commodities. As shown in the
Mathematical Appéhaix to this section, the results carry over to any number
of commodities.

Note first that if the indifference curves of the two individuals
(each drawn with respect to the same origin and passing through the corre-
sponding agent's bundle) do not intersect, then the allocation under consid-
eration cannot be fair. TFor, in such a case the indifference curve of one of
the agents must lie below that of the other, implying that the first agent

envies the second. Since the PEEEA restriction of the Pareto-set is precisely
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via the exclusion of all Pareto-optimal allocations for which the
indifference curves do not intersect, we conclude that this method does
not rule out any fair and Pareto-efficient allocationm,

Second observe that while the intersection of the underlying
indifference curves is necessary for any allocation to be fair, it is by
no means sufficient. It is easy to see that if each agent's bundle lies
on the same side of the intersection point (when the latter is unique),
it must be the case that one agent envies the other.

We conclude thus that the set of Pareto—-efficient-egalitarian~
equivalent allocations (PEEEA) includes the set of Pareto-efficient and
fair allocations, and that the latter is usually a proper subset of the
former.

Coming back to the bargaining problem, consider the following
proposed solution. Suppose that the preferences in a two-person exchange economy
are convex. The suggested solution is the PEEEA which is equivalent to
the egalitarian reference bundle lying on the ray through the aggregate
endowment. The choice of this ray is motivated by the fact that the
particular PEEEA induced by it is fair. To see this, note that the average
bundle for this allocation must lie at or below the egalitarian reference
bundle, both being on the same ray. This fact coupled with the convexity
(toward the origin) of the indifference curves precludes the possibility
of envy.

It is easy to see that for any other ray, one can find convex
preferences such that the resulting PEEEA is not fair.

Thus the choice of the ray through the aggregate endowment yields a well

defined fair and canonic arbitration scheme for two-person exchange economies
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with convex preferences. This scheme (i.e. selecting the PEEEA
corresponding to this canonic ray) can be applied to any number of agents
and commodities. In the case of more than two agents the resulting PEEEA
need not be fair; however the scheme still yields a determinate distribution
of welfare levels even when the preferences are not convex (in which case
fair and efficient allocations may fail to exist altogether). An additional
justification for the concept of PEEEA with an arbitrary number of agents
is provided in the next section which discusses its natural maximin
interpretations. There again, the special role of the ray through aggregate
endowments will be brought out.

Finally, note also that the arbitration scheme presented here remains
well defined when considering economies with production; the resulting PEEEA
however need not be fair even in the two-persons case since fair and

efficient allocations may not exist in production economies.



A-I1I-1

MATHEMATICAL APPENDIX TO SECTION III
An allocation {xt} is fair, by definition, if for all t and t'
in T: X, EE X1 o In the case of a two-person economy the following

results hold:

Proposition 5: In a two-person economy a fair allocation is

egalitarian-equivalent.

The preference relation of agent t is said to be convex if in the
definition of strict convexity in the previous Mathematical Appendix, the
relation Ei is substituted by >t'

Proposition 6: In a two-person economy with convex preferences,

if the egalitarian-reference-bundle lies on the ray through the aggregate

endowment, the corresponding PEEEA is fair.
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Tv. MAXIMIN PROPERTIES OF PEEEA

In light of the interest in the maximin criterion for social
welfare generated by Rawls' "A Theory of Justice" [14], we turn now to some
natural maximin interpretations of the notion of PEEEA.

Consider a ray in commodity space. For each individual choose the
utility function representing his preferences so that the utility level of
a point on the ray is equal to its Euclidean distance from the origin.

Due to our assumptions on preferences (total, transitive, reflexive,
continuous and monotonic binary relations over the commodity space), this
is a well defined utility function. Applying the Rawlsian maximin social
welfare function to these particular utility representations yieids a
Pareto efficient allocation (which is unique if strict convexity of
preferences is also assumed). This allocation is egalitarian-equivalent;
all the individuals obtain equal utility levels and a corresponding
egalitarian bundle is located on the ray at a distance from the origin
equal to the common utility level. Thus the application of Rawls' maximin
principle leads to a Pareto-optimal allocation which for each individual
is indifferent preferencewise to the egalitarian allocation in some
hypothetical economy. Stated somewhat differently, the PEEEA notion is
consistent with the maximin principle.

A different way to relate the concept of PEEEA to Rawls' theory of
justice is the following. Suppose that individuals in a Rawlsian original
position have to decide about the distribution of some vector of aggregate
endowments. As shown in Pazner and Schmeidler {13], these individuals will
unanimously agree on the egalitarian distribution of resources. One problem

with this solution is that it usually will not be Pareto-optimal. But if



Iv-2

it is assumed that people in the original position accept the principle of
Pareto-optimality, the egalitarian contract can be taken to mean that only
Pareto-optimal allocations that could have been generated utilitywise by
egalitarian economies (i.e. only PEEEA) are admissible. This suggests
that the notion of PEEEA is consistent with social choices in the original
position. We shall return to this point later on.

Returning to the method of calibrating the utilities in order to
apply the maximin criterion, some remarks seem appropriate. First, whenever
a particular ray is considered, the choice of the Euclidean distance as
a measure of utility is immaterial since if the same monotone increasing
transformation is applied to all the utility functions the maximin solution
remains the same. The essential restriction is that given a consumption
bundle along this ray, all the agents are supposed to assign an identical
utility level to this consumption bundle. Thus the choice of a ray, together
with this "common utility" supposition, implies a particular method of
interpersonal utility comparisons. It should be clear that the entire
set of PEEFA is generated by letting the ray along which utilities are
calibrated vary across all positive directions. So, the choice of the ray
dictates the final outcome.

The ray passing through the aggregate endowment is of particular
significance as it also passes through the average (egalitarian) bundle
in any allocation. In view of the previously mentioned result that individuals
in a Rawlsian original position will agree on the egalitarian distribution
where each gets the vector of average endowments, the choice of the ray
passing through this vector can be rationalized in terms of the revealed

preferences of individuals in the original position. The welfare expectations
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of all the parties to the social contract being precisely reflected by the
vector of average endowments makes it appropriate to calibrate preferences
in this particular way. Agreeing on the PEEEA corresponding to this choice
of ray (i.e., applying the maximin criterion to this specific way of
comparing utilities) is then a natural solution from the viewpoint of the
Rawlsian framework. This also completes our discussion of the previous
section where we suggested this particular arbitration scheme for general
n—-person economies.

It may be worthwhile to note that the argument of the previous
paragraph regarding the calibration of utilities by the average bundle can
be used to rationalize the common practice to base welfare evaluations on
economic indexes (cost of living, per capita consumption or income, ... etc.)
which are constructed on the basis of average economic bundles. To the
pragmatic reasons underlying this implicit choice of "utility numeraire"
one can add the analytical justification provided above.

We conclude this section by noting that while the maximin criterion
cannot by itself rule out any particular Pareto-optimal allocation on
apriori grounds, the major appeal of the PEEEA concept lies in its doing
so in a plausible way. For, in the absence of explicit interpersonal
utility comparisons, the maximin criterion is entirely inoperative. The
notion of PEEEA on the other hand is devoid of any such comparisons since
the set of allocations induced by it is invariant under any admissible
representation of the agents' preferences. This last remark should not be
confused with the fact illustrated above that under a particular method of
interpersonal comparisons any PEEEA can be generated by means of the maximin

criterion.
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MATHEMATICAL APPENDIX TO SECTION IV

Given x > 0 in Ri and t in T we define the utility function, u_,
representing the preferences % of agent t as follows: for any x in Rl,
let sx be the unique point on the ray through x indifferent to x according
to the preferences of agent t(i.e. sx E‘X>' ut(x) is then equal, by
definition, to the Euclidean norm of sx. It is obvious that this u, is a
well defined continuous utility function representing the preferences % .

Y .
Proposition 7: Given x > 0 in R/, let {ut}teT be the list of

utility functions defined above. The problem of maximizing over allocations

{yt} the minimum over t in T of ut(yt) has as solution the PEEEA of

Proposition 1.




V. PEEEA IN ECONOMIES WITH PRODUCTION

As mentioned earlier, the present paper is partly motivated by
the fact that fair and Pareto-efficient allocations may fail to exist in
standard Arrow-Debreu production economies. Since Pareto efficiency is
too convincing a criterion to be given up ligh&ly, the basic purpose of the
paper is to present a new notion of equity which does not conflict with
efficiency in production economies as well. In this section, our sole
intention is to show that the concept of PEEEA is well defined even in the
presence of production. All the results that were presented for exchange
economies (with the obvious exception of the fairmess result of
Proposition 6 in Section III) carry over to production economies.

As usual, describe the production possibilities of the economy
by the set of technologically feasible production plans. This set,
combined with the aggregate initial endowments (including labor services,
capital goods, ... etc.) defines the set of feasible final aggregate bundles
(assumed to be closed and bounded). Due to the presence of different labor
(leisure) services and non-final-consumption goods it is customary and
reasonable to weaken the monotonicity assumption on preferences to weak
monotonicity (and local non-satiation). We add however an assumption of
utility-connectedness across the agents. Specifically, we assume that whenever
an agent is not at his minimum welfare position, it is possible to increase
the level of welfare of any other agent (by direct transfer of commodities
or indirectly via production). Thus, existence and maximin properties of the
PEEEA are maintained.

Two special points concerning the choice of a ray are worth noting.

First, rays along which the labor services (leisure) are not in equal



proportions could be excluded. This may be rationalized by the implicit
assumption that each agent derives utility only from his own labor services
(which is interpreted as leisure) so that the quantities of the labor services
with which he is not endowed are immaterial to him; (this observation is
also part of the reason for dropping the strict monotonicity assumption on
preferences). And if we want the egalitarian-reference-bundles to be
truly egalitarian, we would like them to contain equal amounts of labor
services (i.e. equal consumptions of leisure) as well as equal amounts of
final commodities.

The second point concerning the choice of a ray is the following.
If we choose a ray passing through a particular feasible final aggregate
bundle, the average bundle of a corresponding PEEEA need not lie on the
same ray. Thus the existence of a canonic ray (i.e. a ray passing through
both the egalitarian-reference-bundle and the average bundle of a corres-
ponding PEEEA) is not obvious. However, an application of a fixed point
argument (as shown in the Appendix) yields the existence of the desired
canonic ray. But if only rays along which labor services are in equal

proportions are considered, such a canonic ray may not exist.
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MATHEMATICAL APPENDIX TO SECTION V

The set of technologically feasible production plans is denoted
by K, (K C:Rz). As usual, if z € K then the negative coordinates of z
denote inputs and the positive coordinates of z denote outputs. Let
W= {w + K} ﬂ'Ri denote the feasible aggregate final consumption vectors.
It is assumed that W is a compact set with nonempty interior. As previously,
free disposal is also assumed i.e. X £y ¢ W implies x & W.

In this section we relax the monotonicity assumption on preferences
and it is only assumed that for all t in T and for all x, y in Ri !X >y
implies x >t y.

We further assume that the economy satisfies a so called utility

connectedness assumption: for any allocation {xt} and agent t' in T,

if X 0 # 0 then there is an allocation {yt} so that for all t # t',

Proposition 8: Propositions 1, 2, 3, 4, 5 and 7 carry over to an

economy with production as defined above; strict convexity for an economy

with production means strict convexity of the set W in addition to strict

convexity of preferences.

Note that in Propositions 1 and 7 convexity of preferences is not
assumed. Hence the corresponding results for an economy with production do
not require convexity either.

Proposition 9: If the preference relation of each agent t in T

is convex and the set W is strictly convex then there is a PEEEA for which

the average bundle and the egalitarian-reference-bundle lie on the same ray.

Remember that W is strictly convex in Ri if for all x and vy in W,

X ¥y, (x+y)/2 is in the interior of W (relative to Ri).
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A-VI. MATHEMATICAL APPENDIX; THE PROOFS
This section includes proofs, schemes of proofs and hints for
proofs of the propositions stated in the mathematical appendixes to previous
sections. The notations are those of the previous appendixes.

Proof of Proposition 1: Set C = {r > Ol there is an rx - equivalent

allocation}. The set C is nonempty since x = xr/|T|, for all t in T,
defines an egalitarian equivalent allocation whenever rx = w and r > 0.
(Existence of such an ris obvious since w > 0.) It is bounded since mono-
tonicity of preferences implies that there is no rx - equivalent allocation
when r; > w. (Here the fact that x > 0 is used to assert the existence of
such an r.) Let r be the l.u.b. of C (sup C). Because of the compactness
of the set of allocations and the continuity of preferences r e C.

To complete the proof one has to show that an X — equivalent
allocation is Pareto-efficient. Denote by {xt} an rx - equivalent alloca-
tion and suppose, per absurdum, that there is an allocation {yt} with
Ve zp X for all t and Ve >t x,_ for some t. Because of our monotonicity

~ t t

assumption there is another allocation, say {zt}, so that z >t X, for all

t

t in T. By continuity (and monotonicity) there is, for each t in T, a

positive number s, SO that z_ ~ (§+st)x. Setting s = min and applying

t t ¢
once again monotonicity and continuity we get an (r+s)x - equivalent allo-
cation -- a contradiction. Q.E.D.

The proof of Proposition 2 is well known. Existence of two distinct
Pareto—efficient allocation which have identical utility representation
(same reference bundle) contradicts strict convexity. The proof of

Proposition 3 is similarly straightforward. It only requires the continuity

of agents' preferences and the compactness of the set of allocations. As
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mentioned in the Mathematical Appendix to Section II the combination of
Propositions 1, 2, 3 yields Proposition 4.

The proof of Proposition 5 is also immediate. If the two
indifference surfaces {x ¢ Ri | x T xi} i =1,2 (where {xl,xz} is the fair
allocation of the Proposition) do not meet then one is above the other --

a contradiction to the assumption that {x ,x2} is envy-free.

1

Proof of Proposition 6: Denote by x the reference point of the

allocation (on the ray from the origin through w). Except in the trivial

case when X, =X, =x= w/2 (which is fair) the inequality x > w/2 holds

which implies in turn, the relations X, ~.X >i w/2 for i = 1,2. 1If, per
i

absurdum X; >, X, (or X, > Xl) then by convexity we get x1/2 + x2/2 =

w/2 >y Xy (or w/2 >

1 xl) -— a contradiction. Q.E.D.

The proofs of Propositions 7 and 8 are very simple and do not
require any new ideas ; hence, they are omitted.

Proof of Proposition 9: Set S = { &

i P _
ceT ¢ I {Xt} is a Pareto

efficient allocation}, S = {x/|x| | for some x in S} and § is the convex
hull of S. Since S is compact, so is S where S denotes the set of rays to
which the average bundles of efficient allocations belong. We define an
upper-semi-continuous correspondence F : § +-§ a fixed point of which is

a ray that satisfies the conclusion of Proposition 9. For x in S we define
F(x) to be the set of average bundles corresponding to PEEEAs with reference-
bundle on the ray through x. It is obvious that the existence of a fixed
point of F concludes the proof of the Proposition. We will check the
conditions of Kakutani's fixed point theorem. The set S is compact and

convex and F(§) c:é. It is equally obvious that F(x) is a convex set for

all x ¢ § and that Proposition 1 (and the corresponding part of Proposition 7)
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can be extended in our case to upper-semi-continuous correspondence instead
of the continuous function in case of strictly convex preferences. (Again

Ch. V of [2 ] can be consulted for the technical details.) Q.E.D.
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