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Section 1. Introduction

In the opening discussion of his original work, K. J. Arrow (1]
mentioned the possibility of extending the model of rational choice
he was to discuss to allow for randomized decision rules. 1In his
words, '"'It is at least a possibility, to which attention should be
drawn that the paradox to be discussed below might be resolved by
such a broader concept of rationality.'" It is our hope that the
model we are about to propose will be viewed as a step in this direc-
tion. Specifically, it can be argued that two quite distinct problems
arise in the social choice area. Arrow and his followers pointed out
a fundamental logical difficulty in the concept of social welfare
when we choose to view it as an aggregate of individual preferences
over social states. If we look for a social welfare function aggre-
gating any set of citizens' preferences while meeting a certain set
of a priori desirable ethical properties, e.g. Pareto optimality,
citizens' sovereignty, non-dictatorship, etc - then this line of
research has established the general non-existence of such aggrega-~
tion mechanisms - unless individual preferences are very severely
restricted. (See Black [4], Sen [14] for instance.) In the contro-
versy that followed Arrow's discovery, however, sewveral authors,
especially A. Bergson, pointed out that the problem raised by Arrow
can be interpreted in the following context: instead of "assuming
that the concern of welfare economics is to counsel individual

' we would choose to restrict ourselves to coun-

citizens generally,'
selling '"public officials" only. "Furthermore, the values to be

taken as data are not those which might guide the official if he were



a private citizen. The official is envisaged as more or less neutral
ethically. His one aim in life is to implement the values of other
citizens as given by some rule of collective decision-making," [11].
In response to Bergson's statement, Arrow explains that his "inter-
pretation of the social choice problem agrees fully with that given
by Bergson," [1]. But another line of research can also be explored.
If instead of posing the aggregation problem as a purely normative
problem, we decide to consider it from the viewpoint of a concerned
individual, we face a completely different question: what kind of
collective decision rule (i.e. constitution) would a rational utility-
maximizing individual choose? Here the optimization problem is
shifted from the viewpoint of some ethically neutral outside "advisor"
(as in Arrow's work) to that of a specific consumer who is personally
involved in the consequences of his choice. Broadly speaking, the
problem is one of decision-making under uncertainty. The main
uncertainty arises from the partial or total ignorance faced by any
single individual when it comes to describing (1) the issues at stake,
(2) the preferences of the other citizens over the issues. Clearly,
this brings out the ''gaming' aspects of this problem.

Having thus described the distinction between Arrow's problem
and what will be referred to thereafter as the '"constitutional choice

' we must note, first of all, a major dilemna: to choose a

problem,’
constitution, we, in turn, need a rule. The only way out consists in
requiring a unanimity among the citizens at the stage of constitu-
tional choice since this is the only case where social choice can

be viewed as a special case of individual choice: if all agree on a

rule, then the aggregation problem is solved ipso facto. 1In this
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paper we will explore the following working hypothesis: the frequent
choice of some form of majority voting at the constitutional choice
stage, far from being a mere historical accident, is the result of a

rational economic calculation on the part of each individual citizen

In other words, given the basic uncertainty faced by each individual
majority voting possesses certain a priori desirable properties. It

is these properties which we will now attempt to characterize.

Section 2. A General Framework of Analysis

Basic Assumptions

2.1. In order to view the constitutional choice problem
in its full generality we must think of it at the outset as a
decision-making problem under uncertainty. Imagine a group of

{hlh = 1,2,...4}

individual citizens, a "society" S, where S
trying to decide jointly --i.e. unanimously-- on a group decision-
making rule, a "constitution." In this sense a "constitution"
will be some kind of process or mechanism, (e.g. voting toss of a

coin, spinning of a roulette wheel, etc.) agreed vpon in advance

and wvhich will apply to all social decision problems--as opposed
to individual decision problems. Roughly speaking these social
decision problems will involve the production and/or distribution
of public goods. As far as each individual in S is concerned,

we assume that he behaves as an "homo-economicus" and all his
decisions regarding his personal choices are guided by this

principle of rationality. In particular when he is facad with

bd

?

£

:
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the constitutional choice problem, his analysis of the problem
and the solution he will choose will both be the result of this
general rationality postulate. Needless to say one can address
numerous criticisms to this "rationality" assumption but, at any
rate, it seems highly plausible that such a would-be citizen
should "think twice" and follow a selfish attitude when he is
asked to give up some of his freedom of choice to the benefit of

an unknown and, possibly, tyrannical "collective decisionmaker."

After all as we have stated previously at this first stage of the
social welfare problemn, each individual is free to agree ox not
to agree on a "constitution"” and, by the unaninity rule, even

if only one person disagrees this constitution project cannot

be adopted. In other words each individual can afford to be
"ultra rational" in this particular decision as to the kind of
social contract he should enter, since he alone forms a blocking
coalition.

Given this economic rationality assumption, let us try to
apply it to the problem at hand. At this point, a state of
complete uncertainty prevails in regard to the nature of the
collective issues that will be decided upon by our constitutional
rule. Whether they concern one public good vs. another and/oxr
one level of public spending vs another and/or one public policy
vs. another or more, the most accurate formal representation we
can give is the following: at any given time when a social
decision is going to be made it will involve some set of

"alternatives" A = {al,az,...,am} vhere m is a finite but arbitrary



- 5 -

integer. Since the alternatives are completely unspecified at

this point we can label them in any arbitrary order we wish.
Each individual h € S will be assumed to have a complete,

asymmetric and transitive preference ordering on the alternative

set A.

Definition 1l: An individual preference ordering (>h) is a
complete, asymmetric and transitive binary relation defined on

the product set A x A.

Denoting this preference ordering by >h’ we have the following
properties.

(1) Completeness

Yi(a.a. A : el . >, a.
(alaj) € A x A: either ay a

(i’j)': 1’2’ooolm; i %j

(2) Asymmetry

V(aiaj) € Ax A :ag > a, => 3 7h 23

(lpj =1,2,e00,m; 1 # :l)

(3) Transitivity

V(aiaj) and (ajak) € Ay A

a., >
(ai >h aj and 5 h ay

(il jlk =l:2,...,m7 i#j %}()

)..—.>(ai>a

h k)

These preference orderings can also be viewed as complete,

asymmetric and transitive grarhs Gy = (A,U) where A denotes



the sets of nodes of the graph Gh and U denotes the set of arcs
between all the pairs (ai,aj) i,i=1,2,...,m; i # j. An alternative
and equivalent way to deal with these graphs consists in using

the "associated matrix" Ph for eaclhh such graph.

Definition 2: The matrix Ph associated with a graph Gh is a

square (m x m) nonnegative matrix whose (ij)th entry is

. . i i . . = . > .
pid 1l if and only if ul:l € U <= a; 7y a:l
h

0 if and only if Ui4 Zuy <= a; 75 ay

For instance, for a set of three alternatives (m=3), the hth

individual preference ordering coulid be aj >h a, >h a, i.e.

.a,
/]
N
/ \\\u 0 1 i\
u 13 P, = 0 0 1}
12/ N hT s 0 1]
-/ (3.3) =~
w.."t. \'
a2 . . *—*—V‘L—l—-—-_h.‘_.__*} 33
23

The existence of a bijective mapping between the set of all

such graphs Gh and the set of all square boolean matrices Ph

enables us to pursue our discussion in terms of the P, matrices,

h

representing the various preference orderings > Such an approach

h.
will prove to be both mathematically convenient and intuitively
appealing; in effect it amounts to considering that each individual
when confronted with the problem of strictly ordering many alter-—

natives, proceeds sequentially by paired comparisons and thus

reveals his preferences indirectly through his choice of a single




(*)

2lternative in each pair . This individual pairwise choice
. . . . (%)
process 1s completely described by the associated matrices Ph .

Let us now examine these matrices Ph more closely. In the

absence of any properties on the Gy, graphs, it is clear that the
class C of all such matrices consists of all the (m x m) boolean
matrices, i.e. all the vertices of the unit hypercube in an m2
dimensional space; and there are exactly 2™ such vertices. How-
ever in the problem at hand the properties that we have assumed

for the preference orderings >, and hence, also for the graphs

h

Gh’ allow us to restrict ourselves to a subclass # © C and to
cut down on the dimensionality requirements of our problem.

(1) In regard to the characterization of this subclass & C C
it follows directly from the completeness and asymmetry assumptions

on Gh that:

h

h * Kk
€ Clpys + Py y ()

J:{Ph =1, Vl, j::l’2’...’m’i;£j

If we now add the transitivity recguirement, we further restrict

"
( )In the literature this indirect approach to preference

revelation is known as the "choice function" concept. A priori

it would seem that we would have to consider all conceivable

subsets of A, i.e., the power set ¢ (A) instead of just the

two-elements subsets as we have done; however, under the assumptions

of rational choice it is easy to show that the choice in any

environment is uniguely determined by a knowledge of the choices

in two-element environments. It is also clear that only a single

alternative will be chosen by each individual in any two-element

environment since the >, relation is a strict ordering. See f1],

page 16 for a discussion of these two points,

("")This description of the individual determination of a
strict ordering through elementary pairwise comparisons seems to
conform with the actual procedure followed by most indivicduals,
as many psychological experiments have suggested.

* K%k . .
( )The elements of this subclass ¢ are known in the
mathematical literature as "tournament matrices."



ourselves to a proper subclacs .2 T 4 whcere elecnonis Eh ave

characterized by the property that they can all be written in the

Ol. - .ll'

, R . 01 .
simple form P, = R
P < 1

W0 . . LC0l

(i) In regard to the-dimensionality requirements of our
problem is it apparent that some of the information in the
matrices P, can be discarded without any loss of generality.
Specifically, because of the completeness and asymmetry assumptions,

only (g) entries p?ﬁ are needed to characterize any ordering >h'

i i L i > a ] =
FPor i1nstance 1f we have a2 h a3 >h 1 l.e
a
- — ~ 2
0 ~0 0ol .
% S Y23 3!
Ph = \l (O ‘l‘H P \\_;
LE ] O; ay “_,,Af_; al
B Y31

we can discard all the entries on or below the main diagonal

and keep the upper triangular reduced matrix Pﬁ = io gj

“

Geometrically the set of all such upper triangular reduced
()

matrices Pﬁ consists of the 2C2 vertices of the (g)—dimensional

. N . m “ o s s .
unit hypercube 1n (2)—space. Adding the transitivity reQuirements
amounts to ruling out some of the vertices of the unit hypercube.

In the sequel these points P

h will be referred to as individual

binary preference patterns.

e . C . . m
Definition 3: An individual binaxry preference pattern 1s an (2)—
dimensional boolean vector representing the actual choices made

_ . m . .
by a citizen h ¢ S in a sequence of (2) paired comparisons.

%
( )This may entail a simultaneous relabeling of the rows and
columns of P, - For a proof of this result see L4 1.



In order to further our understanding of the geometry of the
problem, these notions will now be illustrated in a three
alternative case,.

2.2 An illustration

Let A = fa; a, a3].
There are (3) = 3 paired comparisons. For instance let the

order of these comparisons bhe

R
Jal vs a,
a, Vs a
a, Vs ag

3 C o . . ‘
Hence there are 27 a priori conceivable binary preference patterns,

i.e, disregarding the transivity reduirement for the time being.

4

Writing these binary patterns P, directly in vector form instead

h
of using the upper triangular matrices as previously, we have:

, ( o , JARY {/ Iy , ;0N , (."0 i
P, = |0y P, = 10); PL=11\; P, =1} ; P, = |1} :
1 Lo J 2 g 3 \o; SRy 5 1)

10N 1, (1
T YA I

\l} ;\l / ] - "'\l;

Geometrically in order to generate the set of all such conceivable
preference patterns, we have sinply followed a Hamiltonian path
through the 8 vertices of the unit cube in three dimensional

space as the figure below indicates. (The choice of the point

of departure (000) and arrival (11l1l) is, of course, purely

arbitrary.)
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The existence of such a Hamiltonian path through the nodes
Pi -» Pé only illustrates the fact that one can move from any
binary preference pattern to any other and '"cover" the whole
class ¢ of binary patterns. These moves, of course, are effected
in a discrete fashion since we do not allow individuals to express
stochastic orderings. (If we did, then the whole hypercube,
i.e. the interior and its boundary would form the space of
conceivable preference patterns in such a society.(*)) However,
a word of caution is in order at this point: since we restricted

the individual preference orderings >, to be transitive, some of

h
the binary preference patterns in the set 7 = {Pi, Pé,...,Pé}
* « -
( )Actually this line of thought has many ramifications,

some of which have Dbeen investigated elsewhere. See [4].



must violate the transitivity property: more specifically two

3 . L. .
such patterns (2~ - 3! = 2) rnust be intransitive viz. Pé and P;
) *)
n thi ' p/ = > > > ! = a.>a.>a.>a. U,
1 his case, since a a2 al a3 a2 and P7 al a2 a3 al

One very interesting point should also be noted: these two
intransitive patterns are not adjacent vertices; as a matter of

fact they are symmetric to each other with respect to the

’ ’ (:‘::‘:)
4 P7 L]

the paired comparisons: this symmetry property is invariant

diagonal P This fact does not depend upon the order of
under any possible permutation of the axes. For instance if

we had compared a, vs. a,, az vs. a, and a; vs. a, in this order,
the two intransitive patterns would have been (000) and (lll)(***)
It is thus seen that the set 7 of "admissible" preference patterns—-
under our assumptions~-is: J» = y - {Pé Pé}. Let us now summarize
these developments. The sct o of admissible individual preference
pattern can be viewed as an (g) x m! boolean matrix (B), the rows
of which represent the elementary paired evaluations (ai vSs. aj)
(for each admissible preference pattern), and the columns of which

represent the admissible individual preference patterns. In our

example this B matrix reads as follows:

(*)("m)The fact that only two such intransitive patterns occur
simply corresponds to the fact that one can go through a 3-cycle
in two directions only: clockwise and counterclockwise.

(*k*)An important implication cf non adjacency of the intransi-
tive patterns should also be mentioned: 1in order to separate
the transitive patterns from the intransitive patterns we need more
than two classes; we need two hyperplanes to rule out these points.
This seemingly innocuous fact has far-reaching consequences in
regard to the theory of constrained (here, transitive) aggregation.
see (4], [5].



- r / 14 4 4 ; 4 -
B _Pl P2 P3 P5 P6 PQJ
or
01 1 0 0 I « (a, vs. a,)
B =10 0 1 1 0 1| - (aj vs. a )
(3.6) |0 6 0 1 1 1]+« (a; vs. al)
We should note at this point that: (1) the number of
columns of any such B matrix is always even (m! = m(m-1)...2.1)

and (2) in this examp.e each row of B has an equal number of 1's
and O0's (3 in this case)-~-which means that among all admissible
patterns, as far as any pair of alternatives is concerned, there
are as many patterns that rank a; over aj as there are patterns
that rank ay over a, for any i#3 and 1,3 =1,2,3. This is
also true, of course, for the case m = 2.

The following theorem will show that this property holds for

any number (m!) of admissible preference patterns.

Theorem 1: Let 5 be the set of all (g) x m! Dboolean matrices
obtained as described above. If B € 7 then the following relation

always holds: N
>, |
\m:

(where 1 denotes the m!-dimensional unit vector).
(A proof of a similar theorem has been provided in [6].

2.3. A statement of the constitutional choice problem

In its most general form the choice of a constitution for

any society S composed of £ citizens can be viewed as the problem
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of reaching a unanimous agreciiant on a mapping £ € ¢, where 7
denotes the space of all mappings from the set 7 of all (?) x £
boolean matrices (each column of which represent an admissible
individual binary preference pattern) to the set ¥ of all (2)-
dimensional boolean vectors (the social binary preference patterns)

Formally, we can now state:

[0

Definition4: A constitution is a triple [S;a;f] € {Sy&xJ1 where

J = {flf:ﬂ ~ ¥}. The elements of % can be interpreted as a prop-
er subset of the vertices of the unit (g) x f£-dimensional hyper-—
cube and the elements of ¥ consist of the vertices of the unit
(2)—dimensional hypercube. In the definition of a constitution
as given above, it should be noted that we reguire a specification
of more than just the aggregation mapping f: we also require a
statement of who qualifies as a citizen-~i.e. who belongs to S,
and which matters are within the realm of public decisions-making--
i.e. what does the set A of collective issues consist of. The
reasons for including these two specificaticns as an integral
part of a "constitution" are two-fold: (1) on the one hard it is
clear that, even before reachinyg a unanimous agreement on some
aggregation mapping f € 4, we must, first, agree on whose prefer-
ences are to enter in the domain /[ (this is, in fact, a prior
problem to the one of deciding whether or not £ will be such as
to make these preferences included in 7 effectively count.)

(ii) On the cther hand, it seems reasonable to require that
the constitution provide a clear-cut way of deciding which

"issues" are to be called public and thus to fall under the
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jurisdiction of the decision-maker f. Turthevmore, as we said
earlier, it is clear that, at the constitutional choice stage,

the aggregation rule to be followed is that of unaniniity;

anything short of unanimity appears arbitrary at best, whereas

if a unanimity of citizens agree on a constitution, the aggregatioln
problem is solved ipso facto. As most constitutional theoreticians
since Rousseau have argued, anybody whu is considering enterving
such a "social contract" should be allowed to block any decision
he objects to; after all if he is to give up freely scme of

his future freedom of choice over public issues then he must be
sure that (1) no decision will be reached without his consert and
(2) no strategy of coalition formation within the constitutional
assembly will be beneficial to him or to anybody else--unless

of course the coalition consists of the whole society 5. At

this point one might be tempted to conclude that the only
constitution that would be unanimously approved would be the
unanimity rule itself. But the problem is, that such a rule

would block any social decision to be reached at all except the
most trivial ones~-when no disagreement exists whatsoever. Now,
presumably, the whole point of agreeing upon a constitution a

priori without any knowledge of the issues or, &t lezst, of the

various preference patterns on the issues~-—-and their respective
strengths—-is to avoid a stalemate and the resulting inzctiicn
that would ensue. Furthermore, if the status guo is properly
included among the alternatives--—as it should be--tii2n undexr the
vnanimity rule, whenever there is the slightest disagyreement,

the whole society would break down and the various protagonists
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of the conflict would have to resorit to "meta-constitutional”
means to enforce their views. This, of course, may occur:
revolutions are one of the few "invariants" in history. But
their cost is usually high: as one of the most conspicuous

forms of public good, they are eminently indivisible and the
price to be paid is usually prohibitive even for their would-be
beneficiaries——as Condorcet himself would have attested. The
essence of the constitutional choice dilemna is to find “cheaper"
methods of conflict resolution, provided that such methods

look "unbiased" enough i.e. they do not favor, a priori, any
particular group in the society--to warrant their unanimous
adoption. This last statement seems to point out, very precisely
in which direction our search for a constitutional rule should
go: 1if we visualize how a representative citizen faced with

this kind of constitutional choice ought to behave~—-if he is to
be rational--it is clear that he is taking a gamble in the sense

that once a rule has been adopted whenever a social choice will

be made he may turn out either to "win" in the sense that his
preferences will turn out to be society's preference or to lose
if he is the underdog on the issue at stake. Whether he happens
to win or to lose in a particular contest, in both cases the
consequences of the outcome can be represented by a paycff of
some kind, positive if he wins and negative if he loses (for

instance "subsidies" or "benefits" he would receive in the
former case and taxes he would have to pay in the latter).
Furthermore we could convert these payoifs into utilities but,

for the sake of simplicity, if such an interpretation is chcsen,
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we shall assume that the individual is neutrzl towards risk

so that the monetary payoffs can be used directly as proxies for
their corresponding utilities. Assuming a rational expected
utility maximizer, the formal problem faced by this citizen is
that of choosing a constitution which is "fair" in the sense of

a "fair" gamble. Because of thc basic uncertainty involved in
this choice it is the "best" policy for any one individual having
to make this choice; and, furthermore, this is the only "unbiased"
policy—-which thus warrants its unanimous adoption. To illustrate
further, these rather intuitive arguments seem to indicate that

a completely randomized decision rule is called for: for instance,
on each paired comparisons the constitution could state that

the "social" choice will be made by flipping a fair coin. This
rather startling rule may appear quite impersonal and totally
irresponsive to the many spectra of individual opinions that

could arise at any time in the future. And even though it would
possess the a priori unbiasedness necessary for its unanimous
adoption, it is not hard to imagine that the members of the
constitutional assembly would want some rule more directly

linked to the individual preference patterns--whatever these
might be. The result we are about to discuss shows that under
certain very reasonable conditions, the simple majority rule

constitutes such a completely randomized decision rule.

Section 3: Randomization, Fairness And Majority Voting Rules

The discussion in this section will proceed as follows:

we will first introduce random elements into the problem through
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the concept of a "culture"; this will then be used to show that
simple majority voting can be viewed as a randomized decision
rule; as a natural corollary, it will then be seen that under
certain symmetry assumptions the choice of the simple majority
voting rule ensures that the constitutional gamble is a fair
gamble. And finally various extensions and generalizations of
this result will be provided.

3.1. Win and loss probabilities and the conczpt of a “culture”

We have previously made use of the expression "probability
of winning" (or losing) in the constitutional choice gamble. Clearly
for such an expression to make sense we must first assign a
probability measure to the set . = {Pk}(k =1,2,...m!) of (?)—
dimensional admissible individual preference patterns--i.e. a
subget of the vertices of the (g)—dimensional hypercube as shown

above (see Figure 1 and 2.2)

~

Definition 5: A culture is & probability measure " on the set #/

of admissible preference patterns.

This is where the fundamental uncertainty of the constitutional
choice problem comes into play. At this stage the individual
citizen can be reasonably sure of only two things: (1) the fact
that public decisions will some day have to be faced and (2) that,
except in trivial cases when everyone will agree, it is to be
expected that divergent opinions will co-exist over the whole
planning horizon where the rule will apply. Beyond this rather
meager information, the individual citizen is totally unable

to predict how individual opinions will be distributed over a
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given set of issues--even if he can predict tlie general nature

of those issues. We could first a priori argue that, from the
principle of insufficient reason, (Laplace's Law of Equal Ignorance)
each admissible pattern Pé is egually likely. Another possibility
is to start from the information-theoretic noction of uncertainty
and its measure. This concept of an uncertainty measure, as

suggested by Shannon and Wiener, is known as the entropy function.

For a discrete probability space the entropy function H(Pé) is

defined by:

H(Pé) = -
k

? /
Yk(Pk) Ln Yk(Pk)

=13

1

It is a simple matter to show that for this,entropy function H
m

.
—

to be maximized under the constraint that L Yy
k=1
a set of equal individual probabilities: y, = %, for k=1,2,...m!

= 1, we must choose

*
Definition6:().An "impartial culture" T, is a culture T where

imp
all preference patterns are equally likely:

- = 1 = B!
Cimp = (Tlv, =51 k = 1,2,...m!}
For a given impartial culture rimp’ consider now the expected
value of the random variable Pé. It follows directly from
/1
: {2 '
Theorem 1 above that E(Pé) =0l
O
L
\@/

Corollary l: Under the impartial culture assumption, the random

variable Pé is such that:

* .
( )The concepts of culture and impartial culture were first
introduced by Garman and Kamien. See [9]




1

! 2 I
E(Pk) = T
Ly

2 |

Proof: From Theorem 1 we know that

i g

m!

2

m 1 m.

(2)X m. 2
—

The impartial culture assumption states

1
= = = Y = !
(2) Yy Yg o kg =1,2,...m!
k#g
Whence R
(3) E(p.) =

LS )

The geometrical interpretation of this result is quite simple.
Using the same illustration as in 2.2 above (m=3) we see that
the expected social preference pattern E(Pé) is the center of
gravity of the cube o representing all conceivable individual

preference pattern. (See Figure 2, below)
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3.2.

Majority votind as a randomized decision rule

Actually although this result provides a very useful

insight into the problem, there exists another way to look at

it which will bring out even more clearly the randomized nature

of majority voting as a collective decision rule.

This can b=z

stated as a simple corollary to Theorem 1 above.

Corollary 2:

majority voting rule, alternative i

alternative j as it is to lose, for any i # j and 1i,j

In an impartial culture rimp

and under the simple
is as likely to win over

- m
- .L’20.0(2)o

This is such a simple direct consequence of the above theorem

that we only need sketch the proof,
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Proof: Consider any row (ai vs aj) (i#)) of the B matrix as

4

defined previously. Such a row consists of two kinds of poszible

143}

a.

individual opinions over this paired comparison: 1 if a, >h 5
A

or 0 if aj >h a; and from theorem 1 we know that there is an
equal number of 1l's and O0's in any row of B.
(1} If £, the number of voters 1s even:
(1) £ = 2g
and, from theorem 1, simple majority voting leads to a tie since
g voters are distributed in each of the two groups under the
impartial culture assumption
(1i) If £ is ocd
(2) £ = 2g + 1
and the last (2g + 1l)th individual 1is also as likely to belong

to any one of the two classes under our assumptions.
QOEODO

In the light of this result it is now clear that simple
majority voting on paired issues in an impartial culture amounts
to a completely randomized decision rule: ‘“winning" or "losing"
are equally likely (%) as far as each individual is concerned.
Flipping a coin would have been as effective as voting, except,
of course, that it is doubtful that many members of the consitutional
assembly would be so lucid in their decision as to realize that
this fact would allow them to cut down even more drastically on
the cost of collective decision-making. For cne thing, of course,
the impartial culture assumption may not always be met in all the
actual applications of the constitution, over the whole planning

horizon.
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And at any rate, even thougn the flipping of a
(fzair) coin is obvicusly & much cheaper and equally “unbinc=3d"
altexnative to majority voting in such societies; its apparcnt
tocal disregard for individual opinions par se would no doubt
be condemned by the firm believers in Jeffersonian democracy
as a clear mark of disrespect towards the democratic creed and
a fatal blow tc the cause of constitutional decency.

1n .~

3.3. Simple majority voting as a "fair'decision rule

We stated earlier that any one individual in the constitutional
assembly trying to evaluate the consequences of the choice of
any rule could not help recognizing the fact that, short of an
infinite dictatorship in his favoxr, on any pair of issues two
outcomes were conceivable: a "win' or a "loss" and either would
entail a payoff of some kind for him.

An exact specification of these payoffs is obviocusly rendered
difficult by the basic indetermir.acy of the issues and of the
spectrum of individual opinions on them. Again, in this situation,
the only sure thing is that "winning" will be more rewarded 1in
terms of individual payoffs than losing. To simplifv our
discussion let us consider that the payoffs to the representative
citizen are symmetric. More specifically for any arbitrary
pairs of alternatives (ai Vs aj) let ﬂzg be the positive payoff
associated with a "win" on (ij) for any individual h € $; then
the negative payofi associated with a loss on (i1j) for the
same individual h will be

h “h

M, . = =TT, .
1) 1j
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In general, then, for any set of (2) paired comparisons of the

] wiiere the two vectors

m alternatives, to any individual h, there is associated an
(g) y 2 payoff matrix [ﬂh] = I
W

Yoo 1y
h
Ay
h

m an% Ll are symmetric to each other with respect to the origin
in Hi(z)space. Neediess to say it may well be the case that

the expected payoff matrix [ﬂh] imagined by an individual h differs
from that of another individual [n2], but as far as any one
individual h ¢ S is concerned, when making his decision as to
whether to accept or reject a proposed constitution, the single
important assumption is that of symmetry which itself is justified
on the basis of total uncertainty--the only thing which is certain,
being the knowledge that an external cost will be borne by the
loser and symmetrically the winner will enjoy an external benefit.

With this added assumption we can now state and prove an

additional property of the majority voting rule.

Corollary 3: In an impartial culture and under the assumption

of symmetric individual payoffs the choice of the simple majority
voting rule makes the constitutional gamble a fair gamble for

any one individual h € S.

Proof: This follows directly from Theorem 1 and Corollary 2
above since in an impartial culture, for any number of citizens
even or odd a win or a loss are equally likely on any pair of
issues. Hence:

w.
E([nP]) = [m D, n]hJ L, Litr _ 1o
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3.4. Generalized majority voting, "important issues' and
"biased" cultures

3.4.1. If we reflect upon the previous results we can readily
see why the uncertainty aspect in constitutional choice is so
crucial. Although this point has long been recognized in the
literature, the above developments aim at providing a formal
framework for such an analysis. It is also clear that several
generalizations can now be outlined. As we said earlier the
general validity of the impartial culture assumption is an empirical
question outside the scope of this paper. At any rate, and without
rejecting the basic uncertainty that characterizes the constitutional
choice problem, it appears interesting to reflect for a while upon
the sensitivity of these results to specific changes in the environ-
ment faced by the constitutional decision-maker. More specifically,
two factors can separately or jointly alter the environment: for
one thing, it may well be the case that one (or several) issue(s)
on the set of alternatives to be judged, will turn out to be much
more crucial than the others; such a forecast may be viewed, in
a sense, as an extra safeqguard against any unexpected occurence.

On the other hand, some "biased cultures" may come into existence

as a result of social life which acts in such a way as to create
behavioral similarities among individuals; in fact, this integrative
role is what characterizes a society in the first place and would

be reflected in the distribution of individual preference patterns.(*)
This possibility is no doubt worth investigating but in this paper

we shall restrict ourselves to a study of the first-type of altera-

tion (existence of an "important issue") in the environment.

* - -
( )All experimental evidence seems to point in this direction.
(See Coombs [ 71)
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Furthermore, it will become clear that the same analysis

-

P

m

would also apply to the secord type of alteraticn ("bia

(%)

cultures").
3.4.2., We shall now examine how the existence of important
issues can be accounted for in our model. Basically if some
alternative in the set A is expected to be an "impnrtant dquestion,"
this will be revealed by the individual payoff matrix{ﬁﬁ} One
simple way of expressing this fact would counsist in adinitting
asymmetrical payoff entries in the pavoff matrix [Wh].
Let i € A be such an "important issue"” and let the (m-1)
lh Viy
A

rows of [7] where i is involved be such that: = - nik

ik

where A is a positive scalar in the real field (A € ]0, + =[).

The problem of finding a "fair" decision rule can now be stated:

such that Py + P, = 1
w.
r_h
E(fm]) = Py Tip * P ”il}z:‘)
W, W,
. h h _
i.e. Py ik T k(l—pl) ﬂik =0
Py

The solution is W

which expresses p, a@s an implicit function of A. As an illustra-

2 we find p; = % ~-which is nothing else bhut the

tion, 1f A

well-known %-majority rule as adopted, for instance. by the U.N.

(*)One should also keep in mind that, logically speaking,
no society is supposed to have existed prior to the choice of a
constitution: stricto sensu, no matter how much integration is
achieved by social life, this only occurs after a society has
been formed and grown for some time--i.e. after a constitution

of some sort has been adopted,
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*
Charter for the so-called "important questions."( ) The case
A =1 (symmetric payoffs) yields, of course, the rule Py = %

i.e., simple majority as we discussed previously. More generally

we have:
VlE]O,l[=>pl€]o:%[
Vle]l.+”[=>pl€]%-:l[

As A = = we approach the unanimity rule asymptotically--which
only reflects the fact that the more disproportionate the payoffs
(as between a "win" and a "loss") the larger majority one should
require. In this way it appears that a simple scaling operation
for the payoffs leads to any conceivable decision rule in the

interval Jo, 1fl.

*

( )In the U.N. Charter, however, there is an interesting
loophole which can deprive the two-third majority safeguard of
some~-—-possibly all--of its substance: According to Chapter 1V,
article 18 of the Charter "decisions of the General Assembly
on important questions shall be made by a two~third majority."
The Charter then proceeds to enumerate such important questions
but this list is not meant to be exhaustive since "decisions
on other questions, including the determination of additional
categories of questions to be decided by a two-third majority,
shall be made by a [simple] majority of the members present
and voting." Because of this rule, however, questions that, put
in proper perspective, could rightly be viewed as "important" may
be decided upon by a simple majority just because a simple majority
is required to determine whether or not they shoul? be treatcd
as "important.”

As a matter of fact, it should be clear from our model
that, for this two-third majority rule to be a truly effective
and meaningful protection of "minority rights," would symmetrically
require that the decision, as to which majority applies, be
reached by as little as a 1/3 majority, say.
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4.2.3. As we said earlier another way ©o extend our results
would involve the use of exoysznous information on tha iszuss =nd
the citizens' opinion: if some opinion patterns are more likely
than others i.e. if we face a biazed culture, then the win and
loss probahilities are no longer equal, even if the payoffs are
assumed exactly symmetric. To make the constitutional gamble
“"fair" we would be led to use a system of head taxes and subsidies
for the individual citizens in order to remedy the pcssible
positive or negative bias that would result from simple majority
. (*) . . .
voting. This would lead to "shadow market" pricing decisions
for the public issues at stake. Such a line of research would
take us too far and will be pursued elsewhere. At any rate the
crucial conclusion of the above discussion remains: under the

assumptions of this model, any majority voting rule can bhe

generated.

4. Cocnclusion

At the close of this discussion, one might be tempted to
view these results as a rehabilitation of majority rule. 1In
possible
fact they only provide an a priori/theoretical justification
for a histocrical phenomenon; hopefully they go some way toward
explaining why one could "rationally" choose some majority rule

at the ccnstitutional choice stage, in the face of total cr

partial uncertainty about the future issues and the shades of

(k)Such a system is, in fact, an alternative to the gqualified
majority xules proposed before. Whether we face asymmetrical
payoffs or a "biased culture" we have a choice of "instruments”
to be used to generate a fair gamble: either by manipulating the
win (and loss) probabilities pl(and p2) or by manipulating the
payoffs TTwh (and TTlh ).

ik ik
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cpinions ovar those issues. But of course iatransicive social
brerfsrence pofterns may awvise under such wajority ruisas, Ao e
have illustrated in section 3 above. Ve have pointed out how
and why such intransitivities may {(and will) actually occur in
practice; and, after all, this chould surprise nobody: the rule
was specifically chosen in the context of binary choices and its
repetition is not nccessarily the best way to make terinarcy

(or n-ary) choices. 1In a binary choice no voting paradox occurs

for the simple reason that there are but two groups of citizens

forming a partition of S, viz:

+
= = 1
S4.. {hlai >, 3 for h =1,2,... 2}
ik
S— = {h/'ak >hl ai fOI‘ h, = 11200-0 L}
ik
_ + - +
and S US =8;s Ns=4g,

' In words, all those individuals who show a preference for a,

over a, show a dual preference against a, over aj - But as soon

k k
as we consider a triple of alternatives e.g. (ai,ak,aj) then
social intransitivities may arise because of the mere fact that
the group of citizens who, on the one hand, prefer ai over ak
is actually heterogeneous since it includes citizens who, on
the other hand, prefer a, over aj, but also others who pxefer aj
over ak. In losing the homogeneity of the (S+,S-) partition of

S we have lost the only universal safeguard we had against
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intransitivities! In his words: 'It is at least a possibility,

to which attention should be drawn, that the paradox to be discussed
below might be resolved by such a broader concept of rationality'"?
It is to be hoped that the model we have just proposed, will be

viewed as a step in this direction.
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