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Abstract

In this paper, we apply the canonica gpproach of Ramsey, Koopmans, and Diamond to
the problem of optimd and intetempordly-equitable growth with a nonrenewable resource
condraint and show that the solution is sustainable. The modd is extended to cases involving
environmentd amenities and disamenities and renewable resources. The solutions equivaently
solve the problem of maximizing net nationa product adjusted for depreciation in naturd capita
and environmental effects, which turns out to be both sustaingble and congtant even without
technical change.
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1. Intro: Todiscount or not to discount?

"Sudainable growth" is commonly modeled as a problem of maximizing an intertempora
utilitarian welfare function, subject to the condraint that consumption or utility growth cannot be
negative (eg. Ashem, 1995). The congrained-utilitarian gpproach applies podtive discounting
of future utility, condgent with Koopmans (1960) demondration that there does not exis a
utility function defined on dl consumption dreams that satisfies the usud axioms of raiond
choice and timing neutrdity (i.e. without discounting). In an dternative gpproach (Bdtretti et.
a., 1993, 1995 and Chichilnisky; 1996),' socid wefare is modded as a weighted average of
conventiona growth and a concern for sustainability.

Both schools of thought rgect the posshility of usng a zero utility discount rate to
represent a socid planner's concern for intergenerational equity. This is odd in light of the fact
that the pioneers of growth theory advocated exactly that. Ramsey warned that the use of a
postive utility discount rate is "ehicdly indefenshle’ and reveds "a weskness of the
imagination." Koopmans himsdf (1965) noted that "we welcome equdly a unit incresse in
consumption per worker in any one future decade... Mere numbers cannot give one generation
an edge over another..." Moreover, while Hed et. al. recognize Koopmans (1960) nonexistence
theorem, they seem to overlook his subsequent solution (1965), which relies precisdy on the
notion of “intergenerationd neutradity,” for a specific, non-empty subset of feasble consumption
paths, and is captured in turn by the zero utility discount rate.  Accordingly, the first objective of
the present paper is to return to the canonical approach of Ramsey and Koopmans and explore

the extent to which concerns of the sustainability dialog can be captured by that gpproach.

! See also the discussion of this approach in Heal, 1998.



Mogt of the sudainable growth literature focuses on the trade-off between the
accumulation of produced capitad and the depletion of natural capital (eg. Toman et. al., 1995) to
the neglect of the Brundtland Commisson’'s origind emphass on the importance of managing
inter-linkages between poverty, populaion growth, and environmenta degradation. A second
objective of the present paper, therefore, is to help develop these linkages by extending the
optima growth framework to dlow for environmental amenities and disamenities.

A third school of thought recommends maximizing “green net nationd product” (eg.
World Bank, 1997) wherein one subtracts depreciation of natural capitd aong with that of
produced capital in reckoning net nationa product. Weitzman (1976, 1999) has indeed shown
that such a messure is formdly equivdent to maximizing a utilitarian wdfare function. But
while this measure is commonly described as sudainable income, utility discounting permits its
maximized vaue to eventudly decline In other words, maximizing sudaneble income is
inconagent with optima sudtainable growth as defined by ether of the above-mentioned
schools.  We will show, however, that this paradox does not arise in the Ramsey-Koopmans
framework. Maximizing red naiond income in the gppropriately adjusted modd yidds an
income stream that is not only sustainable but aso congtant in the optima program. Moreover,
the Weitzman "hypotheticadl dationery equivdent income' is just the golden rule utility leve.

In section 2 below, we present the conditions for optima and ethicdly neutrd growth in a
model with a nontrenewable resource and a backstop technology. The maxi-min solution is
shown to be a specid case of this solution, adbeit one which is unlikey to be preferred. In
section 3, we extend the modd to include environmenta amenities and disamenities associated

with the use of renewable and nonrenewable resources. In section 4, we investigate the



relaionship between Ramsey-Koopmans optima growth and sustaindble income.  Section 5

provides a brief summary and concluding remarks.

2. Intertemporally-neutral optimal growth with a non-renewable resource

2.1 Koopmans impossibility theorem and his solution

An immediae obdade to maximizing a utilitarian wefare function without discounting
is that the value of such a function is infinite for some feasble consumption streams.  Koopmans
(1960) went further, proving the imposshility of representing intertemporaly-neutra planner
preferences, over dl consumption vectors, by any utility function.

Building on the earlier work of Ramsey (1928), Koopmans (1965) argued that one way
out of the dilemma of a non-exigent utility function of al consumption peths is to identify a
subset of dl feasble paths on which one can define a neutra utility function. Ramsey's criterion
for digibility in the subset is a sufficiently rgpid approach of the path to a "bliss point".
Koopmans criterion is less redrictiver "We shdl find that in the present case of a Seady
population growth the golden rule path can take the place of Ramsey's dae of bliss in defining
digibility" (Koopmans, 1965, p.500). Specificaly, consumption must gpproach the golden rule
consumption levd with aufficent repidity that the aea of deficit between the "fdicity" of
consumption and that of golden rue consumption converges to a finite number, i.e, V() < ¥
where V is the planner’s utility, defined as the area given in equatiion 3. Usng this criterion,
Koopmans (1965) demondtrates that each digible path is superior to each path that is indigible.

Moreover, one can rank eligible paths and determine one that is optimd.



2.2 Sugtainability without really trying

Following Koopmans method, in this paper, we propose an approach to sustainability
that is based on a resource management and capitd accumulation obtained by setting the rate of
time preference, r, equa to zero. Ingead of maximizing the socid utility as a discounted sum,
the target is now maximizing the utility function, defined as an infinite sum of the difference
between the actua consumption trgectory and the optimal consumption.

In order to introduce natura capitd into the Ramsey-Koopmans framework, consder an
economy that uses a natural resource (R), in addition to capitd (K) and labor (L) to produce a
angle homogeneous good.  Assume that the production technology is constant returns to scae,
so that the production functions Q(K,R,L) is homogeneous of degree one. In order to present the
agument in its sarkest form, we abgract from population growth and technologicd change and
normaize L = 1, such tha Q(K,R,L) can be expressed as F(K,R). Following the standard
gpproach, output of production is divided among consumption, gross investment, and the cost of
providing the resource as an input to the production process.

Let € be the unit cost of extracting the naturd resource and providing it as an input of
production. We assume that this cost is a decreasing function of the resource stock X (e.g. Hed,
1976). Produced capital, K, depreciates at the rate d. The dynamic eguation governing capitd

accumuletion is

Kt:F(Kt’Rt)'éKt'é(xt)Rt'Ct’ (1)
In this section, the natural resource is assumed to be non-renewable, and the dynamic

equation governing the resource stock becomes

X =-R, @



We augment this basc mode by incorporating a backstop technology that has a fixed
unit extraction cos q,. Condder, for example, the case of ail, a non-renewable resource. Oll
stocks are drawn down as the economy grows until unit cost, g, has risen sufficiently to warrant

the switch to a superabundant, but high cod, dternative energy source (eg., coad gasfication,

nuclear fisson/fuson, solar energy). Once the switch has been made, we assume that the
backstop technology delivers energy a constant cost, q,. Therefore, the locus of unit extraction
cost is the lower envelope of curves g(X) and q,, as shown in Figure 1 This case contrasts
with the conventiond Hartwick-Solow modd in which extraction costs are congtant up to a

specific quantity, after which no amount of the resource is obtainable at any cost. 2

Socid wefare over the feadble and digible consumption paths makes use of the

auxiliary “fdiaty” function, U(C;). As in Koopmans (1965), we assume U, >0, U, <0 and

lim U(C) = - ¥ , such that periods of very low consumption are avoided as much as possible.

Cc® 0
Following K oopmans, the socia planner's utility function is expressed as:>
y A
vV =QIU(C,)-U(©)dt ©)

and the corresponding planner's optimization problem is:

2 The assumption of rising extraction costs and a backstop technology, e.g. photovolaics, is considerably more
realistic than the inverted L-shaped extraction cost schedule that is usually assumed (see Chakravorty, et. a., 1997).
An aternative to the backstop assumption would be to follow Hotelling (1931) wherein resource use is truncated on
the demand side. In our framework, however, this would require the complication of multiple consumption goods.

3 To maximize H with respect to the control variable R, implicitly werequire R* 0. Correspondingly, the Kuhn-
Tucker condition is TH/IR £ 0 and the complementary -slackness proviso that R(TH/qR) =0. But in as much aswe

can rule out the extreme case of R=0, we postulate that R> 0, implying an interior solution.



Max V

st Ki=F(K,R,)- &, -&X)R,-C,, K(0) =K,
. 1-R,, t<T (4)
Xt =i
10, t3 T
X.20 X(0) =X,

where U((AZ) is fdicity a the golden rule level of consumption and T is the endogenous time for

which g(X,)=q,, " t° T.

Since K =0 in the deady date, the goldenrule consumption levd, C can be found
(generdizing from Solow, 1956) by maximizing:

C=FK,R)- & - &,R, (5)
where R isthe amount of the backstop resource consumed in the steady State.

The corresponding first order conditions, which comprise the golden rule for capitd

accumulation and resource management, are:

C

- = -d=0 6

oo (6)
and,

C

—=F - =0

R by (7

These conditions yied the golden rule steady statelevels, K and R . C isnow defined as

A

C=F(K,R)- dK- g, R ®)
The Hamiltonian for this problem is (for smplicity, the subscripts t's are dropped)
H =[U(C)- U(C)] + §F(K,R) - & - 8(X)R - C]+4 - R] ©)

Incorporating the inequality congraints impased on the problem, we form the Lagrangian



L =H+f{X} +6{e, - &X)}, (20

such that the complimentary dackness conditions associated with the inequalities are

L
t’%—ft[qb - q(X)] =0

) (11)
fIL _fx =0

af

Applicetion of the maximum principle to this optimad control problem yidds the

following two efficiency conditions (see Appendix | for detalls):

c_
h(C)E =F -d (12)
__Fs
o a0 =g (19

Condition (12) is the Ramsey condition that governs the optima pah of consumption

leading to golden rule steady dtate. In the andogous approach to the "modified golden rule’,

h(C)%H =F - d, there are two parameters governing the savings and the rate of capita

accumulation.  The firg is the absolute vaue of the consumption dadicity of the margind
utility, h(C). Lower h(C) implies a lower socid opportunity cost of savings (greater tolerance
for intergenerationa inequdity), more rapid capita accumulation, lower interest rates, and
higher growth rates of consumption. The second parameter is the socid rate of time preference

r, which reflects the socid vauation of future feicity in term of today's fdicity. However, in

our setting, by treating al generationsequally, r = 0.4

* 1t would be unsound to derive equation (12) by setting r = 0 in the standard Ramsey condition. Nonetheless, the
equation that one gets by doing exactly that turns out to be correct.



Condition (13) is a generdization of Hotellings Rule. The LHS is the in situ margind
vaue of the resource and the RHS is the margind user cost® Thus, the optima consumption
trgectory and the optima motion of the dtate variables, K and X, are governed by two intuitive
conditions, the Ramsey savings rule, with a zero utility-discount rate, and a genera-equilibrium

Hotdling rule for the case of risng extraction costs.

2.3 Relationship to other approaches

Hartwick (1977) and Solow (1974, 1986) have shown that for a Cobb-Douglas
production function of capital and a norrenewable resource with a congtant extraction cost, that
extracting the resource according to the Hotdling rule and then saving exactly the resource rents
thus generated leads to a consumption path that is sustaingble and congant over time. The
Hartwick-Solow rule has been judified ex post as being the highest consumption path that is
intergenerationdly equitable in the sense of ddivering equa consumption to al generations.

This maxi-min consumption path may be generated as a specid case of our basic modd.
Rearranging equation (12), we have:

F -d
h(C)

C_
£- (14)

As the socid averson to intertempora inequdity, h(C), approaches infinity, C/C® 0,
generating congtant consumption for al t3 0.

As a gspecid case, suppose socid planne’s preferences are  represented by

V= (S[U(Ct) -U (&)]dt where U(C,) takesthe CES form:

® Endress and Roumasset (1994). For apartial equilibrium market equivalent of equation (13), see Hansen (1980).



uc,)=-c,"”,  h>1 (15)
As h ges lager and larger, the initid level of consumption increases, and the consumption

trgectory becomes flaiter. This is illusrated in Figure 2. No matter how high h, the upper
bound of consumption remans & C, 0 long as h is not infinite.  Once h becomes infinite,

however, both the upper and lower bound switch to Cin Figure 2 exactly the maxi-min leve of
intertempora consumption.

An dterndive to maxi-min wefae is the concept of condrained utility maximization.

The main idea, due to Asheim (1988), is to aply a non-declining utility condraint (L'J(C)3 0)to
the maximization of utilitarian wdfare. But, as noted by Toman et. al. (1995), such an approach
does not resolve how the socid wdfare function should directly reflect concerns about
intergenerational  equity.  Beddes the ad hoc naure of the utility condraint, constrained
optimization cannot provide a full ranking of dternatives, because dternatives that violate the
congraint cannot be compared. In the Hartwick-Solow economy, for example, if ether the
eadicity of subgtitution between naturd capitd and produced capita is less than one or the
output eadticity of natura capitd is greaster than that of produced capitd (with dadticity of
subditution equa to one), the sudainability condraint renders the maximization problem
infeasible. In this case, none of the feasible paths can be ranked.’

Raher than adding a sudanability condraint or specifying axioms tha a "sugtainably-
correct” socid planner's preferences must satify (eg. Bdtratti et. al., 1995), our approach

follows Ramsey and Koopmans and finds an optima and intertempordly neutra growth path. In

6 Evenif constrained utility maximization is reformulated as a lexicographic (vector-val ued) utility function (see
Endress, 1994), the model is still characterized by the rejection of tradeoffs (Dasgupta, 2000). That is, no negative
consumption growth, however close to zero, can bejustified, even if it affords higher sustainable consumption in the
future.

10



the basic case above and in the cases below wherein the resource generates an environmenta
amenity or disamenity, we find that the optima pah is sudanable, even though we do not

requireit to be so.

3. Extensions: Environmental Effects and Renewable Resour ces
3.1 Fund Pallution
We now turn to the case wherein use of a nonrrenewable resource, e.g. petro-chemicaly

sourced energy, generates pollution.  For smplicity, assume that pollution (E,) is emitted as a
constant proportion of resource use (R,) and that emisson units are set such that the proportion

isone. Therefore,

E,=R

t

t<T (16)

t
In the case of fund pollution, emissons are assumed not to accumulate, i.e, emissons,

but no stock pallutants, enter into the utility function. Now our maximand becomes,
Max V= 5[U(Ct,Et)- U(C:, E)]dt (17)

where U.>0,U. <0 and U.. <0 U, <0, dognifying increesng magnd disutility of

pollution.

As in the basic case, C is associated with a total switch to the backstop technology (e.g.

photovoltaics). Use of the primary resource and the corresponding emissions are then both zero

0 that E=0. Golden rule consumption is therefore given by eguation (8), with Kand R
exactly the same asin the basic model.

An optimum trgjectory for consumption and capital accumulation satisfies:

11



Max V= U, E)-UCO:

st Ki=F(K,R,)-dK,- q(X)R,- C,,  K(0)=K, -
. 3-R,, t<T
Xe=1
10, t3 T
X.30 X(0) =X,

Application of the maximum principle to this optimd control problem gives the

following efficiency conditions (See Appendix Il for details):

Ue _
- go TR d (19)
Fr- ) ==+t ey e (20)

+
Fo-d F-dU.” Ug
Equation (19) gppears to be the familiar Ramsey condition. However, snce U now has

two arguments, the time derivative of U _ will involve across term,

Ug
U

QNP =R d @
If C and E ae sepadble arguments of the fdlicity function, equation (21) collapses to the
conventional Ramsey savingsrule.

Turning to equation (20), the LHS and the fird teem on the RHS conditute the

generdized Hotdling condition (cf. equation (13)). The last teem on the RHS is jug the

. U N U. T .U.- T.U..
margina e cost (MDC = - —E). The remaning term, (—%)=—(—%)E+—(—£)C,
gind damag ( UC) g (Uc) .”E(UC) ."C(UC)

which is pogtive or negeative respectivdly depending on whether the fird or second term

dominates. For example, if the margind damage cos is rdatively fla and the income dadicity



of environmentd qudity is high enough, the entire term is negative.  This would imply that the

optimal pollution tax would be less than the marginad damage cost.

3.2 A Non-Renewable Resour ce with Environmental Disamenities
Now consider the case of stock pollution, such as greenhouse gases, wherein emissons

contribute to the stock of pollution, M, which depreciates at rate x .” Our model now becomes:

Max V= S[U(Ct,Mt)-U(CA:,I\A/I)]dt

st.  Ki=F(K_R,)- &, - &X,)R,- C,, K(0) =K,

. i-R,, t<T

Xo={ 2)
10, t3 T

- IR, - XM, t<T

Mt:i
T- XM, t3 T

X,30 X(0) =X,

where U.>0,U,, <0 and U, <0,U,, <0, corresponding to the previous section, and

where M =0 and C is the Solow golden rule consumption as before®

Application of the maximum principle leads to a Ramsey condition that is identicd to

(19), and the expanson of Ucwill be analogous to equation (21). If C and M are separable, we
have the conventional Ramsey savings rule once more.

The generdized Hotelling condition for thiscaseis:

= 1 .U, -nx
Fo - 600 == :

) (23)
-d 'F-d° U,

" This model is similar to that of Nordhaus (e.g. 1991) albeit with explicit consideration of resource depletion but
without the intervening climate model.

8 In the golden rule steady state, the economy has switched to the backstop resource and the stock of pollution has
depreciated to zero. Analogous to consumption in the Koopmans model, the stock of pollution in the optimal
trgjectory asymptotically approachesits golden rule level but never actually reachesit.

13



where mis the shadow price of the pollution stock (see Appendix I1l). The last term on the RHS

UM

C

is the margina externdity cost for stock pollution. It is smdler than MDC (- ) because the

shadow price of pollution, m is negative.
We now condder the specid case of the above for which x =0, i.e. the stock pollutant

does not depreciate. In this case, the backstop technology is immediately employed and the

primary resource is never used, so that the golden rule stock of pollution is zero (I\A/I =0). This
result provides a case in which the drategy of strong sustainability is optimd. In its usud
judtification, srong sudtainability is associated with the presarvation of naturd cepitd ad is
defended as an ecological imperative, not derived (see eg. Pearce and Barbier, 2000). Strong
sudtainability critics have derided the drategy as being a “caegory mistake” i.e. not derived
from more fundamenta objectives, and for denying resource-rich economies a mgor source of
savings and capitd formation (Dasgupta and Mahler, 1995). The zero pollution result
exemplifies a different goproach to drong and wesk sudtainability than is usudly found in the
literature.  Instead of proposing the dtrategy as both the objective and the means of optima
growth, our gpproach separates ends and means. But while ecologicaly-oriented proponents of
preservation suggest tha drong sudanability is especidly important when naurd cepitd is
essentid and irreplacesble, our result suggests that drong sudtainability is an optimal  Strategy

when natural capital has an abundant and perfect substitute.

3.3 A Renewable Resour ce with Environmental Amenities

14



Next consder the case of a renewable resource, such as a forest, that generates an
environmenta  benefit and enters the utility function as a sock.  Representing the growth

function as G(X) , the dynamic eguation governing the resource stock becomes

X =G(X)- R (24)
In the section below, we show that usng a Ramsey-Koopmans approach, solution to this
problem is wel defined and the optimd trgectory leading to such steady dtate can be identified.

The problem at hand is,

Max V= [UC,.X,)-U(CX)ldt

st.  K(=F(K,,R,)- &, - &X )R, - C,, K(0) =K, (25)
X. =G(X,)- R,, X(0) = X,
X, 30

where C and X are now defined astheir BCH green golden rule values.
Application of the maximum principle yields the following efficency conditions (See

Appendix IV for detals):

Uc _
-5 =R d (26)
[Fe - dOOI(FR - d) ={F=+[F; - q(X)]G, - qu(X)+%} (27)

As expected, consumption path is governed by a Ramsey condition (26).
The LHS of equation (27) messures the bendfit of extracting a margind unit today,

[Fs - a(X)](F - d), and the RHS is the marginal cost of such extraction, associated with:

1) thepotentia resource appreciation, Fr;

15



2) theforgone utility from using one unit of the resource, U, /U ;

3) the margind user cost (the remaining two terms).
Additionally, steadly state is defined by setting Fr =0 and F, =d,

U, (C.X)
U.(C,X)

=[F(K",R")- a(X")IG, - 9,G(X") (29)
The LHS of (28) is the dope of the indifference curve between C & X, as shown in
Figure 3 Fallowing Hed (1998), the other curve in Figure 3is the resource feashility frontier,
representing the maximum level of C for each level of X when optimizing over produced capitd
K. This curve is hump-shaped because its dope (the RHS of (28)) is postive for smaller vaues
of X (gnce K, -q >0, g, <0 and G, >0). It continues to be postive until G, becomes
aufficiently negative to reverse the sgn.  Equation (28) thus represents the tangency between the

indifference curve and the resource feasibility frontier. Note that the deady date levels of C*

and X* are precisely the green golden rule level of consumption and resource stock, C & X :

Findly, note that the stock pollution case from section 3.2 without depreciation of the
pollution stock can be written a specia case of the mode here, where G(X) = 0. Since M = X, —
X, we can rewrite the utility function such that U is a pogtive function of X, indead of a

negative function of M.

4. Net National Product

An dtenative to the conventiona gpproaches of optimizing sudanably-weighted or
sudanadly-condrained growth is to maximize “green” or "sudtanadle' income.  Wetzman
(1976, 1999) has shown that green national product, defined as net national product minus the

depreciation of natural capitd, is indeed a linear approximation of the Hamiltonian of a

16



utilitarian wdfare function, i.e maximizing utilitarian wdfare and green nationd product ae
roughly equivdent. Green nationd product is aso used interchangesbly with “sugtainable
income” (Pearce and Barbier, 2000; World Bank, 1997). Since Wetzman assumes pogtive
discounting, however, this leads to a paradox. The Hamiltonian for utilitarian wefare
maximization with pogtive discounting can decline over time in the trandtion to the modified
golden rule steady date (Dasgupta and Hedl, 1979, chapter 13). That is, maximizing sustainable
income leads to non-sustainable income and consumption paths® In this section, we show that
this paradox disgppearsin the case of timing neutrdity.

Consder a general case that combines the models of sections 3.2 and 3.3 such that both
the disamenity, M, and the amenity of the stock, X, are present. The Hamiltonian dong the

optimum trgjectory remains congtant; that is, dH , / dt = 0'°, where

A

H, =[U(C,. X ,M,)-U(C, X,M)] +1  Ki+y X.+m M (29)

A A

At the steady Sate, K:=X;=M;=0 and UEC,,X,,M,)=U(C X,M), implying a zero vaue

for H,. Consequently, H, = Ofor dl timet. Thus,

N N n

U(C,X,M)=U(C,, X ,M,)+I  Ki+y, Xi+m M, (30)

AN

The golden rule levd of utility, U(C,X,M), is the constant green net nationa product in
utility units for dl time periods Thus maximizing green net nationd product is equivdent to

optimizing the Ramsey- K oopmans welfare function and results in sustainable income.

® In the transition to the modified golden rule steady state, total capital stock, consumption, and green national
product typically rise and then fall, albeit capital and green national product fall before consumption.

10 See Appendix V for mathematical derivation. For simple presentation, capital letters with subscript t stands for
variables along optimal trgjectory. Indeed, this also impliesthat our solution satisfies the transversality condition for
the infinite-horizon, non-discounting problem as examined by Chiang (1992).

17



This propodgtion is illusrated usng a much smpler case where totd capita is taken only
to include produced capitd, K, and ingantaneous utility is defined solely on consumption good,
U(C). In Figure 4, curve (a8) represents the feasibility frontier of the economy a time t = 0.
Consumption levd, C, is the maximum atainable levd of consumption a time t = 0 if no

investment were to take place, and U(C) is the assodiated level of utility. The utility-investment

par U(C,), Ko lies on the optimal trgectory to the steady dtate. As capitd is accumulated, the

feaghility frontier moves outward and towards the right until maximum attaingble consumption

reaches the golden rule leve, C and K, =0, as depicted by curve (bb). The shadow price of

capitd, illusrated by the dope of the tangency line, decreases monotonicdly. For the generd

case consdered above with three types of capitd, NNP gill trangtions to U(C), the shadow
price of cepitd decreases monotonicaly, and the other shadow prices trangtion to constant

vaues, abet not monotonicaly.

5. Summary and concluding remarks

The literature on sudtainable growth has foundered on the question of whether to
represent sustainability as an ad hoc condraint on the objective function or by redricting the
socid planner’s preferences.  Ingtead of searching for what is optima and sustainable, we follow

the canonical gpproach of Ramsey, Koopmans, and Diamond and solve for what is optima and

M Figure 4 generalizes Weitzman's (1976) illustration of the hypothetical stationary equivalent consumption of NNP
by illustrating the transition to the steady state. Unlike the Weitzman case, however, NNP remains constant under
timing neutrality and equal to the steady state consumption level. We also illustrate NNP in utility units to avoid the
linear approximation problem.

18



intertempordly neutrd. This frees us to explore the conditions under which such a program
resultsin sugtainable utility

We find that optima and intertempordly neutrd growth is sudanable, even in the
presence of non-renewable resources. Adding a condraint that redtricts growth of consumption
or utility to be nonnegative would be not only ad hoc but aso redundant. The necessary
conditions for optima growth require that the economy save a the rate given by the familiar
Ramsey condition and that resource use and conservetion conform to a generalized Hotelling
condition. The congraint of weak sudtainability, which requires that the depletion of naturd
capitad not exceed the accumulation of produced capitd, is Smilaly redundant. Totd capitd
increases along the optimal growth path, dbeit a a declining rate.

The modd is extended to accommodete environmentd amenities and disamenities,
resulting in modifications of the Ramssy and Hotdling conditions In the cases of fund and
gock pallution, the Ramsey condition is expanded to include a disamenity teem.  The Hoteling
condition contains an additiond term, the "margind externdity codt,” which is however, less
than the margind damage cost for the stock pollution case and ambiguoudy so for the fund
pollution case.  This means tha the optima pollution tax may be less than its Pigowian levd
even without second- best considerations of public finance*2

Another interesting result concerns the case wherein the stock of pollution does not
depreciate. In this case the optima drategy turns out to be not to touch the non-renewable
resource and immediately exploit the more costly, but nonpolluting backstop. This result shows

that the drategy of strong sudtainability, which is often advocated on the grounds that naturd

12 See e.g. Bovenberg and Goulder (1996) for a discussion of second-best emission taxes and the “doubl e-dividend”
debate.
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capitd is essentid and irreplacegble, turns out to be correct in the opposte case, i.e. where it has
a perfect subgtitute.

The modd is further generalized to the case of a renewable resource with a renewable
resource.  Agan the trandtion to the deady date is governed by Ramsey and Hotdling
conditions, and the latter contains a margind externdity cost term that is Smilar to the stock
pollution case.

The Ramsey-Koopmans approach aso resolves the paradox between optimizing growth
with intergenerationd  equity and maximizing green nationd product. Moreover, when
intergenerational  equity is taken to mean Ramsey-Koopmans intergenerationa neutraity, red
nationd income is sudanable and condant in the optimd program, and the Weitzman

"hypothetica Sationery equivaent income" is actudly attained at the golden rule steady Hate.
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Appendix |
The problem is to minimize the difference between actud consumption and optima

consumption, subject to dynamic congiraints on capital accumulation and resource use:

Max V= J[U(C,)- U (C)ldt

st Ki=FK,R,)- &, - 8X)R,-C,,  K(0) =K,
. §-R,, t<T
Xt =1
10, t3 T
X, 30 X(0) =X,

The Hamiltonian expression for this problem is (for smplicity, the subscripts t's are dropped)

H =[U(C)- U(C)] +&F(K,R) - &K - &(X)R - C] +4 - R]

The standard first order conditions for this optima control problem are;

@ E—gzuc-l =0

@ g2=1IF- a0y =0
@ ge=-1=IF-d

@ %LYLIQXR

From the first and the third conditions,

G) | =Uc

6 | =-1[F -d

Equating expressons for | and rearranging yields
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or h(C)E:FK - d, where h(C):-ULCC>O.
C Uc

From the second necessary condition:
©® vy =I[FR-aX)]+I [Fr- qy X]
=-1 (F¢ - d[F, - a(X)] + [Fr+0yR]

From the fourth necessary condition,

© y=lgR
Equating expressions for y and rearranging yields

10) - (F - d[F, - q(X)]+Fr =0

or

Fr
(FK - d)

1)  Fe-a(x)=



Appendix |1

The problemis.

Max

S.t.

V= §IU(C..E)-U(COd

Kt:F(Kt’Rt)-th-q(xt)Rt- Ct’ K(O):Ko
- -R,, t<T
Xt=i
10, 2T
X,3 0 X(0)=X,

The Hamiltonian for this problem is (for smplicity, the subscriptst is dropped):

H =[U(C, B) - U(C,0)] +I [K(K,R) - dK - q(X)R - C]+y[-R]

The standard necessary firgt order conditions for this optima control problem are:

) %g:UC-I:O
@ gE=Ue+I[F- qX)]-y =0
@ ==
@ T=-y=-la.R
From the first equation,
G) | =U,
and from (3),
6 | =-U.[F, - d]

Equating these two expressions for | and rearranging gives

(7)

_£:FK-d
UC
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Differentiating equation (2) with respect to timet,

8 Yy =Ue+Uc[F, - q(X)]+ U [Fr+0yR]

Equating with (4) to obtain:

© 55 (- IR - GO]+Fr =0

Cc

Meanwhile,

U U.. U .U. U. U
10 e - (VYey, Ye s Yo - YUey Ye o
(10) 0 (U)U 0 (U)U(K )

C Cc C Cc C C

Plugging back into (9),

Fr 1 (UE)_ U,

11) F-q(X)= +
ah RC'()FK-ol F -dU., U

C
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Appendix 111

The problemis.

Max

S.t.

v:éw@“myuémm

Ke=F(K,R,)- &, - &X )R, - C,,

Xt:‘%-Rt, t<T

10 t3 T
1R - xM, t<T
Mt_}-xlvlt , 2T
X. %0

K(0) =K,

X(0) =X,

The Hamiltonian for this problem is (for smplicity, the subscriptst's are dropped),

H =[U(C, M)- U (C.0)] + §F(K,R) - & - 8(X)R - C] +4 - R] +m(R - xM)

The standard necessary conditions for this optima control problem are;

@)
2
3
(4)
Q)

M_u.-1=0
1C

™
L= [R, - g(X)]- =0
R [FR-a(X)]-y +m
M™H_

D= =I[F, -d

K [F - d]

H .
ﬂ&z'y :'|Q><R

m:-m:UM- X
m™m

From the first and the third conditions,

(6)

(7)

|. :Uc

| =-1[F, - d]

Equating expressions for | and rearranging yields
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Uc
8 -—=F -d
® -goR
From the second necessary condition:

© y-m=1[R -q)]+I [Fr+aR]

From the fourth and fifth necessary conditions,
10) y-m=lq,R+U, - nx

Equating expressons on the RHS of (9) & (10), plugging in the expresson for | ,and

rearranging yieds

) Fo-qeo=_tio e T2

K C K
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Appendix IV

The problemis.

Max V= IU(C,.X,)-U(CX)ldt

st Ki=FK,R,)- &, - &X)R,-C, K0 =K,
X =G(X,)- R,, X(0) = X,
X, 20

The Hamiltonian for this problem is (for smplicity, the subscripts t's are dropped),

H =[U(C, X) - U (C,X)] + F(K,R) - &K - &(X)R - C] +4G(X) - R]

The standard necessary conditions for this optima control problem are;

1 %:uc-l =0

@ g5 =!1F- Xy =0
@ ge=-1=F-d

(4 E—)“(':-y':ux-qumyex

From the first and the third conditions,

) | =Uc

6 | =-1[F - d]
Equating expressons for | and rearranging yields

U
(n - =R-d

C

From the second necessary condition:
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® Yy =Uc[F - q(X)] + U[Fr- gy G(X)+ayR]

From the fourth necessary condition,
(9 ¥ =-Uy +UaR- U [F, - q(X)IG,
Equating expressons for y and rearranging yields

(10 F- QR - ) =Fa+[F, - d00IG, - 6, G(X)+ o=

C
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Appendix V

For a genera case that combines the models of sections 3.2 and 3.3, consder the

following problem:

N N

Max V =S[U(Ct,xt,Mt)-U(C,X,I\A/I,)]dt

st.  Ki=FK_,R)- & - &X,)R,-C, K0 =K,
X:=G(X,)- R,,
M: =R, - XM,,
X, 30 X(0) =X,
M,30 M(@©0) =M,

The Hamiltonian is (for smplicity, the subscripts t's are dropped),

H =[U(C, X,M) -U(&,)A(,I\A/I)] +8F(K,R) - & - é(X)R - C]+y[G(X) - Rl + MR - xM)
with first order conditions

™

®  gg=Ue-1=0
@ 2—:=I[FR-q(><)]-y+m:o
@ o=l =R
(4 %Ly’:ux-qumyex
(5) %:-m:uM-m

Now, on the optima trgjectory leading to steady State, consider
(6)  H, =[UC,X,M)-U(C X,M]+I Ki+y, Xi+m M,

We take the time differentiation, for smple presentation ignoring the t's,
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dd'jt = U_C+U, X+ U, M+l K+ [F, K+F, R- dK- qRX- q(X)R- C]

+y )'<+y[GX X- R] +hM+n1iR- xM]
=[Ug - 11C+[U,, +m mIM+[1 +1 (F - d)]K+[U, - | gR+y +YyG,]X

HI[Fy - qX)]- y +mR
=0

where the last step utilizes the above five first order conditions.
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