
�� ,V�wNAW���+v ��#,w

�6 �,+A+��# �wWB���wv-

Fduorv Do�rv0Ihuuhu/ Dqd E1 Dqld dqg Nodxv U1 Vfkhqn0Krss�h--

ZS0DG <;047

�LhhitTL?_i?Ui |LG

�@h*Lt �*�Lt�6ihhih

#iT@h|4i?| Lu ,UL?L4�Utc N?��iht�|) Lu V�i??@c

OL�i?t|@�ui?}@tti bc ���f�f V�i??@c ��t|h�@

,_�|LhG W?t|�|�|L V@*i?U�@?L _i W?�it|�}@U�L?it ,UL?�L4�U@tc 5���

6�ht| ,_�|�L? a�*) �bbH

W5��G He�eH2��H�S�.

#iT�Lt�|L wi}@*G V�2.����bbH

WVW, �Lh!�?}�T@Tiht Lgih �? @_�@?Ui |�i hit�*|t Lu iUL?L4�U hiti@hU� �?_ih �@) �?

Lh_ih |L i?UL�h@}i @ _�tU�tt�L? ThLUitt MiuLhi ti?_�?} |�i4 |L tU�i?|��U �L�h?@*t uLh |�i�h

�?@* T�M*�U@|�L?�

8 A�i @�|�Lht |�@?! 6ih?@?_L Vi}@�+i_L?_L uLh �i*Tu�* UL44i?|t� A��t �Lh! �@t

Mii? t|@h|i_ ���*i |�i |��h_ @�|�Lh ��t�|i_ |�i #iT@h|4i?| Lu ,UL?L4�Utc N?��iht�|) Lu

�*�U@?|ic 5T@�?� Oi }h@|iu�**) @U!?L�*i_}it �?@?U�@* t�TTLh| M) @ A�+ }h@?| Lu |�i ,N

}i?ihL�t*) @�@h_i_ M) |�i W?t|�|�|i Lu �@|�i4@|�U@* ,UL?L4�Utc N?��iht�|) Lu ��i*iui*_�

Oi �L�*_ @*tL *�!i |L |�@?! |�i #i�|tU�i 6LhtU��?}t}i4i�?tU�@u| uLh hiti@hU� t�TTLh|

�?_ih UL?|h@U| �L S�D%H��� A�i tiUL?_ @�|�Lh }h@|iu�**) @U!?L�*i_}it �?@?U�@* t�TTLh|

M) |�i 5T@?�t� ��?�t|h) Lu ,_�U@|�L? �@|�L?@* +n# ThL�iU| ��be��Dfe� A�i �ht| @�|�Lh

@*tL |�@?!t |�i 5T@?�t� ��?�t|h) Lu ,_�U@|�L? uLh �?@?U�@* t�TTLh|�

88 �� �*�Lt ) ���� �?�@G N?��iht�|) Lu �*�U@?|i( k�+� 5U�i?!�OLTT�iG N?��iht�|) Lu

��i*iui*_�

4



�� ,V�wNAW���+v ��#,w

�6 �,+A+��# �wWB���wv

Fduorv Do�rv0Ihuuhu/ Dqd E1 Dqld dqg Nodxv U1 Vfkhqn0Krss�h

DEVWUDFW

Zh dqdo|}h wkh orqj0uxq rxwfrph ri pdunhwv lq zklfk erxqghgo| udwlr0
qdo �upv zlwk d ghfuhdvlqj uhwxuqv wr vfdoh whfkqrorj| frpshwh lq sulfhv1
Wkh ehkdylru ri wkhvh �upv lv edvhg rq lplwdwlrq ri vxffhvv dqg h{shulphq0
wdwlrq1 Lq wklv iudphzrun/ zh lqwurgxfh d qhz dssurdfk wr prgho erxqghgo|
udwlrqdo ehkdylru/ edvhg rq wkh lghd ri _ehkdylrudo sulqflsohv/% l1h1 irupdo
ghvfulswlrqv ri krz �upv* ghflvlrqv duh wuljjhuhg e| vshfl�f pdunhw vlwxd0
wlrqv1 Hyhq zlwk wkh vlpsohvw rqhv/ wkh uhvxow lv wkdw wkh sulfhv dqqrxqfhg
duh d vwulfw uh�qhphqw ri wkh vhw ri Qdvk htxloleuld1 Zlwk pruh vrsklvwlfdwhg
ehkdylrudo sulqflsohv/ wkh orqj0uxq rxwfrph fruuhvsrqgv wr wkh frqfhsw ri
_fhqwudo sulfhv% +zklfk duh dovr Qdvk htxloleuld, lqwurgxfhg khuh1 Wklv lv d
urexvw dqg fohdu0fxw suhglfwlrq zklfk/ xqghu txdgudwlf frvwv dqg duelwudu|
ghpdqg/ hvvhqwldoo| frlqflghv zlwk wkh Zdoudvldq htxloleulxp1

NH\ZRUGV= Hyroxwlrq> Pxwdwlrq> Lplwdwlrq> Ehuwudqg Roljrsro|1
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Hyroxwlrqdu| wkhru| surylghv xv zlwk wkh wrrov wr h{solflwo| vwxg| wkh orqj0
uxq rxwfrph ri pdunhwv lq zklfk djhqwv uhshdwhgo| pdnh vkruw0uxq ghflvlrqv
rq fhuwdlq yduldeohv hyhu| shulrg/ dffruglqj wr d jlyhq w|sh ri ehkdylru olnh
ehvw uhvsrqvh ru lplwdwlrq1

Lq wkh vwxg| ri roljrsrolvwlf pdunhwv/ sulfh lv frqvlghuhg dv d nh| ghfl0
vlrq yduldeoh iru wkh �up lq wkh vkruw uxq/ vlqfh lw lv rqh ri wkh lqvwuxphqwv
wkdw fdq eh hdvlo| fkdqjhg dqg dgmxvwhg1 Rqo| lq wkh phglxp uxq duh
�upv deoh wr dgmxvw wkhlu surgxfwlrq fdsdflwlhv1 Wkh vwxg| ri sulfh frpsh0
wlwlrq ehfrphv wkhq d ixqgdphqwdo sduw lq wkh vwxg| ri d pdunhw1 Vhh h1j1
Vkdslur ^43`1

Dv d �uvw dssurdfk/ lq wkh frqwh{w ri krprjhqhrxv surgxfw/ wkh frqfox0
vlrq lv gudzq wkdw sulfh frpshwlwlrq zloo ohdg �upv idflqj frqvwdqw0uhwxuqv0
wr0vfdoh whfkqrorjlhv wr vhw sulfhv htxdo wr pdujlqdo frvw dqg wkxv hduq }hur
sur�wv1 Wklv frqvwlwxwhv wkh zhoo0nqrzq Ehuwudqg sdudgr{1 D gl�huhqw orrn
wr wkh prghov ri sulfh frpshwlwlrq uhyhdov wkdw/ li �upv duh qrw deoh wr vhuyh
wkh zkroh pdunhw +ehfdxvh ri fdsdflw| frqvwudlqwv iru lqvwdqfh,/ wkhuh lv
urrp iru htxloleulxp sulfhv vwulfwo| deryh pdujlqdo frvw1 Qhyhuwkhohvv/ sulfh
frpshwlwlrq lq wkh frqwh{w ri krprjhqhrxv surgxfw zdv uhjdughg dv xqlqwhu0
hvwlqj dqg pdlqo| ljqruhg dv d wrslf ri uhvhdufk iru d orqj wlph gxh wr erwk
wkh sdudgr{lfdo ehkdylru dqg wkh idfw wkdw sulfh dqg txdqwlw| frpshwlwlrq
zhuh uhfrqflohg lq wkh frqwh{w ri prqrsrolvwlf frpshwlwlrq1

Rqo| uhfhqwo|/ wkh vhw ri Qdvk htxloleuld ri d Ehuwudqg jdph xqghu gh0
fuhdvlqj uhwxuqv wr vfdoh kdv ehhq fkdudfwhul}hg +vhh Gdvwlgdu ^6`,/ dqg lw kdv
ehhq irxqg wkdw wkhuh lv d frqwlqxxp ri sxuh vwudwhj| Ehuwudqg htxloleuld/
zklfk frqwdlqv pdujlqdo0frvw sulflqj/ l1h1 Zdoudvldq ehkdylru/ vhh Gdvwl0
gdu ^7`1 Wklv frxog eh uhjdughg dv wkh Ehuwudqg sdudgr{ zlwk frqyh{ frvwv1
Qrw rqo| wkdw/ exw dovr dyhudjh0frvw sulflqj/ l1h1 }hur sur�wv/ lv d Ehuwudqg
htxloleulxp lq wklv frqwh{w1

D frpprq lqjuhglhqw ri doo wkhvh prghov lv wkh dvvxpswlrq ri ixoo ud0
wlrqdolw| rq wkh sduw ri �upv1 Wklv lv d yhu| vwurqj dqg hyhq xquhdolvwlf
dvvxpswlrq/ hvshfldoo| li �upv rqo| kdyh gl�xvh nqrzohgjh ri pdunhw frqgl0
wlrqv dqg odfn frpsohwh lqirupdwlrq1

Hyroxwlrqdu| prghov ri lplwdwlrq vhhp wr eh pruh uhdolvwlf/ vlpsoh/ dqg
dssursuldwh iru wkh uhsuhvhqwdwlrq ri d pdunhw1 Prghov ri vrfldo ohduqlqj
e| lplwdwlrq kdyh suryhq vxffhvvixo iru wkh xqghuvwdqglqj ri lqglylgxdov*
ehkdylru xqghu frqglwlrqv ri olplwhg lqirupdwlrq +vhh h1j1 Em�rqhuvwhgw dqg
Zhlexoo ^5`/ ru Vfkodj ^<`,1
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Rqfh rqh gursv wkh dvvxpswlrq ri ixoo udwlrqdolw|/ lw lv qrw fohdu dq|pruh
krz ehkdylru vkrxog eh prghohg1 Lq frqwudvw wr sur�w pd{lpl}dwlrq/ zklfk
lv dozd|v d zhoo gh�qhg dqg yhu| vshfl�f uxoh/ wkhuh duh pdq| w|shv ri
ehkdylru zklfk frxog eh frqvlghuhg dv _erxqghgo| udwlrqdo/% hyhq zlwklq
wkh vshfl�f iudphzrun ri lplwdwlrq prghov1

Lqvwhdg ri suhwhqglqj wr kdyh d xqltxh ghvfulswlrq ri _erxqghg udwlrqdo0
lw|/% zh zdqw wr lqwurgxfh khuh d qhz dssurdfk wr wkh sureohp ri ghvfulelqj
vrfldo ehkdylru1

Wkh nh| wr wklv qhz dssurdfk duh zkdw zh fdoo _ehkdylrudo sulqflsohv1%
D ehkdylrudo sulqflsoh lv d irupdo ghvfulswlrq ri d _uxoh ri wkxpe% wr eh
iroorzhg wr pdnh d ghflvlrq zkhq d fhuwdlq vrfldo vlwxdwlrq lv idfhg1 Iru
lqvwdqfh d ehkdylrudo sulqflsoh frxog uhtxluh d �up wr lplwdwh hyhu| rqh ri
wkh �upv zklfk kdyh rewdlqhg pd{lpdo sur�wv zlwk srvlwlyh suredelolw|/ ru
lw frxog vshfli| wkdw rqo| �upv zklfk kdyh dfwxdoo| idfhg srvlwlyh ghpdqg
duh zruwk lplwdwlqj1

Hdfk ehkdylrudo sulqflsoh fkdudfwhul}hv d zkroh idplo| ri lplwdwlrq uxohv1
Zh vhh rxu dssurdfk dv dq h{sorudwru| rqh= rxu dlp lv qrw wr glvfxvv d
sduwlfxodu prgho ri erxqghgo| udwlrqdo ehkdylru/ exw udwkhu wr h{soruh wkh
surshuwlhv ri gl�huhqw idplolhv ri lplwdwlrq uxohv1

Khuh zh dsso| wklv dssurdfk wr wkh vwxg| ri dq roljrsrolvwlf pdunhw
lq zklfk lghqwlfdo �upv/ surgxflqj d krprjhqhrxv jrrg xqghu ghfuhdvlqj
uhwxuqv wr vfdoh/ ghflgh rq sulfhv zlwk wkh rqo| lqirupdwlrq wkh| fdq jhw iurp
wkh pdunhw dorqh= doo sulfhv dqqrxqfhg lq wkh suhylrxv shulrg dqg doo sur�wv
rewdlqhg1 Ilupv zloo wkhq lplwdwh wkrvh sulfhv zklfk kdyh suryhq wr eh pruh
vxffhvvixo lq whupv ri sur�wv ~ d fohdu lqglfdwru ri vxffhvv lq d pdunhw1 Wkhuh
duh/ wkrxjk/ pdq| gl�huhqw w|shv ri lplwdwlrq uxohv1 Dv h{sodlqhg deryh/
zh zloo ghvfuleh wkhp e| ehkdylrudo sulqflsohv zklfk fdswxuh wkh xqghuo|lqj
uxohv ri wkxpe1

Zh zloo �qg wkdw/ hyhq xqghu wkh vlpsohvw sulqflsohv/ wkh orqj0uxq suh0
glfwlrq vhohfwv d vhw ri Ehuwudqg0htxloleulxp sulfhv vxfk wkdw doo �upv pdnh
vwulfwo| srvlwlyh sur�wv/ wkxv h{foxglqj wkh }hur0sur�wv htxloleulxp1 Qhyhu0
wkhohvv/ wklv vhw ri sulfhv frxog eh txlwh elj1 Zh vhh wklv dv d frqvhtxhqfh ri
wkh fuxghqhvv ri wkh ehkdylrudo sulqflsohv/ dqg wkxv wxuq wr dqdo|}lqj pruh
ghwdlohg rqhv1 Wkhq/ zh rewdlq d fohdu0fxw suhglfwlrq zklfk lv d uh�qhphqw
ri wkh iruphu dqg zklfk lv uhodwhg wr d fhuwdlq lghd ri _fhqwudo sulfhv1% Zh
frpsduh wklv qhz frqfhsw wr Zdoudvldq ehkdylru lq rughu wr xqghuvwdqg wr
zkdw h{whqw wkh odwwhu lv d urexvw Ehuwudqg htxloleulxp/ �qglqj wkdw/ xqghu
vshfl�f frqglwlrqv/ wkh Zdoudvldq sulfh lv fhqwudo/ dowkrxjk/ lq jhqhudo/ wkhuh
lv qr fohdu uhodwlrq ehwzhhq _fhqwudo sulfhv% dqg wkh Zdoudvldq rqhv1
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Dq hyroxwlrqdu| prgho ri sulfh frpshwlwlrq kdv douhdg| ehhq vwxglhg e|
Tlq dqg Vwxduw ^:`1 Wkh| xvh wkh ghwhuplqlvwlf/ frqwlqxrxv0wlph uhsolfdwru
g|qdplfv edvhg rq h{shfwhg sd|r�v wr prgho hfrqrplf qdwxudo vhohfwlrq lq
d Ehuwudqg jdph zlwk frqvwdqw pdujlqdo frvwv dqg vkrz wkdw wkh fodvvlfdo
Ehuwudqg htxloleulxp idlov wr eh dq hyroxwlrqdulo| vwdeoh vwudwhj|1 Wr mxvwli|
wkhlu xvh ri h{shfwhg sd|r�v/ wkh| srvwxodwh d yhu| odujh qxpehu ri gl�huhqw
pdunhwv dqg lqyrnh d odz ri odujh qxpehuv1

Lq frqwudvw wr Tlq dqg Vwxduw ^:`/ khuh hyroxwlrq lv edvhg rq dfwxdo
sd|r�v/ dqg qrw rq h{shfwhg rqhv1 Pruhryhu/ zh prgho qdwxudo hfrqrplf
hyroxwlrq wkurxjk d wuxh vwrfkdvwlf g|qdplfdo v|vwhp/ zkhuh udqgrp px0
wdwlrq lv xvhg wr fdswxuh wkh lghd ri h{shulphqwdwlrq1 Lq rwkhu prghov/ wklv
udqgrpqhvv uh�hfwv wuhpeolqj huuruv ru pxwdwlrq lq d pruh elrorjlfdo vhqvh1

Zh zloo uho| rq wkh whfkqltxhv iru glvfuhwh0wlph Pdunry surfhvvhv zlwk
�qlwh vwdwh vsdfh dv vwdwhg lq Iuhlgolq dqg Zhqw}hoo ^8/ Fkds1 9`/ dv dssolhg
lq Ndqgrul hw do1 ^9` dqg \rxqj ^45`1 Vlplodu hyroxwlrqdu| whfkqltxhv lq wkh
iudphzrun ri Frxuqrw frpshwlwlrq kdyh ehhq xvhg e| Yhjd~Uhgrqgr ^44`/
Do�rv~Ihuuhu/ Dqld/ dqg Yhjd~Uhgrqgr ^4`/ dqg Vfkhqn~Krss�h ^;`1

Vhfwlrq 5 suhvhqwv wkh prgho1 Vhfwlrq 6 gh�qhv zkdw lplwdwlrq uxohv
duh dqg dqdo|}hv wkh prvw qdlyh rqhv1 Vhfwlrq 7 suhvhqwv pruh vrsklvwlfdwhg
lplwdwlrq uxohv dqg rewdlqv wkh pdlq uhvxow dv d uh�qhphqw ri wkh dqdo|vlv lq
wkh suhylrxv vhfwlrq1 Vhfwlrq 8 frpsduhv wklv uhvxow zlwkZdoudvldq ehkdylru/
dqg Vhfwlrq 9 frqfoxghv1

2 A�i 4L_i*

Frqvlghu d pdunhw iru d krprjhqhrxv jrrg zkhuh q �upv frpshwh lq sulfhv1

Doo �upv duh htxdo/ xvlqj d whfkqrorj| fkdudfwhul}hg e| d frvw ixqfwlrq

F = Un $ Un/ zklfk lv dvvxphg lqfuhdvlqj dqg vwulfwo| frqyh{1 Zh dvvxph

}hur �{hg frvwv/ exw doo uhvxowv krog wuxh iru wkh jhqhudo fdvh1 Wkh frqvxphu

vlgh ri wkh pdunhw lv vxppdul}hg e| d vwulfwo| ghfuhdvlqj ghpdqg ixqfwlrq

G = Un $ Un1 Vxssrvh hdfk �up l @ 4> = = = > q dqqrxqfhv vrph sulfh s�1
Wkhq/ gh�qlqj s @ +s�> = = = > s?, dqg

P+s, =@ il m s� @ plq
�'�c���c?

s�j> +4,

wkhlu sur�wv ��+s, @ ��+s�> = = = > s?,/ l @ 4> = = = > q duh jlyhq e|

��+s, @

+
s�

(ER��
��Es�� � F

�
(ER��

��Es��

�
li l 5P+s,

3 li l 95P+s,
+5,
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Iljxuh 4=

Sulfhv S& dqg Zdoudvldq htxloleulxp S
�

Wklv gh�qhv d Ehuwudqg jdph zlwk wkh wlh0euhdnlqj uxoh ri htxdo vkduhv1

Iru hdfk n @ 4> = = = > q/ dqg s 5 Un gh�qh

�+s> n, =@ s
G+s,

n
�F

�
G+s,

n

�
+6,

Zh lqwurgxfh wkh iroorzlqj nh| frqfhsw1 Gh�qh S& 5 Un wkurxjk wkh
frqglwlrq

S& lv vxfk wkdw �+S& > n, @ 3 dqg G+S&, A 3=

Gdvwlgdu ^6/ Ohp1 4 dqg :` suryhv lq txlwh jhqhudolw|� wkdw wkhvh sulfhv duh

zhoo gh�qhg dqg xqltxh dqg dovr wkdw S& lv vwulfwo| ghfuhdvlqj lq n1 Wkh

sulfhv S& dqg wkh Zdoudvldq sulfh duh ghslfwhg lq �jxuh 41

�(ER� �t |��Ui UL?|�?�L�t*) _�gihi?|�@M*i ��|� t|h�U|*) ?i}@|��i �ht| _ih��@|��ic @?_
|�ihi i �t| �?�|i UL?t|@?|t �4@ 

D f @?_'4@ 

D f t�U� |�@| (E�4@ � ' fc (Ef� ' '4@ �
�E^� �t |��Ui UL?|�?�L�t*) _�gihi?|�@M*ic t|h�U|*) UL?�i c @?_ �?Uhi@t�?}�
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D �uvw/ vwdwlf lqwhusuhwdwlrq ri S& lv wkdw lw fruuhvsrqgv wr wkh sulfh vxfk

wkdw n �upv pdnh h{dfwo| }hur sur�wv/ zkhq wkh| dqqrxqfh wkh vdph sulfh

dqg wkh| duh wkh rqo| dfwlyh �upv lq wkh pdunhw/ l1h1 doo rwkhu q� n �upv

dqqrxqfh d kljkhu sulfh dqg idfh wkhuhiruh }hur ghpdqg1 D vhfrqg/ pruh

g|qdplf lqwhusuhwdwlrq frxog eh= wkh orzhu erxqg ri wkh vhw ri sulfhv wr

zklfk n �upv fdq mrlqwo| ghyldwh/ jhwwlqj dqg vkdulqj dprqj wkhp n wkh

zkroh ghpdqg/ ohdylqj wkh rwkhu q�n �upv zlwkrxw dq| pdunhw vkduh/ dqg

vwloo pdnlqj srvlwlyh sur�wv1

Zh dvvxph wkdw doo sulfhv wkdw �upv fdq dqqrxqfh ehorqj wr dq d sulrul

�{hg dqg �qlwh vhw �1 Wkh rqo| uhvwulfwlrq rq wklv vhw lv wkdw doo S& ehorqj

wr �/ dqg wkdw wkhuh h{lvwv dw ohdvw rqh sulfh vwulfwo| orzhu wkdq S?/ l1h1 rqh

iru zklfk doo q �upv dqqrxqflqj wkh vdph sulfh zrxog pdnh orvvhv1 Wklv

uhvwulfwlrq lv pdgh iru wkh vdnh ri fodulw|/ exw lw frxog eh odujho| glvshqvhg

zlwk1

Ohw xv qrz wxuq wr wkh ghvfulswlrq ri wkh g|qdplf hyroxwlrqdu| prgho

vwxglhg1 Zh dvvxph wkdw d �{hg �qlwh qxpehu ri �upv sod| wkh Ehuwudqg

jdph dw hdfk glvfuhwh wlph shulrg1 Zkhq �upv kdyh wr dqqrxqfh d sulfh lq

shulrg w.4 5 Q / wkh sulfhv dqg sur�wv ri doo �upv dw wkh suhfhglqj wlph w duh

nqrzq1 Edvhg rq wkhvh gdwd/ hdfk �up fkrrvhv d sulfh iru wlph w . 41 Zh

frqvlghu wkuhh gl�huhqw phfkdqlvpv/ ghwhuplqlqj wkh sulfh dqqrxqfhphqw

s�+w . 4, ri wkh lwk �up/ jlyhq wkh sulfhv s+w, @ +s�+w,> = = = > s?+w,, dqg wkh
sur�wv �+s+w,, @ +��+s+w,,> = = = >�?+s+w,,,1 Zlwk fhuwdlq suredelolwlhv/ d
�up xskrogv lwv sulfh s�+w,/ lplwdwhv d �up e| dqqrxqflqj vrph sulfh s&+w,
wkdw |lhoghg pd{lpdo sur�w dw shulrg w/ ru udqgrpo| fkrrvhv vrph sulfh iurp
�1 Wkh vhtxhqwldo vwuxfwxuh ri wkhvh hyhqwv lv dv iroorzv1 Iluvw/ d fkrlfh lv
pdgh zkhwkhu xskroglqj ru lplwdwlrq wdnhv sodfh1 Diwhuzdugv/ lw lv ghflghg
zkhwkhu h{shulphqwdwlrq rffxuv ru qrw1

Il{ dq lplwdwlrq suredelolw| 3 ? � ? 4 dqg d h{shulphqwdwlrq suredelolw|
3 ? % ? 41 Zh fdoo 4� � A 3 wkh xskroglqj suredelolw|1

Xskroglqj +rffxuv zlwk suredelolw| 4� � A 3, s�+w. 4, =@ s�+w,1 Wkdw lv/
�up l grhv qrw fkdqjh lwv sulfh dqqrxqfhphqw1

Lplwdwlrq +rffxuv zlwk suredelolw| � A 3, s�+w . 4, lv vrph sulfh s&+w,
zklfk |lhoghg pd{lpdo sur�w dw shulrg w1 Wklv ehkdylru lv suhflvho|
vshfl�hg e| dq lplwdwlrq uxoh lqwurgxfhg lq wkh qh{w vhfwlrq1

Diwhu hlwkhu xskroglqj ru lplwdwlrq wrrn sodfh/ lw lv ghflghg zkhwkhu wkh
�up h{shulphqwv zlwk vrph sulfh ru zkhwkhu wkh fkrlfh pdgh ehiruh lv nhsw1
Lq wkh �uvw fdvh/ zh zloo vd| wkdw d pxwdwlrq rffxuv1
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H{shulphqwdwlrq +rffxuv zlwk suredelolw| % A 3, s�+w . 4, lv udqgrpo|
fkrvhq iurp � dffruglqj wr vrph �{hg glvwulexwlrq zklfk dvvljqv srv0
lwlyh phdvxuh wr hyhu| vwdwh1

Wklv frpsohwho| ghwhuplqhv wkh qhz yhfwru ri sulfhv s+w . 4,/ jlyhq d
vwdwh s+w,1 Vlqfh �upv duh qrq0frrshudwlyh/ zh dvvxph wkdw hdfk �up pdnhv
lwv ghflvlrq lqghshqghqwo| ri wkh rwkhuv dqg/ wkhuhiruh/ zh rewdlq d Pdunry
surfhvv s+w, lq glvfuhwh wlph zlwk �qlwh vwdwh vsdfh �?1

Lw lv zruwk wr srlqw rxw wkdw hdfk vlqjoh �up pd| kdyh lwv rzq suhi0

huhqfhv dqg/ iru lqvwdqfh/ pd| dvvljq kljkhu suredelolw| wr lplwdwlrq wkdq

wr xskroglqj1 Lw pd| hyhq kdyh d whqghqf| wr h{shulphqwlqj zlwk kljk

sulfhv dqg rqo| yhu| uduho| zlwk orz rqhv1 Wkh vdph uhpdun dssolhv wr wkh

lplwdwlrq fdvh1 Doo wkhvh srvvlelolwlhv duh rqo| olplwhg e| wkh dvvxpswlrq

wkdw fhuwdlq hyhqwv kdyh wr kdsshq zlwk srvlwlyh suredelolw| dqg wkxv duh

qrw doorzhg wr eh h{foxghg zkhq �{lqj wkh suhihuhqfhv ri �upv dv glvfxvvhg

deryh1

Ohppd 514 Wkh glvfuhwh0wlph Pdunry surfhvv s+w, zlwk vwdwh vsdfh �? kdv

d xqltxh hujrglf phdvxuh �0 iru hdfk �{hg % A 31 Lq sduwlfxodu/ �0 lv lqydul0

dqw xqghu wkh Pdunry surfhvv s+w, dqg frpsohwho| ghwhuplqhg e| wkh +�qlwho|
pdq| qxpehuv, �0+s,/ s 5 �

?
1 �0 lv riwhq fdoohg vwdwlrqdu| glvwulexwlrq1

Wklv vwdwhphqw iroorzv lpphgldwho| iurp wkh revhuydwlrq wkdw wkh wudq0
vlwlrq suredelolw| pdwul{ ri wkh �qlwh vwdwh Pdunry surfhvv lv luuhgxfleoh/ l1h1
iru dq| wzr vwdwhv wkhuh lv d srvlwlyh suredelolw| wr uhdfk wkh vhfrqg vwdwh lq
rqh vwhs zkhq vwduwlqj dw wkh �uvw vwdwh1 +Wklv suredelolw| lv erxqghg iurp
ehorz e| %

?
T
?

�'�
��+s�, A 3 iru hdfk vwdwh +s�> = = = > s?,/ zkhuh ��+s�, lv wkh

lwk �up*v suredelolw| ri fkrrvlqj s� zkhq h{shulphqwlqj1,
Uhfdoo wkdw hujrglflw| ri �0 phdqv wkdw olpr<"

�

r

S
r3�

|'f
i+{+w,, @U

K?
i+{,�0+g{, iru hdfk lqwhjudeoh ixqfwlrq i +dqg iru doprvw doo vhtxhqfhv

ri uhdol}dwlrqv ri wkh udqgrp yduldeohv,1 Lq sduwlfxodu/ li i @ 4� lv wkh fkdu0

dfwhulvwlf ixqfwlrq/ wkhq wklv uhdgv olpr<"
�

r

S
r3�

|'f
4�+{+w,, @ �0+D,/ l1h1 wkh

dyhudjh dprxqw ri wlph d w|slfdo vdpsoh sdwk ri wkh prgho vshqgv lq d vhw
D htxdov wkh �00phdvxuh ri wklv vhw1 Qrwh wkdw wkh surfhvv pd| vwduw dw dq
duelwudu| vwdwh1 Wkxv wkh xqltxh hujrglf phdvxuh �0 frpsohwho| vxppdul}hv
wkh orqj0uxq ehkdylru ri wkh prgho iurp d vwdwlvwlfdo srlqw ri ylhz1

Zh qh{w glvfxvv wkh uroh ri wkh h{shulphqwdwlrq phfkdqlvp exlow lqwr wkh
hyroxwlrqdu| prgho1 Iluvw/ frqvlghu wkh Pdunry surfhvv deryh lq wkh devhqfh
ri h{shulphqwdwlrq +% @ 3,1 Wkhq hdfk prqrprusklf vwdwh +l1h1 hdfk yhfwru
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zlwk lghqwlfdo frpsrqhqwv, lv reylrxvo| d �{hg srlqw xqghu wkh suhylrxv
g|qdplfv1 Ixuwkhu/ iurp hdfk qrq0prqrprusklf vwdwh d prqrprusklf vwdwh
lv uhdfkhg zlwk suredelolw| rqh dv wlph jrhv e|1 Wkxv wkh v|vwhp vhwwohv
grzq rq wkh gldjrqdo ri wkh vwdwh vsdfh �?1 Wkh h{shulphqwdwlrq lqwurgxfhg
irufhv wkh v|vwhp wr rffdvlrqdoo| pryh dzd| iurp hdfk vwdwh dqg lq sduwlfxodu
shuwxuev doo vwhdg| vwdwhv ri wkh v|vwhp odfnlqj h{shulphqwdwlrq1

Wkh rffxuuhqfh ri h{shulphqwdwlrq lv frqwuroohg e| wkh ydoxh ri %1 Li
% @ 3/ wkhq zh rewdlq wkh prgho glvfxvvhg lq wkh suhfhglqj sdudjudsk1 Li %
lv odujh/ wkhq wkh v|vwhp �xfwxdwhv idvw wkurxjk wkh hqwluh vwdwh vsdfh �?1
Li % lv vpdoo/ wkhq xskroglqj dqg lplwdwlrq ehfrph lpsruwdqw _sxvklqj%
wkh sulfh yhfwru wrzdug prqrprusklf vwdwhv1 Wkh vpdoohu % lv/ wkh pruh
lpsruwdqw wkhvh wzr phfkdqlvpv ehfrph1 Lq wkh iroorzlqj/ zh zloo vwxg|
wkh hujrglf phdvxuh �0 +dqg wkxv wkh orqj0uxq ehkdylru ri wkh g|qdplf
hyroxwlrqdu| prgho, dv wkh rffxuuhqfh ri h{shulphqwdwlrq ydqlvkhv/ l1h1 dv
%$ 31

Wzr gl�huhqw lqwhusuhwdwlrqv ri h{shulphqwdwlrq +dqg wkh phwkrg wr
+vorzo|, ghfuhdvh wkh suredelolw| iru lwv rffxuuhqfh, iurp d g|qdplfdo srlqw
ri ylhz fdq eh jlyhq1

Rq wkh rqh kdqg/ h{shulphqwdwlrq lv wkh vrxufh ri qhz lqirupdwlrq lq
rxu prgho1 Vlqfh hdfk prqrprusklf vwdwh lv d vwhdg| vwdwh ri wkh Pdunry
surfhvv lqwurgxfhg deryh iru % @ 3/ wkh rqo| zd| wkh v|vwhp fdq pryh dzd|
iurp dq| ri wkhvh vwdwhv lv yld h{shulphqwdwlrq1 Iru vpdoo % A 3/ wkh lpsdfw
ri lplwdwlrq ehfrphv ehwwhu revhuydeoh wkdq iru odujh %/ dqg/ lq sduwlfxodu/
wkh v|vwhp zloo pdlqo| uhvw rq prqrprusklf vwdwhv1 Wkxv/ dv % $ 3/ wkh
surfhvv fdq eh h{shfwhg wr vhwwoh grzq rq prqrprusklf vwdwhv zklfk duh
vwurqjhu dwwudfwlqj wkdq rwkhuv1

Rq wkh rwkhu kdqg/ rqh fdq lqwhusuhw h{shulphqwdwlrq dv dq duwl�fldoo|
lqwurgxfhg vwrfkdvwlf shuwxuedwlrq ri d ghwhuplqlvwlf prgho zklfk lv xvhg wr
pryh wkh v|vwhp dzd| iurp dq| vwhdg| vwdwh1 D prwlydwlrq iru wklv frphv
iurp wkh idfw wkdw prvw uhdo0zruog v|vwhpv duh vxemhfw wr +vpdoo, udqgrp
vkrfnv1 Wkhq/ ohwwlqj % $ 3/ wkh v|vwhp zloo vhwwoh grzq rq wkrvh vwhdg|
vwdwhv zklfk duh pruh vwdeoh ~ dqg wkxv pruh lpsruwdqw lq wkh fruuhvsrqglqj
uhdo0zruog v|vwhp ~ wkdq rwkhuv1 Lq sduwlfxodu/ wklv vlqjohv rxw xqvwdeoh
vwhdg| vwdwhv/ dqg lw khosv wr ghwhfw wkrvh vwdwhv zklfk duh pruh olnho| wr eh
revhuyhg lq wkh v|vwhp prghohg1
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� W4�|@|�L? h�*it

Lplwdwlrq lv d nlqg ri uhsolfdwlqj ehkdylru zklfk hqdeohv �upv wr ohduq iurp
rwkhu �upv* h{shulhqfh/ zlwkrxw wkhp qhhglqj wr kdyh ixoo nqrzohgjh ri
pdunhw frqglwlrqv/ ru wr eh deoh wr pdnh frpsolfdwhg fdofxodwlrqv lq rughu
wr pdnh d ghflvlrq1 Zh eholhyh wkdw lplwdwlrq lv d pdmru ghwhuplqdqw ri
dfwxdo ehkdylru lq vrfldo dqg hfrqrplf v|vwhpv1 Lq d pdunhw iudphzrun/
wklv fdq eh dwwulexwhg wr wkh odfn ri lqirupdwlrq derxw pdunhw frqglwlrqv
wkdw �upv pxvw idfh zkhq pdnlqj d ghflvlrq1

Lq sduwlfxodu/ lq wkh frqwh{w ri dq roljrsrolvwlf pdunhw/ li d �up kdv wr
ghflgh rswlpdoo| zkdw sulfh wr fkdujh/ lw qhhgv suhflvh lqirupdwlrq derxw
wkh pdunhw ghpdqg ixqfwlrq/ wkh frvw ixqfwlrq/ dqg wkh sulfhv wkdw rwkhu
�upv duh jrlqj wr fkdujh1 Qrw rqo| wkdw/ exw dovr lpsruwdqw uhtxluhphqwv ri
frpprq nqrzohgjh ri udwlrqdolw|/ dqg frpsxwdwlrq fdsdelolwlhv duh qhhghg
lq rughu iru lw wr uhso| rswlpdoo| wr lwv frpshwlwruv ehkdylru1

Wkhuh duh d qxpehu ri pdunhwv zlwk rqo| d vpdoo qxpehu ri �upv/ exw gxh
wr wkh vwuxfwxuh ri wkhvh �upv wkh| duh xqdeoh wr ixo�oo doo wkhvh lqirupdwlrq
dqg frpsxwdwlrq uhtxluhphqwv1 Hyhq lq pdunhwv zlwk d yhu| vpdoo qxpehu
ri elj �upv/ frqfhuqhg zlwk wkh uhohydqw gdwd ri wkh pdunhw/ lw lv yhu|
uhvwulfwlyh wr dvvxph wkdw wkh| kdyh shuihfw ru hyhq vhqvleoh nqrzohgjh ri
pdunhw frqglwlrqv +ghpdqg dqg frvw ixqfwlrqv,1

D vlpsoh zd| rxw iru d �up wkdw kdv wr pdnh d ghflvlrq rq zkdw sulfh
wr fkdujh lv wr lplwdwh sulfhv zklfk rwkhu vxffhvvixo �upv lq wkh lqgxvwu|
kdyh fkdujhg lq suhylrxv shulrgv1 Lq wkdw vhqvh/ sur�wv rewdlqhg frxog eh
uhjdughg dv wkh fohduhvw lqglfdwru ri vxffhvv1

Lq wkh iroorzlqj/ zh zloo irupdoo| gh�qh zkdw dq lplwdwlrq uxoh lv1 Wkhq/
zh zloo h{soruh gl�huhqw vhwv ri lplwdwlrq uxohv fkdudfwhul}hg wkurxjk vshfl�f
ehkdylrudo sulqflsohv/ dqg wkhq vwxg| wkh lpsolfdwlrqv ri wkhvh sulqflsohv lq
rxu prgho1

Hyhu| shulrg/ zh zloo frqvlghu wkh yhfwru ri sulfhv wkdw hdfk ri wkh q

�upv lq wkh pdunhw kdyh vhw1 Jlyhq d sulfh dqqrxqfhphqw s @ +s�> = = = > s?,
zklfk |lhoghg sur�wv +��+s,> = = = >�?+s,,/ gh�qh

E+s, =@ is& m �&+s, @ pd{
�'�c���c?

��+s,j +7,

Ghilqlwlrq 614 Dq lplwdwlrq uxoh ri �up l lv d idplo| ri udqgrp yduldeohv

L�+s, wdnlqj ydoxhv lq E+s,/ l1h1 SureiL�+s, 5 E+s,j @ 4 iru doo s 5 �
?
1

D froohfwlrq ri lqghshqghqw udqgrp yduldeohv iL�+s,jsMK? c�'�c���c? lv fdoohg

lplwdwlrq uxoh1
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Lplwdwlrq zloo kdyh qr h�hfw rq wkrvh vwdwhv lq zklfk doo �upv duh dq0
qrxqflqj wkh vdph sulfh1 Vxfk vwdwhv zloo eh fdoohg prqrprusklf1 Zh
zloo ghqrwh wkhp e| prq+s, @ +s> = = = > s,1 Zh fdq h{whqg wkh gh�qlwlrq ri
prqrprusklf vwdwhv wr vhwv1

Ghilqlwlrq 615 Zh gh�qh iru hdfk vhw D/ wkh vhw ri doo fruuhvsrqglqj

prqrprusklf vwdwhv e|

prq+D, =@ i+s> = = = > s, m s 5 D_ �j=

Rxu gh�qlwlrq ri lplwdwlrq uxohv lv qrw vx�flhqw wr ixoo| fkdudfwhul}h wkh
ehkdylru ri �upv1 Lw lv qhfhvvdu| wr vshfli| krz �upv zloo fkrrvh dprqj
hohphqwv ri E+s,1 Wklv lv grqh wkurxjk wkh lqwurgxfwlrq ri ehkdylrudo sulq0
flsohv1 Wkh �uvw dqg prvw vwudljkwiruzdug sulqflsoh wkdw zh zloo frqvlghu
vlpso| vwdwhv wkdw qrw rqo| d �up lplwdwhv �upv zlwk kljkhvw sur�wv/ exw
dovr dq| ri wkhp zlwk srvlwlyh suredelolw|1

+doo0ehvw, sulqflsoh Dq lplwdwlrq uxoh lv vdlg wr vdwlvi| wkh +doo0ehvw, sulq0
flsoh/ li

SureiL�+s, @ s&j A 3 iru doo s& 5 E+s, dqg iru doo l=

Wkhruhp 616 Ohw q � 61 Jlyhq dq| lplwdwlrq uxoh zklfk vdwlv�hv wkh
+doo0ehvw, sulqflsoh/ zh kdyh wkdw lq wkh orqj uxq/ dv wkh suredelolw| ri h{shu0

lphqwdwlrq whqgv wr }hur/ doo �upv dqqrxqfh lghqwlfdo sulfhv s 5 `S?3�>S�`/
l1h1

olp
0<f

�0iprq+`S?3�>S�`,j @ 4

Pruhryhu/ zh kdyh wkdw olp0<f �0iprq+s,j A 3 iru doo s 5 `S?3�>S�`_ �1

Surri1 Zh zloo uho| rq wkh fkdudfwhul}dwlrq ri wkh vwdwlrqdu| glvwulexwlrq
�0 jlyhq e| Iuhlgolq dqg Zhqw}hoo ^8`1 Wklv fkdudfwhul}dwlrq lqyroyhv wkh nh|
frqfhsw ri d wuhh1 Ohw s @ +s�> = = = > s?, eh d vwdwh ri wkh v|vwhp1 D s0wuhh
lv d gluhfwhg judsk zlwkrxw f|fohv/ vxfk wkdw hdfk vwdwh gl�huhqw iurp s lv
wkh ruljlq ri h{dfwo| rqh duurz +ghqrwhg e| $,1 D sdwk lv d vhtxhqfh ri
frpsdwleoh duurzv +iru qrwdwlrqdo vlpsolflw|/ zh zloo dovr ghqrwh d sdwk e|
$/ zkhq wkhuh lv qr srvvleoh frqixvlrq derxw wkh fruuhvsrqglqj vhtxhqfh
ri duurzv1, Qrwh wkdw lq d s0wuhh wkhuh dozd|v h{lvwv d sdwk iurp dq| vwdwh
wr s1 Wkh frvw ri dq duurz ehwzhhq wzr vwdwhv lv wkh plqlpdo qxpehu ri
pxwdwlrqv qhhghg wr gluhfwo| uhdfk wkh vhfrqg rqh zkhq vwduwlqj dw wkh �uvw
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rqh1 Lq wklv vhqvh/ lplwdwlrq dqg xskroglqj kdyh }hur frvw1 Wkh frvw ri d
sdwk ru d wuhh lv wkh vxp ri doo wkh frvwv ri lwv duurzv1

Iuhlgolq dqg Zhqw}hoo ^8/ Fkds1 9/ { 6` suryh wkdw wkh vwdwlrqdu| glvwul0
exwlrq lv zhoo gh�qhg dqg wkdw lw dvvljqv srvlwlyh zhljkw wr dqg rqo| wr wkrvh
vwdwhv zlwk plqlpdo0frvw wuhhv dprqj doo wuhhv ri doo vwdwhv1

Vwhs 41 Qrq0prqrprusklf vwdwhv fdqqrw kdyh plqlpdo0frvw wuhhv1 Wr

vhh wklv/ vxssrvh wkdw d qrq0prqrprusklf vwdwh s zhuh wr kdyh d plqlpdo0

frvw wuhh1 Frqvlghu wklv wuhh/ dqg fkrrvh vrph s
�
5 E+s,1 Zh frxog wkhq

frqvwuxfw d prq+s�,0wuhh e| frqqhfwlqj s wr prq+s�, dqg ghohwlqj wkh duurz
h{lwlqj prq+s�,1 Wkh iruphu fdq eh grqh dw }hur frvw/ vlqfh wkhuh lv srvlwlyh
suredelolw| wkdw doo �upv lplwdwh wkh vdph sulfh dw wkh vdph wlph/ zkloh wkh
odwwhu vdyhv dw ohdvw frvw rqh/ vlqfh qr prqrprusklf vwdwh fdq eh ohiw zlwkrxw
dq| pxwdwlrq1 Wkh prq+s�,0wuhh vr frqvwuxfwhg kdv orzhu frvw/ zklfk |lhogv
d frqwudglfwlrq1

Vwhs 51 Zh zloo qrz frqvlghu doo srvvleoh wudqvlwlrqv +sdwkv, ehwzhhq
prqrprusklf vwdwhv lq rughu wr vhh zkdw wkh plqlpdo0frvw wuhhv duh1

Lq d �uvw vwhs zh zloo irfxv rq grzqzdug wudqvlwlrqv/ l1h1 xqghufxwwlqj
ri sulfhv1 Frqvlghu doo wudqvlwlrqv ri wkh irup prq+s,$ prq+s�, vxfk wkdw
s

� ? s dqg s� ? S�1 Zh zloo vhh wkdw rqh pxwdwlrq lv qrw hqrxjk iru wklv
wudqvlwlrq wr rffxu/ exw wzr pxwdwlrqv duh hqrxjk1 Vwduw zlwk prq+s, dqg
frqvlghu rqh pxwdwlrq iurp s wr s

�1 Diwhu pxwdwlrq/ qrq0pxwdqwv pdnh }hur

sur�wv/ vlqfh wkh| gr qrw jhw dq| ghpdqg/ exw wkh pxwdqw pdnhv orvvhv/ vlqfh

s
� ? S� lpsolhv wkdw d �up dorqh lq wkh pdunhw fdqqrw pdnh srvlwlyh sur�wv1

Sxuh lplwdwlrq fdq rqo| ohdg wkh surfhvv edfn wr prq+s,1 Li s� @ plq�/ wkhq
reylrxvo| wkh wudqvlwlrq uhtxluhv q pxwdwlrqv1 Rwkhuzlvh wzr pxwdwlrqv
vx�fh1 Vwduw djdlq zlwk prq+s, dqg frqvlghu wzr vlpxowdqhrxv pxwdwlrqv/
rqh wr s�/ dqg dqrwkhu rqh wr s�� ? s�1 Diwhu pxwdwlrq/ wkh s�� pxwdqw pdnhv
orvvhv vlqfh s�� ? S�/ exw erwk wkh s� pxwdqw dqg wkh qrq0pxwdqwv pdnh }hur
sur�wv1 Wkhuhiruh/ e| wkh +doo0ehvw, sulqflsoh/ wkhuh lv d srvlwlyh suredelolw|
wkdw wkh s

� pxwdqw zloo eh lplwdwhg e| doo rwkhu �upv1
Frqvlghu qrz doo grzqzdug wudqvlwlrqv ri wkh irup prq+s, $ prq+s�,

vxfk wkdw s� ? s dqg s� � S�1 Qrwh wkdw wklv lpsolhv s A S�1 Zh zloo vhh wkdw
rqh pxwdwlrq lv hqrxjk iru wklv wudqvlwlrq wr rffxu1 Vwduw zlwk prq+s, dqg
frqvlghu rqh pxwdwlrq iurp s wr s�1 Diwhu pxwdwlrq/ wkh qrq0pxwdqwv pdnh

}hur sur�wv/ exw wkh pxwdqw pdnhv d srvlwlyh sur�w vlqfh s
� � S�1 Sxuh

lplwdwlrq fdq ohdg wkh surfhvv wr prq+s�,/ uho|lqj rq wkh +doo0ehvw, uxoh li
qhfhvvdu|1

Ohw xv qrz irfxv rq xszdug wudqvlwlrqv1 Frqvlghu doo srvvleoh wudqvlwlrqv
ri wkh irup prq+s,$ prq+s�, vxfk wkdw s� A s dqg s � S?3�1 Zh zloo vhh
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wkdw rqh pxwdwlrq lv hqrxjk iru wkh wudqvlwlrq wr rffxu1 Vwduw zlwk prq+s,
dqg frqvlghu rqh pxwdwlrq iurp s wr s

�1 Diwhu pxwdwlrq/ wkh pxwdqw pdnhv
}hur sur�wv/ vlqfh lw orvhv dq| srvvleoh vkduh ri wkh pdunhw lw kdg ehiruh/
exw qrq0pxwdqwv pdnh orvvhv ru }hur sur�wv vlqfh s � S?3�1 Qrwlfh wkdw li

s @ S?3�/ wklv wudqvlwlrq uholhv rq wkh +doo0ehvw, sulqflsoh1
Frqvlghu qrz doo srvvleoh xszdug wudqvlwlrqv ri wkh irup prq+s, $

prq+s�, vxfk wkdw s
� A s dqg s A S?3�1 Zh zloo vhh wkdw rqh pxwdwlrq

lv qrw hqrxjk iru wklv wudqvlwlrq wr rffxu/ exw wzr pxwdwlrqv vx�fh1 Vwduw
zlwk prq+s, dqg frqvlghu rqh pxwdwlrq iurp s wr s

�1 Diwhu pxwdwlrq/ wkh
pxwdqw pdnhv }hur sur�wv/ vlqfh lw jhwv qr ghpdqg/ exw wkh qrq0pxwdqwv
pdnh vwulfwo| srvlwlyh sur�wv vlqfh s A S?3�1 Wkhq lplwdwlrq fdq rqo| ohdg
edfn wr prq+s,1 Vwduw djdlq zlwk prq+s, dqg frqvlghu wzr vlpxowdqhrxv
pxwdwlrqv/ rqh wr s

� dqg dqrwkhu rqh vrph s�� ? s/ s�� ? S�1 Diwhu pxwdwlrq/

wkh s
�� pxwdqw pdnhv orvvhv/ vlqfh s

�� ? S�/ exw erwk wkh s� pxwdqw dqg wkh

qrq0pxwdqwv pdnh }hur sur�wv1 Wkhuhiruh e| wkh +doo0ehvw, uxoh wkhuh lv
srvlwlyh suredelolw| wkdw wkh s

� pxwdqw zloo eh lplwdwhg e| doo rwkhu �upv1
Vwhs 61 Zh kdyh h{soruhg wkh plqlpdo qxpehu ri pxwdwlrqv uhtxluhg

wr ohdyh dq| prqrprusklf vwdwh1 Dq| wuhh zklfk xvhv h{dfwo| wklv plqlpdo
qxpehu ri pxwdwlrqv wr ohdyh hdfk prqrprusklf vwdwh zloo eh d plqlpdo0
frvw wuhh1 Frqvlghu wkh prq+S�,0wuhh jlyhq e| prq+s, $ prq+S�, iru doo
s 9@ S�1 Wkhvh wudqvlwlrqv kdyh frvw rqh iru doo s � S?3� dqg dovr iru doo

s A S�/ exw wkh| kdyh frvw wzr iru doo s vxfk wkdw S?3� ? s ? S�1 Qrwh wkdw
wkhvh wudqvlwlrqv xvh glvmrlqw sdwkv wkurxjk wkh qrq0prqrprusklf vwdwhv1
Wklv suryhv wkdw prq+S�, kdv d plqlpdo0frvw wuhh1

Zh zloo dujxh qrz wkdw doo vwdwhv prq+s, vxfk wkdw S?3� ? s ? S� dovr
kdyh plqlpdo0frvw wuhhv1 Frqvwuxfw d prq+s,0wuhh iurp wkh prq+S�,0wuhh
zh kdyh mxvw frqvwuxfwhg uhyhuvlqj wkh wudqvlwlrq iurp prq+s, wr prq+S�,1
Wklv qhz wudqvlwlrq dovr qhhgv wzr pxwdwlrqv1 Wkhuhiruh wkh qhz prq+s,0
wuhh kdv h{dfwo| wkh vdph frvw dv wkh rog prq+S�,0wuhh1 Wklv suryhv wkdw doo
wkh vwdwhv prq+s, vxfk wkdw S?3� ? s ? S� kdyh plqlpdo0frvw wuhhv1

Ohw V @ prq+`S?3�>S�`,1 Zh kdyh mxvw vkrzq wkdw doo vwdwhv lq V kdyh
plqlpdo0frvw wuhhv1 Frqvlghu qrz dq| rwkhu prqrprusklf vwdwh prq+s�, qrw
frqwdlqhg lq V1 Dq| prq+s�,0wuhh lqfoxghv d olqn iurp vrph vwdwh lq V wr
dqrwkhu rqh rxw ri V1 Dq| wudqvlwlrq ri wklv vruw uhtxluhv wzr pxwdwlrqv1
Wkh rqo| frvw wkdw fdq eh vdyhg lq wklv wuhh zlwk uhvshfw wr wkh suhylrxv
rqhv frphv iurp wkh idfw wkdw qr duurz ohdylqj prq+s�, lv qhhghg/ exw vxfk
dq duurz zdv rqo| dw frvw rqh1 Vr dq| prq+s�,0wuhh zrxog uhtxluh dw ohdvw
rqh pruh pxwdwlrq wkdq wkh plqlpdo0frvw wuhhv1 Wkxv prq+s�, fdqqrw kdyh
d plqlpdo0frvw wuhh1 �
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Uhpdun 617 Wkh suhylrxv wkhruhp krogv iru q � 6 �upv1 Li q @ 5/ wkhq

wkh olplw ri wkh vwdwlrqdu| glvwulexwlrqv �0 dvvljqv srvlwlyh zhljkw wr dqg rqo|

wr vwdwhv lq iprq+s, m s � S�j1 Wklv lv ehfdxvh doo wudqvlwlrqv grzqzdugv

ehwzhhq prqrprusklf vwdwhv fruuhvsrqglqj wr sulfhv juhdwhu wkdq ru htxdo wr

S� wdnh rqo| rqh pxwdwlrq/ doo wudqvlwlrqv xszdugv iurp rwkhu prqrprusklf

vwdwhv wdnh dovr rqo| rqh pxwdwlrq1 Wkh wudqvlwlrqv xszdugv iurp prq+S�,
wdnh rqo| rqh pxwdwlrq e| wkh +doo0ehvw, sulqflsoh/ dqg wkh uhvw ri wkh wudq0

vlwlrqv wdnh wzr pxwdwlrqv1

Uhpdun 618 Xqghu frqvwdqw pdujlqdo frvwv dqg dq| qxpehu ri �upv/ wkh

dujxphqw lq wkh suhylrxv uhpdun zrxog |lhog wkh vdph frqfoxvlrq1 Qrwh wkdw

lq wklv fdvh S� lv htxdo wr wkh pdujlqdo frvw1

Lw lv lpsruwdqw wr qrwlfh wkdw Wkhruhp 616 douhdg| surylghv xv zlwk
vrph uh�qhphqw ri wkh vhw ri Qdvk htxloleuld lq wkh xqghuo|lqj vwdwlf jdph1
Gdvwlgdu ^6` suryhv wkdw wkh vhw ri Ehuwudqg0Qdvk htxloleuld lv iruphg e|
+lq rxu qrwdwlrq, doo vwdwhv prq+s, +v|pphwulf Qdvk htxloleuld, vxfk wkdw
S? � s � S �

?
zkhuh S �

?
lv vxfk wkdw �+S �

?
> q, @ �+S �

?
> 4,1 Gdvwlgdu dovr vkrzv

wkdw S �

?
A S�1 Rxu suhglfwlrq lv reylrxvo| d vwulfw vxevhw ri wkrvh1 Pruhryhu/

prq+S?, lv d irfdo Qdvk htxloleulxp +wkhuh/ sulfh lv htxdo wr dyhudjh frvwv,
zkhuh doo q �upv pdnh h{dfwo| }hur sur�wv1 Lq rxu iudphzrun/ wkh olplw ri
wkh vwdwlrqdu| glvwulexwlrqv dvvljqv qr zhljkw wr wklv vwdwh dv wkh suredelolw|
ri h{shulphqwlqj whqgv wr }hur1 Doo vwdwhv lq wkh vxssruw ri wklv olplw |lhog
vwulfwo| srvlwlyh sur�wv1

Lq dq| fdvh/ wkh suhglfwlrq ri Wkhruhp 616 lv qrw yhu| vkdus/ l1h1 d zlgh
udqjh ri sulfhv fdq dulvh dv d uhvxow ri vxfk d vlpsoh uxoh ri sulfh lplwdwlrq1
Wklv lv d fkdudfwhulvwlf ri wkh idplo| ri lplwdwlrq uxohv ghvfulehg e| wkh
+doo0ehvw, sulqflsoh1 Wklv sulqflsoh doorzv iru yhu| qdlyh ehkdylru/ h1j1 zlwk
wzr pxwdwlrqv lw lv srvvleoh wr ohdg wkh surfhvv doprvw dq|zkhuh1 Iurp
dq| prqrprusklf vwdwh/ wklqn ri rqh pxwdwlrq wr d yhu| orz sulfh dqg d
vhfrqg pxwdwlrq wr d sulfh rqo| voljkwo| kljkhu wkdq wkh �uvw rqh/ wkhq wkhuh
lv srvlwlyh suredelolw|/ dffruglqj wr wkh +doo0ehvw, sulqflsoh/ wkdw doo rwkhu
�upv zloo lplwdwh wkh vhfrqg pxwdqw zlwkrxw dq| sduwlfxodu jrrg uhdvrq wr
gr vr1 Lq wkh qh{w vhfwlrq zh zdqw wr sursrvh rwkhu/ ohvv qdlyh ehkdylrudo
sulqflsohv dqg vwxg| wkh orqj0uxq rxwfrphv iru wkh idplolhv ri lplwdwlrq uxohv
zklfk wkh| ghvfuleh1
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Lq wklv vhfwlrq/ zh lqwurgxfh dowhuqdwlyhv wr wkh suhylrxv lplwdwlrq uxohv
zklfk zhuh fkdudfwhul}hg e| wkh uhtxluhphqw wr vdwlvi| wkh +doo0ehvw, sulqfl0
soh1 Dv h{sodlqhg deryh wklv vlpsoh sulqflsoh pd| ohdg wr yhu| qdlyh ehkdy0
lru1 Wkh ehkdylrudo sulqflsohv sursrvhg ehorz surylgh d pruh vrsklvwlfdwhg
prgho iru wkh lplwdwlrq frqvlghudwlrqv ri �upv1

Lq zkdw iroorzv/ zh irfxv rq wkh lplwdwlrq ri d sduwlfxodu w|sh ri vxffhvv0
ixo ehkdylru glvsod|hg e| �upv1 Iluvw/ zh dvvxph wkdw �upv lplwdwh rqo|
dfwlyh frpshwlwruv dprqj wkrvh zkr rewdlqhg pd{lpdo sur�wv/ l1h1 �upv
zklfk surgxfhg lq wkh suhfhglqj wlph shulrg ehfdxvh wkh| kdg vrph fxv0
wrphuv dqg zklfk rewdlqhg sur�wv1 Wklv phdqv wkdw �upv zklfk glg qrw
surgxfh dw doo duh qrw frqvlghuhg vxffhvvixo1 Zh zloo fdoo wklv wkh +dfwlylw|,
sulqflsoh1

Wklv sulqflsoh lv uhohydqw rqo| lq wkh vwdwhv lq zklfk doo �upv hduq }hur
sur�wv/ exw vrph ri wkhp duh surgxflqj dqg wkh uhvw duh idflqj }hur gh0
pdqg1 Wkh +doo0ehvw, sulqflsoh uhtxluhg wkdw erwk dfwlyh dqg lqdfwlyh �upv
kdg vwulfwo| srvlwlyh suredelolw| ri ehlqj lplwdwhg1 Lq jhqhudo/ lw vhhpv pruh
uhdvrqdeoh wr lplwdwh �upv zlwk fxvwrphuv udwkhu wkdq �upv zlwkrxw1 Krz0
hyhu/ zkhq wkh +dfwlylw|, sulqflsoh lv uhohydqw/ lw lv pruh gl�fxow wr mxvwli|
vxfk w|sh ri ehkdylru/ vlqfh doo �upv duh rewdlqlqj }hur sur�wv1 Qhyhuwkh0
ohvv/ wzr w|shv ri dujxphqwv vkrxog eh frqvlghuhg1 Rq wkh rqh kdqg/ �upv
wkdw duh qrw dfwlyh lq wkh pdunhw pd| hyhq qrw eh revhuydeoh1 Rq wkh rwkhu
kdqg/ wkhuh lv qr krsh iru wkh lqdfwlyh �upv wr kdyh srvlwlyh sur�wv/ exw
voljkw fkdqjhv ri wkh pdunhw frqglwlrqv frxog jlyh sur�wv wr wkh dfwlyh rqhv/
dqg xowlpdwho| �upv dlp dw srvlwlyh sur�wv1

Vhfrqg/ lw pd| rffxu wkdw wkh �upv zklfk pd{lpl}h sur�wv duh suhflvho|
wkh rqhv wkdw idfh qr ghpdqg/ dqg wklv lv ehfdxvh doo dfwlyh �upv/ lq wkdw
fdvh/ kdyh orvvhv gxh wr yhu| orz sulfhv1 Wkxv wkhuh pd| eh qr dfwlyh �upv
zlwk sur�wv1 Wkhq gl�huhqw zd|v ri sodxvleoh ehkdylru fdq eh sursrvhg1 Lq
wkh vhtxho zh zloo dqdo|}h wzr dowhuqdwlyh ehkdylrudo sulqflsohv iru wklv fdvh1
Rqh zloo eh fdoohg wkh +fdxwlrq, sulqflsoh/ dqg wkh rwkhu rqh zloo eh fdoohg
wkh +iuhtxhqf|, sulqflsoh1 Xqghu wkh +fdxwlrq, sulqflsoh/ �upv zklfk duh
dyrlglqj orvvhv zloo uhiudlq iurp uhylvlrq ri sulfhv/ xskroglqj wkhlu fxuuhqw
sulfhv1 Wklv fdq eh vhhq dv li wkh| zhuh lplwdwlqj wkhpvhoyhv/ vlqfh wkh| duh
dprqj wkh sur�w pd{lpl}huv1 Xqghu wkh +iuhtxhqf|, sulqflsoh/ �upv zklfk
�qg wkhpvhoyhv lq wkh vlwxdwlrq ri fkrrvlqj ehwzhhq orz sulfhv zklfk jlyh
orvvhv dqg kljkhu sulfhv zklfk |lhog }hur sur�wv zloo frqirup zlwk wkh prvw
h{whqghg ehkdylru/ l1h1 wkh prvw iuhtxhqw sulfh dgrswhg e| rwkhu �upv1 Zh
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wklqn wkhvh duh wzr jhqhudo dqg uhdvrqdeoh vlpsoh uxohv ri wkxpe/ exw ri
frxuvh wkh| duh qrw wkh rqo| rqhv1 Qhyhuwkhohvv/ wkh vdph frqfoxvlrqv duh
uhdfkhg xqghu erwk ri wkhp1 Rq wkh rqh kdqg/ wkhvh lplwdwlrq sulqflsohv
duh vlpsoh dqg wkxv nhhs wkh sureohp wudfwdeoh1 Rq wkh rwkhu kdqg/ wkh|
ghvfuleh d ohvv qdlyh lplwdwlrq ehkdylru1

Ohw xv wxuq wr wkh irupdo gh�qlwlrqv1 Wkh vhw ri sulfhv dqqrxqfhg e|
dfwlyh �upv rewdlqlqj pd{lpdo sur�wv lv jlyhq e|

D+s, =@ E+s, _ is� m l 5P+s,j= +8,

Wkh wlh0euhdnlqj uxoh ri htxdo vkduhv lpsolhv wkdw D+s, hlwkhu frqwdlqv
h{dfwo| rqh sulfh ru lv wkh hpsw| vhw1 Iroorzlqj wkh �uvw frqvlghudwlrq ri
lplwdwlqj dfwlyh �upv zkhq srvvleoh/ zh gh�qh wkh

+dfwlylw|, sulqflsoh Dq lplwdwlrq uxoh lv vdlg wr vdwlvi| wkh +dfwlylw|, sulq0
flsoh/ li zkhqhyhu D+s, 9@ >

SureiL�+s, 5 D+s,j @ 4 iru doo l=

Wkh vhfrqg frqvlghudwlrq frphv lqwr sod|/ li D+s, @ >1 Ohw xv �uvw
dqdo|}h wkh +fdxwlrq, sulqflsoh1

+fdxwlrq, sulqflsoh Dq lplwdwlrq uxoh lv vdlg wr vdwlvi| wkh +fdxwlrq, sulq0
flsoh/ li zkhqhyhu D+s, @ >

SureiL�+s, @ s�j @ 4 iru doo l vxfk wkdw ��+s, @ 3=

Zlwk wkh uh�qhg lplwdwlrq uxoh zh fdq pdnh d pruh suhflvh vwdwhphqw
derxw wkh orqj0uxq rxwfrph dv lq Wkhruhp 6161 Wklv lv uhodwhg wr wkh iro0
orzlqj nh| frqfhsw1

Ghilqlwlrq 714 Wkh vhw ri fhqwudo sulfhv FS +�, lv

FS+�, @
k
Sg?

2
h>Sg?3�

2
h

l
_ �

Wklv vhw zloo suryh wr eh yhu| uhvlvwdqw wr h{shulphqwdwlrq/ dqg zloo wxuq

wr eh rxu orqj0uxq suhglfwlrq1 Qrwlfh wkdw lw uhgxfhv wr wkh vlqjoh sulfh S
?*2

zkhq q lv hyhq/ dqg lw lv d surshu lqwhuydo zkhq q lv rgg/ ehfdxvh wkh frqfhsw

ri fhqwhu fkdqjhv zlwk sdulw|1 Wkh sulfhv lq wklv vhw kdyh orz ulvn dwwdfkhg

lq wkh vhqvh wkdw pruh wkdq kdoi ri wkh srsxodwlrq zrxog kdyh wr frruglqdwh
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lq d mrlqw ghyldwlrq wr ghvwdelol}h d prqrprusklf vlwxdwlrq lq zklfk doo �upv

dqqrxqfh d sulfh lq wklv vhw/ zkloh lw rqo| wdnhv kdoi ri wkh srsxodwlrq ru

ohvv wr ghvwdelol}h dq| rwkhu prqrprusklf vlwxdwlrq dqg wr uhdfk rqh ri wkh

iruphu1 Qrwh wkdw li dw ohdvw kdoi ri wkh srsxodwlrq frruglqdwhv dw wkhvh

sulfhv/ wkh| zloo eh deoh wr pdnh srvlwlyh sur�wv1 Lw lv suhflvho| wkh frvw

vwuxfwxuh zkdw xqghuolhv wklv skhqrphqrq1

Wkhruhp 715 Ohw q � 51 Jlyhq dq| lplwdwlrq uxoh zklfk vdwlv�hv wkh
+dfwlylw|, sulqflsoh dqg wkh +fdxwlrq, sulqflsoh/ wkhq lq wkh orqj0uxq/ dv wkh
suredelolw| iru h{shulphqwdwlrq whqgv wr }hur/ doo �upv dqqrxqfh lghqwlfdo
sulfhv s 5 FS+�,/ l1h1

olp
0<f

�0iprq+FS +�,,j @ 4=

Pruhryhu/ olp0<f �0iprq+s,j A 3 iru doo s 5 FS +�,1

Dv zh kdyh vdlg ehiruh/ wkh _suhflvlrq% ri wkh uhvxow ghshqgv wr d fhuwdlq
h{whqg rq wkh idfw zkhwkhu wkhuh lv dq hyhq ru dq rgg qxpehu ri �upv1 Wkh
fuxfldo gl�huhqfh +zklfk sod|v d uroh lq wkh surri, lv wkdw dq hyhq qxpehu
ri �upv fdq eh glylghg lq wzr jurxsv ri wkh vdph vl}h1
Surri1 Zh duh jrlqj wr dsso| wkh phwkrg ri Iuhlgolq dqg Zhqw}hoo ^8`/ dv
lqwurgxfhg lq wkh surri ri Wkhruhp 616/ vkrzlqj wkdw rqo| vwdwhv prq+s,
zlwk s 5 FS+�, srvvhvv plqlpdo0frvw wuhhv1

Lw iroorzv dqdorjrxvo| wr Vwhs 4 ri wkh surri ri Wkhruhp 616 wkdw qrq0
prqrprusklf vwdwhv fdqqrw kdyh plqlpdo0frvw wuhhv/ ehfdxvh hdfk duurz
vwduwlqj dw vrph prqrprusklf vwdwh kdv dw ohdvw frvw rqh/ exw wkh sursrvhg
lplwdwlrq uxoh ohdgv iurp hdfk qrq0prqrprusklf vwdwh wr vrph prqrprusklf
rqh dw frvw }hur1 Ohw xv vkrz wkh odwwhu idfw1 Lq dq| qrq0prqrprusklf vwdwh
s/ li D+s, 9@ >/ wkhuh lv srvlwlyh suredelolw| wkdw doo �upv zloo lplwdwh wkh
vdph sulfh e| wkh +dfwlylw|, sulqflsoh1 Li D+s, @ >/ wkhq e| wkh +fdxwlrq,
sulqflsoh qrq0dfwlyh �upv zloo xskrog wkhlu sulfhv/ exw e| wkh gh�qlwlrq ri dq

lplwdwlrq uxoh wkhuh lv srvlwlyh suredelolw| wkdw doo dfwlyh �upv zloo lplwdwh

vrph rwkhu sulfh/ wkxv |lhoglqj d qhz vwdwh zkhuh vwulfwo| ohvv gl�huhqw sulfhv

wkdq lq s duh revhuyhg1 Dsso|lqj wkh vdph uhdvrqlqj lwhudwlyho| zh zloo

duulyh hlwkhu wr d prqrprusklf vwdwh ru wr d vwdwh s� vxfk wkdw D+s�, 9@ >1
Zh qh{w ghwhuplqh wkh ohvv frvwo| sdwkv ehwzhhq gl�huhqw prqrprusklf
vwdwhv1

Wudqvlwlrqv zklfk xvh gl�huhqw pxwdwlrqv1 Ehfdxvh ri wkh +fdxwlrq,
sulqflsoh/ dq| wudqvlwlrq ehwzhhq wzr prqrprusklf vwdwhv gulyhq e| px0
wdwlrqv wr wzr ru pruh gl�huhqw sulfhv zloo kdyh frvw kljkhu wkdq ru htxdo
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wr wkdw ri vrph wudqvlwlrq ehwzhhq wkh vdph wzr vwdwhv zklfk xvhv rqo|
pxwdwlrqv wr rqh sulfh1 Wkxv/ zh rqo| qhhg wr vwxg| wkh vhfrqg w|sh ri
wudqvlwlrqv1 Ohw xv vkrz wklv idfw1 Vxssrvh zh zdqw wr vwxg| wkh wudqvlwlrq
prq+s, $ prq+s�,1 Li wkh wudqvlwlrq xvhv pxwdwlrqv wr wzr gl�huhqw sulfhv
s

� dqg s
��/ wkhq wkh surfhvv zloo jr e| dq lqwhuphgldwh/ qrq0prqrprusklf

vwdwh zkhuh dw ohdvw wkuhh gl�huhqw sulfhv duh suhvhqw1 Ohw xv fdoo wklv vwdwh
t @ +s> = = = > s> s�

> = = = > s�> s��> = = = > s��,1 Li D+t, 9@ >/ wkhq/ e| wkh +dfwlylw|,
sulqflsoh lw kdv wr eh wkh fdvh wkdw D+t, @ is�j li wkh surfhvv kdv wr uhdfk
prq+s�,1 Exw wkhq/ wkh vdph uhvxow zrxog eh dfklhyhg li rqo| wkh pxwd0
wlrqv wr s

� rffxuuhg1 Li D+t, @ >/ wkhq wkh dfwlyh �upv duh pdnlqj orvvhv1
Reylrxvo|/ lw fdqqrw eh wkh fdvh wkdw wkh| duh dqqrxqflqj s

� li wkh surfhvv
kdv wr uhdfk prq+s�,1 Li wkh| duh dqqrxqflqj s

��/ wkhq e| wkh gh�qlwlrq ri
dq lplwdwlrq uxoh/ wkhvh �upv fdq rqo| lplwdwh s ru s� zkloh wkh qrq0dfwlyh
�upv xskrog wkhlu sulfhv ehfdxvh ri wkh +fdxwlrq, sulqflsoh1 Wklv ohdgv wr
dqrwkhu lqwhuphgldwh vwdwh zklfk frxog kdyh ehhq uhdfkhg gluhfwo| zlwk wkh
vdph qxpehu ri pxwdwlrqv/ exw doo ri wkhp wr s

�1 Ilqdoo|/ li dfwlyh �upv duh
dqqrxqflqj s/ wkhq wkh| zloo eh irufhg wr lplwdwh hlwkhu s� ru s��1 Exw wkhq/
lw lv fohdu wkdw kdylqj doo wkh pxwdqwv dqqrxqfh s

� lqvwhdg ri s�� zloo jlyh
xv d gl�huhqw wudqvlwlrq zlwk wkh vdph frvw zkhuh wkh qrq0pxwdqwv zloo eh
irufhg wr lplwdwh s

�1
Reylrxvo|/ wkhvh dujxphqwv wxuq hyhq vwurqjhu li pxwdwlrqv wr pruh wkdq

wzr gl�huhqw sulfhv duh lqyrnhg1 Wklv zd|/ zh fdq glvfdug wkh _qdlyh wudqvl0
wlrqv% zkhuh vrph pxwdqw �upv dqqrxqfh d yhu| orz sulfh dqg vrph rwkhu
pxwdqwv duh lplwdwhg rqo| ehfdxvh wkh iruphu pdgh kxjh orvvhv1

Pxwdwlrqv wr orzhu sulfhv1 Frqvlghu vrph �{hg vwdwh prq+s,/ s A plq�1
Wkh plqlpdo qxpehu ri pxwdwlrqv qhhghg wr uhdfk prq+s�, zkhuh plq� ?
s� ? s dqg S� � s

� ? S�3� lv suhflvho| m1 Wklv fdq eh vhhq dv iroorzv1
Ohw xv dqdo|}h krz pdq| pxwdwlrqv duh qhhghg wr rewdlq wkh vwdwh

prq+s�, e| dsso|lqj wkh +dfwlylw|, sulqflsoh1 Lq rughu wr pdnh wkh sulfh
s

� dsshdu lq wkh vhw D+�, lw wdnhv dw prvw dqg dw ohdvw m pxwdwlrqv1 Di0
whu m �upv pxwdwhg wr s�/ wkhvh �upv rewdlq qrq0qhjdwlyh sur�wv dqg wkxv
D+s> = = = > s> s�> = = = > s�, @ is�j1 +Qrwh wkdw wkh qxpehu ri pxwdwlrqv qhhghg wr
uhdfk plq� � s ? S? lv htxdo wr q1,

Wkh +fdxwlrq, sulqflsoh fdq rqo| eh xvhg li wkh vhw D+�, lv hpsw|1 Exw
vxfk d vlwxdwlrq fdq qrw ohdg wr wkh vwdwh prq+s�, xqohvv pxwdwlrqv wr dw
ohdvw wzr gl�huhqw sulfhv duh lqyrnhg1 Lw lv fohdu wkdw qr frpelqdwlrq ri wkh
+fdxwlrq, dqg wkh +dfwlylw|, sulqflsoh |lhogv ohvv frvwo| sdwkv1

Pxwdwlrqv wr kljkhu sulfhv1 Frqvlghu vrph �{hg vwdwh prq+s,/ s ? pd{�
zlwk S� � s ? S�3�1 Wkh plqlpdo qxpehu ri pxwdwlrqv qhhghg wr uhdfk

4;



prq+s�, zlwk s
� A s zkhq vwduwlqj lq prq+s, lv q � l . 41 Wklv fdq eh

suryhg dv iroorzv1

Lw lv fohdu wkdw wkh +dfwlylw|, sulqflsoh fdqqrw eh dssolhg wr rewdlq lpl0
wdwlrq ri kljkhu sulfhv zlwk ohvv wkdq q pxwdwlrqv1 Ohw xv qrz dqdo|}h wkh
+fdxwlrq, sulqflsoh1 Wkh �upv dqqrxqflqj s rqo| rewdlq orvvhv +dqg wkxv
pdnh wkh vhw D+�, hpsw|, li dw ohdvw q� l.4 �upv pryh wr wkh kljkhu sulfh
s�1 Wkhq/ wkh pxwdqwv zloo xskrog wkhlu sulfhv e| wkh +fdxwlrq, sulqflsoh
dqg wkh qrq0pxwdqwv zloo lplwdwh wkhp e| gh�qlwlrq ri dq lplwdwlrq uxoh1

Plqlpdo0frvw wuhhv1 Zh qh{w vkrz wkdw doo vwdwhv prq+s, zlwk s 5 FS+�,
kdyh plqlpdo0frvw wuhhv e| xvlqj rqo| wkh plqlpdo0frvw sdwkv rewdlqhg
deryh1

Frqqhfw doo vwdwhv prq+s�, zlwk s
� ? s wr prq+s, wdnlqj wkh plqlpdo0

frvw sdwk jlyhq lq wkh _pxwdwlrqv wr kljkhu sulfhv% fdvh1 Frqqhfw doo vwdwhv
prq+s�, zlwk s� A s dffruglqj wr wkh iroorzlqj uxoh1 Hdfk sulfh s� A s lv
frqqhfwhg wr wkh qh{w orzhu sulfh lq � e| wdnlqj wkh plqlpdo0frvw sdwk jlyhq
lq wkh _pxwdwlrqv wr orzhu sulfhv% fdvh1

Li q lv hyhq/ wkhq wkh lqwhuydo frqvlvwv rqo| ri rqh hohphqw1 Li q lv rgg/
wkhq rqh kdv wr vkrz lq dgglwlrq wkdw doo vwdwhv prq+s, zlwk s 5 FS+�,
kdyh d plqlpdo wuhh ri wkh vdph frvw1 Exw wklv lv gxh wr wkh idfw wkdw
wudqvlwlrqv ehwzhhq gl�huhqw prqrprusklf vwdwhv fruuhvsrqglqj wr wklv vhw
duh ri frvw m @ g?

2
h @ +q . 4,@5 wr orzhu sulfhv/ dqg wkdw wkh| duh dovr ri

frvw q� l. 4 @ q� +q. 4,@5 . 4 @ +q. 4,@5 wr kljkhu sulfhv1

Zh �qdoo| vkrz wkdw doo wuhhv ri wkh uhpdlqlqj prqrprusklf vwdwhv duh ri
vwulfwo| kljkhu frvwv1 Ohw prq+s�, eh vrph prqrprusklf vwdwh qrw frqwdlqhg
lq prq+FS+�,,1 Rq wkh rqh kdqg/ hdfk prq+s�, wuhh kdv wr frqwdlq d sdwk
iurp vrph vwdwh lq prq+FS +�,, zklfk jlyhv dq dgglwlrqdo frvw ri dw ohdvw
q � g?

2
h . 4 @ g+q. 4,@5h1 Rq wkh rwkhu kdqg/ rqh vdyhv wkh frvw ri vrph

sdwk e| qrw kdylqj wr frqqhfw s�/ exw wklv lv dw prvw g+q�4,@5h1 Khqfh wklv
ohvv frvwo| prq+s�,0wuhh lv ri vwulfwo| kljkhu frvw1 Qrwh wkdw doo plqlpdo0frvw
sdwkv duh qrq0lqwhuvhfwlqj1 �

Uhpdun 716 Ohw xv dqdo|}h wkh fdvh ri frqvwdqw pdujlqdo frvwv1

Iroorzlqj wkh surfhgxuh ri wkh suhylrxv wkhruhp/ zh gr d txlfn frqvlg0

hudwlrq1 Wudqvlwlrqv iurp vwdwhv prq+s, zlwk s � S� wr vwdwhv prq+s�, zlwk

s
� ? S� kdyh frvw q/ exw lq wkh rwkhu gluhfwlrq wkh| kdyh frvw rqh1 Grzq0

zdug pxwdwlrqv lq ^S�>pd{�` kdyh frvw rqh1 Xszdug pxwdwlrqv kdyh frvw

q1 Wklv |lhogv

olp
0<f

�0iprq+S�,j @ 4=
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jlylqj d txlwh fohdu0fxw suhglfwlrq zklfk vlpso| uhsurgxfhv wkh Ehuwudqg0

Qdvk htxloleulxp1

Wkhruhp 715 surylghv xv zlwk d vljql�fdqw uh�qhphqw ri erwk wkh vhw ri

Qdvk htxloleuld dqg wkh suhglfwlrq ri Wkhruhp 6161 Wkh suhglfwlrq ri fhqwudo

sulfhv qrw rqo| |lhogv vwulfwo| srvlwlyh sur�wv iru doo �upv/ exw dovr lw lv txlwh

fohdu0fxw/ uhgxflqj wr d vlqjoh sulfh lq wkh fdvh ri dq hyhq qxpehu ri �upv1

Dovr/ dv wkh suhylrxv uhpdun vkrzv/ wklv suhglfwlrq uhgxfhv wr wkh fodvvlfdo

Ehuwudqg0Qdvk htxloleulxp lq wkh sduwlfxodu fdvh ri frqvwdqw pdujlqdo frvwv1

Zh duh jrlqj wr frqvlghu qrz d vhfrqg srvvleoh ehkdylrudo sulqflsoh iru

wkh fdvh zkhq wkhuh duh qr dfwlyh �upv zlwk srvlwlyh sur�wv lq wkh pdunhw1

Wklv qhz sulqflsoh vshfl�hv wkdw/ lq wklv fdvh/ lqvwhdg ri xskroglqj wkhlu

sulfhv/ qrq0dfwlyh �upv zloo wu| wr plplf vrph pdunhw sulfh/ l1h1 rqh ri wkh

prvw iuhtxhqw sulfh dprqj wkrvh zklfk |lhog pd{lpdo sur�wv1 Wkh vhw ri

vxfk sulfhv lv

I+s, =@ is& m n 5 dujpd{
6'�c���c?

mim m s� @ s6> s6 5 E+s,jmj= +9,

Wkh fruuhvsrqglqj dvvxpswlrq rq wkh lplwdwlrq ehkdylru lv dv iroorzv1

+iuhtxhqf|, sulqflsoh Dq lplwdwlrq uxoh lv vdlg wr vdwlvi| wkh +iuhtxhqf|,
sulqflsoh/ li zkhqhyhu D+s, @ >

SureiL�+s, 5 I +s,j @ 4 iru doo l

dqg
SureiL�+s, @ s&j A 3 iru doo s& 5 I +s, dqg iru doo l=

Qrwh wkdw D+s, @ > lpsolhv I+s, 9@ > dqg wkxv wkh deryh sulqflsoh lv
zhoo gh�qhg1

Li wklv sulqflsoh lv xvhg lqvwhdg ri wkh +fdxwlrq, rqh/ wkhq zh rewdlq
h{dfwo| wkh vdph suhglfwlrq FS+�,/ wkxv uhyhdolqj wkdw wkh suhglfwlrq ri
fhqwudo sulfhv lv urexvw zlwk uhvshfw wr wkh vshfl�fdwlrq ri wkh ehkdylru lq
wkh vlwxdwlrq D+s, @ >1

Wkhruhp 717 Ohw q � 51 Jlyhq dq| lplwdwlrq uxoh zklfk vdwlv�hv wkh
+dfwlylw|, sulqflsoh dqg wkh +iuhtxhqf|, sulqflsoh/ wkhq lq wkh orqj0uxq/ dv
wkh suredelolw| iru h{shulphqwdwlrq whqgv wr }hur/ doo �upv dqqrxqfh lghqwlfdo
sulfhv s 5 FS+�,/ l1h1

olp
0<f

�0iprq+FS +�,,j @ 4=

Pruhryhu/ olp0<f �0iprq+s,j A 3 iru doo s 5 FS +�,1
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Surri1 Lw iroorzv dqdorjrxvo| wr Vwhs 4 ri wkh surri ri Wkhruhp 616 wkdw
qrq0prqrprusklf vwdwhv fdqqrw kdyh plqlpdo0frvw wuhhv/ vr dwwhqwlrq fdq
eh uhvwulfwhg djdlq wr prqrprusklf vwdwhv1

Wkh rqo| fkdqjh zlwk uhvshfw wr Wkhruhp 715 lv wkdw/ qrz/ lw lv srvvleoh
wr frqvwuxfw wudqvlwlrqv prq+s,$ prq+s�, e| kdylqj rqh pxwdqw dqqrxqfh
d yhu| orz sulfh s

��/ rewdlqlqj wkh zkroh ghpdqg dqg pdnlqj kxjh orvvhv/
dqg dovr kdylqj kdoi ri wkh uhpdlqlqj �upv pxwdwh wr s

� dqg pdnlqj }hur

sur�wv1 Vxfk wudqvlwlrqv frvw g+q . 4,@5h1 Wdnlqj wkhp lqwr dffrxqw dqg
iroorzlqj wkh olqhv ri wkh suhylrxv surri/ lw lv vwudljkwiruzdug wr vhh wkdw
wudqvlwlrqv wr orzhu sulfhv s�

zlwk S� � s
� ? S�3� frvw plqim> g+q . 4,@5hj

dqg wudqvlwlrqv wr kljkhu sulfhv iurp s vxfk wkdw S� � s ? S�3� frvw plqiq�
l. 4> g+q. 4,@5hj1 Wkh plqlpdo0frvw wuhhv duh wkhq frqvwuxfwhg h{dfwo| dv
lq wkh suhylrxv surri1 �

Uhpdun 718 Djdlq/ ohw xv pdnh d txlfn frqvlghudwlrq ri wkh fdvh ri frq0

vwdqw pdujlqdo frvwv1 Wudqvlwlrqv iurp vwdwhv prq+s, zlwk s � S� wr vwdwhv

prq+s�, zlwk s
� ? S� kdyh frvw g+q. 4,@5h/ exw lq wkh rwkhu gluhfwlrq wkh|

kdyh frvw rqh1 Grzqzdug pxwdwlrqv lq ^S�>pd{�` kdyh frvw rqh1 Xszdug

pxwdwlrqv frvw g+q.4,@5h1 Wklv |lhogv djdlq wkh Ehuwudqg0Qdvk htxloleulxp

olp
0<f

�0iprq+S�,j @ 4=

D �i?|h@* Th�Uit @?_ @̀*h@t�@? Mi�@��Lh

Lq rughu wr xqghuvwdqg wkh frqfhsw ri fhqwudo sulfhv ehwwhu/ zh zdqw wr
surylgh zlwk vrph h{dpsohv dqg frpsduh rxu suhglfwlrq zlwk wkh Zdoudvldq
sulfh1 Gdvwlgdu ^7` vkrzv wkdw wkh Zdoudvldq sulfh lv dozd|v lq wkh vhw ri
Qdvk htxloleuld zkhq frvwv duh frqyh{1 Zh zrxog olnh wr nqrz wr zkdw
h{whqw rxu suhglfwlrq ri fhqwudo sulfhv ghsduwv iurp wkh Zdoudvldq rqh1

Wr wklv sxusrvh/ zh �uvw suryh d sursrvlwlrq zklfk vwdwhv wkdw xqghu
txdgudwlf frvwv dqg duelwudu| ghpdqg fhqwudo sulfhv hvvhqwldoo| frlqflgh zlwk
wkh Zdoudvldq rqh1 Krzhyhu wkhuh lv qrw d jhqhudo uhodwlrq ehwzhhq wkhvh wzr
frqfhswv dqg zh surylgh zlwk wzr frxqwhuh{dpsohv zklfk vkrz wkdw fhqwudo
sulfhv fdq eh hlwkhu orzhu ru juhdwhu wkdq wkh Zdoudvldq sulfh/ hvvhqwldoo|
ghshqglqj rq wkh fxuydwxuh ri wkh frvw ixqfwlrq1

H{dpsoh 814 Frqvlghu d pdunhw zlwk olqhdu ghpdqg dqg txdgudwlf frvwv1

G +s, =@ 43� s

F +t, =@
4

5
� t2
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Hohphqwdu| fdofxodwlrqv |lhog S� @ 43@6/ S2 @ 5/ S� @ 43@:1

Wkhq/ li q @ 6 wkh Zdoudvldq sulfh S� @ 8@5 5 ^S2> S�`/ l1h1 wkh Zdo0

udvldq sulfh lv d fhqwudo sulfh1 Dovr/ li q @ 8/ wkhq S
� @ 8@6 5 ^S�>S2`/

zklfk lv wkh vhw ri fhqwudo sulfhv lq wklv fdvh1

Li q lv hyhq/ wkhuh lv rqo| rqh fhqwudo sulfh/ S
?*21 Frqvlghu/ iru wkh vdnh

ri looxvwudwlrq/ wkh fdvh q @ 71 Lq wklv fdvh/ wkh Zdoudvldq sulfh frlqflghv

h{dfwo| zlwk wkh fhqwudo sulfh/ l1h1 S� @ 5 @ S21

Wkh qh{w sursrvlwlrq vkrzv wkdw wklv surshuw| lv lqghshqghqw ri wkh

sduwlfxodu ghpdqg ixqfwlrq/ surylghg wkdw frvwv duh txdgudwlf1

Sursrvlwlrq 815 Iru hyhu| txdgudwlf frvw ixqfwlrq/ l1h1 F+t, @ f �t2.e �t/

wkh Zdoudvldq sulfh lv d fhqwudo sulfh1 Pruh suhflvho|=

+l, Li q lv hyhq/ wkhq S
�
@ S

?*2

+l, Li q lv rgg/ wkhq S
�
5 ^SE?n��*2> SE?3��*2`

Surri1 S� lv d urrw ri wkh ixqfwlrq s�F�

�
(ER�
?

�
1 Krzhyhu/ dv wklv ixqfwlrq

lv vwulfwo| lqfuhdvlqj zkhq frvwv duh frqyh{/ lw iroorzv wkdw S� lv dovr lwv

xqltxh urrw1 Xqghu txdgudwlf frvwv

S
�

� F
�

�
G+S�,

q

�
@ 3 +, S

�

� 5f �

�
G+S�,

q

�
� e @ 3=

Qrwlfh wkdw S
?*2 fdq eh gh�qhg/ hyhq li q lv rgg/ e| wkh htxdwlrq

�+S?

2
>q@5, � S?

2
�

G+S?

2
,

q@5
� F

#
G+S?

2
,

q@5

$
@ 3

+, S?

2

�

#
G+S?

2

,

q@5

$
� f

#
G+S?

2

,

q@5

$
2

� e

#
G+S?

2

,

q@5

$
@ 3

+, S?

2

� 5f �

#
G+S?

2

,

q

$
� e @ 3

zkhuh wkh odvw htxlydohqfh krogv ehfdxvh G+S
?*2, 9@ 31

Vlqfh S� lv d xqltxh vroxwlrq ri wklv htxdwlrq/ S� @ S?*21 Li q lv hyhq/

wklv frpsohwhv wkh surri1 Li q lv rgg/ S� @ S?*2 5 ^SE?n��*2>SE?3��*2`1 �

Wklv uhvxow vxjjhvwv wkdw/ lq wkh sduwlfxodu fdvh ri txdgudwlf frvwv/
pdujlqdo0frvw sulflqj lv yhu| urexvw lq hyroxwlrqdu| whupv/ l1h1 lw wdnhv pdq|
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pxwdwlrqv wr ghvwdelol}h lw1 Lw lv lqwhuhvwlqj wr �qg wkdw/ xqghu txdgudwlf
frvwv wkhuh lv d uhfrqfloldwlrq ri txdqwlw| dqg sulfh frpshwlwlrq1 Dq hyrox0
wlrqdu| prgho ri txdqwlw| frpshwlwlrq dovr edvhg rq lplwdwlrq ri vxffhvvixo
ehkdylru kdv ehhq vwxglhg e| Yhjd0Uhgrqgr ^44`1

Krzhyhu/ wklv surshuw| ghshqgv fuxfldoo| rq wkh idfw wkdw frvwv duh
txdgudwlf1 Zlwk gl�huhqw frvw ixqfwlrqv/ rqh fdq exlog frxqwhuh{dpsohv
zkhuh S� A S?*2 ru S

�
? S?*21

H{dpsoh 816 Frqvlghu dq hfrqrp| zlwk wkh ghpdqg dqg frvw ixqfwlrqv

G+s, =@ 43� s

F+t, =@ t�

Zh zloo vkrz wkdw/ lq wklv h{dpsoh/ wkh Zdoudvldq sulfh lv hvvhqwldoo| orzhu

wkdq wkh fhqwudo sulfhv1

41 S� @ F �+t�, @ 6 � +t�,2 dqg t
�
@ G+S�,@q @ +43� S�,@q1

Wkh rqo| vroxwlrq ri wklv v|vwhp ri htxdwlrqv zklfk lv orzhu wkdq wkh

pd{lpxp srvvleoh sulfh S4@ 
@ 43 lv wkh orzhvw urrw ri wkh sro|qrpldo

i+{, =@ {2 �

#
53 .

q
2

6

$
� {. 433

l1h1 S
�+q, @ 43� ?

S
� +
s
q
2 . 453� q,1

51 �+S&> n, @ S& �

(E�&�
&

�F

�
(E�&�

&

�
@ 3/ S& �

�
�f3�&

&

�
�

�
�f3�&

&

�
�

@ 31

Wkh rqo| vroxwlrq ri wklv htxdwlrq zklfk lv orzhu wkdq wkh pd{lpxp

srvvleoh sulfh S4@ 
@ 43 lv wkh orzhvw urrw ri wkh sro|qrpldo

j&+{, =@ {
2
�

�
53 . n

2

�
� {. 433

l1h1 S& @ 43�
&

2
� +
s
n2 . 73� n,1

61 Wkh deryh h{suhvvlrqv lpso| wkdw i+{, ? j
?*2+{, iru doo 3 ? { ? 431

Lq sduwlfxodu/ i+S
?*2, ? j?*2+S?*2, @ 31 Wkxv S

�+q, ? S?*2 iru doo q/

ehfdxvh S�+q, lv wkh orzhvw urrw ri i+{,1 Wklv lpsolhv/ lq sduwlfxodu/

wkdw rxu suhglfwlrq lv vwulfwo| juhdwhu wkdq wkh Zdoudvldq sulfh lq wkh

fdvh zkhuh q lv hyhq1
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71 Dqdorjrxvo|/ zlwk 3 ? { ? 43/ i+{, ? jE?n��*2+{, iru doo q � 9/ zklfk

lpsolhv wkdw lq wkh fdvh zkhuh q lv rgg S�+q, ? S)?*2B iru doo q � :1

Rqh fdq dovr fkhfn wkdw S�+q, 5 ^S)?*2B>S)E?3��*2B` iru doo q � 81

H{dpsoh 817 Frqvlghu dq hfrqrp| zlwk wkh ghpdqg dqg frvw ixqfwlrqv

G+s, =@ 43� s

F+t, =@ t
�

2

Lq wklv h{dpsoh/ lw lv qrw gl�fxow wr vhh wkdw S�+q, @ b

H
+
s
4 . +493@<,q�4,

dqg/ li q lv hyhq/ S
?*2 @

s
4 . 53q� 41 Wkhq/ h1j1 zlwk q @ 9/ zh kdyh wkdw

wkh Zdoudvldq sulfh h{fhhgv wkh fhqwudo rqh= S� �@ 44=87;6 A 44 @ S?*21

Doo wkh suhylrxv h{dpsohv xvh srzhu frvw ixqfwlrqv/ F+t, @ f�t@1 Lq idfw/
lw lv qrw gl�fxow wr ixoo| fkdudfwhul}h wkh uhodwlrqvkls ehwzhhq wkh Zdoudvldq

sulfh iru q �upv/ S�/ dqg wkh fhqwudo sulfh S?*2 +zklfk fdq dovr eh gh�qhg li
q lv rgg,1 Iljxuh 5 ghslfwv erwk Zdoudvldq dqg fhqwudo sulfh iru d sduwlfxodu
fdvh1

Sursrvlwlrq 818 Xqghu srzhu frvwv/ l1h1 F+t, @ f � t
@
/ zlwk d A 4 rqh kdv=

+l, Li d @ 5/ wkhq S� @ S?*2

+ll, Li d A 5/ wkhq S� ? S?*2

+lll, Li d ? 5/ wkhq S� A S?*2

Surri1 S
� lv wkh xqltxh urrw ri wkh vwulfwo| lqfuhdvlqj ixqfwlrq i+s, @

s� F �+G+s,@q, @ s� df � +G+s,@q,@3�1 S
?*2 lv gh�qhg wkurxjk

�

�
S?

2

>
q

5

�
@ S?

2

�

G+S?

2

,

q@5
�F

#
G+S?

2

,

q@5

$
@ 3

Vlqfh G+S
?*2, 9@ 3> lw iroorzv wkdw S

?*2 @ f � 5
@3�

� +G+s,@q,@3�1 Wkxv

i+S
?*2, @ f � +5@3� � d, � +G+s,@q,@3�1
Li wkh odvw h{suhvvlrq lv srvlwlyh/ S

?*2 kdv wr eh juhdwhu wkdq S
�/ dqg

ylfh yhuvd1 Exw wkh vljq ri wklv h{suhvvlrq ghshqgv h{foxvlyho| rq wkh vljq
ri wkh ixqfwlrq j+d, @ 5@3� � d/ zklfk lv vwulfwo| qhjdwlyh iru doo d 5 +4> 5,/
vwulfwo| srvlwlyh iru doo d 5 +5>.4,/ dqg }hur li d @ 51 Wklv frpsohwhv wkh
surri1 �
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Iljxuh 5=

Zdoudvldq sulfh S� dqg fhqwudo sulfh S?*2 iruG+s, @ 43� s> q @ 43/ dqg
srzhu frvwv F+t, @ t@
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Zh vkrxog qrwh wkdw h{whqglqj wkh dqdo|vlv ri wkh suhylrxv sursrvlwlrq wr
wkh fdvh ri olqhdu frvwv/ wkh Zdoudvldq sulfh djdlq frlqflghv zlwk wkh fhqwudo
rqh/ vlqfh wkhq j+4, @ 31 Wkhuhiruh/ wklv sursrvlwlrq lv frqvlvwhqw zlwk wkh
suhylrxv uhvxow +vhh Uhpdun 716, iru wkh fdvh ri frqvwdqw uhwxuqv wr vfdoh/
jlyhq wkdw S� @ S

?*21 Lq idfw/ erwk wkh fhqwudo sulfh S?*2 dqg wkh Zdoudvldq

rqh zloo eh yhu| forvh zkhq frvwv duh doprvw olqhdu ru doprvw txdgudwlf/ exw
wkh| zloo gl�hu +zlwk wkh odwwhu ehlqj kljkhu, xqghu lqwhuphgldwh uhwxuqv wr
vfdoh1

Krz vkrxog zh lqwhusuhw wklv odvw uhvxowB Li uhwxuqv wr vfdoh duh qrw wrr
ghfuhdvlqj/ wkhq wkhuh lv urrp iru hyhq wrxjkhu frpshwlwlrq1 Lq rwkhu zrugv/
dv orqj dv wkh frvw vwuxfwxuh doorzv iru lw/ lw vhhpv wkdw frpshwlwlrq dv wrxjk
dv srvvleoh zloo eh hyroxwlrqdulo| vxffhvvixo1

S �L?U*�t�L?t

Wkh lqwurgxfwlrq ri d g|qdplfv ri hfrqrplf qdwxudo vhohfwlrq edvhg rq lp0
lwdwlrq dqg h{shulphqwdwlrq surylghv xv zlwk qhz lqvljkwv lq wkh wkhru| ri
sulfh frpshwlwlrq1

Iluvw/ yhu| orz sulfhv duh yhu| xqvwdeoh lq dq hyroxwlrqdu| vhqvh/ ehfdxvh
xqlodwhudo ghyldwlrqv wr kljkhu sulfhv zrxog ohdyh dfwlyh �upv pdnlqj orvvhv1
Lq sduwlfxodu wklv lv wkh fdvh ri wkh sulfh htxdo wr dyhudjh frvw1 Wklv lqvwd0
elolw| lv uh�hfwhg e| wkh idfw wkdw/ hyhq xqghu yhu| vlpsoh lplwdwlrq uxohv/
vxfk orz sulfhv kdyh }hur zhljkw lq wkh orqj0uxq suhglfwlrq1

Vhfrqg/ li rqh lqwurgxfhv vhqvleoh uh�qhphqwv ri wkh lplwdwlrq uxohv/ lw
lv srvvleoh wr vlqjoh rxw d sulfh +ru d yhu| qduurz vhw ri sulfhv, wkdw kdv wkh
surshuw| ri ehlqj fhqwudo lq wkh vhqvh wkdw lw zrxog wdnh pruh wkdq kdoi ri
wkh �upv suhvhqw lq wkh pdunhw wr ghvwdelol}h lw1

Wklv odvw uhvxow uhvroyhv wr d juhdw h{whqw wkh sureohp ri wkh pxowlsolf0
lw| ri htxloleuld suhvhqw lq prghov ri roljrsrolvwlf pdunhwv iru krprjhqhrxv
jrrgv zlwk sulfh frpshwlwlrq dqg ghfuhdvlqj uhwxuqv wr vfdoh dqdo|}hg iurp
d fodvvlfdo jdph0wkhruhwlf srlqw ri ylhz1 Pruhryhu/ lw doorzv xv wr uhfrq0
vlghu wkh txhvwlrq ri _sdudgr{lfdo/% frpshwlwlyh sulfh0vhwwlqj ehkdylru lq
vxfk pdunhwv1
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^4` Do�rv~Ihuuhu/ F1/ Dqld/ D1 E1/ dqg Yhjd~Uhgrqgr/ I1 +4<<:,1 _Iurp
Zdoudvldq Roljrsrolhv wr Qdwxudo Prqrsro|= dq Hyroxwlrqdu| Prgho ri
Pdunhw Vwuxfwxuh/% Zrunlqj Sdshu DG <:057/ Lqvwlwxwr Ydohqfldqr gh
Lqyhvwljdflrqhv Hfrq�rplfdv/ Vsdlq1

^5` Em�rqhuvwhgw/ M1/ dqg Zhlexoo/ M1 Z1 +4<<9,1 _Qdvk Htxloleulxp dqg
Hyroxwlrq e| Lplwdwlrq/% lq Wkh Udwlrqdo Irxqgdwlrqv ri Hfrqrplf

Ehkdylrxu +N1 Duurz/ H1 Frorpedwwr/ P1 Shuopdq/ dqg F1 Vfkplgw/
Hgv1,/ ss1 488~4:41 Orqgrq= Pdfploodq1

^6` Gdvwlgdu/ N1 J1 +4<<8,1 _Rq wkh H{lvwhqfh ri Sxuh Vwudwhj| Ehuwudqg
Htxloleulxp/% Hfrqrplf Wkhru| 8/ 4<~651

^7` Gdvwlgdu/ N1 J1 +4<<:,1 _Frpsdulqj Frxuqrw dqg Ehuwudqg lq d Krpr0
jhqhrxv Surgxfw Pdunhw/% Mrxuqdo ri Hfrqrplf Wkhru| :8/ 538~5451

^8` Iuhlgolq/ P1 L1/ dqg Zhqw}hoo/ D1 G1 +4<;7,1 Udqgrp Shuwxuedwlrqv ri

G|qdplfdo V|vwhpv1 Ehuolq= Vsulqjhu~Yhuodj1

^9` Ndqgrul/ P1/ Pdlodwk/ J1M1/ dqg Ure/ U1 +4<<6,1 _Ohduqlqj/ Pxwdwlrq/
dqg Orqj Uxq Htxloleuld lq Jdphv/% Hfrqrphwulfd 94/ 5<~891

^:` Tlq/ F10]1/ dqg Vwxduw/ F1 +4<<:,1 _Duh Frxuqrw dqg Ehuwudqg Htxl0
oleuld Hyroxwlrqdulo| Vwdeoh VwudwhjlhvB% Mrxuqdo ri Hyroxwlrqdu| Hfr0

qrplfv :/ 74~7:1

^;` Vfkhqn~Krss�h/ N1 U1 +4<<:,1 _Wkh Hyroxwlrq ri Zdoudvldq Ehkdylru lq
Roljrsrolhv/% Glvfxvvlrq Sdshu Qr1 677/ Idnxow�dw i�xu Zluwvfkdiwvzlv0
vhqvfkdiwhq/ Xqlyhuvlw�dw Elhohihog/ Jhupdq|1

^<` Vfkodj/ N1 +4<<;,1 _Zk| Lplwdwh/ dqg Li Vr/ KrzB D Erxqghgo| Ud0
wlrqdo Dssurdfk wr Pxowl0Duphg Edqglwv/% iruwkfrplqj lq Mrxuqdo ri

Hfrqrplf Wkhru|1

^43` Vkdslur/ F1 +4<;<,1 _Wkhrulhv ri Roljrsro| Ehkdylru/% lq Kdqgerrn

ri Lqgxvwuldo Rujdql}dwlrq/ Yroxph L +U1 Vfkpdohqvhh dqg U1 Zloolj/
Hgv1,/ ss1 65<~7471 Dpvwhugdp= Qruwk Kroodqg1

^44` Yhjd~Uhgrqgr/ I1 +4<<:,1 _Wkh Hyroxwlrq ri Zdoudvldq Ehkdylru/%
Hfrqrphwulfd 98/ 6:8~6;71
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^45` \rxqj/ S1 +4<<6,1 _Wkh Hyroxwlrq ri Frqyhqwlrqv/% Hfrqrphwulfd 94/
8:~;71
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