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GHOHJDWLRQ DQG PHUJHUV LQ ROLJRSRO\

Pljxho Jrq}äoh}0Pdhvwuh dqg Mdylhu Oösh}0Fxôdw

ZS0DG <<036

D E V W U D F W

Lq wklv sdshu zh dqdo|}h wkh h�hfw vwudwhjlf ghohjdwlrq rq wkh sur�wdelolw|

ri phujhuv lq wkh frqwh{w ri d Frxuqrw roljrsro| zlwk olqhdu ghpdqg dqg frvw

ixqfwlrqv1 Lw lv dvvxphg wkdw/ diwhu wkh phujlqj surfhvv lv frpsohwhg/ wkh rzqhu

ri hyhu| lqghshqghqw �up ghflghv lwv pdqdjhuldo lqfhqwlyh iru klv pdqdjhu1 Zh

vkrz wkdw wkh uhtxluhg iudfwlrq ri phujlqj �upv iru d phujhu wr eh sur�wdeoh/ lq

rxu prgho zlwk ghohjdwlrq/ lv vxevwdqwldoo| vpdoohu wkdq zlwkrxw ghohjdwlrq1

Nh|zrugv= Vwudwhjlf Ghohjdwlrq> Phujhuv> Frxuqrw Roljrsro|1
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41 LQWURGXFWLRQ

Lq wkh fxuuhqw olwhudwxuh derxw wkh sur�wdelolw| ri phujhuv/ lw lv xvxdoo| dvvxphg
wkdw wkh �upv dulvlqj diwhu wkh phujlqj surfhvv frpshwh gluhfwo| lq wkh surg0
xfw pdunhw1 Xqghu wklv dvvxpswlrq/ Vdodqw/ Vzlw}hu dqg Uh|qrogv +4<;6, kdyh
vkrzq wkdw phujhu lv sulydwho| sur�wdeoh rqo| li d uhodwlyho| kljk iudfwlrq ri suh0
ylrxvo| h{lvwlqj �upv hqjdjh lq wkh phujlqj surfhvv1 Vshfl�fdoo|/ wkh| vkrz wkdw
li ghpdqg dqg frvw ixqfwlrqv duh olqhdu/ wkhq dq h{rjhqrxv phujhu/ iroorzhg e|
Frxuqrw frpshwlwlrq lv rqo| sur�wdeoh li dw ohdvw ;3 shufhqw ri wkh �upv hqjdjhv
lq wkh phujhu1 Qhyhuwkhohvv/ vrph phujhuv kdyh uhfhqwo| ehhq revhuyhg lq dhur0
qdxwlfdo dqg dxwrpreloh lqgxvwulhv zklfk duh qrw h{sodlqhg e| wklv uhvxow41

Wkh dlp ri wklv sdshu lv wr vkrz wkdw wkh lpsolflw dvvxpswlrq ri wkrvh dxwkruv
wkdw ghohjdwlrq e| phdqv ri lqfhqwlyh frqwudfwv zlwk pdqdjhuv lv qrw ihdvleoh/ lv
fuxfldo lq wkhlu uhvxowv51 Zh dqdo|}h d prgho zlwk olqhdu ghpdqg dqg frvw ixqf0
wlrqv zkhuh hyhu| �up/ uhvxowlqj iurp wkh suhylrxv phujhu surfhvv/ ghohjdwhv wkh
rxwsxw ghflvlrq rq lwv pdqdjhu e| phdqv ri d uhzdug vfkhph zklfk lv d olqhdu
frpelqdwlrq ri uhyhqxhv dqg sur�wv1 Wkxv/ rxu prgho h{whqgv dovr wkh suhylrxv
dqdo|vlv ri ghohjdwlrq lq roljrsro| e| Ihuvkwpdq dqg Mxgg +4<;:,/ Vnolydv +4<;:,
dqg Ylfnhuv +4<;8, wr wkh fdvh lq zklfk phujhuv duh doorzhg1

Wkh edvlf frqvhtxhqfh ri rxu prgho lv wkdw ghohjdwlrq hqkdqfhv wkh sur�wdelo0
lw| ri phujhu1 Lq sduwlfxodu/ zh vkrz wkdw wkh uhtxluhg sursruwlrq ri �upv lqyroyhg
lq dq h{rjhqrxv phujhu iru wklv wr eh sur�wdeoh/ lv vxevwdqwldoo| vpdoohu lq wkh
prgho zlwk ghohjdwlrq/ uhodwlyh wr wkh prgho e| Vdodqw hw do1 +4<;6,1 Wklv uhvxow
djuhhv zlwk wkh phujhuv uhfhqwo| revhuyhg lq vhyhudo lqgxvwulhv zlwk d vpdoo qxp0
ehu ri �upv1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh dqdo|}h wkh
sur�wdelolw| ri phujhuv lq d prgho zlwk ghohjdwlrq dqg Vhfwlrq 6 jdwkhuv rxu
frqfoxvlrqv1

4Lq wkh dhurqdxwlfdo lqgxvwu|/ PfGrqhoo0Grxjodv dqg Erhlqj kdyh phujhg lq d pdunhw zlwk
edvlfdoo| wkuhh �upv +wkh rwkhu lv Dluexv,1 Lq wkh dxwrpreloh lqgxvwu|/ Uroov Urlfh kdv ehhq
dftxluhg e| Zronvydjhq/ dqg Fku|vohu dqg Gdlpohu0Ehq} kdyh phujhg1

5Dovr/ Idxoð0Roohu +4<<:, kdv uhfrqvlghuhg wkh prgho e| Vdodqw hw do1 +4<;6, iru wkh fdvh
ri d jhqhudo ghpdqg ixqfwlrq/ wr vkrz wkh frqqhfwlrqv ehwzhhq wkh ghjuhh ri frqfdylw| ri wkh
ghpdqg ixqfwlrq dqg wkh sur�wdelolw| ri phujhuv1 Lqvwhdg/ zh nhhs wkh dvvxpswlrqv ri olqhdu
ghpdqg ixqfwlrq/ wr irfxv rq wkh h�hfwv ri ghohjdwlrq lq wkh sur�wdelolw| ri phujhuv1
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51 WKH DQDO\VLV RIPHUJHUVZLWK GHOHJDWLRQ

Zh dvvxph wkdw ? lqlwldo rzqhuv ri lghqwlfdo �upv ri d krprjhqhrxv jrrg lqgxvwu|

fdq hqjdjh lq d phujhu1 Wkh lqyhuvh ghpdqg dqg frvw ixqfwlrqv ri hdfk �up duh

jlyhq / uhvshfwlyho|/ e| RE%� ' @�%c dqg �E%�� ' S%�c zkhuh % lv wkh wrwdo rxwsxw/

%� lv wkh rxwsxw ri �up � dqg @ : S : f� Zh dvvxph wkdw wkh frvw ixqfwlrq ri wkh

�up uhvxowlqj ri dq| phujhu lv wkh vdph dv wkh frvw ixqfwlrq ri hyhu| lqlwldo �up1

Ohw xv gh�qh 5 dv wkh wrwdo qxpehu ri dfwlyh �upv/ diwhu wkh phujhu lv frp0

sohwhg1 Wkh lqwhudfwlrqv ehwzhhq wkhvh 5 lqghshqghqw rzqhuv dqg wkhlu pdqdjhuv

lv jlyhq e| wkh iroorzlqj jdph=

Vwdjh 4= Wkh rzqhu ri hyhu| dfwlyh �up/ vd| �/ uhvxowlqj iurp wkh suhylrxv

vwdjh/ ghflghv/ vlpxowdqhrxvo|/ wkh lqfhqwlyh vfkhph zlwk klv xqltxh pdqdjhu1 Zh

dvvxph wkdw wklv lqfhqwlyh vfkhph lv ri wkh irup -� ' Z� n b�%�/ zkhuh Z� lv wkh

sur�w ri �up � dqg b�/ wkh lqfhqwlyh yduldeoh ghflghg e| rzqhu �� Wklv frqwudfw fdq

eh vkrzq wr eh htxlydohqw wr -� ' E� � B��Z� n B�R%�/ zkhuh B� vdwlv�hv b� ' SB��

Wkxv/ rxu dssurdfk lv htxlydohqw wr wkh dvvxpswlrq wkdw wkh lqfhqwlyh vfkhph lv d
zhljkwhg dyhudjh ehwzhhq sur�wv dqg uhyhqxhv +vhh Ihuvkwpdq dqg Mxgg +4<;:,/
Ylfnhuv +4<;8, dqg Vnolydv +4<;:,,1 Zh zloo nhhs rxu qrwdwlrq iru vlpsolflw|1

Vwdjh 5= Hyhu| pdqdjhu ghflghv/ vlpxowdqhrxvo|/ klv rxwsxw1

Wkh iroorzlqj dx{loldu| uhvxow fkdudfwhul}hv wkh Vxejdph Shuihfw Htxloleulxp
+VSH, ri wkh vxejdph frqvlvwlqj lq wkh wzr odvw vwdjhv ri wkh suhylrxv ghohjdwlrq
jdph1

Ohppd 41 Lq wkh VSH ri wkh ri wkh ghohjdwlrq jdph/ wkh wrwdo surgxfwlrq/ wkh

rshudwlqj sur�wv rewdlqhg e| hdfk dfwlyh �up dqg wkh ghohjdwlrq yduldeoh fkrvhq

e| hdfk �up duh/ uhvshfwlyho|/ %E5� ' E@3S�52

5
2n�

c ZE5� ' E@3S�25
E52n��2

dqg bE5� ' E@3S�E53��
5
2n�

�

Surri1 Vhh Vnolydv +4<;:,1

Dffruglqj wr Ohppd 4/ wkh xvh ri pdqdjhuldo frqwudfwv pdnhv wkh htxloleulxp
pruh frpshwlwlyh/ uhodwlyh wr wkh qrq0ghohjdwlrq jdph/ li phujhu lv ljqruhg/ vlqfh
bE5� : f1 Krzhyhu/ zh zloo vkrz wkdw phujhuv duh pruh dwwudfwlyh/ uhodwlyh wr wkh

fdvh lq zklfk ghohjdwlrq lv qrw ihdvleoh1

Wr vdyh qrwdwlrq/ lq wkh uhvw ri wkh sdshu zh zloo dvvxph/ zlwkrxw orvv ri jhq0

hudolw|/ @� S ' ��

Ohw xv vwxg| wkh sur�wdelolw| ri dq h{rjhqrxv phujhu wkdw wdnhv sodfh ehiruh
wkh Vwdjh 4 ri wkh jdph1 Zh zloo frpsduh rxu uhvxowv zlwk d vlplodu dssurdfk/
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xqghuwdnhq e| Vdodqw hw do1 +4<;6,/ lq wkh frqwh{w ri olqhdu Frxuqrw roljrsro|/ exw
zlwk qr ghohjdwlrq1 Dv zh zloo vhh/ rxu uhvxowv gl�huv vxevwdqwldoo| iurp wkrvh ri
wkhvh dxwkruv1

Ohw xv frqvlghu dq h{rjhqrxv phujhu uhvxowlqj lq 5 �qdo lqghshqghqw �upv1
Zh fdq gh�qh k ' ?35n�

?
dv wkh iudfwlrq ri lqvlghuv/ uhodwlyh wr wkh lqlwldo qxpehu

ri �upv1

Wkh fkdqjh lq wrwdo sur�wv e| wkh lqvlghuv dv d uhvxow ri wkh phujhu lv jlyhq e|

sE?c k� ' ZE?E�� k� n ��� k?ZE?� +4,

Wkhvh surshuwlhv dqg wkh frqwlqxlw| ri sE?c k�/ lpso| wkh iroorzlqj

Ohppd 51 Iru dq| ? � � wkhuh h{lvwv d xqltxh kE?� 5 E�*?c �� vxfk wkdw

sE?c k� 	 f iru f 	 k 	 kE?� dqg sE?c k� : f iru k : kE?��

Surri1 Vlqfh sE?c �*?� ' f dqg sE?c �� : fc wkh uhvxow iroorzv iurp wkh frqwlqxlw|

ri sE�c �� dqg wkh idfwv wkdw Y
k
sE?c �*?� ' �?EZ�E?� n ZE?�� 	 f iru ? � � / dqg

YkksE?c k� � f iru ? � 2 / k 5 E�*?c ��

Lq rwkhu zrugv/ iru dq| lqlwldo qxpehu ri �upv/ wkh phujhu lv sur�wdeoh li dqg

rqo| li lw frqwdlqv d vx!flhqwo| odujh iudfwlrq ri lqvlghuv/ uhodwlyh wr wkh wrwdo

qxpehu ri �upv1 Vlqfh 5 ' ?E��k�n�c wkh suhylrxv uhvxow lpsolhv wkh iroorzlqj

surshuw| ri 5c

Ohppd 61 Ohw xv gh�qh 5E?� ' ?E� � kE?�� n �� Iru dq| ? � � wkhuh h{lvwv d

xqltxh 5E?� vxfk wkdw sE?c ?n�35
?

� 	 f iru ? : 5 : 5E?� dqg sE?c ?n�35
?

� : f iru

5 	 5E?��

Wkdw lv/ iru dq lqlwldo qxpehu ri �upv/ wkh phujhu lv sur�wdeoh li dqg rqo| li

lw |lhogv d �qdo qxpehu ri lqghshqghqw �upv vx!flhqwo| vpdoo1

Dffruglqj wr Ohppd 5/ kE?� lv d zhoo gh�qhg ixqfwlrq/ jlyhq e| wkh frqglwlrq

s E?c kE?�� ' ZE?E� � kE?�� n ��� kE?�?ZE?� ' f +5,

Pruhryhu lw vdwlv�hv wkh iroorzlqj

Sursrvlwlrq 41 kE?� lv vwulfwo| lqfuhdvlqj lq ? iru ? � �c ? 5 � dqg lw whqgv wr

4 zkhq ? jrhv wr lq�qlw|1
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Surri1 Iurp h{suhvvlrq +5,/ kE�� * f�e�S(kEe� * f�e�e(kED� * f�eDD(kES� *
f�e.D( zklfk vkrzv wkh sursrvlwlrq iru wkrvh fdvhv1 Iru ? � S wkh dujxphqw lv dv

iroorzv1

Lpsolflw gl�huhqwldwlrq lq +5, jlyhv

k
�E?� '

E�� kE?��Z�E5E?��� kE?�dZE?� n ?Z
�E?�o

?dZ�E5E?� n ZE?�o

Wkh ghqrplqdwru lv qhjdwlyh/ vlqfh Y
k
sE?c kE?�� ' �?dZ�E5E?�� n ZE?�o : f�

Wkhuhiruh/

k
�E?� : f+, kE?�dZ�E?� n ?ZE?�o� E�� kE?��Z�E5E?�� : f

+, kE?�E�� �E?���
Z�E5E?��

ZE?�
E�� kE?�� : fc

zkhuh �E?� ' �Z
�E?�
ZE?�

'

�?23�
?E�n?2�

� E| xvlqj wkh gh�qlwlrq ri kE?� dqg wkh idfw wkdw

ZE5E?�� ' E?� 5E?� n ��ZE?�c zh rewdlq

k
�E?� : f+, �� ?�E?� n �E5E?��E5E?�� �� : fc

zkhuh � � ?�E?� ' e

�n?2
� 2 : �2 iru ? � �c dqg �E5�E5 � �� ' E�523��E53��

5E�n5
2�

lv

vwulfwo| lqfuhdvlqj dqg wdnhv wkh ydoxh ri 5 iru 5 ' 2 n
s
� 1 Wkhuhiruh/ k�E?� : f

li 5E?� : 2 n
s
�c exw iurp +4, dqg wkh gh�qlwlrq ri k lw iroorzv

sE?c
?n � � 2�

s
�

?
� '

�

�2 n �S
s
�
n

E��
s
�� ?�?

E� n ?2�2
: fc

li ? � S1 Wkxv/ iurp Ohppd 6/ lw iroorzv wkdw 5E?� : 2 n
s
� iru ? � S dqg kE��

lv vwulfwo| lqfuhdvlqj iru ? � S1

Ohw

-E?c k� '
ZE?E� � k� n ��

k?ZE?�
'

E� n ?� k?�E� n ?
2�2

k?
2E� n E� n ?� k?�2�2

eh wkh udwlr ri wkh srvwphujhu sur�wv ri wkh lqvlghuv wr wkhlu suhphujhu sur�wv1

Hylghqwo|/ iru dq| k 	 �/ -E?ck�$ f zkhq ?$4 dqg -E?c kE?�� ' � iru hdfk

? � �1 Wkhuhiruh/ e| frqwlqxlw|/ lw iroorzv wkdw kE?�$ � zkhq ?$41

61 FRQFOXVLRQ

Dffruglqj wr wkh suhylrxv vhfwlrq/ wkhuh lv d fulwlfdo sursruwlrq/ kE?�c vxfk wkdw
phujhu lv sur�wdeoh +xqsur�wdeoh, li dqg rqo| li wkh sursruwlrq ri phujlqj �upv
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lv juhdwhu +orzhu, wkdq wklv fulwlfdo ydoxh1 Pruhryhu/ wklv fulwlfdo sursruwlrq lv
lqfuhdvlqj lq wkh lqlwldo qxpehu ri �upv1 Wklv lv d vlplodu w|sh ri surshuw|/ wkdw
wkh rqh rewdlqhg e| Vdodqw hw do1 +4<;6,1 Krzhyhu/ wkh ydoxhv vxppdul}hg lq wkh
iroorzlqj wdeoh/ vkrzv wkdw wkh uhtxluhg sursruwlrq iru dq h{rjhqrxv phujhu wr eh
sur�wdeoh/ lv uhpdundeo| orzhu/ lq rxu prgho/ frpsduhg zlwk wkh qrq0ghohjdwlrq
prgho1

q 5 6 7 8 9 : ; < 43 48 53 63 83 433 473 4333
kE?�I 433 75 76 78 7: 7< 84 85 87 8< 95 9: :5 :; ;3 <3
6E?� 5 5 5 6 6 7 8 8 9 < 46 54 69 :; 445 <33
qE?�I 433 99 83 93 83 8: 95 88 93 93 98 :3 :5 :; ;3 <3

Khuh/ wkh lqwhjhu 6E?� lv wkh plqlpdo qxpehu ri lqvlghuv iru d phujhu wr eh suri0
lwdeoh dqg qE?� lv wkh sursruwlrq 6E?� uhodwlyh wr ?1

Frpsduhg zlwk wkh prgho zlwk qr ghohjdwlrq/ zh kdyh vrph uhpdundeoh idfwv1
Iluvw/ lqvwhdg ri wkh ;3 shufhqw uxoh/ qhfhvvdu| iru d phujhu wr eh sur�wdeoh lq
wkh prgho e| Vdodqw hw do1 +4<;6,/ lq rxu prgho/ 83 shufhqw lv hqrxjk/ zlwk 7
ru 9 lqlwldo �upv/ 93 shu fhqw lv rqo| uhtxluhg iru pruh wkdq 48 �upv dqg :3 shu
fhqw iru pruh wkdq 631 Vhfrqg/ lq rxu prgho/ wkh ;3 shufhqw uhtxluhphqw lv rqo|
qhfhvvdu| iru pruh wkdq 473 lqlwldo �upv/ zkloh lq wkh prgho e| Vdodqw hw do1 wklv
lv d xqlyhuvdo uhtxluhphqw1

Wkxv/ rxu uhvxowv vhhp wr vxjjhvw wkh frqmhfwxuh wkdw ghohjdwlrq pdnhv phuj0
huv pruh dwwudfwlyh iru wkh �upv/ uhodwlyh wr wkh frqwh{w zkhuh ghohjdwlrq lv qrw
frqvlghuhg1 Lq idfw/ wklv frqmhfwxuh lv ydolg lq rxu frqwh{w ri h{rjhqrxv phujhuv/
dv vkrzq lq rxu sdshu1 Wklv lpsolhv wkdw/ zlwk ghohjdwlrq/ wkh uroh iru dqwlwuxvw
srolf| pljkw eh uhlqirufhg vlqfh wkh lqfhqwlyh wr frooxvlyh ehkdylru e| �upv lv lq0
fuhdvhg1 D vlplodu vxjjhvwlrq dulvhv/ uhodwlyh wr wkh xvh ri ghohjdwlrq1 Frqwudu| wr
zkdw kdsshqv zkhq phujhu lv qrw frqvlghuhg/ wkh dydlodelolw| ri ghohjdwlrq lq wkh
frqwh{w ri Frxuqrw frpshwlwlrq grhv qrw qhfhvvdulo| lqfuhdvhv frpshwlwlrq vlqfh/
rq wkh rqh kdqg/ iru d jlyhq qxpehu ri �upv wkrvh ehkdyh pruh djjuhvvlyho|/ exw/
rq wkh rwkhu kdqg/ wkh lqfhqwlyh wr phujh pljkw eh juhdwhu wkdq zlwkrxw ghoh0
jdwlrq1 Wkhuhiruh/ d uhvwulfwlyh srolf| uhjduglqj wkh xvh ri pdqdjhuldo lqfhqwlyhv
pljkw hqkdqfh frpshwlwlrq hyhq xqghu Frxuqrw frpshwlwlrq dprqj pdqdjhuv1
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