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HUEIPELFW <948;;1 Ilqdqfldo vxssruw iurp wkh Vsdqlvk GJFLF\W xqghu surmhfw
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IL[HG DJHQGD VRFLDO FKRLFH
FRUUHVSRQGHQFHV

Mrvhs H1 Shulv dqg P@Fduphq Väqfkh}

DEVWUDFW

Lq wklv sdshu zh dqdo|}h wkh h{solflw uhsuhvhqwdwlrq ri �{hg djhqgd vrfldo
fkrlfh fruuhvsrqghqfh xqghu gl�huhqw udwlrqdolw| dvvxpswlrqv +lqghshqghqfh/
qhxwudolw|/ prqrwrqlflw|/ 111,1 Lw lv zhoo nqrzq lq wkh olwhudwxuh wkdw/ xqghu
vrph ri wkhvh dvvxpswlrqv/ wkh h{lvwhqfh ri glfwdwruv/ roljdufklhv ru lqglylg0
xdov zlwk yhwr srzhu fdq eh suryhq +^:` dqg ^43`,> exw qr lqirupdwlrq derxw
wkh vrfldo fkrlfh vhw lv rewdlqhg1 Zh qrz hvwdeolvk d uhodwlrqvkls ehwzhhq wkh
vrfldo fkrlfh vhw dqg wkh lqglylgxdo pd{lpdo vhwv zklfk h{solflwo| ghvfulehv
d �{hg djhqgd vrfldo fkrlfh fruuhvsrqghqfh wkdw vdwlv�hv wkhvh udwlrqdolw|
dvvxpswlrqv1 Vrph ri wkh uhvxowv lq ^5` derxw wkh h{solflw uhsuhvhqwdwlrq ri
vrfldo ghflvlrq ixqfwlrqv duh wkhq wudqvodwhg dqg uhlqwhusuhwhg lq wkh �{hg
djhqgd iudphzrun1

Nh| zrugv= Il{hg Djhqgd> Fkrlfh Fruuhvsqrghqfhv> H{solflw Uhsuhvhq0
wdwlrq1
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4 Lqwurgxfwlrq

Rqh ri wkh pdlq sureohpv dqdo|}hg lq Vrfldo Fkrlfh Wkhru| lv wkdw ri gh0
whuplqlqj wkh vrfldo fkrlfh vhw iurp wkh gl�huhqw rslqlrqv wkdw lqglylgxdov
kdyh derxw wkh vhw ri ihdvleoh dowhuqdwlyhv1 Wkhvh rslqlrqv pd| eh frqvlghuhg
lq whupv ri lqglylgxdo elqdu| suhihuhqfh uhodwlrqv ru lq whupv ri lqglylgxdo
fkrlfh fruuhvsrqghqfhv1 Lq wkh olwhudwxuh/ wkhuh duh gl�huhqw dssurdfkhv wr
dqdo|}lqj wklv sureohp/ ghshqglqj rq wkh srlqw ri ylhz frqvlghuhg1 Rqh
dssurdfk dqdo|}hv wkh sureohp ri djjuhjdwlrq ri lqglylgxdo suhihuhqfhv lqwr
d vrfldo suhihuhqfh uhodwlrq +vrfldo ghflvlrq ixqfwlrqv, e| lpsrvlqj gl�huhqw
udwlrqdolw| dvvxpswlrqv1 Rqfh zh nqrz wkh vrfldo suhihuhqfh uhodwlrq/ wkh vr0
fldo fkrlfh sureohp lv hdvlo| vroyhg e| pd{lpl}lqj lw1 Qhyhuwkhohvv/ dowkrxjk
wkh dvvxpswlrqv lpsrvhg duh frqvlghuhg qdwxudo hdfk rqh e| lwvhoi/ lq prvw ri
wkh fdvhv wkh| surgxfh lpsrvvlelolw| uhvxowv zkhq frqvlghuhg wrjhwkhu1 Wkh
prvw idprxv dqg slrqhhulqj sdshu lq wklv olqh lv wkdw ri Duurz ^6` lq zklfk
wkh h{lvwhqfh ri d glfwdwru lv suryhq zkhq wkh vrfldo ghflvlrq ixqfwlrq vdwlv0
�hv Xqlyhuvdo Grpdlq/ Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv/ Zhdn Sduhwr
Sulqflsoh dqg lwv frgrpdlq lv uhvwulfwhg wr ehlqj wkh idplo| ri zhdn rughuv
+frpsohwh/ uh h{lyh dqg wudqvlwlyh elqdu| uhodwlrqv,1 Iurp Duurz*v zrun/
pdq| sdshuv kdyh ghdow zlwk wkh sureohp ri dqdo|}lqj zkhwkhu ru qrw wklv
uhvxow uhpdlqv ydolg/ zkhq wkh gl�huhqw dvvxpswlrqv ri wkh duuryldq iudph0
zrun zhuh zhdnhqhg= e| uhvwulfwlqj wkh grpdlq ri suhihuhqfhv/ e| zhdnhqlqj
wkh dvvxpswlrqv ri Sduhwr Rswlpdolw| dqg lqghshqghqfh/ ru e| zhdnhqlqj
wkh nlqg ri vrfldo uhodwlrq uhtxluhg +vhplrughu/ lqwhuydo rughu/ txdvlrughu/
df|folf uhodwlrq,1 Zlwk uhvshfw wr wklv odvw srvvlelolw|/ zh pxvw phqwlrq wkh
zrun ri Jleedug ^;`/ zkr suryhv wkh h{lvwhqfh ri dq roljdufk| zkhq uhtxlulqj
d txdvlwudqvlwlyh vrfldo elqdu| uhodwlrq/ dqg wkdw ri Eodlu dqg Sroodn ^7`/ zkr
suryh wkh h{lvwhqfh ri lqglylgxdov zlwk yhwr srzhu e| frqvlghulqj df|folf vr0
fldo elqdu| uhodwlrqv1

D gl�huhqw dssurdfk dqdo|}hv wkh djjuhjdwlrq ri lqglylgxdo suhihuhqfhv
lqwr d vrfldo fkrlfh vhw +vrfldo fkrlfh fruuhvsrqghqfhv,1 Wkdw lv/ jlyhq d xql0
yhuvdo vhw ri ihdvleoh dowhuqdwlyhv/ dqg jlyhq wkh lqglylgxdo suhihuhqfhv/ zh
fdq ghwhuplqh wkh vrfldo fkrlfh vhw1 Zlwklq wklv iudphzrun/ rqh fdq glvwlq0
jxlvk ehwzhhq wkh yduldeoh djhqgd fdvh dqg wkdw ri wkh �{hg djhqgd1 Lq wkh
iruphu fdvh/ hyhu| qrqhpsw| vxevhw ri wkh xqlyhuvdo vhw frxog eh suhvhqwhg
iru fkrlfh> vr/ lw lv srvvleoh wr gh�qh wkh edvh uhodwlrq -K +%-K+ / % 5

�Ei%c +jc -�c ���c -?�, zklfk doorzv xv wr wudqvodwh hdvlo| prvw ri wkh uhvxowv
rewdlqhg lq wkh frqwh{w ri vrfldo ghflvlrq ixqfwlrqv1 Lq wkh fdvh ri d �{hg
djhqgd/ krzhyhu/ wkhuh lv d xqltxh ihdvleoh vhw zklfk lv �{hg d sulrul +jlyhq
wkh uhvwulfwlrqv ri wkh sduwlfxodu sureohp zklfk ehlqj dqdo|}hg,/ dqg wkh
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edvh uhodwlrq fdqqrw eh gh�qhg1 Lq vslwh ri wklv/ krzhyhu/ d rqh0wr0rqh fruuh0
vsrqghqfh fdq eh gh�qhg ehwzhhq wkh �{hg djhqgd fdvh dqg wkh frqwh{w ri
djjuhjdwlrq ri suhihuhqfhv +vhh ^:` dqg ^43`,1 Wkhvh htxlydohqfh uhvxowv doorz
xv wr hvwdeolvk wkh h{lvwhqfh ri glfwdwruv/ roljdufklhv/ ru lqglylgxdov zlwk yhwr
srzhu lq wkh �{hg djhqgd iudphzrun1

Zh qrz irfxv rq wkh fdvh ri �{hg djhqgd vrfldo fkrlfh fruuhvsrqghqfhv
dqg dqdo|}h wkh lpsolfdwlrqv ri wkh h{lvwhqfh ri lqglylgxdov zlwk gl�huhqw
ghjuhhv ri srzhu +glfwdwru/ roljdufk|/ yhwr srzhu, ryhu wkh vrfldo fkrlfh vhw1
Zh vwxg|/ lq sduwlfxodu/ wkh uhodwlrqvkls ehwzhhq wkh pd{lpdo vhwv ri wkhvh
lqglylgxdov dqg wkh vrfldo fkrlfh vhw xqghu fhuwdlq udwlrqdolw| dvvxpswlrqv/
dqg zh dqdo|}h zkhwkhu zh fdq shuihfwo| ghvfuleh wkh vrfldo fkrlfh vhw lq
whupv ri wkhvh pd{lpdo hohphqwv ru qrw1 Wkxv/ li zh nqrz wkdw/ xqghu fhu0
wdlq dvvxpswlrqv/ wkhuh h{lvwv d glfwdwru/ lw lv fohdu wkdw wkh vrfldo fkrlfh
vhw zloo eh d vxevhw ri wkh pd{lpdo vhw ri vxfk dq lqglylgxdo1 Zh dqdo|}h
wkh frqglwlrqv xqghu zklfk wkh htxdolw| ehwzhhq erwk vhwv krogv1 Wkh fdvh
ri lqglylgxdov zlwk yhwr srzhu/ ru roljdufklhv/ lv pruh frpsolfdwhg dqg/ lq
jhqhudo/ lw frxog eh wkdw wkh vrfldo fkrlfh vhw grhv qrw frqwdlq dq| ri wkh
pd{lpdo hohphqwv ri wkhvh lqglylgxdov1 Lq rughu wr rewdlq d olwwoh pruh lq0
irupdwlrq derxw wkh vrfldo fkrlfh vhw lq wkhvh fdvhv/ lw zrxog eh qhfhvvdu|
wr dgg rwkhu dvvxpswlrqv wr wkrvh zklfk hqvxuh wkh h{lvwhqfh ri lqglylgxdov
zlwk yhwr srzhu ru roljdufklhv1 Lq sduwlfxodu/ zh lqwurgxfh d olnh0Frqgrufhw
frqvlvwhqf| surshuw| zklfk suryhv wr eh yhu| xvhixo wr rxu sursrvdov1

5 Suholplqdulhv

Ohw f eh wkh xqlyhuvdo dqg �qlwh vhw ri dowhuqdwlyhv/ �{hg d sulrul/ m f m: 2c

dqg ohw � eh wkh �qlwh vhw ri lqglylgxdov1 Hdfk lqglylgxdo � lv hqgrzhg zlwk

d zhdn rughu -� rq f +uh h{lyh/ wudqvlwlyh dqg frpsohwh elqdu| uhodwlrq,1
Ohw ` Ef� ghqrwh wkh idplo| ri zhdn rughuv ryhu fc zkloh �Ef� ghqrwhv
wkh idplo| ri df|folf elqdu| uhodwlrqv1 Zkhq zrunlqj zlwk elqdu| uhodwlrqv/
zh fdq vwduw zlwk d frpsohwh dqg uh h{lyh elqdu| uhodwlrq - zklfk lqgxfhv
wzr qdwxudo dvvrfldwhg uhodwlrqv +vwulfw suhihuhqfh dqg lqgl�huhqfh, gh�qhg
dv iroorzv/

%�+ / %-+ @?_ ?J|d+-%oc

%U+ / %-+ @?_ +-%�
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Dowhuqdwlyho|/ zh fdq vwduw zlwk dq dv|pphwulf elqdu| uhodwlrq � dqg gh�qh

wkh frpsohwh dqg uh h{lyh elqdu| uhodwlrq -/

%-+/ ?J|d+�%oc

ru wkh lqgl�huhqfh uhodwlrq U/

%U+ / ?J|d%�+o @?_ ?J|d+�%o�

Iru rxu sxusrvhv/ erwk zd|v ri surfhhglqj duh htxlydohqw/ dqg erwk zloo

eh xvhg lqglvwlqfwo| wkurxjkrxw wkh sdshu1 D sur�oh lv dq| q0wxsoh ri zhdn

rughuv/ � ' E-�c ���c -?� 5 ` ?Ef�c dqg iru hyhu| vxevhw ri dowhuqdwlyhv t � f

zh ghqrwh wkh uhvwulfwlrq ri � wr t e| � G t 1 Pruhryhu/ jlyhq d vxevhw ri

dowhuqdwlyhv t dqg d elqdu| uhodwlrq -c zh gh�qh wkh uhodwlrq -t
dv iroorzv=

�s %c + 5 t wkhq d%-t + / %-+oc

�s %c + *5 t wkhq %Ut +c

�s % 5 tc + *5 t wkhq %� t +c

dqg zh ghqrwh �t ' E-t

�
c -t

2
c ���c-t

?
�� Lq rughu wr vlpsoli| wkh qrwdwlrq/ zh

khqfhiruwk ghqrwh �t%c+� ' �
%+
�

Jlyhq wzr frpsohwh elqdu| uhodwlrqv -� dqg -2c wkh uhodwlrqv -W

' -� � -2

dqg -
K
' -� _-2 duh gh�qhg dv iroorzv/

%�
W+/ d%��+ Jo E%U�+ @?_ %�2+�o(

%�K+ / d%��+ @?_ %�2+o�

Wkhvh gh�qlwlrqv duh lpphgldwho| h{whqghg wr dq| �qlwh idplo| ri elqdu|

uhodwlrqv1 Ilqdoo|/ jlyhq d sur�oh � ' E-�c ���c -?�c dqg d vxevhw � � f zh

ghqrwh e|

�
�
� E�� ' i@ 5 � m @-�+ ;+ 5 �jc

wkdw lv/ wkh vhw ri pd{lpdo hohphqwv ri lqglylgxdo � rq D> zkhqhyhu wkh zkroh

vsdfh f lv frqvlghuhg/ zh ghqrwh ��
� Ef� e| ��

� �

Zh irupdoo| suhvhqw wkh qrwlrq ri d �{hg djhqgd vrfldo fkrlfh

fruuhvsrqghqfh/ dv zhoo dv wkh qrwlrq ri d vrfldo ghflvlrq ixqfwlrq/ lq wkh

qh{w gh�qlwlrqv1
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Gh�qlwlrq 4 D �{hg djhqgd vrfldo fkrlfh fruuhvsrqghqfh +�{hg
djhqgd VFF, lv d fruuhvsrqghqfh � G`

?Ef�$ f wkdw vhohfwv d qrqhpsw|

vxevhw ri dowhuqdwlyhv iru hdfk sur�oh ri lqglylgxdo suhihuhqfhv1

Gh�qlwlrq 5 D vrfldo ghflvlrq ixqfwlrq +VGI, 8 G`
?Ef�$ �Ef� lv

d pdsslqj wkdw dvvrfldwhv dq df|folf elqdu| uhodwlrq wr hdfk sur�oh ri lqgl0

ylgxdo suhihuhqfhv1

Lq rughu wr vlpsoli| wkh qrwdwlrq/ zh ghqrwh 8 E�� ' -�/ zkloh �� dqg U�

uhvshfwlyho| ghqrwh wkh dvvrfldwhg vrfldo vwulfw suhihuhqfh dqg vrfldo lqgl�hu0

hqfh uhodwlrqv1

Ilqdoo|/ zh suhvhqw wkh qrwlrqv ri d glfwdwru/ dq roljdufk| dqg dq

lqglylgxdo zlwk yhwr srzhu/ dv zhoo dv wkrvh ri klhudufklhv/ lq wkh �{hg djhqgd

iudphzrun1

Gh�qlwlrq 6 Jlyhq d �{hg djhqgd VFF/ � G ` ?Ef�$ fc lw lv vdlg wkdw=

l, lqglylgxdo � 5 � lv d glfwdwru li iru hyhu| %c + 5 f dqg � 5 ` ?Ef�
li %��+c wkhq + *5 �E��(

ll, lqglylgxdo � 5 � kdv yhwr srzhu4/ li iru hyhu| %c + 5 f dqg

� 5 ` ?Ef� li %��+c wkhq �E�%+� 9' i+j(

lll, vxevhw a � � lv dq roljdufk| li iru hyhu| %c + 5 f dqg � 5 `
?Ef� li

%��+ ;� 5 a wkhq + *5 �E��� Ixuwkhupruh/ hdfk lqglylgxdo lq a kdv yhwr

srzhu1

Gh�qlwlrq 7 Jlyhq d �{hg djhqgd VFF/ � G ` ?Ef�$ fc lw lv vdlg wkdw=

l, vxevhw a ' i��c �2c ���c ��j � � lv d klhudufk| ri glfwdwruv li

lqglylgxdo �� lv d glfwdwru dqg iru hyhu| %c + 5 f dqg � 5 `
?Ef�c li iru

doo R ' �c 2c ���c � � � d%U�&
+ ;& ' �c 2c ���c R dqg %��Rn�

+o wkhq + *5 �E���
Lq jhqhudo/ lw lv vdlg wkdw wkhuh h{lvwv d klhudufk| ri glfwdwruv li wkhuh

lv d shupxwdwlrq j G � $ � vxfk wkdw vxevhw ijE��c jE2�c ���c jE?�j lv d

klhudufk| ri glfwdwruv1

4Wkh qrwlrq ri yhwr srzhu zh xvh khuh fruuhvsrqgv wr wkh rqh lqwurgxfhg lq ^43` iru
�{hg djhqgd VFFv dqg zklfk lv suryhq wr eh htxlydohqw/ xqghu vwdqgdug dvvxpswlrqv/ wr

wkh xvxdo qrwlrq ri yhwr srzhu iru VGIv1
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ll, vxevhw a ' i��c �2c ���c ��j � � lv d klhudufk| ri lqglylgxdov zlwk

yhwr srzhu li lqglylgxdo �� kdv yhwr srzhu dqg iru hyhu| %c + 5 f

dqg � 5 `
?Ef� li iru doo R ' �c2c ���c � � � d%U�&

+ ;& ' �c 2c ���c R dqg

%��Rn�
+oc wkhq �E�%+� 9' i+j� Lq jhqhudo/ lw lv vdlg wkdw wkhuh h{lvwv d

klhudufk| ri yhwr srzhu li wkhuh lv d shupxwdwlrq j G � $ � vxfk

wkdw vxevhw ijE��c jE2�c ���c jE?�j lv d klhudufk| ri lqglylgxdov zlwk yhwr
srzhu1

lll, d idplo| ri vxevhwv ia�c a2c ���c ao
j vxfk wkdw a| � � ;| ' �c 2c ���c o lv

d klhudufk| ri roljdufklhv li a� lv dq roljdufk| dqg iru hyhu| %c + 5 f

dqg � 5 `
?Ef�c li iru doo � ' �c 2c ���c o� � d%U&+ ;& 5 a� ^ a2 ^ ���^ a�

dqg %�&+ ;& 5 a�n�oc wkhq d+ *5 �E�� dqg hdfk lqglylgxdo ri a�n� kdv

yhwr srzhu ryhu wkh sdlu %c +o�

6 Lpsrvvlelolw| uhvxowv lq �{hg djhqgd VFFv1

Lq wklv vhfwlrq zh suhvhqw vrph lpsrvvlelolw| uhvxowv +h{lvwhqfh ri glfwdwruv/
roljdufklhv dqg lqglylgxdov zlwk yhwr srzhu, lq wkh frqwh{w ri �{hg djhqgd
VFFv1 Lq wkh qh{w vhfwlrq/ zh zloo glvfxvv zkdw wkhvh uhvxowv lpso| zlwk
uhjdug wr wkh h{solflw uhsuhvhqwdwlrq ri �{hg djhqgd VFFv1

Hduo| lpsrvvlelolw| uhvxowv lq wkh �{hg djhqgd frqwh{w/ duh wkrvh ri
Ghqlfroõ ^:`/ wkdw suryh wkh h{lvwhqfh ri glfwdwruv dqg roljdufklhv xqghu
lqghshqghqfh dqg Sduhwr Rswlpdolw| dvvxpswlrqv1 Lq rughu wr gr vr/ kh
lqwurgxfhv wzr gl�huhqw qrwlrqv ri lqghshqghqfh +Lqghshqghqfh dqg Zhdn
Lqghshqghqfh, zklfk duh dv iroorzv=

D{lrp 4 Lqghshqghqfh= ;%c + 5 fc;� 5 ` ?Ef�c li % 5 �E��c + *5 �E��
dqg � G i%c +j ' � G i%c +jc wkhq + *5 �E���

D{lrp 5 Zhdn Lqghshqghqfh= ;%c + 5 fc;� 5 ` ?Ef�c li �E�� ' i%j
dqg � G i%c +j ' � G i%c +jc wkhq + *5 �E���

Ixuwkhupruh/ lq rughu wr rewdlq wkh lpsrvvlelolw| uhvxowv/ kh xvhv wkhZhdn

Sduhwr Rswlpdolw| d{lrp1

D{lrp 6 Zhdn Sduhwr Rswlpdolw|= ;%c + 5 fc;� 5 ` ?Ef�c li %��+
;� 5 � wkhq + *5 �E���
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Ghqlfroõ ^:` suryhv wkdw wkh frqmxqfwlrq ri Lqghshqghqfh dqgZhdn Sduhwr
Rswlpdolw| lpsolhv wkh h{lvwhqfh ri d glfwdwru> zkloh wkh frqmxqfwlrq ri
Zhdn Lqghshqghqfh dqg Zhdn Sduhwr Rswlpdolw| lpsolhv wkh h{lvwhqfh ri
dq roljdufk|1 Wkh nh| wr rewdlqlqj wkhvh uhvxowv/ lv wr hvwdeolvk d rqh0wr0rqh
fruuhvsrqghqfh ehwzhhq �{hg djhqgd VFFv vdwlvi|lqj Lqghshqghqfh +Zhdn
Lqghshqghqfh, dqg Zhdn Sduhwr Rswlpdolw| dqg wudqvlwlyh +txdvlwudqvlwlyh,
VGIv vdwlvi|lqj wkh zhoo nqrzq frqglwlrqv ri Lqghshqghqfh ri Luuhohydqw
Dowhuqdwlyhv dqg Zhdn Sduhwr Sulqflsoh1

Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv +LLD,= ;%c + 5 fc ;�c � 5

`?Ef� li � G i%c +j ' � G i%c +jc wkhq %-
�
+/ %-

�
+�

Zhdn Sduhwr Sulqflsoh= ;%c + 5 fc;� 5 ` ?Ef�c li %��+ ;� 5 �c

wkhq %�
�
+�

Lq ^43`/ Väqfkh} dqg Shulv lqwurgxfh d zhdnhu lqghshqghqfh dvvxpswlrq
+Svhxgr0Lqghshqghqfh, lq rughu wr rewdlq uhvxowv rq wkh h{lvwhqfh ri
lqglylgxdov zlwk yhwr srzhu lq wkh �{hg djhqgd frqwh{w1

D{lrp 7 Svhxgr0Lqghshqghqfh= ;%c + 5 fc;� 5 ` ?Ef�c li �E�� ' i%j
dqg � G i@c +j ' � G i@c +j ;@ 5 �+E�� ^ i%j zkhuh �+E�� ' i� 5 f m + *5
�E�+��jc wkhq + *5 �E���

Lq ^43` lw lv suryhq wkdw wkhuh h{lvwv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq
�{hg djhqgd VFFv vdwlvi|lqj Svhxgr0Lqghshqghqfh dqg Zhdn Sduhwr Rswl0

pdolw| dqg df|folf VGIv vdwlvi|lqj Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv

dqg Zhdn Sduhwr Sulqflsoh1

Wkh uhvw ri wkh suhvhqw vhfwlrq lv ghyrwhg wr rewdlqlqj lpsrvvlelolw|
uhvxowv wkdw zh zloo xvh lq wkh iroorzlqj vhfwlrq lq rughu wr rewdlq h{solflw
uhsuhvhqwdwlrqv ri �{hg djhqgd VFFv1 Iluvw/ zh lqwurgxfh wkh iroorzlqj
Sduhwr dvvxpswlrqv wkdw zloo eh xvhg wkurxjkrxw wkh sdshu1

D{lrp 8 Vwurqj Sduhwr Rswlpdolw|= ;%c + 5 fc;� 5 ` ?Ef�c li %-�+

;� 5 � dqg wkhuh h{lvwv � 5 � vxfk wkdw %��+c wkhq + *5 �E���

D{lrp 9 Sduhwr Lqgl�huhqfh= ;%c + 5 fc;� 5 ` ?Ef�c li %U�+ ;� 5 �c

wkhq d% 5 �E�� / + 5 �E��o�

Wkhvh surshuwlhv duh wkh lpphgldwh wudqvodwlrqv/ wr wkh �{hg djhqgd
iudphzrun/ ri wkh fruuhvsrqglqj rqhv iru VGIv ^9`1

;



Vwurqj Sduhwr Sulqflsoh= ;%c + 5 fc;� 5 ` ?Ef�c li %-�+ ;� 5 �

dqg wkhuh h{lvwv � 5 � vxfk wkdw %��+c wkhq %��+�

Sduhwr Lqgl�huhqfh= ;%c + 5 fc;� 5 ` ?Ef�c li %U�+ ;� 5 �c

wkhq %U
�
+�

Wkhruhp 4 Li � G `
?Ef� $ f lv d �{hg djhqgd VFF vdwlvi|lqj

Lqghshqghqfh dqg Vwurqj Sduhwr Rswlpdolw|/ wkhq wkhuh h{lvwv d

klhudufk| ri glfwdwruv1

Surri1 Li F lv d �{hg djhqgd VFF vdwlvi|lqj wkh uhtxluhg d{lrpv/ zh gh�qh

wkh dvvrfldwhg VGI dv iroorzv/

%�
�
+/ �E�%+� ' i%j�

Zh vwduw e| surylqj wkdw lw lv d wudqvlwlyh elqdu| uhodwlrq1 Frqvlghu %c +c 5 5

f dqg � 5 `
?Ef� vxfk wkdw %-

�
+c +-

�
5( wkdw lv/ �E�%+� 9' i+j dqg

�E�+5� 9' i5j� E| frqwudglfwlrq/ dvvxph wkdw �E�%5� ' i5j� Rq wkh rqh kdqg/

dqg e| dsso|lqj Vwurqj Sduhwr Rswlpdolw| zh nqrz wkdw �E�%+5� � i%c +c 5j
dqg rq wkh rwkhu kdqg/ e| Lqghshqghqfh/ wkdw % *5 �E�%+5�� Exw wkhq/ li

+ 5 �E�%+5�/ e| dsso|lqj Lqghshqghqfh zh frqfoxgh wkdw % *5 �E�%+�c d frq0

wudglfwlrq> dqg li �E�%+5� ' i5j/ e| Lqghshqghqfh zh rewdlq wkdw + *5 �E�+5�c
d frqwudglfwlrq1 Wkhuhiruh zh fdq frqfoxgh wkdw %-�5�

Qh{w/ zh zloo suryh wkdw wkh VGI vdwlv�hv Lqghshqghqfh ri Luuhohydqw Do0

whuqdwlyhv dqg Vwurqj Sduhwr Sulqflsoh1

4,Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv= Wklv lv reylrxvo| vdwlv�hg ehfdxvh
ri wkh gh�qlwlrq ri wkh VGI= li �c � 5 ` ?Ef� dqg � G i%c +j ' � G i%c +jc
wkhq

%�
�
+ / i%j ' �E�%+� ' �E�%+�/ %��+�

5,Vwurqj Sduhwr Sulqflsoh= Frqvlghu %c + 5 f dqg � 5 `
?E%� vxfk wkdw %-�+

;� 5 �c dqg wkhuh h{lvwv � 5 � vxfk wkdw %��+� Wkhq/ e| Vwurqj Sduhwr Rs0

wlpdolw|/ lq sduwlfxodu zh kdyh + *5 �E�%+�� Wkhuhiruh/ vlqfh wklv dvvxpswlrq

dovr lpsolhv wkdw �E�%+� � i%c +j zh rewdlq �E�%+� ' i%j/ wkdw lv %��+�

Vr/ vlqfh wkh VGI lv wudqvlwlyh dqg vdwlv�hv Lqghshqghqfh ri Luuhohydqw

Dowhuqdwlyhv dqg Vwurqj Sduhwr Sulqflsoh/ zh fdq hqvxuh wkh h{lvwhqfh ri d
klhudufk| ri glfwdwruv iru wkh VGI +vhh ^9`,1 Ilqdoo|/ lw lv qrz hdv| wr suryh/
e| wkh zd| lq zklfk wkh VGI kdv ehhq gh�qhg/ wkdw lw lv d klhudufk| ri
glfwdwruv iru wkh �{hg djhqgd VFF1

<



Dohvnhury dqg Yodglplury ^5`/ e| pdnlqj xvh ri gl�huhqw dvvxpswlrqv/
rewdlq d uhsuhvhqwdwlrq uhvxow iru VGIv e| phdqv ri d klhudufklfdo rshudwru1

Lq idfw/ wkh| suryh wkdw wkh srzhu lv glvwulexwhg dprqj d vxevhw ri lqglylgxdov
ri wkh vrflhw|/ zklfk lv d klhudufk| ri glfwdwruv1 Wklv uhvxow fdq eh dovr
rewdlqhg lq wkh �{hg djhqgd iudphzrun1 Iluvw/ zh lqwurgxfh wkh gl�huhqw
dvvxpswlrqv qhhghg wr hvwdeolvk wkh uhvxowv/ e| vwduwlqj zlwk wkrvh uhodwlyh
wr VGIv1

Prqrwrqlflw|= ;%c + 5 fc;� ' E-�c ���c -?
�c � ' E-�

�
c ���c -�

?
� 5

`
?Ef� li d%��+, %� �

�
+o dqg d%U�+ , %-�

�
+o wkhq d%��+, %��+o�

Qhxwudolw|= Iru dq| j G f $ fc Reo6�|@|�J? Js f dqg iru

dq| � 5 ` ?Ef� li zh ghqrwh e| jE�� ' EjE-��c ���c jE-?��5c wkhq
d%-

jE��+ / j
3�E%�-

�
j
3�E+�o�

Qhjdwlyh Sduhwr= ;%c + 5 fcli %-�+ ;� 5 �c wkhq %-�+�

Srvlwlyh qrq0lpsrvhgqhvv = ;%c + 5 fc<� 5 `?Ef� r�S� |�@| %��+�

Qhjdwlyh qrq0lpsrvhgqhvv= ;%c + 5 fc<� 5 ` ?Ef� r�S� |�@| +-�%�

Lq sduwlfxodu/ Dohvnhury dqg Yodglplury*v uhvxow ^5` vwdwhv wkdw dq|
wudqvlwlyh VGI vdwlvi|lqj wkh suhylrxv dvvxpswlrqv dv zhoo dv Lqghshqghqfh ri

Luuhohydqw Dowhuqdwlyhv/ fdq eh uhsuhvhqwhg e| phdqv ri d klhudufk| rshudwru

zklfk lv gh�qhg dv iroorzv= wkhuh h{lvwv d jurxs ri lqglylgxdov ac vxfk wkdw
+li zh lqgh{ lw e| a ' i�c 2c ���c �j�c wkh VGI fdq eh h{suhvvhg dv iroorzv/

-� ' �
�

�'�-��

Wkh fruuhvsrqglqj surshuwlhv wkdw zh zloo xvh wr vwdwh rxu uhvxow lq wkh

�{hg djhqgd iudphzrun duh olvwhg ehorz1

D{lrp : Prqrwrqlflw|= ;%c + 5 fc;� ' E-�c ���c -?
�c � ' E-�

�
c ���c -�

?
� 5

`
?Ef� li �E�� ' i%jc d%��+ , %� �

�
+o dqg d%U�+, %-�

�
+oc wkhq + *5 �E���

D{lrp ; Qhxwudolw|= ;j shupxwdwlrq ri fc;� 5 ` ?Ef�c wkhq jd�E��o '
�EjE���1

D{lrp < Qhjdwlyh Sduhwr= ;%c + 5 fc;� ' E-�c ���c -?� 5 `?Ef� li

%-�+ ;� 5 � wkhq d+ 5 �E��, % 5 �E��o�

5Jlyhq d elqdu| uhodwlrq/ U> gh�qhg ryhu wkh vhw ri dowhudqwlyhv [ dqg d shupxwdwlrq

ri [> � = [ $ [> zh gh�qh wkh elqdu| uhodwlrq �+U, dv iroorzv=

{�+U,|/ �
�4+{,U��4+|,=
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D{lrp 43 Qrq0Lpsrvhgqhvv= ;% 5 fc<� 5 ` ?Ef� vxfk wkdw �E�� '
i%j�

Lq wkh qh{w ohppd zh suryh wkh h{lvwhqfh ri d rqh0wr0rqh fruuhvsrqghqfh

ehwzhhq wudqvlwlyh VGIv dqg �{hg djhqgd VFFv vdwlvi|lqj wkh deryh0

phqwlrqhg dvvxpswlrqv1

Ohppd 4 Wkhuh h{lvwv d wudqvlwlyh VGI vdwlvi|lqj Lqghshqghqfh

ri Luuhohydqw Dowhuqdwlyhv/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh

Sduhwr/ Srvlwlyh Qrq0lpsrvhgqhvv dqg Qhjdwlyh Qrq0lpsrvhgqhvv

li dqg rqo| li wkhuh h{lvwv d �{hg djhqgd VFF vdwlvi|lqj Lqghshqghqfh/

Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr dqg Qrq0lpsrvhgqhvv1

Surri1 Ohw F eh d �{hg djhqgd VFF vdwlvi|lqj wkh uhtxluhg d{lrpv/ dqg

frqvlghu wkh dvvrfldwhg VGI dv lq Wkhruhp 4/ wkdw lv/

%�
�
+/ �E�%+� ' i%j�

Zh duh jrlqj wr suryh wkdw lw vdwlv�hv doo ri wkh surshuwlhv phqwlrqhg deryh
+zh rplw wkh surri ri Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv vlqfh lw lv h{0
dfwo| wkh vdph dv lq Wkhruhp 4,1

4,Prqrwrqlflw|= Ohw %c + 5 fc � ' E-�c ���c-?�c � ' E-�

�
c ���c -�

?
� 5 ` ?Ef�

vxfk wkdw d%��+ lpsolhv %� �

�
+oc dqg d%U�+ lpsolhv %-�

�
+o� Li %�

�
+c wkhq�E�%+� '

i%j/ vr vlqfh wkh �{hg djhqgd VFF vdwlv�hv Prqrwrqlflw|/ zh rewdlq @ *5
�E�%+�c ;@ 5 f � i%j/ vr �E�%+� ' i%jcwkdw lv/ %�

�
+�

5,Qhxwudolw|= Ohw j Ke @ Reo6�|@|�J? Js fc � 5 ` ?Ef�c wkhq

%-
jE��+ / �EjE��%+� 9' i+jc

exw/ iurp Qhxwudolw| ri wkh �{hg djhqgd VFF/ zh nqrz wkdw

�EjE��%+� ' jE�E�j
3�E%�j3�E+���c

wkhuhiruh zh rewdlq

jE�E�j
3�E%�j3�E+��� 9' i+j / �E�j

3�E%�j3�E+�� 9' ij3�E+�j/ j
3�E%�-

�
j
3�E+��

6,Qhjdwlyh Sduhwr= Frqvlghu %c + 5 f vxfk wkdw %-�+ ;� 5 �c dqg dvvxph

wkdw +�
�
%c wkdw lv �E�%+� ' i+j� Exw lw lpsolhv % 5 �E�%+�c d frqwudglfwlrq1
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7,Srvlwlyh qrq0lpsrvhgqhvv= Jlyhq %c + 5 fc zh nqrz wkdw wkhuh h{lvwv

� 5 ` ?Ef� r�S� |�@| �E�� ' i%j( exw wkhq/ e| dsso|lqj Lqghshqghqfh/

zh nqrz wkdw + *5 �E�%+� dqg vr/ e| Qhjdwlyh Sduhwr/ zh nqrz wkdw @ *5
�E�%+� ;@ 5 f � i%c +j� Wkhuhiruh �E�%+� ' i%jc dqg zh frqfoxgh %��+�

8,Qhjdwlyh qrq0lpsrvhgqhvv= Jlyhq %c + 5 fc li iru hyhu| � 5 ` ?Ef� lw lv

vdwlv�hg wkdw %��+c wkdw lv �E�%+� ' i%jc wkhq/ e| dsso|lqj Lqghshqghqfh/

+ *5 �E�� iru hyhu| � 5 `
?Ef�c zklfk frqwudglfwv Qrq0lpsrvhgqhvv1

Ilqdoo| zh qhhg wr vkrz wkdw lw lv d wudqvlwlyh elqdu| uhodwlrq1 Lq rughu

wr gr vr/ ohw*v frqvlghu %c +c 5 5 f dqg � 5 `
?Ef� vxfk wkdw %-

�
+c +-

�
5(

wkdw lv/ �E�%+� 9' i+j dqg �E�+5� 9' i5j� E| frqwudglfwlrq/ dvvxph wkdw

�E�%5� ' i5j( wkhq/ e| dsso|lqj Lqghshqghqfh/ zh nqrz % *5 �E�%+5� dqg e|

Qhjdwlyh Sduhwr/ @ *5 �E�%+5�c ;@ 5 f � i%c +c 5jc vr �E�%+5� � i+c 5j� Exw

li + 5 �E�%+5�/ zh fdq dsso| Lqghshqghqfh dqg frqfoxgh wkdw % *5 �E�%+�c
zklfk lv d frqwudglfwlrq1 Wkhuhiruh �E�%+5� ' i5j exw/ lq vxfk d fdvh/ dqg

e| uhdvrqlqj lq wkh vdph zd|/ zh rewdlq wkdw + *5 �E�+5�c d frqwudglfwlrq1

Vr zh fdq frqfoxgh %-�5�

Frqyhuvho|/ frqvlghu wkdw zh kdyh d wudqvlwlyh VGI vdwlvi|lqj wkh uhtxluhg

surshuwlhv/ dqg gh�qh wkh dvvrfldwhg �{hg djhqgd VFF e| pd{lpl}lqj wkh

vrfldo elqdu| uhodwlrq/ wkdw lv=

�E�� ' i@ 5 f m @-�5 ;5 5 fj�

Lw lv reylrxvo| zhoo gh�qhg/ vr zh rqo| kdyh wr suryh wkdw lw vdwlv�hv doo ri
wkh uhtxluhg d{lrpv1

4,Lqghshqghqfh= Ohw %c + 5 fc � 5 ` ?Ef�c vxfk wkdw % 5 �E��c + *5 �E��
dqg � G i%c +j ' � G i%c +j� Wkh gh�qlwlrq ri �E�� lpsolhv wkdw %��+ dqg

e| dsso|lqj Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv zh rewdlq wkdw %��+/

wkhuhiruh + *5 �E���

5,Prqrwrqlflw|= Frqvlghu %c + 5 fc� ' E-�c ���c -?
�c � ' E-�

�
c ���c-�

?
� 5

`
?Ef� vxfk wkdw �E�� ' i%jc d%��+ lpsolhv %� �

�
+oc dqg d%U�+ lpsolhv %-�

�
+o�

Vlqfh + *5 �E��c wkhq %��+c dqg wkhq %��+/ zklfk lpsolhv + *5 �E���

6,Qhxwudolw|= Li j lv d shupxwdwlrq ri fc wkhq iru hyhu| � 5 `
?Ef� lw lv

vdwlv�hg wkdw

% 5 �EjE���/ %-jE��+ ;+ 5 fc

exw wkhq/
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%-
jE��+ ;+ 5 f / j3�E%�-

�
j
3�E+� ;j

3�E+� 5 f /

/ j
3�E%� 5 �E��/ % 5 jd�E��o�

7,Qhjdwlyh Sduhwr= Frqvlghu %c + 5 f dqg � ' E-�c ���c -?� 5 `?Ef� vxfk

wkdw %-�+ ;� 5 � dqg dvvxph wkdw + 5 �E��� Wkhq/ zh fdq hqvxuh %-
�
+c

dqg vr/ iurp wkh gh�qlwlrq ri wkh dvvrfldwhg VFF/ % 5 �E���

8,Qrq0lpsrvhgqhvv= Ohw % 5 f( lq rughu wr vkrz wkdw wkhuh h{lvwv d sur�oh

� 5 `
?Ef� vxfk wkdw �E�� ' i%j/ frqvlghu + 9' %� E| dsso|lqj Srvlwlyh

Qrq0lpsrvhgqhvv zh nqrz wkdw wkhuh h{lvwv � 5 ` ?Ef� vxfk wkdw %�
�
+c vr

+ *5 �E��� Exw/ e| Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv/ zh nqrz wkdw

%��%++c wkdw lv + *5 �E�%+�c dqg Qhjdwlyh Sduhwr dqg wkh wudqvlwlylw| ri wkh

VGI lpso| %��%+@ ;@ 9' %c + wkhuhiruh/ e| gh�qlwlrq ri �/ zh rewdlq wkdw

�E�%+� ' i%j�

Wkh qh{w uhvxow vwdwhv wkh h{lvwhqfh ri d klhudufk| ri glfwdwruv xqghu wkh

deryh dvvxpswlrqv1

Wkhruhp 5 Li � G ` ?Ef� $ f lv d �{hg djhqgd VFF vdwlvi|lqj

Lqghshqghqfh/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr dqg Qrq0

lpsrvhgqhvv/ wkhq wkhuh h{lvwv d vxevhw a � � zklfk lv d klhudufk| ri

glfwdwruv1

Surri1 E| dsso|lqj Ohppd 4 zh nqrz wkdw wkhuh h{lvwv d wudqvlwlyh VGI

vdwlvi|lqj wkh fruuhvsrqglqj dvvxpswlrqv dqg gh�qhg e|

%��+/ �E�%+� ' i%j�

Vr/ zh fdq dsso| Dohvnhury dqg Yodglplury*v uhvxow ^5` dqg rewdlq wkh
h{lvwhqfh ri d jurxs ri lqglylgxdov a vxfk wkdw +li zh lqgh{ lw e| a '

i�c 2c ���c �j, wkh VGI fdq eh uhsuhvhqwhg dv iroorzv/

-
�
' �

�

�'�-��

Wkxv/ li %��+c vlqfh lqglylgxdo � lv d glfwdwru iru wkh VGI/ zh nqrz wkdw %�
�
+c

vr �E�%+� ' i%jc zklfk lpsolhv/ e| dsso|lqj Lqghshqghqfh/ wkdw + *5 �E��/
wkdw lv/ lqglylgxdo � lv dovr d glfwdwru iru wkh �{hg djhqgd VFF1 E| iroorzlqj
d vlplodu dujxphqw iru wkh uhvw ri lqglylgxdov ri a/ zh rewdlq wkdw a lv d
klhudufk| ri glfwdwruv1
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Ilqdoo|/ zh wudqvodwh lqwr wkh �{hg djhqgd iudphzrun wkh iroorzlqj uhsuh0
vhqwdwlrq uhvxow iru txdvlwudqvlwlyh VGIv rewdlqhg e| Dohvnhury dqg Yodglplury
^5`1 Wklv uhvxow surylghv d sduwlfxodu glvwulexwlrq ri srzhu dprqj lqglylgxdov
ri wkh vrflhw|1 Lq idfw/ lw grhv qrw rqo| lpso| wkh h{lvwhqfh ri dq roljdufk|/ exw
ri d klhudufk| ri roljdufklhv1 Lqirupdoo| vshdnlqj/ lw vwdwhv wkdw wkh vrflhw| lv
vwuxfwxuhg lq vxfk d zd| wkdw lqglylgxdov duh glylghg lq gl�huhqw jurxsv dqg/
zlwklq hdfk ri wkhvh jurxsv/ wkh ghflvlrq lv pdgh e| phdqv ri d klhudufklfdo
rshudwru> wkh �qdo ghflvlrq lv wkhq duulyhg dw e| phdqv ri wkh lqwhuvhfwlrq ri
wkh gl�huhqw rslqlrqv surylghg e| doo ri wkh jurxsv1

Irupdoo| wkh| suryh wkdw li zh frqvlghu d txdvlwudqvlwlyh VGI vdwlvi|lqj
Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh

Sduhwr/ Srvlwlyh Qrq0lpsrvhgqhvv dqg Qhjdwlyh Qrq0lpsrvhgqhvv/ wkhq lw lv

srvvleoh wr suryh wkh h{lvwhqfh ri d klhudufklfdo rshudwru wkdw uhsuhvhqwv wkh

vrfldo elqdu| uhodwlrq/ wkdw lv/

-
�
'

R_

�'�

�
k�

�'�-�� �

Lq rughu wr rewdlq wkh fruuhvsrqglqj uhvxow lq wkh �{hg djhqgd iudphzrun/
�uvw zh hvwdeolvk wkh fruuhvsrqglqj htxlydohqfh uhvxow ehwzhhq erwk frqwh{wv
+VGIv dqg �{hg djhqgd VFFv, e| lpsrvlqj wkhvh dvvxpswlrqv1

Ohppd 5 Wkhuh h{lvwv d txdvlwudqvlwlyh VGI vdwlvi|lqj Lqghshqghqfh

ri Luuhohydqw Dowhuqdwlyhv/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh

Sduhwr/ Srvlwlyh Qrq0lpsrvhgqhvv dqg Qhjdwlyh Qrq0lpsrvhgqhvv

li/ dqg rqo| li/ wkhuh h{lvwv d �{hg djhqgd VFF vdwlvi|lqj Zhdn

Lqghshqghqfh/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr dqg Qrq0

lpsrvhgqhvv1

Surri1 Zh rqo| suryh wkh txdvl0wudqvlwlylw| ri wkh VGI dvvrfldwhg zlwk wkh

�{hg djhqgd VFF/ vlqfh wkh uhvw ri wkh surri uxqv sdudooho wr wkdw ri Ohppd 41

Frqvlghu %c +c 5 5 fc � 5 ` ?Ef� vxfk wkdw %�
�
+c +�

�
5( wkdw lv

�E�%+� ' i%jc �E�+5� ' i+j� E| dsso|lqj Zhdn Lqghshqghqfh zh rewdlq

wkdw + *5 �E�%+5� dqg 5 *5 �E�%+5�c dqg Qhjdwlyh Sduhwr lpsolhv @ *5 �E�%+5�c
;@ 5 f � i%c +c 5j( wkhuhiruh wkh rqo| srvvlelolw| lv �E�%+5� ' i%jc zklfk
lpsolhv/ e| Zhdn Lqghshqghqfh/ wkdw 5 *5 �E�%5�� Exw wkhq/ e| dsso|lqj

Qhjdwlyh Sduhwr zh rewdlq �E�%5� ' i%jc wkdw lv %�
�
5�

Wkhruhp 6 Li � G ` ?Ef� $ f lv d �{hg djhqgd VFF vdwlvi|lqj Zhdn

Lqghshqghqfh/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr dqg Qrq0

lpsrvhgqhvv/ wkhq wkhuh h{lvwv d klhudufk| ri roljdufklhv1
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Surri1 E| uhdvrqlqj lq d vlplodu zd| wr Wkhruhp 5/ �uvw qrwh wkdw Ohppd
5 lpsolhv wkdw wkh dvvrfldwhg VGI +%��+ / �E�%+� ' i%j, vdwlv�hv wkh
fruuhvsrqglqj dvvxpswlrqv1 Wkhq/ Dohvnhury dqg Yodglplury*v uhvxow ^5`
lpsolhv

-
�
'

R_

�'�

�
k�

�'�-�� �

Iurp wklv uhsuhvhqwdwlrq irup ri wkh VGI/ zh frqvlghu wkh iroorzlqj vxevhwv

ri lqglylgxdov=

a� ' i@��c @2�c ���c @R�jc a2 ' i@�2c @22c ���c @R2jc �����

zkhuh @�� uhsuhvhqwv wkh lqglylgxdo ri wkh vrflhw| zkrvh suhihuhqfh uhodwlrq

lv -�� lq wkh uhsuhvhqwdwlrq irup ri -�� Lw lv qrw gl!fxow wr suryh qrz

wkdw a�ca2c ���c akc zlwk k ' pd{ ik�ck2c ���c kRjc frqvwlwxwh d klhudufk| ri

roljdufklhv iru wkh �{hg djhqgd VFF1 Wkxv/ iru lqvwdqfh/ li zh frqvlghu

%c + 5 f dqg � 5 `?Ef� vxfk wkdw %��+ ;� 5 a�c e| wkh uhsuhvhqwdwlrq

irup ri wkh VGI zh nqrz wkdw %��+c wkdw lv/ �E�%+� ' i%jc zklfk lq wxuq

lpsolhv e| Zhdn Lqghshqghqfh wkdw + *5 �E��� Pruhryhu li %�&+ iru vrph

& 5 a�c wkhq lw lv dovr fohdu wkdw %-
�
+c vr �E�%+� 9' i+j� Wkhuhiruh/ vxevhw

a� lv dq roljdufk|1 E| dsso|lqj d vlplodu zd| ri uhdvrqlqj/ zh rewdlq wkdw

a�c a2c ���c ak lv d klhudufk| ri roljdufklhv1

7 H{solflw uhsuhvhqwdwlrq ri �{hg djhqgd

VFFv1

Lq wklv vhfwlrq zh suhvhqw wkh uhvxowv rewdlqhg rq wkh h{solflw irup ri �{hg

djhqgd VFFv lq wkh suhvhqfh ri glfwdwruv/ roljdufklhv dqg lqglylgxdov zlwk

yhwr srzhu1 Lq rughu wr suhvhqw wkh uhvxowv lq d fohdu zd|/ zh glylgh wklv

vhfwlrq lq gl�huhqw vxevhfwlrqv frqfhuqlqj wkhvh gl�huhqw fdvhv1

714 Glfwdwruv dqg Klhudufk| ri Glfwdwruv1

Lw lv fohdu/ iurp wkh gh�qlwlrq lwvhoi/ wkdw li lqglylgxdo l lv d glfwdwru/ wkhq

�E�� �� �

�
( wkdw lv/ wkh vrfldo fkrlfh vhw lv d vxevhw ri wkh pd{lpdo hohphqwv

ri wkh glfwdwru1 Krzhyhu/ lq jhqhudo/ zh fdq qrw hqvxuh wkdw wkh htxdolw|

krogv/ vlqfh/ lq wkh fdvhv lq zklfk wkh glfwdwru lv lqgl�huhqw ehwzhhq d sdlu ri

dowhuqdwlyhv/ zh kdyh qr lqirupdwlrq derxw wkh vrfldo uhodwlrq ehwzhhq vxfk

hohphqwv1 Vr/ wkh vrfldo fkrlfh vhw ghshqgv rq wkh rslqlrq dqg lq xhqfh rq
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wkh fkrlfh surfhvv ri wkh uhvw ri lqglylgxdov ri wkh vrflhw|1

Li lqvwhdg ri d glfwdwru zh dvvxph wkh h{lvwhqfh ri d klhudufk| ri glfwdwruv/

zh zloo vkrz krz wkh vrfldo fkrlfh vhw fdq eh ghvfulehg lq whupv ri wkh

pd{lpdo hohphqwv ri wkh lqglylgxdov ri wkh klhudufk|1 Lq sduwlfxodu/ lq wkh

iroorzlqj uhvxow/ zh suryh wkdw zkhqhyhu d klhudufk| ri glfwdwruv h{lvwv/ wkh

vrfldo fkrlfh vhw lv frqwdlqhg lq wkh uhvxow ri d pd{lpl}dwlrq surfhvv gh�qhg

iurp lw1

Sursrvlwlrq 4 Li F lv d �{hg djhqgd VFF dqg wkhuh h{lvwv d klhudufk| ri

glfwdwruv ijE��cjE2�c ���c jE?�jc wkhq iru hyhu| sur�oh � 5 ` ?Ef�c

�E�� ���

jE?�E�
�

jE?3��E���E�
�

jE2�E�
�

jE���������

Surri1 Iurp wkh gh�qlwlrq ri glfwdwru/ zh nqrz wkdw �E�� � � �

jE��� Vlqfh

hohphqwv lq��

jE�� duh frqvlghuhg lqgl�huhqw e| lqglylgxdo jE��/ li wkhuh h{lvwv

5 5�
�

jE�� vxfk wkdw 5 *5��

jE2�E�
�

jE���c wkhq wkhuh h{lvwv � 5�
�

jE�� vxfk wkdw

��
jE2�5� Vlqfh �c 5 5��

jE�� zh nqrz wkdw �U
jE��5c vr/ iurp wkh gh�qlwlrq ri d

klhudufk| ri glfwdwruv/ 5 *5 �E��c wkdw lv �E�� �� �

jE2�E�
�

jE���� E| vxffhvvlyho|
dsso|lqj wklv dujxphqw/ zh rewdlq wkh uhtxluhg lqfoxvlrq1

Lq wkh qh{w h{dpsoh zh vkrz wkdw xqghu wkh dvvxpswlrqv zklfk hqvxuh
wkh h{lvwhqfh ri d glfwdwru iru wkh �{hg djhqgd VFF +wkdw lv/ Lqghshqghqfh
dqg Zhdn Sduhwr Rswlpdolw|, wkh vrfldo fkrlfh vhw lv xqghwhuplqhg1

H{dpsoh 4 Ohw f ' i%�c %2c ���c %?j eh wkh vhw ri dowhuqdwlyhv zlwk dq rughu

�{hg d sulrul1 Zh gh�qh wkh �{hg djhqgd VFF dv iroorzv=

�E�� ' i%�j vxfk wkdw � ' 4�?i � G %� 5� �
�
j�

Lw lv qrz hdv| wr vkrz wkdw wklv VFF vdwlv�hv Lqghshqghqfh dqg Zhdn Sduhwr

Rswlpdolw| dqg/ wkhuhiruh/ wkhuh h{lvwv d glfwdwru +lqglylgxdo 4,1 Krzhyhu/ lw
lv fohdu wkdw/ lq jhqhudo/ �E�� lv vwulfwo| frqwdlqhg lq � �

�
+h{fhsw iru zkhq

�
�

�
lv d vlqjohwrq,1

Ixuwkhupruh/ zh fdq frqvlghu d prgl�fdwlrq ri H{dpsoh 4/ lq zklfk wkh

�{hg djhqgd VFF vhohfwv wkh �uvw dowhuqdwlyh/ dffruglqj wr wkh hvwdeolvkhg

rughu/ zlwklq wkh vhw � �

?
E� �

?3�
E���E��

2
E� �

�
������c wkdw lv

�E�� ' %� vxfk wkdw � ' 4�?i � G %� 5� �
? E� �

?3�E���E�
�

2
E� �

�
������j�
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Wklv VFF vdwlv�hv Vwurqj Sduhwr Rswlpdolw| dqg Lqghshqghqfh/ exw wkh vr0

fldo fkrlfh vhw lv/ jhqhudoo|/ vwulfwo| frqwdlqhg lq ��

?
E� �

?3�
E���E��

2
E��

�
������1

Wkhuhiruh/ wkhvh dvvxpswlrqv/ zklfk duh vx!flhqw frqglwlrqv lq rughu wr hq0

vxuh wkh h{lvwhqfh ri d klhudufk| ri glfwdwruv/ duh qrw hqrxjk wr fkdudfwhul}h

wkh vrfldo fkrlfh vhw hlwkhu1

Lq wkh iroorzlqj uhvxow/ zh suryh wkdw e| lpsrvlqj Vwurqj Sduhwr

Rswlpdolw|/ Sduhwr Lqgl�huhqfh dqg Lqghshqghqfh/ zh fdq ghwhuplqh wkh

vrfldo fkrlfh vhw1

Wkhruhp 7 Li j lv d shupxwdwlrq ri �c wkhq wkh �{hg djhqgd VFF/ �W

G

`
?Ef� �$ fc gh�qhg e|

�WE�� '� �

jE?�E�
�

jE?3��E���E�
�

jE2�E�
�

jE��������c +4,

vdwlv�hv Lqghshqghqfh/ Vwurqj Sduhwr Rswlpdolw| dqg Sduhwr

Lqgl�huhqfh1 Frqyhuvho|/ hyhu| �{hg djhqgd VFF vdwlvi|lqj wkhvh

surshuwlhv wdnhv wklv irup1

Surri1 Ohw xv vkrz wkdw �W vdwlv�hv wkh uhtxluhg surshuwlhv +zlwkrxw orvv
ri jhqhudolw|/ frqvlghu jE�� ' �c iru doo � 5 � �=

4, Lqghshqghqfh= Frqvlghu %c + 5 f dqg � ' E-�c ���c -?
�c � ' E-�

�
c ���c -�

?
� 5

`
?Ef� vxfk wkdw % 5 �WE��c + *5 �WE�� dqg � G i%c +j ' � G i%c +j� Vlqfh + *5

�WE��c wkhuh h{lvwv � 5 i�c 2c ���c ?j vxfk wkdw + 5 ��

�3�E�
�

�32E���E�
�

2
E� �

�
�����

exw + *5� �

� E�
�

�3�E�
�

�32E���E�
�

2
E� �

�
������ Vr/ zh nqrz wkdw %U&+ ;& 5 i�c2c ���c ��

�j dqg %��+( pruhryhu vlqfh � dqg � frlqflgh ryhu dowhuqdwlyhv % dqg +/

zh dovr nqrz wkdw %U
�

&
+ ;& 5 i�c 2c ���c � � �j dqg %�

�

�+� Wkhuhiruh + *5
�

�

� E�
�
�3�E���E�

�

2
E� �

�
�����c vr + *5 �WE���

5, Vwurqj Sduhwr Rswlpdolw|= Frqvlghu %c + 5 f dqg � 5 ` ?Ef�c vxfk wkdw

%-�+ ;� 5 � dqg %��+c iru vrph � 5 � 1 Wkhq/ e| wkh gh�qlwlrq ri �W/ lw lv

reylrxv wkdw + *5 �WE���

6, Sduhwr Lqgl�huhqfh= Frqvlghu %c + 5 f dqg � 5 `
?Ef�c vxfk wkdw %U�+

;� 5 �c dqg vxssrvh % 5 �WE��� Wkhq % 5 �
�

�
dqg/ ehlqj -� d zhdn0rughu/

+ 5� �

�
� E| uhshdwlqj wklv uhdvrqlqj/ zh rewdlq wkdw + 5 �WE���

Frqyhuvho|/ jlyhq d �{hg djhqgd VFF vdwlvi|lqj Lqghshqghqfh/ Vwurqj

Sduhwr Rswlpdolw| dqg Sduhwr Lqgl�huhqfh/ zh nqrz e| dsso|lqj Wkhruhp

4 wkdw wkhuh h{lvwv d klhudufk| ri glfwdwruv/ qdpho| ijE��c jE2�c ���c jE?�j1

4:



Vr/ zh rqo| qhhg wr suryh wkdw wkh vrfldo fkrlfh vhw lv jlyhq e|

�
�

jE?�E�
�

jE?3��E���E�
�

jE2�E�
�

jE��������� Iurp Sursrvlwlrq 4/ zkhqhyhu wklv vhw

lv d vlqjohwrq/ zh kdyh wkh uhtxluhg htxdolw|1 Lq jhqhudo/ li zh dvvxph wkdw

wkhuh duh wzr gl�huhqw dowhuqdwlyhv %c + 5� �

jE?�E�
�

jE?3��E���E�
�

jE2�E�
�

jE��������

vxfk wkdw % 5 �E�� exw + *5 �E��/ e| dsso|lqj Lqghshqghqfh/ zh nqrz wkdw

+ *5 �E�%+�c exw wkhq/ Vwurqj Sduhwr Rswlpdolw| lpsolhv �E�%+� ' i%jc zklfk

frqwudglfwv Sduhwr Lqgl�huhqfh/ vlqfh %U
jE��+ ;� 5 ��

Li lqvwhdg ri Wkhruhp 4 zh pdnh xvh ri Wkhruhp 5/ zh fdq rewdlq wkh
iroorzlqj uhsuhvhqwdwlrq uhvxow iru �{hg djhqgd VFFv +qrwh wkdw/ lq wklv fdvh/
wkh klhudufk| ri glfwdwruv grhv qrw qhfhvvdulo| lqfoxgh doo wkh lqglylgxdov,1

Wkhruhp 8 Li a ' i��c �2c ���c ��j � �c wkhq wkh �{hg djhqgd VFF �W

G

`
?Ef� �$ fc gh�qhg e|

�WE�� '� �

��
E��

��3�
E���E� �

�2
E��

��
������c

vdwlv�hv Lqghshqghqfh/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr

dqgQrq0lpsrvhgqhvv1 Frqyhuvho|/ hyhu| �{hg djhqgd VFF vdwlvi|lqj wkhvh

surshuwlhv wdnhv wklv irup1

Surri1 Ohw xv vkrz wkdw �W vdwlv�hv wkh uhtxluhg surshuwlhv1 Zlwkrxw orvv

ri jhqhudolw|/ frqvlghu a ' i�c 2c ���c �j�

4,Lqghshqghqfh= Dqdorjrxv wr wkh surri lq Wkhruhp 71

5,Prqrwrqlflw|= Frqvlghu %c + 5 fc � ' E-�c ���c -?�c � ' E-�

�
c ���c -�

?
� 5

`
?Ef� vxfk wkdw % 5 �WE��c + *5 �WE��c ^%��+ lpsolhv %� �

�
+oc dqg ^%U�+ lp0

solhv %-�

�
+o� Vlqfh + *5 �WE��c wkhuh h{lvwv � 5 i�c2c ���c �j vxfk wkdw + 5

��

�3�
E��

�32
E���E��

2
E��

�
����� exw + *5 ��

�
E� �

�3�
E��

�32
E���E��

2
E��

�
������ Vr zh

nqrz wkdw %U&+ ;& ' �c 2c ���c �� � +dqg wkhuhiruh wkdw %-�

&
+ ;& ' �c2c ���c ��

��c dqg wkdw %��+ +dqg wkhuhiruh %� �

�
+�� Wkxv/ zh fdq frqfoxgh wkdw + *5

�
�

�
E� �

�3�
E��

�32
E���E��

2
E��

�
�����c wkdw lv + *5 �WE���

6,Qhxwudolw|= Ohw j eh d shupxwdwlrq ri wkh dowhuqdwlyhv> zh pxvw qrz suryh

wkdw

jd�WE��o ' �WEjE���c

wkdw lv/

jd� �

� E�
�
�3�E���E�

�

2 E��

� ������o ' �
jE��
� E�

jE��
�3� E���E�

jE��
2 E�

jE��
� �������

vwhs 4= jd��

�
o '�jE��

� �

4;



% 5 �
jE��
� / %jE-��+ ;+ 5 f / j3�E%�-�j

3�E+� ;+ 5 f /

/ j3�E%� 5� �

�
/ % 5 jE��

�
��

vwhs 5= jd��

2
E� �

� �o '�
jE��
2 E�

jE��
� ��

% 5 �
jE��
2 E�

jE��
� �/ %jE-2�+ ;+ 5�

jE��
� /

/ j
3�E%�-2j

3�E+� ;+ 5�
jE��
� ' jE��

�
�/

/ j
3�E%�-2j

3�E+� ;j
3�E+� 5��

�
/

/ j
3�E%� 5��

2
E��

�
�/ % 5 jd��

2
E��

�
�o�

E| uhshdwlqj wklv uhdvrqlqj/ zh rewdlq wkh uhtxluhg uhvxow1

7,Qhjdwlyh Sduhwr= Frqvlghu d sur�oh � ' E-�c ���c -?� 5 ` ?Ef� vxfk wkdw

%-�+ ;� 5 �c dqg dvvxph + 5 �WE��� Exw wkhq/ dqg e| wkh zd| lq zklfk

�W kdv ehhq gh�qhg/ lw lv fohdu wkdw % 5 �WE���

8,Qrq0lpsrvhgqhvv= Jlyhq % 5 f/ lw lv vx!flhqw wr frqvlghu d sur�oh lq

zklfk wkh suhihuhqfh ri wkh �uvw lqglylgxdo lv jlyhq e| wkh uhodwlrq -�

gh�qhg lq vxfk d zd| wkdw %��5 ;5 5 f � i%j( wkhq lw lv fohdu wkdw

�WE�� '� �

� E�
�
�3�E���E�

�

2
E��

�
������ ' i%j�

Frqyhuvho|/ jlyhq d �{hg djhqgd VFF vdwlvi|lqj doo ri wkhvh dvvxpswlrqv/

zh fdq dsso| Wkhruhp 5 dqg frqfoxgh wkdw wkhuh h{lvwv d vxevhw a � �

zklfk lv d klhudufk| ri glfwdwruv iru wkh �{hg djhqgd VFF1 Zh lqgh{ lw e|

a ' i�c 2c ���c �j� Lq rughu wr vkrz wkdw �E�� � ��

� E�
�
�3�E���E�

�

2
E��

�
������/

zh vwduw e| surylqj wkdw �E�� � ��

�
� Li + *5 � �

�
/ wkhq wkhuh h{lvwv % 5 f

vxfk wkdw %��+1 Exw wkhq/ vlqfh a lv d klhudufk| ri glfwdwruv/ wklv lpsolhv

wkdw + *5 �E��� Pruhryhu/ vlqfh doo wkh hohphqwv lq �
�

�
duh lqgl�huhqw iru

lqglylgxdo 4/ wkh| zloo eh lqfoxghg ru h{foxghg iurp wkh vrfldo fkrlfh vhw gh0

shqglqj rq wkh rslqlrq wkdw wkh vhfrqg lqglylgxdo kdv derxw wkhp1 Dvvxph

wkdw wkhuh h{lvwv 5 5�
�

�
vxfk wkdw 5 *5� �

2
E� �

�
�( wkhq/ wkhuh h{lvwv � 5 ��

�

vxfk wkdw ��25� Vlqfh �c5 5� �

�
zh nqrz wkdw �U�5 vr/ iurp wkh klhudufklfdo

vwuxfwxuh ri a / 5 *5 �E��c wkdw lv/ �E�� �� �

2
E� �

�
�� E| vxffhvvlyho| dsso|lqj

wkh vdph uhdvrqlqj/ zh rewdlq wkh uhtxluhg lqfoxvlrq1

Ilqdoo|/ li ��

� E�
�

�3�E���E�
�

2
E��

�
������ lv d vlqjohwrq/ wkhq wkh htxdolw|

krogv1 Dvvxph wkdw wkhuh h{lvwv %c + 5 ��

� E��
�3�E���E�

�

2
E��

�
������ vxfk wkdw

% 5 �E�� dqg + *5 �E��� Rq wkh rqh kdqg/ zh fdq dsso| Lqghshqghqfh dqg

4<



frqfoxgh wkdw + *5 �E�%+�( rq wkh rwkhu kdqg/ vlqfh %U�+ ;� ' �c 2c ���c �c zh
nqrz wkdw %U�+c zklfk phdqv �E�%+� ' i%c +jc d frqwudglfwlrq1 Wkhuhiruh/

�
�

� E�
�

�3�E���E�
�

2
E��

�
������ � �E���

715 Roljdufklhv dqg lqglylgxdov zlwk yhwr srzhu1

Wkh dqdo|vlv ri wkh h{solflw uhsuhvhqwdwlrq ri �{hg djhqgd VFFv zkhqhyhu

roljdufklhv ru lqglylgxdov zlwk yhwr srzhu h{lvw/ lv pruh gl!fxow wkdq lq wkh

fdvh ri wkh suhylrxv vhfwlrq1 Edvlfdoo|/ wkh gl�huhqfh lv gxh wr wkh gh�qlwlrq

ri lqglylgxdo zlwk yhwr srzhu= zkloh lq wkh fdvh ri d glfwdwru/ li kh ghflghv

rq %��+c lw lpsolhv wkdw + lv qrw vrfldoo| fkrvhq E+ *5 �E���/ lq wkh fdvh ri dq

lqglylgxdo zlwk yhwr srzhu zh rqo| nqrz wkdw �E�%+� 9' i+jc dqg lw grhv qrw

jlyh pxfk lqirupdwlrq derxw zkdw wkh vrfldo fkrlfh vhw �E�� lv olnh1 Wkdw lv
zk| wkh lpsolfdwlrqv ri wkh h{lvwhqfh ri yhwr srzhu ryhu wkh vrfldo fkrlfh vhw
duh qrw vr fohdu1 Pruhryhu/ dowkrxjk lqglylgxdov ri dq roljdufk| dfw wrjhwkhu
dv d glfwdwru/ zh rqo| fdq hqvxuh wkdw vrph dowhuqdwlyh + lv qrw vrfldoo| fkrvhq
li doo ri wkh lqglylgxdov lq wkh roljdufk| djuhh rq wkdw vrph rwkhu dowhuqdwlyh
% lv vwulfwo| ehwwhu wkdq +1 Lq wkh uhvw ri wkh fdvhv/ zh kdyh qr lqirupdwlrq
derxw zkdw wkh vrfldo fkrlfh vhw lv olnh1

Vr/ dowkrxjk wkh h{lvwhqfh ri roljdufklhv lq wkh frqwh{w ri djjuhjdwlrq ri
suhihuhqfhv +txdvlwudqvlwlyh VGIv, lpsolhv wkdw �dq djhqw kdv qr srzhu dw

doo ru ixoo yhwr srzhu� +vhh ^<`,/ lq whupv ri fkrlfh ixqfwlrqv zh zloo vkrz
wkdw wkh lqglylgxdov lq wkh roljdufk| grq*w kdyh vr pxfk srzhu zlwk uhvshfw
wr wkh �qdo vrfldo fkrlfh vhw lq wkh �{hg djhqgd iudphzrun1

Lq rughu wr dqdo|}h wkh h{solflw uhsuhvhqwdwlrq ri �{hg djhqgd VFFv lq wkh
suhvhqfh ri roljdufklhv/ zh �uvw frqvlghu wkrvh wkdw vdwlvi|Zhdn Lqghshqghqfh

dqg Zhdn Sduhwr Rswlpdolw| +vlqfh/ dv zh phqwlrqhg lq wkh suhylrxv vhfwlrq/
wkhvh duh vx!flhqw frqglwlrqv wr hqvxuh wkh h{lvwhqfh ri dq roljdufk| lq wkh
�{hg djhqgd iudphzrun^:`,1 Iluvw ri doo qrwh wkdw/ xqghu wkhvh dvvxpswlrqv
dqg iurp wkh gh�qlwlrq ri dq roljdufk|/ lw lv fohdu wkdw li a lv dq roljdufk|

wkhq

�E�� � i@ 5 f m C K 5 f G K��@ ;� 5 aj�

Krzhyhu/ lw lv qrw srvvleoh wr nqrz pxfk pruh derxw wkh vrfldo fkrlfh vhw

lq wkh suhvhqfh ri wkh roljdufk| e| lpsrvlqj wkhvh dvvxpswlrqv dorqh1 Wkh

iroorzlqj h{dpsoh vkrzv wkdw/ lq idfw/ lw lv srvvleoh wkdw wkh lqwhuvhfwlrq ri wkh

vrfldo fkrlfh vhw/ dqg wkh pd{lpdo vhwv ri wkh lqglylgxdov lq wkh roljdufk|/

zrxog eh hpsw|> wkdw lv/ wkh vrfldo fkrlfh vhw frxog qrw vhohfw dq| ri wkh

pd{lpdo dowhuqdwlyhv ri wkh lqglylgxdov ri wkh roljdufk|1
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H{dpsoh 5 Ohw f ' i%�c %2c %�c %ec %Dj eh wkh vhw ri dowhuqdwlyhv dqg � '

i�c 2c �c ec Dj wkh vhw ri lqglylgxdov1 Iru hdfk sur�oh � ' E-�c-2c ���c -D� 5
` DEf� zh gh�qh wkh iroorzlqj elqdu| uhodwlrq/

%�
�
+/ %��+ ;� 5 i�c 2c�jc

dqg d �{hg djhqgd VFF zklfk vhohfwv wkh �uvw dqg vhfrqg dowhuqdwlyhv +zlwk
uhvshfw wr wkh rughu �{hg lq wkh vhw [, zlwklq wkh pd{lpdo vhw surylghg e|
wklv uhodwlrq1 Li wkhuh lv rqo| rqh dowhuqdwlyh lq wklv vhw/ wkhq wkh �{hg djhqgd
VFF vhohfwv lw1 Lw lv fohdu wkdw lqglylgxdov i�c 2c �j irup dq roljdufk| dqg

wkdw � vdwlv�hv Zhdn Lqghshqghqfh dqg Zhdn Sduhwr Rswlpdolw|1 Exw li zh

frqvlghu wkh iroorzlqj lqglylgxdo suhihuhqfhv/

-� G %D��%���%���%2��%ec

-2 G %��2%��2%D�2%e�2%2c

-� G %e��%2��%���%D��%�c

wkhq/ �E�� ' i%�c %2j( vr wkh vrfldo fkrlfh vhw vhohfwv dowhuqdwlyhv zklfk duh

qrw pd{lpdo iru dq| ri wkh lqglylgxdov lq wkh roljdufk|1

Zh lqwurgxfh dq dgglwlrqdo dvvxpswlrq zklfk lq d zd| wudqvodwhv wkh
surshuw| ri �Jhqhudol}hg Frqgrufhw Zlqqhu� ^44` +dw ohdvw/ zkhqhyhu zh
lpsrvh Zhdn Sduhwr Rswlpdolw|,/ wr wkh frqwh{w ri �{hg djhqgd VFFv1
Lqirupdoo| vshdnlqj/ lw phdqv wkdw zkhqhyhu wkhuh h{lvwv dq dowhuqdwlyh zklfk
lv ehwwhu wkdq ru htxdo wr dq| rwkhu dowhuqdwlyh ri wkh vhw/ lq d �sdluzlvh
frpsdulvrq�6/ wkhq lw kdv wr eh fkrvhq iurp wkh wrwdo vhw1

D{lrp 44 Frqgrufhw Surshuw|= ;� 5 `
?Ef�c ;% 5 fc li % 5 �E�%+�

;+ 5 fc wkhq % 5 �E���

Wkh iroorzlqj uhvxow vwdwhv wkdw xqghu wkh dvvxpswlrqv ri Svhxgr0

Lqghshqghqfh / Zhdn Sduhwr Rswlpdolw| dqg Frqgrufhw Surshuw|/ zh fdq
hqvxuh wkdw dw ohdvw vrph ri wkh pd{lpdo hohphqwv ri wkh lqglylgxdov zlwk yhwr
srzhu ehorqj wr wkh vrfldo fkrlfh vhw1 Wkhuhiruh/ wklv sursrvlwlrq surylghv
dq dowhuqdwlyh gh�qlwlrq ri dq lqglylgxdo zlwk yhwr srzhu lq whupv ri wkh
lqglylgxdo fkrlfh vhw +pd{lpdo vhw,= dq lqglylgxdo kdv yhwr srzhu li kh fdq

6Qrwh wkdw lq wklv iudphzrun/ vlqfh wkh vhw ri dowhuqdwlyhv lv �{hg d sulrul/ zh fdq qrw

vwdwh wkdw dq dowhuqdwlyh lv ehwwhu wkdq dqrwkhu rqh lq d sdluzlvh frpsdulvrq e| fkrrvlqj

ryhu wkh vhw i{> |j/ exw e| dqdo|}lqj wkh vrfldo fkrlfh vhw zkhq wkh sur�oh frqvlghuhg lv

x
{|

> zklfk lv lq vrph vhqvh htxlydohqw lq wkh suhvhqfh ri Zhdn Sduhwr Rswlpdolw|1
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dozd|v hqvxuh wkdw vrph ri klv pd{lpdo hohphqwv duh lq wkh vrfldo fkrlfh vhw1

Qrwh wkdw/ dowkrxjk lw vhhpv d �qdwxudo� gh�qlwlrq ri yhwr srzhu/ lw grhv qrw

fruuhvsrqg/ lq jhqhudo/ wr wkh zhoo0nqrzq qrwlrq ri yhwr srzhu lq wkh frqwh{w

ri djjuhjdwlrq ri suhihuhqfhv1

Sursrvlwlrq 5 Li � lv d �{hg djhqgd VFF vdwlvi|lqj Svhxgr0Lqghshqghqfh/

Zhdn Sduhwr Rswlpdolw| dqgFrqgrufhw Surshuw|/ wkhq lqglylgxdo � kdv

yhwr srzhu li/ dqg rqo| li/

�E�� _��

�
9' > ;� 5 ` ?Ef��

Surri1 Dvvxph wkdw �E�� _ � �

�
9' > ;� 5 `

?Ef�� Lq rughu wr vkrz

wkdw lqglylgxdo � kdv yhwr srzhu frqvlghu dowhuqdwlyhv %c + 5 f vxfk wkdw

%��+( wkhq/ vlqfh �E�%+� _��
%+

�
9' >c zh rewdlq wkdw % 5 �E�%+�( wkhuhiruh

lqglylgxdo � kdv yhwr srzhu1

Frqyhuvho|/ dvvxph wkdw lqglylgxdo � kdv yhwr srzhu dqg frqvlghu d sur�oh

� 5 `
?Ef�1 Iru hyhu| 5 5 ��

�
dqg @ *5 � �

�
c lw lv vdwlv�hg wkdw 5��@c zklfk

lpsolhv +vlqfh � lv d yhwrhu, �E�@5� 9' i@jc wkdw lv

5 5 �E�@5� ;@ *5��

�
�

Zh zloo qrz vkrz wkdw wkhuh h{lvwv dw ohdvw rqh dowhuqdwlyh K 5�
�

�
vxfk wkdw

K 5 �E�K5� ;5 5�
�

�
� E| frqwudglfwlrq dvvxph wkdw iru hyhu| 5& 5�

�

�
wkhuh

dozd|v h{lvwv dqrwkhu dowhuqdwlyh 5r 5 �
�

�
vxfk wkdw 5& *5 �E�5r5&�� Vr/ li zh

vwduw e| 5� 5 �
�

�
c zh nqrz wkdw wkhuh h{lvwv 52 5�

�

�
vxfk wkdw 5� *5 �E�5�52�c

wkdw lv �E�5�52� ' i52j( e| dsso|lqj wkh vdph dujxphqw wr 52 zh nqrz wkdw

wkhuh h{lvwv 5� 5 �
�

�
vxfk wkdw 52 *5 �E�525��c wkdw lv �E�525�� ' i5�j( e|

uhshdwlqj wklv surfhvv/ vlqfh wkh vhw ri dowhuqdwlyhv lv �qlwh/ zh nqrz wkdw/ dw

vrph srlqw lq wklv uhdvrqlqj/ zh zloo rewdlq wkh iroorzlqj vlwxdwlrq=

5� , <5�n� G �E�5�5�n�� ' i5�n�jc

5�n� , <5�n2 G �E�5�n�5�n2� ' i5�n2jc

5�n2 , <5�n� G �E�5�n25�n�� ' i5�n�jc

������������������������������������������

5& , <5� G �E�5&5�� ' i5�j�

Exw wkhq/ li zh frqvlghu sur�oh �
5�5�n�����5&

c e| Svhxgr0Lqghshqghqfh/ zh re0

wdlq �E�5�5�n�����5&� ' >c zklfk lv d frqwudglfwlrq1 Wklv odvw vwdwhphqw lv

55



rewdlqhg vlqfh/ rq wkh rqh kdqg/ e| Zhdn Sduhwr Rswlpdolw| lw lv fohdu

wkdw �E�5�5�n� ����5&� � i5�c ���c 5&j( zkloh/ rq wkh rwkhu kdqg/ dqg e| dsso|0

lqj Svhxgr0Lqghshqghqfh zlwk sur�ohv E�5�5�n�����5&� dqg E�5�5�n��c E�5�5�n�����5&�
dqg E�5�n�5�n2�c ��� dqg vr rq/ zh rewdlq 5� *5 �E�5�5�n�����5&� ;� ' �c �n �c ���c &�

Wkhuhiruh/ zh fdq hqvxuh wkh h{lvwhqfh ri dq dowhuqdwlyh K 5��

�
vxfk wkdw

K 5 �E�K%� ;% 5 f dqg �qdoo|/ e| dsso|lqj Frqgrufhw Surshuw|/ zh rewdlq

K 5 �E�� _��

�
1

Vr/ xqghu wkh dvvxpswlrqv ri wkh suhylrxv uhvxow/ zh fdq hqvxuh wkdw dw

ohdvw rqh pd{lpdo dowhuqdwlyh ri hdfk ri wkh lqglylgxdov lq wkh roljdufk| lv

vrfldoo| fkrvhq1 Krzhyhu/ lw pd| eh wkdw hohphqwv zklfk duh qrw pd{lpdo

iru dq| ri vxfk lqglylgxdov ehorqj wr wkh vrfldo fkrlfh vhw1

Lq wkh iroorzlqj uhvxow/ zh dqdo|}h wkh fdvh lq zklfk wkhuh h{lvwv d vxevhw

ri lqglylgxdov zklfk frqvwlwxwhv d klhudufk| ri yhwr srzhu1 Wklv uhvxow lv

vlplodu wr wkdw lq Sursrvlwlrq 5/ dqg dv lq wkdw fdvh/ xqghu wkh dssursuldwh

d{lrpv/ lw surylghv dq dowhuqdwlyh gh�qlwlrq ri d klhudufk| ri yhwr srzhu1

Sursrvlwlrq 6 Li � lv d �{hg djhqgd VFF vdwlvi|lqj Svhxgr0Lqghshqghqfh/

Zhdn Sduhwr Rswlpdolw| dqg Frqgrufhw Surshuw|/ wkhq vxevhw a '

i��c �2c ���c ��j lv d yhwr klhudufk| li/ dqg rqo| li/

�E�� _� �

��
E��

��3�
E����E��

��
����� 9' > ;� 5 ` ?Ef��

Surri1 Zlwkrxw orvv ri jhqhudolw|/ frqvlghu a ' i�c 2c ���c �j� Dvvxph wkdw
�E�� _ � �

� E�
�
�3�E����E�

�

�
����� 9' > ;� 5 `

?Ef�� Lq rughu wr vkrz wkdw

a ' i�c 2c ���c �j lv d yhwr klhudufk|/ frqvlghu dowhuqdwlyhv %/ + vxfk wkdw

%��+� Dv �E�%+� _��
%+

� E��%+

�3�E����E�
�
%+

�
����� 9' >c dqg ��

%+

�
' i%jc wkhq zh

fdq hqvxuh wkdw �E�%+� _ � �
%+

� E� �%+

�3�E����E�
�
%+

�
����� ' i%j dqg/ wkhuhiruh/

wkdw �E�%+� 9' i+j� Vr/ lqglylgxdo 4 kdv yhwr srzhu ryhu dq| sdlu ri

dowhuqdwlyhv1 Dvvxph qrz wkdw %U�+ dqg %�2+( wkhq/� �
%+

2
E� �

%+

�
� ' i%j dqg

�E�%+� _� �
%+

� E� �%+

�3�E����E�
�
%+

�
����� ' i%j� Vr/ lqglylgxdo 5 kdv yhwr srzhu

zkhqhyhu lqglylgxdo 4 lv lqgl�huhqw1 E| uhshdwlqj wklv uhdvrqlqj zh rewdlq

wkh uhvxow1

Frqyhuvho|/ ohw xv dvvxph wkdw a lv d yhwr klhudufk|1 E| uhdvrqlqj

dv lq wkh surri ri Sursrvlwlrq 5/ lw lv qrw gl!fxow qrz wr suryh
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wkdw wkhuh lv dq dowhuqdwlyh K 5 �
�

� E�
�
�3�E����E�

�

�
�����c vxfk wkdw K 5

�E�K%� ;% 5 f( wkhuhiruh/ e| dsso|lqj Frqgrufhw Surshuw|/ K 5 �E�� _
��

�
E��

�3�
E����E��

�
������

Wkh qh{w uhvxow surylghv d elw pruh lqirupdwlrq derxw wkh uhsuhvhqwdwlrq

ri wkh vrfldo fkrlfh vhw lq whupv ri wkh pd{lpdo hohphqwv ri dq roljdufk|

dqg suryhv wkdw/ xqghu Zhdn Lqghshqghqfh/ Zhdn Sduhwr Rswlpdolw| dqg

Frqgrufhw Surshuw|/ li doo ri wkh lqglylgxdov lq wkh roljdufk| djuhh rq vrph

pd{lpdo hohphqwv/ wkh vrfldo fkrlfh vhw lv d vhohfwlrq ri wkh xqlrq ri wkhlu

pd{lpdo hohphqwv dqg/ pruhryhu/ vrph ri wkh pd{lpdo hohphqwv rq zklfk

wkh| doo djuhh duh vrfldoo| fkrvhq1

Sursrvlwlrq 7 Li � lv d �{hg djhqgd VFF vdwlvi|lqj Zhdn Lqghshqghqfh

dqg Zhdn Sduhwr Rswlpdolw|/ wkhq wkhuh h{lvwv d vxevhw ri lqglylgxdov a
+dq roljdufk|,/ vxfk wkdw iru hyhu| � 5 ` ?Ef�c li

W

�Ma

�
�

�
9' > wkhq/

4, �E�� �
V

�Ma

�
�

�
�

5, Li � dovr vdwlv�hv Frqgrufhw Surshuw|/ wkhq
W

�Ma

�
�

�
_ �E�� 9' >�

Surri1 Zh nqrz wkdw/ xqghu wkhvh dvvxpswlrqv/ dq roljdufk| a � � h{0
lvwv +vhh ^:`,1 Ohw xv qrz vkrz wkdw 4, dqg 5, duh ixo�oohg e| vxfk dq roljdufk|1

4, Dvvxph wkdw % *5
V

�Ma

�
�

�
> wkhq % *5� �

�
;� 5 a dqg wkhuhiruh e| frqvlghulqj

K 5
W

�Ma

�
�

�
c zh nqrz wkdw K��% ;� 5 a / zklfk lpsolhv wkdw % *5 �E���

5, E| uhdvrqlqj lq wkh vdph zd| dv lq Sursrvlwlrq 5/ lw lv qrw gl!fxow wr
suryh wkdw wkhuh lv vrph 5 5

W

�Ma

�
�

�
c vxfk wkdw 5 5 �E�5%� ;% 5 fc vr/

e| dsso|lqj Frqgrufhw Surshuw|/ zh fdq frqfoxgh wkdw 5 5 �E��� WkhuhiruhW

�Ma

�� _ �E�� 9' >�

Ilqdoo|/ lq wkh iroorzlqj uhvxowv/ zh suhvhqw d fkdudfwhul}dwlrq ri wkh vrfldo

fkrlfh vhw/ zkhq zh nqrz ri wkh h{lvwhqfh ri roljdufklhv1 Lq sduwlfxodu/

Sursrvlwlrq 8 vwdwhv wkdw wkh vrfldo fkrlfh vhw lv gh�qhg lq wkh iroorzlqj zd|=

vrflhw| lv glylghg lqwr gl�huhqw jurxsv dqg zlwklq hdfk ri wkhvh jurxsv wkh|

pdnh fkrlfhv lq wkh vdph zd| dv d klhudufk| ri glfwdwruv> wkhq wkh gl�huhqw

fkrlfhv ri doo ri wkhvh jurxsv duh vrfldoo| fkrvhq1 Pruhryhu/ li doo ri wkhp

djuhh rq vrph dowhuqdwlyhv/ wkhq wkhvh dowhuqdwlyhv frpsohwho| ghwhuplqh wkh

vrfldo fkrlfh vhw1
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Sursrvlwlrq 8 Ohw � G ` ?Ef� $ f eh d �{hg djhqgd VFF vdwlvi|lqj

Zhdn Lqghshqghqfh/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr

dqg Qrq0lpsrvhgqhvv1 Wkhq/ wkhuh h{lvwv d klhudufklfdo vwuxfwxuh/

jlyhq e| R jurxsv ri lqglylgxdov= �� ' i@��c @�2c ���c @�k�j(�2 '

i@2�c @22c ���c @2k2jc ���c �R ' i@R�c @R2c ���c @RkRj
vxfk wkdw li zh ghqrwh e|

�
�

�
'�

�

�k�
E��

�k�3�
E���E� �

�2
E� �

��
����� ;� ' �c 2c ���Rc

wkhq/
4, zkhqhyhu ��

�
_ �

�

2
_ ���� _ �

�

R
9' >c wkh iroorzlqj lqfoxvlrq lv ixo�oohg

�E�� � ��

�
^�

�

2
^ ���� ^�

�

R
(

5, lq dq| fdvh/ li � dovr vdwlv�hv Frqgrufhw Surshuw|/ wkh frqyhuvh

lqfoxvlrq krogv/ wkdw lv/

�
�

�
^�

�

2
^ ���� ^�

�

R
� �E���

Surri1 4, Vlqfh � lv d VFF vdwlvi|lqj Zhdn Lqghshqghqfh/ Prqrwrqlflw|/

Qhxwudolw|/ Qhjdwlyh Sduhwr dqg Qrq0lpsrvhgqhvv/ e| dsso|lqj Ohppd 5
zh nqrz wkdw wkhuh h{lvwv d txdvlwudqvlwlyh VGI vdwlvi|lqj Lqghshqghqfh ri

Luuhohydqw Dowhuqdwlyhv/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr/ Srvlwlyh

Qrq0lpsrvhgqhvv dqg Qhjdwlyh Qrq0lpsrvhgqhvv1 Zh fdq wkhq dsso|
Dohvnhury dqg Yodglplury*v uhvxow +vhh ^5`, dqg rewdlq wkdw wkh dvvrfldwhg
VGI +zklfk lv gh�qhg dv xvxdo= %�

�
+ li/ dqg rqo| li/ �E�%+� ' i%j, fdq eh

uhsuhvhqwhg dv iroorzv=

-� '

R_

�'�

�

k�

�'�-�� c

wkdw lv/ lw lv gh�qhg e| phdqv ri wkh lqwhuvhfwlrq ri wkh rslqlrqv ri wkh gl�hu0
hqw jurxsv ri lqglylgxdov +�� ' i@��c @�2c ���c @�k�jc �2 ' i@2�c @22c ���c @2k2jc ���c

�R ' i@R�c @R2c ���c @RkRj zkhuh @�� uhsuhvhqwv wkh lqglylgxdo ri wkh vrflhw|

zkrvh suhihuhqfh uhodwlrq lv -�� zlwk uhvshfw wr wkh uhsuhvhqwdwlrq irup ri
-�, dqg/ zlwklq hdfk ri wkhvh jurxsv/ wkh ghflvlrq lv pdgh dv d klhudufk| ri
glfwdwruv1

Frqvlghu � 5 �
�

�
_ �

�

2
_ ���� _ �

�

R
dqg % *5 ��

�
^ �

�

2
^ ���� ^ �

�

R
� Wkhq zh

nqrz wkdw wkh rslqlrq zlwk uhvshfw wr dowhuqdwlyhv % dqg � lq doo ri wkh jurxsv

��c �2c ����c �R lv dv iroorzv= ����
% +zkhuh -��

' �
k�

�'�-���1 Vr/ ��
�
%/ wkdw lv

�E�%�� ' i�jc dqg e| dsso|lqj Zhdn Lqghshqghqfh/ zh rewdlq % *5 �E���
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5, Ohw % 5 �
�

�
^ �

�

2
^ ���� ^ �

�

R
� Li % 5 ��

�
c zh nqrz wkdw %U��

�c ;� 5 ��

�
c

dqg %���
�c ;� *5 ��

�
� Wkhuhiruh zh fdq frqfoxgh wkdw %-�5 ;5 5 fc dqg

Frqgrufhw Surshuw| lpsolhv % 5 �E���

E| phdqv ri wklv uhvxow zh kdyh d frpsohwh fkdudfwhul}dwlrq ri wkh vrfldo

fkrlfh vhw lq wkh fdvh lq zklfk wkh lqwhuvhfwlrq ri wkh rslqlrqv ri wkh gl�huhqw

jurxsv lv qrq0hpsw|1

Fruroodu| 4 Li � lv d �{hg djhqgd VFF vdwlvi|lqj Zhdn Lqghshqghqfh/

Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr/ Qrq0lpsrvhgqhvv dqg

Frqgrufhw Surshuw|/ wkhq wkhuh h{lvwv d klhudufklfdo vwuxfwxuh ��c�2c ���c �R

vxfk wkdw=

�s ��

�
_�

�

2
_ ���� _�

�

R
9' >, �E�� ' �

�

�
^�

�

2
^ ���� ^�

�

R
�

Uhpdun1 Xqghu wkh k|srwkhvhv ri wkh suhylrxv uhvxow dqg dv zh kdyh phq0

wlrqhg/ hdfk jurxs ri lqglylgxdov

�� ' i@��c @�2c ���c @�k�
j

dfwv dv d klhudufk| ri glfwdwruv e| fkrrvlqj ��

�
1 Li zh qrz frqvlghu wkh vhw

ri lqglylgxdov zkr dsshdu dw wkh wrs ri hdfk klhudufk|/ wkdw lv/

a� ' i@��c @2�c ���c @R�j

wkhq/ rqo| wkh pd{lpdo hohphqwv ri vxfk lqglylgxdov fdq eh lq wkh vrfldo

fkrlfh vhw1 Li zh frqvlghu wkh vhw ri lqglylgxdov zkr duh lq wkh vhfrqg sodfh

lq hdfk jurxs/

a2 ' i@�2c @22c ���c @R2j

wkhq/ wkh rslqlrq ri vxfk lqglylgxdov lv uhohydqw rqo| ryhu wkh pd{lpdo ho0

hphqwv ri wkh lqglylgxdov lq a�� Pruhryhu/ rqo| pd{lpdo hohphqwv ri wkh

lqglylgxdov lq a2 rq wklv vhw fdq ehorqj wr wkh fkrlfh vhw1 Lq jhqhudo/ zh fdq

gh�qh wkh iroorzlqj vhwv wkh vdph zd| zh glg lq Wkhruhp 6/ wkdw lv/

a� ' i@��c @2�c ���c @R�j � ' �c 2c ���c kc zkhuh k ' pd{ ik�ck2c ���c kRj

Li hdfk ri wkhvh vxevhwv ri lqglylgxdov frqwdlqv mxvw rqh lqglylgxdo/ wkhq

ia�ca2c ���c akj lv d klhudufk| ri glfwdwruv1 Rwkhuzlvh/ hdfk a� dfwv dv dq

roljdufk|/ zklfk lv zk| zh kdyh fdoohg vxfk vhwv ri lqglylgxdov d klhudufk| ri
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roljdufklhv +vhh Wkhruhp 6,
1

Qrz/ e| xvlqj wkh klhudufk| ri roljdufklhv/ zh frqvlghu wkh iroorzlqj
vxevhwv dvvrfldwhg wr hdfk dowhuqdwlyh= jlyhq % 5 f dqg d sur�oh � '

E-�c-2c ���c -?
� 5 ` ?Ef�c zh gh�qh wkh iroorzlqj vhwv/

(�E%c a�� ' i@ 5 f m @��% ;� 5 a�jc

(�E%c a2� ' i@ 5 f m @-�% ;� 5 a� dqg zkhqhyhu @U��% wkhq @��2%jc

(�E%c a�� ' i@ 5 f m @-�% ;� 5 a� ^ a2 dqg zkhqhyhu @U��%c @U�2% wkhq @���%j�

dqg vr rq1 Wkh xqghuo|lqj lghd derxw wkhvh vxevhwv lv wkdw li/ iru vrph &c

(�E%c a&� lv qrqhpsw|/ dowhuqdwlyh % lv uhmhfwhg iurp fkrlfh e| wkh roljdufk|

a&� E| pdnlqj xvh ri wklv qrwdwlrq/ zh suryh wkdw/ xqghu wkh dvvxpswlrqv lq

wkh suhylrxv wkhruhp/ wkh vrfldo fkrlfh vhw lv jlyhq e| wkrvh dowhuqdwlyhv iru

zklfk wkh dvvrfldwhg vxevhwv (�Efc a�� duh hpsw|1

Sursrvlwlrq 9 Ohw � G `
?Ef� $ f eh d �{hg djhqgd VFF vdwlvi|lqj

Zhdn Lqghshqghqfh/ Prqrwrqlflw|/ Qhxwudolw|/ Qhjdwlyh Sduhwr/

Qrq0lpsrvhgqhvv dqg Frqgrufhw Surshuw|> wkhq wkhuh h{lvwv d klhudufk|

ri roljdufklhv a�c a2c ���c ak vxfk wkdw

�E�� ' i% 5 f m (�E%c a�� ' > ;� ' �c 2c ���c kj

Frqyhuvho|/ hdfk VFF gh�qhg lq wkdw zd| vdwlv�hv doo ri wkh surshuwlhv zh

phqwlrqhg deryh1

Surri1 E| dsso|lqj Wkhruhp 6/ zh rewdlq wkh h{lvwhqfh ri d klhudufk| ri

roljdufklhv1 Ohw xv ghqrwh

'�

' i% 5 f m (�E%c a�� ' > ;� ' �c 2c ���c kj

Li % *5 '�/ wkhq wkhuh h{lvwv vrph � vxfk wkdw (�E%c a�� 9' >/ wkdw lv/ wkhuh
h{lvwv vrph dowhuqdwlyh � 5 f vxfk wkdw=

�-�% ;� 5 a� ^ a2 ^ ��� ^ a�c

dqg

�U&�% ;� 5 a� ^ a2 ^ ��� ^ a�3� lpsolhv ��&�%�

Wkhq/ e| wkh zd| lq zklfk wkh vrfldo elqdu| uhodwlrq lv rewdlqhg/ wklv lpsolhv

���%c wkdw lv �E�%�� ' i�jc zklfk lq wxuq lpsolhv +e| dsso|lqj Zhdn Lq0

ghshqghqfh, wkdw % *5 �E���

5:



Frqvlghu qrz % 5 '�> vlqfh (�E%c a�� ' >/ lw lpsolhv wkdw iru dq|

rwkhu dowhuqdwlyh � 5 fc lw lv qrw srvvleoh wkdw doo ri wkh lqglylgxdov lq

a� djuhh rq ����%� Li rqh ri wkhp ghflghv rq %����c wkhq %-�� dqg zh re0

wdlq % 5 �E�%��� Li wkhuh h{lvwv dq dowhuqdwlyh � vxfk wkdw �-�% ;� 5 a�c

�U&�%c ehlqj (
�E%c a2� ' >/ zh nqrz wkdw %-&2�c dqg li wkh vwulfw suhihuhqfh

krogv/ zh zrxog rewdlq %-
�
�1 E| dsso|lqj wklv dujxphqw uhshdwhgo|/ zh

rewdlq %-��/ wkdw lv % 5 �E�%�� iru hyhu| � 5 fc dqg Frqgrufhw Surshuw|

lpsolhv % 5 �E���

Ilqdoo|/ lw lv qrw gl!fxow wr vhh wkdw wkh �{hg djhqgd VFF gh�qhg e|

�E�� ' '� vdwlv�hv doo ri wkh uhtxluhg surshuwlhv1

5;
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