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FIXED AGENDA SOCIAL CHOICE
CORRESPONDENCES

Josep E. Peris and M®Carmen Sdnchez

ABSTRACT

In this paper we analyze the explicit representation of fixed agenda social
choice correspondence under different rationality assumptions (independence,
neutrality, monotonicity, ...). It is well known in the literature that, under
some of these assumptions, the existence of dictators, oligarchies or individ-
uals with veto power can be proven ([7] and [10]); but no information about
the social choice set is obtained. We now establish a relationship between the
social choice set and the individual maximal sets which explicitly describes
a fixed agenda social choice correspondence that satisfies these rationality
assumptions. Some of the results in [2] about the explicit representation of
social decision functions are then translated and reinterpreted in the fixed
agenda framework.

Key words: Fixed Agenda; Choice Correspnodences; Explicit Represen-
tation.



1 Introduction

One of the main problems analyzed in Social Choice Theory is that of de-
termining the social choice set from the different opinions that individuals
have about the set of feasible alternatives. These opinions may be considered
in terms of individual binary preference relations or in terms of individual
choice correspondences. In the literature, there are different approaches to
analyzing this problem, depending on the point of view considered. One
approach analyzes the problem of aggregation of individual preferences into
a social preference relation (social decision functions) by imposing different
rationality assumptions. Once we know the social preference relation, the so-
cial choice problem is easily solved by maximizing it. Nevertheless, although
the assumptions imposed are considered natural each one by itself, in most of
the cases they produce impossibility results when considered together. The
most famous and pioneering paper in this line is that of Arrow [3] in which
the existence of a dictator is proven when the social decision function satis-
fies Universal Domain, Independence of Irrelevant Alternatives, Weak Pareto
Principle and its codomain is restricted to being the family of weak orders
(complete, reflexive and transitive binary relations). From Arrow’s work,
many papers have dealt with the problem of analyzing whether or not this
result remains valid, when the different assumptions of the arrovian frame-
work were weakened: by restricting the domain of preferences, by weakening
the assumptions of Pareto Optimality and independence, or by weakening
the kind of social relation required (semiorder, interval order, quasiorder,
acyclic relation). With respect to this last possibility, we must mention the
work of Gibbard [8], who proves the existence of an oligarchy when requiring
a quasitransitive social binary relation, and that of Blair and Pollak [4], who
prove the existence of individuals with veto power by considering acyclic so-
cial binary relations.

A different approach analyzes the aggregation of individual preferences
into a social choice set (social choice correspondences). That is, given a uni-
versal set of feasible alternatives, and given the individual preferences, we
can determine the social choice set. Within this framework, one can distin-
guish between the variable agenda case and that of the fized agenda. In the
former case, every nonempty subset of the universal set could be presented
for choice; so, it is possible to define the base relation R, (zRyy < z €
C({z,y}, Ry, ..., R,)) which allows us to translate easily most of the results
obtained in the context of social decision functions. In the case of a fixed
agenda, however, there is a unique feasible set which is fixed a priori (given
the restrictions of the particular problem which being analyzed), and the



base relation cannot be defined. In spite of this, however, a one-to-one corre-
spondence can be defined between the fixed agenda case and the context of
aggregation of preferences (see [7] and [10]). These equivalence results allow
us to establish the existence of dictators, oligarchies, or individuals with veto
power in the fixed agenda framework.

We now focus on the case of fixed agenda social choice correspondences
and analyze the implications of the existence of individuals with different
degrees of power (dictator, oligarchy, veto power) over the social choice set.
We study, in particular, the relationship between the maximal sets of these
individuals and the social choice set under certain rationality assumptions,
and we analyze whether we can perfectly describe the social choice set in
terms of these maximal elements or not. Thus, if we know that, under cer-
tain assumptions, there exists a dictator, it is clear that the social choice
set will be a subset of the maximal set of such an individual. We analyze
the conditions under which the equality between both sets holds. The case
of individuals with veto power, or oligarchies, is more complicated and, in
general, it could be that the social choice set does not contain any of the
maximal elements of these individuals. In order to obtain a little more in-
formation about the social choice set in these cases, it would be necessary
to add other assumptions to those which ensure the existence of individuals
with veto power or oligarchies. In particular, we introduce a like- Condorcet
consistency property which proves to be very useful to our proposals.

2 Preliminaries

Let X be the universal and finite set of alternatives, fixed a priori, | X |> 2,
and let NV be the finite set of individuals. Fach individual i is endowed with
a weak order R; on X (reflexive, transitive and complete binary relation).
Let W(X) denote the family of weak orders over X, while A(X) denotes
the family of acyclic binary relations. When working with binary relations,
we can start with a complete and reflexive binary relation R which induces
two natural associated relations (strict preference and indifference) defined
as follows,

xPy < xRy and notlyRx],
zly & xRy and yRz.



Alternatively, we can start with an asymmetric binary relation P and define
the complete and reflexive binary relation R,

xRy < notlyPx],
or the indifference relation I,
xly < not[xPy| and notlyPx].

For our purposes, both ways of proceeding are equivalent, and both will
be used indistinctly throughout the paper. A profile is any n-tuple of weak
orders, u = (Ry, ..., R,) € W™(X), and for every subset of alternatives Y C X
we denote the restriction of v to Y by u : Y. Moreover, given a subset of
alternatives Y and a binary relation R, we define the relation R as follows:

if z,y € Y then [zRy < zRy),
if z,y & Y then zI”y,
ifz € Y, y¢Y then 2Py,

and we denote v¥ = (R}, RY ..., RY). In order to simplify the notation, we
henceforth denote ut®v = 4.

Given two complete binary relations R; and Ry, the relations R* = Ry * Ry
and R"' = R; N Ry are defined as follows,

Py < [xPy or (zhy and zPyw));

Py & [xPyy and xPyyyl.

These definitions are immediately extended to any finite family of binary
relations. Finally, given a profile u = (Ry, ..., R,), and a subset A C X we
denote by

M A)={a€ A|aR;y Yye A},

J

that is, the set of maximal elements of individual j on A; whenever the whole
space X 1s considered, we denote M (X) by M I

We formally present the notion of a fixed agenda social choice
correspondence, as well as the notion of a social decision function, in the
next definitions.



Definition 1 A fized agenda social choice correspondence (fized
agenda SCC) is a correspondence C : W"(X) — X that selects a nonempty
subsetl of alternatives for each profile of individual preferences.

Definition 2 A social decision function (SDF) F': W"(X) — A(X) is
a mapping that associates an acyclic binary relation to each profile of indi-
vidual preferences.

In order to simplify the notation, we denote F'(u) = R, while P, and I,
respectively denote the associated social strict preference and social indiffer-
ence relations.

Finally, we present the notions of a dictator, an oligarchy and an
individual with veto power, as well as those of hierarchies, in the fixed agenda
framework.

Definition 3 Given a fized agenda SCC, C': W™(X) — X, it is said that:

i) individual i € N is a dictator if for every x,y € X and u € W"(X)
if By, then y ¢ C(u);

i) indiwvidual i € N has veto power', if for every z,y € X and
u € W™(X) if Py, then C(u™) # {y};

iii) subset J C N is an oligarchy if for every x,y € X and u € W"(X) if
xPy Vi € J theny ¢ C(u). Furthermore, each individual in J has veto
power.

Definition 4 Given a fized agenda SCC, C': W™(X) — X, it is said that:

i) subset J = {iy,is,...,i;} C N is a hierarchy of dictators if
indiwidual iy is a dictator and for every x,y € X andw € W™(X), if for
allp=1,2,....5 =1 [wly,y Yk =1,2,....p and xP; , y] then y ¢ C(u).
In general, it is said that there exists a hierarchy of dictators if there
is a permutation o : N — N such that subset {o(1),0(2),...,0(n)} is a
hierarchy of dictators.

'The notion of veto power we use here corresponds to the one introduced in [10] for
fixed agenda SCCs and which is proven to be equivalent, under standard assumptions, to
the usual notion of veto power for SDF's.



ii) subset J = {iy,iy,...,i;} C N is a hierarchy of individuals with
veto power if individual iy has veto power and for every x,y € X
and u € W™(X) if for allp=1,2,....5 — 1 [xL;,y Vk = 1,2,....p and
xP;, y], then C(u™) # {y}. In general, it is said that there exvists a
hierarchy of veto power if there is a permutation o : N — N such
that subset {o(1),0(2),...,0(n)} is a hierarchy of individuals with veto
POWer.

iii) a family of subsets {Jy, Jy, ..., J.} such that J, C NVt =1,2 .. ris
a hierarchy of oligarchies if J, is an oligarchy and for everyxz,y € X
andu € W(X), if for alli=1,2,...r =1 [zxlyy Vk € 17U L U...U J;
and zPyy Yk € Jipi], then [y ¢ C(u) and each individual of Jiy1 has
veto power over the pair x,y).

3 Impossibility results in fixed agenda SCCs.

In this section we present some impossibility results (existence of dictators,
oligarchies and individuals with veto power) in the context of fixed agenda
SCCs. In the next section, we will discuss what these results imply with
regard to the explicit representation of fixed agenda SCCs.

Early impossibility results in the fixed agenda context, are those of
Denicold [7], that prove the existence of dictators and oligarchies under
independence and Pareto Optimality assumptions. In order to do so, he
introduces two different notions of independence (Independence and Weak
Independence) which are as follows:

Axiom 1 Independence: Vx,y € X ,Yu € W"(X), if v € C(u), y ¢ C(u)
and u: {x,y} =v: {x,y}, theny ¢ C(v).

Axiom 2 Weak Independence: Vr,y € X,Vu € W"(X), if C(u) = {z}
and u: {x,y} =v: {x,y}, theny ¢ C(v).

Furthermore, in order to obtain the impossibility results, he uses the Weak
Pareto Optimality axiom.

Axiom 3 Weak Pareto Optimality: Vz,y € X,Vu € W"(X), if zPy
Vi € N then y ¢ C(u).



Denicold [7] proves that the conjunction of Independence and Weak Pareto
Optimality implies the existence of a dictator; while the conjunction of
Weak Independence and Weak Pareto Optimality implies the existence of
an oligarchy. The key to obtaining these results, is to establish a one-to-one
correspondence between fixed agenda SCCs satisfying Independence ( Weak
Independence) and Weak Pareto Optimality and transitive (quasitransitive)
SDF's satisfying the well known conditions of Independence of Irrelevant
Alternatives and Weak Pareto Principle.

Independence of Irrelevant Alternatives (IIA): Vx,y € X, Yu,v €
WnX) ifu:{z,y} =v:{x,y}, then zR,y < zR,y.

Weak Pareto Principle: Vx,y € X Yu € W™(X), il 2Py Vi € N,
then xF,y.

In [10], Sdnchez and Peris introduce a weaker independence assumption
(Pseudo-Independence) in order to obtain results on the existence of
individuals with veto power in the fixed agenda context.

Axiom 4 Pseudo-Independence: Vx,y € X Yu € W"(X), if C(u) = {z}
and u : {a,y} = v :{a,y} Ya € A,(u) U{z} where Aj(u) ={we X |y ¢
C(u¥)}, then y ¢ C(v).

In [10] it is proven that there exists a one-to-one correspondence between
fixed agenda SCCs satisfying Pseudo-Independence and Weak Pareto Opti-
mality and acyclic SDF's satisfying Independence of Irrelevant Alternatives
and Weak Pareto Principle.

The rest of the present section is devoted to obtaining impossibility
results that we will use in the following section in order to obtain explicit
representations of fixed agenda SCCs. First, we introduce the following
Pareto assumptions that will be used throughout the paper.

Axiom 5 Strong Pareto Optimality: Vx,y € X Vu € W"(X), if 2Ry
Vi € N and there exists j € N such that zPyy, then y ¢ C(u).

Axiom 6 Pareto Indifference: Vr,y € X Yu € W™(X), if xl;y Vi € N,
then [z € C(u) & y € C(u)].

These properties are the immediate translations, to the fixed agenda
framework, of the corresponding ones for SDF's [6].



Strong Pareto Principle: Yx,y € X,Yu € W"(X), if Ry Vi € N
and there exists j € NV such that zFP;y, then xP,y.

Pareto Indifference: Vx,y € X ,Yu € W™(X), if zl,y Vi € N,
then x1,y.

Theorem 1 If C : W™X) — X is a fized agenda SCC satisfying
Independence and Strong Pareto Optimality, then there exists a
hierarchy of dictators.

Proof. If C is a fixed agenda SCC satistying the required axioms, we define
the associated SDF as follows,

zPy & C(u™) = {z}.

We start by proving that it is a transitive binary relation. Consider z,vy, 2 €
X and v € W"(X) such that zR,y, yR,z; that is, C(u*) # {y} and
C(u¥?) # {z}. By contradiction, assume that C'(u**) = {z}. On the one hand,
and by applying Strong Pareto Optimality we know that C(u**) C {x,y, 2}
and on the other hand, by Independence, that x ¢ C(u**). But then, if
y € C(u™?), by applying Independence we conclude that x ¢ C(u™), a con-
tradiction; and if C(u*¥*) = {z}, by Independence we obtain that y ¢ C(u¥?),
a contradiction. Therefore we can conclude that zR,z.

Next, we will prove that the SDF satisfies Independence of Irrelevant Al-
ternatives and Strong Pareto Principle.

1) Independence of Irrelevant Alternatives: This is obviously satisfied because
of the definition of the SDF: if u,v € W™(X) and v : {z,y} = v : {z,y},
then

zPy & {z} = C(u™) = C(v™) & zPy.

2)Strong Pareto Principle: Consider z,y € X and v € W"(x) such that zR;y
Vi € N, and there exists j € N such that xF;y. Then, by Strong Pareto Op-
timality, in particular we have y ¢ C(u"). Therefore, since this assumption
also implies that C(u™) C {z,y} we obtain C'(u™¥) = {z}, that is xP,y.

So, since the SDF is transitive and satisfies Independence of Irrelevant
Alternatives and Strong Pareto Principle, we can ensure the existence of a
hierarchy of dictators for the SDF (see [6]). Finally, it is now easy to prove,
by the way in which the SDF has been defined, that it is a hierarchy of
dictators for the fixed agenda SCC. W



Aleskerov and Vladimirov [2], by making use of different assumptions,
obtain a representation result for SDF's by means of a hierarchical operator.
In fact, they prove that the power is distributed among a subset of individuals
of the society, which is a hierarchy of dictators. 'This result can be also
obtained in the fixed agenda framework. First, we introduce the different
assumptions needed to establish the results, by starting with those relative

to SDFs.
Monotonicity: Yx,y € X,Yu = (Ry,...,R,),v = (R},....R)) €
W™(X) if [xPyy = xPy] and [xl;y = zR}y] then [P,y = zP,y).

Neutrality: For any o : X — X, permutation of X and for
any u € W"(X) if we denote by o(u) = (0(Ry), ...,0(R,))?, then
[z Ro(uyy < 0~ (z)Ruo " ().

Negative Pareto: Vx,y € X it xRy Vi € N, then zR,y.
Positive non-imposedness: Y,y € X, Ju € W™(X) such that zP,y.
Negative non-imposedness: Y,y € X, Ju € W™(X) such that yR,z.

In particular, Aleskerov and Vladimirov’s result [2] states that any
transitive SDF satisfying the previous assumptions as well as Independence of
Irrelevant Alternatives, can be represented by means of a hierarchy operator
which is defined as follows: there exists a group of individuals J, such that
(if we index it by J = {1,2,...,j}), the SDF can be expressed as follows,

— . J
Ru - *ilei-

The corresponding properties that we will use to state our result in the
fixed agenda framework are listed below.

Axiom 7 Monotonicity: Vz,y € X ,Yu = (Ry,...,R,),v = (R},...,R)) €
W™(X) if Clu) = {z}, [zFy = zPly| and [zL;y = xR}y, then y ¢ C(v).

Axiom 8 Neutrality: Yo permutation of X,Yu € W™(X), then o[C(u)] =
Clo(u)).

Axiom 9 Negative Pareto: Yx,y € X Yu = (Ry,....R,) € W"(X) if
xRy Vi € N then [y € C(u) = = € O(u)].

2Given a binary relation, R, defined over the set of alterantives X and a permutation
of X, 0: X — X, we define the binary relation o(R) as follows:

ro(R)y < o Yx)Ro (y).

10



Axiom 10 Non-Imposedness: Vr € X,Ju € W"(X) such that C(u) =
{z}.

In the next lemma we prove the existence of a one-to-one correspondence
between transitive SDFs and fixed agenda SCCs satisfying the above-
mentioned assumptions.

Lemma 1 There exists a transitive SDF satisfying Independence
of Irrelevant Alternatives, Monotonicity, Neutrality, Negative
Pareto, Positive Non-imposedness and Negative Non-imposedness
if and only if there exists a fixred agenda SCC satisfying Independence,
Monotonicity, Neutrality, Negative Pareto and Non-imposedness.

Proof. Tet C be a fixed agenda SCC satistying the required axioms, and
consider the associated SDF as in Theorem 1, that is,

zPy & C(u™) = {z}.

We are going to prove that it satisfies all of the properties mentioned above
(we omit the proof of Independence of Irrelevant Alternatives since it is ex-
actly the same as in Theorem 1).

1) Monotonicity: Let z,y € X,u = (Ry,...,Ry,),v = (R, ..., R,) € W"(X)
such that [z Py implies z P/y|, and [z1;y implies zR}y]. If Py, then C(u™¥) =
{z}, so since the fixed agenda SCC satisfies Monotonicity, we obtain a ¢
C(v™), Ya € X — {z}, so C(v*™) = {z},that is, xP,y.
2)Neutrality: Let o be a permutation of X,u € W"(X), then
TRy < Clo(u)™) # {y},

but, from Neutrality of the fixed agenda SCC, we know that

Co(u)™) = o(Clu @7 0))),
therefore we obtain

o(Clu @ W)y £y} & Cu” @7 W) £ {67 (y)} & o (2)Ruo ' (y).

3)Negative Pareto: Consider z,y € X such that zR;y Vi € N, and assume
that yP,z, that is C(u®) = {y}. But it implies z € C'(u"), a contradiction.

11



4) Positive non-imposedness: Given z,y € X, we know that there exists
u € W™(X) such that C(u) = {z}; but then, by applying Independence,
we know that y ¢ C(u™) and so, by Negative Pareto, we know that a ¢
C(u™) Ya € X — {z,y}. Therefore C(u™) = {z}, and we conclude zP,y.

5)Negative non-imposedness: Given x,y € X, if for every u € W"(X) it is
satisfied that xP,y, that is C'(u™) = {z}, then, by applying Independence,
y & C(u) for every u € W"(X), which contradicts Non-imposedness.

Finally we need to show that it is a transitive binary relation. In order
to do so, let’s consider z,y,z € X and u € W"(X) such that zR,y, yR,z;
that is, C'(u™) # {y} and C(u¥*) # {z}. By contradiction, assume that
C(u®*) = {z}; then, by applying Independence, we know x ¢ C(u*¥*) and by
Negative Pareto, a ¢ C(u™*), Va € X — {z,y, 2}, so C(u*¥*) C {y,z}. But
if y € C(u*), we can apply Independence and conclude that z ¢ C(u™),
which is a contradiction. Therefore C(u™*) = {z} but, in such a case, and
by reasoning in the same way, we obtain that y ¢ C(u¥?), a contradiction.
So we can conclude xR, z.

Conversely, consider that we have a transitive SDF satisfying the required
properties, and define the associated fixed agenda SCC by maximizing the
social binary relation, that is:

Clu)={ae X |aR,z Vze X}.

It is obviously well defined, so we only have to prove that it satisfies all of
the required axioms.

1)Independence: Let z,y € X,u € W"(X), such that z € C(u), y ¢ C(u)
and u : {z,y} = v : {z,y}. The definition of C(u) implies that P,y and

by applying Independence of Irrelevant Alternatives we obtain that zP,y,
therefore y ¢ C(v).

2) Monotonicity: Consider xz,y € X,u = (Ry,...,R,),v = (R},...,R)) €
W™(X) such that C(u) = {z}, [xPy implies xP/y|, and [xl;y implies xRy|.
Since y ¢ C(u), then xP,y, and then zP,y, which implies y ¢ C(v).

3) Neutrality: If o is a permutation of X, then for every v € W"(X) it is
satisfied that
z € Clo(u) & xRowy Vye€ X,

but then,

12



tRywy Yy € X e o '(z)Ro '(y) Vo'llyeX &
e o Yx) e Clu) & x € olCu)].

4)Negative Pareto: Consider z,y € X and u = (Ry,...,R,) € W"(X) such
that zR;y Vi € N and assume that y € C(u). Then, we can ensure zR,y,
and so, from the definition of the associated SCC, x € C'(u).

5)Non-imposedness: Let © € X; in order to show that there exists a profile
u € W™(X) such that C(u) = {z}, consider y # z. By applying Positive
Non-imposedness we know that there exists u € W"(X) such that zP,y, so
y ¢ C(u). But, by Independence of Irrelevant Alternatives, we know that
xPavy, that is y ¢ C(u™), and Negative Pareto and the transitivity of the
SDF imply xzPeva Ya # x,y therefore, by definition of C, we obtain that
Clu™) ={z}. 1

The next result states the existence of a hierarchy of dictators under the
above assumptions.

Theorem 2 If C : W™X) — X is a fized agenda SCC satisfying
Independence, Monotonicity, Neutrality, Negative Pareto and Non-
tmposedness, then there exists a subset J C N which is a hierarchy of
dictators.

Proof. By applying Lemma 1 we know that there exists a transitive SDF
satisfying the corresponding assumptions and defined by

zPy & Cu™) = {z}.

So, we can apply Aleskerov and Vladimirov’s result [2] and obtain the
existence of a group of individuals J such that (if we index it by J =
{1,2,...,7}) the SDF can be represented as follows,

.
Ru = *i:lRi'

Thus, if z Py, since individual 1 is a dictator for the SDF, we know that x P, y,
so C(u*) = {z}, which implies, by applying Independence, that y ¢ C(u),
that is, individual 1 is also a dictator for the fixed agenda SCC. By following
a similar argument for the rest of individuals of J, we obtain that J is a
hierarchy of dictators. B

13



Finally, we translate into the fixed agenda framework the following repre-
sentation result for quasitransitive SDFs obtained by Aleskerov and Vladimirov
[2]. This result provides a particular distribution of power among individuals
of the society. In fact, it does not only imply the existence of an oligarchy, but
of a hierarchy of oligarchies. Informally speaking, it states that the society is
structured in such a way that individuals are divided in different groups and,
within each of these groups, the decision is made by means of a hierarchical
operator; the final decision is then arrived at by means of the intersection of
the different opinions provided by all of the groups.

Formally they prove that if we consider a quasitransitive SDF satisfying
Independence of Irrelevant Alternatives, Monotonicity, Neutrality, Negative
Pareto, Positive Non-imposedness and Negative Non-imposedness, then it is
possible to prove the existence of a hierarchical operator that represents the
social binary relation, that is,

p
— Q4
Ru = ﬂ *j:lRij'
i=1

In order to obtain the corresponding result in the fixed agenda framework,
first we establish the corresponding equivalence result between both contexts
(SDF's and fixed agenda SCCs) by imposing these assumptions.

Lemma 2 There exists a quasitransitive SDF' satisfying Independence
of Irrelevant Alternatives, Monotonicity, Neutrality, Negative
Pareto, Positive Non-imposedness and Negative Non-imposedness
if, and only if, there exists a fixed agenda SCC satisfying Weak
Independence, Monotonicity, Neutrality, Negative Pareto and Non-
imposedness.

Proof. We only prove the quasi-transitivity of the SDF associated with the
fixed agenda SCC, since the rest of the proof runs parallel to that of Lemma 1.

Consider z,y,z € X, u € W™(X) such that zP,y, yP,z; that is
Cu®) = {z}, C(u¥*) = {y}. By applying Weak Independence we obtain
that y ¢ C(u™?) and z ¢ C(u*™?), and Negative Pareto implies a ¢ C(u™?),
Va € X — {z,y, z}; therefore the only possibility is C(u*¥*) = {z}, which
implies, by Weak Independence, that z ¢ C(u™). But then, by applying
Negative Pareto we obtain C(u™) = {z}, that is zP,z. R

Theorem 3 If C' : W"(X) — X is a fized agenda SCC' satisfying Weak
Independence, Monotonicity, Neutrality, Negative Pareto and Non-
imposedness, then there exists a hierarchy of oligarchies.

14



Proof. By reasoning in a similar way to Theorem 2, first note that Lemma
2 implies that the associated SDF (zP,y < C(u™) = {z}) satislies the
corresponding assumptions. Then, Aleskerov and Vladimirov’s result [2]
implies

p
— Q
Ru = ﬂ *j:lRij'
i=1

From this representation form of the SDF, we consider the following subsets
of individuals:

Jl = {a117a217 ...,Clpl}, J2 = {CL12,CL22, ...,CLPQ}, .....

where a;; represents the individual of the society whose preference relation
is [;; in the representation form of R,. It is not difficult to prove now
that Jy, Jo, ..., Jn, with @ = max {oy,ay,...,q,}, constitute a hierarchy of
oligarchies for the fixed agenda SCC. Thus, for instance, if we consider
z,y € X and v € W"(X) such that zPyy Vi € Jy, by the representation
form of the SDF we know that zP,y, that is, C'(u*¥) = {z}, which in turn
implies by Weak Independence that y ¢ C(u). Moreover if Py for some
k € Ji, then it is also clear that zR,y, so C(u*¥) # {y}. Therefore, subset
J1 1s an oligarchy. By applying a similar way of reasoning, we obtain that
J1, Jo, ..., J, 1s a hierarchy of oligarchies. B

4 Explicit representation of fixed agenda

SCCs.

In this section we present the results obtained on the explicit form of fixed
agenda SCCs in the presence of dictators, oligarchies and individuals with
veto power. In order to present the results in a clear way, we divide this
section in different subsections concerning these different cases.

4.1 Dictators and Hierarchy of Dictators.

It is clear, from the definition itself, that if individual ¢ is a dictator, then
C(u) C M}; that is, the social choice set is a subset of the maximal elements
of the dictator. However, in general, we can not ensure that the equality
holds, since, in the cases in which the dictator is indifferent between a pair of
alternatives, we have no information about the social relation between such
elements. So, the social choice set depends on the opinion and influence on

15



the choice process of the rest of individuals of the society.

If instead of a dictator we assume the existence of a hierarchy of dictators,
we will show how the social choice set can be described in terms of the
maximal elements of the individuals of the hierarchy. In particular, in the
following result, we prove that whenever a hierarchy of dictators exists, the
social choice set is contained in the result of a maximization process defined
from it.

Proposition 1 If Cis a fized agenda SCC' and there exists a hierarchy of
dictators {o(1),0(2),...,0(n)}, then for every profile u € W"(X),

Cu) C Mgy (Mg 1y (- (Mo (Mgy))--)-

Proof. Irom the definition of dictator, we know that C(u) C Mg(l). Since
elements in M (1) &€ considered indifferent by individual o (1), if there exists
z € Mg(l) such that z ¢ Mg(Q)(Mg(l)), then there exists w € Mg(l) such that
why(9)2. Since w, z € Mg(l) we know that wl,(1)z, so, from the definition of a
hierarchy of dictators, z ¢ C(u), that is C'(u) C Mg(Q)(Mg(l)). By successively

applying this argument, we obtain the required inclusion. B

In the next example we show that under the assumptions which ensure
the existence of a dictator for the fixed agenda SCC (that is, Independence
and Weak Pareto Optimality) the social choice set is undetermined.

Example 1 Let X = {1, 29, ....,x,} be the set of alternatives with an order
fixed a priori. We define the fized agenda SCC as follows:

C(u) = {x;} such thati=min{ j: x; € M'}.

It s now easy to show that this SCC satisfies Independence and Weak Pareto
Optimality and, therefore, there exists a dictator (individual 1). However, it
is clear that, in general, C(u) is strictly contained in M (except for when
M7 is a singleton).

Furthermore, we can consider a modification of Example 1, in which the
fixed agenda SCC selects the first alternative, according to the established
order, within the set MY(MY | (...(Mg(Mi))...), that is

Clu) = x; such that ¢ =min{ j: z; € My (M2 (...(My'(M"))...)}.
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This SCC satisfies Strong Pareto Optimality and Independence, but the so-
cial choice set is, generally, strictly contained in MY¥(MY | (...(My(M))...).
Therefore, these assumptions, which are sufficient conditions in order to en-
sure the existence of a hierarchy of dictators, are not enough to characterize
the social choice set either.

In the following result, we prove that by imposing Strong Pareto
Optimality, Pareto Indifference and Independence, we can determine the
social choice set.

Theorem 4 If o is a permutation of N, then the fized agenda SCC, C* :
W™(X) — X, defined by

C*(u) = ff(n)(Mg(nq)(---(Mg(z)(Mgu)))---)a (1)

satisfies Independence, Strong Pareto Optimality and Pareto
Indifference. Conversely, every fixed agenda SCC satisfying these
properties takes this form.

Proof. Tet us show that C* satisfies the required properties (without loss
of generality, consider o (i) =1, for all i € N):

1) Independence: Counsider x,y € X and u = (Ry, ..., R,),v = (R}, ..., R)) €
W"(X) such that z € C*(u), y ¢ C*(u) and u: {z,y} =v : {z,y}. Since y ¢
C*(u), there exists j € {1,2,...,n} such that y € M} | (M} ,(...(M3(M7)...)

j—1

but y & M (M} (M} o(...(My(M7)...). So, we know that xlyy  Vk € {1,2, ...

1} and zFPjy; moreover since u and v coincide over alternatives z and y,
we also know that zl,y Yk € {1,2,...,7 — 1} and a:PJ/y Therefore y ¢
M3 (M7 (... (M3 (M7)...), soy & C*(v).

2) Strong Pareto Optimality: Consider z,y € X and u € W"(X), such that
xR;y Vi € N and xP;y, for some j € N. Then, by the definition of C*, it is
obvious that y ¢ C*(u).

3) Pareto Indifference: Consider z,y € X and u € W"(X), such that zly
Vi € N, and suppose z € C*(u). Then z € M} and, being Ry a weak-order,
y € M{. By repeating this reasoning, we obtain that y € C*(u).

Conversely, given a fixed agenda SCC satisfying Independence, Strong
Pareto Optimality and Pareto Indifference, we know by applying Theorem
1 that there exists a hierarchy of dictators, namely {o(1),0(2),...,0(n)}.
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So, we only need to prove that the social choice set is given by
ij(n)‘(M;L(nil)(...(M;L(Q)(Mg(l)))..‘.). From Proposition 1, Whenever this set
is a singleton, we have the required equality. In general, if we assume that
there are two different alternatives x,y € M;L(n)(M(;L(’nfl)("'(M;L(Q)(Mg(l)))"')
such that z € C(u) but y ¢ C(u), by applying Independence, we know that
y & C(u™), but then, Strong Pareto Optimality implies C'(u™¥) = {x}, which
contradicts Pareto Indifference, since xl,;y Vi € N. B

If instead of Theorem 1 we make use of Theorem 2, we can obtain the
following representation result for fixed agenda SCCs (note that, in this case,
the hierarchy of dictators does not necessarily include all the individuals).

Theorem 5 If J = {iy,iy,...,i;} C N, then the fired agenda SCC C* :
W™(X) — X, defined by

C*(u) = MP(M (e (ME(M))...),

satisfies Independence, Monotonicity, Neutrality, Negative Pareto
and Non-imposedness. Conversely, every fized agenda SCC satisfying these
properties takes this form.

Proof. Let us show that C* satisfies the required properties. Without loss
of generality, consider J = {1,2,...,j}.

1) Independence: Analogous to the proof in Theorem 4.

2) Monotonicity: Consider z,y € X, u = (Ry,...,R,),v = (R},...,R)) €
W™(X) such that x € C*(u), y ¢ C*(u), [Py implies zFy], and [xl;y im-
plies zRy]. Since y ¢ C*(u), there exists i € {1,2,...,j} such that y €
M (MP (o (MP(MP)..) but y & MP(ME (M (o (MP(MP)...). So we
know that xlyy Yk =1,2,...,i — 1 (and therefore that xRy Vk = 1,2, ...;i —
1), and that 2Py (and therefore xP/y). Thus, we can conclude that y ¢
MY (MY (MP (. (My(MY)...), that is y ¢ C*(v).

3) Neutrality: Let 0 be a permutation of the alternatives; we must now prove
that
a[C™(u)] = C*(o(u),

that is,

o (MM (o (M3 (M) )] = M (M7 (M5 (M7 )).0o).
step 1: o[M{}] = Mf(u).
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€ M"™ oro(R)yVyeX oo (z)Ro (y)VyeX
e o Yz)e M} & xea(M).

step 2: o[ My (M)] = My (7).

r € M;’(“)(M”(“)) < xo(Re)y Yy € Mg(u)
& o Y x)Ryo (y) Vye MY =o(M}) =
& o Y(2)Reo Yy) Vo l(y) e M} &
e o Yx) e My(M}) & x € oMy (M)

By repeating this reasoning, we obtain the required result.

4)Negative Pareto: Consider a profile u = (Ry, ..., Ry,) € W"(X) such that
xRy Vi € N, and assume y € C*(u). But then, and by the way in which
C* has been defined, it is clear that z € C*(u).

5)Non-imposedness: Given x € X, it is suflicient to consider a profile in
which the preference of the first individual is given by the relation R;
defined in such a way that xPz Vz € X — {z}; then it is clear that

Conversely, given a fixed agenda SCC satisfying all of these assumptions,
we can apply Theorem 2 and conclude that there exists a subset J C N
which is a hierarchy of dictators for the fixed agenda SCC. We index it by
J ={1,2,...,5}. In order to show that C(u) C M} (M} (...(M3(M}))...),
we start by proving that C(u) C M. If y ¢ M}, then there exists x € X
such that zPjy. But then, since J is a hierarchy of dictators, this implies
that y ¢ C(u). Moreover, since all the elements in M} are indifferent for
individual 1, they will be included or excluded from the social choice set de-
pending on the opinion that the second individual has about them. Assume
that there exists z € M{* such that z ¢ My (M;"); then, there exists w € M}
such that wPsz. Since w, z € M{* we know that wl;z so, from the hierarchical
structure of J, z ¢ C(u), that is, C'(u) C My (M{"). By successively applying
the same reasoning, we obtain the required inclusion.

Finally, if M} (M} ((...(M3(M}'))...) is a singleton, then the equality
holds. Assume that there exists x,y € M} (M} (...(M3(M7'))...) such that
z € C(u) and y ¢ C(u). On the one hand, we can apply Independence and
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conclude that y ¢ C(u*); on the other hand, since xl;y Vi =1,2,...,j, we
know that xl,y, which means C(u*) = {z,y}, a contradiction. Therefore,

ME(ME (o (ME(MP)...) € Clu). m

4.2 Oligarchies and individuals with veto power.

The analysis of the explicit representation of fixed agenda SCCs whenever
oligarchies or individuals with veto power exist, is more difficult than in the
case of the previous section. Basically, the difference is due to the definition
of individual with veto power: while in the case of a dictator, if he decides
on z Py, it implies that y is not socially chosen (y ¢ C(u)), in the case of an
individual with veto power we only know that C(u*¥) # {y}, and it does not
give much information about what the social choice set C'(u) is like. That is
why the implications of the existence of veto power over the social choice set
are not so clear. Moreover, although individuals of an oligarchy act together
as a dictator, we only can ensure that some alternative ¥ is not socially chosen
if all of the individuals in the oligarchy agree on that some other alternative
x 1s strictly better than y. In the rest of the cases, we have no information
about what the social choice set is like.

So, although the existence of oligarchies in the context of aggregation of
preferences (quasitransitive SDEs) implies that "an agent has no power at
all or full veto power” (see [9]), in terms of choice functions we will show
that the individuals in the oligarchy don’t have so much power with respect
to the final social choice set in the fixed agenda framework.

In order to analyze the explicit representation of fixed agenda SCCs in the
presence of oligarchies, we first consider those that satisty Weak Independence
and Weak Pareto Optimality (since, as we mentioned in the previous section,
these are sufficient conditions to ensure the existence of an oligarchy in the
fixed agenda framework|[7]). First of all note that, under these assumptions
and from the definition of an oligarchy, it is clear that if J is an oligarchy
then

Clu)yc{ae X | Bbe X :bPaVie J}.

However, it is not possible to know much more about the social choice set
in the presence of the oligarchy by imposing these assumptions alone. The
following example shows that, in fact, it is possible that the intersection of the
social choice set, and the maximal sets of the individuals in the oligarchy,
would be empty; that is, the social choice set could not select any of the
maximal alternatives of the individuals of the oligarchy.

20



Example 2 Let X = {x1, 29, 23,24, 25} be the set of alternatives and N =
{1,2,3,4,5} the set of individuals. For each profile w = (Ry, Rs, ..., Rs) €
W5(X) we define the following binary relation,

xPyy < xPy Vi€ {1,2,3},

and a fized agenda SCC which selects the first and second alternatives (with
respect to the order fized in the set X) within the mazimal set provided by
this relation. If there is only one alternative in this set, then the fixed agenda
SCC selects it. It is clear that individuals {1,2,3} form an oligarchy and
that C satisfies Weak Independence and Weak Pareto Optimality. But if we
consider the following individual preferences,

Ry r5 Py Pros Prog Pray,
Ry 23 Py Poxs Powy o,
Ry - T4 P w9 Paxy Pyws Py,

then, C(u) = {x1,25}; so the social choice set selects alternatives which are
not maximal for any of the individuals in the oligarchy.

We introduce an additional assumption which in a way translates the
property of 7 Generalized Condorcet Winner” [11] (at least, whenever we
impose Weak Pareto Optimality), to the context of fixed agenda SCCs.
Informally speaking, it means that whenever there exists an alternative which
is better than or equal to any other alternative of the set, in a ”pairwise
comparison”?, then it has to be chosen from the total set.

Axiom 11 Condorcet Property: Yu € W"(X), Vz € X, if z € C(u™)
Vy € X, then x € C(u).

The following result states that under the assumptions of Pseudo-
Independence , Weak Pareto Optimality and Condorcet Property, we can
ensure that at least some of the maximal elements of the individuals with veto
power belong to the social choice set. Therefore, this proposition provides
an alternative definition of an individual with veto power in terms of the
individual choice set (maximal set): an individual has veto power if he can

3Note that in this framework, since the set of alternatives is fixed a priori, we can not
state that an alternative is better than another one in a pairwise comparison by choosing
over the set {z,y}, but by analyzing the social choice set when the profile considered is
u®Y, which is in some sense equivalent in the presence of Weak Pareto Optimality.
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always ensure that some of his maximal elements are in the social choice set.
Note that, although it seems a "natural” definition of veto power, it does not
correspond, in general, to the well-known notion of veto power in the context
of aggregation of preferences.

Proposition 2 IfC' is a fized agenda SC'C satisfying Pseudo-Independence,
Weak Pareto Optimality and Condorcet Property, then individual i has
veto power if, and only if,

Clu)NM M #0 YueW"(X).

Proof. Assume that C'(u) N M # § Yu € W"(X). In order to show
that individual 7 has veto power consider alternatives x,y € X such that
xPy; then, since C(u™) N M # (), we obtain that x € C(u™); therefore
individual 7 has veto power.

Conversely, assume that individual ¢ has veto power and consider a profile
u € W™(X). For every z € M and a ¢ M}, it is satisfied that zFP,a, which
implies (since i is a vetoer) C(u®) # {a}, that is

z € C(u®) Ya¢ M

We will now show that there exists at least one alternative b € M} such that
be C(u"®) Vz € M. By contradiction assume that for every 2z, € M there
always exists another alternative z; € M;" such that z; ¢ C(u**). So, if we
start by 21 € M}*, we know that there exists zo € M} such that z; ¢ C(u**?),
that is C(u®*?) = {z3}; by applying the same argument to z we know that
there exists z3 € M} such that zo ¢ C(u?%3), that is C(u*2*3) = {z3}; by
repeating this process, since the set of alternatives is finite, we know that, at
some point in this reasoning, we will obtain the following situation:

2 = E|ZZ'+1 : C(Uzizi+1> = {Z,‘+1},
Zipr = et C(U7742) = {25},
Zito = E|ZZ'+3 . C(uzi+22i+3) = {ZZ'+3},

But then, if we consider profile v*##+1* by Pseudo-Independence, we ob-
tain C(u**+1#r) = () which is a contradiction. This last statement is
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obtained since, on the one hand, by Weak Pareto Optimality it is clear
that C(u®#t1*) C {z, ...,z }; while, on the other hand, and by apply-
ing Pseudo-Independence with profiles (u*#i+1+#k) and (u?#it1) (u?#it12k)
and (u*+1#+2) . and so on, we obtain z; ¢ C(u** 1) Vj =i i+ 1 .. k.

Therefore, we can ensure the existence of an alternative b € M} such that
be C(u") V€ X and finally, by applying Condorcet Property, we obtain
be Clu)ynMy. M

So, under the assumptions of the previous result, we can ensure that at
least one maximal alternative of each of the individuals in the oligarchy is
socially chosen. However, it may be that elements which are not maximal
for any of such individuals belong to the social choice set.

In the following result, we analyze the case in which there exists a subset
of individuals which constitutes a hierarchy of veto power. This result is
similar to that in Proposition 2, and as in that case, under the appropriate
axioms, it provides an alternative definition of a hierarchy of veto power.

Proposition 3 If C' is a fired agenda SC'C satisfying Pseudo-Independence,
Weak Pareto Optimality and Condorcet Property, then subset J =
{i1,4y,...,1;} is a veto hierarchy if, and only if,

Clu) N M (M}

ij,1

(n(ME).) # 0 Yue W™(X).

Proof. Without loss of generality, consider J = {1,2,...,j}. Assume that
Clu) N MMM (. (MP).) # 0 Yu € WH(X). In order to show that
J = {1,2,...,5} is a veto hierarchy, consider alternatives x, y such that
Py, As C(u™) N M (MP(.(MP™)..) # 0, and M{™ = {z}, then we
can ensure that C(u™) N MY (M {(...(M}{™)...) = {z} and, therefore,
that C'(u™) # {y}. So, individual 1 has veto power over any pair of
alternatives. Assume now that zl;y and 2 Py; then, MY (M) = {x} and
Cu™) N MY (M¥I(....(M™)...) = {x}. So, individual 2 has veto power
whenever individual 1 is indifferent. By repeating this reasoning we obtain
the result.

Conversely, let us assume that J is a veto hierarchy. By reasoning
as in the proof of Proposition 2, it is not difficult now to prove
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that there is an alternative b € MM} ((....(M})...), such that b €
C(u') Vz € X; therefore, by applying Condorcet Property, b € C(u) N

The next result provides a bit more information about the representation
of the social choice set in terms of the maximal elements of an oligarchy
and proves that, under Weak Independence, Weak Pareto Optimality and
Condorcet Property, if all of the individuals in the oligarchy agree on some
maximal elements, the social choice set is a selection of the union of their
maximal elements and, moreover, some of the maximal elements on which
they all agree are socially chosen.

Proposition 4 If C is a fived agenda SCC satisfying Weak Independence
and Weak Pareto Optimality, then there exists a subset of individuals J
(an oligarchy), such that for every w € W™(X), if [ M} # 0 then,

icJ
1) C(u) C |J M}
i€
2) If C also satisfies Condorcet Property, then (| M{ N C(u) # 0.
icJ

Proof. We know that, under these assumptions, an oligarchy J C N ex-
ists (see [7]). Let us now show that 1) and 2) are fulfilled by such an oligarchy.

1) Assume that x ¢ | M}; then z ¢ M} Vi € J and therefore by considering
icJ
be (| M, we know that bP,z Vi € J, which implies that = ¢ C(u).
icJ
2) By reasoning in the same way as in Proposition 2, it is not difficult to
prove that there is some z € [ M}, such that z € C(u**) Vo € X, so,

icJ
by applying Condorcet Property, we can conclude that z € C(u). Therefore
icJ

Finally, in the following results, we present a characterization of the social
choice set, when we know of the existence of oligarchies. In particular,
Proposition 5 states that the social choice set is defined in the following way:
society 1s divided into different groups and within each of these groups they
make choices in the same way as a hierarchy of dictators; then the different
choices of all of these groups are socially chosen. Moreover, if all of them
agree on some alternatives, then these alternatives completely determine the
social choice set.
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Proposition 5 Let C : W™(X) — X be a fized agenda SCC satisfying
Weak Independence, Monotonicity, Neutrality, Negative Pareto
and Non-imposedness. Then, there exists a hierarchical structure,
given by p groups of individuals: Ay = {ai1,a12,..,010, }; A2 =
{a217 99, ..., a’2a2}7 teey Ap = {a’plu a’p?? teey apap}
such that if we denote by

By = My, (Mg, (- (Mz(My)...) Vi=1,2,..p,
then,
1) whenever BY N By N ....N Bl # 0, the following inclusion is fulfilled

C(u) C BY UByU....UBp;

2) in any case, if C also satisfies Condorcet Property, the converse
inclusion holds, that 1s,

BYUByU...UB) C Cu).

Proof. 1) Since C' is a SCC satisfying Weak Independence, Monotonicity,
Neutrality, Negative Pareto and Non-imposedness, by applying Lemma 2
we know that there exists a quasitransitive SDF satisfying Independence of
Irrelevant Alternatives, Monotonicity, Neutrality, Negative Pareto, Positive
Non-imposedness and Negative Non-imposedness. We can then apply
Aleskerov and Vladimirov’s result (see [2]) and obtain that the associated
SDF (which is defined as usual: P,y if, and only if, C(u*¥) = {x}) can be

represented as follows:
P

— &
Ry = ()42 Ry,

=1

that is, it is defined by means of the intersection of the opinions of the differ-
ent groups of individuals (Al = {CLH, a9, ..., alal}, A2 = {CLQl, asg, ..., a2a2}7 ceey
Ay = {ap1,ap9, ..., Gpa, } Where a;; represents the individual of the society
whose preference relation is [?;; with respect to the representation form of
R,) and, within each of these groups, the decision is made as a hierarchy of
dictators.

Consider w € Bf N By N ...N B} and x ¢ B U By U....U B}, Then we
know that the opinion with respect to alternatives & and w in all of the groups

Ay, Ay, . Ay s as follows: wPy,x (where Ry, = *57 R;). So, wP,x, that is

C(u™) = {w}, and by applying Weak Independence, we obtain = ¢ C(u).
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2) etz € BYUBYU....U By. If x € B}, we know that zls,w, Yw € B},
and xPy,w, Yw ¢ B}. Therefore we can conclude that xR,z Vz € X, and
Condorcet Property implies z € C(u). R

By means of this result we have a complete characterization of the social
choice set in the case in which the intersection of the opinions of the different
groups is non-empty.

Corollary 1 If C is a fized agenda SCC satisfying Weak Independence,
Monotonicity, Neutrality, Negative Pareto, Non-imposedness and
Condorcet Property, then there exists a hierarchical structure Ay, As, ..., A,
such that:

if BfNByN..NBy#0=C(u)=BlUByU...UB}.

Remark. Under the hypotheses of the previous result and as we have men-
tioned, each group of individuals

Ai = {ail,aﬁ, ...,ami}

acts as a hierarchy of dictators by choosing B}. If we now consider the set
of individuals who appear at the top of each hierarchy, that is,

Ji = {a11,a91, ..., ap1 }

then, only the maximal elements of such individuals can be in the social
choice set. If we consider the set of individuals who are in the second place
in each group,

Jo = {a12, 099, ..., ap2 }

then, the opinion of such individuals is relevant only over the maximal el-
ements of the individuals in J;. Moreover, only maximal elements of the
individuals in Jy on this set can belong to the choice set. In general, we can
define the following sets the same way we did in Theorem 3, that is,

Ji = {ah-, agg, ..., Clpi} 1= 1, 2, e, O where v = max {Oél, Qo ..., Oép}
If each of these subsets of individuals contains just one individual, then
{J1,Jo, ..., Jo} is a hierarchy of dictators. Otherwise, each J; acts as an

oligarchy, which is why we have called such sets of individuals a hierarchy of

26



oligarchies (see Theorem 3)

Now, by using the hierarchy of oligarchies, we consider the following
subsets associated to each alternative: given € X and a profile u =

(R, R, ..., R,) € W"(X), we define the following sets,

Dz, ;) = {a€ X |aPxViec J},
D¥(z, J3) {a € X | aR;x Vi € J; and whenever al;;x then aPjyr},
D*(z, J3) {a € X | aRx Vi € J; U .Jy and whenever al;iz,aljsx then aPjsx}.

and so on. The underlying idea about these subsets is that if, for some k,
D¥(z, Ji,) is nonempty, alternative x is rejected from choice by the oligarchy
Jr. By making use of this notation, we prove that, under the assumptions in
the previous theorem, the social choice set is given by those alternatives for
which the associated subsets D%(X, .J;) are empty.

Proposition 6 Let C : W™(X) — X be a fized agenda SCC satisfying
Weak Independence, Monotonicity, Neutrality, Negative Pareto,
Non-imposedness and Condorcet Property; then there exists a hierarchy
of oligarchies Jy, Jy, ..., J, such that

Clu)={zxe X | D"z, J;) =0 Vi=12 .. «a}

Conversely, each SCC defined in that way satisfies all of the properties we
mentioned above.

Proof. By applying Theorem 3, we obtain the existence of a hierarchy of
oligarchies. Let us denote
Q' ={ze X |D"x,J;)=10 Vi=1,2,...,a}

If z ¢ Q" then there exists some i such that D%(x,.J;) # 0, that is, there
exists some alternative w € X such that:

ija: VJ € J1UJ2U...UJZ‘,
and

Then, by the way in which the social binary relation is obtained, this implies

wP,x, that is C(u*) = {w}, which in turn implies (by applying Weak In-
dependence) that x ¢ C(u).
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Consider now z € Q% since D"(x,J;) = 0, it implies that for any
other alternative w € X, it is not possible that all of the individuals in
J1 agree on wh;x. If one of them decides on xF;jw, then x R,w and we ob-
tain x € C(u™). If there exists an alternative w such that wR;z Vj € Jy,
wliz, being D¥(x, Jy) = (), we know that xRzow, and if the strict preference
holds, we would obtain zR,w. By applying this argument repeatedly, we
obtain xR,w, that is z € C(u™) for every w € X, and Condorcet Property
implies z € C(u).

Finally, it is not difficult to see that the fixed agenda SCC defined by
C(u) = Q" satisfies all of the required properties. B
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