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Uìvxpì1Xq prgëoh hvw gìyhorssì gdqv ohtxho xqh sduwlh gh od srsxodwlrq srxuvxlw

ghv dfwlylwìv looìjdohv1 Ohv lqflwdwlrqv ã od fulplqdolwì gìshqghqw gh od suredelolwì hw

ghv frþwv g*rssruwxqlwì g*íwuh sxql1 Oh jrxyhuqhphqw shxw lq xhqfhu fhv yduldeohv

sdu xq v|vwëph gh frhuflwlrq hw sdu vd srolwltxh vrfldoh1 Qrxv ìwxglrqv g*xqh sduw ohv

fkrl{ srolwltxhv txl plqlplvhqw ohv frþwv hw g*dxwuh sduw/ ohv lqflwdwlrq gh od srsxodwlrq

�ulfkh� ã �qdqfhu xqh srolwltxh gh uhglvwulexwlrq1 Qrxv frpsdurqv fhwwh dssurfkh

dyhf g*dxwuhv prgëohv rü ohv srolwltxhv gh uhglvwulexwlrq uìvxowhqw ghv suìiìuhqfhv

dowuxlvwhv1

Devwudfw1 D prgho zkhuh d sruwlrq ri wkh srsxodwlrq sduwlflsdwhv lq loohjdo dfwly0

lwlhv lv ghyhorshg1 Wkh surshqvlw| wr sduwlflsdwh lq fulphv ghshqgv rq wkh suredelolw|

dqg wkh rssruwxqlw| frvw ri ehlqj duuhvwhg1 Wkh jryhuqphqw fdq lq xhqfh wkhvh ydul0

deohv e| odz hqirufhphqw h{shqglwxuh dqg e| vrfldo wudqvihu1 Zh dqdo|}h wkh frvw

plqlpl}lqj srolf| pl{ dqg wkh lqfhqwlyh ri zhdowk| djhqwv wr �qdqfh uhglvwulexwlrq1

Zh frpsduh wklv dssurdfk zlwk vwdqgdug prghoolqj zkhuh uhglvwulexwlrq iroorzv iurp

dowuxlvwlf suhihuhqfhv1

MHO Fodvvlilfdwlrq=K;/ N3

Nh|zrugv= Fulplqdolw|/ Uhglvwulexwlrq/ Sxeolf Vdihw|
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Lq wkh Zhvwhuq zruog/ vrph surylvlrq iru wkrvh wkuhdwhqhg e| wkh h{0

wuhphv ri lqgljhqfh ru vwduydwlrq gxh wr flufxpvwdqfhv eh|rqg wkhlu frqwuro

kdv orqj ehhq dffhswhg dv d gxw| ri wkh frppxqlw|1 111 Wkh qhfhvvlw| ri

vrph vxfk duudqjhphqw lq dq lqgxvwuldo vrflhw| lv xqtxhvwlrqhg � eh lw rqo|

lq wkh lqwhuhvw ri wkrvh zkr uhtxluh surwhfwlrq djdlqvw dfwv ri ghvshudwlrq

rq wkh sduw ri wkh qhhg|1

I1 Kd|hn

41 Lqwurgxfwlrq1 Lq wkh suhvhqw sdshu/ zh h{dplqh wkh qhhg iru vhfxulw| dv udlvrq

g*íwuh iru wkh lqwurgxfwlrq ri glvwulexwlrqdo remhfwlyhv1 Zh �qg wkdw vdihw| frqvlg0

hudwlrqv rq wkh sduw ri wd{ sd|huv gr/ lqghhg/ zduudqw dowuxlvwlf olnh suhihuhqfhv1

Krzhyhu/ zh dovr vkrz xvlqj dq h{dpsoh wkdw wkh uhvxowlqj glvwulexwlrqdo wudgh0r�v

fdqqrw dozd|v eh dghtxdwho| fdswxuhg e| d zhoiduh ixqfwlrq1

Wr vxevwdqwldwh rxu txhvwlrqlqj frqvlghu rqh ri wkh vwdqgdug dujxphqwv dgydqfhg

wr wkhruhwlfdoo| mxvwli| lqfrph pdlqwhqdqfh srolflhv1 �Wkh ulfk duh dvvxphg wr eh

dowuxlvwlf wrzdug wkh srru dqg/ wkhuhiruh/ wr eh zloolqj wr lqfxu wd{ oldelolwlhv wr vxs0

sruw uhglvwulexwlyh wudqvihuv wr wkh srru�4 +Zlogdvlq +4<<4,,1 Wklv dowuxlvwlf prwlyh
lv wkhq irupdol}hg lq d zhoiduh ixqfwlrq zklfk slqv grzq d vshfl�f pdujlqdo udwh ri
vxevwlwxwlrq ehwzhhq wkh lqfrph ri zhdowk| dqg srru djhqwv1 Zkdw idfwruv ghwhu0
plqh wklv pdujlqdo udwh ri vxevwlwxwlrqB Krz lv wklv udwh d�hfwhg e| yduldwlrqv lq wkh
xqghuo|lqj hfrqrplf vwuxfwxuhB Zh surylgh rqh srvvleoh dqvzhu wr wkhvh txhvwlrqv
e| prghoolqj dq dowuxlvwlf olnh ehkdylru irxqghg rq wd{ sd|huv* ghpdqg iru vdihw|1 Lq
rxu prgho/ wkh ulfk frqvlghu dqg pd| fduh derxw wkh lqfrph ohyho ri wkh srru ehfdxvh
wudqvihuv duh rqh lqvwuxphqw wr surgxfh wkh sxeolf jrrg ri vdihw|15

H{solflwo|/ zh prgho wkh lqfhqwlyhv ri srwhqwldo fulplqdov1 Zh frqvlghu d zruog
zlwk wzr w|shv ri lqglylgxdov glvwlqjxlvkhg e| wkhlu surgxfwlylw|1 Kljk surgxfwlylw|
djhqwv sd| wd{hv dqg pd| dovr ehfrph ylfwlp ri d fulph1 Orz surgxfwlylw| djhqwv
frxog uhfhlyh zhoiduh sd|phqwv dqg pd| ghflgh wr ehfrph wklhyhv1 Wkh lqfhqwlyh
wr jhw lqyroyhg lq vxfk d fulph zloo ghshqg rq wkh suredelolw| dqg wkh rssruwxqlw|
frvwv ri ehlqj duuhvwhg1 Jryhuqphqwv fdq lq xhqfh erwk yduldeohv e| vshqglqj pruh
ru ohvv prqh| rq odz hqirufhphqw6/ dqg e| ydu|lqj wkh ohyho ri zhoiduh ehqh�wv1 Lq
d �uvw uhvxow/ zh ghulyh wkh frvw plqlpl}lqj srolf| pl{ iru dq h{rjhqrxvo| jlyhq
ohyho ri sxeolf vdihw|1 Zh �qg wkdw iru d kljk ohyho ri fulplqdolw|/ lw lv frvw h�hfwlyh
wr h{foxvlyho| uho| rq odz hqirufhphqw/ dqg wr sd| qr wudqvihu1 Krzhyhu/ zh dovr
vkrz wkdw lq rughu wr dfklhyh d orz ohyho ri fulplqdolw|/ lw zloo dw vrph srlqw ehfrph
dgydqwdjhrxv wr uhglvwulexwh lqfrph1 Khxulvwlfdoo|/ wudqvihuv fdq rqo| eh h�hfwlyh li
wkhuh lv d srvvlelolw| wr orvh wkhp zkhq dq djhqw xqghuwdnhv d fulph1 Khqfh/ rqh pxvw

4Zlogdvlq +4<<4, s1 :8:1
5Vhh wkh deryh txrwdwlrq iurp Kd|hn +4<93/ s1 5;8,1 Khxulvwlfdoo|/ wkh dujxphqw fdq dovr eh

irxqg lq Sdxo| +4<:6/ s1 6;, zkr srlqwv rxw wkdw �li sryhuw| frqwulexwhv wr wkh lqflghqfh ri fulphv
djdlqvw surshuw| dqg shuvrqv/ rqh zd| wr uhgxfh fulph pd| eh wr uhglvwulexwh lqfrph�1 Iru dq
hpslulfdo dujxphqw/ vhh Zrqj +4<<8,1

6Zh devwudfw iurp doo frqvlghudwlrqv ri sulydwh surylvlrq ri vhfxulw| ehfdxvh ri wkh zhoo0nqrzq
sxeolf jrrg qdwxuh ri vdihw|1
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�uvw uho| rq odz hqirufhphqw1 Dw wklv vwdjh/ zkhwkhu ru qrw dowuxlvwlf olnh ehkdylru
rffxuv/ ghshqgv rq wkh ghvluhg ohyho ri vdihw|1

Krzhyhu/ vdihw| lwvhoi lv dq hqgrjhqrxv yduldeoh wkdw vkrxog eh ghwhuplqhg zlwklq
wkh prgho1 Iroorzlqj vwdqgdug sudfwlfh/ zh dqdo|}h wklv fkrlfh iurp wkh srlqw ri ylhz
ri wkrvh zkr �qdqfh wudqvihuv17 Wkh| wudgh r� wkh gdpdjh ri fulplqdolw| djdlqvw wkh
frvwv ri vhfxulw|1 Wkhvh frvwv duh jlyhq e| wkh wd{ uhtxluhg wr �qdqfh wkh srolf| pl{
dorqj wkh h{sdqvlrq sdwk dqg wkh dvvrfldwhg h{fhvv exughq1 Lq dqdorj| wr wd{hv/ zh
gh�qh wkh h{fhvv exughq ri fulph dv wkh gl�huhqfh ehwzhhq wkh jdlq wr wkh r�hqghu
dqg wkh gdpdjh wr wkh ylfwlp1 Zh �qg wkdw wklv gl�huhqfh sod|v d fuxfldo uroh lq wkh
dqdo|vlv1 Zkhq wkhuh lv qr vxfk h{fhvv exughq ri fulplqdolw|/ uhglvwulexwlrq wkurxjk
wkh wd{ v|vwhp lv qhyhu rswlpdo18 Wr xvh d phwdskru/ zh duh lq dq hqylurqphqw zkhuh
wdnlqj wkh phglflqh zrxog pdnh wkh sdwlhqw zruvh r� wkdq wkh dfwxdo looqhvv1 Vshfli0
lfdoo|/ wr uhgxfh wkh frvw ri fulplqdolw| e| 4' xvlqj wudqvihuv zrxog dozd|v lpsrvh
d exughq ri pruh wkdq 4'/ dqg wklv iru wzr uhdvrqv1 Iluvw/ ehfdxvh wd{dwlrq fdxvhv
d ghdgzhljkw orvv1 Dqg vhfrqg/ ehfdxvh vrfldo vhfxulw| fdqqrw glvfulplqdwh ehwzhhq
srwhqwldo fulplqdov dqg rwkhu srru lqglylgxdov1 Dv d uhvxow/ wr uhgxfh fulplqdolw| yld
d wd{0wudqvihu vfkhph doo wkh xqsurgxfwlyh djhqwv zrxog kdyh wr eh ceulehg*1 Frqvh0
txhqwo|/ lq wkh devhqfh ri dq h{fhvv exughq ri fulphv dowuxlvwlf olnh ehkdylru fdqqrw
eh irxqghg rq vdihw| frqvlghudwlrqv1

Krzhyhu/ d ghdgzhljkw orvv ri fulphv dsshduv yhu| uhdvrqdeoh1 Dq reylrxv mxvwl0
�fdwlrq lv wkdw vwrohq jrrgv fdqqrw eh vrog dw pdunhw sulfhv1 Ixuwkhu h{dpsohv duh
wkh srvvlelolw| ri sk|vlfdo sdlq lq lfwhg e| dq lqmxu|/ wkh sv|fkrorjlfdo vx�hulqj ru
hyhq ulvn dyhuvlrq frqfhuqv rq wkh sduw ri ylfwlpv 1 Li rqh ri wkhvh h{fhvv exughqv lv
odujh hqrxjk/ lw ehfrphv rswlpdo hyhq iru wkh zhdowk| wr dgyrfdwh d uhglvwulexwlrq
ri lqfrph lq rughu wr lqfuhdvh sxeolf vdihw|1 Wklv vkrzv wkdw/ lqghhg/ wkh suhvhqfh ri
dq h{fhvv exughq ri fulph fdq mxvwli| dowuxlvwlf olnh ehkdylru1 Krzhyhu/ wkh uhvxowlqj
wudgh0r�v ehwzhhq wkh lqfrph ri wkh zhdowk| dqg wkdw ri wkh srru lv qrw �{hg e| d
wuxh dowuxlvwlf suhihuhqfh vwuxfwxuh1 Lqvwhdg lw uh hfwv frvw plqlpl}lqj ehkdylru ri wkh
ulfk zkhuh wkh rffxsdwlrqdo fkrlfh ri wkh xqsurgxfwlyh djhqwv hqwhuv dv d frqvwudlqw1
Frqvhtxhqwo|/ dq| fkdqjhv lq wkh xqghuo|lqj sdudphwhuv/ olnh h1j1 wkh h{fhvv exughq
ri fulph/ zloo d�hfw wkh wudgh r�1

Rxu sdshu lv forvho| uhodwhg wr wzr vwudqgv ri wkh olwhudwxuh1 Iluvwo|/ pdq| rwkhu
uhdvrqv kdyh ehhq h{soruhg zk| wudqvihuv wr wkh srru pd| eh lq wkh lqwhuhvw ri wd{sd|0
huv1 Iru h{dpsoh/ uhglvwulexwlrq pd| hphujh iurp d vrfldo frqwudfw frqfoxghg xqghu
wkh yhlo ri ljqrudqfh +Udzov +4<:5,,/ ru lw pd| surylgh dq lqvxudqfh djdlqvw lqfrph
vkrfnv rffxuulqj gxulqj wkh olih f|foh +Yduldq +4<;3,,1 Lq wklv nlqg ri dujxphqw/ wkrvh
zkr hqg xs ulfk pljkw zdqw wr dyrlg wd{dwlrq h{ srvw exw uhglvwulexwlrq lqfuhdvhv
wkhlu xwlolw| h{ dqwh1 Pruhryhu/ Dwnlqvrq +4<<8/ s1 5, fodlpv wkdw lqfrph pdlqwhqdqfh
srolflhv pd| lqgxfh wkh uhflslhqwv wr wdnh pruh ulvn/ dqg Juÿqhu +4<<;, vkrzv wkdw

7Iru h{dpsoh/ Zlogdvlq +4<<4/ s1 :96, dvvxphv wkdw �uhglvwulexwlyh wudqvihu srolf| lv vhw lq vxfk
d zd| dv wr pd{lpl}h wkh zhoiduh ri wkh ulfk�1 D vlplodu dssurdfk lv xvhg e| Sdxo| +4<:6,1

8Wklqnlqj ri Urelq Krrg lq Vkhuzrrg Iruhvw/ lw vkrxog eh qrwhg wkdw fulplqdolw| lv dovr d irup
ri uhglvwulexwlrq1 Krzhyhu/ xqolnh wkh wd{ v|vwhp/ lw lpsrvhv d oxps0vxp exughq1
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wudqvihu sd|phqwv pd| lpsuryh wkh doorfdwlrq ri yhqwxuh fdslwdo vlqfh deoh exw srru
hqwuhsuhqhxuv ehfrph pruh fuhglw0zruwk|1 Vxfk dq lpsuryhphqw lq wkh doorfdwlrq
ri ulvn suhvxpdeo| lv dovr ehqh�fldo wr wkrvh zkr �qdqfh wudqvihuv1 Ilqdoo|/ jhqxlqh
dowuxlvp fdqqrw eh ljqruhg1 Lqghhg/ lwv h{lvwhqfh fdq eh h{sodlqhg e| hyroxwlrqdu|
prghov +vhh Vwdun +4<<8,/ fkdswhu 9,1 Rxu dssurdfk grhv qrw frqwudglfw dq| ri wkh
dujxphqwv edvhg rq wkhvh idfwruv1 Lw vkrzv/ krzhyhu/ wkdw �jkwlqj fulplqdolw| lq lwvhoi
fdq eh d vx!flhqw prwlydwlrq iru uhglvwulexwlrq/ doehlw qrw wkh rqo| rqh1 Vhfrqgo|/
rxu sdshu lv dovr uhodwhg wr wkh olwhudwxuh rq wkh hfrqrplfv ri fulph zkhuh/ iroorzlqj
Ehfnhu +4<9;,/ wkh sduwlflsdwlrq lq loohjdo dfwlylwlhv lv prghoohg dv d udwlrqdo rffxsd0
wlrqdo fkrlfh ri xwlolw| pd{lpl}lqj lqglylgxdov1 Dv lq Ixuorqj +4<;:,/ zh lqwhjudwh
wklv dfwlylw| ghflvlrq lqwr dq htxloleulxp prgho19 Krzhyhu/ Ixuorqj +4<;:, grhv qrw
h{dplqh wkh h�hfw ri uhglvwulexwlrq rq wkh fkrlfh ri fulplqdo dfwlylw|1 Rxu sdshu lv
dovr forvho| uhodwhg wr wkh uhfhqw zrunv e| Zrqj +4<<8, dqg ]kdqj +4<<:, zkr dgguhvv
vrph vlplodu lvvxhv/ wkrxjk pdlqo| iurp dq hpslulfdo shuvshfwlyh1 Xvlqj Eulwlvk wlph
vhulhv dqg XV furvv vhfwlrq gdwd/ wkhvh dxwkruv frq�up rxu pdlq dujxphqw= wkh fulph
udwh ghfuhdvhv li wkh vwdqgdug ri olylqj ri srru shuvrqv lv lqfuhdvhg1

Wkh uhpdlqlqj ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq/ zh suhvhqw
wkh prgho1 Lq vhfwlrq 6/ zh dqdo|}h wkh wudgh r� ehwzhhq odz hqirufhphqw dqg
uhglvwulexwlrq iru d jlyhq ohyho ri fulplqdolw|1 Wklv jhqhudwhv wkh frvw ixqfwlrq ri sxeolf
vdihw|1 Lq vhfwlrq 7/ zh surylgh rxu pdlq uhvxow1 Vhfwlrq 8 r�huv vrph frqfoxglqj
uhpdunv1

51 Wkh Prgho1 Zh dqdo|}h d prgho zlwk d sxeolf vhfwru dqg wzr w|shv ri djhqwv
ghqrwhg e| k 5 ifc @j c zkhuh k lqglfdwhv wkh surgxfwlylw| ri hdfk ri wkh sod|huv1 Wkh
sursruwlrqv ri w|shv zlwklq wkh srsxodwlrq duh h{rjhqrxvo| �{hg dqg jlyhq e| w dqg
��w uhvshfwlyho|1 Lq rxu prgho/ wkh rqo| uroh ri wkh sxeolf vhfwru lv wr froohfw wd{hv lq
rughu wr �qdqfh odz hqirufhphqw +khuhdiwhu/ zh uhihu wr wklv sxeolf dfwlylw| dv srolfh,
dqg uhglvwulexwh lqfrph1

5141 Ohjdo Dfwlylw|1 Iru vlpsolflw| orz surgxfwlylw| djhqwv +w|sh k ' f, duh
dvvxphg wr kdyh qr oderu lqfrph dw doo1 Krzhyhu/ wkurxjk d zhoiduh v|vwhp qrq0
zrunlqj djhqwv pd| uhfhlyh d oxps vxp wudqvihu � A f1 Iru sduvlprq|/ zh dvvxph
wkdw doo wkh djhqwv kdyh wkh vdph suhihuhqfhv zklfk fdq eh uhsuhvhqwhg e| d xwlolw|
ixqfwlrq wkdw lv olqhdu lq uhyhqxh1 Wkh xwlolw| ri d odz delglqj w|sh0f0djhqw ehfrphv=

�fE� � ' �� +4,

Dq djhqw zlwk kljk surgxfwlylw| uhfhlyhv d srvlwlyh lqfrph qhw ri khu h�ruw frvwv
zklfk lv ghqrwhg e| @1 Krzhyhu/ lq rughu wr �qdqfh srolfh dqg wudqvihuv wkh surgxfwlyh
sduwlflsdqwv pxvw eh wd{hg1 Lq rughu wr udlvh A grooduv ri wd{ uhyhqxh iurp d w|sh0@0
djhqw/ lw lv qhfhvvdu| wr lpsrvh rq khu d xwlolw| orvv ri &EA � � A 1 Wkh ixqfwlrq &EA �
lqfrusrudwhv erwk wkh dfwxdo wd{ sd|phqw A dqg dq h{fhvv exughq ri wd{dwlrq1 Wd{

9Iru rwkhu uhodwhg uhihuhqfhv/ vhh h1j1 Hkuolfk +4<;4,/ Xvkhu +4<;9,1
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uhyhqxh lv dvvxphg wr eh erxqghg deryh e| 7A / uh hfwlqj wkh pd{lpxp ri wkh Od�hu

fxuyh1 Wklv lqwhusuhwdwlrq ri & lpsrvhv vrph qdwxudo uhvwulfwlrqv= &Ef� ' fc &�Ef� ' �c
&�E 7A � '4 dqg &��EA � : f iru doo f 9 A 9 7A 1

5151 Fulplqdo Dfwlylw|1 Djhqwv pd| ehfrph fulplqdoo| dfwlyh1 Iru vlpsolflw|/

wkh prgho lv ghvljqhg lq vxfk d zd| wkdw w|sh0@0djhqwv qhyhu fkrrvh wr gr vr1 Wklv
vkrxog qrw eh lqwhusuhwhg dv d ehwwhu prudo rq wkh sduw ri kljk surgxfwlylw| sod|huv1
Udwkhu lw lv wkrxjkw wr uh hfw gl�huhqw lqfhqwlyhv1 Vshfl�fdoo|/ @ lv dvvxphg wr eh
odujh hqrxjk vr wkdw wkh rssruwxqlw| frvw ri xqghuwdnlqj d fulplqdo dfwlylw| ehfrphv
surklelwlyh iru surgxfwlyh djhqwv1: Wkh vdph dujxphqw dovr jxdudqwhhv wkdw lw grhv
qrw sd| iru d w|sh0@0djhqw wr vwrs zrunlqj lq rughu wr gudz iurp wkh vrfldo vhfxulw|
v|vwhp1

Fulplqdov duh dvvxphg wr ure rqo| rqfh dqg hlwkhu rewdlq %c f 	 % 9 @ � &EA �c
li wkh| hqfrxqwhu d w|sh0@0djhqw ru f rwkhuzlvh1 Zh ghqrwh e| Rf wkh frqglwlrqdo
suredelolw| wkdw d w|sh0f0djhqw ehfrphv fulplqdo1 Wdnlqj lqwr frqvlghudwlrq wkdw
rqo| d orz surgxfwlylw| djhqw zloo �qg lw rswlpdo wr hqjdjh lq d fulplqdo dfwlylw|/
wkh suredelolw| wkdw d udqgrpo| fkrvhq djhqw lv d wklhi ehfrphv R ' wRf1 Djhqwv duh
dvvxphg wr hqfrxqwhu rqo| rqh rwkhu shuvrq dw udqgrp1 Wkxv/ R dovr ghqrwhv wkh
suredelolw| wkdw dq k ' @ djhqw zloo eh ureehg1

Zkloh % jlyhv wkh uhwxuq ri d vxffhvvixo fulph/ zh doorz iru dq h{fhvv gdpdjh
lpsrvhg rq wkh ylfwlp1 Vshfl�fdoo|/ d w|sh0@0djhqw/ zkr pd| eh ureehg zlwk wkh
suredelolw| Rc vhhv khu h{shfwhg xwlolw| uhgxfhg e| _ER� A R%1 Wkh h{fhvv exughq/
phdvxuhg e| wkh gl�huhqfh _ER��R%c fdq eh mxvwl�hg lq qxphurxv zd|v1 Iru h{dpsoh/
zh zrxog h{shfw wkdw d fulplqdo fdqqrw vhoo vwrohq jrrgv dw pdunhw sulfhv1 D ixuwkhu
mxvwl�fdwlrq lv wkh srvvlelolw| ri qrq0shfxqldu| gdpdjhv wr wkh ylfwlp gxh wr sdlq
lq lfwhg e| dq lqmxu| ru pruh jhqhudoo| wr ulvn dyhuvlrq frqvlghudwlrqv1 Wkh ixqfwlrq
_ vdwlv�hv _�ER� A % dqg _��ER� A f iru doo f 9 R 9 w1 Dowrjhwkhu/ wkh xwlolw| ri d
surgxfwlyh djhqw ehfrphv

�
@
EAc R� ' @� &EA �� _ER�� +5,

5161 Rffxsdwlrqdo fkrlfh1 Wkh ghflvlrq surfhvv ri d w|sh030djhqw lv vxppdul}hg

lq �jxuh 41 Vlqfh dq r�hqghu fkrrvhv d ylfwlp dw udqgrp/ klv h{shfwhg jdlq iurp

fulph ehfrphv E� � w�%1 Wkxv/ frqglwlrqdo rq qrw ehlqj duuhvwhg/ d wklhi zloo hqmr|

wkh h{shfwhg xwlolw| ��� ' E� � w�% n � 1 Li duuhvwhg/ wkh fulplqdo lv dvvxphg wr

orvh klv hqwluh prqhwdu| dvvhwv frqvlvwlqj ri % dqg � 1 Iru vlpsolflw|/ zh dvvxph

wkdw wkhvh ydoxhv duh glvvlsdwhg udwkhu wkdq frq�vfdwhg1 Lq dgglwlrq/ dq duuhvwhg

fulplqdo vx�huv d qrqprqhwdu| xwlolw| orvv iurp ehlqj vhqwhqfhg wr sulvrq zlwk wkh

:D vx!flhqw frqglwlrq iru wklv lv=

d A n+W , .
4� �

�
W . +4� �,{. g+�,=

Rxu pdlq uhvxowv zrxog qrw eh d�hfwhg li zh doorzhg d sursruwlrq ri w|sh0d0djhqwv wr ehfrph

fulplqdoo| dfwlyh1
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Iljxuh 4= Ghflvlrq wuhh ri d w|sh030djhqw

prqhwdu| htxlydohqw phdvxuhg e| j1 Khqfh/ frqglwlrqdo rq ehlqj duuhvwhg �� ' �j

lv wkh h{shfwhg xwlolw| ri dq r�hqghu1 Wkh glvxwlolw| ri lpsulvrqphqw lv dvvxphg wr
eh d udqgrp yduldeoh uh hfwlqj gl�huhqw suhihuhqfhv rq wkh sduw ri wkh djhqwv1 Iru
sduvlprq|/ j lv dvvxphg wr eh xqlirupo| glvwulexwhg; rq wkh lqwhuydo dfc ro�

Iurp wkh srlqw ri ylhz ri d fulplqdo/ 4 ghqrwhv klv suredelolw| ri ehlqj duuhvwhg
dqg irxqg jxlow| wkurxjk odz hqirufhphqw h�ruwv1 Wkh frvw ri lqgxflqj 4 lv SE4� shu
fdslwd ri wkh xqsurgxfwlyh sduw ri wkh srsxodwlrq/ khqfh wSE4�shu fdslwd ri wkh ryhudoo
srsxodwlrq1< Zh dvvxph SEf� ' S�Ef� ' fc iru 4 : fc S�c S�� : fc dqg S�E�� ' n4�

Wkxv/ d fulplqdo zloo hqmr| ��� zlwk suredelolw| E� � 4� dqg �� zlwk suredelolw| 41
Khqfh/ klv ryhudoo h{shfwhg xwlolw| ehfrphv

�S ' E�� 4� dE�� w�%n � o� 4j� +6,

D w|sh k ' f djhqw zloo fkrrvh wr ehfrph fulplqdoo| dfwlyh li �S : �f/ l1h1

E�� 4�E� � w�%� 4� : 4j� +7,

Ehfdxvh ri wkh dvvxpswlrq ri d xqlirup glvwulexwlrq iru jc zh frqfoxgh wkdw

Rf '

;AA?
AA=

� li
E �
4
3��E�3w�%3�

r
: �

E �

4
3��E�3w�%3�

r
rwkhuzlvh

f li
E �
4
3��E�3w�%3�

r
	 f�

+8,

;Iurp wkh srlqw ri ylhz ri rxu pdlq frqfoxvlrqv/ wkh dvvxpswlrq ri d xqlirup glvwulexwlrq lv

lqhvvhqwldo1 Zh xvh lw ehfdxvh ri lwv vlpsolflw| dqg ehfdxvh lw dyrlgv vhfrqg0rughu ghulydwlyhv1 Lwv

pdlq zhdnqhvv lv wkdw wkh vxssruw pxvw eh erxqghg1
<Lq wklv prghol}dwlrq/ wkh shu fdslwd frvw ri � lv dvvxphg wr eh lqghshqghqw iurp wkh dfwxdo

vl}h ri wkh fulplqdo vhfwru1 Khxulvwlfdoo|/ srolfh lv suhvxphg wr frqwuro shuvrqv dqg qrw lqyhvwljdwh

fulphv1 Dq h{dpsoh ri wklv pd| eh wkh prqlwrulqj ri lqfrph wd{ uhwxuqv zkhuh d jlyhq sursruwlrq

ri uhwxuqv duh yhul�hg1



;

Iurp wklv htxdwlrq/ lw lv lpphgldwho| reylrxv wkdw Rf lv ghfuhdvlqj lq 4 dqg � 1

Wklv uh hfwv wkdw lq rxu prgho srolfh dfwlylw| dqg zhoiduh sd|phqwv duh wzr srolf|

lqvwuxphqwv wkdw pd| eh xvhg wr uhgxfh fulph1 Odz hqirufhphqw lqfuhdvhv wkh ulvn

dqg/ wkxv/ wkh h{shfwhg frvw ri xqodzixo ehkdylru/ zkhuhdv uhglvwulexwlrq43 lqfuhdvhv

wkh h{shfwhg rssruwxqlw| frvw ri orvlqj wudqvihuv1 Dv fdq eh vhhq iurp wkh htxdwlrq/

wklv vhfrqg h�hfw fdq rqo| rffxu zkhq wkhuh lv vrph ohyho ri odz hqirufhphqw vlqfh

rwkhuzlvh wudqvihuv fdq qhyhu eh orvw1

61 Wkh frvw ri sxeolf vdihw|1 Lq wklv vhfwlrq/ zh nhhs wkh ohyho ri sxeolf vdihw|
� phdvxuhg e| Rf � frqvwdqw dqg plqlpl}h h{shqglwxuhv1 Zh ghulyh wkh frvw ixqfwlrq
ri fulph ghwhuuhqfh dqg wkh rswlpdo lqvwuxphqw pl{1 Wkh uhvxowlqj frqglwlrqv duh
qhfhvvdu| iru dq| srolf| wr pd{lpl}h zhoiduh1 Pruhryhu/ wkh dqdo|vlv lv lqwhuhvwlqj lq
lwv rzq uljkw ehfdxvh ri wkh gxdo1 Lqghhg/ lq pdq| frxqwulhv orzhu ohyho jryhuqphqwv
kdyh qr glvfuhwlrq ryhu wkhlu wd{ uhyhqxhv/ exw kdyh d fkrlfh wr doorfdwh ixqgv wr
gl�huhqw h{shqglwxuh fdwhjrulhv1

6141 Wkh Jryhuqphqw Exgjhw1 Wkh jryhuqphqw exgjhw frqvwudlqw lv jlyhq lq
shu fdslwd whupv1 Vlqfh rqo| w|sh0@0djhqwv sd| wd{hv uhyhqxh lv E� � w�A 1 Iurp wkh
iruhjrlqj vhfwlrq/ wkh srolfh h{shqglwxuhv duh wSE4�1 Ilqdoo|/ wudqvihuv duh rqo| sdlg
wr orz surgxfwlylw| djhqwv/ wkxv/ |lhoglqj d wrwdo yroxph ri wudqvihu h{shqglwxuhv ri
w� 1 Dowrjhwkhu/ wkh jryhuqphqw exgjhw frqvwudlqw ehfrphv

E�� w�A � wSE4�� w� ' f1 +9,

Iru hyhu| wd{ A / wkh jryhuqphqw exgjhw htxdwlrq |lhogv dq lvrh{shqglwxuh fxuyh1 Dv
fdq eh vhhq iurp �jxuh 5/ lw jhqhudwhv lq wkh E4c � � vsdfh d vwulfwo| frqfdyh exgjhw
frqvwudlqw gh�qhg e|

� '
�� w

w
A � SE4� +:,

zlwk wkh vorsh
_ �

_ 4
' �S�E4� 9 f +;,

zklfk lv }hur dw 4 ' f dqg vwulfwo| qhjdwlyh rwkhuzlvh1 Kljkhu uhyhqxhv A jhqhudwh d
sdudooho xszdug vkliw ri wkh exgjhw frqvwudlqw1

6151 Lvrsuredelolw| Fxuyhv1 Wkh gh�qlwlrq ri Rf lq +8, |lhogv d pds ri vwulfwo|
frqyh{ lvrsuredelolw|0fxuyhv uhsuhvhqwhg lq �jxuh 6=

� '
E�� w�%

4
� drRf n E�� w�%o +<,

zlwk vorsh
_�

_4
' �

E� � w�%

42
	 f� +43,
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Iljxuh 6= Lvrsuredelolw| Fxuyhv
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Jhrphwulfdoo|/ uhgxflqj Rf vkliwv wkh lvrsuredelolw| fxuyh rxwzdug/ wkh lqwxlwlrq
ehlqj wkdw lq rughu wr uhgxfh fulph wkh jryhuqphqw pxvw hlwkhu lqfuhdvh wudqvihuv
ru odz hqirufhphqw ru erwk1 Iru 4 ' �/ wkh suredelolw| ri fulph gursv wr }hur hyhq
zlwkrxw dq| wudqvihu1 Wklv lv d qdwxudo surshuw| lq d prgho zlwk udwlrqdo djhqwv=
qrerg| zloo fkrrvh wr ehfrph fulplqdoo| dfwlyh li wkh suredelolw| ri ehlqj duuhvwhg lv
�1 Khqfh wkh Rf ' f0fxuyh fxwv wkh krul}rqwdo d{lv dw 4 ' �1 Dw wkh rwkhu h{wuhph/
wkh Rf ' �0fxuyh fxwv wkh d{lv dw

4f '
E� � w�%

rn E�� w�%
� +44,

Khxulvwlfdoo|/ 4f ghqrwhv wkh kljkhvw duuhvw suredelolw| vxfk wkdw zkhq wkhuh duh qr
wudqvihuv doo wkh w|sh0f0djhqwv fkrrvh wr ehfrph wklhyhv 1 Iurp wkh htxdwlrq/ lw
dsshduv uhdvrqdeoh wr wklqn ri r dv ehlqj odujh uhodwlyh wr E�� w�% +l1h1 4f lv vpdoo,1
Vshfl�fdoo|/ zh dvvxph E� � w�% 	 r�44 Lq �jxuh 6 wkh duhd wr wkh ohiw ri wkh fxuyh
jrlqj wkurxjk srlqw 4f uhsuhvhqwv wkh vhw ri srolflhv zklfk doo ohdg wr Rf ' �1 Ixuwkhu/
srolflhv ghslfwhg lq wkh duhd deryh wkh fxuyh jrlqj wkurxjk wkh srlqw 4 ' � lqgxfh
}hur fulplqdolw|1

6161 Rswlpdo h{shqglwxuh pl{1 Lq wklv vxevhfwlrq/ zh gh�qh wkh frvw ixqfwlrq
ri sxeolf vdihw|/ �ERf�/ dv wkh plqlpdo h{shqglwxuh qhfhvvdu| wr nhhs fulplqdolw|45

wr dq h{rjhqrxvo| suhghwhuplqhg ohyho R ' wRf1 Iurp wkh plqlpl}dwlrq sureohp/
zh ixuwkhu rewdlq wkh rswlpdo lqvwuxphqw pl{1 Zh xvh wkh gh�qlwlrq ri Rf iurp
htxdwlrq +8,1 Lw lv hdvlo| vhhq wkdw iru Rf ' � wkh frvw plqlpl}lqj srolf| pl{ |lhogv
A ' 4 ' � ' f� Wkh lqwxlwlrq vkrxog eh reylrxv= li rqh lv uhdg| wr dffhsw wkh pd{lpdo
srvvleoh ohyho ri fulplqdolw| rqh zloo qrw hqjdjh lq dq| sxeolf vdihw| h{shqglwxuhv1 Iru
doo rwkhu ohyhov ri sxeolf vdihw|/ Rf 5 dfc ��/ zh vroyh=

�ERf� ' 4�?
�c4

� � w

w
A ' SE4� n � +L,

Rf A
E43� � ��E� � w�%� �

r
+45,

� A f� +46,

Wkh �uvw lqhtxdolw| vwdwhv wkdw fulplqdolw| pxvw qrw h{fhhg wkh suhghwhuplqhg ohyho
Rf1 Jhrphwulfdoo|/ lw lpsolhv wkdw wkh vhw ri shuplvvleoh srolflhv duh wr wkh qruwk0hdvw

43
Wklv uhglvwulexwlrq h�hfw irupdol}hv wkh dujxphqw ri Kd|hn +4<93, dqg Sdxo| +4<:6, flwhg hduolhu1

44Wkxv/ �3 ? 4@5= Lq uhdolw| v lv dovr frqwuroohg e| vrflhw|1 Xvlqj wkh zhoo nqrzq dujxphqw e|
Ehfnhu +4<9;,/ zh fdq dvvxph wkdw sxqlvkphqw lv pd{lpdo/ vr wkdw wkh dvvxpswlrq lv qrw yhu|
uhvwulfwlyh1 Wkh dvvxpswlrq lv xvhg rqo| rqfh/ lq wkh dqdo|vlv ri wkh fdvh zlwkrxw dq| h{fhvv exughq
ri fulplqdolw|/ vhh sursrvlwlrq 61

45Wr gh�qh F+s3, dv sxeolf vdihw| lv d pdujlqdo dexvh ri odqjxdjh/ vlqfh lw dfwxdoo| ghqrwhv wkh
sxeolf frvwv qhfhvvdu| wr nhhs fulplqdolw| dw s @ �s3=
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fruqhu ri wkh Rf0lvrsuredelolw| fxuyh1 Wkh vhfrqg frqvwudlqw jxdudqwhhv wkdw wudqvihuv
fdqqrw ehfrph qhjdwlyh/ l1h1 wkdw srru djhqwv fdqqrw eh wd{hg1 Lq rughu wr vroyh wkh
deryh plqlpl}dwlrq sureohp/ zh zulwh wkh Odjudqjldq

O 'SE4� n � n b

�
Rf �

E43� � ��E� � w�%� �

r

�
n >� +47,

zklfk |lhogv wzr �uvw0rughu frqglwlrqv

O4 ' S�E4� n b
E�� w�%

r42
' f +48,

O� ' � n b
�

r
n > ' f +49,

dqg wzr frpsohphqwdu| vodfnqhvv frqglwlrqv

b

�
Rf �

E43�
� ��E� � w�%� �

r

�
' f +4:,

>� ' f +4;,

zlwk bc > 9 f vlqfh zh kdyh d plqlpl}dwlrq sureohp1 Xvlqj wkhvh htxdwlrqv/ rqh fdq
fkdudfwhul}h wkh vroxwlrq wr sureohp +L,1

Iluvw/ zh revhuyh wkdw b 	 f1 Lqghhg/ li b ' f zhuh ihdvleoh/ wkhq iurp +48,

S�E4� ' f� E| dvvxpswlrq wklv zrxog lpso| 4 ' f/ khqfh E43�3��E�3w�%3�

r
' 4 zklfk

ylrodwhv +45,1 Lqwxlwlyho| b ' f lv rqo| ihdvleoh dw wkh srlqw 4 ' � ' f zklfk kdv ehhq
uxohg rxw1

Iurp wkh vhfrqg pxowlsolhu/ zh kdyh wzr srvvleoh fdvhv1

41 > ' f1 Lq wkdw fdvh/ zh kdyh dq lqwhulru vroxwlrq zlwk

S�E4� '
E�� w�%

42
+4<,

dqg � iroorzv lpsolflwo| e| +4:,1

51 > 	 f1 Lq wkdw fdvh/ zh kdyh d fruqhu vroxwlrq zlwk � ' f dqg 4 iroorzv lpsolflwo|
e| +4:,1

Wkh rswlpdo srolf| pl{ lv vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 41 Gh�qh e4 dv wkh vroxwlrq ri +4<,1 Iru Rf ' �/ zh kdyh 4W ' � W ' f�
Iru Rf 5 dfc �� zh rewdlq

41 li Rf 9 Ee43� � ��E� � w�%*r wkhq 4W ' e4 dqg �W lv lpsolflwo| gh�qhg e| +4:,1

51 li Rf : Ee43� � ��E� � w�%*r wkhq � W ' f dqg 4W lv lpsolflwo| gh�qhg e| +4:,1
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τ

ρ1ρ0

P0 = 1

P0 = 0
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Iljxuh 7= H{sdqvlrq sdwk

Dw dq rswlpdo srolf| pl{ zkhuh erwk lqvwuxphqwv duh xvhg +fdvh 4,/ 4W lv gh�qhg
e| htxdwlrq +4<, zklfk htxdol}hv wkh pdujlqdo udwh ri wudqvirupdwlrq ehwzhhq vrfldo
vhfxulw| dqg odz hqirufhphqw dorqj d exgjhw frqvwudlqw +wkh ohiw kdqgvlgh ri wkh
htxdwlrq, wr wkh pdujlqdo udwh ri vxevwlwxwlrq dorqj wkh lvrsuredelolw| fxuyh1 Vlqfh
erwk ri wkhvh udwhv rqo| ghshqg rq wkh duuhvw suredelolw| 4/ lw pxvw uhpdlq frqvwdqw
dw 4W

' e4 dv orqj dv rqh kdv dq lqwhulru vroxwlrq1
Lq wkh fdvh ri d fruqhu vroxwlrq +fdvh 5,/ lw fdq eh vhhq iurp wkh �uvw0rughu frqgl0

wlrqv ri wkh Odjudqjldq wkdw lq devroxwh ydoxh whupv wkh pdujlqdo udwh ri vxevwlwxwlrq
dorqj wkh lvrsuredelolw| fxuyh lv odujhu wkdq wkh pdujlqdo udwh ri wudqvirupdwlrq1
Zhuh zh qrw dw d fruqhu vroxwlrq/ wkh jryhuqphqw zrxog zdqw wr vxevwlwxwh wudqvihuv
iru odz hqirufhphqw1 Dq dowhuqdwlyh zd| wr uhvwdwh wklv revhuydwlrq lv wkdw li jryhuq0
phqw frxog wd{ xqsurgxfwlyh djhqwv +� 	 f,/ lw zrxog pdujlqdoo| gr vr dqg vshqg
wkh uhyhqxh jhqhudwhg rq srolfh1

Iljxuh 7 jlyhv wkh h{sdqvlrq sdwk zklfk uhvxowv zkhq zh ydu| wkh ohyho ri fulplqdo0
lw| Rf1 Iru wkh qr fulplqdolw| fdvh/ l1h1 Rf ' f/ zh dujxh wkdw d fruqhu vroxwlrq +> 	 f,
lv qrw srvvleoh1 Wklv iroorzv lpphgldwho| iurp wkh iruhjrlqj sdudjudsk ehfdxvh dw
wkh srlqw 4 ' �c � ' f wkh pdujlqdo udwh ri vxevwlwxwlrq dorqj wkh lvrsuredelolw| fxuyh
lv erxqghg exw wkh pdujlqdo udwh ri wudqvirupdwlrq S�E�� lv lq�qlwh1 E| frqwlqxlw|/
wkh dujxphqw h{whqgv wr Rf forvh wr }hur1 Iru vpdoo vkliwv/ zh uhpdlq lq dq lqwhulru
vroxwlrq1 Wkxv/ srolfh h{shqglwxuh uhpdlqv frqvwdqw zlwk 4W ' e4 dqg dq lqfuhdvh lq
Rf lpsolhv d uhgxfwlrq lq wudqvihuv1 Wklv grzqzdug pryhphqw dorqj wkh h{sdqvlrq
sdwk lv erxqghg e| rqh ri wzr vlwxdwlrqv1 Hlwkhu Rf ehfrphv � ru zh uhdfk d fruqhu
vroxwlrq46 � dv lq �jxuh 7 � zkhuh wudqvihuv duh }hur1 Reylrxvo|/ rqfh wklv srlqw lv

46Lq �jxuh 6/ zh kdyh uhsuhvhqwhg wkh fdvh zkhuh iru vrph s3 d fruqhu vroxwlrq uhvxowv1 Wklv zloo

rffxu li dqg rqo| li e� � �31 Wklv zloo rqo| kdsshq li dw wkh srlqw �3 d fruqhu vroxwlrq lv rswlpdo/ l1h1
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1 P0

C(P0)

ρ̂c(  )

ρ̂-1(   -1)(1-θ)x__________
s

Iljxuh 8= Frvw ixqfwlrq ri sxeolf vdihw|

uhdfkhg dq| ixuwkhu lqfuhdvh lq fulplqdolw| fdq rqo| eh dffrpprgdwhg e| d uhgxfwlrq

lq odz hqirufhphqw1

Dv d uhvxow iurp wkh rswlpl}dwlrq/ zh rewdlq wkh ixqfwlrq �ERf� zklfk ghqrwhv wkh
frvw ri nhhslqj fulplqdolw| dw wkh ohyho Rf1 Iurp wkh hqyhorsh wkhruhp/ zh nqrz wkdw
� �ERf� ' b ' �rE�n>�/ zkhuh wkh vhfrqg htxdolw| iroorzv iurp +49,1 Zh kdyh vkrzq
hduolhu wkdw b 	 fc wkxv/ frvwv duh vwulfwo| ghfuhdvlqj lq fulplqdolw| ru htxlydohqwo|
lqfuhdvlqj lq sxeolf vdihw|1 Dv orqj dv zh duh lq dq lqwhulru vroxwlrq/ wkh pdujlqdo
frvw lq Rf lv �r� Jhrphwulfdoo|/ zh duh rq wkh yhuwlfdo sduw ri wkh h{sdqvlrq sdwk
dqg dq| yduldwlrq lq sxeolf vdihw| lv hqwluho| devruehg e| dq dssursuldwh yduldwlrq
lq wudqvihuv1 Dv d uhvxow/ pdujlqdo frvw iroorzv iurp wkh sduwldo YRf*Y� 1 Lq wkh
fdvh ri wkh fruqhu vroxwlrq/ wkh jryhuqphqw fdqqrw nhhs wkh pdujlqdo frvwv ri erwk
lqvwuxphqwv htxdol}hg1 Wkhuhiruh d ixuwkhu lqfuhdvh lq Rf wudqvodwhv lq ohvv frvw vdylqj/
l1h1 �� �ERf� 	 r1 Uhvxowv duh vxppdul}hg lq �jxuh 81

Wkh odvw wzr �jxuhv duh dovr ri lqwhuhvw iru wkh gxdo sureohp zkhuh d orfdo jryhuq0
phqw pd{lpl}hv sxeolf vdihw| iru dq h{rjhqrxvo| jlyhq ohyho ri lqfrph1 Jlyhq d ohyho
ri uhyhqxh/ zh fdq uhdg iurp �jxuh 8 wkh rswlpdo Rf dqg iurp �jxuh 7 wkh uhvxowlqj
srolf| pl{1

71 Zkhq zrxog wkh ulfk ghvluh uhglvwulexwlrqB1 Lq wklv vhfwlrq zh frpsohwh
wkh dqdo|vlv e| vroylqj wkh wudgh0r� ehwzhhq wd{hv dqg sxeolf vdihw|1 Zh gr wklv
iurp wkh shuvshfwlyh ri d uhsuhvhqwdwlyh flwl}hq ri w|sh @1 Wklv dssurdfk lv prwlydwhg
e| rxu pdlq txhvwlrq= grhv wkh ghpdqg iru sxeolf vdihw| lqgxfh wkh wd{sd|huv wr
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ehkdyh dv li wkh| zhuh dowuxlvwlfB Vshfl�fdoo|/ zh dvn xqghu zkdw flufxpvwdqfhv grhv

lw ehfrph dgydqwdjhrxv iru wkrvh zkr �qdqfh wkh wudqvihuv wr uhglvwulexwh lqfrph147

Iurp wkh iruhjrlqj vhfwlrq/ zh xvh wkh frvw ixqfwlrq iru sxeolf vdihw| wr gh�qh wkh

lqgluhfw xwlolw| ri d uhsuhvhqwdwlyh @0w|sh djhqw=

4@ 
AcRf

�@ EAc wRf� ' @� &EA � � _ EwRf� +LL,

�ERf� '
E�� w�

w
A +53,

f 9 A 9 A +54,

Vlqfh &�EA � ' 4/ d vroxwlrq zloo qhyhu lpso| A ' A 1 Rq wkh rwkhu kdqg/ d fruqhu
vroxwlrq zlwk A ' f lv srvvleoh ehfdxvh ri wkh glvfrqwlqxlw| ri �E�� dw wkh srlqw
Rf ' � zklfk fruuhvsrqgv wr wkh pd{lpxp ohyho ri fulplqdolw|� Iurp �jxuh 6/ zh
qrwh wkdw wkh Rf ' �0fxuyh lv erxqghg dzd| iurp wkh ruljlq1 Lq rwkhu zrugv/ vwduwlqj
dw Rf ' �/ d pdujlqdo ghfuhdvh lq fulplqdolw| uhtxluhv d glvfuhwh mxps lq wd{dwlrq1 \hw
wkh uhvxowlqj ehqh�w fdq rqo| eh pdujlqdo vlqfh doo wkh rwkhu fxuyhv duh gl�huhqwldeoh1
Wkxv/ wkhuh dozd|v lv d orfdo pd{lpxp dw A ' f1

Wkrxjk lw lv dqdo|wlfdoo| ihdvleoh wr frqvwuxfw fdvhv/ ghshqglqj rq wkh fxuydwxuh
dvvxpswlrqv iru &E��c _E�� dqg �E��/ zkhuh wkh qr wd{ vroxwlrq ehfrphv wkh joredo
pd{lpxp/ zh gr qrw uhjdug wklv fdvh dv sduwlfxoduo| lqwhuhvwlqj iurp dq hpslulfdo
dv zhoo dv iurp d wkhruhwlfdo shuvshfwlyh1 Wkh A ' f fdvh rffxuv li doo wkh orz
surgxfwlylw| djhqwv fkrrvh wr eh fulplqdoo| dfwlyh vr wkdw pdujlqdo fkdqjhv lq hlwkhu
irup ri sxeolf h{shqglwxuh ehfrph lqh�hfwlyh1 Wkhruhwlfdoo|/ wklv frxqwhulqwxlwlyh
uhvxow lv dq duwlidfwv ri rxu vlpsoli|lqj dvvxpswlrq wkdw j lv xqlirupo| glvwulexwhg
dqg wkhuhiruh kdv d �qlwh vxssruw148 Iurp dq hpslulfdo shuvshfwlyh wklv fdvh grhv qrw
dsshdu frqylqflqj hlwkhu1 Iru h{dpsoh/ Eodqn +4<<9, vwdwhv wkdw �fulplqdo dfwlylw| 111
duh/ hyhq lq wkh srruhvw qhljkerukrrg/ wkh dfwlylw| ri d ihz�149 Iru wkhvh uhdvrqv/ lq
wkh uhpdlqghu/ zh uhvwulfw dwwhqwlrq wr wkh fdvh zkhuh wkh rswlpdo ohyho ri fulplqdolw|
RW

f
lv vwulfwo| ehorz xqlw|1 Frqvhtxhqwo|/ doo wkh pxowlsolfdwruv iurp +54, duh }hur1
Vxevwlwxwlqj wkh frvw ri sxeolf vdihw| lq wkh remhfwlyh ixqfwlrq ri wkh uhsuhvhqwdwlyh

w|sh0@0djhqw dqg pd{lpl}lqj zlwk uhvshfw wr Rf |lhogv wkh iroorzlqj frqglwlrq=4:

�&�

�
w

E�� w�
�ERf�

�
w

E�� w�
� �ERf� ' w_� EwRf� � +55,

Wklv htxdwlrq kdv d vwudljkwiruzdug lqwhusuhwdwlrq1 Lw htxdwhv wkh pdujlqdo gdpdjh ri
fulplqdolw| +wkh uljkw kdqgvlgh, wr lwv pdujlqdo ehqh�w iurp wkh uhgxfwlrq lq uhtxluhg

47Dw wklv srlqw/ lw lv zruwkzkloh wr jr edfn wr wkh lvvxh ri sulydwh surylvlrq ri vdihw| zklfk e|
dvvxpswlrq zdv uxohg rxw +vhh irrwqrwh 6,1 Vlqfh lq rxu prgho/ doo wkh zhdowk| djhqwv duh lghqwlfdo/
wkhlu ghpdqgv iru vdihw| zloo eh wkh vdph1 Wkxv wkh fkrlfh ri sxeolf vdihw| e| wkh uhsuhvhqwdwlyh
djhqw zrxog furzg rxw dq| sulydwh surylvlrq ri vhfxulw|1

48Iru d glvfxvvlrq ri wklv srlqw/ vhh irrwqrwh ;1
49Eodqn +4<<9, s1 841
4:Lw lv hdv| wr ghulyh wkdw wkh remhfwlyh ixqfwlrq lv frqfdyh iru doo s3 ? 4= Wklv iroorzv iurp wkh

vorsh dqg wkh fxuydwxuh dvvxpswlrqv iru n+�, dqg g+�, dqg iurp wkh revhuydwlrq wkdw F33 A 3=
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wd{hv1 Wklv ehqh�w ghshqgv lwvhoi rq wkh pdujlqdo frvw ri wd{hv dqg rq wkh h�hfwlyhqhvv
ri jryhuqphqw uhyhqxh wr d�hfw fulplqdolw|1

Vlqfh plqlpl}lqj sxeolf h{shqglwxuh lv d qhfhvvdu| frqglwlrq wr uhvroylqj +LL,/ zh
fdq lpphgldwho| dsso| sursrvlwlrq 4 wr R

W

f
1 Wkxv= 1

Fruroodu| 51 Iru R
W

f
5 dfc��c zh rewdlq=

41 li RW
f
	 Ee43� � ��E� � w�%*r wkhq � W : fc

51 li RW
f
A Ee43� � ��E� � w�%*r wkhq � W ' f�

Lq wklv irup wkh uhvxow lv qrw yhu| lqwhuhvwlqj1 Doo lw vwdwhv lv wkdw wudqvihuv zloo
eh srvlwlyh li wkh rswlpdo ohyho ri fulplqdolw| lv vpdoohu wkdq wkh ohyho uhsuhvhqwhg e|
wkh lvrsuredelolw| fxuyh jrlqj wkurxjk wkh srlqw e4� Krzhyhu/ wkh fruroodu| doorzv xv
wr frpsduh rxu dssurdfk zlwk wkh vwdqgdug prghoolqj zkhuh uhglvwulexwlrq lv ghulyhg
iurp rswlpl}dwlrq ri d zhoiduh ixqfwlrq1 Wkh wudghr� ehwzhhq wkh lqfrphv ri zhdowk|
dqg srru lqglylgxdov lv qrw �{hg e| wkh irup ri vxfk d ixqfwlrq/ exw ghshqgv rq
wkh htxloleulxp ehkdylru ri lqglylgxdov1 Vshfl�fdoo|/ frqvlghu wkh gh�qlwlrq ri Rf lq
htxdwlrq +8, zklfk ghvfulehv wkh rffxsdwlrqdo fkrlfh ri orz0surgxfwlylw| djhqwv1 Lq
d vlwxdwlrq zkhuh RW

f
	 Ee43�

� ��E�� w�%*rc rqh fdq lqvhuw Rf lqwr wkh xwlolw| ixqfwlrq
�
@
lq +LL, dqg xvh 4W ' e4 wr frpsxwh wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq wkh

wd{ dqg wkh wudqvihu=
_A

_� m�@
'

w_�

r&�
: f� +56,

Krzhyhu/ li RW
f
A Ee43� � ��E� � w�%*rc wkh zhdowk| djhqwv zloo dozd|v fkrrvh � W ' f

dqg wkh pdujlqdo udwh ri vxevwlwxwlrq lv

_A

_� m�@
' f� +57,

Wkxv wkh pdujlqdo zloolqjqhvv wr sd| iru uhglvwulexwlrq grhv qrw rqo| ghshqg rq wkh
suhihuhqfhv ri wkh zhdowk| djhqwv1 Lq dgglwlrq/ wkh pdujlqdo gdpdjh ri fulplqdolw|
+_�,/ wkh h{fhvv exughq ri wd{hv +&�,/ wkh lqfhqwlyhv idfhg e| srwhqwldo fulplqdov +E��
w�% dqg r,/ dqg wkh pdujlqdo frvwv ri odz hqirufhphqw +S�E4�, duh lpsruwdqw1 Lq
sduwlfxodu/ wkhvh vwuxfwxudo yduldeohv ghwhuplqh zklfk ri wkh fdvhv ri wkh fruroodu|
lv uhohydqw/ dqg khqfh/ zkhwkhu wkh zhdowk| djhqwv gr lqghhg ehkdyh dv li wkh| kdg
dowuxlvwlf suhihuhqfhv1

Lq wkh uhvw ri wkh vhfwlrq/ zh surylgh vrph lqwxlwlrq iru wkh nlqg ri hfrqrplf
hqylurqphqwv zklfk jhqhudwh vxfk dowuxlvwlf olnh ehkdylru1 Zh gr wklv e| suhvhqwlqj
vhyhudo vshfl�fdwlrqv iru wkh gdpdjh ixqfwlrq _ER� zklfk kljkoljkw wkh frqglwlrqv
ohdglqj wr d srvlwlyh wudqvihu1 Iluvw/ zh frqvlghu wkh fdvh zkhuh wkhuh lv qr h{fhvv
exughq ri fulplqdolw|/ l1h1

_ER� ' R%� +58,
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Khuh/ wkh orvv ri wkh ylfwlp lv h{dfwo| dv odujh dv wkh jdlq iru wkh r�hqghu1 Lq wklv

irupxodwlrq/ fulph fdq eh wkrxjkw d csxuh dqg vrfldoo| frvwohvv uhglvwulexwlrq ri lq0

frph*1 Dv zh qrz vkrz/ li wklv zhuh wuxh/ lw zrxog qhyhu sd| wr xvh wudqvihuv wr

uhgxfh fulplqdolw|1

Sursrvlwlrq 61 Li wkhuh duh qr h{fhvv exughqv ri fulplqdolw| wkhq wudqvihuv duh do0

zd|v }hur1

Surri= Xvh _�
' %c &� : � dqg r : E� � w�%1 Lw iroorzv RW

f
A Ee43� � ��E� � w�%*r1

T1H1G1
Wr xqghuvwdqg wkh lqwxlwlrq ri wklv uhvxow/ ohw xv lqlwldoo| lpdjlqh wkdw doo wkh

xqsurgxfwlyh srsxodwlrq ehfdph lqyroyhg zlwk fulph1 Lw lv hdv| wr vhh wkdw wudqvihuv
zrxog qhyhu eh xvhg1 Lqghhg/ dv phqwlrqhg deryh/ erwk wudqvihuv dqg vwhdolqj fdq
eh wkrxjkw dv rqh zd| wr uhglvwulexwh lqfrph/ exw wudqvihuv duh pruh h{shqvlyh gxh
wr wkh h{fhvv exughq ri wd{hv1 Wkh dujxphqw lv hyhq ixuwkhu uhlqirufhg zkhq rqo| d
iudjphqw ri wkh xqsurgxfwlyh srsxodwlrq hqjdjhv lq fulphv ehfdxvh wudqvihuv fdqqrw
glvfulplqdwh dqg/ wkxv/ eh wdujhwhg wr srwhqwldo r�hqghuv1 Iurp wklv zh ohduq wkdw
uhglvwulexwlrq zloo rqo| eh frqvlghuhg e| wkh ulfk dv d srvvleoh lqvwuxphqw zkhq wkhuh
lv dq h{fhvv exughq ri fulplqdolw|1 Lq rwkhu zrugv/ wkh h{lvwhqfh ri d ghdgzhljkw orvv
ri fulphv lv d qhfhvvdu| frqglwlrq iru dowuxlvwlf olnh ehkdylru wr rffxu1

Lq wkh qh{w wzr uhvxowv/ zh h{dplqh wzr srvvleoh fdvhv ri vxfk dq h{fhvv exughq1 Lq
wkh �uvw h{whqvlrq/ zh frqvlghu vlwxdwlrqv zkhuh r�hqghuv fdqqrw uhvhoo vwrohq jrrgv
dw pdunhw sulfhv1 Dv d uhvxow/ wkh gdpdjh wr d ylfwlp lv odujhu wkdq wkh jdlq wr wkh
wklhi1 Zh ghqrwh zlwk +c + : %c wkh orvv wr wkh ylfwlp zklfk |lhogv

_ER� ' R+� +59,

Zlwk wklv irupxodwlrq/ d wudqvihu lv rswlpdo li + lv odujh hqrxjk1 Vshfl�fdoo|

Sursrvlwlrq 71 Gh�qh e+ ' r

�3w
&�
�

w

�3w
SEe4��/ wkhq li _ER� ' R+/ iru doo + : e+/ wkh

rswlpdo wudqvihu lv vwulfwo| srvlwlyh1

Wkh surri iroorzv lpphgldwho| iurp +55, dqg lv ohiw iru wkh uhdghu1 Khxulvwlfdoo|/
yduldwlrqv lq + ohdyh wkh pdujlqdo ehqh�w ri fulplqdolw| +wkh ohiw kdqgvlgh ri +55,,
xqfkdqjhg1 Krzhyhu/ wkh pdujlqdo gdpdjhv ri fulplqdolw| lqfuhdvh olqhduo| lq +
uhgxflqj wkh rswlpdo ohyho ri fulplqdolw| RW

f
1 Dw vrph srlqw/ RW

f
zloo dwwdlq wkh fulwlfdo

ydoxh Ee43� � ��E� � w�%*r1 Dq| ixuwkhu lqfuhdvh lq + zloo pryh wkh rswlpdo srolf|
dorqj wkh yhuwlfdo sduw ri wkh h{sdqvlrq sdwk dqg wudqvihuv ehfrph srvlwlyh1

Ilqdoo|/ zh frqvlghu d fdvh zkhuh wkh h{fhvv exughq lv gxh wr ulvn dyhuvlrq frqvlg0
hudwlrqv rq wkh sduw ri wkh w|sh0@0djhqwv1 Iru vlpsolflw|/ zh dvvxph d phdq0yduldqfh0
suhihuhqfh vwuxfwxuh1 Zh devwudfw iurp rwkhu nlqgv ri h{fhvv exughq vr wkdw wkh
h{shfwhg orvv lv R% dqg wkh yduldqfh RE� � R�%21 Wkxv/ zh pd| zulwh

_ER� ' R%n o � RE�� R�%2c +5:,
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zkhuh o : f phdvxuhv wkh ghjuhh ri ulvn dyhuvlrq1 Dv orqj dv wkh suredelolw| ri
ehlqj d ylfwlp ri d fulph lv ohvv wkdq rqh kdoi/ uhgxflqj R zloo qrw rqo| uhgxfh wkh
h{shfwhg orvv exw dovr wkh yduldqfh1 Wklv lqfuhdvhv wkh pdujlqdo frvw ri d fulph dqg
khqfh pdnhv wkh rswlpdo wd{ odujhu/ dqg wkh rswlpdo Rf vpdoohu1 Zkhq ulvn dyhuvlrq
ehfrphv odujh hqrxjk/ djdlq wkh rswlpdo ohyho ri fulplqdolw| idoov ehorz wkh fulwlfdo
ydoxh Ee43� � ��E�� w�%*r/ dqg wkh rswlpdo wudqvihu pxvw eh vwulfwo| srvlwlyh1

Sursrvlwlrq 81 Gh�qh eo dv wkh lpsolflw vroxwlrq ri

r
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wkhq li _ER� ' R%n o � RE�� R�%2 iru doo o : eo/ wkh rswlpdo wudqvihu lv vwulfwo| srvlwlyh1

Wr vxppdul}h/ wudqvihuv duh wkh pruh olnho| wr eh xvhg dv dq lqvwuxphqw wr uhgxfh
fulplqdolw|/ wkh kljkhu wkh zhgjh lv ehwzhhq wkh ehqh�w ri fulph iru wkh fulplqdo dqg
wkh frvw ri fulph iru wkh ylfwlp1 Li wklv ghdgzhljkw orvv ri fulplqdolw| lv odujh hqrxjk/
dowuxlvwlf olnh ehkdylru fdq lqghhg eh irxqghg rq wkh ghpdqg iru sxeolf vdihw| rq wkh
sduw ri wd{sd|huv1

81 Frqfoxvlrq1 Lq wklv sdshu/ zh kdyh vkrzq wkdw uhglvwulexwlrq fdq lq vrph
fdvhv eh lq wkh lqwhuhvw ri wkrvh zkr �qdqfh wudqvihuv ehfdxvh lw surprwhv sxeolf
vdihw|1 Iurp d frvw plqlpl}lqj shuvshfwlyh/ zh irxqg wkdw wudqvihuv dfurvv lqfrph
jurxsv duh rqo| rswlpdo li d kljk ohyho ri sxeolf vdihw| lv wr eh dfklhyhg1 Rwkhuzlvh rxu
prgho vxjjhvwv wkdw sxuh odz hqirufhphqw plqlpl}hv h{shqglwxuhv1 Zh dovr ghulyhg
wkh rswlpdo dprxqw ri wd{hv zklfk zhdowk| djhqwv duh zloolqj wr sd| lq rughu wr uhgxfh
fulplqdolw|1 Zh irxqg wkdw/ zkhq wkhuh duh qr h{fhvv exughqv ri fulplqdolw|/ wkh ohyho
ri wd{hv fkrvhq lv vr orz wkdw qr wudqvihuv duh hyhu sdlg1 Krzhyhu/ wkh dvvxpswlrq
ri qr h{fhvv exughq grhv qrw dsshdu yhu| uhdolvwlf1 Zh frqvwuxfwhg wzr vlpsoh fdvhv
zkhuh dq h{fhvv exughq zloo ohdg wkh zhdowk| djhqwv/ iru vrph sdudphwhuv/ wr �qg
vrph ohyho ri uhglvwulexwlrq rswlpdo1 Lqwxlwlyho|/ wklv rffxuv zkhq wkh h{fhvv exughq
lv odujh1 Wkxv/ rxu sdshu vkrzhg wkdw vdihw| frqfhuqv ohdg wr wkh vdph ehkdylru dv
dowuxlvwlf suhihuhqfhv li dqg rqo| li fulplqdolw| fuhdwhv d vxevwdqwldo ghdgzhljkw orvv1

Rxu sdshu |lhogv vlplodu uhvxowv wr prghov zklfk ghulyh uhglvwulexwlrq iurp d
zhoiduh ixqfwlrq uhsuhvhqwlqj dowuxlvwlf suhihuhqfhv ri wd{sd|huv1 Lw wkhuhiruh frxog eh
wkrxjkw dv d srvvleoh mxvwl�fdwlrq ri wkdw dssurdfk1 Krzhyhu/ rxu dqdo|vlv dovr vkrzv
wkdw/ dqg krz/ wkh lqfhqwlyhv iru zhdowk| djhqwv wr uhglvwulexwh lqfrph ghshqg rq
wkh rswlpl}lqj ehkdylru ri srwhqwldo fulplqdov1 Zkhq xvlqj dowuxlvwlf olnh suhihuhqfhv
lq dssolhg prghov/ rqh wkhuhiruh fdqqrw �{ d ixqfwlrqdo irup iru d zhoiduh ixqfwlrq
zlwkrxw wdnlqj wklv ehkdylru lqwr dffrxqw1

D surplqhqw h{dpsoh ri vxfk dq dssolfdwlrq lv pljudwlrq1 Edvhg rq rxu prgho/
rqh pljkw dqdo|}h krz wkh zloolqjqhvv wr sd| iru uhglvwulexwlrq fkdqjhv li wudqvihu
uhflslhqwv duh preloh dqg srolflhv duh ghwhuplqhg orfdoo|1 Zloo wkh rswlpdo pl{ ri odz
hqirufhphqw dqg wudqvihuv fkdqjhB Lv wkhuh d whqghqf| wrzdug orzhu uhglvwulexwlrq
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dv lq prvw prghov zklfk xvh dowuxlvwlf suhihuhqfhvB Rq wkh rwkhu kdqg/ li wd{sd|huv
duh preloh/ lv lw wuxh wkdw wkh| qhfhvvdulo| pryh wr orz0uhglvwulexwlrq mxulvglfwlrqv/
ru zloo wkh Wlherxw phfkdqlvp zrun hyhq lq wkh suhvhqfh ri uhglvwulexwlrqB Wklv
vhhpv wr eh olnho| vlqfh lq d orz wd{ frxqwu|/ wd{sd|huv dovr idfh d kljkhu ohyho ri
fulplqdolw|1 Uhglvwulexwlrq lv mxvw dq lqvwuxphqw wr surylgh wkh sxeolf jrrg ri vdihw|/
dqg wkhuhiruh vkrxog eh vxssolhg mxvw dv h!flhqwo| e| orfdo mxulvglfwlrqv dv dq| rwkhu
orfdo sxeolf jrrg1

Dqrwkhu lqwhuhvwlqj dssolfdwlrq ri rxu prgho zrxog eh wr h{sodlq wkh zlghvsuhdg
xvh ri lq nlqg wudqvihuv1 Zh nqrz iurp wkh vwdqgdug prgho lq plfurhfrqrplf wkhru|
wkdw fdvk wudqvihuv vkrxog dozd|v eh ehwwhu xqohvv rqh lv uhdg| wr dffhsw dowuxlvwlf
dqg sdwhuqdolvwlf suhihuhqfhv iru wkh ulfk1 Krzhyhu/ vlqfh lq rxu dssurdfk lw lv qrw
wkh xwlolw| ohyho ri wkh srru exw wkhlu ehkdylru wkdw prwlydwhv wkh ulfk wr surylgh
wudqvihuv/ wudqvihuv lq nlqg zloo eh suhihudeoh li wkh| kdyh d vwurqjhu lqfhqwlyh h�hfw
wr uhgxfh fulplqdolw|1

Uhihuhqfhv

Dwnlqvrq/ D1 +4<<8,= Lqfrphv dqg wkh zhoiduh vwdwh= Hvvd|v rq Eulwdlq dqg Hxursh/
Fdpeulgjh Xqlyhuvlw| Suhvv1
Ehfnhu/ J1 +4<9;,= �Fulph dqg sxqlvkphqw= Dq hfrqrplf dssurdfk�/ Mrxuqdo ri
Srolwlfdo Hfrqrp| :9=49<054:1
Eodqn/ U1 +4<<9,= Lw wdnhv d qdwlrq= D qhz djhqgd iru �jkwlqj sryhuw|/ Sulqfhwrq
Xqlyhuvlw| Suhvv/ Sulqfhwrq1
Hkuolfk/ L1 +4<;4,= �Rq wkh xvhixoqhvv ri frqwuroolqj lqglylgxdov= Dq hfrqrplf dqdo|vlv
ri uhkdelolwdwlrq/ lqfdsdflwdwlrq dqg ghwhuuhqfh�/ Dphulfdq Hfrqrplf Uhylhz :4=63:0
6551
Ixuorqj/ Z1 +4<;:,= �D jhqhudo htxloleulxp prgho ri fulph frpplvvlrq dqg suhyhq0
wlrq�/ Mrxuqdo ri Sxeolf Hfrqrplfv 67=:;04361
Juÿqhu/ K1 +4<<;,= �Uhglvwulexwlrq dv d vhohfwlrq ghylfh�/ plphr/ Xqlyhuvlw| ri Erqq1
Kd|hn/ I1 +4<93,= Wkh frqvwlwxwlrq ri olehuw|/ Urxwohgjh/ Orqgrq1
Sdxo|/ P1 +4<:6,= �Lqfrph uhglvwulexwlrq dv d orfdo sxeolf jrrg�/ Mrxuqdo ri Sxeolf
Hfrqrplfv 5=6808;1
Udzov/ M1 +4<:5,= D wkhru| ri mxvwlfh/ R{irug Xqlyhuvlw| Suhvv/ R{irug
Vwdun/ R1 +4<<8,= Dowuxlvp dqg eh|rqg/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh
Xvkhu/ G1 +4<;9,= �Srolfh/ sxqlvkphqw dqg sxeolf jrrgv�/ Sxeolf Ilqdqfh 74=<904481
Yduldq/ K1 +4<;3,= �Uhglvwulexwlyh wd{dwlrq dv vrfldo lqvxudqfh�/ Mrxuqdo ri Sxeolf
Hfrqrplfv 47=7<09;
Zrqj/ \1 +4<<8,= �Dq hfrqrplf dqdo|vlv ri wkh fulph udwh lq Hqjodqg dqg Zdohv/
4;8:0<5�/ Hfrqrplfd 95=56805791
Zlogdvlq/ G1 +4<<4,= �Lqfrph uhglvwulexwlrq lq d frpprq oderu pdunhw�/ Dphulfdq

Hfrqrplf Uhylhz ;4=:8:0::71
]kdqj/ M1 +4<<:,= �Wkh h�hfw ri zhoiduh surjudpv rq fulplqdo ehkdylru= D wkhruhwlfdo
dqg hpslulfdo dqdo|vlv�/ Hfrqrplf Lqtxlu| 68=453046:1


