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ABSTRACT

Network density, membership fees and service are andytically related to factors such asthe size
of the target population, the digtribution of ability to enjoy the network’ s service within the target
population, the tax-rebate rate on membership payment, the service production costs, which are
increased by congestion or reduced by agglomeration, and the network organisationa cods.
The andlyss is conducted for the cases of monopolistic and duopalistic profit-maximising
networks and for the case of a monopoalistic budget-balancing and dengity-targeting network.
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|. INTRODUCTION
The term network is used in this paper to indicate the afiliation of people with a common
interest in a service to an organisation which makes tha service equally accessible to members.
The networks congdered in this paper generate revenues by collecting a uniform membership
fee for accessng their service. In addition to fixed cods, they incur the variable costs of
producing their service, organisationd costs of hilling and communicating with members, and
congestion costs and enjoy agglomeration benefits. The qudity of the service depends on the
networks membership fees and objective. It is aso affected by Sze externdities that can be
positive in the case of a dominant agglomeration effect or negative in the case of a dominant

congestion effect. 1

These organisations of common interest groups can be generdly classfied as socid networks or
economic networks. Much of the literature on networks dedls with socid networks and is
written from a sociological perspective. A survey of that strand of literature is provided by
Wellman and Berkowitz (1988). A brief survey of the economic literature on networks is
provided by Jackson and Wolinsky (1996), who andysed the stability and efficiency of socid

and economic networks within a cooperative game framework. 2

The main contribution of this paper to the network literature is the theoreticd derivation of
possible relationships between networks density, membership fees and service. Membership
fees and the ability to enjoy the network’s service are incorporated into the individud’s decison
of joining a network. A criticd ingredient in modeling this decision, and consequently network
dengty, isthat people have different leves of ability to enjoy a network service. That is, despite
being smultaneoudy and equdly offered, a network service appedls to some people more than
to others and hence a congderable variation in people’s willingness to pay for an identicd
service can be expected.

The digribution of the ahility to enjoy the network service in a given population, and factors
such as membership fees and tax concessions, determine the network dengty. In turn, network
dengty affects both the network revenues, organisationd and congestion costs and
agolomeration benefits. These interdependencies are conceptudly integrated into the andys's of
the determination of membership fees and sarvice.

The andyss is focused on two specific types of networks. profit-maximisng networks in a
monopoligic and duopaligic frameworks, and budget-bdancing and densty-targeting



monopolisic networks. The ownership and management of profit-maximisng networks are
likely to be separated from their members, whereas the budget-baancing and density-targeting
networks are usualy owned by their members and managed by democraticdly eected
committees. Examples of profit-maximising networks are Internet subscriber's networks,
matching agencies and private medica funds. Examples of budget-baancing and densty-
targeting networks are trade unions, co-ops, and professond, socid, culturd and ethnic clubs.
Budget-balancing represents a possible financid policy for non-profit networks, and dengity-

targeting may serve these networks for increasing their bargaining and lobbying power. 3

The paper is organised as follows. The membership decison and the minimum &bility to enjoy
the network service required for joining the network are described in section [1. The minimum
ability to enjoy the network’s sarvice is subsequently used for anadlysing the densty of a
monopoligtic network in section I11. Profit-maximisng membership fees and service and thelr
properties are derived in section 1V for the monopoalistic network case. Membership fees and
sarvice are dso generated for a budget-baancing and dendity-targeting monopolistic network in
section V. The andyss is extended to the more complicated case of two non-identical rival
networks in section V1. The effects of the a network’s own choice, and the riva’s choice, of
membership fees and service on its dendty are analysed. The Cournot-equilibrium membership
fees and service were described for profit-maximising networks. Conclusions are summarised in

section VII.

Il. MEMBERSHIP DECISION AND THE MINIMUM ABILITY TO ENJOY

NETWORK’S SERVICE

It is assumed that people make decisons on membership in a network by comparing the
periodicd membership fee set by the network to their evauation of the periodica service
provided by the network. In addition to this conventiona wisdom, the modding of the
membership decision incorporates peopl€e' s ability to enjoy the network service on a zero-one
scae and the upper-bound on people's willingness to pay for that service. This gpproach to
modeling the membership decision is chosen S0 as to facilitate the subsequent sections andlyss
of network dengty.



Smilarly to Levy (1998), let S denote a combined index of the quantity and qudity of the
periodica service offered by a network to its members. Let the willingness to pay for S of an
individua member i be a fraction of the highest willingness to pay for that service within the
popultion:

A =0 Pmax (S) )

where G T (0,1) indicates the i-th member ability to enjoy the service provided by the
network and  Pryax ( S) the upper-bound on  members willingness to pay for the periodical
service offered by the network. This upper-bound rises with S (i.e, P'max > 0). Despite
being smultaneoudy and equally offered, the network service agppeds to some people more

than to others because of differences in preferences, incomes, familiarity, skills and attributes

needed for using the network and strategic behaviour. 4

Let m denote the periodicad network membership fee, and t the tax-rebate rate applicable in
some countries for membership in some networks (e.g., professona associations and trade
unions) and assumed, for smplicity, to be the same for dl members. We may expect an
individud i to be a member of a network as long as his, or her, willingness to pay for S is not
lower than the tax-rebate adjusted membership fee:

G Pmax(S) 2 (1- t)m. 2

This membership rule implies that the minimum leve of ability to enjoy the network service
within the group of the network members rises with the membership fee in accordance with the

following linear equetion
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[1l. NETWORK DENSITY AND THE FEASIBLE MEMBERSHIP FEE-SERVICE
ST

For amplicity, let us first condgder the case of a monopolistic network. The network dengty is
defined as the ratio of the number of the network’s members (M) to the target population (L).
Recdlling equation 3, the dendty of the network can be rendered as

= of (g;)di (4)
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where f (qi ) is the probability dengty function of the ability to enjoy the network service

within the population. Let this probability dengty function be uniform, > then the network’s
dengity can be expressed as

M _, &1-t 6
—=1- 8—+m (5)
L Prax (S)2

A hundred per cent network dengty is reached when either the membership fee goes to zero or
the upper-bound on members willingness to pay for the network service goes to infinity. The

positive scalar (l- '[)/ Prmax (S) can be interpreted as the aggregate propensty to

withdraw the membership in the network as the membership-fee rises. This membership



withdrawal inclination is moderated by the tax-rebate rate and the upper-bound on the
members willingnessto pay for the service provided by the network.

The  network-dendty  equation implies that the  empty-network s,

{(m,S)I] R%: M = O} , comprises l the membership fees and service combinations that

satisy the following equdity
Sm=0= Pmac ((1- )m). ©

Recdling the assumption that plmax >0, the corresponding  empty-network curve is
positively doped in the firgt orthan spanned by mand S. To smplify the following sections
anayses, let the upper-bound on members' willingness to pay be linear in the network service

Pmax (S) =VS ™

where v is a pogtive scdar indicating the upper-bound on members margina willingness to pay
for the service provided by the network. Then, the empty-network combinations of m and S
should satisfy

_a8- 19
SM=0= Tam- (8

Consequently, the network’s feasible set of membership fees and service is the region above
thisempty-network line (ENL) as depicted by Figure 1.
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Figure 1. The empty-network line and feasible combinations

V. MEMBERSHIP FEES AND SERVICE OF A PROFIT-MAXIMISING

MoNoPOLISTIC NETWORK

The network considered in this section is economic, has a monopoly on providing aservice, and
sts its membership fee and sarvice level so as to maximise profit: the difference between the

sum of the members periodica membership payments and the network’ s periodical operationd
cogts. In addition to afixed cost CO the network has two types of variable cods: the service-
production costs, Cl and the organistiond codts (eg., billing and communicating with

members), C,.

Suppose that the service-production costs are quadratic in the level of service and affected by
the network size (i.e., network externdities) as displayed by the second term on the right-hand
sde of the following equation

C,=¢gS*+c,M 9

where C; is apostive scdar, and Cy is a scaar indicating the margina network externdities,

which is pogtiveif the provison of the service to member is adversdy affected by the network
membership sze because of a dominant congestion effect, but negetive if the provison of the
sarvice is enhanced by a dominant agglomeration effect, as in the case of matching networks.



Suppose aso that the organisationa costs are proportiona to the number of members

G =M (10)
where C3 isapositive scalar.

Then, the monopoalistic network’ s profit equetion is

P=(m-c,- )M - ¢;S?- C. (11)

By substituting the network’ s density equation 5 for M and equation 7 for  [O,5x into equétion

11 the profit equation can be rendered as

-t

P=(m-¢- )lL- 2L oS- G (2

By differentiating P with respect to m and setting the derivative to be equa to zero, the

monopaligtic profit-maximisng membership fee for agiven network serviceis
V 0
m=0. ﬁas +05(c, +¢3). (13)

In other words, for any given network’s service leve the profit-maximisng membership fee is
equd to haf the margind network’s externdities and organisationd costs plus haf the upper-
bound on members willingnessto pay for the network’ s service deflated by the effective cost of
adollar spent as membership payment (i.e., one minus the tax-rebate rate). This reationship is
portrayed in Figure 4 by the profit-maximising member ship-fee line (PMMFL).



By subgtituting equation 13 for m into equation 12 and rearranging terms, the network’s profit

function can be concentrated on S

oVl § H1- t)L(c +¢5)°01
P =0252—95+02 gl
0 5%‘? 55+0 53 v S ¢S
- 05(c, +c3)L- G, (14)

The monopoligtic profit-maximising service should obey the first-order condition

dP v (1- t)L(c +C5)2

= - 8,5 =0. 15
dSs 1-t VS*2 “ &)
The second-order condition for maximum profit is satisfied as
d?P - 2(1- t)(c, +Cy)?
20 re)® g g s

ds? vS*3

The monopolistic profitmaximising network service, S*, is obtaned by solving the
polynomia 15. The corresponding membership fee is obtained by subdituing S*  into
equation 13. This profit-maximising combination of the monopoligic network’s service and
membership feeisindicated in Figure2 by E .
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Figure 2. The monopolistic profit-maximising service
and member ship fee

The totd differentiation of the first-order condition 15 and the negative sign of the second-order
condition lead to the following claims about the properties of the monopoligtic profit-maximising
sarvice. (Seethe Appendix for proofs.)

Claim 1. The effects of the maximum margind willingnessto pay (v) and the tax-rebate rate (t)
on the service offered by the profit-maximising network are pogitive.

The underlying raionde is that the higher the upper-bound on the margind willingness to pay
and the tax-rebate rate on membership payment, the lower the overdl membership withdrawal
coefficient and hence the grester the network’ s revenues and profit and its incentive to provide a

higher quality service.

Claim 2: The effect of the target population size on the monopaligtic profit-maximising service
depends on the product of the margind network externdities plus the marginal organisationd
cogts and the membership withdrawa coefficient. If initidly this product is larger (smdler) than
the profit-maximising service, an increase in the target population size would raise (lower) the
level of the monopaligtic profit-maximising service.

Note that in the case of a dominant agglomeration effect (i.e, Cy < 0) it is less likely that an

increasein L will raise the profitmaximising service level than in the case of a dominant

congestion effect.
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Claim 3. The higher the service-production costs coefficient, the lower the monopolistic

profit-maximising service.

Claim 4: The higher the margina costs of the network externdities and organisation, the lower

the monopoalidtic profit-maximisng service.

Claim 5: The effects of changes in the modd’s parameters on the monopolistic profit-
maximising membership fee have the same direction as the claimed effects on the monopolitic
profit-maximising service, and are amplified by the upper-bound on the margind willingness to
pay and the tax-rebate rate.

V. MEMBERSHIP FEES AND SERVICE OF A BUDGET-BALANCING AND

DENSITY-TARGETING MONOPOLISTIC NETWORK
Let us now congder the membership fee and service levels set by a non-profit monopolistic
network so as to cover the costs of servicing its members and ensure a predetermined
membership percentage (i.e, dendty) target. This case is interesting as it is likdy to be the

policy of some socid networks, professond associations and trade unions.
Recdling the fixed cods, service production costs, network externdlities costs and

organisational costs specified in the previous section, the baanced-budget congraint can be
displayed as:

Co+CS*+ M + M =mM . (17)

Consequently, the relationship between the service provided by the network and the budget-
baancing membership fee is
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:J<m- G- )M - Cg "

G

Moreover, in recdling the network-dendity equation 5 and equation 7, this relationship can be

rendered as

A- 16
(M- ¢ - c3)[1- ¢——=m[L- Gy
. Y
G
(19)

or, equivaently, as

g3 &M- G- G- Go)LOs (M- G- c)(1- YL

=0.(20)
C 2 GV
Conseguently, the budget-baancing membership fee for any service levd is given by
Cl 3 1-t
1o +(C+ 3+ C)S- (Cp +C3) —
m= v 21)
1-t
S- - —
\Y

By differentiating equation 21 it can be shown that the budget-balancing combinations of m and
S are located on a U-shaped balanced-budget curve as depicted in Figure 3. That is, up to a

criticad membership fee the budget-balancing service level decreases but then rises.



If in addition to baancing its budget the network sets the level of its service so asto achieve a
membership rate x, and if the ability to enjoy its sarvice is uniformly ditributed within the unit
interva, then the criticd member has an ability of 1-x. Recaling equations 2 and 7, the network
ensures that ashare of X of the target population joins its ranks by setting the membership fee

to be
~ 7 =S, (22)

The st of dl combinations of m and S ensuring x-membership rate is depicted by the x-

membership-rate line in Figure 3.

The combinationsof m and S satisfying smultaneoudy both the balanced-budget congtraint and
the x-membership-rate target can be found by equating the terms on the right-hand sides of
equations 21 and 22. These combinations are found in the intersection between the balanced-
budget curve and the x-member ship-rate line asindicated by A and B in Figure 3. From the
members perspective, the podtive sarvice differentia between B and A is a compensation for
the membership-fee differentiad between these combinations.
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Balanced-budget curve

x-membership-rate line

ENL

0 m

Figure 3. Budget-balancing and x-member ship-rate
combinations

V1. EXTENSION To DuopPoLISTIC NETWORKS: DENSITY AND THE

COURNOT EQUILIBRIUM

Let us now andyse networks dendty in an industry comprising two non-identical networks and
a population of potentia customers that for reasons such as habit, loydty and snobbism might
appreciate the service of the networks in a biased manner. Recaling egquations 5 and 7, the
number of members affiliated to network 1 can be expressed as.

€ 1-t u
M;=(L- My)gl- —my, (23)
& vS
and the number of members affiliated to network 2 is
e 1-t u
My =(L- Mp)gl- ——mpy, (24)
g WS
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where Vy is not necessarily equa to V5 because of the aforementioned service-evauation
biases.
By subdtituting equation 24 into equation 23 for M, solvingfor My and dividingby L, the

dengty of network 1 is

€ M u
é 9

M, _ 1- & V1S U (25)
L Eem (@-omm, m g

1S VLSS, wS(

and, by symmetry, the dengty of network 2 is

¢ T U
M2y 6 V252 i
L em (@-Ymm m g

BIS WSS, VS H

(26)

As can be intuitively expected, the differentiation of equations 25 and 26 implies that the densty
of each network increasses with its service leve, its service assessment coefficient, and the
membership fee set by its riva and decreases with is own membership fee, the service leve of
itsrival, and the assessment coefficient of the service of itsrival. The curves NET1 and NET2 in
Figure 4 display the relationship between network dendity and membership fee-service ratio for

network 1 and network 2, respectively for the casewhere Vj > V5.
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M/L
1
NET1
NET2
0 m/S
Figure 4. Networks' density where Vj > V5
In recdling equations 11 and 25 the profit function of network 1 is
é u
& % G
_ 2 Vi U 2
Pq=(m- C21'(331)31' e gt - Co
A e e z
8 1S wSS  wSi
(27)
and in recdling equation 26 the profit function of network 2 is
é u
& % G
_ s V2 u
Pz—(”b'czz'csz)gl' S S i ¢12S5 - Cog
é rr!l. - (1 - t)rr!l. rrb + rrb i
A e e 7
8 S VLSS Ve
(28)

where the superscript e denotes expected vaues of the riva network’s control varigbles. The
Cournot-equilibrium membership fees and service levels are obtained by solving the combined

st of firgt-order conditions for network 1 and network 2 smultaneoudy under the assumption
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that the expected vaues are confirmed in equilibrium. That is, mI m; S_{ and SZ*

satisfying Smultaneoudy
1P, ™M,
—L=M,+(m- - —1=0 29
m 1+ (M- Cyp - Ca1) m (29a)
P, ™M, _
1 = (my - oy - Cay) itk 26,4, =0 205
Y (M - Cp1 - C31) s, C11S (290)
1P, ™,
2 = My + (M - Cpp - Cxp) 220 2
m 2 + (M - Cyp - C3) m, (29c)
1P ™M
T2 = (my- - Cgp) - 26155, =0 (29%0)
s, (M - Cpo - C32) s, C12S,
where,
e My u
e V. S_L u
M, = él- 1 1L 30
8T Mm@ omm, mp g e
B VS WWLSS %S
and
m u
U
M, = él- Vop aL. (300)

m _ (@-H)mm m g
VIS, VLSS, VLS

a» D S‘R D D

Possible comparative satics results can be obtained through smulations.
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VIl. CONCLUSION

Membership fees and ability to enjoy a network service are incorporated into the individud’s
decison to join the network. The andyss started with a monopolistic network. The network
density was related to the digtribution of the ability to enjoy the network service, membership
fees and tax concessons. It was shown that the network densty declines linearly with the
membership fee. The decline in the network densty semming from an increese in the
membership fee is moderated by the upper bound on individuals willingness to pay for the
network service and the tax-rebate rate.

As the network densty affects both the network revenues and organisational costs and
generates negative externdities due to congestion and positive ones due to grester opportunities
for interaction among members, its determination was integrated into the andysis of the choice
of membership fee and service by a profit-maximising monopolistic network and, dternatively,
by a non-profit monopolistic network that balances its budget and seeks the affiliation of a
desired share of the target population.

The subgtitution of the aforementioned linear relationship between network densty and
membership fee into a profit-maximising objective function implied thet for any given network
savice leved the profit-maximisng membership fee is equd to hdf the margind network
externdities and organisationd costs plus haf the upper-bound on members willingness to pay
for the network service deflated by the effective cost of adollar spent on membership payment.
The effect of the overal membership withdrawa coefficient on the level of service offered by a
profit-maximising network was found to be negative. Moreover, the higher the members ahility
to enjoy the network service and the higher the tax-rebate rate on membership payment, the
gregter the profit-maximising service. The effect of the target population size on the level of the
profit-maximising service was found to depend on the product of the margind organisationa
cods and the membership withdrawvad coefficient. It was argued that if initidly the
aforementioned product is larger (smdler) than the profit-maximising service an increase in the
target population sze would raise (lower) the profit-maximising service level. It was shown that
the higher the margina service-production costs and the marginal organisationd costs the lower
the profit-maximising service level. It was 0 argued that the effects of changes in the mode’s
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parameters on the profit-maximisng membership fee have the same directions as the
aforementioned effects on the profit-maximisng service and are amplified by the upper-bound
willingness to pay coefficient and the tax-rebete rate.

By subdtituting the linear relationship between the network density and membership fee into a
budget-balancing objective it was shown that the budget-baancing combinations of membership

fee and sarvice are located on a U-shaped curve. That is, up to acritica level the positive effect
of an increase in the budget-baancing membership fee on the network revenues is outweighed
by the negative effect of diminishing network dengty on the network revenues and hence forcing
the network to reduce costs by lowering the service qudity. Beyond that critical levd the
positive effect of an increase in the budget-baancing membership fee on the network revenues
outweighs the negative effect of declining network dengity on the network’ s revenues and hence
enables the budget-baancing network to raise the quality of service. In turn, an improvement in
the network’s sarvice is necessary for increasing the target population’s willingness to pay. It

was argued that if the network sets the leve of its service so asto achieve atarget membership

rate, the locus of dl combinations of membership fee and service rate will be a positively doped

line. The intersection of this line with the U-shaped baanced-budget curve indicates the
combinations of membership fee and sarvice quality satisfying both the target network dendty
and balanced budget.

The andys's was extended to the more complicated case of two non-identical rival networks.

The effects of the a network’s own choice, and the rival’s choice, of membership fees and

sarvice on its densty were andysed. The Cournot-equilibrium membership fees and service

were described for profit-maximising networks.
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FOOTNOTES

1. Usudly networks are characterised by positive size externdities commonly caled “ network
externdities’, indicating that the benefits semming from the addition of an extra node or
member exceed the private benefits accruing to that node or member.

2. Dutta and Mutuswami (1997) andysed further whether the tenson between stability and
efficiency can be resolved.

3. See for example McDondd and Suen (1992) and Levy (1998), who have andysed the
rel ationship between trade union bargaining power and dengty.

4. For example, Cohen and Zilberman (1997) argue that lack of familiarity with a new
technology and drategic behaviour led to underestimates of farmers actua willingness to pay
for the Cdifornian statewide network of wegther information.

5. The use of the norma distribution as an approximation of f could introduce interesting

factors such as the mean and variance of the capacity to enjoy the network service. However,
the incorporation of the norma digtribution is inconsgent with the requirement that

g1 (0.



APPENDIX

Proof of clam 1.

dS*  _[((cp+Ce)?/S**) +(v2/(1- )L _
48 to d?P / dS?

v

Proof of clam 2:
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I
dS* | VSZ 1- 1 ( )
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aL : 12p y as 1(02 Cs)
f ds? 'b
_ dS* 85*
Proof of dlam 3: = > 2<
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Proof of clam 4:

2(1- t)L(c; + ¢y
ds* VS *2

d(cy +cg) d?p
ds?

<0.

Proof of dam 5: By virtue of equation 13 the profit-maximisng membership feeis postively
related to the network’ s service level.
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