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Abstract

This article proposes a general class of joint and marginal diagnostic tests for parametric con-
ditional mean and variance models of possibly nonlinear non-Markovian time series sequences.
The use of joint and marginal tests is motivated from the fact that marginal tests for the condi-
tional variance may lead misleading conclusions when the conditional mean is misspecified. The
new tests are based on a generalized spectral approach and, contrary to existing procedures,
they do not need to choose a lag order depending on the sample size or to smooth the data.
Moreover, the proposed tests are robust to higher order dependence of unknown form, in partic-
ular to conditional skewness and kurtosis. It turns out that the asymptotic null distributions of
the new tests depend on the data generating process, so a new bootstrap procedure is proposed
and theoretically justified. A simulation study compares the finite sample performance of the
proposed and competing tests and shows that our tests can play a valuable role in time series

modeling. Finally, an application to the S&P 500 highlights the merits of our approach.
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1. INTRODUCTION

Specification analysis of volatility models is of major interest in empirical finance and economics.
Volatility modeling is an essential factor in asset pricing and market risk managment, see e.g. the
Value at Risk methodology in Jorion (1997). It also plays an important role in asset allocation under
the mean-variance framework and in studies of the intertemporal relation between risk and return
(see e.g. Glosten, Jagannathan and Runkle, 1993.) In econometrics, many inference procedures
proposed in the literature depend crucially on the correct joint specification of the conditional mean
and variance!. Despite the significant empirical and theoretical importance of this testing problem,
very few conditional variance specification tests have been proposed. Furthermore, the proposed
tests may not be adequate for the kind of time series data arising in financial applications, which
may posses time-varying higher order conditional moments of unknown form and highly persistent
nonlinear dependence. The aim of this paper is to construct new joint and marginal specification
tests especially convenient for financial and economic applications. The use of joint and marginal
tests pursued in this article is motivated from the fact that the conditional variance specification
may be missleading when the conditional mean is misspecified.

More precisely, let {(Yz, Z;_1) }tez be a strictly stationary and ergodic time series process defined
on the probability space (Q, F, P). Henceforth A’ denotes the matrix transpose of A. Here Y; is the
dependent random variable (r.v.) and let Z;_1 = (Y;_1,X]) € R1*™ m € N, be the explanatory
random vector containing the lagged value of the dependent variable and other explanatory variables
X, say. In this paper we are mainly concerned with the case in which the conditioning set at time
t—1isgiven by I,y = (Z,_1,Z,_5,...). It is known that under square-integrability of Y¥; we can

write the tautological expression
Y = f(Li—1) + h(Li—1)u,

where f(I;_1) = E[Y; | I;_1] is almost surely (a.s.) the conditional mean, h?(I;_1) = Var[Y; | I;_1]
is a.s. the conditional variance, and u; = (Y; — f(I;—1))/h(lt—1), t € Z, are standardized errors. Let
M = {f(-,0), h?(-,0) : 0 € © C RP} be a given parametric family of functions and consider the
model

Y = f(Li=1,0) + h(Li—1, 0)us(0), (1)

where f(I;_1,60) and h(I;_1,0) are specifications for f(I;_1) and h(I;_1), respectively, and {u:(0)}

n estimation theory, consistency of classical estimators such as the Quasi-Maximum Likelihood Estimator
(QMLE), or efficiency improvements in Wefelmeyer (1996), depend crucially on the correct joint specification. In
testing theory, tests for conditional symmetry in Bai and Ng (2001), goodness-of-fit tests for conditional distributions
in Bai (2003) and Koul and Ling (2006) or goodness-of-fit test for copulas in Chen, Fan and Patton (2003), among

many others, also rely on the correct specification of a mean-variance model.



is a sequence of disturbances of the model, defined implicitly from (1). Following the financial
literature parlance we also refer to h(I;_1,0) as a volatility model for h(I;_1).

Since the seminal work on the ARCH model by Engle (1982) there has been a vast quantity
of research uncovering the properties of competing volatility models. As pointed out by Engle
(2002), the number of new models proposed, estimated and analyzed has been dramatic. The most
influential models were the first: the GARCH model of Bollerslev (1986) and the EGARCH model
of Nelson (1991). There is already a well-developed theory for many aspects of the aforementioned
models, including theorems for stationarity and ergodicity, moments, and estimation. See Li, Ling
and McAleer (2002) and Straumann (2005) for recent surveys. Surprisingly enough, specification
analysis for these models is less elaborated, with very few proposals available in the literature. This
paper contributes to this literature by proposing a general methodology for testing the adequacy of
a possibly nonlinear mean-variance model under fairly general regularity conditions. Given the large
supply of existing competing models an specification test for evaluation of a mean-variance model
is very welcome.

The specification in (1) covers the well-known classes of linear ARMA-ARCH, ARMA-(E)GARCH
models, as well as many other nonlinear conditional mean and variance models, see, e.g., Fan and
Yao (2003) for some review. In empirical finance an important class is the ARCH in mean (ARCH-
M) models of Engle, Lilien and Robins (1987) and its generalizations, where the conditional variance
enters in the specification of the conditional mean in order to assess return-risk relationships. Our
parametrization in (1) is general enough to allow for (G)ARCH-M models.

Our tests are constructed from the fact that under the correct specification of f(I;_1,60) and
h(Ii—1,00), {ut(0p)} becomes a martingale difference sequence with respect to Fy, the o-field gener-
ated by I;, with zero mean and unit conditional variance. That is, the correct joint specification is

tantamount to
Hy : Ele1t(00) | It—1] = 0 a.s. and Eleat(6o) | It—1] = 0 a.s. for some 0y € © C RP, (2)

where e1,(0) =Y;— f(I;—_1,0) and e (0) =e?,(0)—h?(I;_1,0). The first conditional moment restriction
in Hj is responsible for the correct specification of the conditional mean, whereas both conditional
moment restrictions are necessary for the adequacy of the conditional variance. Notice that the null
hypothesis Hy is less stringent than the classical independent and identically distributed (i.i.d.) as-
sumption on standardized errors {u:(6p)}, which is systematically assumed in the literature. There is
now, however, a growing econometrics and financial literature documenting time-varying conditional
skewness and kurtosis in economic and financial time series, see e.g. Gallant, Hsieh and Tauchen
(1991), Hansen (1994), Harvey and Siddique (1999, 2000) and Jondeau and Rockinger (2003). In
this paper we are consistent with this existing literature and propose tests for Hy allowing for un-

known serial dependence and time-varying higher order conditional moments in u;(6y) given I;_;.



Neglected higher order dependence can cause misleading conclusions in existing diagnostic tests for
volatility models, see our application to the S&P 500.

There is already an extensive literature on testing the correct specification of a parametric dy-
namic conditional mean model, see Escanciano (2006a) for a recent review. On the contrary, the
literature on joint specification tests of conditional mean and variance functions is very scarce?. The
existing proposals are extensions of mean’s specification tests to joint specification tests for mean and
variance. Ngatchou-Wandji (2005) proposed y?-discrepancy measures that, although being simple,
fail to be consistent against a large class of alternatives of the correct specification. Recently, Gao
and King (2004) have extended the initial smooth-based approach of Hirdle and Mammen (1993)
to tests for joint specifications of conditional mean and variance functions.

The most used diagnostic tools in empirical research are the classical Portmanteau tests initially
proposed by Box and Pierce (1970) and Ljung and Box (1978), and subsequently extended to some
conditional variance models by Li and Mak (1994), see also Lundbergh and Terésvirta (2002) and
Hidalgo and Zaffaroni (2006). The theoretical foundation of this approach is based on the fact
that under our assumptions, o(I}* ;) C o(lz—1), where I}* ; = (us—1(00), ut—2(6o),...)", and thus,

condition (2) yields
Elut(00) | I,] = 0 a.s. and E[u?(6p) | I}1] = 1 a.s. for some 6y € © C R”. (3)

The latter point motivates some authors to consider specification tests based on checking for serial
dependence (or lack thereof) of the unobserved errors {u:(6y)} and/or their centered squares. How-
ever, it is important to remark that the serial uncorrelatedness of standardized errors (or centered
square errors) imply neither condition (3) nor (2). As a result, tests based on correlation or autocor-
relation measures are not consistent for any misspecified model with uncorrelated errors (centered
square errors). These tests may incur in an increase of the Type II error probability.

There are at least two limitations of the aforementioned works that one may consider important.
First, the proposed tests only allow for a finite-dimensional conditioning set I;_;. Notice that
common models for the conditional variance are non-Markovian, e.g. the popular GARCH models
or the ARCH(c0) model of Robinson (1991). See also Linton and Mammen (2005). Markovian
models, such as the ARCH(d) model, are known not to capture the dynamics well®. In particular, a
well-known “stylized fact” in financial data is a highly persistent volatility, which is consistent with

significative conditioning variables in the variance specification at long lags®.

2The problem of testing simultaneously many conditional moment restrictions has already been considered in,
e.g. Chen and Fan (1999), under mixing data, or in Delgado, Dominguez and Lavergne (2006) for independent data.
However, none of these tests have considered the problem we deal with here.

3See e.g., Ding et al. (1993), Baillie et al. (1996), Ding and Granger (1996), Breidt et al. (1998), Andersen et al.
(2001) and Mikosch and Starica (2003) for evidence of high persistence in financial data.

4Nelson (1991) argues that as the frequency at which the data are sampled becomes very high, persistence should



Second, a distinguished feature of the simultaneous testing problem in (2) is that the correct spec-
ification of the conditional variance generally depends on the correct specification of the conditional
mean. A possible solution to this problem requires nonparametric estimation of the conditional
mean, which involves the choice of bandwidth parameters, see e.g. Blake and Kapetanios (2006).
This problem becomes relevant if the focus is in the conditional variance and neglected nonlinearity
in the conditional mean is a likely event. This is the case in most financial applications. In this
paper we recommend the use of marginal and joint tests to identify the cause of the rejection of the
joint test. Our application to the S&P 500 stock index nicely illustrates this point.

In this paper we extend the generalized spectral distribution approach in Escanciano (2006a)
from mean diagnostics to simultaneous and marginal mean-variance specifications. The general-
ized spectrum is especially convenient when dealing with infinite-dimensional information sets and
non-Markovian processes. A novel contribution of the paper is the development and theoretical
justification of a bootstrap procedure to approximate the critical values of tests and the use of joint
and marginal tests. We summarize the main characteristics of our tests as follows: (i) they are suit-
able for cases in which the information set is infinite-dimensional, allowing for Markovian as well as
non-Markovian processes; (ii) they do not depend on any smoothing parameter or kernel; (iii) they
are consistent against a broad class of linear and nonlinear alternatives to Hg, while being robust
to higher order (unknown) conditional dependence; (iv) they incorporate information on the serial
dependence from all lags and, at the same time, avoid the problem of the curse of dimensionality
or high-dimensional integration; (v) they are consistent against pairwise Pitman’s local alternatives
converging at the parametric rate n~'/2, with n the sample size; and (vi) the tests are simple to
compute and are valid under fairly general regularity conditions on the underlying data generating
process (DGP).

The remainder of this paper is organized as follows. In Section 2 we present the generalized
spectral distribution tests for testing Hy. In Section 3 we study the asymptotic distribution of our
tests under the null. We propose and justify theoretically a bootstrap method to implement the
tests in Section 4. Finally, we make an extensive simulation exercise and an empirical application to
the S&P 500 stock index in Section 5. All proofs are gathered in an appendix. Throughout, A¢ and
|A| denote the complex conjugate and the Euclidean norm of A, respectively. Also |A|,, denotes the
weighted norm A’ M A€ for a positive definite matrix M and a complex vector A. Unless indicated,
all limits are taken as the sample size n — co. In the sequel C is a generic constant that may change

from one expression to another.

become larger.



2. THE INTEGRATED GENERALIZED SPECTRAL TESTS

Our methodology for testing Hy relies on a pairwise generalized spectrum approach that has been
shown to be very useful in a variety of testing problems, see, e.g., Hong (1999), Escanciano and
Velasco (2006) and Escanciano (2006a), among others. The rationale for our test is as follows.
Under Hy,

v;(00) = Elet(00) | Zi—;] = 0 a.s. Vj,j > 1, for some 0y € © C R?, (4)

where e;(0g) = (e1:(0o), €2¢(0p))’. Then, by appropriately choosing a parametric family of functions

W=A{w(Z;_;,z):x €Y C [—00,00]°}, (4) can be equivalently expressed as
Yjw(®,00) = Elet(00)w(Z;—j, z)] = 0 almost everywhere (a.e.) in T C [~00,00]%, j > 1. (5)

See Stinchcombe and White (1998) and Escanciano (2006a) for primitive conditions on the family W
to satisfy the equivalence between (4) and (5). The nuisance parameter space T and its dimension s
depend on the particular family W used. Common examples of weight functions w are w(Z;_;,z) =
1(Zi—j <), withx € Tipg = [—00,00]™ ", 50 s = m+1 here, and where 1(A) denotes the indicator
of the event A, or w(Z;_j,x) = exp(iz'Z;—;), with i = /=1 and © € Yoy, = R™T!. The weight
w(Zi—j,x) = 1(B'Z—; < u), where z = (B8',u) € YTpro = S™! x [—00,00] C [—00,00]*, with
s =m+ 2 and S™ = {3 € R™*! : |3| = 1}, was proposed in Escanciano (2006b) and leads to
powerful tests. The present tests are based on a generalized spectral distribution function approach
using the measures {7, ,(+,00)}32; for a generic w.

We consider simultaneously all the dependence measures {7, ,,(+,60)}32; in (5) as follows. Define
Y_jw(00) = 7., (- 00) for j > 1 and 74 ,,(,00) := Elei(0o)w(Z;, )], and denote the Fourier
transform of the functions {v, (-, 00)}32 by

j=—00

1 X .
Sfw(u,x,00) = o > Vjawlw,00)e” " Vu € [-m, 7], x €T, (6)
j=—o00

which contains the same information about Hy as the whole sequence {7, ,,(,0)}52,.
Note that under Ho, fu(u,z,00) = fo.w(z,00) = (27) " g (@, 00), which can serve as the basis
upon which a test for (2) is constructed. Nonparametric smoothed estimation is necessary for

estimating f,, (u,z,0p). This can be avoided by means of a generalized spectral distribution function

o0

approach based on the dependence measures {7, ,(+,00)}32 .. Our tests are then based on the

integral of fi,(u,x,0o), i.e.,
AT
Hy,(\ z,00) = Z/fw(u,xﬁo)du VA€ [0,1], z €T,
0

which after some manipulation can be written as

> sin jwA\
Ho(A 2, 00) = 7o, (2. 00)A + 2 ;. (x,60) jfr . (7)

Jj=1



Now, suppose we have a sample {Y, ft_l}le of size n that is used to estimate the model (1). Here
I,_, is the information set observed at time ¢ — 1 that contains (Z/_,, Zl_o, ..., Z}) and that may

contain some initial values. We obtain residuals

~ ~ 2 ~
Gu=E00) = Vi~ f(Ti1,00) B =u(0n) = (Yi— f(Ti1,00)) = B2 (Ti1,00), ()

where 0, is a y/n-consistent estimator for 0y, e.g., the Quasi-Maximum Likelihood Estimator

(QMLE). The sample version of v, ,,(z,0o) for j > 0 is then given by
’Yjw z, 0 Zetw Zt j7 7 nj =n _]+ ]-, /e\t = (é\lt7€2t)/~ (9)

Hence, the sample analogue of (7) is
- sin jwA
Huo,00) = Fo,w (@ 0)A 23 0 6) (g /) 1* =,
j=1
with (n;/ n)'/? a finite sample correction factor that does not affect the asymptotic theory and leads
to a better finite sample performance of the test procedure. The effect of this correction factor
is to put less weight on very large lags, for which we have less sample information. Under the

null hypothesis, H., (), 2,00) = 7¢,,(7,00)), and therefore, tests can be based on the discrepancy
between H., (\,z,0,) and Ho, (A, 2,0,) = T (2, 0,)), ie.,

nN1/2 . " R V2sin jrA
SnawO,00) = (5) 1w ,00) = How(h o 00)) = 05,0, 00) ¥ 2.
j=1

In order to evaluate the distance from S, .,(A, z, 8,,) to zero, a norm has to be chosen. We consider

a Cramér-von Mises (CvM) norm,

n N R
72 / S0 03 W o) = Y- / 5@, 00) 2, W(dz),  (10)
j:1 T

where W (-) is an integrating function depending on the weight family W and satisfying some mild
conditions (see Assumption A5 below) and M is a 2 x 2 positive semidefinite matrix. Our tests reject
Hy for “large” values of J2 ,(0,). Note that J; ,(0,,) uses all lags contained in the sample, it does
not depend on any lag order and is very simple to compute (see Section 5). On the other hand, the
range of possibilities in the choice of w, M and W creates flexibility for Jiw (0,,) in directing the
power against some desired directions (see Escanciano (2007b) for discussion regarding w and W.)
In the simulations we choose M with rows (mq,0) and (0, m2). The nonnegative weights m; and mq
represent the contribution of the marginal components (i.e. mean and variance) to the joint test.
For instance, the choice m; = 1 and mgy = 0 leads to the marginal mean test which is “tilted” against
mean misspecifications. In this paper we advocate for the use of joint tests based on J? ,(0,) and
marginal tests derived from the choices m; = 1 and ms = 0 (mean component) and m; = 0 and
mg = 1 (variance component.) This constitutes an interesting situation that marks departure from

other approaches that exist in the literature. See Section 5 for the use of joint and marginal tests.



3. ASYMPTOTIC NULL DISTRIBUTION

To elaborate the asymptotic theory we consider the following assumptions. Recall that eq,(0) =Y;—
f(Ii—1,0) and eq(0) =€2,(0) — h*(I;—1,0), with § € © C RP. We define the score g(I;_1,60) with
rows ¢1,(0) and g4,(0), given by

(I, 0)

91(0) = O/ S (1i-1,0),  hl0) = 2e11(0)ghy(6) + 2h(Lp-1,0) =

To simplify notation write w(Z;—;, ) = w;—;(x).

Assumption Al:
Al(a): {Y:, Xi}iez is a strictly stationary and ergodic process.
A1(b): Ele2,(00)] < C and E[e3,(6p)] < C.

Assumption A2: Let O be a small convex neighborhood of 6. The functions f(l;—1,-) and h(l;—1,-)
are twice continuously differentiable with respect to § € ©q a.s., with score ¢:(6p) = g(lt—1,6)
stationary, ergodic and F;_j-measurable. There exist functions G;(I;_1) with supycg, gj:(0)] <

Gj([t—l)a with E[G]’(It_l)] < C, forj=1,2.

Assumption A3:
A3(a): The parametric space O is compact in R?. The parameter 6, belongs to the interior of ©.

A3(b): The estimator 0,, satisfies the asymptotic Bahadur expansion under Hy
1 n
V0, —6o) = 7Zm(ft717 0o)et(0o) +op(1),
\/ﬁt=1
where m(-) is such that L(6g) = E[m(I;_1,600)et(00)e}(00)m’ (I;—1,0p)] exists and is positive definite.

Assumption A4: The integrating function W(-) is a probability distribution function absolutely
continuous with respect to Lebesgue measure. M is a 2 X 2 positive semidefinite matrix. The weight
function w(-) is such that the equivalence between (4) and (5) holds, and is uniformly bounded on
compacta. Also, w(-) satisfies the uniform law of large numbers

sup n_lzgtw(ft,x) — E[Cw(§, 2)]| — 0 as.
€Y, =1

whenever {((,,£,),t = 0,%1,...} is a strictly stationary and ergodic process with ¢, € R, £, € R**™

E (] < 00, and Y. is any compact subset of T C [—o0, o0]®.

Assumption A5: Let ©g be a small neighborhood around 6. The observed information set available
at period t, E, may contain some assumed initial values and satisfies

(5 [

=1 USCH

511/2\ 2
(£Ti1.0) = £(1-1.0))) ] ) = o(n),




R 9 971/2
(Y= £(Te1,0)) = (Vi = f(1i-1,0))° ] = o(n)

and

(hz(ft_l, 0) — h2(I, 4, 9)) ﬂ W) = o(n).

Assumption Al is a condition on the DGP. Note that we do not need any mixing or asymptotic
independence assumption to derive the asymptotic theory, see, e.g., the mixing assumption A.1 in
Hong and Lee (2003). These asymptotic independence concepts are difficult to check in practice,
whereas the martingale difference errors assumption used in our asymptotic theory is implied from
Hy. Al can be extended to non-stationary sequences using the results of Jakubowski (1980) at the
cost of complicating further the notation. Note that our conditions permit long memory processes.
Assumption A2 is on the model and is standard in the literature, see, e.g., Escanciano (2006a).
Assumption A3 is satisfied under mild conditions for most estimators. Conditions for A3 for the
local QMLE under martingale conditions have been established in Lee and Hansen (1994). See also,
among others, Hall and Heyde (1980, Chapter 6), Horvath et al. (2001), Francq and Zakoian (2004)
and Straumann (2005). As shown in e.g. Francq and Zakotan (2004) the QMLE of pure GARCH

models, 6,, say, satisfies A3 undel mild conditions and Hy, with

Va6, — 00) = ;ﬁ;ﬂmgm(eo)em(ao) +or(1),
where J = J(0y) = E[h=*(I;—1,00)92:(00) g% (00)]. Extensions to ARMA-GARCH models can be
also found in Francq and Zakoian (2004).

Examples of W(+) include the cumulative distributions functions (cdf) of a N(0,1), Double Expo-
nential or the Student’s ¢, distribution. The reader is referred to Escanciano and Velasco (2006) for
discussions on the choice of W. All previous examples of functions w satisfy A4, see the discussion
in the previous section. A5 is a condition on the truncation of the information set E,l and is similar
in spirit to Assumption A4 in Hong and Lee (2003). It is straightforward to show that A5 is satisfied
for most standard examples, e.g., MA(1) and GARCH(1,1) models, under mild conditions on the
conditional mean and variance parameters and some mild moment conditions.

To elaborate the asymptotic theory we need further notation. Let us define II = [0,1] x T and
n = (\a') € II. We consider S, (A, z,0,) = S,(n,0,) as a random element on the Hilbert space
Lo(I1, v, M) of all bivariate complex-valued and square v-integrable functions on II, where v is the

product measure of the W-measure and the Lebesgue measure on [0,1], that is, f € Lo(II, v, M) if

112 /f VM F () (o /f ML F(n) W (dz)dh < oo,



In Ly(II, v, M) we define the inner product
(f9) = [ £ Mg W (d)in,
I

If Z is an Lo(I1,v, M)-valued random variable, we say that Z has mean m if E[(Z,h)] = (m,h)
Vh € Ly(IL,v, M). If E || Z||* < oo and Z has zero mean, then the covariance operator of Z, say Cz,
is defined by Cz(h) = E[(Z, h)Z]. Denote by = weak convergence in the Hilbert space Lo (I, v, M)
endowed with the norm metric. Also, denote by Lo, convergence in probability in Lo(IT, v, M), i.e.,
Zy 22 7 = Z. — Z|| 0. Let us define U, (A) = V2(sinjm\) /i, bi(2,00) = Elwi—j(x)g:(00)],
Gu) = X321 2:00) 50, Qoean) = 32950, and

or = E [{e:(00)Qoo,w: h)?] h € Ly(Il,v, M). (11)

Let V be a normal random vector with zero mean and variance-covariance matrix given by L(6o)
(cf. A3(b)), and let S2(-) be a Gaussian process in Lo(II,v, M) with zero mean and covariance
operator Cgo satisfying o3 = (Cso (R),h), Vh € Lo(Il,v, M), where 02 is defined in (11). Then,
under Assumptions A1-A5 we establish the asymptotic null distribution of S, ,, in the following

theorem:

Theorem 1 Under Assumptions A1-A5 and Hy, the process Sy, ., converges weakly to Sy, on Lo(I1, v, M),
where Sy, (+) has the same distribution as SO (-) — Gy (-)V, with

Cov(Sy(n)', V) = Elm(I;—1,00)e:(00)e;(00) Qoo (n)]-

The next corollary follows from the Continuous Mapping Theorem (Billingsley 1999, Theorem 2.7)

and Theorem 1.
Corollary 1 Under the assumptions of Theorem 1,

2 (60) < T2 (80) = / 1S (0 2, 00) % W (d)dA.

The asymptotic (local) power properties of J2 ,(0,) can be studied along the arguments in Es-
canciano (2006a). We do not discuss these issues here for the sake of space. To end this section,
it is important to remark that the asymptotic null distribution of Jfl’w (0,,) depends in a complex
way on the DGP as well as the hypothesized model under the null, so critical values have to be
tabulated for each model and each DGP, making the application of these asymptotic results difficult
in practice. To overcome this problem, we shall propose to implement the tests with the assistance
of a bootstrap procedure in Section 4. Alternative solutions proposed in the literature, such as the
martingale transformation used in Koul and Stute (1999) (cf. Khmaladze, 1981), are difficult in our
context. The main reason is that, unlike in Koul and Stute (1999), the serial dependence structure

of the regressors plays a crucial role in the covariance operator of our null limit process.
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4. BOOTSTRAP APPROXIMATION

Resampling methods have been extensively used in the model checks literature of regression time
series models; see, e.g., Stute, Gonzalez-Manteiga and Presedo-Quindimil (1998) in an i.i.d context,
and Escanciano (2007a) for time series sequences. It is shown in these papers that the most relevant
bootstrap method for regression problems is the wild bootstrap introduced in Wu (1986) and Liu
(1988). Here we extend the wild bootstrap to our present context. We approximate the asymptotic

null distribution of S, ,, by that of

n

S @03) = (S0 N 205), S5 o A .07)) = > 0?75 (@) 25 (),
j=1

with ﬁ;‘(m) = (fy\jm(a:),ﬁjv(m))’ given by

o 1 &
Tym(@) = =3 G (o).
J t=j

and
1 n
’Yj,v(x) T Z ez wi—j (),
TSy
and where €; = (e7,,€5;)" are obtained from the following algorithm:

Step 1: Estimate the original model and obtain the residuals €;(6,,).

Step 2: Generate wild bootstrap residuals according to €], = €1¢(0,)V; and g5, = €x(0,)V; for
1 <t < n, with {V;} a sequence of i.i.d random variables with zero mean, unit variance,

bounded support and independent of the sequence {(Y;, I_1)'}7_;.
Step 3: Given 6,, and €7, and €5,, generate bootstrap data according to
Yy, = f(Li—1,0,) + &5, for 1 <t <n, (12)

and

Yy, = h*(I,_1,0,) + &5, for 1 <t < n. (13)
Step 4: Compute 0, from the bootstrap data {Y7;, Y3, I,_1 }7, to construct &, = Y75 — f(I_1,05)

and €5, = Yy, — h2(I,_1,0%), for t = 1,....n.

Examples of {V;} sequences are i.i.d Bernoulli variates with
P(V; = 0.5(1 —v/5)) = b and P(V; = 0.5(1 +v/5)) = 1 — b, (14)

with b = (1 4+ v/5)/2v/5, used in, e.g., Stute, Gonzalez-Manteiga and Presedo-Quindimil (1998), or
P(V;=1)=0.5and P(V; = —1) = 0.5, as in Liu (1988). Other sequences can be found in Mammen

11



(1993). The next theorem justifies theoretically the bootstrap approximation. The unknown limiting
null distribution of J2 ,(6,), i.e., the distribution of JZ ,,(6o), is approximated by the bootstrap
distribution of

g, = / |5 (A 2.85)] 3, W (da)dA.
That is, the bootstrap distribution
Fj (0) = P (2, <ol (% ha b))
estimates the asymptotic null distribution function
Fy(x) = P (7% ,,(60) < 7).

Thus, Hy will be rejected at the 100a% of significance when J? ,(0,) > ¢}, ,, where F; (¢ ) =
1 — « (a.s.) Also, we can use the bootstrap p-values, p} say, rejecting Hy when p} < «, where
pr =P (Jﬁfw > J,37w(9n)| {Y:, E,l}?d) . The bootstrap assisted test is valid if F'} is a consistent
estimator of F; at each continuity point of F);. When consistency is a.s., it is expressed as Jﬁfw —q
J%, (00) a.s. See Gine and Zinn (1990) for discussion. Remark that we say that the bootstrap
statistic i}, converges in probability a.s. to 7,, if for all 6 > 0, P (‘772 —n,| > 0| {Yt,IAt_l}f:l) —0
a.s., which is expressed as 7}, = 1,, + op (1) a.s. Define weak convergence almost surely under the

bootstrap law, denoted by = a.s., as
R, = Ras. <= B (S (Vi Tt ) = B (F®RY T, as.

for any continuous and bounded real valued function f on Lo(IL, v, M).

In order to show that the bootstrap assisted tests are valid, we need to assume that the bootstrap
analog of 0, 0 in step 4 above, satisfies an asymptotic expansion like A3(b) in the bootstrap
world. Conditions for the satisfaction of A6 below have to be studied on a case-by-case basics. See
Dominguez (2004) for an example of analysis with the nonlinear least squares estimator in conditional

mean models.

Assumption AG:

A6(a): The estimator 6 satisfies the asymptotic expansions
X 1 < .
V(0 —0,) = ﬁZVtm(It_l,Gn)et(Gn) +op(1) as.,
t=1

where the function m(-) is as in A3.

A6(b): There exists a unique 67 € O such that |0, — 01| = op(1). Moreover, A5 is satisfied
replacing ©g by ©1, a small neighborhood around 6.

A6(c): E [supgee, [m(Li—1,0)]] < C, E {Supeeel |m(—7t7179)6t(9)\2} < C, Elsupgee, len(9)]%] <
C and E [supyee, [m(Ii—1,0)er(0)en(6)]] < C for h =1,2.

12



Theorem 2 Assume A1-A6. Then

. ~
Spw = Sw, a.s.,

where Sy, is the same Gaussian process of Theorem 1 but with 01 replacing 0.

There is a particular case of Theorem 2 that is worth to be mentioned. Consider the situation
where the conditional mean is misspecified, so P(FE[e1:(0) | I;—1] = 0) < 1 for all § € O, but
the second conditional moment restriction in (2) holds, i.e., Efe2:(6o) | It—1] = 0. From the latter
restriction, one can usually obtain an estimator 6,, such that |6,, — 69| = op(1). One can prove that
under such circumstances, the bootstrap marginal test for testing Eleat(00) | Ir—1] = 0 still yields
valid inferences. Of course, in such a situation we are not modeling the conditional variance but
the dispersion from other location parameter f(I;_1,6). For instance, econometricians in financial
applications often specified f(I;_1,600) = 0. Our previous discussion guarantee that as long as E[Y;? |
I;_1] = h?(I4—1,0) and |0,, — 6| = op(1) hold, our bootstrap conditional variance test yields valid
inference, so it is not affected by the conditional mean misspecification. This is a robust property
of our bootstrap tests not shared by other existing testing methods.

Theorem 2 shows that the bootstrap assisted tests lead to correct critical values under the null hy-
pothesis. Following Escanciano (2006a), it can be shown that the bootstrap tests are consistent and
preserve the asymptotic local power properties of the tests based on S, .,. Next section investigates

the finite sample performance of the proposed bootstrap procedures.
5. FINITE SAMPLE PERFORMANCE AND EMPIRICAL APPLICATION

In order to examine the finite sample performance of the proposed tests we carry out a simulation
experiment with some DGP under the null and under the alternative. In the simulations we set
Z; =Y;. We compare our tests with the generalized spectral test of Hong and Lee (2003) (M, ),
the Portmanteau tests of Li and Mak’s (1994) (LM,,) and the joint mean-variance extensions of the
some tests considered in Escanciano (2007a), see also Koul and Stute (1997). We briefly describe
our simulation setup. We denote by Jg, ; our new Cramér-von Mises test based on w(Y;—;,z) =
1(Y;—; < z) and the empirical distribution function of {¥;_1}}_, as the integrating measure, i.e.,

n n

n; ~e DD ~—2~2

Jﬁ,z = ZW;)QZ (m1‘71e ’YI,j,m(Y;*h On) + Mmooy, ’YI,j,u(Yiflv gn)) )
j=1 t=1

where the subindex I in ¥y ; = (37 j > 71.,0)" corresponds to the use of w(Y;—j,z) = 1(Y;—; < )

in (9) and

1 n
Oje = — E €t j=12.
n
t=1
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Note that the use of the empirical cdf does not affect the asymptotic theory, see Escanciano (2006a).

For the joint test we consider (my,ms) = (1,1). The marginal tests D? and DZJ correspond

n,l,m K

to the choices (m1,mg) = (1,0) and (mq1,ma) = (0, 1), respectively.

Analogously, we define J? ., D;,

n,C,m

and D2 ., based on w(Y;_j,z) = exp(izY;_;) and the
integrating function ¢, the density function of the standard normal random variable, which yields

the test statistic

n

1 o —e o
Jﬁ,c — Zizzz (mlolfeltels + m202€262t625) exp(—0.5 - (Yi—; — Ys_j)z).

= Um)? ==

Our joint test statistics th ; and JS,C are representatives of the CvM tests based on the most used
weighting functions. These CvM tests are based on the choice M with rows (m4,0) and (0, mg).

For a null ARMA-ARCH(r) model, the simpler version of Li and Mak’s test statistic can be written
as

m

LMy =n(n+2) 3 (n= )7 50) =a s m>r
j=r+1

where 73 (j) is the sample autocorrelation function of {u2(f)}. The null limit distribution depends
on 7, the order of the ARCH model. When other conditional variance models are estimated, the
test statistic itself has to be modified as suggested by Li and Mak (1994) or by Lundbergh and
Terésvirta (2002). Li and Mak’s test LM,, is checking for uncorrelation in {u?(6p)} up to order m,
see the discussion around (3).

Hong and Lee (2003) have proposed a diagnostic test for conditional mean and variance specifica-
tions based on checking the serial independence between u:(6p) and us—;(0o) at all lags. It is worth
to stress that the independence assumption on standardized errors is in general more restrictive than
the null hypothesis (2) and, in particular, it is possible that their test rejects a correct null model
because of higher order dependence, incurring in an increase of the Type I error probability. Hong

and Lee’s (2003) test is given by

M,, = [HLW - GOKQ} / [213017{4] , (15)
with HL,, ,, defined by
n—1
HLny = [ SR /0) 0= )16 (0.0, W (dy) W (o), (16)
j=1

where 7;(y,z,0,) is the sample covariance between exp(iyus(0,)) and exp(izu;—;(65)), k(-) is a
kernel function, p is a bandwidth and W is a weighting function.

n—1 n—1
Moreover, Ky = > k?(j/p), Kx = Y. k*(j/p) and the centering and scaling factors are, respec-
j=1 j=1
tively
2

Go = [ [ Folt .0, (@)
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and
2

Do = | [ 130(s2.0,)" W ()W o)
Under the null hypothesis of i.i.d standardized errors and some assumptions, Hong and Lee (2003)
showed that M,, , converges to a standard normal random variable. As in Hong and Lee (2003), we
use the density function W(-) = ¢(-) and the Daniell kernel k(z) = sin(nz)/nz.

Escanciano (2007a) proposed bootstrap specification tests based on a finite dimensional condi-
tioning set, in the spirit of Koul and Stute (1999). Here we consider extensions to joint tests for
mean and variance specifications. Though such extensions have not been justified yet, the present
paper provides evidence of their theoretical validity. We denote by CvMp the Cramér-von Mises
statistic, with P as the number of lags used. These statistics are based on the multivariate integrated
regression functions, i.e.

n 2

n

m ~

CoMp = — 12 E e1(0n)1(I—1,p < Ij—1,p)
1M j=1 Lt=1

n n 2
m N
+ = 22 E l e2(0n)1(Ti—1,p < Lj—1,p)|
=1

T9.M

j=1
where I;_1 p = (Yi—1,...,Y;_p) is the P-lagged values of the series. Again, CvMp,, and CvMp,
correspond to the respective choices of (mq1,mg) = (1,0) and (my, ma) = (0,1) in CoMp.
Throughout &; and v, are independent sequences of i.i.d. N(0,1). We consider the nominal level
5% in all tests and simulations. The results with other significance levels are similar. The number
of Monte Carlo experiments is 1000 and the number of bootstrap replications is B = 500. In all the
replications 200 pre-sample data values of the processes were generated and discarded to eliminate
the effect on initial values in the generation of the data. For the bootstrap approximation we employ
a sequence {V;} of i.i.d Bernoulli variates given in (14). The power in the non-bootstrap cases is size-
adjusted by using the empirical values obtained under the corresponding null hypothesis, although
the difference is not substantial. To examine the impact of the bandwidth on M, , we consider p
from p = 2 to 11. For Li and Mak’s (1994) (LM,,) test we use m from m = 2 to 11, and for CoMp
we use P =1,3,5,7 and 9. For simplicity, we only present in tables the values m, p = 2,6 and 10

and P =1,3 and 5.
5.1 Conditional Variance Models

Now, we examine the adequacy of an ARCH(1) model against misspecifications in conditional
mean, conditional variance and both conditional mean and variance. We compare our marginal
tests D7, ; , and D . with M, ,, CuMp, and LM,, for linear and nonlinear conditional variance
specifications. With the null ARCH(1) model, we examine the level and power against misspecifica-
tions in the conditional variance, their power against apparent ARCH structures and against chaotic

processes with similar autocorrelations in squares to an ARCH(1). Our null model is an ARCH(1)
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model:

Y; = hsey, h? = a+bY?2 ;.
We examine the adequacy of this model under the following DGP:
1. ARCH(1) model: Y; = hyey, h? = 0.9+ 0.1Y,2 ;.
2. ARCH(2) model: Y; = hse, h? = 0.1+ 0.1Y,2; + 0.8Y;2,.
3. GARCH(1,1) model: Y; = hyes, h? = 0.01 + 0.29Y;% | + 0.7h7_;.
4. EGARCH(1,1) model: Y; = hsey, Inh? = 0.01 +0.9In h?_; + 0.3(|es_1| — (2/m)/2) — 0.85;_1.
5. Stochastic Volatility (SV) model: Y; = hyes, h? = 0.1Y,2 | + exp(0.98Inh7_; + vy).
6. Bilinear model (BIL): Y; = 0.82;_1Y;—1 + 4.

7. Logistic Map (LM): YV; = 4Y;_1(1—Y;_1), where Yj is generated from the uniform distribution
on [0,1].

8. Non-Linear Moving Average model (NLMA): Y; = 0.8¢7_, + &;.

These models have been considered in Hong and Lee (2003), except for the parameter values of model
2 (we have changed the parameter values for a better discrimination among the tests). To compute

the statistics D? Di,c,v and CvMp, we use the residuals €x(0,,) := Y;? — h?(Y;_1,0,) where

n,1,v°
h2(Yi_1,0,) = EL\—F?)\Y?_D and 6,, = (Zi,g) is the least squares estimators in the regression of Y;? against
a constant and Y;2 ;. In M, p, and LM, we use standardized residuals @;(6,) = Y;/h(Yi—1,6n).

In Table 1 we report the empirical rejections probabilities (RP) associated with the models 1
to 8 to examine the empirical level and power of tests. The sample size is n = 100. The tests

T v DZ,C,v’ CvMp,, LMy, and M, , show an excellent empirical level. Table 1 also examines

2
n,l,v

Di’c’v have excellent empirical power against the EGARCH, SV, BILINEAR, LOGISTIC MAP and
NLMA models, and moderate empirical power against ARCH(2) and GARCH(1,1). Tt is observed

the empirical power of the tests against the conditional variance models 2 to 8. Our tests D and

2

n.1p for conditional variance models. This finding is similar to the

that D?L,C,’U outperforms D
well documented fact in the goodness-of-fit literature of distribution functions, see e.g. Feigin and
Heathcote (1976), that indicator based tests have low power against changes in scale, whereas
exponential functions have good power properties for changes in scale and mean. The generalized
Koul and Stute (1999) test CvMp,, is very sensitive to the lag order P, see the results for ARCH(2),
EGARCH, LM and NLMA. The best choice for P in CvMp, depends on the alternative at hand
and leads to a test comparable to D? but worse than DTQL)C,U. Hong and Lee’s (2003) test M, ,

n,l,v’
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has good empirical power against ARCH(2), EGARCH, BIL and LOGISTIC MAP and moderate
power against the rest of models. Notice that M, , is very sensitive on p for ARCH(2) and SV
models. Li and Mak’s (1994) test LM, has excellent empirical power against the models ARCH(2),
GARCH(1,1) and SV, and has low power against BIL, LOGISTIC MAP and NLMA alternatives.

TABLE 1 ABOUT HERE

It is shown in these simulations that D?

2 . . . . .
n1o and Dy o have omnibus power against all linear

and nonlinear alternatives considered. Notably, the exponential based test D3707U has excellent
empirical power properties against all considered alternatives, being the best test in many cases.
These simulations confirm that in practice it could be better to consider a pairwise spectral approach
than a joint approach as in CvMp,,. Even for the optimal choice of P, CvMp,, leads to a test which
is less powerful than DZ,C,U' Also our tests are in many cases more powerful than Hong and Lee’s
(2003) test M, p, even when the latter take into account additional information from the serial
dependence of the standardized innovations in higher moments than those considered in (2). Now,

we consider joint conditional mean and conditional variance models.
5.2 Joint Specifications of Conditional Mean and Variance

In this subsection we first examine the adequacy of an autoregressive conditional heteroskedastic
model (AR(1)-CH(1)) against misspecifications in conditional mean, conditional variance and both
conditional mean and variance. We compare our joint tests J7 ; and J;. o, with the marginal tests

D? D? D?

2 tms D2 s D21, D% o, the tests based on a finite-dimensional information set CvMp,

CvMp,, and CvMp,, and with M, ,. The user-chosen parameters are p = 2,6 and 10 and P = 3.
To save space we have not reported results for the Portmanteau test LM,,. The simulation design
is the same as before.

Our second null model is:
Y; =aYi_ 1 + hier, a #0, h? =b+cY? .
In the second block of simulations we examine the adequacy of this model under the following DGP:
1. AR(1)-CH(1) model: Y; = 0.6Y;_1 + hyey, h = 0.9+ 0.1Y2 ;.
2. AR(1)-BIL model: Y; = 0.6Y;_1 + 0.4Y;_1e: + &;.

3. GARCH-M model: Y; = 2.5h7 + uy, uy = hyey, b7 = 0.001 + 0.29u?_; + 0.7h?_;.
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4. AR(2)-CH(1) model: Y; = 0.6Y;_1 — 0.5Y;_5 + hyey, h? = 0.9+ 0.1Y2 ;.

5. TAR model: Y; = 0.9Y;_; + ¢, if [V;1| <1l and V; = —0.3Y,_1 + & if |Y,_| > 1.

‘ ; : 2 2 2 2
These are well known linear and nonlinear models. We report the RP for J3 1, J5 o, D}, 10 Dy oo
D2

n,l,v’

D2 ¢, CuMp, CoMp,,, CoMp,, and M, , in Tables 2 and 3. They correspond respectively
to samples sizes n = 50 and 200. The empirical size is satisfactory for all tests against the AR(1)-
CH(1) model. For the AR(1)-BIL the conditional mean is well specified and the conditional variance
is misspecified, this is reflected in the empirical powers of the marginal and joint tests. Hong and Lee’s
test has reasonable empirical power. Tests based on a finite-dimensional conditioning set have less
power than our spectral-based tests and they are comparable to M, ,. Among all statistics, our tests
J3 ; and Jic have the highest empirical powers against the AR(1)-BIL alternative. The GARCH-M
is very popular in financial applications. The coefficient of h? is called the risk premium parameter
is taken to be 2.5, which is reasonable value for this parameter, see e.g. Glosten, Jagannathan and
Runkle (1993). The GARCH-M model has a misspecified conditional mean and conditional variance.
Hong and Lee’s test is the most powerful for this alternative. Our tests and CvMp, CvMp p,, and
CvMp, are comparable, and rather surprisingly, marginal tests for the conditional variance have no
power against this alternative.

For the AR(2)-CH(1) model both joint tests, those based on the spectral approach and those
based on a finite-dimensional conditioning set, have a good empirical power. Again marginal tests
for the conditional variance have no power against this alternative. The empirical power of M, , is
more or less satisfactory but very sensitive to p. It is important to remark that for this alternative
the use of P =1 in CvMp and CvMp,, leads to tests with no power, with RP of 0.01 and 0.08,
respectively. This shows again the importance of the choice of the lag order P in tests based on
finite-dimensional conditioning sets. A practitioner using CvMp P = 1 may conclude that both the
conditional mean and variance are correctly specified. For the TAR model our test statistics J?2

n,l»
ch, D? and D?

n n,I,m n,C,m

outperform M, ;. The test statistics CvM3, CvMsz,, and CvMs, have
very low power against the TAR alternative. Marginal tests for the conditional variance have low
power. As in the previous two models, this may be a consequence of the effect of the misspecified
conditional mean on the marginal variance test and shows the importance of considering joint and

marginal tests. The power increases as the sample size increases for all tests, as expected.

TABLES 2 AND 3 ABOUT HERE

Finally, we consider the Exponential Autoregressive ARCH(1) model (EXPAR-ARCH(1)):
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Y, = 0.9Y,_1 4 001Y;_1 exp(—0.05Y2 ) + heey, b2 = 0.1 4 002 Y2 ;.

This model was considered in Ngatchou-Wandji (2005). The condition for stationarity and ergodicity
of this model is 61| + |fo2| + 1.8091 < 0.1. The null AR(1) model corresponds to 6p; = g2 = 0.
We consider in this simulations all combinations among the values #3; = 0 and —2.0 and 6y = 0,
0.4 and 0.8. The Monte Carlo set-up is as in previous simulations. Table 4 reports the RP for this
DGP for sample sizes n = 50 and n = 100.

TABLES 4 ABOUT HERE

From the results reported inTable 4 we conclude that the empirical size performance of tests is
satisfactory for as small sample size as n = 50, although some underrejection is observed for mean
marginal tests. The size already improves for n = 100. As for the power, we see again that D},
and its components have excellent empirical power properties against these alternatives, being the
best tests in all cases. In particular, D721,C,'U and its marginals have better empirical power properties
than M,, p,, even uniformly in p, see for instance the case 6y; = —2.0 and g2 = 0. The tests based
on a finite dimensional conditioning set have low power against these alternatives.

These simulations have confirmed the ability of our joint test to detect misspecifications in both
the conditional mean and variance functions. Furthermore, we have shown that the use of the
marginal and joint tests is a useful inference procedure for detecting whether the misspecification
is in the conditional mean, in the conditional variance or in both. Some examples have shown that
some caution is necessary when interpreting the marginal conditional variance tests in the case of a
misspecified conditional mean. This motivates our use of marginal and joint tests. The new proposed
tests, specially those based on exponential functions, compare very well to the competing tests even

in situations favoring the latter ones (e.g. optimal choice of P in CvMp and p in M, ;).
5.3 Empirical Application: S&P500 Dynamics

We now apply our testing methodology to the well-known and extensively studied S&P500 daily
stock index. The debate on whether the dynamics of economic and financial time series are de-
termined by the conditional mean or the conditional variance has important implications on many
other applications including portfolio selection and asset pricing. The S&P500 daily stock index is
a representative of the data for which the GARCH model has been extensively used, see e.g. Boller-
slev, et al. (1992) and references therein. We consider a sample period from January 1, 1988 to May

28, 1993. The data are taken from Bera and Higgins (1997) and like they, we delete the last 10%
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observations, remaining 1138 observations. Bera and Higgins (1997) try to discriminate between an
AR(1)-GARCH(1,1) model and a bilinear specification. Their results are inconclusive.

On the other hand, Lumsdaine and Ng (1999) conducted a standard ARCH(1) test to this data set,
after fitting an AR(1) model to the conditional mean. The resulting ARCH effects test rejects the null
hypothesis of conditional homoskedasticity. These authors proved that if recursive residuals and its
squares are included in the mean equation, the ARCH(1) test then fails to reject the null hypothesis
of constant conditional variance, in favor of nonlinearity in the conditional mean. These authors
conclude: “perhaps some other nonlinear model would be preferred to the GARCH(1,1) specification;
accounting for this nonlinearity weakens the evidence in favor of conditional heteroskedasticity”.

We have applied our marginal and joint tests to this data set. Our findings are summarized as
follows. A linear AR(1) model for the conditional mean fits the data well, in contrast to the possible
nonlinearity (in the mean function) supported in Lumsdaine and Ng (1999). Our marginal tests
for the conditional variance favor a conditional homoskedastic model, even in cases with misspeci-
fied conditional mean. The AR(1)-GARCH(1,1) model fitted in Bera and Higgins (1997) is highly
rejected for this data set.

More concretely, we have fitted a linear AR(1) model with conditional homoskedastic errors to

the log differences of the S&P500 (Y;), such as

Y, :60“"61}/}/71 + aout. (17)
The bootstrap p-values for JTQL’I, Jfl’c, D%J’m, thc’m, D,QLJ’U and DZ,C,U are, respectively, 0.70,

0.41, 0.33, 0.14, 0.30 and 0.30. Results with CvMp, CvMp,, and CvMp, with several values of P
support the correct specification of (17). If the AR(1) component of the mean is neglected, the p-
values for Jﬁ,n thc, DZ’Lm, Di,c,m, Di,[,v and Di,c,v become, respectively, 0.01, 0.02, 0.01, 0.01,

0.38 and 0.33. From the marginal mean tests D721,I,m and DEMCJTL we conclude that the constant
conditional mean is rejected at 5%. If the AR(1)-GARCH(1,1) model is fitted, we obtain that the
conditional mean is well specified with a p-value of 0.416 for D% 7.m and 0.233 for D2 ., whereas,

2 2
Ja.cr D

the conditional variance is misspecified, as can be deduced from the zero p-value of .J> il

n,I>
and D} . These results are confirmed with Hong and Lee’s (2003) test.

Therefore, we find that a linear AR(1) model with conditional homoskedastic martingale differ-
ence errors fits the S&P500 in this period well, thereby rejecting the AR(1)-GARCH(1,1) model
advocated in Bera and Higgins (1997). Our results support that the findings in Lumsdaine and Ng
(1999) are perhaps a consequence of the lack of robustness of standard ARCH(1) effects tests to
higher order conditional dependence such as conditional kurtosis rather than a consequence of ne-
glected nonlinearity in the conditional mean. Further investigation on this issue is referred for future

research. This application hihglights the merits of the use of marginal tests and the robustness of

our procedures to higher order conditional dependence of unknown form.
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APPENDIX: PROOFS

First, consider three useful lemmas. Lemma 1 is a trivial multivariate extension of Lemma 1 in
Escanciano and Velasco (2006). Throughout the proofs
¢

_ V/2sin jTA
Quu(n) = > 20 Py y(a) Vo2 (18)

=1 I

and

25111]77/\
Qoo w Zwt —J

71'

Define Lo(I1, v) as the Hilbert space of all univariate complex-valued and square v-integrable func-

tions on II. In Lo(II, v) we define the inner product

g) = / F()g®(m)W (dz)dA.
11

Lemma 1: Suppose we have a random element in Lo(I1, v, M) of the form h,(n) = E hjn(x)
=

V2 51n]7r)\
g

Assume that W is of bounded total variation and that
i) [Ehjn(2)]3, W(dz) < C uniformly in j > 1.
Rs

(ii) supgev, [hjn(z)] = 0p(1) Vj, 1 < j < n, for all compact subsets Y. C T.

Then, hy(n) converges in probability to zero in Ly(IT, v, M), i.e. |[hn|> = 0,(1).
Proof of Lemma 1: Escanciano and Velasco (2006).

Lemma 2: Under A3-A5 the effect of estimating the information set I;_1 by ft,l in f(Ii—1,60n)

and h(I;_1,0,) has no effect on the asymptotic theory. That is,

where §n’w(77,9n) is the same process as Sy (1, 0n) but with I, replacing 1/';,1.

2
P
— 0.

Sn,w(nv en) - §n7w (777 an)

Proof of Lemma 2: Note that for any vector A there exists a constant C' such that [A],, < C'|A].
Write,

2

E ‘ Sn,w(n70n) - Smw(n7 e’ﬂ)
9 2
n 1 B n R N n 1 3 n R _
< Zi(jﬂ)Q B @ —en) | + CZW% B @ = )
j=1 t=j J=1 b=

o(1),
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where the last equality is due to Minkowski’s inequality and A5. Apply Chebyshev’s inequality to

conclude.

For simplicity, we rename §n’w(77, 0,,) again as Sy, (0, 0,). The next Lemma establishes the asymp-

totic linearization of the process S, (7, 0,,) under the null.
Lemma A2: Under (2) and the assumptions A1-A5,

1S (1, 02) = Souvao (1, 00) + Gao (1, 06)V|> = 0.

Proof of Lemma A2: By the Mean Value Theorem and Al-A5,

55n,w(77,5n)

Sn,w(n; en) = Sn,w(na 60) + o0’

(0, — 0), (19)

~n — 90‘ <10, — 6p| a.s. Note that the process S, (1, 8,,) can

where 0.

be written as

Snw 777 = Zet n Qtw
where Q¢ ., () is defined in (18). Hence,

Lasn,w(nyfén) _ aet( )Q ()
N - ntl a0 v

n 1 n _ -
= =D =D 0020w (2)95(N)
=S

= =) bjn(w,0,)T;(N),
j=1

where b; ,(z,0,) = n~! Do nl/Qn;l/zgt(Aén)wt_j(x). Assumptions A1-A5, the uniform conver-

gence argument of Jennrich (1969, Theorem 2) and Lemma 1 yield

1 3Snw O5n,w(n,0n)

The last display, Assumption A3 and (19) imply the result.

Proof of Theorem 1: We apply Lemma A2 here and Theorem 1 in Escanciano and Velasco
(2006), but with w;_;(x) replacing exp(izY;—;) there, to show that the marginal components of
Spw = (Sn,w,m, Sn,ww) converge weakly in Lo (II, ). Now, marginal tightness implies joint tightness.
Notice that the convergence of the finite dimensional distributions is characterized by the convergence
of (Sn.wmsh), (Snawwsh) and (S wm, Snww), for all b € Lo(IL,v). It is an easy matter to verify
that these correspond, respectively, to the distributions of (S, m,h); (Sw,v, #) and (Sy m, Sw.), for
all h € Lo(I1, v), where Sy, = (Sw.ms Sw.v)’-
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Proof of Corollary 1: By A5, Theorem 1 and the Continuous Mapping Theorem (see e.g. Billings-
ley 1999) the result holds.

Proof of Theorem 2: We need to show that the process S}, (A, z,0;,) (conditionally on the sample)

has the same asymptotic finite projections as the process Sy, (1), and that S} , (A, z,0;,) is tight.

Write €, = (£14,€5;), and denote

* * 1/2~x
SN 03) = DA () W5 (),
j=1
and
* * 1/2~x
Sawaw00) = D0y (@)W (0,
j=1
The tightness of S} (A, z,0;,) follows from the marginal tightness of S}, , .. (X, z,0;,) and S}, , (A, 2,07,).

We shall prove the marginal tightness. We write

S wm05) =1 E,Quw(n) = n Y {f(Ti-1.05) — F(Ti—1,00)}Qu s (0)-
t=1 t=1

By Lemma 1 and A5,

= Op(].),

025 F(T1,65) — F(Toty00)YQunn) — I* — IT* — T1T*
t=1

where
I = n'2(0; — 0,)n 'Y {g1(h-1,0,) — 91(I—1,00)} Qe (1),
t=1

n

II 1/2 n I 71291 It 17 Qtw( ) le(n,ﬂ*)],

IIT* = n'’2(0F — 0,,)'Grw(n, 01),

~x
9,” -

G144 (n,01) is the first component of G, (7), and 52 satisfies

> — 0, a.s. (conditionally
on the sample). Under our assumptions it is easy to show that, conditionally on the sample, ||[I*|| =

op(1) and || IT*|| = op(1) with probability one. Therefore, in Lo (11, v)
Snewam(05) = *WZsth w() = n!2(0), = 0)'Gru(n, 01) +0p(1) as. (20)
= 5 um(n0;) +op(1) as.

Similarly, one can prove that

St wu() = —WZE%QW — 0205 — 0,) G (n, 61) + 0p(1) as. (21)

= S’: w, U(ﬁ?on) + OP(l) a.s.
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where
Oh(I;—1,0)
89/ )
b3j(x,0) = Elw—j(2)gs1(0)] and Gy (n,0) = 3272, bj(2,0)¥;(N). It is worth to remark that under
the null hypothesis Gs,(7,00) = Gaw(n,00)-
Define

95:(0) = 2h(I;—1,0)

Sv*z w, m(nﬁn) = n71/2zat(9n)‘/;ﬁQt,w('q) SZ w, u(nﬁn) = n71/2Z€2t(9n)V}Qt,w(n)~

t=1 =1
Now, using standard bootstrap notation, we denote by E* and Var* the expectation and the vari-
ance, respectively, given the sample. Define s}, ..(7) = n='/?€1,(0,)ViQi.w(n), and note that

Spem(n) and sy . (n) are independent given the sample for s # ¢. Thus, it is sufficient for the

*

tightness of the first summand in (20) that E* n’t)mH2 < 00 a.s. for all samples, which is trivially

satisfied, see example 1.8.5 in van der Vaart and Wellner (1996). This jointly with A6 imply the
(n,8;,). The tightness of S}

nwv(

asymptotic tightness of S’

w,m ») follows from the same arguments.

We now show that the process S;; (A, ,0;,) (conditionally on the sample) has the same asymptotic
finite projections as the process S, .,(). More concretely, we need to prove that (conditional on
the sample) (S ., . (-,07), 1), (S 4 (505), h) and (S}, . (0,), S 1 (+,07,)) converge to the same
distribution as (Sy, w,m, ), (Snww, ) and (Sp wm, Snww), respectively.

We shall prove first that (conditional on the sample) (S} , .. (-0;,), k) converges to the same

distribution as (Sy w,m,h). The proof with (S¥ . . (-,0y),h) and (S, v, h) is similar and hence,

n,w,v

omitted. To that end, we write

<S’:wm ’ ZCnta

where (!, = n"'/2€14(0,)Vi(Q¢t.w(-), h). Then

ZCnt Z 61*( )<Qt w( )ﬂ > [Vf] =0,

t=1

while

Var( Z Znilé\?t HQtw (), )2 Var[Vi] == o2 -
t=1

Note that conditional on the original data, (), is an independent (not identically distributed) array
of random variables. By a strong law of large numbers for stationary and ergodic sequences and A2,
it is easy to show that o2 , =~ — 0} = E[e1,(60)(Qoo.w("); h)?] as.

Then, we will verify a Lindeberg-Feller’s condition. Note that ||Q¢ | and V; are bounded, hence

Y BTG Ll > 0) < Czeu 1([E1:(0n)] > 0"v/n)] aus

t=2
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for some positive constants § and ¢’. By our assumptions the last expression converges almost surely
to zero, see Stute, Gonzalez-Manteiga and Presedo-Quindimil (1998, p. 149) for a similar situation.
Then the triangular array {(;,} satisfies the conditions of the Lindeberg-Feller’'s CLT, conditionally
on almost all samples, so that >3i" , ¢;,; =« N(0,07 ) a.s. The latter convergence, (20), A6(a),

and A3(b) imply that (S} (+,0;,), h) converges to the same distribution as (S, um, h).

n,w,m

Now, write (S% o, 1 (05), S5 0.0 (05)) as

n,w,v n

nilzzé\lths‘/zS%(Qt,w(')a Qs,w(')> - 77’1/2(9:; - en)/n71/2zé\lt‘/¥<@t,w(')a GBw()>
t=1

t=1s=1

—n1/2(92 - en)ln_lmf:g%%“)t,w(')v Gruw()) + (G (), GSw('»nl/?(e; - gn)’nl/Q(g;; —6)
t=1

= Aln - A2n - A3n + A4n~
Following previous arguments it can be shown
App = E[elt(al)th(01)<Qoo,w(')vQoo,w(')>] a.8.,

Azn >« E[m(It—hel)et(al)elt(el)<Qoo,w(')7G3w(’)>] a.S.,
Aszp = E[m(Itfla el)et(el)e%(el)<Q00,w(')a le(')>] a.s.

and

A4n s E[e;(el)m(It_l,91)m(It_1,Hl)et(01)<G1w('),Ggw(o)ﬂ a.s.

Hence, (SF .. (+05), 5% o o(-,05)) converges to the same limit as (Sy.w.m(-0n); Snw.w(-0n)). The

n,w,m n,w,v

rest of the proof follows similar arguments and hence, it is omitted.
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Table 1. Empirical Size and Power of Tests at 5%. Conditional Variance Models.

n =100 | ARCH(1) | ARCH(2) | GARCH(1,1) | EGARCH | SV | BIL | LM | NLMA
DfLJ 4.5 18.0 19.8 82.8 54.2 | 88.0 | 99.7 21.6
D%,c 4.6 52.5 31.2 90.8 67.0 | 96.7 | 99.3 7.5

CvbM , 4.8 7.5 13.2 54.6 39.9 | 87.1 | 99.7 20.8

CvMs , 5.0 21.6 20.8 36.8 48.7 | 70.0 | 18.6 16.2

CvMs , 3.6 18.8 20.8 14.2 53.0 | 53.9 | 11.0 8.0
M, 2 5.3 11.2 14.4 89.0 30.4 | 93.6 | 100 65.2
My 4.9 63.0 28.4 95.0 49.4 |1 90.0 | 100 51.0
My, 10 6.3 60.2 31.0 94.0 52.6 | 82.0 | 100 33.2
LM, 4.4 88.3 39.9 49.2 42.8 | 23.1 | 19.0 22.6
LMg 3.8 e 60.6 53.4 59.8 | 16.5 | 14.8 11.9
LMo 3.7 72.8 61.4 48.0 o8.1 | 15.3 | 14.7 10.4

Table 2. Empirical Size and Power of Tests at 5%. Conditional Mean and Variance Models.

n=50 | AR(1)-CH(1) | AR(1)-BIL | GARCH-M | AR(2)-CH(1) | TAR
 Im 3.8 4.0 13.3 76.1 27.5
D? ;. 6.8 7.7 3.3 4.2 9.6
J2 5.2 68.7 7.0 36.1 18.1
2 om 3.3 5.9 11.0 34.9 40.2
D2 e 4.8 65.5 3.3 4.9 8.5
JZ e 4.4 51.7 2.0 20.7 31.0
CvMs,m 3.8 3.4 15.3 62.6 6.6
CvMsj, 4.6 42.5 3.3 2.8 3.4
CvMs; 4.6 26.6 7.0 50.5 4.6
M5 3.3 42.4 13.3 16.0 21.6
M, 3.9 35.7 22.3 62.0 17.1
M,.10 5.7 27.9 23.0 62.7 14.9
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Table 3. Empirical Size and Power of Tests at 5%. Conditional Mean and Variance Models.

n =200 | AR(1)-CH(1) | AR(1)-BIL | GARCH-M | AR(2)-CH(1) | TAR

2 Im 5.3 7.5 66.6 100.0 91.5

I 6.3 97.5 2.7 3.5 39.0

J2 5.9 94.0 41.6 100.0 75.0

2 om 6.9 7.9 51.6 99.5 97.0

D? o 6.3 92.0 4.0 1.0 37.0

J2 e 6.6 85.0 30.3 74.0 92.5

CvMs3 5.2 4.2 52.6 99.7 22.6

CvMs,, 7.5 98.0 12.3 3.4 5.4

CvMs 6.7 95.2 37.6 99.1 12.8

My, 2 4.0 99.0 65.6 87.0 80.0

M6 3.3 99.5 80.6 100.0 69.0

M, 10 4.6 95.5 84.6 100.0 57.5

Table 4. Empirical Size and Power of Tests at 5% for EXPAR-ARCH(1).
n 50 100
601 0.0 -2.0 0.0 -2.0

6o 0.0 0.4 0.8 0.0 0.4 0.8 | 0.0 0.4 0.8 0.0 0.4 0.8
D}, |20 30 59 | 326 472 532 |40 40 70 | 672 860 79.8
Dl;, |52 360 428 | 26 13.0 230 |59 486 558 | 50 238 504
Jﬁ,l 4.0 278 36.6 | 13.2 348 524 | 57 376 488 | 414 810 84.6
2cm |14 30 68 |56.2 472 536 |38 42 7.6 | 824 798 776
2co | 48 55.0 76.0| 24 700 852 |50 83.2 97.2| 48 982 100
J721,C 26 4r2 728 | 366 75.8 89.8 | 40 788 934 | 682 99.0 100
CvMs,, | 28 3.0 6.4 9.6 10.6 126 | 4.2 3.2 7.8 246 322 272
CvMs, | 52 31.8 33.0 | 3.0 104 204 | 5.6 39.8 40.0 1.8 404 518
CvMs3 5.0 248 26.8 6.2 104 19.2 | 54 294 332 | 16.2 30.8 428
M, 2 26 348 712 8.2 58.2 82.0 | 42 60.2 914 | 148 84.8 99.0
M, 6 3.2 364 70.2 8.6 55.6 80.2 | 34 60.6 926 | 14.0 874 98.8
Mpio | 46 350 654 | 84 504 740 | 3.6 596 904 | 126 862 98.0
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