-

View metadata, citation and similar papers at core.ac.uk brought to you byfz CORE

provided by Research Papers in Economics

Robust Small Sample Accurate
Inference in Moment Condition
Models

Serigne N. L6 and Elvezio Ronchetti

No 2006.04

Cahiers du département d’économétrie
Faculté des sciences économiques et sociales
Université de Geneve

Juin 2006

Département d’économétrie
Université de Genéve, 40 Boulevard du Pont-d’Arve, CH -1211 Genéve 4

http://www.unige.ch/ses/metri/


https://core.ac.uk/display/7134563?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Robust Small Sample Accurate Inference in Moment
Condition Models

Serigne N. Lo and Elvezio Ronchetti !
Department of Econometrics - University of Geneva
Blv. du Pont d’Arve, 40
CH-1211 Geneva, Switzerland

June 2006

Abstract

Procedures based on the Generalized Method of Moments (GMM) (Hansen, 1982) are basic
tools in modern econometrics. In most cases, the theory available for making inference with
these procedures is based on first order asymptotic theory. It is well-known that the (first
order) asymptotic distribution does not provide accurate p-values and confidence intervals in
moderate to small samples. Moreover, in the presence of small deviations from the assumed
model, p-values and confidence intervals based on classical GMM procedures can be drastically
affected (nonrobustness). Several alternative techniques have been proposed in the literature to
improve the accuracy of GMM procedures. These alternatives address either the first order accu-
racy of the approximations (information and entropy econometrics (IEE)) or the nonrobustness
(Robust GMM estimators and tests). In this paper, we propose a new alternative procedure
which combines robustness properties and accuracy in small samples. Specifically, we combine
IEE techniques as developed in Imbens, Spady, Johnson (1998) to obtain finite sample accuracy
with robust methods obtained by bounding the original orthogonality function as proposed in
Ronchetti and Trojani (2001). This leads to new robust estimators and tests in moment condi-
tion models with excellent finite sample accuracy. Finally, we illustrate the accuracy of the new

statistic by means of some simulations for three models on overidentifying moment conditions.
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1 Introduction

Procedures based on the Generalized Method of Moments (GMM) (Hansen,
1982) are important tools in econometrics to estimate the parameters and make
inference in moment condition models. In general, the inferential tools (p-values
and confidence intervals) are based on first order asymptotic theory. More specifi-
cally, under appropriate regularity conditions, GMM estimators are asymptotically
normal and the standard classical statistics for hypothesis testing are asymptoti-
cally x?— distributed. These results provide the tools used routinely in economet-
ric analysis. However, there is evidence in the econometric literature that these
asymptotic distributions do not provide accurate approximations to p-values and
confidence intervals when the sample size is moderate to small; see for instance
Altonji and Segal (1996), Burnside and Eichenbaum (1996), Hansen, Heaton, and
Yaron (1996) among others in the July 1996’s special issue of the Journal of Busi-

ness and Economic Statistics.

To alleviate this problem, several proposals have been put forward in the lit-
erature. An overview is presented in the July 1996’s special issue of Journal
of Business and Economic Statistics. For instance, Hansen, Heaton, and Yaron
(1996), opted for continuous updating estimators. Other authors such as Chris-
tiano and Haan (1996) found that imposing certain restrictions leads to substantial
improvements in the small-sample properties of the statistical tests. Andersen and
Sorenson (1996) stressed that it is generally not optimal to include many moments
in the estimation procedure if the sample size is moderate to small. Bootstrap
techniques have also been suggested to improve the approximation of the finite
sample distribution of GMM statistics. Hall and Horowitz (1996) gave conditions
under which the bootstrap provides asymptotic refinements to the critical values

of t-tests and to the tests for overidentifying moment restrictions.



More recently, so-called information and entropy econometric (IEE) techniques
have been used to improve the finite sample accuracy of GMM estimators and tests;
see Imbens, Spady, and Johnson (1998) (ISJ thereafter) and for an overview, the
March 2002 special issue of the Journal of Econometrics. The basic idea is to
“tilt” the empirical distribution to the nearest distribution satisfying the moment
conditions, where the distance is measured by a power divergence statistic (Cressie
and Read, 1984) such as the Kullback-Leibler distance. These techniques are re-
lated to saddlepoint methods developed in the statistical literature for the fully
identified case (M-estimators); see for instance Field and Ronchetti (1990), Spady

(1991), Robinson, Ronchetti, and Young (2003).

In spite of their good finite sample accuracy when the model and the moment
conditions are exactly satisfied, p-values and confidence intervals based on IEE
techniques can be drastically affected as the original GMM procedures by small
deviations from the underlying distribution of the model and from the correspond-
ing moment conditions. Ronchetti and Trojani (2001) investigated this problem
for the classical GMM procedures and derived robust alternatives to GMM estima-
tors and tests. The goal of this paper is to extend these results to IEE techniques
in order to obtain new estimators and tests which combine both robustness prop-

erties and good accuracy in moderate to small samples.

The paper is organized as follows. In section 2, we review IEE techniques by fo-
cusing in particular on exponential tilting (ET) techniques and provide a link with
saddlepoint methods. Section 3 is devoted to the definition and the construction
of a robust version of the exponential tilting estimator and corresponding test. In
particular, we show that a necessary condition for the robustness of the ET esti-
mator and test is the boundedness of the orthogonality function and its derivative

with respect to the parameter. This implies a bounded influence function for the



estimator and for the level of the corresponding test. When this condition is not
satisfied by the original orthogonality function, we apply the technique developed
in Ronchetti and Trojani (2001) to truncate the original orthogonality function
and we use this modified orthogonality function in the ISJ procedure. This leads
to new robust ET estimators and tests which are discussed in subsection 3.2. Sec-
tion 4 presents a Monte Carlo study for three benchmark models which shows the
excellent finite sample behavior of the new techniques both at the model and in
the presence of small deviations from the model. Finally, section 5 provides some
concluding remarks and suggestions for further research. The algorithm and the

computational aspects are discussed in the appendix.

2 Exponential tilting

Let (Z,)nen be a stationary ergodic sequence defined on an underlying proba-
bility space and taking values in RY and let P={P, # € © C R*} be a family of
distributions in RY corresponding to the model distribution (or reference model).
Further, let us define a function h : R¥x© — R¥ that enforces a set of orthogo-
nality conditions

E[h(Z;6,)] = 0 (1)
on the structure of the underlying model. We assume that 6, is the unique solution
of (1) and we consider the case where the number of conditions H is larger than

the number of parameters k.

The GMM estimator 9™ of 0, (Hansen, 1982) is defined by
g = argmin Qu (0) )

where Qw (0) = (% SN h(Z; 9)) w1 (% SN h(Z; 9)) for some positive semi-

definite matrix W. Moreover, under (1) N - Qu (#9™™) is asymptotically 2 _,
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distributed and can be used to test overidentifying conditions (Hansen’s test).

To improve the finite sample properties of the GMM estimator and Hansen’s
test, ISJ proposed a class of alternative estimators based on the following idea.
Given two discrete distributions 7 and 7 with common support and for a fixed

scalar parameter A, define the power-divergence statistic by (Cressie and Read,

&1 g

The estimator 6 of 0, for a given ), is then defined by the closest distribution to

1984)
1 N
(7)) = ———— s
(5 7) A-(1+)) &=
the empirical distribution, as measured by the Cressie-Read statistic, within the

set of distributions admitting a solution to the moment equations, i.e. 0 is the

solution of the problem
N N
I}rl’i? I\(7; ), subject to Zl h(Z;;0) - m; = 0 and Zlm =1, (4)
where 7 is the vector of empirical frequencies 7; = % fori=1,....,N.

Different values of \ lead to different estimators as discussed in ISJ. We focus
on an important special case of this family of estimators, namely when A — —1.

In this case, the optimization in (4) leads to the exponential tilted (ET) estimator

A

0 which is defined as the minimizer of the Kullback-Leibler information criterion:

N N N
' 1 , : Z::0) - s — T
min Z; m; - log(m;)  subject to ; h(Z;;0) - m; = 0and Z_; i (5)
It turns out that m; is given by

/ .
ot Zis0)

SN enZ0)

J=

(6)

T, —

and by defining the empirical cumulant generating function of h(Z;;6),

N

K(t;0) = log (% D ety (7)

=1



we obtain

N

—K(t,0) = Z milog(m;) + log(N). (8)

=1

Therefore (5) can be rewritten more compactly as

max K(t;0) subject to %K(t; 0)=0, 9)

where 7; is defined by (6).

Under regularity conditions, the tilted estimator 6 is asymptotically (first or-
der) equivalent to the GMM estimator, i.e. v N (éet — 6p) has the same asymptotic
normal distribution as v/ N (69™™ — 6,).

The corresponding test for overidentifying moment restrictions is based on the
test statistic —2 - N - K(t;6°)) (= 2- N - KLIC(7;%) in ISJ, p. 342). Under
the null hypothesis, this test statistic has the same asymptotic distribution as the

classical Hansen test statistic, i.e. x3, where d = H — k.

[SJ provide convincing evidence that 6° and the corresponding test have better

gmm

finite sample properties than 6 and Hansen’s test. Furthermore, by (6), (7)

and (9),
B 1
. . — —K(t;0) . . t'h(Z;;0)
o K (t:0) e v Zl h(Zi;0)e
N
= Z W Zi;0)mi(0) = Ex[h(Z;0)] =0,
=1

1

i.e. the empirical distribution (g, ..., %

) is tilted to (my,...,my) in order to
satisfy the orthogonality conditions under (71, ..., 7x). This is the key procedure
to obtain saddlepoint approximations of the distribution of estimators and test

statistics which are well known to be highly accurate; cf. for instance Daniels

(1954), Field and Ronchetti (1990), and Spady (1991) for the fully identified case
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(M-estimtors). Indeed the empirical version used here corresponds to the so-called
empirical saddlepoint approximation; see Ronchetti and Welsh (1994) and for a

connection with empirical likelihood, Monti and Ronchetti (1993).

3 Robust Exponential Tilting

The tilted estimator 6 is an attractive alternative to the GMM estimator §9™m
when the moment conditions (1) are exactly specified. In this section, we want to
investigate the behavior of the tilted estimator and the corresponding tests in the
presence of slight misspecifications of the moment conditions.

Let us first review these aspects for ggmm.

3.1 Robust alternatives to the GMM

The lack of robustness of the GMM estimator and tests in the presence of small
deviations from the underlying distribution has already been studied extensively;
see Ronchetti and Trojani (2001) and references therein. In particular, in that pa-
per, it is shown that the influence function of the GMM estimator is proportional
to the orthogonality function h. When h(z;#) is unbounded in z, this leads to non

robust estimators. An alternative robust version was proposed as follows.

Consider the Huber function
y if |yll<c
K, : R - RY, Yy we(y) = (10)

iy > e,

where w.(y) = min(l, ;%) for y # 0 and w.(0) = 1, and a new mapping

_c_
>yl

hAT RN x © — R defined by

het(250) = He(AO)[1(z:0) — 7(0)]) , (11)
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where the nonsingular matrix A € R?*# and the vector 7 € R¥ are determined

through the implicit equations :

Eg[h(Z:0)] =0
(12)
L BT (Zi50)] - (R (Zi50)) =T

Then, the GMM estimator égmm and the corresponding tests defined by the
modified bounded orthogonality conditions 2™ have an influence function bounded
by ¢ (> v/H) and are robust in the sense of Hampel, Ronchetti, Rousseeuw, and
Stahel (1986). An iterative algorithm for the computation of égmm is provided by

Ronchetti and Trojani (2001, p.47); see also Appendix A.
3.2 Robust exponential tilting estimator and test

In view of section 2 and subsection 3.1, it seems natural at this point to try
and derive an estimator (and the corresponding tests) with the good finite sample
properties of ¢ and the robustness properties of écgmm. This can be achieved by
solving (9), with h(z;0) = h27(2;0).

More specifically, by writing K.(¢;60) = log[+ Zf\il e?'Me(Zii0] and h,(.;.) instead
of hA7(.:.) for simplicity, the new robust tilting estimator < is defined by the

optimization problem :

max K(t;0), (13)
subject to 7
(
Zﬁ\; he(Zi;0)e!e#i:0) = 0 (13.a)
Ey[ho(Z;6)] =0 (13.0)
| & S he(Zis )W Zi56) = 1. (13.0)




égt is asymptotically equivalent to égmm, the robust GMM estimator defined by
he(.;.). Moreover, when ¢ — 0o, we recover the classical estimator g¢t. Notice
that even in the case where the cumulant generating function of h(Z ;6) does not
exist and 6 is not defined, ¢ with a finite ¢ exists and is an alternative to the
classical estimator; see subsections 4.2 and 4.3. Finally, the corresponding robust
test for overidentifying restrictions is defined by the test statistic —2- N - K.(t.; égt)

which is asymptotically x% under the null hypothesis, where d = H — k.

Let us now investigate in more details the robustness properties of éit. The
tilting estimator can be viewed as an M-estimator (ISJ, p. 337) with estimating

equations sz\; p(Z; 0% 1) = 0, where

1Oh (2 0) - exp(t'h(z:
pz0 - [ (O EPERED) (1)
h(z;0) - exp(t'h(z;0))

The influence function of estimators defined by estimating equations (M-estimators)

is proportional to the estimating function (Huber, 1981), i.e.

apet
o, t)

The boundedness of the influence function implies a bounded bias of the estimator

~ ~ -1 A
[F(2;0% Py) = E| — (Z;QEt,t)] p(2;07,t). (15)

and of the level of the corresponding test when the underlying distribution lies in
a neighborhood of the model (see Heritier and Ronchetti, 1994 and Ronchetti and
Trojani, 2001). Here, the IF for ET estimators is bounded if and only if p is
bounded with respect to z. Therefore, we can focus our analysis on the function
p? to determine the robustness properties of the corresponding estimators and

tests.



Generally, in the classical version, p® is not bounded. In fact, both A(.;.) and

% are not necessarily bounded. So the resulting estimators are not guaranteed to

be robust. For égt, he(.;.) is bounded by construction, and therefore this estimator

is robust if %’;f is bounded.

Consider the robust ET estimator defined by the orthogonality function (11).
It follows, with y = A(0)[h(z;0) — 7(0)] ,

0 0
w7 he ;9 = —H. =
A'A y + A[%h(z;@) — 7] if||y|<e
(16)
r - ) . :
I — ﬁ : ﬁ”T”} -{A'A 1HZ_\I + Aﬁ[@h(zﬁ) =7} ity ||>ec.
Thus Zh.(z;0) is bounded with respect to z if and only if
% is bounded when || y ||< ¢
(17)
ﬁ% is bounded when || y ||> c.
The last two conditions are satisfied when % is bounded everywhere. Then, for

a given model, when the derivative of the moment vector with respect to the pa-
rameters is bounded, the robustness properties of the estimator égt follow. If this
is not the case, we have to check the boundedness of the conditions defined by
(17) to determine the robustness properties of the estimator and of the test for the

specific model.
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Figure 1: Schematic illustration of the robustness properties of the exrponential
tilting estimator and test.

* This includes the case when the cumulant
generating function of h(.;.) is not defined.

h(z;0)

use h.(z;0)
bounded

9 (2;0)

bounded

check the conditions (17)

Ye

[F(z;6°, Py) bounded

) c ?
= robust ET estimator
and test robust

4 Monte Carlo Investigation

To illustrate and compare the behavior of classical and robust ET estimators
and tests, we perform a Monte Carlo experiement for three benchmark models
(Chi-squared moments, Hall-Horowitz, stochastic lognormal volatility model). In
each case we work with data generated from the model and from various slight
perturbations of the model. We compute f° and ést and their corresponding tests
for overidentifying moment restrictions based on the test statistics —2- N - K (¢; éet)
and —2- N - K.(t.; égt) respectively. Under the null hypothesis , these tests statis-
tics are asymptotically distributed as x3, where d = H — k. We also report, where
they are available, the best results obtained by ISJ by means of other tilted test

statistics.
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In each experiment, we simulate 5000 samples and we report the actual sizes
P[T > v,] for each test based on a test statistic 7" corresponding to the nominal
sizes a = 0.001, 0.005, 0.01, 0.025, 0.05, 0.1, 0.2, where v, is the critical value of
the test, i.e. P[x3 > v,] = a. QQ-plots with respect to x4 quantiles and relative

errors (P[T > v,] — a)/a for each tests are also reported.

4.1 Model 1: Chi-squared Moments

The first Monte Carlo experiment focuses on a two moments, one parameter

problem defined by the moment vector:

Z—90
hZ:;0)=
Z%— 6% —20

The distribution of Z is x?, y = 1, and the data are generated from this model.
1
200+ 1)
spect to z. Therefore, we can use h.(z ;) and we can expect good robustness and

Here h(z;6) is unbounded in z and 2(z;6) = — < ) is constant with re-

finite sample accuracy from égt and its corresponding tests.

The results of our simulations, for two sample sizes N = 500, 250, are presented
in Table 1. In the first case (N = 500), we can compare the results of our new
robust test to those obtained by the test statistics in ISJ. The first column shows
the actual size of the test based on the tilted estimator of the Lagrange multi-
pliers (15.J.500), cf. ISJ p.343. The following two columns give the results for
the classical ET (classET.500) and for the robust ET (robET.500) respectively.
We notice that the nominal sizes of robET.500 are the closest to the actual size.
Notice that classET.500 test is very similar to the classical GMM specification
test and shows a very liberal behavior in terms of size. The 1.5J.500 is between

the two ET statistics in terms of accuracy.
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For a better evaluation of the small sample properties of the robust ET sta-
tistics, we also tested a reduced sample size of 250. The results of the classical
and robust ET, classET.250 and robET.250, are reported in the last two columns
of Table 1. Even with such a small sample size, the robust ET outperforms the
classical test, and the corresponding nominal sizes are very close to the actual

sizes. These conclusions are confirmed by the graphical analysis in Figure 2.

Finally, we plot the relative errors, a more stringent measure than absolute
errors, for robET.500 in Figure 3 (a) and robET.250 in Figure 3 (b). Again, these
plots demonstrate the high accuracy of the robust ET test. In fact, the relative
error in the tail for the robust ET test for N = 250 is smaller than 4% down to
a = 0.02 and still reasonable for smaller sizes. The relative errors of the classical
statistics are not reported because they exceed 100% already for aw = 0.05. These
results show that even in the case of no contamination, the robust ET test has a
very high finite sample accuracy and is an interesting alternative to classical GMM

and ET tests.

13



Table 1: Comparison of actual and nominal size of the tests applied to Chi-Squared
Moments (Model 1) without contamination i.e. Z ~ X%, H =2, k=1 and 5000 replica-
tions. 1.5J.N= best test statistics from ISJ; classET.N= classical ET test; robET.N=
robust test. .V indicates the sample size. The tuning constant for the robust test was

set to ¢ = 2.

H nom.size ‘ I1S5J.500 classET.500 robET.500 H classET.250  robET.250 H

0.200 0.237 0.2552 0.2108 0.2772 0.1996
0.100 0.125 0.1554 0.1048 0.1820 0.0986
0.050 0.068 0.1044 0.0488 0.1266 0.0486
0.025 0.038 0.0712 0.0246 0.0930 0.0260
0.010 0.019 0.0474 0.0100 0.0642 0.0078
0.005 0.010 0.0354 0.0048 0.0524 0.0040
0.001 0.003 0.0180 0.0004 0.0293 0.0006

Figure 2: QQ-plots of overidentifying ET statistics versus x3.
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Figure 3: Relative
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Figure 4: Probability distribution functions (pdf) and QQ-plots versus x3 for
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Let us now investigate the behavior of the different procedures when the data
follow a slightly perturbed model distribution. To illustrate the effects, we assume

that Z does not follow the model distribution x? but two contaminated distribu-

tions
Z ~ 0.95- x5 + 0.05-x3, (18)
and
11
Z~T(=;5). 1
(337 (19)

In the first case, the Kolmogorv distance between the model and the contami-
nated distribution (i.e. the maximum difference between the distribution functions
of the two distributions) is less than 0.05. In the second case, the Kolmogorov dis-
tance is 0.19. This means that (18) can be viewed as a small perturbation of
the model distribution and (19) a slightly larger perturbation. Figure 4 shows the
probability distribution functions (pdf) and the QQ-plots of the distributions with
respect to the model (x?). We do not argue that (18) or (19) should replace the
original model y2. These are just illustrations of potential small deviations from
the model. We still assume the original model with its moment conditions but
we take into account the fact that in reality, the data might come from a slightly
different unknown distribution with slightly different moment conditions. Thus,
our goal is to have procedures based on the original model and moment conditions

which still behave reasonably well in the presence of unknown small deviations.

The results of Tables 2, 3 and Figures 5, 6 show that the classical ET test is
very inaccurate whereas the robust ET test is stable and very accurate even in the

presence of small deviations from the underlying model.
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Table 2: Comparison of actual and nominal size of the tests applied to Chi-Squared
Moments (Model 1) with contaminated data (18), H = 2, kK = 1 and 5000 replications.
classE'T.N= classical ET test; robET.N= robust ET test. .IN indicates the sample size.

The tuning constant for the robust test was set to ¢ = 2.

H nom.size | classET.500 robET.500 classE'T.250  robET.250 H
0.200 0.2640 0.2028 0.2742 0.2074
0.100 0.1624 0.0952 0.1688 0.1118
0.050 0.1006 0.0466 0.1108 0.0530
0.025 0.0666 0.0240 0.0750 0.0270
0.010 0.0378 0.0084 0.0504 0.0110
0.005 0.0280 0.0042 0.0352 0.0060
0.001 0.0154 0.0006 0.0178 0.0006

Table 3: Comparison of actual and nominal size of the tests applied to Chi-Squared
Moments (Model 1) with contaminated data (19), H = 2, k = 1 and 5000 replications.
classE'T.N= classical ET test; robE'T.N= robust test. .N indicates the sample size.

The tuning constant for the robust test was set to ¢ = 2.

H nom.size | classET.500 robET.500 classET.250  robET.250 H
0.200 0.2870 0.1940 0.2830 0.2178
0.100 0.1748 0.0960 0.1764 0.1168
0.050 0.1054 0.0462 0.1138 0.0576
0.025 0.0728 0.0240 0.0812 0.0310
0.010 0.0436 0.0078 0.0568 0.0132
0.005 0.0312 0.0044 0.0440 0.0076
0.001 0.0148 0.0008 0.0244 0.0022
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Figure 5: QQ-plots of overidentifying ET statistics versus x? with Z ~ 0.95x3 +
0.05x3,-

classical ET test robust ET test
rep=5000 ° o rep=5000
=t n=500
8 0° 8 {le=
o°
&

8 [ 8
E E ©
° °

0 5 10 15 0 5 10 15

classical ET test robust ET test

rep=5000 o 1ep=5000
o |l o | =250
] ° 8 qle=

D0 °
o o
Q Q
o

s 2 °
° °

0 5 10 15 0 5 10 15
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4.2 Model 2: Hall-Horowitz (1996)

In this experiment, we consider a design investigated by Hall and Horowitz

(1996), where the moment vector has the form:

6—0.72—0~(Z(1)+Z(2))+3,Z(2) 1

AR [6_072—9'(2(1)—%2(2))+3-Z(2) —1]

The vector (ZM), Z(2))' follows a bivariate normal distribution with means zero

(0,0)’, variances 0.16 and correlation coefficient zero. The true value of 6 is 6, = 3.

We follow the same approach as in subsection 4.1. The simulation results are
reported in Table 4. In order to compare our analysis to the ISJ results, we sim-
ulate data with two different sample sizes, 200 and 100. The columns [SJ.N
represent the closest nominal size from the ISJ investigation with sample sizes of
200 and 100 respectively (cf. ISJ p.345). The columns robET.N report the simu-

lations result of the robust ET, where the constant c is fixed to 2.

Since, for this model, the cumulant generating function of the score vector does
not exist, the classical ET test cannot be defined. However, we can “simulate” this
case by means of our robust ET test with a large tuning constant ¢ (for example
¢ = 80). We call this test a “classical” ET test (“classET”). Notice however, that
we do not recommend using this test, the accuracy of the robust ET test with

c = 2 being so much better.

Inspection of Table 4 reveals the high accuracy of the robust ET test and its
better performance compared to the best statistics from ISJ for the two sample
sizes. This results are confirmed by the QQ-plots in Figure 7 and the analysis of

the relative error in Figure 8 (a) and (b).
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Table 4: Comparison of actual and nominal size of the tests applied to Hall-Horowitz’s

design (Model 2) without contamination i.e.

A 0 16 0
7(2) - ( )’

H =2, k=1 and 5000 replications. I1SJ.N= best test statistics for ISJ;
“classET” .N= “classical” ET test; robE’T.N= robust ET test. .N indicates the

sample size. The tuning constant for the robust test was set to ¢ = 2.

H nom.size | 15J.200  “classET”.200 robET.200 H 15J.100  “classET”.100  robET.100 H
0.200 0.228 0.2486 0.2020 0.250 0.2807 0.2092
0.100 0.125 0.1459 0.0972 0.128 0.1776 0.1022
0.050 0.065 0.0923 0.0468 0.070 0.1175 0.0524
0.025 0.035 0.0582 0.0270 0.043 0.0800 0.0286
0.010 0.016 0.0338 0.0110 0.022 0.0509 0.0134
0.005 0.008 0.0231 0.0042 0.013 0.0376 0.0070
0.001 0.002 0.0012 0.0008 0.004 0.0194 0.0010

Figure 7: QQ-plots of overidentifying ET statistics versus x3.
“classical" ET test robust ET test
o |[ rep=5000 ° 0 [rep=5000
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H 2 ]
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Figure 8: Relative errors for robET.200 (a) and robET.100 (b)
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Similarly to Model 1, we studied the robustness of our new statistics for Hall-
Horowitz’s model when the data are contaminated according to the following dis-

tribution
zM) 0 16 0 0 2 0
~0.95 - N( , ) + 0.05-:N( , )
z(2) 0 0 .16 0 0 2

In spite of this perturbation, the results for the robust ET statistics are only

slightly modified compared to results from non-contaminated data. In contrast,

the results for the “classical” ET tests are markedly worse cf. Table 5 and Figure 9.
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Table 5: Comparison of actual and nominal size of the tests applied to Hall-Horowitz’s
design (Model 2) with contaminated data. H = 2, k = 1 and 5000 replications.
“classET” .N= “classical” ET test; robET.N= robust ET test. .IN indicates the sample

size. The tuning constant for the robust test was set to ¢ = 2.

H nom.size | “classET”.200  robET.200 H “classET”.100  robET.100 H
0.200 0.2692 0.2160 0.3010 0.1988
0.100 0.1620 0.1010 0.1908 0.1072
0.050 0.1022 0.0564 0.1236 0.0554
0.025 0.0678 0.0314 0.0902 0.0320
0.010 0.0412 0.0130 0.0630 0.0136
0.005 0.0300 0.0078 0.0506 0.0080
0.001 0.0122 0.0024 0.0298 0.0014

Figure 9: QQ-plots of overidentifying ET statistics versus X3 with perturbed data.
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4.3 Model 3: Stochastic Lognormal Volatility Model

The stochastic lognormal volatility (SLV) model offers a powerful alternative
to GARCH-type models to explain the well-documented time varying volatility.
Moreover, the SLV model provides a reasonable first approximation to model the

properties of most financial return series.

During the last ten years, a number of Monte Carlo studies have explored the
small sample properties of these estimators. Since, the maximum likelihood ap-
proach is difficult to implement, this has left the field open to competition among
alternative procedures such as GMM (Melino and Turnbull, 1990), maximum like-
lihood Monte Carlo (Sandmann and Koopman, 1996), quasi-maximum likelihood,
Bayesian Markov Chain Monte Carlo (Jacquier, Polson, and Rossi, 1994), max-
imum likelihood through numerical integration (Fridman and Harris, 1998) and
efficient method of moments (EMM) (Gallant and Tauchen, 1996). Andersen,
Chung, and Sgrenson (1999) have investigated the finite sample comparison of
various methods for estimating SLV. Out of the six alternative methods men-
tioned above, they found that EMM completely overshadows the others with its

flexibility and efficiency.

Consider the simple version of SLV model defined by:

Y = 012y

Ino? =w+ flnc’ | + oy

where t = 1,...,N, 0 = (w,[,0,) is the parameter vector, and (Z;,u;) are iid
N(0, I5), that is, the error terms are mutually independent and distributed accord-
ing to a standard normal distribution. In the model, returns display zero serial

correlation but the dependence in the higher-order moments is induced through

23



the stochastic volatility term, oy, the logarithm of which follows a first order au-
toregressive [AR(1)] model. The volatility persistence parameter, (3, is estimated
to be less than unity, but quite close to it in most empirical studies. Finally, the
assumption of lognormality of the volatility process is a convenient parameteriza-
tion that allows for closed-form solutions of the moments and is consistent with the

evidence of excess kurtosis or “fat tails” in the unconditional return distribution.

When we impose the inequality constraints 0 < § < 1 and o, > 0 to the model,
the return innovation series ¥y, becomes strictly stationary and ergodic, and uncon-
ditional moments of any order exist. Throughout, we work with parameter values
that satisfy these additional inequalities. To implement the robust ET procedure,
we use 5 orthogonality conditions used by Andersen and Sgrenson (1996). The

moment vector is defined by

0.2
|vel = \/gexp (5+%)
0.2
yi —exp(p+ %)
o2 o2
hy,0) = | gl = Zexp(p+)exp(55) |,

Ye—s| — %GXP (1 + 072) exp (53%2)

Yeyes| — 2 exp (i + %) exp (5%)]

where p = 15 0% = % and 0 = (w, 3, 0,).

We simulate 5000 samples of 500 observations from the SLV model. The vector of
parameters fixed for the simulation of the data vector Z is #y = (—.368, .95, .260).
These values correspond to those used in the empirical study of the SLV by Jacquier

et al. (1994) and Andersen et al. (1999), among others.
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The samples of size 500 are small by the standards of high-frequency financial
time series analysis so the results presented here show the small sample properties
of the ET method. Table 6 show in this case the good accuracy of the robust ET
method for the overidentifying moments test. The nominal size of the robust ET
method is close to the actual size even in the extreme tail. The QQ-plot in Figure
10 (a) confirms these results. Even when the data is contaminated (according to
the configuration given in Table 7), the accuracy of the robust ET test is good.

Figure 10 (b) confirms these results.

Finally, we estimate the SLV model (without contamination) by EMM and
compare the results obtained with our new robust ET estimator. We choose EMM
because of its flexibility and efficiency. The EMM computations are based on the
procedure outlined in Gallant and Tauchen (2001), implemented in Finmetrics,
with the optimal auxiliary model chosen automatically. Table 8 shows the bias,
the variance and the associated root mean squared errors (RMSE) for each para-
meter and for both EMM and robust ET method. With respect to bias, variance,
and RMSE, the robust ET method dominates EMM for all parameters except for
0., where the bias of EMM is smaller than that of the robust ET method. In

particular, the reduction in RMSE is substantial.
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Table 6: Comparison of actual and nominal size of the robust ET statistic applied to

SLV’s design (Model 3) without contamination i.e.

(o)) L)

H =5, k=3 and 5000 replications. robET.N= robust ET test. .N indicates the

sample size. The tuning constant was set to ¢ = 2.5

nom.size | robET.500
0.200 0.2276
0.100 0.1186
0.050 0.0634
0.025 0.0318
0.010 0.0100
0.005 0.0050
0.001 0.0012

Figure 10: QQ-plots of overidentifying ET statistics versus x3 with normal (a) and

contaminated data (b).
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Table 7: Comparison of actual and nominal size of the robust ET statistic applied to

SLV’s design (Model 3) with contaminated data i.e.

H =5, k=3 and 5000 replications. robET.N= robust ET test. .IN indicates the

sample size. The tuning constant was set to ¢ = 2.5

nom.size | robET.500
0.200 0.2330
0.100 0.1186
0.050 0.0604
0.025 0.0300
0.010 0.0114
0.005 0.0068
0.001 0.0016
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Table 8: Comparison of RMSEs of EMM and ET method with 5000 replications; true
parameters (w, 3,0,) = (—.368,.95,.260).

Method w I} Ou

bias var RMSE bias var RMSE bias var RMSE

EMM -.1640  .3367 .6030 -.0150 .0063 .0810 .0150  .0398 .2002

robust ET .1020  .0380 .2220 .0144  .0006 .0299 -.0346  .0118 1142

5 Conclusion

The Robust ET method is a useful procedure which provides attractive alterna-
tive estimators and tests to standard GMM methods. Our analysis shows that the
new test statistic for overidentifying restrictions has excellent small sample prop-
erties for inference. Moreover, by its robustness, the procedure provides reliable
estimators and tests even when the model does not hold exactly. Furthermore, the
robust ET method is as flexible as GMM because it requires only a modified mo-
ments vector. Future research directions include the application of this method to
other more complex models and the development of more efficient computational

procedures.
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A

APPENDIX

Here we provide the algorithm and the computational aspects for solving (13) un-

der the constraints (13.a), (13.b) and (13.c). For the particular models studied in

this paper, Matlab’s code is available from the authors upon request.

A.1 The Algorithm

To develop the algorithm for a general robust ET, we extend the procedure

presented in Ronchetti and Trojani (2001, p. 47).

Specifically, for a given bound ¢ > v/H, the computation of the robust ET

estimator can be performed by the following four steps:

1.

ii.

1il.

1v.

Fix a starting value 6y for # and initial values 79 = 0 and Ag such that

N

1 —
ALAy = [N S " h(Zi500)h(Zi 60

i=1

1

Compute new values 7y and Ay for 7 and A defined by

_ By [M(Z500)we(Ao(M(Z 5 60) — 70))]

T Bpw(A(h(Z 5 00) — 1)) (20)

and
(A1A) ™ = % Z[(h(zz‘ 100) —70)) (W(Z; 3 00) — 70)" x w(Ao(h(Zi; 00) — 70))].
- (21)

Compute the optimal ET estimator 6; associated to the orthogonality func-

tion hA1™ by solving (13) subject to (13.a).

Replace 19 and Ag by 7 and Aj, respectively, and iterate the second and the

third step described above until convergence.
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A.2 Computational aspects

We used the fmincon() procedure for optimization in MATLAB 6.5. This
algorithm is based on a Sequential Quadratic Programming (SQP) method, in
which a Quadratic Programming (QP) subproblem is solved at each iteration. An

estimate of the Hessian of the Lagrangian is updated at each iteration using the

BFGS formula.

A particular point in this algorithm is the calculation of the vector 7 defined
by (20). The expectation in (20) is easily computed by simulating a sample of size
75000.

30



References

Altonji, T. and Segal, L. (1996), “Small-Sample Bias in GMM estimation of Co-

variance Structures,” Journal of Business and Economic Statistics, 14, 353-366.

Andersen, T., Chung, H., and Sgrenson, B. (1999), “Efficient Method of Moments
Estimation of a Stochastic Volatility Model: A Monte Carlo Study,” Journal of
Econometrics, 91, 61-87.

Andersen, T. and Sgrenson, B. (1996), “GMM Estimation of a Stochastic Volatility
Model: A Monte Carlo Study,” Journal of Business and Economic Statistics,
14, 328-352.

Burnside, C. and Eichenbaum, M. (1996), “Small-Sample Properties of GMM-
based WALD Test,” Journal of Business and Economic Statistics, 14, 294-308.

Christiano, L. and Haan, W. (1996), “Small-Sample Properties of GMM for
Business-Cycle Analysis,” Journal of Business and Economic Statistics, 14, 262—

280.

Cressie, N. and Read, R. (1984), “Multinomial Goodness-of-Fit Tests,” Journal of
the Royal Statistical Society, Series B, 46, 440-464.

Daniels, H. (1954), “Saddlepoint Approximations in Statistics,” The Annals of
Mathematical Statistics, 25, 631-650.

Field, C. and Ronchetti, E. (1990), Small Sample Asymptotics, IMS Monograph

Series: Hayward, California.

Fridman, M. and Harris, L. (1998), “A Maximum Likelihood Approach for Mon-
Gaussian Stochastic Volatility Models,” Journal of Business and Economic Sta-

tistics, 16, 159-192.

31



Gallant, R. and Tauchen, G. (1996), “Which Moments to Match,” Econometric
Theory, 12, 657-681.

— (2001), “EMM: A Program for Efficient Method of Moments Es-
timation Version 1.6 User’'s Guide,”  working paper available at

hitp://www.econ.duke.edu/ get/emm.html.

Hall, P. and Horowitz, J. (1996), “Bootstrap Critical Values For Tests Based on

Generalized Method of Moment Estimators,” Econometrica, 64, 891-916.

Hampel, F., Ronchetti, E., Rousseeuw, P., and Stahel, W. (1986), Robust Statis-

tics: The Approach on Influence Functions, New York: Wiley.

Hansen, L. (1982), “Large Sample Properties of Generalized Method of Moments

Estimators,” Econometrica, 50, 1029-1054.

Hansen, L., Heaton, J., and Yaron, A. (1996), “Finite Sample Properties of Some
Alternative GMM Estimators,” Journal of Business and FEconomic Statistics,

14, 262-280.

Heritier, S. and Ronchetti, E. (1994), “Robust Bounded-Influence Tests in General

Parametric Models,” Journal of the American Statistical Society, 89, 897-904.
Huber, P. (1981), Robust Statistics, New York: Wiley.

Imbens, G., Spady, R., and Johnson, P. (1998), “Information Theoretic Approaches

to Inference in Moment Condition Models,” Econometrica, 66, 333-357.

Jacquier, E., Polson, N.; and Rossi, P. (1994), “Bayesian Analysis of Stochastic

Volatility Models,” Journal of Business and Economic Statistics, 12, 361-393.

Melino, A. and Turnbull, S. (1990), “Pricing Foreign Currency Options with Sto-

chastic Volatility,” Journal of Econometrics, 45, 239-235.

32



Monti, A. and Ronchetti, E. (1993), “On the Relationship Between Empiri-
cal Likelihood and Empirical Saddlepoint Approximation for Multivariate M-

estimators,” Biometrika, 80, 329-339.

Robinson, J., Ronchetti, E., and Young, G. (2003), “Saddlepoint Approximations
and Tests Based on Multivariate M-estimators,” The Annals of Statistics, 31,
1154-1169.

Ronchetti, E. and Trojani, F. (2001), “Robust Inference with GMM Estimators,”
Journal of Econometrics, 101, 37-69.

Ronchetti, E. and Welsh, A. (1994), “Empirical Saddlepoint Approximations for
Multivariate M-estimators,” Journal of the Royal Statistical Society, Series B,

56, 313-326.

Sandmann, G. and Koopman, S. (1996), “Maximum Likelihood Estimation of

Stochastic Volatility Models,” London School of Economics, Working paper.

Spady, R. (1991), “Saddlepoint Approximations for Regression Models,” Bio-
metrika, 78, 979-989.

33



Publications récentes du Département d’économeétrie

2006.03

2006.02

2006.01

2005.04

2005.03

2005.02

2005.01

2004.15

2004.14

2004.13

pouvant étre obtenues a 1’adresse suivante :

Université de Geneve
UNI MAIL
A l'att. de Mme Caroline Schneeberger
Département d'économétrie
40, Bd du Pont-d'Arve
CH - 1211 Geneéve 4

ou sur

INTERNET : http//www.unige.ch/ses/metri/cahiers

LO Serigne N. and Elvezio RONCHETTI, Robust Second Order Accurate
Inference for Generalized Linear Models, Mai 2006, 29 pages.

CANTONI Eva, Joanna MILLS FLEMMING and Elvezio RONCHETTI,
Variable Selection in Additive Models by Nonnegative Garrote, Avril 2006,
17 pages.

COPT Samuel and Stephane HERITIER, Robust MM-Estimation and Inference in
Mixed Linear Models, Janvier 2006, 27 pages.

KRISHNAKUMAR Jaya and David NETO, Testing Unit Root in Threshold
Cointegration, Novembre 2005, 25 pages.

VAN BAALEN Brigitte, Tobias MULLER, Social Welfare effects of tax-benefit
reform under endogenous participation and unemployment, Février 2005,
42 pages.

CZELLAR Véronika, G. Andrew KAROLYI, Elvezio RONCHETTI, Indirect
Robust Estimation of the Short-term Interest Rate Process, Mars 2005, 29 pages.

E. CANTONI, C. FIELD, J. MILLS FLEMMING, E. RONCHETTI, Longitudinal
Variable Selection by Cross-Validation in the Case of Many Covariates, Février
2005, 17 pages.

KRISHNAKUMAR Jaya, Marc-Jean MARTIN, Nils SOGUEL, Application of
Granger Causality Tests to Revenue and Expenditure of Swiss Cantons,
Décembre 2004, 27 pages.

KRISHNAKUMAR Jaya, Gabriela FLORES, Sudip Ranjan BASU, Spatial
Distribution of Welfare Across States and Different Socio-Economic Groups in
Rural and Urban India, Mai 2004, 66 pages.

KRISHNAKUMAR Jaya, Gabriela FLORES, Sudip Ranjan BASU, Demand
2004System Estimations and Welfare Comparisons : Application to Indian
Household Data, Mai 2004, 70 pages.



