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Abstract This paper focuses on two characterizations of convex interval gasieg the no-
tions of superadditivity and exactness, respectively. We also relateobgjibterval games with
concave interval games and obtain characterizations of big boss irjanaas in terms of sub-
additivity and exactness.
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1. Introduction

Convex interval games were introduced in Alparslavk@ranzei and Tijs (2008a),
where also several characterizations of this class of garegrovided (Theorems
3.1, 4.1 and 5.2). Our aim is to extend the list of existingrabgerizations of convex
interval games by using properties of their subgames andinaigames.

Recall that a traditional cooperative game is a ghirv), whereN = {1,...,n}
with n as a natural number, is a set of players a&rnd a characteristic function :
2N — R with v(0) = 0. The family of all cooperative games with player $&is
denoted byGN. A game(N,V) is called superadditive #(SUT) > v(S) 4 v(T) for
all ST ¢ N with SNT = 0; it is called subadditive i(SUT) < v(S) +v(T) for
all ST ¢ N with SNT = 0. A game(N,v) is called convex (or supermodular) if
V(SUT)+v(SNT) > v(S)+Vv(T) forall ST C N; itis called concave (or submodular)
if V(SUT)+v(SNT) <v(S)+Vv(T) forall ST C N. Each convex (concave) game is
also superadditive (subadditive). FBrC N, the subgame of based or§, (S vs), is
obtained from(N,Vv) by restricting attention t&, i.e. vs(T) = v(T) for all T € 25. For
T C N, the marginal game of based orT is defined by' (S) = v(SUT) —v(T) for
eachSc N\ T. Convex games are balanced games, i.e. the core (Gilli€® d®Such

* Alexandru loan Cuza University, Faculty of Computer Scier@arol | Bd. 11, 700483 lasi, Romania.
Phone +40232201529, E-mail: branzeir@info.uaic.ro.

** Tilburg University, Center and Department of Econometricd @perations Research, P.O. Box 90153,
5000 Tilburg, the Netherlands. University of Genoa, Daparit of Mathematics, Via Dodecaneso 35, 16146
Genoa, Italy. Phone +31134662348, E-mail: S.H.Tijs@uvt.nl

T Middle East Technical University, Institute of Applied Ni@matics, 06531 Ankara, Turkey.iil8yman
Demirel University, Faculty of Arts and Sciences, DepartmanMathematics, 32 260 Isparta, Turkey.
Phone +903122105610, E-mail: alzeynep@metu.edu.tr.

AUCO Czech Economic Review, vol. 2, no. 3 219


https://core.ac.uk/display/7134117?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

R. Branzei, S. Tijs, S. Z. Alparslandk

a game is nonempty, where the c@) of v € GN is defined by

C(v) = {x €R"| ZQX. = V(N);Z;Xi > v(S) for eachSe ZN} .

le

A game(N, v) is called exact if for eacBe 2V \ {0} there is arx € C(V) with TjcgX =
v(9). Itis well known that: subgames of convex games are alsoeofand subgames
of concave games are also concave); convex games are @wéat) games and total
exact games (i.e. games whose all subgames are also exactjrmex (Biswas et al.
1999, Azrieli and Lehrer 2007); games whose marginal gameealbsuperadditive are
convex (Branzei, Dimitrov and Tijs 2004, Martinez-Lega®792006).

Letve GN andn e N. Then, this game is a (total) big boss game witas a big
boss if the following conditions are satisfied:

(i) ve GNis monotonic, i.ev(S) <v(T)ifforall ST ¢ 2N with SC T;
(i) v(§=0ifn¢s
(i) V(T)=V(S) > Tier\s(W(T) —W(T\{i})) forall ST withne SC T.

The next two propositions and the definition of suitable rimaiggames for big boss
games are obtained from Propositions 2 and 3 in Branzei, tBimand Tijs (2006)
with {n} in the role ofC.

Proposition 1. Let (N,v) € MVNA"}, Then (N,v) is a total big boss game with big
boss nif and only if the marginal game (N \ {n},vi™) isa concave game.

Here,MVN-"} is the set of all monotonic games bhsatisfying the big boss property
with respect to the big boss Given a gaméN,v) € MVNA" and a coalitionT e
2N\{n}| then-basedT -marginal gamevi™)T : 2M\T _ R is defined by

VI™T(9) =v(SUT U{n}) —v(T U{n})
foreachSC N\ T.
Proposition 2. Let (N,v) € MVN-A", Then the following assertions are equivalent:
() (N,v) isa (total) big boss game with big boss n;
(i) (N\ {n},vi") isa concave game;
@iy (N\({n}uT), (v{"})T> is a subadditive game for each T N\ {n};
(iv) (N\({n}uT),vinUT) isa subadditive game for each T ¢ N\ {n}.

The reader is referred to Branzei, Dimitrov and Tijs (200&) d survey of classical
cooperative game theory.

The rest of the paper is organized as follows. In Section 2esall basic defini-
tions and results for cooperative interval games which aszlun Sections 3 and 4.
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In Section 3, we define superadditive, exact and marginahiat games and give
characterizations of convex interval games using the nstid superadditivity and ex-
actness. A theoretical application of these new charaetéons of convex interval
games is provided in Section 4. Specifically, we relate bigshaterval games with
concave interval games and obtain characterizations fpbass interval games using
the notions of exactness and subadditivity. Big boss ialegames are introduced in
Alparslan @Gk, Branzei and Tijs (2008b), where some characterizatbtiss class of
games are provided (Propositions 3.1, 3.2 and Theorem8.2)1,

2. Preliminaries on cooperative interval games

A cooperative interval game in coalitional form (Alparslaak, Miguel and Tijs 2008)
is an ordered paifN,w) whereN = {1,2, ..., n} is the set of players, avd: 2N — | (R)
is the characteristic function such that0) = [0, 0], wherel (R) denotes the set of all
closed intervals iR. For eachSe 2V, the worth set (or worth intervaly(S) of the
coalition Sin the interval gaméN,w) is of the form|[w(S), w(S)|, wherew(S) is the
lower bound andv(S) is the upper bound of(S). We denote byGN the family of all
cooperative interval games with player skt

Some classical U-games associated with an interval game IGN play a key
role, namely the border gamébl, w), (N,w) and the length gaméN, |w|), where
\w| (S) = W(S) —w(S) for eachSe 2N,

For the theory of cooperative interval games interval dak({Moore 1979) is a
basic tool. Let, J € I(R) with | = [I,T],J=[J, J], [I|=T—1 anda € R*. Then,
| +J=[14J,T+J] andal = [al, al|. The partial substraction operatbr- J is
defined, only if{l| > [J], by | —J = [I —J, T—J]. We say that is weakly better than
J, which we denote by 3= J, if and only if| > J andl > J. We also use the reverse
notationJ < I, if and only if J <] andJ < T. We denote byl (R)N the set of all
n-dimensional vectors whose elements belong®).

For a gamev < IGN and a coalitiorS € 2N\ {0}, the interval subgame with player
setT is the gamevr defined bywr (S) = w(S) for all S€ 27, i.e. wr is the restriction
of wto the set 2.

We call a gaméN,w) supermodular if

W(S) +W(T) K W(SUT)+w(SNT) for all ST € 2N,

We call a gamev € IGN convex if (N, w) is supermodular and its length garfié, |w|)

is also supermodular. We denote BYGN the class of convex interval games with
player setN. An interval game(N,w) is called concave ifN,w) and (N,|w|) are
submodular, i.ew(S) +w(T) = w(SUT) +w(SNT) and|w| (S) + |w|(T) > |w| (SU
T)+|w|(SNT), forall ST e 2N,

Proposition 3. (Alparslan Gk, Branzei and Tijs 2008a)
Let w € IGN. Then the following assertions hold:

(i) Agame (N,w) issupermodular if and only if itsborder games (N, w) and (N, W)
are convex;
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(i) A game (N,w) is convex if and only if its length game (N, |w|) and its border
games (N, w), (N, W) are convex;

(i) A game (N,w) is convex if and only if its border game (N,w) and the game
(N,W— w) are convex.

We call a gaméN,w) a big boss interval game if its border garfi¢, w) and the
game(N, |w|) are classical (total) big boss games. We denotBBIYGN the set of all
big boss interval games with player $&{without loss of generality we denote the big
boss byn).

Proposition 4. (Alparslan Gk, Branzei and Tijs 2008b)
Letw < IGN. Then, w € BBIGN if and only if its length game (N, |w|) and its border
games (N,w), (N, w) are (total) big boss games.

The interval coreég’(w) of the interval gamey, is defined by

(W) = {(|1,...,|n) € |(R)“|_Zw|i = w(N),zsn = W(S),vSe 2N\ {o}} .

We call a gaméN,w) size monotonic iffN,|w|) is monotonic, i.e.|w|(S) < |w|(T)
forall ST € 2N with Sc T.

Let (N,w) be a size monotonic game and te M(N), wherel(N) is the set of
permutationss : N — N. The interval marginal vector af with respect taz, m?(w),
corresponds to a situation, where the players enter a ro@rbgrone in the order
o(1),0(2),...,0(n) and each player is given the marginal contribution he/sbates
by entering. Le®, (i) = {r € N|o~(r) < 0~1(i)} denote the set of predecessors of
in o, wherea~1(i) denotes the entrance number of plaiy@nd we define

m? (w) = W(Ps (i) U{i}) —w(Ps(i)) for eachi € N.

An interesting subclass of size monotonic gariésw) is CIGN because all interval
marginal vectors of a convex interval game belong to thenmateore of the game (see
Theorem 4.1 in Alparslan &k, Branzei and Tijs 2008a).

3. Two characterizations of convex interval games
We call a gamev € IGN superadditiveif for all ST ¢ N with SNT =0,
W(SUT) = w(S) +w(T), (@)
Wi (SUT) > [W| () +[w| (T).
Remark 1. First, we note that (1) is equivalent to the superadditivity of the lower

game and the upper game. Additionally, notice that, by Proposition 3, if w € CIGN,
then (N, w) is superadditive; further, (N, |w]), (N,w) and (N,w) are superadditive.
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Given a gaméN,w) and a coalitioiT C N, theT-marginal interval gamew" : 2N\T —
| (R) is defined byw" (S) = w(SUT) —w(T) for eachSC N\ T.

Marginal interval games are used in our first new charae#goa of convex inter-
val games. The next proposition provides an affirmative @nsa/the question: If the
original interval game is convex, are all its marginal intdrgames also convex?

Proposition 5. Let (N,w) beaconvexgameand T  N. Then, (N\ T,w') isa convex
game.

Proof. Letw ¢ CIGN. Then,(N,w) and(N,|w|) are supermodular. From this we
obtain the supermodularity ¢N\ T,w") as follows. TakeS;, S, N\ T. Then,

W(SUS)+W (SINS) = WSUSUT) +w(SINS)UT)

= W(SUT)U(SUT)+w(SUT)N(SUT))
WSUT) +W(SUT)
= W (S)+W ().

S\

Similarly, the supermodularity (convexity) OR \ T, |w'|) follows from the supermo-
dularity (convexity) of(N, |w|). Hencew™ € CIGN\T. [J

Theorem 1. Let w € IGN. Then, the following assertions are equivalent:
(i) weCIGN,
(i) (N\T,w") issuperadditive for each T C N.

Proof. First, we notice that by Propositionv@< CIGN if and only if (N, w), (N, W)
and(N,|w|) are convex games. Now, using the characterization of clalssbnvex
games based on the superadditivity of marginal games (BrabBimitrov and Tijs
2004, Martinez-Legaz 1997, 2006), we obtain tfitw), (N,w) and(N, |w|) are con-
vex if and only if for eachT N, (N\ T,w"), (N\ T,w") and(N\ T,|w'|) are su-
peradditive games. Further, by Proposition 3 and Remarkslighequivalent to the
superadditivity off N\ T,w") for eachT c N. O

For a traditional cooperative ganid, v), Biswas et al. (1999) proved that the game is
convex if and only if each subgan{g, v), with SC N, is an exact game. In the sequel,
we prove that a similar characterization holds true in theriral data setting.

We call a gamav € IGN anexact interval game if for eachS e 2N:

(i) there existd = (ly,...,1n) € €(w) such thalyicsli = w(S);
(i) there existsx € C(|w]) such thatsicsxi = [w| (S).
Note that (ii) expresses the exactness of the lenght gaiiev|).

Proposition 6. Each convex interval gamew < IGN isan exact interval game.
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Proof. First, the convexity ofv € IGN implies by Theorem 4.1 in Alparsland®,
Branzei and Tijs (2008a) thaw| is supermodular (and consequently monotonic) and
m°(w) € ¥ (w) for eacho € M(N). So, letS= {sy,...,5} ando € M(N) be such
thato(r) =s forr =1,...,k. Then,Jicsm’(w) = w(S). Further, the convexity of

w ¢ IGN implies that(N, |w|) is convex and consequently it is an exact game, i.e. for
eachSe 2N there existx € C(|w|) such thaty;csX = |w|(S). O

Remark 2. For agiven S€ 2N and | = (I3,...,In) € (W), Ticsli = W(S) also de-
livers (14,...,1,) € C(w), (T1,...,1n) € C(W) and (I1 —4,...,In—1,) € C(Jw]), with
Siesli =W(S), Tiesli =W(S) and Fics(Ti —1;) = |w| (S). This can be used for extend-
ing the characterization of Biswas et al. (1999) to interval games.

Theorem 2. Let w € IGN. Then the following assertions are equivalent:
(i) weCIGN,
(i) (T,wr)isexactforeachT C N.

Proof. (i) — (ii) follows from Proposition 6 because each subgame of aeomter-
val game is convex, and hence exact.

(i) — (i) From the exactness of each interval subgdmevr) we obtain tha{N, wy),
(N,wy) and (N, |wr|) are exact games for eadhC N. Now, we use the result of
Biswas et al. (1999) and obtain that the ganfesw), (N,w) and(N,|w|) are all con-
vex. By Proposition 3 we obtain thate CIGN. O

4. An application

The two characterizations of convex interval games prallmeTheorems 1 and 2 are
interesting from the theoretical point of view. In this sentwe use them to derive new
characterizations of big boss interval games based on tiensaf subadditivity and
exactness.

Remark 3. In view of Theorem 1 we obtain that a game w € IGN is concave if and
only if for each T € 2N the marginal interval game (N\ T,w") is subadditive.

Remark 4. Inview of Theorem 2, agamew € IGN is concave if and only if (T, wr) is
exact for each T C N.

We denote byMIGN-{" the set of all size monotonic interval gameshithat satisfy
the big boss property with respectrigthe big boss player).

Proposition 7. Let w e MIGN-{"}, Then, w € BBIGN if and only if the marginal inter-
val game (N \ {n} ,wi™) isa concave interval game.

Proof. Letw < BBIGN. By Proposition 4 this is equivalent tN,w), (N,w) and
(N, |w|) being (total) big boss games withas a big boss, which implies tha¥l,w),
(N,w) and (N, |w|) € MVNA" Now, by Proposition 1 we obtain thal, w), (N,w)
and (N, |w|) are (total) big boss games, if and only(H \ {n},w(™), (N\ {n} ,win)
and (N \ {n},|wi{™) are concave, which is equivalent with the marginal gaig
{n} ,wi™) being a concave interval ganie.
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Proposition 8. Let w e MIGN-{"} | Then, the following assertions are equivalent:
(i) weBBIGN;
(i) Each marginal interval game of (N\ {n} ,wi™) is subadditive;
(i) Each (interval) subgame of (N\ {n} ,wi") is exact.

Proof. (i) < (i) follows from Proposition 7 and Remark 3. @ (iii) follows from
Proposition 7 and Remark 4]

Now, we extend in the context of cooperative interval ganhesdefinition of then-
basedT -marginal gamevi™)T, whereT ¢ 2N\, Let (N,w) € MIGNA" andT ¢
2N\{n}| Then-basedT -marginal interval gaméwt™)T : 2V\T — |(R) is defined by

w™)T(S) =w(SUT U {n}) —w(T U {n})

foreachSC N\ T.

Based on the characterization of big boss interval gamegiitsiborder and length
games we can easily extend Proposition 2 from classicalaratipge games to coope-
rative interval games.

Proposition 9. Let (N,w) € MIGN-{"}, Then the following assertions are equivalent:
(i) (N,w) isabig bossinterval game with big bossn;
(i) (N\ {n},w{") isa concave game;
@iy (N\({n}uUT), (w{n})T> is a subadditive game for each T N\ {n};
(iv) (N\({n}uT),winT) isa subadditive game for each T c N\ {n}.
Proof. (i) < (ii) follows from Proposition 7; (i} (iii) holds by Remark 3; (iii}— (iv)

follows from the definition of the&-basedrl -marginal interval gamd.]
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