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Abstract

The binary-response maximum score (MS) estimator is a robust
estimator, which can accommodate heteroskedasticity of an unknown
form; J. Horowitz (1992) defined a smoothed maximum score esti-
mator (SMS) and demonstrated that this improves the convergence
rate for sufficiently smooth conditional error densities. In this paper
we relax Horowitz’s smoothness assumptions of the model and extend
his asymptotic results. We also derive a joint limiting distribution
of estimators with different bandwidths and smoothing kernels. We
construct an estimator that combines SMS estimators for different
bandwidths and kernels to overcome the uncertainty over choice of
bandwidth when the degree of smoothnes of error distribution is un-
known. A Monte Carlo study demonstrates the gains in efficiency and
robustness.
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1 Introduction

The maximum score (MS) estimator was introduced by Charles Manski
(1975, 1985) as a robust alternative to traditional discrete-response estima-
tors such as logit and probit. It allows for arbitrary dependence between
the regressors and error term and does not impose restrictive distributional
assumptions. The price of robustness is slow convergence rate (n~'/3) and
non-standard asymptotics (Kim and Pollard 1990).

J. Horowitz (1992) has proposed a smoothed version of the MS estima-
tor. The original objective step-function was modified so that it became
continuous and differentiable, and could be analyzed through the Taylor se-
ries approximation. The smoothed estimator has a rate of convergence that
can under assumptions of sufficiently smooth cumulative distribution func-
tions (CDF) be made arbitrarily close to n~!/2? and also a normal asymptotic
distribution; at the same time it preserves the robust qualities of the original
estimator. Horowitz’s results show that with smooth CDFs a higher-order
smoothing function leads to a reduction in the MSE. However, unless the
CDF smoothness assumptions hold, the rate improvement over the Man-
ski estimator may be only marginal. Some plug-in methods were proposed
by Horowitz to determine an optimal bandwidth, which minimizes the mean
squared error (MSE), and to correct asymptotic bias. The process is not fully
automatic and the MSE may vary substantially, as was shown by Monte Carlo
experiments (Horowitz 1992). Most importantly, the estimates of the optimal
bandwidth and of the asymptotic bias rely heavily on the assumption that
the smoothness of CDF's is known. The incorrectly determined smoothness
of the model may lead to oversmoothing or undersmoothing. Oversmooth-
ing, which is caused by assuming the level of smoothness higher than the
actual one, makes the estimator concentrate around the wrong value. Un-
dersmoothing yields a consistent estimator but increases the mean squared
error. Thus, the estimator which was intended to be a robust alternative to
parametric techniques turns out to be sensitive to the smoothness properties
of the model!.

'Recently other binary-response estimators that allow for heteroskedasticity have been
introduced. Assuming that the error distribution is conditionally independent of one of the
regressors, Lewbel (2000) developed an asymptotically normal estimator which converges
at the parametric rate. Khan (2001) proposed a heteroskedastic probit with incorporated
sieve approximation; the estimator imposes stronger conditions on the smoothness of the
model than the maximum score estimator.



Here, similarly to Horowitz, we consider a smoothed maximum score
(SMS) estimator. There are two extensions of the asymptotic results for
the SMS that we offer. First we extend the results of Horowitz to a wider
class of models where the derivatives of the conditional CDF of the error term
need not be smooth (we require only a uniform continuity condition); we also
correct some problems that the proof in Horowitz (1992) had and thus con-
firm the validity of his results®. Second, similarly to Zinde-Walsh’s (2002)
results for the least median of squares estimator, we derive the joint limit
process for SMS estimators with different bandwidths and kernel functions.

Additionally, here we propose a new estimation strategy that is robust
to the degree of model smoothness. We consider a set of SMS estimators
corresponding to different bandwidths (the set of bandwidths has to include
undersmoothing and a Horowitz-optimal bandwidth) and, possibly, different
functions (e.g. kernels of different order). We select a linear combination
that minimizes the estimated mean squared error; we name the resulting es-
timator the ”combined estimator”. If Horowitz’s smoothness conditions are
satisfied, the combined estimator in comparison with Horowitz-optimal may
lose some efficiency as a result of overparametrization, but since Horowitz-
optimal estimator will always be considered as a candidate for combined
estimator the loss cannot be too large. On the other hand, if the smooth-
ness conditions do not hold, Horowitz-optimal estimator will have a large
asymptotic bias caused by oversmoothing and thus will have a sub-optimal
rate, but the combined estimator which always includes undersmoothed esti-
mators among others could be asymptotically unbiased and achieve a better
convergence rate. The results of our Monte Carlo experiments support these
conclusions.

We find the loss of efficiency of the combined estimator relative to the
best individual estimator to be small, and the performance to be uniformly
good for combinations involving various sets of smoothing functions. In con-
trast, no individual Horowitz-optimal estimator delivers uniformly good per-
formance over models with CDF's of varying degrees of smoothness: each one
that has a low MSE in some case gives extremely bad results in some other
cases.

The paper is organized as follows. Section 2 provides the definitions

2The problems in Horowitz’s proofs were pointed out to us by D. Andrews and also by
R. De Jong; they both questioned whether Horowitz’s assumptions were sufficient for the
results; we discuss additional assumptions.



and assumptions for the MS estimator and the SMS estimator; Horowitz’s
smoothness assumptions are discussed and generalized to require continuity
rather than smoothness. We introduce alternative additional assumptions
that permit us to fix the proof. Section 3 provides asymptotic results under
our assumptions for the SMS estimator, as well as for the joint limit process
for several SMS estimators. The new combined estimator is defined in Section
4, where we discuss how to construct it (selection of bandwidths, smoothing
kernels, estimation of the MSE of a linear combination) and evaluate its
performance in a Monte Carlo experiment.

Appendix A provides the proofs of the results in Section 3 and Appendix B
provides the polynomial smoothing kernels that were used in our estimation.

2 Definitions, notation, assumptions

2.1 The binary choice model and Manski maximum
score estimator

Consider the binary response model
yi = sgn(zf+u;),i=1,...,n,

1 ifz>0
—1 otherwise
tory variables and u; is a scalar error term.

Assumption 1 (Median Regression). For almost every z; med(u;|z;) =

where sgn(z) = , 7; € R* is a random vector of explana-

0.

Assumption 1 implies the same property for any scalar multiple of w;;
then 8 can be identified only up to scale. Consider 3 such that 33 = 1.

To estimate 3 from a sample of data (x;,y;) Manski (1975) proposed the
maximum score (MS) estimator that solves the problem

1 , . L
max — Z y; - sgn(x;b) subject to normalization b'b = 1, (1)

where + > y; - sgn(a}b) is called a score function®. The estimator matches

up as many responses as possible. The formula (1) can be written in several
equivalent forms as in Manski (1985).

3We utilize the sign function here rather than the indicator function; the two forms are
equivalent.



The identification (even up to scale) is almost certain to fail whenever
the support of X is finite or whenever one of the responses is a rare event.
The next assumption ensures identifiability of b.

Let F, be the k-variate marginal distribution of x.

Assumption 2.

(a) The support of F, is not contained in any proper linear subspace of
RE,

(b) 0 < Pr[y > 0|z] < 1, for almost every x.

(c) The distribution of at least one of the regressors, z;, conditional on
(%1, .., Tj_1, Tj41, ..., Tk) has everywhere positive Lebesgue density. The cor-
responding coefficient 3; # 0 .

(d) B, = B/ |IB]] is uniquely defined in the model with Assumption 1.

Assumption 3. (y;,;), i =1,...,n, is a random sample of (y, z).

Under assumptions similar to these Manski (1975) demonstrated consis-
tency of the MS estimator. Kim and Pollard (1990) make additional assump-
tions which we summarize as follows:

Assumptions KP.

(a) z; has a continuous density f,(z);

(b) density f,(x) has compact support;

(¢) fz(x) is continuously differentiable;

(d) The function P, [({(z'6+u > 0) — I(2'8 + u < 0)] is continuously
differentiable.

Under these assumptions, Kim and Pollard derived the limit process for
the MS estimator: the estimator converges at rate n~3 to the maximizer of
a Gaussian process. The Assumptions KP can be partially relaxed.

2.2 Smoothed MS estimator

Horowitz (1992) considered a smoothed version of the problem (1):

/
b = arg max 1 Zyi : K(x—zb) subject to normalization by =1,  (2)
n On
where K is a smoothing kernel (similar to a distribution function). The
normalization assumes that it is known which continuous variable appears
with a non-zero coefficient (3,) and requires the assumption of compactness
of the parameter space.



Our smoothed version of (1) differs from (2) in a few minor details. First,
since the results in Horowitz utilize only derivatives of K, we introduce
smoothing via a function v such that K’ (%}) =P(= b) where 1 is the usual

kernel function. Then [ sgn(zjb — o,w)i(w)dw = QK(Z) -1

Assumption 4.

(a) The smoothing function % is a continuously differentiable function
with support in [—1, 1];

b) [ b(w)dw = 1

(c) ¥ is a kernel function of order h: [w'ih(w)dw = 0if0 <i < h, h > 2;

(d) The bandwidth parameter o, — 0 and o,n3 — co.

Second, we use Manski’s normalization b'b = 1. This normalization allows
a slightly less constrained model in not having to indicate which of the con-
tinuous components of x enters with a non-zero coefficient and automatically
provides a compact parameter space. Thus, we solve

T _ -1
b= arg max n Zyz / sgn(zib — o w)(w)dw. (3)
Denoting Horowitz’s estimator by by with by = 1, by is in a compact space,
by
we have that our b = ——.
||br |

Third, we partition the vectors b and x; in a different way from Horowitz,
who projects x onto z = (3 and onto T = (s, ..., xx). Consider the projector
onto the space spanned by 3, Pz = % = " and orthogonal Mgz = I — Pg;
denote ;3 by z;; then z; = Pgx; + Mgx; = B8/ x; + Mgz; = Bz, + V; , where
V; = Mgz;. Denote Mgb by g, 3'b by bg. This provides b = 36'b + Mgb =
b+ g, V'b = b% + ¢'g, and x}b = z;bg + Vi g*.

Denote the density of z; conditional on V; by fij-(2) and the cumulative
distribution of u; conditional on z; and V; by F.v(u) = F(u|z,V). For

82

any integer ¢ > 0 define Fl()v( z) = 5 -Fl.v(—2). Thus, F|( %/( z) =
ZZ ) z
0 0
—aF(u|z, Vlu=—z + aF(u|z,V)|u:_z. Its smoothness depends on the

4The limit processes for this case are very similar in form to Horowitz’s, and either
bootstrap or the same methods as in Horowitz will provide estimates for the limiting
moments. We thus do not focus on the differences and in referring to Horowitz’s assump-
tions and proofs consider them applied to our (Manski’s) normalization with appropriate
modifications.



shape of the conditional density of wu, %F (u|z,V), and the form of het-

0
eroskedasticity, a—F (u]z, V).
z
We extend the results of Horowitz to cases of non-differentiable derivatives
of the CDF of the error. In order to represent such results we need to

distinguish between the degree of smoothness of the derivatives in the model
and the order of kernel, denoted h. Pollard (1993) denoted by s the degree of

smoothness of the conditional density — F'(u|z,V’) in some neighbourhood

of z = 0 for almost every V; he extended some of the results to fractional s
0

including the range 1 < s <14+, 0 < a < 1, where 8—F(u|z, V') satisfied
u

an a-order Lipschitz condition in the neighbourhood of zero (in Horowitz
(1992) integer s = h, h > 2, so the smoothness of the derivatives is the same
as the order of the kernel). We focus here on situations where we do not

assume anything beyond continuity of F|(Zl%/(—z), we denote this degree of
smoothness by s > 1.; this includes the cases considered by Pollard.

Assumption 5.

(a) For z in some neighbourhood of zero N(0) and almost all V', the
conditional density f.;v(z) exists, satisfies 0 < |f.v(2)] < M < oo and
satisfies a Lipschitz condition at 0; also f.;v(z) exists and is bounded by M
a.e.

(b) For z in some neighbourhood of zero N(0), for the conditional dis-
tribution F,. v (u) its derivative F|il) (—z) exists, satisfies 0 < ]Ff;%/(—z)] <
M < oo and is uniformly continuous at z = 0 a.e.;

(c) The components of V' and of the matrices VV’ and VV'VV' have
finite first absolute moments.

If Assumption 8 of Horowitz is satisfied (or its analogue for this normaliza-
tion), our Assumption 5(a) follows; if Assumption 9 holds, our Assumption
5(b) follows; thus our Assumptions 5(a,b) relax those of Horowitz. Note
however that Kim and Pollard have more stringent Assumptions KP on the
regressors and that in the absence of those or similar assumptions the rate
and limit process for the Manski MS estimator have not been established.
We also find that we cannot correct the error in Horowitz’s proof without
some additional restriction®. Adding the KP assumptions would be sufficient.

’De Jong and Woutersen also provide additional to Horowitz’s assumptions in their
working paper ”Dynamic time series binary choice” (2003).



Another alternative is provided in the following assumption.

Assumption 6.

(a) Ff;%/(—z) exists and is bounded by M a.e.; and

(b) f.v(z) satisfies a Lipschitz condition |f.v(z + a) — fyv(2)] < Ma
a.e.

Define the scalar constants &, = [1*(w)dw and ay, = [ ¥(w)dw; they
determine the dependence of the asymptotic variance of the smoothed esti-
mator on the smoothing function.

As in Horowitz (1992), we introduce matrices D and ), which will charac-
terize the asymptotic distribution (note that by Assumptions 5 the moments
exist):

D=E|[fv(0)VV'] and

Q= QE[E(;%/(O)]?Z\V 0)vv7].

Recall that V' = MgX thus for any vector o such that Mga = 0 both
Qa = Da = 0. Denote the subspace onto which My projects by R*~1(Mjp).

Assumption 7. The matrix ) has rank k£ — 1 and is negative definite
on the space R¥1(Mjp).

3 Asymptotic results for the smoothed esti-
mator

Under Horowitz’s (1992) smoothness conditions on the derivatives of the
conditional distribution, which correspond to integer s and require continuous
differentiability of the derivatives in the neighbourhood of zero up to degree
h = s, using any hth order kernel K’ produces an optimal rate of n T
for the estimator of 3. The resulting distribution has an asymptotic bias
that can be eliminated either by subtracting the estimate of the bias or
by undersmoothing, in which case the bandwidth sequence approaches zero
faster than at the optimal rate.

Here in subsection 3.1 we derive the limit process for the smoothed esti-
mator b when the degree of smoothness is s > 1, (continuity). The resulting
distribution is similar to Horowitz’s but in non-smooth cases may have a slow
(marginally better than n_%) convergence rate.

In Section 3.2 we provide the joint distribution of smoothed MS estimators
based on several bandwidths and smoothing functions; the joint distribution



implies that there may be efficiency gains from considering several estimators
jointly.

3.1 Asymptotic results for the smoothed estimator with
degree of smoothness s > 1, (continuity)

Without differentiability of the first derivative of the CDF the sharp condi-
tions on the rate of the estimator stated in Horowitz’s Theorem 2 do not
hold. To express the conditions under which we can state asymptotic results
we define

f(O’nZU, V) = [1 - 2Fu|z:anw,V<_0-nw)} : fz\V(O'nw)
+20nwﬂ(21:)07v(0)fz\1/(0) (4)

and define

Ale) = BV [ €lou,V)otw)du). )

Under assumptions 1-7 A(o,,) converges to 0 (see Appendix A, Lemma
1). Under Horowitz’s assumptions a sharp rate for A(o,,) can be determined.
Theorem 1. Under Assumptions 1 - 7, if o, is such that as n — oo
(a) n1/20§/2A(0n) — 0
then n*/2c'/2(b — 3) <, N(0,6Q*DQ™);
more specifically, n*/?c'/2Mz(b — j3) KR N(0,6Q71DQ™1)
and Ps(b— () = op(n~"0,,);
(b) n*263%A(c,) — A, where 0 < ||A]| < oo
then n'/2c'2(b— B) % N(—Q~1A4,6Q~'DQ?)
and Pg(b— B) = Op(n~to™);
(c) nl/zaimA(an) — 00
then o, || A(0,)[| (b = B) + Q|| A(ow)l| " A0n) > 0p(1).
Proof in Appendix A.
Thus for case (a) (undersmoothing) we obtain a limit normal distribution
and for (b) and (c) the estimator is asymptotically biased. Without know-
ing the specific s > 1, all that is known is that for some rate of o, — 0

10



there is undersmoothing: no asymptotic bias and a limiting Gaussian distri-
bution, and for some slower convergence rate of o, there is oversmoothing:
the estimator is not consistent. Existence of an optimal rate depends on con-
vergence properties of A(c) that cannot be asserted without strengthening

our assumptions®.

3.2 The joint limit process for smoothed MS estima-
tors

Assume that b(c,, 1) represents the smoothed MS estimator when the func-
tion 1 and bandwidth o, are utilized, and consider a number of values of
On:0p1 < Opa < ... < Opm. Assume that o,,; for i < m' corresponds to under-
smoothing (part (a) of Theorem 1) while ,,; for i such that m’ < m” <i <m
corresponds to oversmoothing (part (¢) of Theorem 1). If m” > m/ + 1 then
oni Wwith m’ +1 < ¢ < m” corresponds to the optimal rate O(nTﬁl) in
Horowitz if integer s = h.

We combine each o,; with each smoothing function ¢, from some set of
functions that satisfy Assumption 4, j = 1,...,l. Denote by A(c;,1;) the
function A(c) from (5) for the function ¢» = 1);, and similarly A(z;) for the
A in part (b) of Theorem 1. Define

n20, (b(oi, ;) — B) for i = 1,...,m’
nl/Za;ﬂ(b(ai, V) —B+QTA®W,)) fori=m'+1,...m"
A I o (blow ) — 5) + QA )]

fori=m"+1,..,m.

U(Uzﬂ/}j) =

Let 6 = (6&, . Z#) and Ty y; = Jobilwhby (v - \ove that § and Top,j Are
¥y

o Oy
invariant Withwlrespect to positive scale changes in the functions v therefore
we can assume that oy, = 1 for all i and then have § = (0y,,...0y,) and
Theorem 2. Suppose that Assumptions 1 - 7 hold for each bandwidth
Oniy 1 <4 <m, and for each 1;, 1 < j <1 and that the functions {1;};_,
form a linearly independent set.

®Note that if the s is unbounded (infinite differentiability) choosing a higher h is always
preferable asymptotically; therefore in this case as well one cannot find an optimal rate
and weighting function that will ensure the lowest MSE.

11



(a) If each o1, ..., 00 (M’ < 'm) satisfies condition (a) of Theorem 1 then

(77(017 wl)/v ey 77(0'1; wl)/a ) n(am’a wl)/a ey U(Um’a wl)/)/
L N0, ¥ ®Q'DQ™Y)

where the Ilm' x Im' matrix ¥ has elements
T, if 0, =0y,
{\I}}ij = \/8f¢z (w) "ij (dw) dw if 0,-/0]' =d < 00,
0 if o;/o0; =0 or o;/o; — o0;
(b) If each Oty .y O (M < m” < 'm) satisfies condition (b) of Theo-

rem 1 then

(n(am’+1a ¢1>/7 ceey 77(“m’+17 ¢l),7 ceey n(am”v 77Z)1>/7 ceey n(am"a ¢l),>,
SN0, ¥ Q' DQ™)

where the Im' x Ilm' matriz U has elements {U};; = Vd [ 1; (w) Y; (dw) dw,
with o;/o; = d < 00;

(c¢) If each opyrsr,...;om (M" < m) satisfies condition (c) of Theorem 1
then

(U(Um"+17 ¢1)/7 ceey U(Um"+17 ¢l)/7 sy n(amv ¢1)/7 sy U(Um, ¢l)/)l ﬁ) 0

(d) Cov(n(os,1;,),n(0iy,0;,)) — 0 for 1 <idp <m” and m" +1 <y <
m, and any j1,J2.

Thus, if the bandwidths approach 0 at different rates or [ Yi(w)ip;(w)dw =
0, the corresponding estimators b(c, 1)) are asymptotically independent. This
is a consequence of the fact that only a small fraction of observations have
any effect on the estimator, therefore reweighting observations with different
kernel functions can produce estimators with independent limit processes.

4 The combined estimator

As the results in Section 3 show, an optimal rate for an SMS estimator
may be problematic. Here we use the results of Theorem 2 to construct
a new combined estimator that optimally combines several bandwidths and
smoothing functions in the sample instead of focussing on a single bandwidth.

12



Although efficiency may suffer in straightforward cases when an optimal rate
can be found, the Monte Carlo experiments show that the combined estimator
provides remarkably robust performance over a variety of cases. Section 4.1
defines the combined estimator. Section 4.2 addresses practical issues of
construction of the combined estimator. Section 4.3 discusses performance
in a Monte Carlo experiment.

4.1 Definition of the combined estimator.

Suppose that bandwidths 0,1 < op2 < ... < O, represent sequences of
rates where o, corresponds to undersmoothing and o, to oversmoothing;
some optimal rate may or may not exist. For a set of smoothing functions
Yy, ..., ¥;, Theorem 2 indicates the structure of the joint limit distribution of
b(O’ni, %) .

Consider a linear combination b({a;;}) = > ayb(on,¥;), > ay; = 1.
Assume that the biases, variances and covariances for all b(c,;,1);) are known.
Then one could find weights {a;;} that minimize the mean squared error
MSE(b({ai;})). Each individual b(op;, ;) is included, thus the minimized
MSE cannot be above the MSE for individual (o, ;).

To determine the weights in practice we need to estimate the biases and
covariances of all b(o,;,1.).

J
Denote estimated biases and covariances by ”hats”.

Then MSE(b({ai;})) = tr Y ai,jyas,5{bias(b(04, b, ) )bias(b(os, b))
—|—CO’U<b(Uil ) ¢j1)7 b(aiQ ) wjg))}7

and the combined estimator is

be = b({@y;}), where {a;;} = argmin MSE(b({a;;})). (6)

4.2 Construction of the combined estimator
4.2.1 Estimation of variances and biases

Consistent estimators for biases and covariances can be obtained by var-
ious procedures, e.g. by the bootstrap. Note that for ¢ = 1 and 5 =
1, ..., L all b(os,v;) are "undersmoothed” and thus asymptotically unbiased:
Eb(0n1,v;) = 3; we can write that

bias(b{0is ;) = E(b(0ni ) — Eb(oan. ).

Then by bootstrap

13



— B I B

bias(b(am,wj)) =B! z bs(o-m'awj) —17'B™! Z Z bs<0n17¢j)’
s=1 ]:1521

where B is the number of bootstrap samples.

Similarly, an estimator of covariance, Cov(b(a;,,v;, ), b(0iy, ¥5,))
B

=B (bs(0iy, ) — B! > bs(0iy,5,))

s=1

X (b8(0i27 77Z}j2) - B! Z bS(Uiza 77Z)j2))'

In our Monte Carlo experiment we used less computationally intensive es-
timators. We estimate variances at the highest bandwidth using the Horowitz
formula (1992, Theorem 3) and then approximate variances for other band-
widths Var(y,0;) = ?Var(@b, o) and covariances Cov(b(1;,0;),b(¢,, 01))

J
by d]tVaT(¢i7 Z:](S)VGT(¢37 Ut) f ¢Z (w)¢s(d]tw>dw, where d]t — O-j/o-t- This
result follows from Theorem 27

The estimators with the smallest bandwidth (undersmoothing) are asymp-
totically unbiased. To find individual biases, we can subtract the average of
estimators with the smallest bandwidth from actual estimators: Bias(y, o) =

b(@/}, O'j) — B(, 0'1).

4.2.2 Selection of functions and bandwidths

In our Monte Carlo experiment we use polynomial functions that satisfy
Assumption 4 for h > 2. We also consider sets of functions that satisfy con-
ditions leading to opposite asymptotic biases in estimators and to asymptoti-
cally independent estimators. The functions and their anticipated properties
in the combined estimator are described in Appendix B.

The largest bandwidth in the set is the maximum of Horowitz-optimal
bandwidths for individual estimators. If it belongs to a truly optimal func-
tion/bandwidth combination then as sample size increases it should yield the
fastest convergence rate. Otherwise, it will correspond to oversmoothing.

The lowest bandwidth should represent undersmoothing. It is chosen on
the basis of the estimated empirical distribution of |z3|. When the bandwidth
is equal to some low quantile of |z3|, only a small fraction of observations is
in the smoothing area; it leads to an asymptotically unbiased estimator. In

"One can go even further and calculate the variance of just one estimator, Var(y,, o¢).

0;0
Then other variances are related to the first one as Var(y;,0;) = (;Jt' Var(y,,ot).
50

14



our experiments we use the original Manski estimator b™° to estimate the
distribution of |z(|. For the sample size of 2000, the lowest bandwidth is set
to be equal to the 25th percentile of that distribution. For other sample sizes
we shrink the lowest bandwidth at the rate n='/3, that is, we determine it as
the 25th percentile times (size/2000)~*/3. The intermediate bandwidths are
spread evenly in terms of the quantiles of |zb™]. Alternatively, we can find
for the largest Horowitz-optimal bandwidth a corresponding quantile a from
the distribution of |#b*| and obtain other bandwidths as --ath quantiles of
|zbM3|, i =1,...,m.

4.2.3 Estimation procedure for the combined estimator

The entire procedure for a combined estimator includes the following steps:
(i) for each smoothing function, find the SMS estimator using a fixed band-
width n~1/h+1)  estimate the ”optimal” bandwidths, choose their maximum
as the highest bandwidth; (ii) find the original MS estimator, determine the
25th percentile of 265 and the smallest bandwidth; (iii) find the SMS esti-
mators for all smoothing functions and bandwidths; (iv) estimate the biases
and the covariance matrix; and (v) find the optimal weights for the linear
combination and compute (6).

4.3 Performance of the combined estimator

If a Horowitz optimal function/bandwidth pair is included among the (¢, ¥;)
and all the biases and variances are consistently estimated, the true MSE of
the combined estimator at its worst will be approaching the MSE of the
Horowitz-optimal estimator; it will eventually be smaller when the Horowitz
procedure actually selects an inappropriately large . Our Monte Carlo study
provides the finite sample confirmation of these relations.

All individual SMS estimators are evaluated at the bandwidths deter-
mined by the Horowitz’s procedure. The weights and bandwidths in linear
combinations of the estimators are chosen as described in 4.2.

4.3.1 DGP and estimation of the SMS and combined estimator

We consider four different data-generating processes. The first two mod-
els have infinitely differentiable derivatives of the conditional distributions;
thus, the SMS estimator evaluated at the ”"optimal” bandwidth using some

15



high-order smoothing function should be a good choice. The same estima-
tor, however, may be badly biased in two other models, in which the first
derivative of the CDF of the error term is continuous but not differentiable.
We also expect that the advantage from using a combination of estimators
will be obvious in these non-smooth cases.
Similarly to Horowitz (1992), we work with the model
Ui 831 + Byrs +u > 0,
—1 otherwise.
The true value of (3 is (%,%), 1 ~ N(1,1), and 2o ~ N(0,1). Four
conditional distributions of the error term u are considered.
Distribution S (smooth homoskedastic): u ~ logistic with median 0 and
variance 1;
Distribution SH (smooth heteroskedastic): u = 0.25(1+22%+ z*)v, where
z=ux1+x9 and v ~ S;
Distribution NS (non-smooth homoskedastic):

0.5 if u € [0, 1],

0.5+ 5u if w € [-0.1,0),
pdf (u) = : .

—s — sgu if u € [-2;-0.1),

0 otherwise;

Distribution NSH (non-smooth heteroskedastic): u = 0.25(1 + 222 + 2%)wv,
where 2z = 27 + 25 and v ~ NS%.

The sample sizes used in the experiments are N = 2000, 4000, and 8000.
We deliberately have chosen relatively large samples in order to reduce some
known small-sample-size effects. These effects include considerable underes-
timation of a true variance while using the Horowitz’s formula (see Horowitz
1992) as well as sensitivity of the ”optimal” bandwidth to the choice of the
initial bandwidth. To achieve stable results, 1000 replications per experiment
have been performed.

The procedure and formulas for finding SMS estimators at the ”optimal”
bandwidth are given in Horowitz (1992). Here we will only report the values
of auxiliary parameters, which were not precisely determined there. The ini-
tial estimators are obtained using the bandwidth o,, = n*ﬁ, where n is a
sample size and h is the kernel order of a smoothing function. When calcu-
lating an estimator of the bias, we switch to the bandwidth ¢%! if o < .637
and to the bandwidth 1.50, otherwise. Having estimated the ”optimal”

8The smoothness of distributions NS and NSH corresponds to s = 2_ (Lipschitz con-
dition).
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bandwidth, we redo our maximization of the objective function. The results
are then corrected using an estimator of the asymptotic bias. Similarly to
Horowitz, we perform a grid search instead of a global optimization pro-
cedures appropriate for multivariate cases. The search is performed over
2000 + 4000 points on a unitary circle (since b'b = 1). The original MS esti-
mators are found using the algorithm from Manski and Thompson (1986).

The combined estimator is constructed as described in Section 3.2. The
functions are provided in Appendix F. For the combined estimator we use
(a) the 4th order kernel f4 (combined at four bandwidths) providing the
estimator comb4, (b) the set {f2, f4} of a 2d and 4th order kernels at four
bandwidths giving comb24, (c) the set { f3a, f3b} of two orthogonal 3d order
kernels at four bandwidths giving comb33, and (d) the set {g3a, g3b, g4} of
two 3d and one 4th order orthogonal kernels at four bandwidths yielding
comb334.

4.3.2 Summary of the results

The results are summarized in Tables I-IV. Each table corresponds to a
different data-generating process. We report the bias, the variance and the
MSE of each estimator.

Smooth homoskedastic model (S).

The smoothness of the model corresponds to s = oo, that is why the
convergence rate of the estimators is determined by the kernel order of cor-
responding smoothing functions. The f4 estimator is the most accurate.
Another estimator with the same convergence rate, g4, has a twice larger
MSE which is explained by higher values of § and [ z*)(z)dz”. All com-
bined estimators and the f2 estimator are strictly worse than f4 but better
than g4. Simulation results confirm that the combined estimators behave well
even when individual estimators have extremely large MSE (e.g., asymmetric
third-order kernels g3a and ¢3b).

Smooth heteroskedastic model (SH).

Although the model is also infinitely smooth, heteroskedasticity of the
error term changes in a peculiar way the ranking of the estimators. The
f4 estimator is dominated by the lower-order kernel f2. Their combined
estimator comb24 is more precise than any of the individual estimators.

9If the model is smooth enough, the MSE at the ”optimal rate”, with the optimal
bandwidth, is increasing in the following characteristics of a smoothing function v of

order h: § = [*(x)dx and [ z"y(x)dz.
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Moreover, the g4 and f4 estimators have similar MSEs, although the for-
mer should have asymptotically an advantage. All individual estimators
with symmetric kernels as well as all combined estimators yield good results:
MSE < 2MSFE ymp24, whereas the individual estimators with asymmetric
kernels are heavily biased with MSE > 4MSFE,.,m24. Note that in the
smooth homoskedastic model the large MSE of estimators with asymmetric
third-order functions was caused mainly by their large variance. Since we
correct individual estimators for asymptotic biases, the presence of substan-
tial finite-sample biases is another indicator that under heteroskedasticity
the finite-sample behaviour of the estimator may differ markedly from the
limiting process even at n = 8000.

Non-smooth homoskedastic model (NS).

The best estimator is f3b; note that its shape resembles the conditional
density function of the error term. At the same time, the estimator f3a
whose kernel is a mirror image of f3b has the MSE 4-5 times larger. The
performance of the g3b estimator is even worse because the kernel is more
erratic than f3a, yet in combinations these adverse effects all but disappear.
The combined estimators and the estimators with traditional symmetric ker-
nels f2 and f4 yield only slightly worse results than the most accurate f3b
estimator.

Non-smooth heteroskedastic model (NSH).

We observe that the bias of the f4 estimator does not diminish with the
sample size. The Horowitz bias-correction procedure is not helpful since the
real bias is of a lower order (<2) than the correction itself. Moreover, the
magnitude of the bias is not consistent with the optimal ratio of the variance
to the squared bias. In a sufficiently smooth one-dimensional model, this ratio
is 2h, where h is the order of the kernel'®. Thus, at the optimal bandwidth
the variance should be more than two times larger than the squared bias,
whereas here the f4 estimator has squared bias 3-7 times larger than the
variance. The bias of the combined estimators also contributes more than a
half of the MSE but its fraction of the MSE diminishes with an increase in
the sample size while the bias of the f2 and f4 estimators becomes relatively
larger. The symmetric g4 estimator is the most accurate. Since the model

"From Horowitz’s (1992) Theorem 2c the MSE-minimizing A\ = (64D)/(2ha}, A%);

1% SuD
Var =n"to716,D/Q?, and Bias® = n’lafl)\aiAQ/QQ. The ratio Biz; = )\a%AQ =

2h.
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corresponds to s = 2_, this estimator evaluated at the Horowitz-optimal
rate should also be suboptimal. Possibly, its bias will start to dominate the

variance at much larger sample size.

We summarize the performance of the estimators in the following table:

MSE | S SH NS NSH
best | f4 comb24 f3b g4
2, comb4, f2, f4, g4, 12, f4, comb4, comb4, f3b,
comb24, comb4, g4, comb24, comb24,
good comb33, comb33, g3a, comb33, comb33,
comb334 comb334 comb334 comb334
fair | g4 g3a
f3a, f3b, f3a, f30b, 12, f4,
bad g3a, g3b g3a, g3b f3a, g3b f3a, g3b

The worst MSE in the ”good” category would be less than two times the
"best” MSE; in the "bad” category the best would be more than 2 times the
MSE of the worst ”"good” estimator (in the NSH model for sizes 2000 and
4000 the MSE are somewhat closer).

The performance of individual smoothed MS estimators depends on the
underlying data-generating process. The symmetric fourth-order kernel f4
and second-order kernel f2 are not appropriate for the heteroskedastic non-
smooth model; the asymmetric third-order kernels are highly sensitive to the
shape of the derivatives of the error term CDF: a match produces very good
results but a mismatch is disastrous. Any of the combined estimators, on
the contrary, yield stable results under all four specifications.

Appendix A. Proofs of the Theorems
Rewrite the smoothed score function from (3) using zib = z;bs + V/g;
then

~ 1
b= 3w bz + Vg — om d
arg max — y/sgn( 32i + Vg — opw)(w)dw
subject to b3+ ¢'g — 1 = 0.

The Lagrangian for this problem is
L= n""Yy [ sgn(bsz + Vig — opw)ip(w)dw + X3 + g'g — 1).

A solution would have to satisfy the first-order conditions:
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oL 4 bgz; + Vg

i) W (BT VTN 9Ny, —

7 n-o, E yih( p )zi + 2Abs = 0, (7)
oL —1 -1 bszi +Vig

99 = 2n ‘o, E yih( . Wi +2\g =0, and (8)
oL

— = b 'g—1=0.

) 5+99 0 9)

We introduce the notation:

bazi + V/ bsz;
Cilbpg) = (=), 50 Cilbs, 0) =y () (10)
bszi + Vg

Bi(bs,g) = yﬂb'( )-

On
Then (7) can be rewritten as

n'o, 'y Cilbs, )z + Abg = 0; (11)

and (8) can be expanded as a function of g in some neighbourhood around
g = 0 and in notation (10) written as

n ot Z Ci(bs, 0)Vi + [n" 10,2 Z Bi(q)V;V + Mg =0, (12)
where g = ag for some 0 < a < 1.
To prove Theorem 1 we provide limits for the terms of (12) in Lemma 1.

Lemma 1. Under the conditions of Theorem 1, for any sequence € — 0
as n — oo:

sup |ln 1o, Bibs, g)ViVi = Qll - 0; (13)

|bg—1|<e;sllgl|<e

sup In"to? Z Ci(bg, 9)zi| = 0; (14)

|bg—1|<e;sllgll<e

and
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3/2

n 2N (0720 (bs, 0)V; — Ub—%A(

asn— 00, bg—1—10

Proof of (13).

First, consider the (I, m)th elements of the k x k matrices in (13) and
show that for any sequence € such that e — 0 as n — oo

On

=y 4 N(0,6D) (15)
bg

sup In"lo? Z Bi(bg, 9)VitVim — Qim| = 0. (16)

lbg—1|<s;lgll<e

Denote ¢; = 0,,2B;(bg, 9)VitVim, @ = 1,...,n. This is an i.i.d. sequence
for any g. We first show its uniform convergence to its mean: for any v > 0,
a>0,any b:|b— 1] <& < 1 and any g there is N such that for any n > N

sup In~ IZC E(,| > a) (17)

Indeed by Chebyshev’s mequahty
- BE(¢( - EC)®  BC - (EQ)® _ EC
PI"(|’I’L IZCZ_EC2’>G’)§ na2 = na2 Snag'
For E( 22 using the transformation w = ang and applying Assumptions
4(a) (implies that max |¢'(-)| is bounded) and 5(a,c) we obtain

E¢; = Eo,*Bi(bg, 9)(VaVim)? = 0, E(VaVim)*Ev Bi(bs, 9)°

= 0n4E( zl im /w M) fz|V< )dZ

— PV [ L5 = 0w

2
%E(Vil‘/z’m) Mmaxw <)| )

IN

and for |bg — 1| <&

2

p - —FE(]>a) <nlo E(VaVim)*M :
x(sup [ > (—E¢|>a)<n'o, 2017 e B(VaVin) max [¢'(-)|”

By Assumption 4(d) n7'o,® — 0 and thus there exists N such that for

n>N

2
1 __3 va

<
oS3 max E(ViVim)? M max [¢/(-)|2
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which proves (17).
Now find E¢; = Ec,,?B;VyVi,.

Since the derivative F‘(Z]‘%,(—z) exists a.e. under Assumption 6(a)!!

B‘/;,l zm—Ea ‘/zv

L//émz@+uz o) (e, Vidufo ()2

— Eo’nQ‘/;l‘/;m/ {[1 — 2Fu\z,V(_Z):| w,<M)fz|V (z)dz}

On
1 ou /
_ E—VizV%m/ 1—2F | o, (- o +V§,g)
O’nbﬁ U z:b—ﬁ"— b’ﬁ WV bﬁ bﬁ
wo, Vg
leV( by ) (w)dw

by using the substitution w = bﬁzjvg By Assumption 6(a), this can be
written for some measurable function @ = w(w) with |0] < |w| as

1 Vg 1), On~  Vig wo,
E——VyVi | |1 —2F ,/ —2F (-2 d
v / oo (30~ 2R D
Vig Vig won
| D+ e (5 i
ﬂ B B
= E(h+L+1L+1),
where §ZW(—%’, “;)‘;") = sz(wb;? ) fz|V( ) and
1 Vig
L = —VyVi(1=2F / ——))f-
1 onbs 1Vim(1 uz:—‘:f—ﬁg,V( bs D fav (=

"The role of Assumption 6(a) is to permit consideration of bounded derivative F‘(zl)v (—2)
a.e., which provides existence of suitable moments and permits truncation of ||V]| in the

moments, to obtain xg_;g small enough (in N(0)) for appropriate e, since ||g|| < e. If

instead Assumtpions KP hold then ||V]| is bounded and similarly ‘%g is in N(0). Then
local properties (Assumption 5) can be used directly.
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1 Vg Vg wo,. ,
I, = sz im 1—-2F / —= _Z_a_ d ’
2 2 Vin [(0=26) s (G D0E (-5 oy
V! on ~  Vig\ woy,
I3 = zl zm/fz|V g |zV <_b_w+ bg) b @Z),(w)dw;
&) B &)
1 1) T~ Vg
I = —2—VyVin | F -
4 O'nbﬂ VaVi / |2,V ( b/g w+ bﬂ
Vg wo, wo,

o (T )i,

Term ET, = 0 because [ ¢'(w)dw = 0 by Assumption 4(c).

By Assumption 6(b) |§ZW(—‘Z—;’, wb‘;")| < )wb—?‘ M, by 5(c) moments E |V;; V|

exist, by 4(a) support of ¢ is [—1, 1] and |¢’| is bounded, thus we can bound

1 1
IBL] < 5B VaVin| M [ ful |4/ w)] dw < 77 macx B [VaVi) M-2mae] /()]
ﬂ ,m

8
similarly
2
|EL;] < 77 max E Vi Vip| M?2max [ (w)] ;
B ,m
and 5
|EL| < = b2 maxE|v;Mm|M22max|¢( )|

From the existence of moments it follows that for any &; there is I'(e;) <
oo such that |ELI(||V]]| > T'(e1))| <e1,7 =2,3,4.

Now consider for each EI;, j = 2,3,4, EI; = ELI(||V|| < T'(¢1)), then
max |EL; — ELj| < &.

Next, consider |Ely + EI3 + Ely — Quy| < |EL| + |ELz — Qun| + [EL).
We establish that each term on the right-hand side goes to zero.

e(l(e1)
1

For any v > 0 define some £(7y) that satisfies < 7; then for

lgll < e(v),1bs — 1] <& [[V]] < T(e1)
For ‘E_Ig| select v, > 0 for which

51(1 — 5)2
4M?T(g1)? max [¢' (w)|’

Yo <
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Vig

For ||g|| < e(v,),|bg — 1| <&, ||V|| < T'(e1) we have < 7y, then
— . (Yigy| = (V) Vi
RN | B (32) 3| <
Then

|EL| <2(1—28)72T(e1)2M?y, - 2max |¢| < &;.
Similarly by Assumption 4(d) we can find N; such that for n > N; we
get that
81(1 — 5)3
" NPT (212 max [ (w)]

Then [ET,| < 2(1 —&)73T'(e1)2M?0,, - 2max )| < ;.

Next consider [ET3 — Q).

By Assumption 5(a,b) (uniform continuity in N(0)) there is some 4 such
that all z : |z| < 274 are in N(0) and

g

e1(1 —&)?

O, -
sup [f. Lv (2 cv(0)fe <
<cibezng A e (22— 5 v (Ofw O) AT (1) max [¢]
(e
For v4 find €(5) such that for ||g|| < 5(73) %(g?’) <
v5 and find Ny such that for n > N, we have T < Y35 then

fav (= Vj)F,S)V (—@mv ) FY,(0) fv (0)

sup
n>N;lgl| <e(ys) bs bs
e1(l - 2)?

4T (e1)? max |¢'|
Then [ET5 — 5 Qun| < €1. If & = &(ey) is such that for |bg — 1| < &(e1) we
E

have max éle — Qum| < €1 then max |El3 — Qun| < 2e7.

Combining we get that for any £; we can find I'(e;) and then N(g1) =
max{Ni, No} and e(e1) = min{e(v,),e(73),&(€1)} so that

sup |Ec,,? BV Vi — Qum| < Ten. (18)

lbg—1]<e(e1)sllglI<e(e1)in>N(e1)
Combining (17) with (18) we obtain (13).
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Proof of (14).
Using Chebyshev’s inequality for arbitrary g,

Pr(
Compute
E<Ci(bﬂag);i) =E [v? bﬁzﬁvy)( ) fav(2)dz

by substituting w = % this is
2
On Vvi, On
ng@b?(w—i— Gng) <%> fZIV<Ew)dw’

where for any ¢, and any b : |1 —bg| <€ <1

Un 2 V;/g w 2 Un On
EE/Qﬁ (w + U_n) (@) fz|V<Ew)dw 1-7

Since 0, — 0 by Assumption 4(d) this provides (14).

n B9

_ z’i ? On
n 1ZCZ(bﬁ’g>O’_‘ > CL) S a2

< 32max¢2-M.

Proof of (15).
Consider first A(0,) = ==E(V [ {(onw, V) (w)dw)

- %EV f{[l = 2F v (—0nw)] - Loy (onw)
20,0 (0) fay (0) Ji(w)dw

Support of ¥ (w) is |w| < 1, therefore |0, w| < o, and since o, — 0 we
have o,w € N(0) for large enough n.

Next using

(i) Fyzmo,v(0) = 1 :

1= 2F e, v (—w0,) = —2F

[ A
(ii) Assumption 5 for F|( v(—2) and the Lipschitz condition for f,y(2),
we have that 07'¢(o,,w, V) — 0 uniformly a.e., thus A(o,) — 0.
Consider n;, = JEI/QC“(bg,O)V; - "512/214(‘;—;); since Mgn, = n; we can
consider the vectors restricted to Rkil(]\i[ 3) -

Conditional expectation Eyv (on V2c, (b,0)) can be easily shown by direct
(52w, V )b w)dw—2%= B, (0) £ (0) [ wir(w
the second term is zero by Assumptlon 4(c); by definition of A(‘g—g) (see (5))
it follows that E(n,) = 0.

(—opw)ow, 0<w < w;
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Variance of 7; can be computed as

” 2
Q= £6D + EEVV [[fav(32) = fav(0)] - (w)dw — 5 (A(52))
The second term by Lipschitz condition on f.v(.) is of order O(0y), the

third o(o3).

For any ¢; consider N such that o, for n > N is small enough for any

b: |bg — 1| < & that ||2 — 6D|| < 1. Note that D is positive definite on the

subspace considered. Then by Lindeberg-Levy Theorem for the iid vectors

ni: Y2 (D)2, L N(0, I). Statement (15) follows. W
Proof of Theorem 1.

From (14) of Lemma 1 and (11) it follows that
A =0,(1) for any g and any 0 < 1 — & < bg. (19)

Note that the estimator in the Manski’s normalization used here (b : |[b|| = 1)

is related to Horowitz’s by with byy = 1 by b = Then by Horowitz

||le|
(1992) Theorem 1 by *3 f; Consequently, 1bg|] “3 ||8]] and then b “% 3
(with ||8]] = 1) and (g,b3) > (0,1). This means that for any ¢ a large
enough N exists such that |bg — 1| < ¢ a.s. and ||g|| < € a.s. Select € > 0
such that the expansion (11) is valid and select an arbitrary sequence ¢ — 0,
€ > €. Choose N (¢) such that |bg — 1| < € a.s.

Thus by (13) and (19)

Vnag = —Q [‘”@( TG Z,—%A@—p)] (20)

QT AT £ o,(1).
&)

b2

If (a) holds for o, then for bg — 1 it also holds if o, is replaced by I
So n'/2Z2 A(22) = o(1) as n — oo; then \/nog <, N(0,6Q~'*DQ™1). By (5)

7 Al
by 1= W= 75~ 1| = 49 + Oyl/a)” = Oyln" 1)
If (b): nl/%i/QA(‘Z—;) — A = const, then \/nog > N(—Q~14, Q"' DQY).

If (c) holds: nl/zaimA(‘g—;) — 00, then
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o 1A g+ Q A2 AE) B 0,(1) and 1] = 0,02 A()?),
thus the conclusion of (c) holds.

It follows from condition (c) that for large enough n A(c,) # 0, thus
|A(0,,)]|7*A(c,) is a unit length vector and Q7| A(c,)|| " A(e,) = O,(1)
and is bounded away from zero.

Proof of Theorem 2.

To prove Theorem 2 all that is required in addition to the results in The-
orem 1 is to consider covariances between 7(o, ). Denote by C(bs, 0, (c,1)))
the C;(bg,0) that corresponds to the pair (o,1) (for observation 7). By in-
dependence it still follows that the terms appearing in the covariances are
non-zero only for the same ¢. Here for entries in the covariance matrix

B(Cll 0. 03, 0 )IC0 0, 010 ,0) = B (1, (00, vy
-/ (%(b‘*z)w o (=) VYA (V)
~ % ( / e %1)fzv<&w>dw) VVAF(V)
- / b (W) (Zw)dw - E [fr OVV'] + o(o,)

U;l szD + O(Un) 1f Oiy = Oy,

C;; f¢31 ¥, (dw)dw - D+ o(0;,) if 04, /0s, = d < o0,
B (;,;1 ij(O)D + O(Uil) if O’il/O'iz — 0

; %I(O)D + O(Uiz) if Uil/Uiz — 00

Then the covariance matrix of the limiting joint distribution includes

(01,00,) /2 (@/) ez )VV,>

Ti;D if 05, = 04,

Vd [, (w),, (dw)dw - D if oy /0s, = d < 0,
- \/ﬁ%’z(O)D =o()Dif o, /o5, =0,

O'iz

Ziz Vi, (0)D =o(1)D if 0y, /0;, — o0.

Ty
So (a,b) follow; (c) follows from (c) of Theorem 1. For (d) the covariances
are zero because oy, /o;, — 0.0
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5 Appendix B. Smoothing functions and sub-

sets for use in combined estimators.

We provide seven smoothing functions and four different combinations of
estimators. The smoothing functions are selected to be polynomials that
satisfy Assumption 4 (a,b,c).
n
Consider an n-degree polynomial, > a;x".
i=0
1. Assumption 4(a) corresponds to the following restrictions, imposed on

the coefficients of the polynomial:

Yoa(—1)"=0; Y a;=0; Y da;(-1)"1=0; > ia; =0.
1=0

i=0 =0 i=0
2. Assumption 4(b) requires ) %(1 — (—=1)"") = 1.
i=0

n

3. Assumption 4(c)corresponds to Y 25 (1 — (=1)""?) = 0, etc.

=0

A simple second-order kernel is

f2=1(1-2%%

A standard fourth-order kernel (used also by Horowitz 1992) is

fa =181 -322) (1 - 22"

From Theorem 2 it follows that there may be benefits from using orthog-
onal polynomials in a combined estimator since they lead to asymptotically
independent SMS estimators. The orthogonality condition for two such dis-
tinct polynomials v;,1;, @ # j, is

4. [ (e, @)z = 0,

The biases of SMS estimators based on a pair (¢;, ¥;) may offset each
other for non-symmetric function if

5. ¥i(x) = ¢;(—=).

Finally, asymptotic variance of SMS is proportionate to [ ¥?, thus when
combining estimators for different functions 11, ..., ¥, one may wish to impose

6. [1;(x)dx = const for i =1,...,1.

We construct two kernels of third order, f3a and f3, that satisfy condi-
tions 1-6.

f3a(z) = 12 (1 - 322) (1 +/23z) (1 — 22)* and

£3b(z) = (1 — 322) (1 — /23z) (1 — 2?)*.

In fact these two polynomials are the smallest order (seven) that permits
solving the equations for the coefficients that are imposed by conditions 1-5;
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condition 6 is satisfied automatically here.

Three orthogonal polynomials of degree 8 (two 3rd-order kernels and one
4th order kernel) are constructed so that the conditions 1-4, 6 are satisfied;
condition 5 is satisfied for the two distinct 3rd order kernels and the 4th order
kernels is a symmetric function.

g3a(z) = — VD) (605 T7ut 1 (48y/7T — 576210 + (336+/3

—386y/17)2% + (192v/21 — 16v/714)z — 1122 + 37V17) (1 — 22)*;

g3b(a) = — 2TV (605 /Tt — (48/7TE — 576v/3T)a® + (33612
—386y/17)2% — (19221 — 16v/714)z — 112/2 4 37/17) (1 — 22)*;

gA(x) = SVTT) (o712 79 4 8y/3D) (11v/T722 — 3y/TT — 8v2)

x (1 —a2)?.

The f4 estimator will serve as a benchmark when we evaluate the per-
formance of various combinations in the two smooth models. The Horowitz-
optimal bandwidths, however, should lead to oversmoothing in non-smooth
cases. Therefore, a weighted average of the SMS estimators with the same f4
smoothing function and different bandwidths, comb4, should improve upon
the individual f4 estimator for distributions NS and NSH.

When the model is infinitely smooth, the convergence rate of the f2 es-
timator should be slower than that of the first estimator. For that reason,
it is expected to be more reliable in non-smooth models. So, we evaluate
separately the f2 estimator at the ”optimal” rate and also the combination
comb24 of estimators with kernels f2 and f4. It is expected that the com-
bination will have a more robust behaviour in general than any individual
estimator.

The choice of smoothing functions may have important effects on the effi-
ciency of the estimator. Individually, kernels g3a, g3b and g4 are not as good
as kernels f3a, f3band f4. They oscillate more, resulting in higher values for
the integral of squared functions, and consequently, in larger variances of cor-
responding estimators since the variance is proportional to ¢. Indeed, while
0ra = 1.4 and 03, = O3 = 2.8, the value of ¢ for functions g3a, g3b and
g4 is 3.8. Also, asymptotic biases in smooth models, which are proportional
to [ 2%y (x)dr with third-order kernels and to [ m4@Z) )dz with fourth-order
kernels, are larger for the last three functions. By comparing their combina-
tion, comb334, to other combined estimators we wish to evaluate robustness
of combined estimators against suboptimal (on its own) choice of smoothing
functions.
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Table 1. Smooth homoskedastic model.

size estimator bias variance MSE
2000 f4 -0.001 0.0015 0.0015
comb4 -0.001 0.0018 0.0018
2 -0.001 0.0016 0.0016
comb24 -0.003 0.0016 0.0016
f3a -0.003 0.0038 0.0038
£3b 0.005 0.0038 0.0039
comb33 -0.001 0.0020 0.0020
g3a -0.002 0.0059 0.0059
g3b -0.005 0.0056 0.0056
g4 0.004 0.0033 0.0033
comb334 -0.001 0.0019 0.0019
4000 f4 -0.001 0.0008 0.0008
comb4 -0.001 0.0012 0.0012
2 -0.002 0.0013 0.0013
comb24 -0.002 0.0011 0.0011
f3a -0.003 0.0025 0.0025
f3b 0.005 0.0026 0.0026
comb33 0.000 0.0014 0.0014
g3a -0.003 0.0075 0.0075
g3b -0.004 0.0035 0.0036
g4 0.003 0.0018 0.0018
comb334 0.001 0.0013 0.0013
8000 f4 -0.0014 0.00041 0.00041
comb4 -0.0010 0.00068 0.00068
2 -0.0014 0.00057 0.00057
comb24 -0.0014 0.00062 0.00062
f3a -0.0029 0.00138 0.00139
£3b 0.0044 0.00121 0.00123
comb33 -0.0005 0.00077 0.00077
g3a 0.0008 0.00143 0.00143
g3b -0.0042 0.00234 0.00235
g4 0.0017 0.00104 0.00104
comb334 0.0002 0.00074 0.00074
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Table II. Smooth heteroskedastic model.

size estimator bias variance MSE
2000 f4 -0.005 0.00024 0.00026
comb4 -0.003 0.00020 0.00021
2 -0.004 0.00027 0.00028
comb24 -0.004 0.00019 0.00020
f3a -0.020 0.00038 0.00077
f3b 0.023 0.00040 0.00094
comb33 0.001 0.00023 0.00023
g3a 0.032 0.00093 0.00196
g3b -0.028 0.00076 0.00157
g4 0.002 0.00028 0.00029
comb334 -0.001 0.00023 0.00023
4000 f4 -0.005 0.00019 0.00022
comb4 -0.003 0.00012 0.00012
2 -0.004 0.00010 0.00011
comb24 -0.003 0.00010 0.00011
f3a -0.017 0.00020 0.00048
f3b 0.020 0.00021 0.00061
comb33 0.001 0.00014 0.00014
g3a 0.027 0.00045 0.00118
g3b -0.023 0.00039 0.00093
g4 0.002 0.00016 0.00016
comb334 -0.000 0.00013 0.00013
8000 f4 -0.003 6.3e-5 7.4e-5
comb4 -0.002 6.0e-5 6.4e-5
2 -0.003 4.9e-5 5.7e-5
comb?24 -0.002 5.4e-5 5.7e-5
f3a -0.015 10.9e-5 32.3e-5
£3b 0.017 10.8e-5 38.9¢-5
comb33 -0.000 7.7e-5 7.7e-5
g3a 0.024 18.8e-5 74.1e-5
g3b -0.019 20.1e-5 57.7e-5
g4 0.002 6.9e-5 7.2e-5
comb334 -0.000 7.3e-5 7.3e-5
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Table ITI. Non-smooth homoskedastic model.

size estimator bias variance MSE
2000 f4 0.048 0.0059 0.0082
comb4 0.043 0.0063 0.0082
2 0.053 0.0057 0.0085
comb24 0.043 0.0055 0.0074
f3a 0.079 0.0168 0.0231
£3b 0.030 0.0056 0.0065
comb33 0.046 0.0063 0.0084
g3a 0.040 0.0089 0.0105
g3b 0.109 0.0177 0.0296
g4 0.033 0.0096 0.0107
comb334 0.045 0.0058 0.0078
4000 f4 0.037 0.0033 0.0046
comb4 0.034 0.0040 0.0052
2 0.045 0.0030 0.0051
comb24 0.033 0.0036 0.0047
f3a 0.076 0.0128 0.0186
f3b 0.023 0.0031 0.0037
comb33 0.035 0.0038 0.0050
g3a 0.034 0.0033 0.0045
g3b 0.111 0.0126 0.0250
g4 0.020 0.0058 0.0062
comb334 0.034 0.0037 0.0048
8000 f4 0.030 0.0019 0.0028
comb4 0.024 0.0024 0.0030
2 0.037 0.0018 0.0032
comb?24 0.023 0.0022 0.0027
f3a 0.067 0.0097 0.0142
£3b 0.023 0.0022 0.0027
comb33 0.025 0.0023 0.0029
g3a 0.031 0.0037 0.0046
g3b 0.104 0.0098 0.0205
g4 0.012 0.0033 0.0035
comb334 0.025 0.0023 0.0029
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Table IV. Non-smooth heteroskedastic model.

size estimator bias variance MSE
2000 f4 0.034 0.00039 0.00156
comb4 0.028 0.00047 0.00127
2 0.037 0.00045 0.00180
comb24 0.030 0.00040 0.00132
f3a 0.008 0.00216 0.00223
f3b 0.031 0.00058 0.00155
comb33 0.023 0.00075 0.00129
g3a 0.041 0.00065 0.00235
g3b 0.017 0.00339 0.00368
g4 0.019 0.00076 0.00110
comb334 0.027 0.00059 0.00131
4000 f4 0.033 0.00024 0.00130
comb4 0.024 0.00033 0.00090
2 0.034 0.00024 0.00141
comb24 0.026 0.00025 0.00091
f3a 0.012 0.00133 0.00148
f3b 0.025 0.00026 0.00087
comb33 0.020 0.00048 0.00089
g3a 0.033 0.00026 0.00136
g3b 0.029 0.00177 0.00260
g4 0.016 0.00041 0.00068
comb334 0.023 0.00034 0.00088
8000 f4 0.030 0.00012 0.00103
comb4 0.018 0.00023 0.00054
2 0.031 0.00013 0.00111
comb?24 0.020 0.00016 0.00057
f3a 0.016 0.00086 0.00110
£3b 0.019 0.00014 0.00050
comb33 0.017 0.00031 0.00061
g3a 0.028 0.00012 0.00089
g3b 0.037 0.00097 0.00235
g4 0.012 0.00023 0.00037
comb334 0.019 0.00022 0.00057
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