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ABSTRACT. The notion of repeated minimal repair is analyzed and applied to mod-
eling the lifesaving procedure of organisms. Under certain assumptions the equiva-
lence between demographic lifesaving model and reliability shock model is proved.
Both of these models are based on the non-homogeneous Poisson processes of un-
derlying potentially harmful events The lifesaving ratio for homogeneous and hetero-
geneous populations is defined. Some generalizations are discussed. Several simple
examples are considered.

Keywords: minimal repair, statistical minimal repair, information based minimal re-
pair

1. INTRODUCTION

According to a number of authors (see Yashin et al. (2000) for references) the DNA
repair capacity can be responsible for aging of humans. One can assume that in the
absence of the proper repair spontaneous DNA mutation leads to death of an organism
(Yashin et al. (2000)). In a more general evolutionary setting certain resources are
allocated for the organism maintenance during the life cycle and failure to perform the
maintenance action also leads to death. These theories show an importance of a natu-
ral repair (maintenance) mechanism for modeling the life span characteristics of or-
ganisms.

On the other hand, numerous advances in healthcare result in saving lives, where
previously these lives were logt. It is clear that successful medical treatments can be
also formally considered as some overall repairs of an organism. Therefore, the sto-
chastic modeling of repair actions and of the corresponding impact on resulting mor-
tality rates seems to be an important and interesting problem both from theoretical and
practical points of view. Due to obvious analogies, it seems rather natural to use
methods and approaches of stochastic theory of repairable engineering systems for the
life span and mortality rate modeling of humans. It should be kept in mind, however,
that these methods should be applied very carefully, taking into account a number of
important specific features.

Denote by F(t) the cumulative digtribution function (Cdf) of a time to failure

(death) of an object (organism) and by f(t) and A(t) its probability density function
(pdf) and the failure rate (mortality rate), respectively. Assume that the repair action is

performed instantaneously upon failure. The repair is usually qualified as perfect, if
the Cdf of the repaired object is as good as new: F(t). Traditionally (see, e.g., Bar-



low and Proschan (1975)) a minimal repair at time x is defined by the following Cdf
of time to failure of the restored object

_. 1-F(t+x)

F(t]x)s1-—+——~ 1

(K1) =1-= =27 ®

Therefore, definition (1) means that the Cdf of the restored object is the same as the

Cdf of the residual lifetime of statistically identical object, which had survived in

[0, x].
A convenient mathematical description of repair processes uses the concept of the
hazard rate process (failure intensity) A,,t =0 (Aven, Jensen (1999), Finkelstein

(2003)). Repairs can be perfect, minimal or imperfect. (See e.g., Finkelstein (2002)
for the definition and properties of imperfect repair.) The classical example of A, is

the hazard rate process defined by the renewal process: the perfect repair, when after
each repair an object is ‘as good as new’. Additional assumption stating that the fail-
ure rate A(t) of the underlying Cdf F(t)is a monotone function, should be also im-

posed:
At:ZA(t_Tn)I(Tn<tSTn+1)’ TOZO’ (2)

n=0
where T, istheinstant of nthrepair, n>0.
Another standard example is the deterministic hazard rate process.
A = A(t), )
which, in fact, defines the non-homogeneous Poisson (NHPP) process of repairs with
intensity A(t). It is clear that in accordance with definition (1), the NHPP can be al-

ternatively defined as the process of minimal repairs.

We shall study in this paper the lifesaving procedure, which restores an organism
to the state it had just prior some harmful event that could cause death. Therefore, the
model (3) seems to be reasonable in this respect and it is rather unrealistic that some
repair action in the organism can bring it to ‘as good as new state’, as in relation (2).
On the other hand, intermediate imperfect repair is worth considering as well, but
there are certain mathematical hurdles on this way. We shall briefly discuss this
problem in Section 4.

2. REPEATED RESUSCITATION REVISITED

Let P,t >0 denotes the NHPP of harmful events with intensity A(t), which poten-
tially can lead to death (diseases, disorders etc.). Another interpretation (Yashin et al
(2000)) isthat A(t) isthe mortality rate in a given population without possibility of
repair. If we assume the possibility of only n minimal repairs, then the new (better)

mortality rate is obviously given by the following relation (Vaupel and Yashin
(1987)):

A () = A(t) /\Z (t) : |

t
where A(t) = I)l(x)dx is the cumulated mortality rate. This approach can be easily
0

generalized to the case when the number of possible minimal repairs is random.



Another and maybe more redlistic generalization from the demographic point of
view (Vaupel and Yashin (1987)) is as follows. Let A(t) be the mortdlity rate for a

homogeneous population. Suppose that due to some reason (e.g., better healthcare)
A(t) is reduced to a new level A (t) to be modeled by some function
6(t),0<6(t) <10t =0:

A (1) =6(t)A(). (4)
The following lifesaving procedure gives a useful interpretation of equation (4): each
life, characterized by initial mortality rate A(t) is saved (cured) with probability
1-6(t) (or equivalently a proportion of individuals who would have died are now

resuscitated and given another chance). Those who are saved, experience the minimal
repair. The number of resuscitations (repairs) is unlimited. Under these assumptions,
it was proved analytically in Vaupel and Yashin (1987) that the described lifesaving
procedure results in the mortality rate given by equation (4). As a corollary to this re-
sult, the point process of saved livesis also the NHPP with intensity

A () = (1-6(1))A(). S
The similar result was obtained for different reliability related settings by Brown and
Proschan (1983) (for 6(t) = &), Block et al (1985), Finkelstein (1999). The following

shock model (Finkelstein (1999)) gives another useful interpretation and, in fact, pre-
sents an elegant and more general non-technical proof.

Consider firstly an object (organism) subject to a general orderly stochastic point
process of shocks (e.g., diseases). Assume that a shock, affecting an object at time
t 0(0,), independently of the previous shocks, causes a failure (death) with prob-

ability 6(t) and does not cause any changes in the object with a complementary prob-
ability 1-6(t) . Assume for simplicity that this is the only cause of failure of an ob-
ject. Let A (t,H,) denotes the corresponding complete intensity function (Cox and
Isham (1985)), where H, isa history of the process up to and including t. The useful
interpretation isthat A_(t, H,)dt + o(dt) defines the probability of a shock in (t,t + dt]
given the history H, (the configuration of shocks in (0,t]). The complete intensity
function is an alternative (to the hazard rate process A ) way of defining the point
process. The conditional hazard can be defined in this case by the following probabil-
ity:

’ P{TO(t,t+dt]|H,,T>t} =6(t)A,(t,H,)dt[1+0o(D)]. (6)
Assume now that shocks occur in accordance with the NHPP with intensity A(t). It is
clear that in this case (compare with definition (4)):

A(LH) =A().
Then relation (6) reduces formally to

P{T O(t,t +dt]|H,, T >t} = 6(t)A(t)dt(1+ o(Q)] = A, (t)dt(1+ o(2)) @)
and, finally, the corresponding survival probability is given by
F(t) = exp{— je(u)A(u)du} = exp{— j')lr (u)du} , (8)

Equation (8) obviously follows from the fact that the conditional hazard (26) does not
depend on history. Thus we, in fact have proved in a very simple natural way (and,
what is more, allowing various generalizations!) the following result:



Theorem 1. Under stated assumptions the lifesaving model (4) is equivalent to the
shock survival model (6)-(8).

Consider the following lifesaving ratio, which can be also of interest for comparing
life expectancies of an object in different environments:

Texp{— ]H(U)A(u)du}dt

L] t

j exp{— j )I(u)du}dt

0 0

If, for example A(t)=A and 6(t) =6, then R, =67,
It is more important for demographic practice to define the lifesaving ratio for the

mean remaining lifetime (life expectancy at time t, ), because improvement in medi-

cal, socio-economical and environmental conditions usually have a more substantial
effect on older people. Relation (9) is modified for this case to

Texp{— rJTH(u))l(u)du}dt
Ry(t,) ="

Iexp{— tJtt)l (u)du}dt

tl’

Ry = (9)

It is clear that under the assumption that 8(t)A(t) is an increasing (non-decreasing
function, R, (t,) (R,(0) =R;) should also increase in t, . In continuation of the sim-
plest example above, assume that the mortality rate is a step function (young people

do not dye!):

0, 0<t<t,

A(t) =

Attt

Thenfor O<t, <t,:
_ + -1
R(t,) =20 Z)*0 " g
At, —t,)+1

as 67 >1, and it can be easily seenthat R, (t,) isincreasingin t, .

3. LIFESAVING IN HETEROGENEOUS POPULATIONS

The foregoing results were obtained under the assumption of the homogeneous popu-
lation with mortality rate A(t). Assume now that F(t) is indexed by a random vari-

able Z: P(T <t|Z =2)=P(T <t|z)=F(t,z) and that the corresponding prob-
ability density function f(t,z) exists. Then the mortality rate A(t,z) is defined, as
usually, as f(t,z)/F(t,z). Let Z be interpreted as a non-negative random variable
with support in [a,b],a=0,b< o and the density 72(z). Another meaningful inter-

pretation defines unobserved Z as frailty in heterogeneous population. For the spe-
cific multiplicative form of the failure rate the frailty model was introduced and ap-
plied to demographic studies by Vaupel et al (1979). The above setting leads naturally



to considering mixtures of distributions, which are useful for describing heterogene-
ity. The mixture Cdf is defined in a standard way

F.(t)= TF(t,Z)ﬂ(Z)dZ, (10)

whereas the mixture failure rate in accordance with the definition (e.g., in Finkelstein
and Esaulova (2001)) is

f(t,z)m(z)dz
= [Mt.2)n(z|t)dz, (11)
F(t,z2)(z)dz 2

An(t) =

D ey T [y T

where the conditional pdf (on conditionthat T >t)

F(t,z
m(z|t)=m(z|T >t) =7(z) (t.2) :
j F(t,2)mm(z)dz
It is clear, that the corresponding hazard (mortality) rate process for the heterogeneous
case is defined by (compare with (3))

A=A12),t20. (13)
On the other hand, the complete intensity function is A.(t,H,) = A(t,z), whereas

equation (7) for Z = z turnsto
AT O(tt+dt] |H,, T >t} =6(t)A(t, 2)dt[1+ 0(1)]
and exponential representation (8) for Z = z can be written as

Fy(t,2) = exp{— tf@(u))l(u, Z)du} : (14)

(12)

Finally, the survival probability is defined by the following expectation with respect
to the random variable Z :

F.o(t)=E

exp{— j@(u))l (u, Z)duH : (15)

where subscript " m', as previously, stands for “mixture’. The observed mortality rate
in accordance with the general definition (Y ashin and Manton (1997)), can be written
for this case in the following way:

b
Ane(t) =OE[A(L,Z)|T >t] = H(t)IA(t,z)n(z [t)dz (16)

The lifesaving ratio for Z = z isdefined similar to equation (9):
L) t
j exp{— j A(u)A(u, z)du}dt
0 0

[ t '

Iexp{— I)l(u, z)du}dt

0 0
As R, , isnot a conditional characteristic, the lifesaving ratio for the heterogeneous
population isjust an ‘ordinary expectation’:

Reo = I Ry.7(2)dz (18)

R,,=

Z

(17)



Similar to the homogeneous case the lifesaving ratio Rg,(t,) can be defined for the
remaining lifetime. It follows from definition (18) and properties of R,(t,), that
Reo(t,) alsoincreasesin t, .

The model can be easily generalized to the case when probability of lifesaving (or
of failure in reliability setting) also dependson Z :

Foo(t) = E{exp{—j'e(u,Z))l(u,Z)duH, (19)

Ao (1) =E[B(t,Z)A(,Z)|T >t]= TH(t,z))l(t,z)n(z |t)dz (20)

Let the values of A(t,z) be ordered with respect to z:
Mtz)<Atz), 2z<2,027,20[ab]t20 (21)
For ordered values of A(t,z) it is also reasonable to suppose that 6(t,z) is also in-

creasing in z: individuals with larger values of the mortality rate are likely to be less
resistant to shocks as well. Define the following unconditional expectation to be
compared with conditional expectation (20):

doo(t) = fe(t, 2)A(t, 2)71(2)dz (22)

The following result, defining the simple lower bound for the survival probability, is
rather sraightforward:

Theorem 2. Let A(t,z) and 8(t,z) beorderedin z. Then

Ang(1) < Aa(t), t>0 (239)
and
Fro(t) = exp{— | Am,g(u)du} > exp{— | Ap,g(u)du} (24)

Proof. It is clear that under given assumptions the reduced mortality rate 8(t,z)A(t, z)
isalso ordered in z. This means that the principle: “the weakest populations are dying
out first”, which describes the bending down property of the observed mortality rate
in frailty models, can be applied to the family of mortality rates
6(t,2)A(t, 2); z0[a,b] , (Finkelstein and Esaulova (2001)). Inequalities (23) and (24)
then follow immediately.

4. DISCUSSION

In this section we will discuss some of the obtained results and describe several topics
for future studies.

1. The possible generalization of models (2) and (3) is the general repair process
(Kijima (1989), Finkelstein (2000)), when the age of an object after the repair at time
t isintermediate: 0< x'<t x'=0. Specifically, X' =0 defines the perfect repair and
X' =1t defines the minimal repair. Thus, the remaining lifetime survival function after
the failure, which occurred at t is defined by (compare with (1)):

Ftx)=FLEX)

F(x") (29



Applying operation (25) to each repair, leads to the following survival function of the
nth cycle:
= M ,n= 2’
F(x")
where X, _, isthe virtual age of an object immediately after the n—1th repair. The

notion of virtual age is well defined for Cdfs with monotone (usually increasing) fail-
ure rate A(t) (Kijima (1989), Finkelstein (2000)). On the first cycle [O,t,] the virtual
age is equal to the chronological age. After the first repair, the age of our object is, for
instance, reduced to some value x, <t;, which is the initial virtual age for the second

cycle etc. Thus, along with the repair process T,, n=1, the virtual age process
X4, =2 can be also defined. The corresponding hazard rate process can be de-
fined as

F.(t) = F (X, =)

A :Z)l(t =T, + X)), <t<T,.,).T,=0X,=0.
n=0
It can be easily seen that for X, =0,n>1 this process reduces to the renewal model

(2) and for X, =T,,n=1 it defines the NHPP (3). The next step is to specify the
model. The most natural assumption isthe linear model:

X, =q(X,,+T,),n=12,...;X,=0
where q > 0. Thus the repair action proportionally reduces (q <1) the value of the

virtual age which an object had just before the current failure.

2. Combining the general repair model with the lifesaving procedure of the previ-
ous section can be an interesting problem for the future research, though it seems to
be very complicated from the technical point of view. It is worth noting that even for
the specific case of the renewal process (perfect repair) one cannot solve this problem
easily, as for the case of minimal repair and bounds for the survival probability are
usually obtained (Finklstein (2003)). Therefore, the minimal repair assumption for the
homogeneous and heterogeneous cases is very important for the current sudy.

3. It is interesting to compare the impacts of a single shock on homogeneous and
heterogeneous populations. Let the mortality rate in the absence of a shock for the
homogeneous population be A(t). A shock, occurring at t = x, results in death (fail-

ure) with probability €(x). This means that the resulting failure rate can be described
by the o -function at t = x (the jump 8(x) at thisinstant of time in the corresponding

discrete —continuous Cdf).
Assume that A(t,z) and 6(t,z) for the heterogeneous case are ordered as in Sec-

tion 3. Then the resulting failure rate can be also described by the o -function at
t =x. Thejump at thisinstant of time in the corresponding Cdf is

6.(x) :Te(t,z)MZ|x)dz.

It is clear and can be easily proved analytically that after the shock the resulting fail-
urerate in (x,o) will be smaller than A (t) defined by relation (11), as the weaker
populations are affected by the shock to the larger extent.

4. The proportional hazard-type model (4) can be used for modeling an impact of
environment on the lifetime characteristics of an object. The function 6(t) in this

case does not have the meaning of probability, whereas A(t) can be interpreted as



some baseline mortality rate Coming back to a single shock setting of the previous
comment, we can consider a non-instantaneous shock, described by the function 6(t)

in (4). Assume that this function is equal to 1 in [0,x —¢g] and in (X +0g,), Iin-
creases in (x —o,x] to the value 8(x) >1 and then decreasesto 1 in (x,x + g] (for

some relatively small o >0). The resulting mortality rate for the homogeneous
population is trivially defined by equation (4), whereas for the heterogeneous popula-
tion (with ordered for simplicity A(t,z), 6(t,z) and under some other assumptions to

be defined) it isequal to A (t) in [0,x —0g]; exceeds A (t) in (X —0,x+0'], where
|o'|<o can be obtained analytically, and finally, it is smaller than A (t) in
(x +0',0). The described shape is similar to the shape of the force of mortality in

heterogeneous population affected by a shock, which was analyzed in Vaupel (2002)
in a demographic application.
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