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Monetary Policy Design in the
Basic New Keynesian Model

This chapter addresses the question of how monetary policy should be conducted,
using as a reference framework the basic New Keynesian model developed in
chapter 3. To start, that model’s efficient allocation is characterized and shown
to correspond to the equilibrium allocation of the decentralized economy under
monopolistic competition and flexible prices once an appropriately chosen subsidy
is in place. As it will be demonstrated, when prices are sticky, that allocation can
be attained by means of a policy that fully stabilizes the price level.

The objectives of the optimal monetary policy are first determined, and then
the issues pertaining to its implementation are addressed. Examples of interest
rate rules that implement the optimal policy, i.e., optimal interest rate rules, are
provided. But an argument is given that none of those rules seems a likely can-
didate to guide monetary policy in practice, for they all require that the central
bank respond contemporaneously to changes in a variable—the natural rate of
interest—that is not observable in actual economies. That observation motivates
the introduction of rules that a central bank could arguably follow in practice
(labeled as simple rules), and the development of a criterion to evaluate the
relative desirability of those rules, based on their implied welfare losses. An
illustration of that approach to policy evaluation is provided by analyzing the
properties of two such simple rules: a Taylor rule and a constant money growth
rule.

4.1 The Efficient Allocation

The efficient allocation associated with the model economy described in chapter
3 can be determined by solving the problem facing a benevolent social planner
seeking to maximize the representative household’s welfare, given technology
and preferences. Thus, for each period the optimal allocation must maximize the
household’s utility

U (Ci, Ny)
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where C, = ( /01 C; (i)"% di )ﬁ, subject to the resource constraints
Ci(i) = A, Ni()' ™
foralli € [0, 1] and
1
N[ == / N{ (l) di.
0

The associated optimality conditions are

C,(i)=C,, alliel0,1] (1)
N,(i)=N,, alliel0,]1] 2)
_ Y = MPN, (3)

c,t

where MPN, = (1 —a) A,N,;* denotes the economy’s average marginal product
of labor (which in the case of the symmetric allocation considered above also
happens to coincide with the marginal product for each individual firm).

Thus, it is optimal to produce and consume the same quantity of all goods and
to allocate the same amount of labor to all firms. That result is a consequence of
all goods entering the utility function symmetrically, combined with concavity
of utility and identical technologies to produce all goods. Once that symmetric
allocation is imposed, the remaining condition defining the efficient allocation,
equation (3), equates the marginal rate of substitution between consumption and
work hours to the corresponding marginal rate of transformation (which in turn
corresponds to the marginal product of labor). Note also that the latter condition
coincides with the one determining the equilibrium allocation of the classical
monetary model (with perfect competition and fully flexible prices) analyzed in
chapter 2.

Next, the factors that make the equilibrium allocation in the baseline model
suboptimal are discussed.

4.2 Sources of Suboptimality in the Basic New Keynesian Model

The basic New Keynesian model developed in chapter 3 is characterized by
two distortions, whose implications are worth considering separately. The first
distortion is the presence of market power in goods markets, exercised by monop-
olistically competitive firms. That distortion is unrelated to the presence of sticky
prices, i.e., it would be effective even under the assumption of flexible prices. The
second distortion results from the assumption of infrequent adjustment of prices
by firms. Next, both types of distortions and their implications for the efficiency
of equilibrium allocations are discussed.
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4.2.1 Distortions Unrelated to Sticky Prices: Monopolistic Competition

The fact that each firm perceives the demand for its differentiated product to
be imperfectly elastic endows it with some market power and leads to pricing-
above-marginal cost policies. To isolate the role of monopolistic competition let
us suppose for the time being that prices are fully flexible, i.e., each firm can
adjust freely the price of its good each period. In that case, and under these
assumptions, the profit maximizing price is identical across firms. In particular,
under an isoelastic demand function (with price-elasticity ¢), the optimal price-
setting rule is given by

Wi
MPN,

t =

where M = %5 > 1 is the (gross) optimal markup chosen by firms and %’M is
the marginal cost. Accordingly,

u,, W, MPN;
== < MPN,
Uc,t Pl‘ M

where the first equality follows from the optimality conditions of the household.
Hence, it is seen that the presence of a nontrivial price markup implies that condi-
tion (3) characterizing the efficient allocation is violated. Because, in equilibrium,
the marginal rate of substitution —U, /U, , and the marginal product of labor
are, respectively, increasing and decreasing (or nonincreasing) in hours, the pres-
ence of a markup distortion leads to an inefficiently low level of employment and
output.

The above inefficiency resulting from the presence of market power can be
eliminated through the suitable choice of an employment subsidy. Let T denote
the rate at which the cost of employment is subsidized, and assume that the outlays
associated with the subsidy are financed by means of lump-sum taxes. Then, under
flexible prices, P, = M=% Accordingly,

M P N;

U, W,  MPN,

U, P Ml-1)

Hence, the optimal allocation can be attained if M (1 — t) = 1 or, equivalently,

by setting T = é In much of the analysis below it is assumed that such an opti-
mal subsidy is in place. By construction, the equilibrium under flexible prices is

efficient in that case.

4.2.2 Distortions Associated with the Presence of Staggered Price Setting

The assumed constraints on the frequency of price adjustment constitute a source
of inefficiency on two different grounds. First, the fact that firms do not adjust
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their prices continuously implies that the economy’s average markup will vary over
time in response to shocks, and will generally differ from the constant frictionless
markup M. Formally, and denoting the economy’s average markup as M, (defined
as the ratio of average price to average marginal cost),

Pt P[M

M= (1—7)(W,/JMPN,) _ W,/MPN,

where the second equality follows from the assumption that the subsidy in place
exactly offsets the monopolistic competition distortion, which allows the isolation
of the role of sticky prices. In that case,
_Une = W =MPN, M
U et P t Mt
which violates efficiency condition (3) to the extent that M, # M. The efficiency
of the equilibrium allocation can only be restored if policy manages to stabilize
the economy’s average markup at its frictionless level.

In addition to the above inefficiency, which implies either too low or too high a
level of aggregate employment and output, the presence of staggered price setting
is a source of a second type of inefficiency. The latter has to do with the fact that
the relative prices of different goods will vary in a way unwarranted by changes
in preferences or technologies, as a result of the lack of synchronization in price
adjustments. Thus, generally P;(i) # P;(j) for any pair of goods (i, j) whose
prices do not happen to have been adjusted in the same period. Such relative price
distortions will lead, in turn, to different quantities of the different goods being
produced and consumed, i.e., C;(i) # C;(j), and, as a result, N;(i) # N,(j) for
some (i, j). That outcome violates efficiency conditions (1) and (2). Attaining the
efficiency allocation requires that the quantities produced and consumed of all
goods are equalized (and, hence, so are their prices and marginal costs). Accord-
ingly, markups should be identical across firms and goods at all times, in addition
to being constant (and equal to the frictionless markup) on average.

Next, the policy that will attain those objectives is characterized.

4.3 Optimal Monetary Policy in the Basic New Keynesian Model

In addition to assuming an optimal subsidy in place that exactly offsets the market
power distortion, and in order to keep the analysis simple, the analysis is restricted
to the case where there are no inherited relative price distortions, i.e., P_;(i) =
P_, for all i €[0, 1].! Under those assumptions, the efficient allocation can be
attained by a policy that stabilizes marginal costs at a level consistent with firms’

! The case of a nondegenerate initial distribution of prices is analyzed in Yun (2005). In the latter case,
the optimal monetary policy converges to the one described here after a transition period.
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desired markup, given the prices in place. If that policy is expected to be in place
indefinitely, no firm has an incentive to adjust its price, because it is currently
charging its optimal markup and expects to keep doing so in the future without
having to change its price. As a result, P* = P,_; and, hence, P, = P,_; for
t=0,1,2,...Inother words, the aggregate price level is fully stabilized and no
relative price distortions emerge. In addition, M, = M for all ¢, and output and
employment match their counterparts in the flexible price equilibrium allocation
(which, in turn, corresponds to the efficient allocation, given the subsidy in place).

Using the notation for the log-linearized model introduced in chapter 3, the
optimal policy requires that for all #,

~

=0
T[[ZO

i.e., the output gap is closed at all times, which (as implied by the New Keynesian
Phillips curve) leads to zero inflation. The dynamic IS equation then implies

n

iy =r,

for all ¢, i.e., the equilibrium nominal interest rate (which equals the real rate,
given zero inflation) must be equal to the natural interest rate.

Two features of the optimal policy are worth emphasizing. First, stabilizing
output is not desirable in and of itself. Instead, output should vary one for one
with the natural level of output, i.e., y, =y; for all z. There is no reason, in
principle, why the natural level of output should be constant or follow a smooth
trend, because all kinds of real shocks will be a source of variations in its level. In
that context, policies that stress output stability (possibly about a smooth trend)
may generate potentially large deviations of output from its natural level and,
thus, be suboptimal. This point is illustrated in section 4.3.1, in the context of a
quantitative analysis of a simple policy rule.

Second, price stability emerges as a feature of the optimal policy even though,
a priori, the policymaker does not attach any weight to such an objective. Instead,
price stability is closely associated with the attainment of the efficient allocation
(which is a more immediate policy objective). But the only way to replicate the
(efficient) flexible price allocation when prices are sticky is by making all firms
content with their existing prices, so that the assumed constraints on the adjustment
of those prices are effectively nonbinding. Aggregate price stability then follows
as a consequence of no firm willing to adjust its price.

4.3.1 Implementation: Optimal Interest Rate Rules

Next, some candidate rules for implementing the optimal policy are considered.
All of them are consistent with the desired equilibrium outcome. Some, however,
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are also consistent with other suboptimal outcomes. In all cases, and in order to
analyze its equilibrium implications, the candidate rule considered is embedded
in the two equations describing the non-policy block of the basic New Keynesian
model introduced in chapter 3. Those two key equations are shown here again for
convenience

~ ~ . n
Vi =E{yit1}— ; (G — Ed{mipa}—r/") 4)

m=8 E{m)+« 5’; )

4.3.1.1 An Exogenous Interest Rate Rule

Consider the candidate interest rate rule
iy =r/ (6)

for all ¢. This is a rule that instructs the central bank to adjust the nominal rate one
for one with variations in the natural rate (and only in response to variations in
the latter). Such a rule would seem a natural candidate to implement the optimal
policy since (6) was shown earlier to be always satisfied in an equilibrium that
attains the optimal allocation.

Substituting (6) into (4) and rearranging terms represents the equilibrium
conditions under rule (6) by means of the system

v | E{(Di1}
[ 7, }‘A"[ Eyfmi) } @

where

Note that y;, =m; =0 for all +—the outcome associated with the optimal
policy—is one solution to (7). That solution, however, is not unique: It can be
shown that one of the two (real) eigenvalues of Ay always lies in the interval
(0, 1), while the second is strictly greater than unity. Given that both v, and 7; are
nonpredetermined, the existence of an eigenvalue outside the unit circle implies
the existence of a multiplicity of equilibria in addition to y, = 7, = 0 for all ¢.2
In that case nothing guarantees that the latter allocation will be precisely the one
that will emerge as an equilibrium. That shortcoming leads to the consideration
of alternative rules to (6).

2 See, e.g., Blanchard and Kahn (1980).
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4.3.1.2  An Interest Rate Rule with an Endogenous Component

Let us consider next the following interest rate rule
it:r;l+¢nnt+¢y5;t (8)

where ¢, and ¢, are non-negative coefficients determined by the central bank,
that describe the strength of the interest rate response to deviations of inflation or
the output gap from their target levels.

As above, substitute the nominal rate out using the assumed interest rate rule, and
represent the equilibrium dynamics by means of a system of difference equations

of the form
Vi Ei {41} ]
=A 9

|: T :| T[ E{miq1} ©)

where
o 1_/3¢n
Ar=Q
T [ ok k4B +dy) }
_ 1

andQ:—H%H%.

Once again, the desired outcome (y; = 7, = 0 for all 1) is always a solution
to the dynamical system (9) and, hence, an equilibrium of the economy under
rule (8). Yet, in order for that outcome to be the only (stationary) equilibrium,
both eigenvalues of matrix Ay should lie within the unit circle. The size of those
eigenvalues now depends on the policy coefficients (¢, ¢,), in addition to the
non-policy parameters. Under the assumption of non-negative values for (¢, ¢,),
anecessary and sufficient condition for At to have two eigenvalues within the unit
circle and, hence, for the equilibrium to be unique, is given by?

K (px =D+ =p) ¢, >0. (10

Thus, roughly speaking, the monetary authority should respond to deviations of
inflation and the output gap from their target levels by adjusting the nominal rate
with “sufficient strength.” Figure 4.1 illustrates graphically the regions of param-
eter space for (¢, ¢,) associated with determinate and indeterminate equilibria,
as implied by condition (10).

Interestingly, and somewhat paradoxically, if condition (10) is satisfied, both the
output gap and inflation will be zero and, hence, i; = r," for all # will hold ex-post.
Thus, and in contrast with the case considered above (in which the equilibrium
outcome i, =r," was also taken to be the policy rule), it is the presence of a
“threat” of a strong response by the monetary authority to an eventual deviation of

3 See Bullard and Mitra (2002) for a proof.
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Figure 4.1 Determinacy and Indeterminacy Regions for a
Contemporaneous Interest Rate Rule

the output gap and inflation from target that suffices to rule out any such deviation
in equilibrium.

Some economic intuition for the form of condition (10) can be obtained by
considering the eventual implications of rule (8) for the nominal rate, were a
permanent increase in inflation of size d7 to occur (and assuming no permanent
changes in the natural rate)

di = ¢ dm + ¢y dy

1—
= <¢H+M>dn 1)

K

where the second equality makes use of the long term relationship between infla-
tion and the output gap implied by (5). Note that condition (10) is equivalent to
the term in brackets in (11) being greater than one. Thus, the equilibrium will
be unique under interest rate rule (8) whenever ¢, and ¢, are sufficiently large
enough to guarantee that the real rate eventually rises in the face of an increase in
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inflation (thus tending to counteract that increase and acting as a stabilizing force).
The previous property is often referred to as the Taylor principle and, to the extent
that it prevents the emergence of multiple equilibria, it is naturally viewed as a
desirable feature of any interest rate rule.*

4.3.1.3 A Forward-Looking Interest Rate Rule

In order to illustrate the existence of a multiplicity of policy rules capable of
implementing the optimal policy, let us consider the following forward-looking
rule

i =1 + ¢ E{mi1} + @y E{Vin1) (12)

which has the monetary authority to adjust the nominal rate in response to varia-
tions in expected inflation and the expected output gap, as opposed to their current
values, as assumed in (8).

Under (12) the implied dynamics are described by the system

o l_ E{yi11}
[ T i|_AF|: Eif{mi1} ]

Ap — 1—0’1¢y —6’1¢)7T
Tl k=09 B—ko ¢ |’

where

In this case, the conditions for a unique equilibrium (i.e., for both eigenvalues
of A lying within the unit circle) are twofold and given by’

K (pr =D+ (1 =p)¢y>0 (13)
k(@ —D+A+B) ¢y <20(1+pB). (14)

Figure 4.2 represents the determinacy/indeterminacy regions in (¢, , ¢) space,
under the baseline calibration for the remaining parameters. Note that in contrast
with the “contemporaneous” rule considered in subsection 4.3.1.2, determinacy of
equilibrium under the present forward-looking rule requires that the central bank
reacts neither “too strongly” nor “too weakly” to deviations of inflation and/or the
output gap from target. Yet, figure 4.2 suggests that the kind of overreaction that
would be conducive to indeterminacy would require rather extreme values of the
inflation and/or output gap coefficients, well above those characterizing empirical
interest rate rules.

4 See Woodford (2002) for a discussion.

5 Bullard and Mitra (2002) list a third condition, given by the inequality ¢y <o(1+p —1), asnecessary
for uniqueness. But it can be easily checked that the latter condition is implied by the two conditions
(13) and (14).
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Figure 4.2 Determinacy and Indeterminacy Regions for a
Forward-Looking Interest Rate Rule

4.3.2 Practical Shortcomings of Optimal Policy Rules

Subsection 4.3.1 provided two examples of interest rate rules that implement the
optimal policy, thus guaranteeing that the efficient allocation is attained as the
unique equilibrium outcome. While such optimal interest rate rules appear to take
a relatively simple form, there exists an important reason why they are unlikely to
provide useful practical guidance for the conduct of monetary policy. The reason is
that they both require that the policy rate be adjusted one-for-one with the natural
rate of interest, thus implicitly assuming observability of the latter variable. That
assumption is plainly unrealistic because determination of the natural rate and its
movements requires an exact knowledge of (i) the economy’s “true model,” (ii)
the values taken by all its parameters, and (iii) the realized value (observed in real
time) of all the shocks impinging on the economy.

Note that a similar requirement would have to be met if, as implied by (8) and
(12), the central bank should also adjust the nominal rate in response to deviations
of output from the natural level of output, because the latter is also unobservable.
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That requirement, however, is not nearly as binding as the unobservability of the
natural rate of interest, for nothing prevents the central bank from implementing
the optimal policy by means of a rule that does not require a systematic response
to changes in the output gap. Formally, ¢, in (8) or (12) could be set to zero,
with uniqueness of equilibrium being still guaranteed by the choice of an inflation
coefficient greater than unity (and no greater than 1+ 20 (14 B)«~! in the case
of the forward-looking rule).

The practical shortcomings of optimal interest rate rules discussed above have
led many authors to propose a variety of “simple rules”—understood as rules that
a central bank could arguably adopt in practice—and to analyze their properties.®
In that context, an interest rate rule is generally considered “simple” if it makes
the policy instrument a function of observable variables only, and does not require
any precise knowledge of the exact model or the values taken by its parameters.
The desirability of any given simple rule is thus given to a large extent by its
robustness, i.e., its ability to yield a good performance across different models
and parameter configurations.

In the following section, two such simple rules are analyzed—a simple Taylor-
type rule and a constant money growth rule—and their performance is assessed
in the context of the baseline New Keynesian model.

4.4 Two Simple Monetary Policy Rules

This section provides an illustration of how the basic New Keynesian model devel-
oped in chapter 3 can be used to assess the performance of two policy rules. A
formal evaluation of the performance of a simple rule (relative, say, to the opti-
mal rule or to an alternative simple rule) requires the use of some quantitative
criterion. Following the seminal work of Rotemberg and Woodford (1999), much
of the literature has adopted a welfare-based criterion, relying on a second-order
approximation to the utility losses experienced by the representative consumer as
a consequence of deviations from the efficient allocation. As shown in appendix
4.1, under the assumptions made in this chapter (which guarantee the optimality
of the flexible price equilibrium), that approximation yields the following welfare
loss function

1 = o+a &
W==E Y i+ - w}f
2 Ot=0'3 |:<U+1_a)yt+}‘nt

where welfare losses are expressed in terms of the equivalent permanent consump-
tion decline, measured as a fraction of steady state consumption.

6 The volume edited by John Taylor (1999) contains several important contributions in that regard.
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The average welfare loss per period is thus given by the following linear
combination of the variances of the output gap and inflation

1 ~
L= > |:(o + (fi_z>var(y,) —i—; var(m)j| .

Note that the relative weight of output gap fluctuations in the loss function is
increasing in o, ¢, and «. The reason is that larger values of those “curvature”
parameters amplify the effect of any given deviation of output from its natural level
on the size of the gap between the marginal rate of substitution and the marginal
product of labor, which is a measure of the economy’s aggregate inefficiency. On
the other hand, the weight of inflation fluctuations is increasing in the elasticity
of substitution among goods e—because the latter amplifies the welfare losses
caused by any given price dispersion—and the degree of price stickiness 6 (which
is inversely related to A), which amplifies the degree of price dispersion resulting
from any given deviation from zero inflation.

Given a policy rule and a calibration of the model’s parameters, one can deter-
mine the implied variance of inflation and the output gap and the corresponding
welfare losses associated with that rule (relative to the optimal allocation). That
procedure is illustrated next through the analysis of two simple rules.

4.4.1 A Taylor-type Interest Rate Rule

Let us first consider the following interest rule, in the spirit of Taylor (1993)

it=p+¢nnr+¢y5)\r (15)

where y; =log(Y;/Y) denotes the log deviation of output from its steady state
and where ¢, > 0 and ¢, > 0 are assumed to satisfy the determinacy condition
(10). Again, the choice of intercept p = — log § is consistent with a zero inflation
steady state.

Note that (15) can be rewritten in terms of the output gap as

it=p+¢ﬂnt+d)y’)7t+vt (16)

where v, = ¢, Y. The resulting equilibrium dynamics are thus identical to those
of the interest rate rule analyzed in chapter 3, with v, now reinterpreted as a driving
force proportional to the deviations of natural output from steady state, instead of
an exogenous monetary policy shock. Note that the variance of the “shock” v, is no
longer exogenous, but increasing in ¢,, the coefficient determining the response
of the monetary authority to fluctuations in output. Formally, the equilibrium
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Table 4.1 Evaluation of Simple Monetary Policy Rules

Taylor Rule Constant Money Growth
o 1.5 1.5 5 1.5 — —
Py 0.125 0 0 1 — —
(07, pr) — — — — (0,0) (0.0063,0.6)
a(y) 0.55 0.28 0.04 1.40 1.02 1.62
o () 2.60 1.33  0.21 6.55 1.25 2.77
welfare loss 0.30 0.08 0.002 1.92 0.08 0.38

dynamics are described by the system

[yz i| =AT |:Et{3;t+l} ] +BT @n—vt)

Tty Ef{mi}

where At and By are defined as in chapter 3. Assuming that variations in the
technology parameter a, represent the only driving force in the economy, and are
described by a stationary AR(1) process with autoregressive coefficient p,, the
following equality holds:

v ==y, (1= p) ar— oY, @
=~y lo(—p)+d]a

where, as in chapter 3, w;a = % > 0. From the analysis in chapter 3, the

variance of the output gap and inflation under a rule of the form (16) is proportional
to that of By (7" — v,), which is strictly increasing in ¢,. Hence, a policy seeking
to stabilize output by responding aggressively to deviations in that variable from
steady state (or trend) is bound to lower the representative consumer’s utility by
increasing the variance of the output gap and inflation.”

The left panel of table 4.1 displays some statistics for four different calibra-
tions of rule (15), corresponding to alternative configurations for ¢, and ¢,. The
first column corresponds to the calibration proposed by Taylor (1993) as a good
approximation to the interest rate policy of the Fed during the Greenspan years.®
The second and third rules assume no response to output fluctuations with a very
aggressive anti-inflation stance in the case of the third rule (¢, =5). Finally, the
fourth rule assumes a strong output-stabilization motive (¢, =1). The remaining
parameters are calibrated at their baseline values, as introduced in chapter 3.

For each version of the Taylor rule, table 4.1 shows the implied standard devi-
ations of the output gap and (annualized) inflation, both expressed in percent

7 Notice that in this simple example the optimal allocation can be attained by setting ¢y =—0 (1 — pa).
In that case, the simple rule is equivalent to the optimal rule i; = r]' + ¢ 7;.

8 Taylor’s proposed coefficient values were 1.5 for inflation and 0.5 for output, based on a specification
with annualized inflation and interest rates. The choice of ¢, = 0.5/4 is consistent with Taylor’s proposed
calibration because both i; and 7; in the model are expressed in quarterly rates.
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terms, as well as the welfare losses resulting from the associated deviations from
the efficient allocation, expressed as a fraction of steady state consumption. Sev-
eral results stand out. First, in a way consistent with the analysis above, versions
of the rule that involve a systematic response to output variations generate larger
fluctuations in the output gap and inflation and, hence, larger welfare losses. Those
losses are moderate (0.3 percent of steady state consumption) under Taylor’s orig-
inal calibration, but they become substantial (close to 2 percent of steady state
consumption) when the output coefficient ¢, is set to unity. Second, the smallest
welfare losses are attained when the monetary authority responds to changes in
inflation only. Furthermore, those losses (as well as the underlying fluctuations
in the output gap and inflation) become smaller as the strength of that response
increases. Hence, and at least in the context of the basic New Keynesian model con-
sidered here, a simple Taylor-type rule that responds aggressively to movements
in inflation can approximate arbitrarily well the optimal policy.

4.4.2 A Constant Money Growth Rule

Next, a simple rule consisting of a constant growth rate for the money supply is
considered, which is a rule generally associated with Friedman (1960). Without
loss of generality, a zero rate of growth of the money supply is assumed, which
is consistent with zero inflation in the steady state (given the absence of secular
growth). Formally,

Am;, =0
for all ¢.

Once again, the assumption of a monetary rule requires that equilibrium condi-
tions (4) and (5) be supplemented with a money market clearing condition. Take
the latter to be of the form

L=y —mi,—&
where [, = m, — p; denotes (log) real balances and ¢, is an exogenous money
demand shock following the process

Ag = pr Ag +&f

where p, € [0, 1).
It is convenient to rewrite the money market equilibrium condition in terms of
deviations from steady state as

l,:y,—}—yt"—ni,—{,.

Letting /" =1, + ¢, denote (log) real balances adjusted by the exogenous
component of money demand,

~ 1 _
= G+ =11).
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In addition, using the definition of l;r together with the assumed rule Am, =0,
/l;t1 :f} +m — AL

Combining the previous two equations with (4) and (5) to substitute out the

nominal rate, the equilibrium dynamics under a constant money growth rule can
be summarized by the system

yt Et{y’ﬂrl} ?,n
Amo | 7 |=Ama| Edmia} |+Bwm w
7?:1 A AL

where Awm 0, AMm.1, and By are defined as in chapter 3.

The right panel of table 4.1 reports the standard deviation of the output gap and
inflation, as well as the implied welfare losses, under a constant money growth
rule. Two cases are considered, depending on whether money demand is assumed
to be subject to exogenous disturbances. In both cases the natural output and the
natural rate of interest vary in response to technology shocks (according to the
baseline calibration of the latter introduced in chapter 3). When money demand
shocks are allowed for, the corresponding process for A¢ is calibrated by esti-
mating an AR(1) process for the (first-differenced) residual of a money demand
function for the period 1989:1-2004:1V—a period characterized by substantial sta-
bility in the demand for money—computed using an interest rate semi-elasticity
of n =4 (see discussion in chapter 3). The estimated standard deviation for the
residual of the AR(1) process is o, = 0.0063 while the estimated AR(1) coefficient
is p, =0.6.

Notice that in the absence of money demand shocks, a constant money growth
rule delivers a performance comparable, in terms of welfare losses, to a Taylor
rule with coefficients ¢, =1.5 and ¢, =0. Yet, when the calibrated money demand
shock is introduced, the performance of a constant money growth rule deteriorates
considerably, with the volatility of both the output gap and inflation rising to a
level associated with welfare losses above those of the baseline Taylor rule. Thus,
and not surprisingly, the degree of stability of money demand is a key element
in determining the desirability of a rule that focuses on the control of a monetary
aggregate.

4.5 Notes on the Literature

An early detailed discussion of the case for price stability in the basic New Keynes-
ian model can be found in Goodfriend and King (1997). Svensson (1997) contains
an analysis of the desirability of inflation targeting strategies, using a not-fully-
microfounded model.
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When deriving the optimal policy no inherited dispersion of prices across firms
was assumed. A rigorous analysis of the optimal monetary policy in the case of
an initial nondegenerate price distribution can be found in Yun (2005).

Taylor (1993) introduced the simple formula commonly known as the Taylor
rule, as providing a good approximation to Fed policy in the early Greenspan
years. Judd and Rudebusch (1998) and Clarida, Gali, and Gertler (2000) estimate
alternative versions of the Taylor rule, and examine its (in)stability over the post-
war period. Taylor (1999) uses the rule calibrated for the Greenspan years as a
benchmark for the evaluation of monetary policy during other episodes over the
postwar period. Orphanides (2003) argues that the bulk of the deviations from the
baseline Taylor rule observed in the pre-Volcker era may have been the result of
large biases in real time measures of the output gap.

Key contributions to the literature on the properties of alternative simple rules
can be found in the papers contained in the volume edited by Taylor (1999). In
particular, the paper by Rotemberg and Woodford (1999) derives a second-order
approximation to the utility of the representative consumer. Chapter 6 in Woodford
(2003) provides a detailed discussion of welfare-based evaluations of policy rules.

Appendix: A Second-Order Approximation to a Household’s Welfare:
The Case of an Undistorted Steady State

This appendix derives a second-order approximation to the utility of the repre-
sentative consumer when the economy remains in a neighborhood of an efficient
steady state, in a way consistent with the assumptions made in this chapter. The
generalization to the case of a distorted steady state is left for chapter 5.

A second-order approximation of utility is derived around a given steady state
allocation. Frequent use is made of the following second-order approximation of
relative deviations in terms of log deviations

where 7; = z; — z is the log deviation from steady state for a generic variable z;.
All along it is assumed that utility is separable in consumption and hours (i.e.,
U, =0). Inorder to lighten the notation, define U, = U (Cy, N;), U =U(C}, N;'),
and U =U(C, N).

The second-order Taylor expansion of U, around a steady state (C, N) yields

C,—C N—=N\ 1 (C—C\
Uy =U=UC( == |+ UN = )+ 5UeC

2 C
+ iy (NN 2
27" N
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In terms of log deviations,

- +¢
U,—U:UCC<y,+Tyt>+UN< ,+T‘p 2)

where 0 = — &C and ¢ = U”” N, and where use of the market clearing condition

¢ =79, has been made.
The next step consists in rewriting 72, in terms of output. Using the fact that

Ny = () [(52) e di,
A=) =7 —a +d,

where d, = (1 — «) log fol(P’T(t’A))*ﬁ di. The following lemma shows that d; is
proportional to the cross-sectional variance of relative prices.

Lemma 1: In a neighborhood of a symmetric steady state, and up to a second-
order approximation, d, = % var;{p;(@)}.

Proof: Let p, (i) = p,(i) — p;. Notice that

PG\ .
(—;;—) = exp[(1—¢) p.(i)]

(1-e)?

—1+(1—¢) p,G)+ pi(i)’.

Note that from the definition of P;, 1 = fol (P’T([’))I_Ed i. A second-order approx-
imation to this expression thus implies

-1

E{p:()} = Ei{pi()*).

In addition, a second-order approximation to (P’T(Ii))*ﬁ yields

GNP S A R P
P, =l PO 1) PO

1
Combining the two previous results, it follows that

1P,(i)‘ﬁd,_1 L e N1, o
/O(Tz> 1= +§(1—a)6 i{p (@)}

_1 1 £ 1 .
= +§ (1 —a) ® var;{p; (i)}
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where © = m, and where the last equality follows from the observation that,
up to second order,

1 1
A(pﬁ)—mfdﬂiz;@AD—EAnﬁﬂfdi
=var;{p:()}.

Finally, using the definition of d; and up to a second-order approximation,

1 S\ T
(P—(’)) di ~ —— var{p, (i)}

d=(10-a)l
, = ( @) Og/ P, 20

0

QED.

Now, the period ¢ utility can be rewritten as

- 1=0 4
Ut_UZUcC )’t‘l‘T)’;

U,N
l—«

~ 1
(w% var{p (i)} + +‘p) G — a,)2)+ ti.p.

21

where ¢.i.p. stands for terms independent of policy.

Efficiency of the steady state implies —% = M PN. Thus, and using the fact

that MPN = (1 —a)(Y/N)and Y = C,

Ul n e vantp @)= =) T4 122 G —a? |+ 1
~ —— | — var; i — — 0 —_— —da AP
U.C 2 e M f—a 7Y i
1Te . o+a\ - I+¢\ o .
=73 |:6 Uari{pz(l)}+(o+ 1= Ol) y12_2<m) yzaz:|+ r.i.p.
1] e . p+ta e ~ .
=3 |:6 Uari{l?t(l)}-l‘((f-i—m) (yrz_z)’ts’\rn)]"' L.i.p.
1
=-3 [% var,-{p,(i)}—i—((f—i—%) ’)\’/,2:|+ ti.p.
ono_ l+e
where 7 y, =y — ", and where the fact was used that y} = s arrora W and

y yt _yt
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Accordingly, a second-order approximation to the consumer’s welfare losses
can be written and expressed as a fraction of steady state consumption (and up to
additive terms independent of policy) as

(&)
U[ - U
W=E Y p <—>
pr u.cC

1 < . +
= Eo;ﬂ’ (g var{p,(i)} + <a+%> V)

The final step consists in rewriting the terms involving the price dispersion
variable as a function of inflation. In order to do so, make use of the following
lemma

Lemma 2: Y2, Blvari{p.(i)} = m Y B}
Proof: Woodford (2003, chapter 6)

Using the fact that A = m%ﬂ ®, the previous lemma can be combined with
the expression for the welfare losses above to obtain

1 > £ ¢+oa
W=—2E ) f|(5)x 7.
2 Oz:Oﬂ |: A nt+ G+l_a g
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Exercises

4.1 Inflation Targeting with Noisy Data

Consider a model economy whose output gap and inflation dynamics are described
by the system

= BEAm 1)+« ’)71 (17)

~ L. 0 ~
Yo=—— (i = Edm} =) + Edyien} (18)

where all variables are defined as in the text. The natural rate r/' is assumed to
follow the exogenous process

ri—=p=p (rl; —p)t+e&

where {g,} is a white-noise process and p, € [0, 1).

Suppose that inflation is measured with some i.i.d. error &, i.e., 77 =m, + &
where 7 denotes measured inflation. Assume that the central bank follows the
rule

iy =p+o¢p Tl (19)

a) Solve for the equilibrium processes for inflation and the output gap under
the rule (19). (Hint: you may want to start analyzing the simple case of
por=0.)

b) Describe the behavior of inflation, the output gap, and the nominal rate when
¢, approaches infinity.

c¢) Determine the size of the inflation coefficient that minimizes the variance of
actual inflation.



Exercises 91

4.2 Monetary Policy and the Effects of Technology Shocks

Consider a New Keynesian economy with equilibrium conditions

%=E&ﬂd—§@—ﬂhm%m) (20)

=B Edmt+x =) 21
where all variables are defined as in the text.

Monetary policy is described by a simple rule of the form
i =p+¢r
where ¢, > 1. Labor productivity is given by
Ve —ng=a
where g, is an exogenous technology parameter that evolves according to
ar = Pg -1 + &

where p, € [0, 1) and {¢,} is an i.i.d. process.
The underlying RBC model is assumed to imply a natural level of output
proportional to technology

y:’:'(!/y a;

where v, > 1.

a) Describe in words where (20) and (21) come from.

b) Determine the equilibrium response of output, employment, and inflation to a
technology shock. (Hint: guess that each endogenous variable will be proportional
to the contemporaneous value of technology.)

¢) Describe how those responses depend on the value of ¢, and k. Provide
some intuition. What happens when ¢, —00? What happens as the degree of
price rigidities changes?

d) Analyze the joint response of employment and output to a technology shock
and discuss briefly the implications for assessment of the role of technology as a
source of business cycles.

4.3 Interest Rate versus Money Supply Rules

Consider an economy described by the equilibrium conditions
~ ~ [ n
Vi = Edyini} — pu G — Edmia}—r)

=P Et{”r-&—l}‘f‘Kyt
mg—pr =Yy —ni
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where all variables are defined as in the text. Both y;' and r," evolve exogenously,
independent of monetary policy.
The central bank seeks to minimize a loss function of the form

a var(y;) +var ().

a) Show how the optimal policy could be implemented by means of an interest
rate rule.

b) Show that a rule requiring a constant money supply will generally be sub-
optimal. Explain. (Hint: derive the path of money under the optimal policy.)

c¢) Derive a money supply rule that would implement the optimal policy.

4.4 Optimal Monetary Policy with Price Setting in Advance
Consider an economy where the representative consumer maximizes
oo
M,
E "U\C,—. N
DWAICE Y

subject to a sequence of dynamic budget constraints

Pt Ct+Mz+Qth<Mt—l+Bt—l+Wr N1+Tz

and where all variables are defined as in the text.
Assume that period utility is given by

(22)

U (C,, % N,):log C, +log% - N’Hw.
P P; 1+¢
Firms are monopolistically competitive, each producing a differentiated good
whose demand is given by Y, (i) = (P’T(t"))"E Y;. Each firm has access to the linear
production function
Y, (i) = A; N, (i) (23)

where productivity evolves according to

A

Ay

= (1 +va) exp{e}

with {g,} being an i.i.d. normally distributed process with mean zero and
variance 0.
The money supply varies exogenously according to the process

M,

M;

= (1 + ym) exp{u,} (24)

where {u,} is an i.i.d. normally distributed process with mean zero and variance

2
o,.
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Finally, assume that all output is consumed, so that in equilibrium Y; = C, for
all ¢.

a) Derive the optimality conditions for the problem facing the representative
consumer.

b) Assume that firms are monopolistically competitive, each producing a dif-
ferentiated good. For each period, after observing the shocks, firms set the price
of their good in order to maximize current profit

Wi
Y, (D) (Pz(i)—A—>

subject to the demand schedule above. Derive the optimality condition associated
with the firm’s problem.
c) Show that the equilibrium levels of aggregate employment, output, and

inflation are given by
1
1\ ™
N, = <1 — —> =0
€

Y, =0 A
T = Ym = Va) T Uy — &

d) Discuss how utility depends on the two parameters describing monetary
policy, ¥, and o (recall that the nominal interest rate is constrained to be non-
negative, i.e., i, >0 for all ¢). Show that the optimal policy must satisfy the
Friedman rule and discuss alternative ways of supporting that rule in equilibrium.

e) Next, assume that for each period firms have to set the price in advance, i.e.,
before the realization of the shocks. In that case they will choose a price in order
to maximize the discounted profit

W,
Et—l {Qt—l,z Yt(i) (Pz(i) - A_)}

subject to the demand schedule Y, (i) = (P’T(I’d)‘EY,, where Q,_1, = ﬁcé—:lP’T:‘
is the stochastic discount factor. Derive the first-order condition of the firm’s
problem and solve (exactly) for the equilibrium levels of employment, output,
and real balances.

f) Evaluate expected utility at the equilibrium values of output, real balances,
and employment.

g) Consider the class of money supply rules of the form (24) such that
u, = ¢, & + ¢, v, where {v;} is a normally distributed i.i.d. process with zero
mean and unit variance, and independent of {g,} at all leads and lags. Notice that
within that family of rules, monetary policy is fully described by three parameters:
Yms @e, and ¢,,. Determine the values of those parameters that maximize expected
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utility, subject to the constraint of a non-negative nominal interest rate. Show
that the resulting equilibrium under the optimal policy replicates the flexible price
equilibrium analyzed above.

4.5 A Price Level Based Interest Rate Rule

Consider an economy described by the equilibrium conditions
5. = B} = Gy~ Byl =)
=B Efmia} +x i
Show that the interest rate rule
ir=r'+¢, D

where p; = p, — p*, where p* is a price level target, generates a unique stationary
equilibrium, if and only if, ¢, > 0.





