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Abstract 
 
 

This paper develops methods of investigating the existence and extent of 
cointegration in fractionally integrated systems. We focus on stationary series, 
with some discussion of extension to nonstationarity. The setting is 
semiparametric, so that modelling is effectively confined to a neighbourhood 
of frequency zero. We first discuss the definition of fractional cointegration. 
The initial step of cointegration analysis entails partitioning the vector series 
into subsets with identical differencing parameters, by means of a sequence 
of hypopthesis tests. We then estimate cointegrating rank by analysing each 
subset individually. Two approaches are considered here, both of which are 
based on the eigenvalues of an estimate of the normalised spectral density 
matrix at frequency zero. An empirical application to a trivariate series of oil 
prices is included. 
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W?|ih4i_ð@|iE`AWäc îhi?|c @?_ #ýM@ð EêüðUü @hi t@ð_ |L Mi !i) 4@h!iht ð?

|üi N5c ,ýhLTi@? @?_ útð@? 4@h!i|t hitTiU|ðñi*)ä hiULh_i_ L? |üi *@t| |h@_í

ð?} _@) Lu i@Uü 4L?|ü uhL4 a@?ý@h) �bHS |ühLý}ü 6iMhý@h) �bbHë EAüi ThðUi

Lu `AW uLh ïU|LMih �bb� ê@t ?L| LMtihñi_ _ýi |L @ TðTi*ð?i @UUð_i?| @?_ ðt

hiT*@Ui_ M) |üi 4i@? Lu |üi 5iT|i4Mih @?_ ûLñi4Mih �bb� LMtihñ@|ðL?täë
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it|ð4@|it êð|ü 6 ' �Dc êüðUü @hi UL?tðt|i?| êð|ü t|@|ðL?@hð|)ë

W? A@M*i ô êi hiTLh| eC E�Hä êð|ü 6 ' �ôc |üihiM) _i_ýUð?} |üi |it|

t|@|ðt|ðUt hA�2 ' 2éS2Sc hA�ô ' 2é.SH @?_ hA2ô ' �é2.ôë AüýtM�2ô G _� ' _2 ' _ô

ðt ?L| hiéiU|i_ @| �Ic @?_ êLý*_ Mi 4Lhi t|hL?}*) týTTLh|i_ M) eA�2c eA�ô @?_eA2ô êð|ü ûE6ä : fc êüð*i M2ô G _2 ' _ô ðt ?L| hiéiU|i_ @| *iñi* DIë

W? UL?ti^ýi?Ui êi ð?ñit|ð}@|i |üi Thiti?Ui Lu ULð?|i}h@|ðL? L? |üi M@tðt Lu

ML|ü r ' � @?_ r ' 2c êüihi ð? |üi *@||ih U@ti îhi?| @?_ #ýM@ð @hi týTTLti_

|L ü@ñi @ UL44L? _ðgihi?Uð?} T@h@4i|ihë A@M*i e UL?tð_iht |üi U@ti r ' �c

tüLêð?} ÷CE_Wä @?_ ð|t ið}i?ñ@*ýit @?_ |üLti Lu ÷å E_Wäc êüð*i A@M*i D UL?tð_iht

r ' 2c tüLêð?} |üi 2 û 2 4@|hð ÷CE�äE_Wä @?_ ð|t ið}i?ñ@*ýit @?_ |üLti Lu

÷åE�äE_Wäc ÷CE�äE_Wä it|ð4@|ð?} CE�ä @?_ ÷åE�äE_Wä |üi?Ui _i�?i_ @?@*L}Lýt*)

|L ÷å E_Wä( ð? i@Uü U@ti 6 ' �ôc 6� ' �Dé Aüi *@h}it| ið}i?ñ@*ýi }hi@|*)

_L4ð?@|it |ühLý}üLý|c tL |ü@| uLh @?) hi@tL?@M*i ñ@*ýi Lu B |üi LMéiU|ðñi

uý?U|ðL? uEüä êð** týTTLh| |üi UL?U*ýtðL? o ' 2 êüi? r ' �c @?_ o ' � êüi?

r ' 2é ú*tLc êð|ü o ' 2 @?_ k ' féfDc E22ä ðt féfôôH z �*ôf ' fé�f*Rë

Aüðt ðt |üi |ühitüL*_ tý}}it|i_ M) èüð**ðTt @?_ ïý*ð@hðt E�bHHä tL |ü@| |üi

UL?U*ýtðL? UL?Uih?ð?} o ' 2 ðt h@|üih ý?Uih|@ð?ë 5ð?Ui M2ô tii4i_ 4Lhi

t|hL?}*) týTTLh|i_ |ü@? M�2ô êi 4ð}ü| |üýt Thiuih o ' �c uLh êüðUü A@M*i D

ThLñð_it týTTLh|ë

S 6ð?@* çL44i?|t

�ë Aüi ThLUi_ýhit tý}}it|i_ @** ð?ñL*ñi UüLðUi Lu @ M@?_êð_|ü6 E@?_ @*tL6�

ð?ñL*ñi_ ð? _Wäé NtihíUüLti? M@?_êð_|ü ?ý4Miht @hi ð?iñð|@M*i ð? t4LL|üi_

22



?L?T@h@4i|hðU it|ð4@|ðL?c @?_ @t ýtý@* |üi hitý*|t êð** Mi ti?tð|ðñi |L |üi

UüLðUi 4@_ië 5L4i ThLTLt@*t uLh UüLLtð?} 6 ð? E�.ä @hi 4@_i M) Oi?h) @?_

+LMð?tL? E�bbSäë

2ë èihü@Tt 4Lhi tihðLýt*)c |üi ThLUi_ýhit @*tL _iTi?_ L? L|üih ýtihí

UüLti? ?ý4Mihtc ?@4i*) ûE?äc ñE?ä @?_ |üi |ühitüL*_ uLh E22ä ELh |üi ?ý**

ü)TL|üitðt L? Zoäë ïýh ð?|hL_ýU|ðL? Lu |üiti ðt @? ð?_ðU@|ðL? Lu |üi _ðæUý*|)

Lu |üi ThLM*i4t |@U!*i_c Mý| U*i@h*) ð| êLý*_ Mi _itðh@M*i |L _iñi*LT 4Lhi

LMéiU|ðñi 4i|üL_të

ôë Aüihi ðt ð?|ihit| ð? i |i?_ð?} |üi 4i|üL_t |L ULñih ?L?t|@|ðL?@h) f|é

Aüi i |i?tðL? Lu #i�?ð|ðL? 2 üihi ðt t|h@ð}ü|uLhê@h_ë Wuc L? |üi L|üih ü@?_c

êi ü@ñi týæUði?| ThðLh !?Lê*i_}i |L �ht|í_ðgihi?Ui |üi h@ê tihðit |L |üi

t|t@|ðL?@h)%ð?ñih|ðM*i hi}ðL? Eý�*2c �*2äc |üi? Lýh hitý*|t 4@) Mi @TT*ðU@M*ic

|üLý}ü |üðt 4@) _iTi?_ @*tL L? |üi _ðgihi?Ui_ ULð?|i}h@|ð?} ihhLht ü@ñð?}

_ðgihi?Uð?} T@h@4i|iht |ü@| *ði ð? |üðt hi}ðL?ë Wu êi |üi? }L L? |L it|ð4@|i q

ð| ðt ð4TLh|@?| |ü@| |üi ý?_ðgihi?Ui_ tihðit Mi ýti_ üihi ð? Lh_ih |L @Uüðiñi

@ u@t| h@|i Lu UL?ñih}i?Ui dtii +LMð?tL? @?_ �@hð?ýUUð E�bbHäo 5L u@h @t

@TT*ðU@Mð*ð|) Lu Lýh Thiti?| ThLUi_ýhit |L h@ê ?L?t|@|ðL?@h) f| ðt UL?Uih?i_c

Vi*@tUL E�bbbä tüLêi_ |ü@| ð? U@ti Lu tU@*@h tihðitc @| *i@t| týð|@M*) |@Tihi_

ñihtðL?t Lu |üi it|ð4@|it E�.ä U@? t|ð** Mi6�*2ýUL?tðt|i?| @?_ @t)4T|L|ðU@**)

?Lh4@*ë Aüýt ð| tii4t |ü@| týð|@M*i 4L_ð�ðU@|ðL?t Lu Lýh ThLUi_ýhit 4@)

_ðhiU|*) @TT*) |L ?L?t|@|ðL?@h) f|c |üLý}ü ð| hi4@ð?t |L ThLñð_i hð}LhLýt

éýt|ð�U@|ðL?ë

. úTTi?_ð GèhLLut

èhLLu Lu AüiLhi4 �ë 6hL4 Eôä |üi tTiU|h@* _i?tð|) 4@|hð sq,Ebä Lu

2ô



qâE,äf E,ä
| t@|ðt�it

sq,Ebä y b32_,q âE,äCE,äqE,äc @r b$ f n é

Oi?Ui qE,ä ðt @ ULð?|i}h@|ð?} ñiU|Lh uLh f
E,ä
| ðu @?_ L?*) ðu qâE,äCE,äqE,ä ' fé

Aüi? E�Dä uL**Lêt ð44i_ð@|i*)ë
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