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Abstract

We consider the estimation of the location of the pole and memory parameter, A° and
a respectively, of covariance stationary linear processes whose spectral density
function f(A) satisfies f(A) ~ C|A = A% in a neighbourhood of A°. We define a
consistent estimator of A° and derive its limit distribution Z, . Asinrelated

optimization problems, when the true parameter value can lie on the boundary of the
parameter space, we show that Z , is distributed as a normal random variable when

A° € (0, ), whereas for A° = 0 or , Z,, is a mixture of discrete and continuous
random variables with weights equal to 1/2. More specifically, when A =0, Z,is

distributed as a normal random variable truncated at zero. Moreover, we describe
and examine a two-step estimator of the memory parameter a, showing that neither
its limit distribution nor its rate of convergence is affected by the estimation of A°.
Thus, we reinforce and extend previous results with respect to the estimation of a
when A° is assumed to be known a priori. A small Monte Carlo study is included to
illustrate the finite sample performance of our estimators.

Keywords: Spectral density estimation, long memory processes, Gaussian
Processes.
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1. INTRODUCTION

Given a covariance stationary process x;, observed at times t = 1,2,..,n, the
search for cyclical components, and their estimation and testing, is of undoubted
interest. This is motivated by the observed periodic behaviour exhibited in many
time series and manifested by sharp peaks of the spectral density estimate.

A well known model capable of generating such a periodic behaviour is the
regression model

ze = p+ py cos (At) + pysin (A°t) + &y, (1.1)

where p; and p, are zero mean uncorrelated random variables with the same vari-
ance and {e;} is a stationary sequence of random variables independent of p; and
po. Model (1.1) has enjoyed extensive use and different techniques have been pro-
posed for the estimation of the frequency, amplitude and phase (see Whittle (1952),
Grenander and Rosenblatt (1957), Hannan (1961, 1973) and Chen (1988)). Exten-
sions to a model with more than one periodic component have been examined by
Quinn (1989) and Kavalieris and Hannan (1994), whose interest was also in testing
the number of sinusoidal/cosinusoidal components. See also Quinn and Hannan
(2001).

A second statistical model capable of exhibiting peaks in its spectral density
function is the autoregressive AR (2) process

(1—a1L —axl?) 2y = & (1.2)

when the roots of the polynomial (1 —a L — a2L2) are complex, with A? identified
as the arccos (2—‘11—\/;_(12) Models (1.1) and (1.2) represent two extreme situations

explaining cyclical behaviour of the data and the peakness of the spectral density
function. Model (1.2) possesses a continuous spectral density function whereas
model (1.1) has a spectral distribution function with a jump at the frequency \°.
The cyclical component of the data remains constant or invariant with time in
model (1.1), whereas the cyclical pattern of model (1.2) fades out with time fairly
quickly.

Between these two extreme situations, there exists a class of intermediate models
in which the spectral density function of x; exhibits a pole at the frequency A°. For
that purpose, define the spectral density function of x; as the function f (A) which
satisfies the relationship

v () = Cov (x4, 4y j) = i fFN)cos(GN)dN, 7=0,1,2,.... (1.3)

We say that f () has a pole at A" if

fF)~CA=X as A — A0, (1.4)

‘ -
where C € (0,00), a € (0,1) is the memory parameter and ”~” means that the
ratio of the left- and right-hand sides tends to 1. One of the main objectives of this
paper is the estimation of AV

One model capable of generating such a cyclical behaviour in the data has been
proposed by Andel (1986) and Gray et al. (1989), and defined as

(1—2(COSAO)L+L2)dJSt = &, (1.5)

where L is the backshift operator, d = a/2 for \” € (0,7) whereas for \° =

0 or m, d = a/4. The model (1.5) was coined by Gray et al. (1989) as the

Gegenbauer model, who extended it to the GARM A model where the innovations

{e+} follow an autoregressive moving average (ARM A) process, and later by Giraitis
1
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and Leipus (1995) allowing for more than one pole or cyclical component. The
GARM A process is characterized by having the spectral density function

9 2

. . _ i/\.a
f()‘):;—W|1—2(COS)\O)6M+612>\’ 2a | a (€™ 0)

—= — < .
b0 | T<A<m, (1.6)

where 02 > 0, and a (+) and b (+) are polynomials of finite degree, all of whose zeroes
lie outside the unit circle. When A° = 0, we have the more familiar FARIMA
model, apparently originated by Adenstedt (1974), and studied by Granger and
Joyeux (1980) and Hosking (1981). GARM A models are characterized by a stronger
and more persistent cyclical behaviour than ARM A models, i.e. (1.2), but unlike
model (1.1), their amplitude does not remain constant over time.

If the location of the pole A° is known, then under some regularity conditions
and a correct specification of the model, Whittle estimates of the parameters «
(or d), 8 and o2, for example model (1.6), are known to be n'/?-consistent and
asymptotically normal. In the case of Gaussianity or linear processes, this was
shown by Fox and Taqqu (1986), Dahlhaus (1989), Giraitis and Surgailis (1990)
when A° = 0 and generalized by Giraitis and Leipus (1995) and Hosoya (1997) for
A different than 0. All these papers assume that f (A) is fully specified by a set of
parameters (04,9/,02)/.

Although knowledge of A° can be realistic in some time series data, with non-
seasonal data that knowledge of A° is not so clear. An example of the latter is
when the practitioner is interested in estimating cycles in macroeconomic or geo-
physical data. Recently, Giraitis et al. (2001) have shown that Whittle estimates of
(a, 0, 02)/ are asymptotically the same irrespective of whether or not \° is known.
In addition, they prove that the estimate of A\ is n-consistent although its limit
distribution remains an open problem.

However, if the ultimate interest is only the estimation of the memory parameter
«, one possible criticism of the parametric approach is that an incorrect specification
of the model leads to inconsistent estimates of a. One source of misspecification
is the choice of a wrong value of \°. If that were the case, Whittle estimates
of a would be inconsistent, and it would possibly estimate the value zero. The
latter might happen even if a semiparametric approach was adopted, see Section
3. Thus, we might conclude that the data is short memory instead of long memory
dependent, which could have some adverse effects on the statistical inferences of
relevant statistics such as the serial covariance, see Hannan (1976) or Tagqu (1975).

The main objectives of this paper are twofold. First, under mild conditions,
to provide a consistent estimator of A\° and characterize its limit distribution. In
particular we show that the limiting distribution of the estimator of A\° depends
on whether \° € (0,7) or A° = 0 or m. The second objective is to investigate the
consequences that the lack of knowledge of A\° might have on the estimation of cv.

Some earlier related work has been completed by Miiller and Prewitt (1992) and
Yajima (1996). In the former, they estimate the peak of the spectral density f ()
in a model, like that in (1.2), whose spectral density function is continuous in [0, 7].
Looking at argsup, ]?()\), where ]?()\) is a smoothed nonparametric estimate of
f (N, they show its consistency and the limit distribution to be a normal random
variable when A\’ € (0,7). Yajima (1996) considers the estimation of A\’ in a
model with spectral density possessing a pole at A\”. Based on the maximum of the
periodogram of the data, he gave consistency and an upper rate of convergence for
the estimate of A\°. Unfortunately, the limit distribution was not provided which is
required for statistical inferences. In addition, his results rely on the assumption
that the data is Gaussian which is not required in the present paper. Finally, it
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should be mentioned that Giraitis and Leipus (1995) prove the consistency of AV in
a model like (1.6).
The paper is organized as follows. In Section 2, we describe a semiparametric

~0
estimator of o when X\° is known and the estimator A of A\°. In Section 3, we

discuss the statistical properties of XO and we show that the asymptotic properties
of a two-step estimator of a remain the same irrespective of whether A? is known or
estimated. The finite sample behaviour of the estimators of A’ and « are analyzed in
Section 4 through a Monte-Carlo study. Section 5 provides the proofs of the results
given in Section 3 which apply a series of lemmas given in Section 6. Finally, Section
7 contains a summary.

2. REGULARITY CONDITIONS AND THE ESTIMATORS OF THE
POLE AND MEMORY PARAMETER

Let {x:} be a covariance stationary linear process observed at timest = 1,2, ..., n,
with spectral density f (\) satisfying (1.4). When A is known, under the semipara-
metric specification (1.4), several estimators of the memory parameter o have been
proposed and examined. In this paper, to estimate o we shall use a modification
of the log-periodogram estimator, see Robinson (1995a), which we now describe.
Consider the average periodogram spectral density estimator of f (\),

o= FO0 == 3 I, (2.1)

2k +1
+ [71<k1

where I, = I (\¢) denotes the periodogram of x, that is

n 2
(27m)_1/2 Z zpetth
t=1
and Iy = 0, where A¢ = (27¢) /n for £ = 1,2,...,[n/2], [2] denotes the integer part
of z and k; = ky (n) is a positive number which increases slowly with n, that is
ki 4+n"'k; — 0. (Observe that the definition of I, entails sample-mean correction. )
Let ¢ (u) be a weight function in (0, 1), and write

I = (=1,....,[n/2] (2.2)

a(Ag) = 2h kzw (10gfq+p+10gfq p) (2.3)

where v, = ¥ (p/k), hy = —k~1 Zp:l ¥, log (p/k), fg = max (f'g,nfl) and £k =
k (n), a positive number which increases slowly with n, that is k=1 +n=tk — 0.

Definition 2.1. If A\° is known, we define the estimator of the memory parameter
o as @ (\), where A, is the closest Fourier frequency A, to \°.

Remark 2.1. The motivation to use fg instead of fo in (2.3) is due to the singular
behaviour of logx at x = 0. Specifically for the proof of tightness, i.e. Proposition
5.4 in Section 5, we have not been able to bound some probabilities or moments for
all n > ng as required. This problem, of course, does not appear as n — oo as
can be observed from Propositions 5.1 to 5.8 nor if our goal were to examine the
behaviour of @ (As). We do not believe that this adjustment is needed in practice and
have made it here only because we cannot establish Theorem 3.2 (cf. Proposition
5.4) without it, unless some additional stronger conditions were introduced. For
mstance, the normality of the data.

~0
We now define our estimator of A\’ as X' = \; = (27q) /n, where

g = ar ma a(N,). 2.4
g=arg _max (Ag) (2.4)
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Note that periodicity and symmetry around zero implies that it suffices to search
for the maximum in (2.4) at frequencies \,, with ¢ = 0,...,[n/2]. From (2.4) we

~ (0 . . ~0
could define « ()\ ) as an estimator of «, that is (2.3) evaluated at A\ . However,
~0
see Section 3 below, since a ( ) does not have optimal properties, we will describe
v0
a two-step estimator, denoted & ()\ ), which overcomes all the adverse properties

of & (XO), see Theorem 3.4 below.

The motivation for the estimator in (2.4) is as follows. From the proof of Theorem
3.4 part (a) below, it is easily shown that @ ()s) is a consistent estimator of «. On
the other hand, if A\, is in any open set outside AV, that is [Ag — As| > 0, for any
arbitrarily small 6 > 0, Condition C.1 below implies that

FOQ)=[A =X g (h) ~ Cg(Ny).
That is, at the frequency A, the spectral density function behaves as if o were equal
to zero. So, from the proof of Theorem 3.4 part (a), we should expect that @ (\;) Eil
(2.4) is
consistent. These heuristics will be formalized in Theorem 3.1 below. We finish
this section introducing the following regularity conditions and their discussion.
C.1: There exists a € (0,1) such that

0|7 .
foy=1 1 AO!_QQ(A), i 0
XX g (), if —m<A<0,
where g (\) is a bounded symmetric and bounded away from zero function

with two continuous derivatives for 0 < A < 7.
C.2: {x:} is a covariance stationary linear process

oo oo
Ty = B]’Etfja B] < 00,
j=0 j=0

where {¢,} is a zero mean iid sequence with E (E%) —1land Elel = p, <
oo for £ =3,...,27 and some 7 > 4.
C.3: As A — )\ the function 5( ) =>"7208; e satisfies

98(0) /oA =0 (]A =X 1B(V)).

2
C.4: k'k? + K72k logk + nkl_(T w2)E 0, for some ¢ > 0 as n — oo,
with k& < cn4/5, 0 < ¢ < o0 and where 7 is as in C.2.
C.5: The function ¢ (z) is twice continuously differentiable whose second
derivative is Lipschitz of order at least 3 in its support (0,1) and sat

0, implying that Pr{ h)

1sﬁesfO z)dr = 0, 0<h¢__fo z) (logz)de < 00, 0 < ¢
fo P ( logm) dz, where " (z) = dx?’l/)( ), and
IS % |+( )_1w(x)‘§D<oo.

We now discuss Conditions C.1-C.5. Condition C.1 is much the same as that
employed by Robinson (1995a,b). Indeed, C.1 implies that as A — A°,

FO) =CPA=X" (1407 (X°) (A=) + 0 (]A=2))

by Taylor expansion of g (A) around A\ and where C = ¢ ()\O). Observe that
g ()\O) = 0 when \° = {0,7} by symmetry of f()) obtaining then the corre-
sponding condition used in Robinson (1995a,b). However, we prefer to state the
condition in its present form since, in Theorems 3.1 and 3.2 below, some regularity
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conditions on f (\) are needed outside any open set containing +\%. Examples of
processes whose spectral density function satisfies C.1 are the FARIM A (p, /2, q)
and the GARM A model given in (1.6). Finally, the last part of Condition C.1 is
quite standard in spectral density estimation literature. C.2 is needed for the proof
of tightness (see the proof of Theorems 3.2 and 3.1). It is also required to show
the uniform convergence of f although for the latter property, at the expense of
stronger conditions on the rate of convergence of ki ! to zero, fewer moments of
g; can be assumed. Obviously C.2 is satisfied if ; is Gaussian. Condition C.3 is
the same as Robinson (1995b). Condition C.4 controls the rate of increase of k
and k;. For instance denoting £k = n"2 and k; = n71, in the Gaussian case, we
can take 0 < v; < 8/15 and 37v,/2 < 75 < min{2vy,/(1+¢),4/5}, whereas for
T = 4, the bounds are 4/9 < v, < 8/15 and 3v,/2 < 5 < 4/5. Finally, Condition
C.5 characterizes the type of weight in (2.3). An example of ¢ (u) satisfying C.5 is
Y (u) = —u? + 35u?5 /6 — 29u3 /6 + 2u> log u.

It is worth mentioning that the quadratic behaviour of the weight ¢ (u), as
u — 0, guarantees that the first moment of £ (v), see Theorem 3.2 below, has a
parabolic structure so that the maximum of £ (v) is easily obtainable. Obviously,
other different types of weights can be used which would not prevent the consistency
of the estimator of \°. However, for weights not having a quadratic behaviour, the
asymptotic distribution of the estimate of the pole is not guaranteed to be normally
distributed. We will return to this condition subsequently after Theorem 3.2.

3. STATISTICAL PROPERTIES OF THE ESTIMATORS OF THE
POLE AND MEMORY PARAMETER

In this section, we prove a functional limit theorem for a process operating on
increments of & (\,) near A\” which together with the continuous mapping theorem

~0
will allow obtaining the asymptotic distribution of A . A similar approach was used
by Eddy (1980) to estimate the mode of a probability density function and Miiller
(1992) for the estimation of the break point in a regression model. Apart from
~0
providing the consistency and rate of convergence of A to A°, the limit distribution
will guarantee that asymptotic valid inferences around the true value of A’ may be
implemented.
~0
The strategy of the proof to obtain the asymptotic distribution of A consists of
three steps, see Van der Vaart and Wellner (1996, Ch. 3). Step 1 establishes the
~0 ~0
consistency of X to A°. Step 2 establishes the rate of convergence of A to \°, and
Step 3 shows that suitably rescaled versions of & (\;) converges weakly to a limit,
denoted ¢ (v) in Theorem 3.2, in the space I [—M, M] for each finite 0 < M < oo.
Note that convergence in I [—M, M| for each finite 0 < M < oo is to be meant
convergence in D (—oo, 00). See Pollard (1984). From here, the continuous mapping
theorem will conclude that A , after normalization, will converge in distribution to
the arg max,, £ (v).
~0
The next theorem gives the consistency and rate of convergence of A to A\, i.e.
Steps 1 and 2. Theorem 3.2 justifies Step 3, whereas Corollary 3.3 examines the

~0
asymptotic distribution of A .

Theorem 3.1. Assuming C.1-C.5,

N =X =0, (W27,

~0
We see that the rate of convergence of A~ to A’ is slower than the parametric rate
n~! obtained by Giraitis et al. (2001). This appears to be reasonable due to the
local behaviour of our statistics. The same phenomenon occurs in other related,
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although different, problems involving nonparametric statistics, see for instance
Eddy (1980), Miiller (1992) or Miiller and Prewitt (1992).

Under Conditions C.2 and C.4, for 7 = 4, (XO - /\O) = O, (n®=%/3) for any arbi-
trarily small 6 > 0. However, a closer examination of these conditions and the proof
of Lemma 6.3 indicate that the rate depends on the number of finite moments of the
sequence ¢; in C.2. In general, with 7 > 4, (/)\\O - )\O) =0, (né_(272_37+4)/2(72+2)).
So, the greater the number of finite moments allowed for &, the faster the rate of
convergence of XO to A\, In the extreme case where all the moments exist, the rate

~0
of convergence of A becomes n°~'. This rate was obtained by Yajima (1996) in
the Gaussian case and is arbitrarily close to n~! obtained in Giraitis et al. (2001).
~0
So Theorem 3.1 indicates that A\ = A’4n~" (27 [k/?v]) for some |v] < M < oo.

To examine the asymptotic distribution of h) , let us introduce the following notation
& () =k (G Ny par) —8 () (3.1)

¢, (v) is a random step function which is constant in the intervals [i/ kY2, (i + 1) JKM?),

li| < M, so that En (v) is a random element in the Skorohod space D [—M, M] for
arbitrary 0 < M < oo.
We now establish our main result, i.e. the aforementioned Step 3.

Theorem 3.2. Let |v| < M, for any arbitrary M € (0,00). Assuming C.1-C.5,
£ (v) weakly &(v) in the space D[—M,M],
where & (v) is a continuous Gaussian process such that
E (¢ (v) = —hQZlE//Uza/Q and Cov (£ (v1),£ (v2)) = hy*cuivy,
where ¢ = fol W (w)? du < oo with ¢ (z) = L4 ().

The immediate consequence of Theorem 3.2 is that arg max, ¢ (v) is a normal
random variable. Indeed, because Theorem 3.2 implies that the limiting process
& (v) is Gaussian, it can be written as

¢ (v) = —hy "9 v a/2 + hy HMPuX

where X = N (0,1). But £ (v) is a random parabola with fixed second derivatives
and a unique maximum at

o — (E//a)fl g1/2X7

since by C.5, 0 < hy,0 < EH, so that 9%¢ (v) /Ov? = —h;lwla < 0. From here we
can observe the (possible) consequences of using a weight function v (u) which does
not have a parabolic structure at « = 0. The main implication is that if the latter
were the case, E (£ (v)) would not necessarily be a parabola as in Theorem 3.2. For
example, it may be that E (€ (v)) = C|v|, in which case not only the arg max,, & (v)
can be difficult to obtain, but more importantly it would no longer be a normal
random variable. So, in view of the asymptotic normality achieved with a weight
¥ (u) satisfying condition C.5, it appears desirable to employ it. Similar issues
occur when estimating the date of a break in a regression model, see for example
Miiller (1992).

~0
Now we turn our attention to the asymptotic properties of A . Note that Theo-
rem 3.1 indicates that

~ omkl/2_ 2mkt/? 1
o=+ s =0 T un+0(—>, (3.2)
n n n




where 0,, = arg max,, En (v). Then, we have the following:
N2
Corollary 3.3. Denote ¥ =¢ (1/)”04) . Assuming C.1-C.5, as n — o0
(a) I A° € (0,7), then (27k/2) "' n (XO - )\0) 4 Zw=Y = N(0,).

1 =0
(b) If \° = 0, then (27k*/?) "X L Zo = YT (Y > 0), where T (A) denotes the
indicator function of the set A.
~1 /=0
(c) If \° = 7, then (2mk'/?) 'n (/\ - 7r) L Z.=YI(Y <0).

We now comment on the results of Corollary 3.3. First, we now see the necessity
of Theorem 3.1 as it will give us the normalization needed to achieve a "proper"

asymptotic distribution. Next, we observe that the limiting distribution of h)
depends on whether \” is {0,7} or A’ € (0, 7). The intuition about the limiting

distribution of X in cases (b) and (c) is as follows. As the maximization of @ ();) in
~0
(2.4) is restricted to the interval 0 < \, < m, for A° = 0, it implies that ()\ — )\O) =

~0

A > 0 so that Zp cannot take negative values. Similarly, A° = 7 implies that
~0

A — 7 < 0 and Z, cannot take positive values. So, the estimation of A° falls

into the category of a constrained optimization problem or inequality constraint
estimation. Indeed, when A\’ is an interior point of the set [0, 7] and due to the

~0 ~0
consistency of A , we can expect that the constrained estimator, A = )z, coincides
with the unconstrained estimator Ay = Ay = (27q) /n where

~: o~ )\ .
q argqe{ogﬁlm}a( ) (3.3)

whereas if \° =0, § = ¢Z (7 > 0). Similar arguments apply when \° = 7.
0

Once we have examined the properties of h\ , we next examine the estimation of
«. By Theorems 3.1 and 3.2 and the functional mapping theorem, it is easily shown

that @ (X ) =@ (\) = o, (k7/2). So, k172 (@ (V') = a) and K2 (@ (\") - )

~0
have the same asymptotic distribution. However, the faster the convergence of A

~0
to A%, the slower the rate of convergence of & ()\ ) to «, and hence it becomes

slower than the rate obtained when A\’ is known. The same phenomena happens
to hold in Miiller (1992). Hence, to circumvent this drawback, as in Miiller (1992),
we propose a two-step procedure to estimate . To that end, we shall use as an

estimator of « that given in (2.3) where A, is replaced by X = (2mqG) /n such that
‘)\ — )\0‘ = k1/2/n), and k and k; being replaced by m and m; respectively,
satisfying

C.6: m~ ' +mm2 +mim=3logm, +k/m — 0 with m = cn*/5, 0 < ¢ < cc.

In addition, to be a bit more general regarding our choice of the weight function
¥ (u), we allow for the weighted function, say w( ), to satisfy

C.T: folw(u) du = 0,0 < hy = fo ) (logw) du < 0o, w(u) ~ cu® as
ua0+forsome1/3§§§1andfora110<u1<uQ<1,

lw (ug) —w (uy)] < Dlug —ug|*; 0< D < .
So, our two-step estimator of « is defined as

vO0

& (1) = 23wy (o8 Fry +log Fiy). (3.4)
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where f()x) = max {f ()\),n_l} and f()\) is as in (2.1) but with smoothing
parameter k; there being replaced by mi, hy, = —m™! Z;”:l wp log (p/m) and
wp, = w (p/m).
/%0 . (<0 —  \—lewm ~
We now comment on ¢& ()\ ) compared to & ()\ ) = (hwm) > pe1 Wp log fitp.

<0
Observe that the former is a "symmetrized" version of the latter & ()\ ) Assume for

simplicity that A° is known. As in other semiparametric estimators, for example
Robinson (1995a), one source of the bias of m!/2 (& (\°) —a) comes from the

replacement of f () by g (A°) A —A°| ™", which in our case, i.e. if \° # {0, 7},
will be proportional to

m-1/2 pr (\p+0 (Ai)) —-0 (n_1m3/2) '
p=1
The main reason for this behaviour is that when A\’ = {0, 7}, by symmetry we
have ¢’ (0) = ¢’ (7) = 0, whereas for A # 0 or 7, g’ (A) may not be zero so that
feY 2

g ) AN F Q) =147 (0) g (A7) (A= X°) +0 (|A=X) by a Tay-
lor expansion of g (\) around A°. Recall the comments made on C.1. However,
when the estimator & ()\O) in (3.4) is employed, the contribution of the above ap-
proximation (Taylor expansion) to the bias of ml/? (64 ()\0) - a) is proportional
to

MYy (<A + 0 (M) +m Y wy (A +0 (A7) = O (m¥2n72).
p=1 p=1
Note that the latter holds true also for \° = {0,7}. So, the "symmetrized" estima-

tor ¢ (AO) would have a smaller bias order and thus it would have a faster rate of
convergence to o than & (A\°).

Theorem 3.4. Denote ®? =271 fol w? (z) dz and B = (0%/0X*log g (\°)) fol w?w (u) du.
Let X be an estimator of X that ’5\0 - /\O‘ = O, (k*?/n). Assuming C.1-C.4
with ky = n and k = n2, where 27/ (12 4+2) < v, < 8/15, 37,/2 < 7, <

min{f—llz, %}, 7 as in C.2, and C6 and C7, then

@ @m)*(@\) —a) SN (47?205/23/ (21/2hw) , 32 /hfu)

®)  (2m)? (a (XO) - a) 4N (471'265/23/ (21/2hw) ,<I>2/hfu) .

Remark 3.1. [t is worth mentioning that the results of Theorem 3.4 hold true
if the weight v (u) employed to estimate A\ were used in & ()\O). However, this
weight will not guarantee an asymptotic variance smaller than 1, as is the case with
the weight used in the Monte-Carlo. In fact, for the weight used in the Monte-
Carlo experiment, h;2®% ~ .70 which is smaller than the corresponding asymptotic
variance of other estimators of a suggested in the literature. Finally, the theorem

<0
indicates that although any preliminary estimator of A°, which satisfies ‘)\ - )\O‘ =

O, (kl/ 2 /n), is adequate for the results to follow, in practice it appears that one
may use that given in (2.4) for computational simplicity.

~0

Theorem 3.4 provides a consistent estimator of the asymptotic variance of A |
v0

i.e. ¥ in Corollary 3.3, by replacing o by & ()\ ) But more importantly, it indi-

v0
cates that the two-step estimator & ()\ ), apart from having the same asymptotic
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distribution as & ()\O), achieves the optimal semiparametric rate of convergence ob-
tained by Giraitis et al. (1997) when A = 0. So, asymptotically, there is no loss
by using /)\\O instead of \”. However to achieve the latter, as in other nonparamet-
ric estimates, & (5\0) will have a bias term of the same order of magnitude as the

standard deviation.

4. FINITE SAMPLE BEHAVIOUR

In this section we study via Monte-Carlo analysis the finite sample performance

~0 ~0
of the estimators A and & (/\ ) The models employed throughout the simulations
are

(1-L)z, = &, t=04+1,.., (4.1)
(1—2cos(r/2) L+ L)%z, = &, t=0+1,.., (4.2)

where {e;} is a zero mean sequence of iid Gaussian random variables. Model (4.1)
generates a pole at \° = 0 whereas model (4.2) does at A’ = 7/2. We have chosen
a =0.2,0.4,0.6 and 0.8. The autocorrelation functions of (4.1) and (4.2) are given
by
j—14+a/2 .
= 0. =1,2,..
p] j—Oé/2 ijh J s Ly

and
l—j—a/2

poy = oy Py pay =0, (G=1,2,.)

respectively, see for example Arteche and Robinson (2000). For each combination
of a and X’ 2500 replications of series of lengths n = 256 and 1024 were generated
by the method of Davies and Harte (1987).

~0 ~0
Also, we have compared the performance of A and & ()\ ) with the correspond-
ing estimators obtained using the popular, among practitioners, log-periodogram
=0
estimator of Robinson (1995a). That is, consider A = Ay = (27q) /n where

q=ar max « Ag), 4.3

4 gq:o,...,[n/z] £0G (Aq) (4.3)
k g

aroc (M) =— (2 d;logi| Y é;(ogljpg+logl,—;),  (4.4)
j=1 j=1

with ¢; = logj — k™! Zif:l log . Moreover, we have examined the behaviour of
the estimator aroq (XO) of o, where kK = m in (4.4). For the estimation of A9,
the chosen bandwidth parameters were, for n = 256 and 1024, k = 14 and 24
respectively, and k; = k%6loglog 2k, whereas for the two-step estimators & (XO)

~0
and Qroqg ()\ ) of o, we have chosen m = n/4 and m; = m%%loglog2m. The
weight functions used were 1 (u) = —u? 4 35u?° /6 — 29u? /6 4 2u3 logu and w (u) =
ul/3 — 9ul/? /8, respectively.

~0
Table 4.1 illustrates the bias and standard deviation of the estimators A , given

~0 ~0 ~0
n (2.4) and A in (4.3). More specifically, since A = (27q) /n and A = (27q) /n,
we have reported the bias and standard deviation of ¢ and ¢q. Table 4.2 summarizes

~0

the bias, standard deviation and mean square error of ¢ (/\ ) and & (AO). The

motivation to include & ()\O) is to investigate the relative loss we incur by lack of
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knowledge of A” in small samples. Recall that Theorem 3.4 indicates that asymptot-
ically there is no loss. Moreover, Table 4.2 illustrates the finite sample performance
of the corresponding estimators of o obtained using the log-periodogram estimator

n (4.4), that is &roc ()\O) and aroc (XO).
TABLES j.1 AND 4.2 ABOUT HERFE
Inspection of Table 4.1 indicates better performance of XO than XO across different
models and sample sizes, especially for o > 0.2. For example when o = 0.8,

~0 ~0
the finite sample performance of A is clearly superior to that of A , being this
superiority greater with the sample size. With regard to the estimators of the

~0
memory parameter «, we observe that the proposed two-step estimator & ()\ )

~0
outperforms arog ()\ ) and has better finite sample properties for all aw and \°. In

~ <0\ . . (0
some cases, the performance of ayog (A | is very poor compared to that of ¢& ()\ ) ,

especially for large values of . Finally, when comparing their performances with
the estimators obtained when the location of the pole A° is known, we observe

that the relative loss of efficiency of & (XO) is smaller than that of arog (XO).

Moreover, as Theorem 3.4 indicates, it appears that knowledge of A° is not relevant

to estimate o when & (XO) is used, although it seems not to be the case when
the log-periodogram is employed. Altogether, we can conclude that /)\\O and & (XO)
enjoy better finite sample properties than the corresponding ones based on XO and
droa (V).
5. AUXILIARY RESULTS AND PROOFS
We begin with the proof of Theorem 3.2.

5.1. Proof of Theorem 3.2. Let t = — [vk!/2]. We examine the case t > 0,
that for ¢ < 0 is similarly handled. First, since C.5 and Lemma 6.10 imply that
|y — hy| = O (k™*), we have by the definition of & (),) that

6 .
& (1/0/2) = 27tn? (zzﬁ? <t>> (1+0, (k7))
i=1

after observing that £, (t/k"/2) = ¢, (v), and where

k k
1) = —ad wlog(lp—tl, /p); & (1) = —a> v, log ((p+1) /p)
p=1 p=1
k rs o k
~(3) fP+$—t>‘\p—t|+ ~(4) (fs p— t)‘p-i-t)
&, = 1 — ] &, = P, 1 —_—
®) Z po8 fp+s>\a )= =1 vio8 JspAp
2;5) 1) = Zw log (fp+s tfp+s t> zk: (Ji_—ip—lﬂis—p—t>’
fp+sfp+s =1 fs—p s—p

where fp = (2k; +1) 7" Zf—_kl f(J+Z)I(j+2;és)+(s+1)l'(]+f sy and |g|, = max (|g|, 1).
We examine the behaviour of f ) (t), for ¢t = 1,...,6, in four proposmons Specif-

ically, Propositions 5.1 and 5.2 deal with the hmltlng bias of Z 1 f ( ), although
for the proof of Proposition 5.1, we will allow ¢ < pk for 0 < p < 1. Proposition
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~(5 ~(6
5.3 examines the finite dimensional limiting distribution of 551) t) + fi) (t) and
Proposition 5.4 its tightness. Propositions 5.1 to 5.4 imply Theorem 3.2.

15/2

Proposition 5.1. 551) (t) + fi) (t) = —1#//04% +0 (% + k3/2)-

Proof. We only examine ZS) (t), being Ef) (t) identically handled. Assume p < 1/2
first, so that 0 < ¢ < k/2. Then

¢ k

~(1)

& () =—ad dylog(lp—tl, /p)—a Y v,log((p—1)/p), (5.1)
p=1 p=t+1

whose first term on the right is O (k=2¢3) because |¢,| < Dp?/k? by C.5 and the

integrability of |u?log ((1 — w) /u)|. Next, the second term on the right of (5.1) is

2t k—t k
—a Y dylog((p—t) /k)—a Y (Vi — ) log (p/k)+a Y ¥, log(p/k).
p=t+1 p=t+1 p=k—t+1

Proceeding as with the first term on the right of (5.1), the first term of the last
displayed expression is O (k:_zt?’ log (k:/t)), whereas the last term is O (k=2¢3) by
Taylor expansion of ¢ (u) around v = 1, noting that C.5 implies that ¢ (1) = 0 and
that Z';:k_t_H llog (p/k)| = O (t*/k) by Taylor expansion of log (z) around z = 1.
Finally, the second term of the last displayed expression is

t k—t Oétz 1 k—t 5/2
/ 1!

—ap Y ot/ - 557 3 et/ +0 () 62
p=t+1 p=t+1

by integrability of |logu| and that 1" (u) is Lipchitz continuous of order 1/2 by
C.5. By Lemma 6.10 and C.5, the first term of (5.2) is

t k
—at/ Y (u) (logu) du+0( > % {Z—i— Z }|1/);10g(p/k:)’
p=1 p=k—t+1

— at/1¢(u) utdu+O (k™' (1 + %k~ log (k/1)))
0

noting that C.5 implies that ¢ (u) (log u)|é = 0 and |1/J;| < Dp/k and then pro-
ceeding as above. On the other hand, the second term of (5.2) is

—/

Eﬁ/w” 1ogu)du+0( <§>> w2£2+0(t3 @))

so that, because |k_1/2t1/2 log (k/t)| < D for 0 < t < k, we conclude that

/\(1) B 1 _1 ¢ 2 t t5/2
& (t)—at/o Y ()udu— ol Jro(kJrkg/2 .

Now, when 1/2 < p < 1, so that k/2 <t < k, the proof is identical since in this case
the left side of (5.1) is —« 22:1 ¥, log (It — ply /k)—a Z’;;i (pr — wp) log (p/k)+
et ZI;:kft 1Y, log (p/ k) Then proceed as above. Proceeding similarly, ES) (t) =
—at fol Y (u) u du — ol +O (% + ;2—//2) From here the conclusion is obvious.[]

Proposition 5.2. ES)) (t) +E7(14) (t)=o0(1).
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Proof. We only examine 2513) (1), /5\514) (t) is similar. By definition, /5\513) (t) is

2k,

= a, - Z Yyap — Z¢pgp, (5.3)
p=1

p=2k1+1

— -1 rs -1 ~
where ap = log <f(p+s)l—(p7é0)+(S+1)I(p:0)fp-‘rs) flog <f(p+s_t)l'(p?ét)_l,_(s_irl)l'(p:t)fp+8—t)

and g = 10g (A} f(p+s)2(p0)+(s+1)7(p=0)) — 108 (Aﬁo—tuf <p+s_t>I(p¢t)+<s+1)I(p:t))-

Since by C.1 and |)\O —Xs| S Z, D7 (ky/p)™ < AR fots < D (k1/p)” it implies
that, for p < 2k, |ap| = O (log (k1/p)) by Lemma 6.1. Note that a; = O (log k7).
Hence the absolute value of the first term of (5.3) is bounded by

21 P 13
D4, |log (k1) + D Z ’1/) llog( 1) :O(é) =o0(1)
p=1;p#t

by C.4 and because C.5 implies that Wp‘ < D (p/k)?. The absolute value of the
second term of (5.3) is bounded by

kl [log1/3 ]{21] k
D Z |¢pap| +D Z ‘¢pai’|
p=2k;+1 p=Fk1 [log/® ki | +1

E}logh,  th? k
= O( 1]:2g l—i—?(lﬁ-log(E))):o(l),

where for the first term on the left we have used that by Lemma 6.1 part (a), D~! <
< D and then C.5 and for the second term on the left that by Lemma

- 1‘ = O (p~2k?), which implies that ‘log (fp;lsf;ﬂ)

O (p~2k?) by the mean value theorem, and then Lemma 6.4 with v, = kj > log (fplls }’;,Jrs)

there.
To complete the proof, it remains to show that the third term of (5.3) is o (1).

k
By C.1, Y ¥,9p is

[T
6.1 part (a),

-1 7
p+s

k
> 0, (log (g (Apts)) —1og (9 (Aprs—t)) (5.4)
p=1
k
—a 30, (1og (Mprs = A A1) =10 (Pprs = A AL, ) -

p=1

Denote the first and second derivatives of log (g (M) by h (A) and &' (X), respectively.
The first term of (5.4) is
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where 6 (p) € (0,1), by C.4 and because Lemma 6.10 and C.5 imply that
k=L Sr_ 4, = O (k71), so that

k k

prh(AerS) = pr Ap+s) —h(Xs)) +O(1)

2m _
= N (\) prp +0 (Kn=2+1).
p:

Next, the second term of (5.4) is

—a {Z+ Z } (log ((Aps =A%) A1) —log (|)‘P*t+8 - )‘O‘+ Aﬁitu)) ’

=1 p=2t+1
The contribution due to Zp 1 is 0 (1) by C.5 and then C.4, whereas the contribution
due to Z,;:zt 41, by Taylor expansion of log (z), is

= (455) 2,0 G )

5 (25) 8 o)

p=2t+1
= O (tk 'logk) +O (k™" + tk~*log k:) =o(1)
where p (s — a) is an intermediate point between p—a and (p — a)+n (As — /\0) / (2m)
and then because n ‘/\0 - /\8| <m, !p*jwp| < Dk=J for j = 1,2, by C.5 and that
|p?p~2 (s)| + ‘(p — 1) p2(s— t)‘ < D. So, we conclude that

~ k
Similarly 5514) (t) = 4m2th’ (Xs) > pi,/n* 4+ o(1). From here the conclusion of the
p=1

proposition is obvious. O

~(5 ~(6
Proposition 5.3. The finite dimensional distributions of 551) (t) +§§l) (t) converge
to those of a mormal random variable.

Proof. By Wold device, it suffices to show that, for any finite { > 0,
~(6) d l
Z¢ ( +&, (z>>~N 0,5 Y ¢upjoiv; |,
i,j=1
where ¢; satisfies Zi_l lg;|> =1 and v; = limt'/kl/Q. Denoting f[lfg by Ge,

~(5)

én ( = _Z¢ log gp+s/gp+s t Z 7/) log 9p+s/gp+s t) (5-5)
p=1 p=2t+1
= byt + boy.

We begin by showing that b1; = o0, (1). In particular, we will show something
stronger than needed. That is, that for each € > 0 there exists ng such that

Pr{ sup |byg — big, | > 5} < DM3E=2e  og™ ke, (5.6)

11 <q<ts
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foralln>ngand 0 <t; <ty < [kl/zM]. Because ty < [kl/zM],

2[k1/2M]
sup |big —biy,| < 2 sup |log Gg+ Z |wp‘
t1<q<ty 0<|q|<2[k1/2 M| p—1

< D sup  [logGyes MO
og\q\gz[kWM]

since C.5 implies that Z;Zl |1bp‘ < Da?/k%. Then, by Markov’s inequality, the left
side of (5.6) is bounded by

DM3k~Y2:7'E sup [log gg+s| < DM3EY 2 og™ &y,
0<|q|<2[k1/2 M]

because Lemma 6.1 and the definition of fq+s imply that g,;s is bounded from
below by D~'n=" for some h > 1, and for x > D~ 'n~"

logz — (z —1)| < D (z — 1) logn, (5.7)
by C.4, |logn/logk;| < D, and that by Lemma 6.3 and C.4, for some 5 > 0,
D
El sup [Gogs—1"] < ——— 5.8
<q:|q|<2k1 s 1 ) log' ™ k1 58
D
E| sup [g44s—1"] < —. (5.9)
(q:2k1<q a k’fu

So, (5.6) holds true, which implies that bi; = o, (1).
Next, the second term on the right of (5.5), i.e. bg;. Denoting

k—t
bge = Z (%H - wp) log (Gp+s) » (5.10)
p=2t+1
we have that by, — bgg is
2t k
Z Vst 108 (Gp+s) — Z ¥y 10g (Gp+s) - (5.11)
p=t+1 p=k—t+1

Because by C.5, {fo:tﬂ [¥pie| + Zf,q:qﬂ |1bp+q|} < Dk=%(t* + ¢*) < DM3k~Y/2,
the first term of (5.11) satisfies that

2ty 2q DM3
Pr{ su log (7, - log (g, Sev < ——
{tl<qf<)t2 p;ﬁl Vptt, 108 (Gp+s) p:zq;rl Vp14108 (Ip+s) } = k2 log ky

(5.12)
by Markov’s inequality and (5.7) — (5.8), whereas the second term satisfies that

k k
R DM t2t1>
Pr su — lo >ep <
el 2 S e o (5

by (5.7) and (5.9) and because Z’;:quﬂ - Z';:kftlﬂ = Z';;,iiqﬂ and by C.5,

k— k— _ _
SUDY, <<ty Somiait | Vol < Spke, || < DE (8 —13) < DME™Y2 (8, — 1y).
So, (5.6), (5.12) and the last inequality imply that for any & > 0 there exists ng
such that for all n > ny,

~(5) ~(5) DM 9
P —b — ty) —b <— (M to —t1)).
a0 ) = (£ ) >} < g 00 2
(5.13)




~(5
Clearly (5.13) implies that SUD< 1< a[k1/2 M] ‘ﬁi) (t) — bgt‘ = 0, (1). Proceeding sim-

ilarly, we have that for any € > 0 there exists ng such that for all n > ng,

~(6) ~(6) DM )
ez, (6 0= 0) = (& 0000 )| > <} < g (a2 2=,

(5.14)

where
k
bar = Z (¢p—t - ¢p) log (gs—p) - (5.15)
p=3t+1
Next, we examine bs; and bst. Denoting 9, = g¢ — 1 and writing
_ k—t - K
by = Z (Vpre = ¥p) Iprss be = Z (Vp_t = ¥p) Vs—ps (5.16)
p=2t+1 p=3t+1

Lemma 6.5 implies that by, = by + t/k'/20, (1) and by, = by + t/k'/?0, (1), where
the op (1) is uniformly in ¢ < pk, for p < 1/3.

So, it remains to examine Zt and Zt. By Taylor expansion of 1,,,

k—t 1 t2 k—t
> ity 2 V(B0 )b (5D

p=2t+1 p 2t+1

where 6 =0 (t) € (0,1). The first term on the right of (5.17) is

k— 2k1 t le
/
A5 STNINA D DRI D F
p 2k1+1 p=2t+1 p=k—2k;+1

By Lemma 6.2, C.4 and C.5, the second term of the last displayed expression is
clearly thi/?/kO, (1 +EESTY AT (0 > 1/2)) = t/k'/?0, (1) where the o, (1) does

not depend on ¢ < pk. On the other hand, writing n; = fj]_lsljﬂ — 1, the first term
is

k—2k, w k—2kq Foii
Z Z Nptj T Z Z e 1 Mp+j-
Qk +1 k 2]{:1 + 1

p 2%k 41 j=—k p=2k1+1 G=—ky Jo+s
(5.18)

O (k1 /p*) by Lemma 6.1,

-1 7
- fp+sfp+s ==

Since ‘Eo_—klsfp-&-s - 1‘ = ﬁ_jsfp+s 1
|fp_+lsfp+j+s — 1’ < D%Jk%| by C.3, and by an obvious extension of Robinson
(1995b), E Z?:—kl cjnp+j‘ =0 (kim) for any |¢; =c(j/k1)|] < D, we obtain
that the first absolute moment of the second term of (5.18) is by C.5 and then C4,
th=1/20 (k’i/Qk’_l/z 22:1 || /p) = t/k"?0(1), where the o (1) does not depend

on t < pk.
On the other hand, after rearranging subindices, the first term of (5.18) is

k—2kq 2ky
Z e\ 2%, +1Z%+J
P 2k1+1
2k, k—k1 k—k1

t 1
+— > o, T +1Z¢+k1 +2 >, m;pw;%

P ki+1 p=k—2k1+1
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After standard calculations and routine application of Robinson’s (1995b) Theorem
2, the last two terms are t/kO, (ki/Q) =t/k'/20, (1) by C.4 and C.5, whereas the

first term of the last displayed expression is

k—2ky k—2k 2k

t t 1 1
T Z wzlnnp + Z 1/’;77;; o w;ﬂ -1
k p=2k1+1 k p=2k1+1 wp 2k + 1 Jj=1

Because ' (u) is continuous, C.5 implies that ¢, ; /1, — 1 as ki /p — 0, and hence
the expression inside the parenthesis converges to zero as p — co. So, by Toeplitz’s
lemma, we conclude that the last displayed expression, and therefore also the first
term of (5.17), is

¢ 1 ko2
k172 \ g1/2 Z 7/);;77;; +op (1)
p=2k1+1

Proceeding similarly as with the first term on the right of (5.17), the second term
of (5.17) is k=3/2¢2 (k_1/2 Sy (E+6%)m, +op (1)), so that

p=2k1+1
~ ‘ | k2k ;
b= |z 2 Yt O M +o ()], (5.19)
p=2k1+1

where the o, (1) and O, (1) are uniformly in ¢ < pk. Similarly, we obtain that

= ¢ (1 S t
by = w2 | w2 Z 1/1;,7]_1, + EOP (1) +0,(1) ], (5.20)
p=2ki+1

where the o, (1) and O, (1) are uniformly in ¢ < pk.
Thus, (5.13), (5.14), Lemma 6.5, (5.19) and (5.20) imply that, for ¢; < [Mk:l/z],

l l ~ ) l
S ¢ (fo) (t)+ & (m) =>4 (bti +bt,,)+ﬁop (1) SN {0,537 dijuiv;
i=1 1=1

ij=1

(5.21)
by Robinson’s (1995b) Theorem 2 and Toeplitz’s Lemma since ‘k’l S 11 (¢2)2 - c‘ =
o (1) by Lemma 6.10. O

s ~(5) ~(6) .
Proposition 5.4. £, (t) and &,," (t) are tight.
~(5 ~(5

Proof. Write ¢; = 5;) (t) — bst, where bz, is given in (5.10). To show that 57(1) (t)
is tight it suffices to show that ¢; and b3; are tight. Since the finite dimensional

distributions of ¢; converge to zero, cf. (5.13), Billingsley’s (1968) Theorem 15.4
implies that ¢; is tight if for each € > 0 and v > 0 there exists a 0 € (0, 1) such that

Pr{d" (c;,0) > e} <v (5.22)
holds for all n > ng, where
9" (ct,8) = supmin {|c; — ¢y, |, |er, — e},

and the supremum is over t1, ¢, and to satisfying ¢ <t <9 withto—t; < 9§ [kl/zM]
and 6 € (0,1). Observe that we can assume k=12 < [to/kY2 M| — [t,/kY2M]. If
[tg/k’l/zM] - [tl/k’l/zM] < k=2 then either t; and ¢ lie in the same subinterval
[(p—1)/M,p/M) or else t and t5 do; in either of these cases the left side of (5.22)
vanishes.
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Inequalities (14.9) and (14.46) in Billingsley (1968) imply that (5.22) holds if
Pr{d(c;,0) > e} <v,
for some 0 < § < 1, where

9 (e, 0) = sup lee — ¢y -
[(t—v)/(KL/2M)| <6

(Observe that as ¢; converges in probability to zero, which has continuous paths,
the Skorohod’s metric can be replaced by the uniform topology.) By the Corollary
of Billingsley’s (1968) Theorem 8.3, it suffices to show that

ZPr{ sup ey — ¢, | >a/3} <v (5.23)
i=1

ti—1<v<t;

where 2716 < [KY/2M] 7 (t; —tii1) < S and 0 =ty < #y < ... < t, = [K/2M].
But this is the case since by (5.13),

DM36
eloghky’

Pr{ sup |cv—cti1|>a/3}<

ti—1<v<t;
Now choose ng such that DM3 = log™' k; < v since r < 2 [571] to obtain (5.23).

~(6
Proceeding similarly, but using (5.14) instead of (5.13), 57(1) (t) — bay is also tight.
Next, we show the tightness condition for bs;, the proof for by; is similar and it

is omitted. Consider ¢t < g. Then, b, — b3, is

k—t k—q
Z (Ypre — 1p) 108 Gpss — Z (Vpsqg — Vp) 108 Gpss (5.24)
p=2t+1 p=2q+1
2q k—t k—q
= Z + Z (wp+t - ¢p> log gp+s + Z (wp+t - ¢p+q) log Gp+ -
p=2t+1 p=k—q+1 p=2q+1

The first term on the right of (5.24) is tight as we now show. Because by C.5,

2q k—t
Ve — ¥, | < DE't, 1+ 11 <3(qg—1),
p+ P

p=2t+1 p=k—q+1

abbreviating the first term on the right of (5.24) by (, ,, we obtain that

T T
ti —ti_ N DM
ZPr{ sup (tlyth‘ > 5} < ZPr {DlT/gl sup [log Gpts| > E} <
i=1 i=1

ti_1<q<t; p=2t+1,....k elog ky

by Markov’s inequality and (5.7) — (5.8) with p = 1 there. Then, choose ngy such
that DMe~'log™' ki < v to complete.
Next, Taylor expansion implies that the second term on the right of (5.24) is

k— k—
tog i s logGprs + = (L1 2 Zq Uy 1og Gpr (5.25)
k' p+t pTs 2 k. p+£ pTs»

p=2q+1 p=2q+1
where /£ is an intermediate point between t and q.

The second term of (5.25) is tight as we now show. Proceeding as with the proof
of tightness of ¢;, it suffices to show that for all ¥ and € > 0 there exists ng such

that
ZPr{ sup > 6} <v
i=1

k—q

—ti\’ .
(qT1> Z |¥y 40108 Gps|

ti—1<q<t; p=2q+1
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for all n > ng and 0 < to < ... < ¢, < [kY/2M]. But by (5.7) — (5.8) and that
|¢" (u)’ < D by C.5, the left side of the last displayed inequality is bounded by

De™ 'k og ™ kY (ti — tic1)” < DMPelog T kY 67 <w

i=1 i=1

since r < 2 [571] and 271§ < [kl/zM]_l (t; —ti—1) <.

To finish the proof it remains to examine the first term of (5.25), denoted by
dy 4. Since from the proof of Proposition 5.3, the finite-dimensional distributions of
dq 4 converge to those of the limiting Gaussian process which has continuous paths,
by Billingsley’s (1968) Theorem 15.4, it implies that it suffices to check that

Pr {19” (dt,q,6) > 5} <v

for some n > ng. Now by Billingsley’s (1968) Theorem 15.6, it suffices to check the
moment condition

B
t—ov|"?
E|dy 4dq,|"* < D ‘_kl/Q (5.26)
for t < ¢ <wv and some $; > 0 and 55 > 1. Write
g—t)
dig = (T) Z Vit Gpts — 1) (5.27)

p=2g+1
qft 3k1 k—q
(L)X X (=G lox).
p=2q+1 p=3ki1+1

Using (5.7), the first absolute moment of the second term on the right of (5.27)
is bounded by

3kq k—q
q— ~ 2
D‘T ognd S 4+ S S| B —1)
p=2q+1 p=3k;+1
k3« 1
< Dj|g—t|logn (?I(a >1/2)+ k_1>
_g|'t¢ E+1)/2 p2ap(+6)/2 —q|**¢
t—gq k ki%k t—gq
< D‘kl/Q logn< T + 2 I(a21/2)> gD‘kl/Q

for some 0 < ¢ < 3(1 — ) by Lemma 6.2 and observing that 22112q+1 || <
Dk3k=* = o (k'/?) by C.4 and C.5. So, the second term on the right of (5.27)
satisfies (5.26) which follows by the Causchy-Schwarz inequality choosing 8; = 1/2

and 8, = 1+¢, and that (¢ —1t) (v —¢q) < (v — t)2. Finally, proceeding as with the
2

proof of by given in (5.19),
2
q—t
<0 (%)

which implies that the first term on the right of (5.27) satisfies (5.26) choosing
B, =1 and 8, = 2, and noting that (¢ — ) (v — ¢) < (v — t)*. So, we conclude that
b3 is tight. Proceeding similarly by is also tight, which completes the proof. [

g1\
E <T> Z ¢;+t (§p+s_1)

p=2q+1
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5.2. Proof of Corollary 3.3. (a) By Theorem 3.2, /'g:n (v) weakly ¢ (v)in D[-M, M]
for any arbitrary M > 0. Next, since the limiting Gaussian process £ (v) has con-
tinuous paths, i.e. it belongs to C [—M, M|, the Skorohod’s metric can be replaced
by the uniform topology. On the other hand, by Eddy (1980), the argmazimum
is a continuous functional in the set of parabolas with fixed second derivatives in
C[—M, M]. So, by Van der Vaart and Wellner’s (1996) Theorem 3.2.2., we obtain
that

Up = arg maxgn (v) <, argmax¢ (v) = V",
% %
where v* = UY/2X and X = N(0,1). Observe that Theorem 3.1 shows that
Pr{|0,| < L} > 1— ¢ for n sufficiently large. This together with problem 1.3.9 in
Van der Vaart and Wellner (1996, p.27) implies that U, is uniformly tight.

But by construction, /)\\O =X 4t (27rk1/2) Ty +0 (n71), ie. (3.2), and hence
-1 .
(2ek12) 0 (X = X0) =5+ 0 (K71/2) Lo = w2

(b) As in (a), the limit process is £ (v), where from the definition of XO, v > 0.
Thus, if X takes a positive value, the restriction v > 0 is not binding and the
maximum of £ (v) is achieved at v*. However, when X takes a negative value,
the restriction is binding and thus the maximum is at v = 0 due to the parabolic
structure of & (v).

(¢) The proof is identical to part (b) once the wording positive (negative) is
replaced by negative (positive). O

5.3. Proof of Theorem 3.1. Similarly to the proof of Theorem 3.2, it suffices to
show the theorem with h, replaced by h,. With that replacement and recalling

that g, = f_lﬁ,, a (Aq) becomes
h 1
ok Zw (log gp+q +108Gg—p) (5.28)
p=1

O . ot E -
s Z U108 (N pgmal Fova) + 5 D ¥ 108 (Mypoaf, Fams)
— p=1

—a—z (log 27r\p+q—s|+/n)+log(27r\q p—s|+/n))
p:

Because (5.7) —(5.9) imply that sup,—q . 1,/2) [log ge| = op (1), we then have that,
uniformly in g, the first term of (5.28) converges to zero in probability. Next, the sec-
ond term of (5.28). (Recall that 0 < ¢ < [n/2].) If ¢ < max {0, s — [k1 logk,] — k}
or s+ [k:1 log k1] < g, this is

Jo+q 9(Ag) )‘g q—s
2k Z¢ {1 % (fpiq> s (QO‘PJrq)) *los (P‘p-&-:_ )‘O|a> } " 0(1)
(5.29)

because Lemma 6.10 and C.5 imply that k! 2221 Y, = O (k:_l) and by C.1,

fr = ‘/\p - /\0|7ag()\p). But by Lemma 6.1 part (a) and Taylor expansion of
log (#) around z = 1, (5.29) is bounded in absolute value by

2 k o 9(Ag) ki alo M 0
kzwp‘<1g(9(>‘p+q)>'+|Q+p_32+ 1g<|)‘1’+‘1_>‘0’>>+ W
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The contribution due to the second term inside the brackets is easily shown to be
o(1), as is the contribution due to the third term by Taylor expansion and that
n P‘S — >\0| < 7. Finally, by the mean value theorem, the first term inside the
brackets is bounded by

D<A p k
EZEWA:O(E)’

p=1

because by C.1, g()) is continuously differentiable. Next, when s — [k;log k] <
q < s+ [k1log k], the second term of (5.28) is also o (1), since there are at most
O ([k11og k1]) terms such that [p+ ¢ —s| < [k1logki] and hence by Lemma 6.1,
D~ 1logk; < log (fp+q {)‘Ioz:-i-q—su + fp__i_lq}) < D whereas for the remaining ones
|p 4+ g — s| > [k1log k1], so that proceeding as before, it will be o (1) by C.4. Thus,
we conclude that the second term of (5.28) in this region is O (k™'k1 log ky)+o (1) =
o(1) by C.4. Similarly when max{0,s — [k1logki] — k} < ¢ < s — [k1 log k1] we
obtain that the second term of (5.28) is also o (1). Proceeding as with the proof of
the second term of (5.28), it follows that the third term of (5.28) is o (1) uniformly
in q.
Using fol ¥ (z) dz = 0 and Lemma 6.10, we conclude that

~ 1 1
sup & (Aq) - §5+,n ()‘q) - 55—,71 (Aq) = Op (1)
0<g<[n/2]

where 04 , (Ag) = —ozh;lk:_l 2221 ¢, log (Ip+q — s, /k) and

On (Ag) = —ahy k1 550y log (g = p = sl /h).
We now examine the properties of 64 ., (Aq), those of 6_ 5, (A\q) are handled sim-
ilarly. First by Lemma 6.10,

5m () — = —a—t zk: (wp log (%) + hw) —0 (k).

p=1

Now, for arbitrarily small p > 0, sup,-1j<|q_s| 0+,n (Ag) < Dp since by Taylor
expansion,

sup |log (\q—s|+) —log (\ip+q—s|+)’ < Dp.
p=1k<|g—s|

Next, by Proposition 5.1, Sup,_s <, 0+.n (Ag) = < —=Dp?, whereas since 64, (Ag)
is a nonincreasing function in |g — s|, SUpP k<|g—sj<p-1% 04+.n (Ag) — @ < —Dp?.
Therefore, writing Ay, (t) = a(As + (27t) /n), we conclude that

Pr ( sup (Kn (t) — An (0)) > 0) — 0,

[t|>pk

~0
ie. A is a consistent estimator of \°. Thus, to complete the proof of the theorem,
it suffices to show that for any € > 0, there exists L > 0 such that

Pr ( sup (Kn (t) — A, (0)) > o) <e. (5.30)

pk>|t|>kY/2T
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By Theorem 3.2, cf. Propositions 5.1 to 5.3,
k /~ -~ _,,tozh;1 t 1/2 1/~ =
1 ~ 1
+ (bSt - bt) n (5n (t) — b3t>
1 = 1 [~(6)
+E (b4t - bt) + 3 <fn (t) — b4t> .

By Proposition 5.3, cf. (5.19) and (5.20), and Lemma 6.9,

~ k|t

1/~ = 1 1 1

“ b+l )| =5 75 > U 2Ly — 1) +0,(1)| =0, (775
|t8\213k t < ' t)‘ k12 |t8\1£k k2 p=1t| v @rless =D (1) ’ (kW)

since by C.5, ¢’ (u) is continuous, so that supj; ‘k_l/z Zk l':“ Y, (2L pys — 1)‘ =

O, (1) by Lemma 6.7, and thence by Lemma 6.5,

% <Zt +§t> +% (bgt th) +% <b4t i)’ ~0, (lfl/?) . (5.31)

k,ngl)ﬁ < k12 < k§r+1)6

sup
|t|<pk

By C.4, there exists a finite positive integer r such that
Consider first the case Qk}'”ﬁ < k. Then, the left side of (5.30) is bounded by

zr: Pr sup (Kn () — A (0)) >0 (5.32)
<

Ly Lok t
<e 1>5>‘t|> il

I (3 () = R0 () > 0 +Pr< sup %(Kn (1)~ 8. (0) >o>,

Leb>1e)>2k, L 2k L>|t|>k'/2L
ky

where Lo = p, Ly > 0 for £ > 1 and L > 0. Since hqllo@“ > 0and A, (t) —An (0) >
0, the third term of (5.32) is bounded by
} <e

Pr{ |0 L W
PAR2loghks kP12

for L large enough, by Lemma 6.8 part (b) and (5.31), and because C.5 implies

that k2k~3/2 = o(1), and k2% % = k12178 (kk?*”ﬁ) = O(1). Next, the

second term of (5.32) is bounded by

— t
«@ ‘1# ‘ inf Tz

2k L>|t|>k1/2L

inf
7 >t >2Lk;

Pr

<e

L/k

k1

k 1 E1/2 —
(@) + + =0,(1) >« ’w
p <k§r+1)ﬂ+1 k{ﬁ log k1 k1 >‘ p( )

for L large enough, by Lemma 6.8 part (a), (5.31) and that k'/2 = o (ky), k'/2 <
B8 and C.4.
Finally, the first term of (5.32), whose typical element is, proceeding as before,
bounded by
r kP klogk: K2

Pr A <eg

=0,(1) >« ‘EN‘ inf

Ly_1k Lyk
=1 > lt1> 25
k1 1
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17 klﬁ+1

because kﬁll/—Q < 7R =0 (kilkfﬂﬂ) =o0(1) by C.4 and that ¢ < r.

Next, consider the case k < Qk} *78 1In this case, let 7 be the biggest integer such

that 2k}+m <k< k%“ﬁ but k < kﬁ(ﬂl)ﬁ . The proof now proceed identically as
in the previous case, but now the sum of the first term of (5.32) runs from ¢ =1 to
7. Note that if & < 21{:}'%, so that r = 1, then the left side of (5.30) is bounded by

Pr ( sup k (Kn (t) — An (0)) > 0) +Pr ( sup % (/AXn (t) — A, (0)) > 0) ,

pk>|t|>2Lk: ¢ 2Lk >|t|>k1/2T

and then proceed as in the proof of the second and third terms of (5.32), since
C.4 implies that &k} = o (k:z), and recalling that now k& < Qkiﬂa, we have that
ki PE=1/2 = 0(1) by C.4. O

5.4. Proof of Theorem 3.4. We begin with part (a). Observing that C.7 implies
that ’hw — hw’ =0 (m_l) and m~! Z;”:l wp = O (m_l) by Lemma 6.10, the
behaviour of (2m)1/ 2 (& (Xs) — @) is governed by that of

7}%1 iw 1og (Gp1s9s—p) + 7}%1 iw log (‘E’J”s —f:_p>
P p+sYs—p P — —
(2m)'? = (2m)'? A A

_(27"”2& (% iwﬁ log (%) n hw) , (5.33)

Recall that ﬁ,‘lfp = gp. By Lemma 6.10, the last term of (5.33) is o(1). Denoting
mj = [milogm4], the second term of (5.33) is

hy' o ﬁ-ks J?s—p . J?p+s J?s—p
(2m)1/2 pr log ()\a o + Z wy log o o . (5.34)
P p P p

p=1 p:merl

Next, because by Lemma 6.1, D~! < )\ﬁ‘hfsip < D for |p| < 2m}, we have that
the first term of (5.34) is O (m*1/2 log (m1) Z:ﬁl \wp|) =0 (7ni+<m*(2<“)/2 log'™¢ (ml)) =

0 (1) by C.6 and C.7 since ¢ > 1/3. Denoting g (A,) = gp, the second term of (5.34)
is

he! fots foe he' <
_w Z wplog (fp+ f. p>+( Z wy 10g (gp+sGs—p)

1/2 1/2
(2m)'* 51 fots fap am)'? L=
ahyt i

e S (o (4 P A= ) 1og (457 A - 2 - A,]))
(2m) p=mji+1

Because, for |p| > 2m?, Lemma 6.1 part (a) implies that D=1 < m; ?p? ‘fp_-rlsfp—s-s - 1‘ <

D, we obtain by the mean value theorem that log f, jsﬁ,ﬁ =0 (m%p_z) and so

the first term of the last displayed expression is bounded in absolute value by

Dm? i _ _
et U Z |wp| p 2:O(m}+<m (2c+1)/2)7

1/2
(Qm) / p=mji—+1

whereas the second term is 472Bc¢®/2/ (21/2h,,) + O (m~1/2) because

1 ” 9 Ar2 B/ 1
wplog (gptsGs—p) = ——— wy log (gs)+ —l—O( >
(Qm)l/z p_;fﬂ P p+s9s—p (2m)1/2 ; P s 21/2p,, ml/2
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by C.6 and Taylor expansion of log (¢gy+s) and log (gs—p) around log (gs) and that
by Lemma 6.10 and C.7, Z;n:l w, = O(1). So, the second term of (5.33) is
4m2Bc®/? ] (21/2hy,) + o (1). Finally, proceeding as with the second term of (5.4),
the third term is easily shown to be bounded by Dm=/2 Y |w,|p~' = o(1).

Denoting ¥, = g,—1, and proceeding as with the proof of Lemma 6.5, to complete
the proof of the theorem, it suffices to show that

m

h' d _
G 3wy (Opis +0emy) L N (0,h,702) (5.35)
p=1

(2773)1/2 {Zl + Z } wy (V24 +97_,) Zo. (5.36)

p=1 p=2m1+1

We begin with (5.36). By Lemma 6.2 part (b), the first moment of the first sum
inside the braces on the left of (5.36) is o (m*1/2 212211 |wp\) =0 (m}“m*@f“)/z) =
o (1) by C.7 and C.6 since ¢ > 1/3, whereas the contribution due to the second sum
inside the braces on the left of (5.36) is O, (mj 'm!/?) = o, (1) by Lemma 6.2 part
(a), C.6 and Markov’s inequality. So, it remains to show (5.35), whose left side is

h71 2m1 m

%/2 (Z Wp (79p+s + q98—1)) + Z Wp (ﬁp-&-s + 79s—p)> : (5.37)
(2m) p=1 p=2mi+1

Because Lemma 6.2 part (b) implies that E || = o(1) for |b—s| < 2my, the

first term of (5.37) is o, (m%+cm_(24+1)/2) = 0, (1) by C.7, C.6 and Markov’s

inequality. But proceeding as in the proof of Proposition 5.3, cf. (5.21), the second
term of (5.37) converges in distribution to A (0, hy,?®?), which completes the proof
of part (a).

Part (b). Dropping the constant h,, and (2m)_1/ ?_ it suffices to show that

m

S wp {108 (Gps—t/Tp+s) +108 (Gp-1/Gs—p)} = 0 (m"/?) (5.39)

p=1
holds true uniformly in |¢| < [k:l/zM] =0 (ml/z). We only examine the contribu-
tion due to the first term on the left of (5.38), the contribution due to the second
term follows by identical steps. The first term on the left of (5.38) is

2t

> w108 (Gprs—t/Gprs) + Y wplog (Gprs—t/Tprs) - (5.39)
p=1 p=2t+1

Using (5.7) — (5.9) and Markov’s inequality, the first term of (5.39) is, uniformly

: (272 0] 1/2 :
int, o, (>0 lwp| | = o, (m'/?) by C.6. Next, the second term of (5.39) is

2t m m—t
Z Wp+t 10g Gpts — Z wp log gp+s + Z (Wptt — wp) 10g Gpis-
p=t+1 p=m—t+1 p=2t+1

By (5.7) — (5.9), the first two terms of the last displayed expression, uniformly in
t, are o, (kl/Q) = 0p (ml/Q) by C.6. Finally, the third term on the last displayed
expression.

Let ), = gp—1. Since by Lemma 6.3 and Markov’s inequality, sup,_; 1,2 [9p| =
op (1), except in a set €, such that lim, .. Pr{Q,} = 0, it implies that log g,+s =
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Dpts — 2_119]23+$ (140, (1)) by Taylor expansion. So, the third term of the last
displayed expression is

2mq m—t
{ Z Z } (Wptt — wp) Vpys + D Z ‘prrt_wpw?ers (1+0,(1)).

p=2mi1+1 p=2t+1 p=2t+1
(5.40)

Since C.7 implies that |wpi¢ —w,| < D (t/m)°, we have that

m—t
2
sup Z ‘wp+t_wp‘ﬁp+s < D sup ( ) Z ﬁp+s
t<[k1/2M] [p=2i11 t<[k1/2M] p=2m,+1
2m1
+ sup Z wpﬁf,+s.
t<[k1/2M] | p=2t+1

But by Lemma 6.2, E |19p+s|2 =0 (mfl) if |p| > 2m;, whereas Lemma 6.3 implies
that sup,—1 . jn/9 19?,+S = 0, (1). Hence, by Markov’s inequality, C.6 and C.7, the

third term of (5.40) is o, (kC/zml_C/szl + m_gmﬁg) = o, (m!/?). Proceeding
similarly and in view of C.7, the second term of (5.40) is o, (mi/2 (kl/z/m)c) =

op (ml/z). So, denoting b; = Z;’;ﬁnlﬂ (Wptt — wp) Vpts, that is the first term of
(5.40), to complete the proof we need to show that

SUPy<[1/2 M [be] = SUPg=1,...,[Mr1/4] SUP (g 1)kt /4 <t<qh?/4 [be| is 0p (m'/?). Now, by
the triangle inequality, sup, <[k1/2M] |b¢| is bounded by

m—t
sup sup Z (Wptt — Wy gri/2) Vpgs (5.41)
q=1,...,[MEL/4] (q=1)k1/4<t<qk/* | )5 11

+ sup sup
q=1,...,[MkL/4] (¢— 1)k1/4<t<qk1/4

{ > - ¥ } Wy gt — Wp) Vs

p=2mi+1 p=m—t+1

Because (sup; ;) = sup; |c; " < 37, |ej|" for > 0, the second moment of the
second term of (5.41) is bounded by

[ME/4) m 2 [MKY?] m 2
Z E Z (wp+qk1/4 — 'LUP) 19p+s + Z FE Z (wp+qk1/4 - wp) ’l9p+3
q=1 p=2mi1+1 =1 p=m—~_L+1

[ME/4] [ME/?] 1/4
qk / ECtH1/4
g=1

proceeding as with the proof of (5.16) and noting that C.7 implies that ‘ (m/p)* wp‘ <

D, and ‘(m/ (qkl/‘l))C (wp+qk1/4 — wp)‘ < D with ¢ > 1/3. The second moment of
the first term of (5.41) is bounded by

[Mkl/ﬂ qk'/4 m—t 2
E E E E ('wp+t - wp+qk1/4) "‘91"’1‘5
q=1 t=(g—1)k1/44+1 |p=2m1+1
4/2 [ME/4] gk /4 m—t 2
*
E E E E wp,t0p+8
g=1 t=(g—1)k/44+1 Ip=2m1+1




where |'w;’t| = ‘(m/k,’l/‘l)< (wpﬂ — wp+qk1/4) < D by C.7. Now proceeding as with
the proof of (5.16), the right side of the last displayed equation is O (ml_zck(l"‘o/z) =

o(m) since ¢ > 1/3 and k = o (m) by C.6. Using Markov’s inequality we conclude
that (5.41) is o, (ml/z) and the proof. O
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6. TECHNICAL LEMMAS
From now on }_; denotes Z?;—kl and k;n~! — 0.

Lemma 6.1. Let f;, be as defined in the proof of Theorem 3.2. Then,
D' < ff, <D
a p — s| > 2k;.
(« { (5 F-1) =0 (/o) P77
(b)) D™ <\ f, <D if [p—s| < 2k.

Proof. First observe that by definition of }’;, fljlfp = (2k + 1)_1 > f;lfj+p. We
J

begin with (a). We first show that D~! < (2k, + 1) > [, ' fi4p < D. Because
J

|A° — | < I, D71 < ‘1 + 20| < D, for |j| < k1, so that C.1 implies that

27 (j+p—s)
_q [k1/2]
D! p—s fj-i-p
k1 j%:/4]j+ps 2k1+12 ZjerfS
— 1

But |p — s| > 2k; and |j] < k; imply that 2/3 < |(p—3s)/(j +p—s)| < 2. From
here the conclusion is standard since @ > 0, we conclude the first part of (a). Next,
we show the second part of (a). By Taylor expansion of f;1,, the left side is

1 @en)if, @n)?2 (Y D j 2
2k1+1zj:{ n f_p+ 2n2 fp }<k_12j:(ps+§j> (1+0(1))

where X = X(p+dj) is an intermediate point between A, and A,;; and § =
6(j) € (0,1), by C.1 and that f, ' f (X) is bounded. The conclusion follows since
lp—s+0j] = |p—s| —[0j] > |[p— 5[ /2.

(b) It is immediate since by C.1, f(j1p)z(j+pzs) = D)‘Igipfsu (14+0(1)) and
ALOAR, = o(k1). O

Lemma 6.2. Denote p (k1) = O (k’flm) +O (KX )T (a>1/2)I(]p—s| < 2ki).
Then,

E‘ﬁ*lf;,q‘:go(kl) and ( ’f 1fp71‘7 (k1) .
Proof. We begin with (a). fflf;, —1is

)7 Y oy (2 1) @ 0 = fe) T ol < ),
J+p#s Jj+p
(6.1)
In view of Propositions A.1 and A.2 of Hidalgo and Robinson (2002) and Lemma
6.1, the first term of (6.1) is ¢ (k1), whereas the second term of (6.1) is also ¢ (k1)
by Lemma 6.1 part (b) and that E (n=%I;) < D.

To show part (b), it suffices to examine fp_l ( o — fp) which is by definition

B (= R)T (<o) = ((Frn - )(ﬁlf“))z(f”m(lgz’)

By Cauchy-Schwarz inequality, the second moment of the right side of (6.2) is
bounded by

°2F (ﬁjlf;, - 1)2 +2 (ﬁ;lml - 1)2 E (I (f;g < n*l)) <DE (fglf;, - 1)2,
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using that E (I (fp < n_l)) is
R A A M U A e s )

because by Lemma 6.1, ﬁ_ln_l — 1 < =D for n large enough. Now use part (a)
and Markov’s inequality to conclude. O

Lemma 6.3. Let 2k < v <u < [n/2] and p=0,1,...,[n/2]. Denoting ¢ (v,u) =
max(u—v R — -
0] (—k((ﬂfz)’g}z ) and ¢ (k) = O (log™" ! k),
1

(@) E (supp | p—s|<2k; f (fp fp)‘ ) = (k1)
E (8uPp.gk, <|p—s|=v+1,....u fp fp fp )‘ = (v,u)
o) Esup,,,_j<on, | f; " (fp fp)’ = o (k1)

E SUPp.2k; <|p—s|=v+1,...,u

b -5)|=veuw.

Proof. For notational simplicity, we shall take s = 0. We begin with part (a).
From Hidalgo and Robinson’s (2002) Proposition A.1, it suffices to examine the be-

haviour of f;jl ( f,—E fp) On the other hand, Hidalgo and Robinson’s (2002)
Proposition A.3 parts (a,b) imply that it suffices to examine the behaviour of

fp_l (fezn - Ef's,p), where

. 1
fa,p = m ;fjerIa,jer

and I. , = I. (\p) is the periodogram of {e;},;_,. We examine
Sy si1,.u [ Byt (Fop = Bfop) | only, that of sup,_y_op, |51 (Fop = Bop) | s

similarly handled. Because sup; |a;| = (sup; |aj|T)1/T, the 7th power of

Supp:v+1,...,u

;*1 (flayp - Efgp)‘ is, except constants,

T

1
EYE ) ; 2m) I jyp — 1
P:vs-::llI,)...,u 2k +1 zj:(/)Jer,p ((2m) €J+p )|

where ¢; = ]ﬂ";jl f;. The last displayed expression is bounded by
1
271 — : 2m) I jyp — 1) — ¢, 2m) I j4p — 1
Sgpsgp ey + 1 zj:(¢]+p,p ((2m) e,j+p ) ¢j+b,p ((2m) e,j+b ))

T

_ 1
+27 "L sup sup U1 E Bjipp (27) L jip — 1) (6.3)
a p -
J

where sup, and sup,, denote SUD, 1y /7 kT and sup p1+b—k1/7 b TESPEC-

tively, and b = qki/T.
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After the change of indices j = 5/ — k1, the second term of (6.3) is bounded by

T

2k;—1 J
DS ey D2 (s~ Gysrnioing) 2 (G0 Lsota =1
I i
D e 2m) I jyp—hy — 1 6.4
D SUPSUP |y | 2k1+1§0(( ™) Lo bk = 1)| (6.4)

by Abel summation by parts. On the other hand, by C.1 and C.3,

|Bs bty p = Piabsiip] < D P(G+b—k) “no

p “ -1
D|——— +b—k ,
<y+b—k1> (j 1)

since by Lemma 6.1 part (a) D™ < ‘fp_lfp‘ < D. So, using that sup; |a;]” <

> laj|", by Holder’s inequality and that D~ < ‘¢b+k1,p| < D by Lemma 6.1 part
(a), we obtain that the first moment of (6.4) is bounded by

IN

1
D u/lﬁ/T 2k1

T
p . _ -7
1 E E sup(ijerkl) (j+b—k) " E

q:1+v/k}/7 J=0

J
Z ((27) Le asb—k,
a=0

u/ky!" L T
+D > E me%IE:(@W)kJ+M%1*1)
q=1+v/k’" J=0

which, because (27) EI, j1, = 1 and proceeding as in the proof of Brillinger’s (1981)
Theorem 7.4.4, is bounded by

u/ky!™ ro 2k, /2
b 1 (.7 + 1) —7/2
by () i e
b—k 2k i+b—k
v 1 1550 (J+ 1)
u/ki/‘r /2 /2
1 1 max (u — v, ki)
<0 3 ()7 (E)7) oty
a=1+v/k;/" 1

because a < 1, b <2(b—k1), ¢ > 1+ v/ki/T and b = qk’i/T. Thus, we conclude
that the second term of (6.3) is O (max (u—v,k1) /kI/HI/T).
Next, we examine the first term of (6.3). Because

2kq
Ap,ky = Z (¢j+p—k1,p ((271-) IEyj+P—k1 - 1) - ¢j+b—k1,p ((271-) IEyj+b—k1 - 1))

7=0
has at most k%/ " terms, and because (27) El. j+, = 1 and proceeding as in the

proof of Brillinger’s (1981) Theorem 7.4.4, its 7th moment is bounded by k}/z, SO
that the expectation of the first term of (6.3) is bounded by

u/ky/” b

1/2—1 U—v

D E: E: ky =% <k7/2+1/‘r> ’
q:l—&-v/k}/T p:l—i—b—ki/‘r 1

because 7 > 2. This completes the proof of part (a).

_1)
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To show part (b), denoting a, = fp_ln_l — 1 and using (6.2), it suffices to
examine

sup |ap| Z (fp < n_l) <DsupT (ﬁ_lﬂ, -1< ap) .
P P

But the expectation of the right side is bounded by

DET <sup ‘fp_lfp - 1’ > min ap|> = DPr {sup ‘fp_lfp - 1‘ > min ap|}
P p P p
< D<minap> E<sup‘f;1f'p1‘>
p p
< D(p(k1)Z(p<2k1)+1(v,u) T (p > 2k1))
by Markov’s inequality and because (supp |cp\)7 = sup,, [¢p|". O

Lemma 6.4. Let h(u) be a twice continuously differentiable function in (0,1) such
that h(0) = B (0) = h(1) = 0 where h' (u) = “Lh(u). Consider a sequence {v;}
such that |j2Vj| < D for all j. Then, for a > 2t, and denoting g =p —t+1,

P 2
—o(Lioe(Py L 41
PRI 0=0(go(B)+ s ). 09
Proof. The left side of (6.5) is
P
> hG/p)vi— Z h((G+1) /p)v; + Z h(i/p) —h((F+1) /) v;
Jj=p—t+1 j=a—t+1 j=a+1

(6.6)
Since the first derivative of h (u) is continuous and h (1) = 0, from the mean value
theorem it follows that the absolute value of the first term of (6.6) is bounded by

D Z p=3)/pllvi| =0 (#/ (pp—t+17)) =0 (r'a7),

=p—t+1

using | j2Vj| < D. The absolute value of the second term of (6.6) is bounded by

j+t t
0 5 (5 o3,
j=a—t+1

since b (0) = b/ (0) = 0 and |j?v;| < D, whereas the absolute value of the third

term of (6.6) is bounded by
v;| =0 1, (E)
vi| = o og (3

h’(i>+3h”< +&- )
p) P

by Taylor expansion of b’ (z) and using that A’ (0) = 0, where { = £ (j) € (0,1). O

¢t Pt
D]—g Z

j=a+1

Lemma 6.5. Let by, b, bse and bys be given in (5.16), (5.10) and (5.15) respectively.
Then, for p < 1/3,
=0p (k:_l/z) .

Proof. We only examine part (a), part (b) is identical. Because by Lemma 6.3,
SUPy—1,....[n/2) [9¢ — 1| = Op (log72 k1), then except in a set £, such that lim,, Pr {Q,} =

(CL) sup t_l ’bgt _gt b4t _gt

t<pk

=0, (k_l/z) , (b) supt!

t<pk
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0, logg.ys = V.45 — 2_119?+s (140, (1)) by Taylor expansion, which implies that
for n sufficiently large, by definition of bg;,

k—t
sup t_l‘bgt—bt‘ <Dsupt! Z |¢ wp+t|19p+s
t<pk tspk o port

Because by Lemma 6.2, for |p| > 2k;, 19p+3 =0y (kT ) for |p| < 2kq,
2., = 0, (13(“ VT (@2 1/2)+ k") and by C5, [v, = ¥yee| < DIwE|t/k,
where ¢p =1’ (p/k) and p < & < p+t, the last displayed expression is

0, (I (ko%(lz_i{m Z supK'Zﬂ ‘1/}5! k Z supt<2k Wg!) 0, (k,l/Q)

p=1
by C.5 and C.4. O

Lemma 6.6. Let ¢, = ¢(p/k) where ¢ (u) is a continuous function in (0,1).
Define

9 (k9]
e (us ) = /2 Z by, c08 (T Ap)
p=[ku]+1
where 0 < p <9 < 1. For any p < <2 <1, if k/n — 0, then
n—1 n—ry
373 e (00 ey 1 2) = / F (o). (67)
r1= 1 To= 1
Proof. The left side of (6.7) is
4 [k94] [k92] n—1 n—ry
meTS Z Pp, Z By Z Z cos (raAp, ) cos (radp,)
—[k,u]-‘rl :[ky,]-‘,-l ri=1ro=1

[k91] n—1n—ry

= Z qb Z Zcos (raAp) (6.8)

p [kp]+1  ri=1re=1
[k91] [k92] n—1 n—ry

2
Jr@ Z Pp, Z Py Z Z {cos (r2Ap, +ps) + €08 (T2Ap; —p, ) } -
kpl+1 pa=[ku]+1,p2#p1 ri=1re=1
Because, see Robinson (1995b), Z:fl_:ll 1 cos® (reAp) = (n — 1)% /4, and
n—1 n—ry

Z Z {cos (raAp,4p,) + €o8 (r2Ap, —p, ) } = —n, for p1 # pa,

ri=1ro=1

the right side of (6.8) is

(n—l k1] g k0] [k02] 9
( > ¢>) = D o S b, L¢2<u)du(1+o<1)),

p=[ku]+1 p1=[ku]+1 p2=[kp]+1,p2#p1
because ¢ (u) is continuous in w and k/n — 0. O
Lemma 6.7. Denoten, = (27) I, — 1 and ¢ (u) as in Lemma 6.6. The process

E—[k0)]

R, 5 D> Pl 0<9<1/2
p=[k9]+1

18 tight.
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Proof. Since by Proposition 5.3, the finite limit distributions of R, (¢#) converge
to those of a Gaussian process with continuous paths, then by Billingsley’s (1968)
Theorem 15.6, it suffices to check the moment condition

E (IR (92) = Ro (9)|7 |Ry (9) — Ry (91)|7) < D (92 — 01)* (6.9)
for some 7> 0,1 > 1, where 0 < ¢ < ¥ < 5 < 1/2. Because

(k2] k—[k9)]

1
R, (9) — Ry ( Z PpMp + V) Z Pplp

=[k9]+1 p=k—[kd2]+1

a sufficient condition for (6.9) to hold true is

[k92] T T
1
E Z Py L1/2 Z Ppp < DV — ’191)11)(6.10)
=[k0)+1 p=[kd1]+1
. k—[k0] 4 L T
7 —_— P
E k1/2 Z ¢Pnp 1172 Z ¢p77p < D (792 — ’191) .
=k—[kd2]+1 p=k—[k0]+1

We will examine (6.10) only, being the last displayed inequality similarly handled.
By definition of 7,

[kD2] [k02] L2 n
Z Pplpy = Z by (TZ e2 1>+Zs,~zgacr o (9,02)
r=1

=[k9]+1 p [kO]+1
= gl,n (793 792) + 52,71 (793 792) ’

where ¢, (¢, 92) was defined in Lemma 6.6. Because ’Zz[nkj[zk]ﬁ]ﬂ (/)I,‘ < Dk |99 — 9|

by continuity of ¢ (z) and E (3_; (e2 — 1))2 < Dnby C.2, E (|€1,n (0,92)]|E1,n (V1,7)]) <

(¥ — ¥1)? by the Cauchy-Schwarz inequality and that [0y — 9| |9 — 9| < |0y — 9 |°.
That is, &1, (0, ¥92) satisfies the inequality in (6.10) with 7 =1 and ¥ = 2. So, to
complete the proof, it suffices to examine that the inequality in (6.10) holds true
for & ,, (¥,792). The fourth moment of & ,, (¢, Y2) is

n 4 rj—1

4
E Z H Er Z €a;Cr;—a,; (U,72) < D H c?nraj (9, 92)

2=r1<ro<rz<ry j=1 a;j=1 j=1 \1<a;<r;<n

= D| > ., 00)

1<a<r<n

proceeding as in the proof of Lemma 5.4 of Giraitis et al. (2001). But proceeding
as in Lemma 6.6, the right side of the last displayed equation is bounded by

D( 192(/>2(u)alu> < D (g —)?
9

since ¢ (u) is continuous. This concludes the proof choosing 7 =1 = 2. 0
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Lemma 6.8. Let 2k; <ty < pk for some arbitrarily small p > 0. Then,

5
Sup2k1<tSt0 t_l 651) ( ) - b3t = Op (k_l;(c% + kai%)Lgok_l)
(a) _6) ! (6.11)
Sk, <oty [t (& (B) —bae )| = Op (ﬁf * Fﬁéﬂg)k_l)
-1 ~(5) k? k
SUDPx1/2 <t <2k, t &, (t) — b3 || = O (mlng + ﬁ%)
(b) _6) . ! (6.12)
SUDLg1/2ci<on, [E0 (& (8) —bar || = Oy (ngl + ﬁf)

where bgy and by are given by (5.10) and (5.15) respectively, and L > 0 and 8 > 0.

Proof. We begin with (a). We only examine the first equality in (6.11), being the

proof of the second equality similarly handled. By definition, see Proposition 5.3,
~(5

5;) (t) = by + by First, supyy, —,<q, [t71b1¢| satisfies the equality in (6.11) by
C.5 and since the sum in p has at most 2k; terms, say p* = 1, ..., 2k, for which

SUPp«—1, 2k, 108G+ +s| = Op (1og71 k1), whereas for the remaining terms
| =0, (kfﬁ) using (5.7) and (5.9).
Next we estimate by; — bz First by (5.11), supoy, <p<q, t7 " [bas — ] is

=1,...,K;

k 2t
sup 71D 9,108 (Gprs) = D Ypee 108 (Gps)| = Op (tokilkfﬁ +fgk72k1_6) ’
a<isto ke p=t+1

by C.5 and using (5.7) and (5.9) and Markov’s inequality.

Part (b). As was done in part (a), we only examine the first equality in (6.12), be-
ing the second similarly handled. By C.5 and (5.7) and (5.9) together with Markov’s
inequality, it follows easily that SUP51/2 <t <2k, |t*1b1t‘ =0, (kfzk% log_1 kl). Fi-
nally, we estimate bo; — bs¢. As was done in part (a), it suffices to examine

2t
Z Vpt1108 (Gp+s)

p=t+1

sup ¢! Z ¥y log (Gp+s)| +
LEkY/2<t<2k; p=k—t+1

The second term of the last displayed expression is O, (k,’%k_z log™! k:l) by C.5 and
using (5.7) — (5.8), whereas the first term is O, (kllflkfﬁ) using C.5 and (5.7)
and (5.9), which concludes the proof.

Lemma 6.9. Let ¢ (u) be as in Lemma 6.6. Then,
[kw]

sup k1/2 Z(/) <J+s 27rfg,j+s> =0, (1).

we(0,1] f]+S

Proof. Writing u; = fjjrls/ijJrs’x and v; = (2#)1/2 Wjts,e Where wjis, and wjys .
are the discrete Fourier transforms of z,. and ¢, respectively the left side of the last
displayed expression is, by triangle inequality, bounded by

[kw] [ke]
1 5 o

Sup 775 E b;|luj —v;l” +2 sup |77 ¢iv; (u; —75)|, (6.13)
wel0,1] k12 j:1’ j| ! ! wel0,1] k1/2; I3\ J

where ¢ denotes the conjugate of the complex number c.
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The first term of (6.13) is o, (1) since its expectation is bounded by

k/z 6,1 { (B lus* = 1) = (B (w;m) = 1) = (B @eg) - ) + (Elos* = 1) }

k .
- 0 krlﬂzlo% (6.14)
=1

because E \vj|2 =1, |¢j| < D and the extension of Theorems 1 and 2 of Robinson
(1995a) given in Lemma 4.4 of Giraitis et al. (2001).

Next, to show that the second term of (6.13) is o, (1), it suffices to show that
the finite dimensional distributions of the term inside the absolute value con-
verge to zero and the tightness condition. First, choosing wj such that [kwi] =
max ([k¢] , [kw:]) for some 0 < ¢ < 1/4, then for any 0 < wy < ws < 1,

2
E ‘k’l/Q ngwlzjr o] qb v; (u; — EJ)‘ is bounded by

2
[kw2]

2B (k72 S s (@~ )| A 2k (k] (k] — ko)) (6.15)
j=14[kwi]

< Dk 10gk (([hwa]"/? = [hwi]'/?) (1og (k) — log (ki) + ki) ([kwi] = [kun]) ),

proceeding as with (4.8) in Robinson (1995b). So, the finite dimensional distrib-
utions of the second term of (6.13) converge to zero in probability by Markov’s
inequality.

To complete the proof we need to show tightness. Since the limiting process has
continuous paths, by Billingsley’s (1968) Theorem 15.6, it suffices to show that

[kews] 4

ERT? ST g0 (@ —T))| < D(H (W) — H(w1))' ™ (6.16)
j=14[kw1]

where § > 0, 0 < w1 < wy < 1 and H (w) is a nondecreasing continuous function.
The left side of (6.16) is bounded by

k2 (|My| + 3M3)

where M, denotes the rth cumulant of ijwler ko] @505 (@; — ;). Using the in-
equality in (6.15), k~2M2 < D (H (ws) — H (w1))*"°, so it remains to show that

k=2 | My| satisfies the inequality in (6.16). Now k=2 |My| is

[kw2]

1
K2 Z (H(/) )Cum (V52 %515 ViaZias Via Ziss Via %) (6.17)

J1,32,33,5a=1+[kw1]
where we have abbreviated u; — v; by z;. By Theorem 2.3.2 of Brillinger (1981)
and denoting X;1 = ¢;v; and Xjo = ¢,2;,
(6.17) kQZcum Xje; 30 € D) ...cum (X5 50 € 9))

where the summation is over all indecomposable partitions ¥ = ¢, U ...U¥,. A
typical component in cum (X,¢; j¢ € Y1) has ¢ elements v; and ¢o elements z;, so
applying formulae of Brillinger [ (1981), (2.6.3), page 26 and (2.10.3), page 39], we
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deduce after straightforward calculations that cum (Xje; 7€ € ¥1) is [[¢,, ¢, times
1 (a-1) 4 1 A\l ot
Hartas / 6(>\ +o ATy +...+zﬂ2)6( M) B (=1
k(ai+a2)/2 [~ )71 +a2—1 le"'ﬁqu

XB (=) B (=) Ejy o v, (Al, c A= L u%) AN AT Dayt . dy,
where Ej, . j.¢,..0, (/\1, ...,A(q_l), v z/p) is
G (Ajl - [/\1 AT VPD G (N, + A1)
%G (N, FAXTV) G (V1 = 2y) X o X G (1 = g,
with G (\) = Y1, €' and, say, B (71/1) = 6[116 (71/1) — 1. But by a routine

extension of Lemma 3 of Robinson (1995b) and observing that in each partitioned
v, the subindex j;,7 = 1,...,4, appears only once

4
[kwa]
_ 1 4
(617) <Dk | > 5| <D(H(wz)—H(w1)),
Jj=1+4[kwi]
where H (w) = w'/? which is a nondecreasing continuous function. O

Remark 6.1. An alternative proof of this lemma can be found in Lemma 4 of
Delgado et al. (2004).

Lemma 6.10. (Brillinger, 1981 p. 15) Let h(z), 0 < x < 1, be integrable and
have an integrable derivative hV) (z). Then

%JZ:h(%)/Olh(x)dx %(h(0)+h(1))+%/01 (mc [nw]%> WY (2) de. O

7. CONCLUSIONS

In this paper we have studied a nonparametric estimator for the pole of a long
memory process under mild conditions on the spectral density f (X). Specifically,

we have only assumed that f (\) ~ C'|A — A\°| ™ with C' > 0, but smooth elsewhere,
and where «, the memory parameter, belongs to the interval (0,1). We have shown

~0
that the estimator A\ of the pole A° is consistent and we have characterized its

limit distribution. More precisely, /)\\O, centered around A° and appropriately renor-
malized, is asymptotically normal when \° € (0,7), whereas if A =0 or 7, the
asymptotic distribution is a mixture of a discrete and continuous random variable.
In particular, when A\’ = 0 the asymptotic distribution takes the value 0 with prob-
ability 1/2 and behaves as a (truncated) normal random variable for positive values.
In addition, we have shown that the asymptotic statistical properties of a two step
estimator of o are the same as when X’ is known.
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Table 4.1

Bias and Standard Deviation of ¢ and ¢

(0%
0.2 0.4 0.6 0.8

935 (8.33) | 6.38 (6.96) | 424 (5.39) | 280 (4.04)
A =0 256

9.26 (7.88) | 7.32 (6.85) | 5.94 (6.01) | 4.85 (5.25)

1540 (15.50) | 843 (10.74) | 481 (7.64) | 262 (5.76)
1024

2291 (25.31) | 15.55 (20.89) | 9.60 (14.02) | 6.73  (9.96)

0.003 (7.64) [-0.084 (5.33) [-0.091 (2.96) [-0.054 (1.56)
256

0.209 (9.59) | 0.270  (9.21) | 0.272  (8.66) | 0.320 (7.28)

N=1z 0.051 (11.87) | 0.117 (4.77) | 0.063 (1.89) | 0.216 (1.13)
1024

0.435 (27.89) | 0.144 (25.77) | -0.213 (21.30) | -0.060 (13.52)

The first row in each cell corresponds to g, whereas the second row is that of q.



Table 4.2

Bias, Standard Deviation and MSE of the long-memory parameter estimators

20 n

(6%
0.2 0.4 0.6 0.8

BIAS SD MS.E. BIAS SD MS.E. BIAS SD MSE. BIAS SD MS.E.

20.020 0.064 0.004 0.022 0.067 0.005 0.017 0.071 0.005 0.006 0.072 0.005

256 | -0.019 0.057 0.004 -0.030  0.065 0.005 0.024 0.074 0.006 20.006 0.075 0.006
-0.001 0.089 0.008 -0.003 0.089 0.008 -0.003  0.089 0.008 -0.007 0.082 0.007

0 20.015 0.084 0.007 -0.043  0.090 0.010 0.064 0.099 0.014 20.079  0.105 0.017
0.006 0.024 0.001 -0.003  0.025 0.001 0.007 0.031 0.001 0.026 0.031 0.002

1024 | -0.015 0.030 0.001 -0.014 0.035 0.001 0.002 0.040 0.002 0.032 0.045 0.003
-0.002  0.042 0.002 -0.003  0.042 0.002 -0.005 0.042 0.002 -0.005 0.042 0.002

20.022  0.045 0.003 -0.039  0.054 0.004 -0.046 0.059 0.006 -0.051 0.066 0.007

0.020  0.055 0.003 0.035 0.059 0.005 0.041 0.064 0.006 0.040  0.070 0.006

256 | -0.010 0.046 0.002 -0.020 0.053 0.003 -0.004 0.062 0.004 0.043 0.059 0.005
0.002 0.094 0.009 0.000 0.094 0.009 0.000 0.093 0.009 0.005 0.084 0.007

z 20.050 0.098 0.012 -0.083 0.121 0.022 0.100 0.156 0.034 0.083  0.182 0.040
20.012 0.022 0.001 0.015  0.024 0.001 20.007 0.028 0.001 0.014 0.034 0.001

1024 | -0.014 0.018 0.001 -0.017  0.020 0.001 -0.003 0.024 0.001 0.044 0.035 0.003
-0.002  0.038 0.001 -0.004 0.038 0.001 -0.006 0.038 0.001 -0.007 0.038 0.001

-0.039  0.046 0.004 -0.064 0.069 0.009 0.061 0.096 0.013 -0.023  0.097 0.010

The first row in each cell corresponds to the estimator &(\"), whereas the second,

. . v 0 ~ 0 ~ ~0
third and fourth correspond to the estimators a(\ ), arog(A’) and arog(A)

respectively.




