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Abstract 
 

The analysis of inequality is placed in the context of recent developments in 

economics and statistics. Prepared for Handbook of Income Distribution, edited by A 

B Atkinson and F Bourguignon. 
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4:Vhh/ iru h{dpsoh/ Dwnlqvrq +4<:3,/ Dwnlqvrq +4<;6,/ Frzhoo +4<<8,/ Vhq +4<:6,1
4;Wklv lv wkh zd| wkh d{lrp zrxog eh h{suhvvhg li wkh rughulqj fulwhulrq zhuh wr eh gh�qhg

vr dv wr fruuhvsrqg zlwk dq hfrqrplf _edg% olnh lqhtxdolw| ru sryhuw|1 Iru d _jrrg%/ olnh vrfldo
zhoiduh/ rqh vlpso| uhyhuvhv wkh vljq= I "Z J lq wkh deryh gh�qlwlrq1 Qrwh wkdw Iljxuh 8
ghslfwv d fdvh zkhuh wkh wzr srlqwv ri ghirupdwlrq duh rq rssrvlwh vlghv ri wkh phdq> ri frxuvh
wkh wzlq shuwxuedwlrqv frxog rffxu rq wkh vdph vlgh ri wkh phdq1 Qrwh dovr wkdw Gdowrq +4<53,
uh�qhg wkh frqfhsw ri wkh wudqvihu sulqflsoh zklfk zdv ruljlqdoo| vhw rxw lq Sljrx +4<45, 0 vhh
Dplho dqg Frzhoo +4<<;,> Fdvwdjqrol dqg Pxolhuh +4<<3, jlyh d eurdghu lqwhusuhwdwlrq ri wkh
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wudqvihu sulqflsoh1
4<H{fhsw iru wkhlu lwk dqg mwk frpsrqhqwv wkh yhfwruv {D dqg {E duh lghqwlfdo1
53Wklv d{lrp lv frpprqo| lqyrnhg dovr lq wkh fdvh ri sryhuw| rughulqjv1 Qrwlfh wkdw lw lv

vlplodu/ exw qrw lghqwlfdo/ wr wkh Sduhwr fulwhulrq1 Wkh Sduhwr fulwhulrq lv gh�qhg lq whupv ri
xwlolwlhv udwkhu wkdq lqfrphv/ dqg zloo gl�hu iurp prqrwrqlflw| li lqglylgxdo xwlolw| ixqfwlrqv
duh ghshqghqw rq rwkhu shrsoh*v lqfrphv/ dv lv uhdvrqdeoh lq fdvhv lqyroylqj glvwulexwlrqdo
mxgjphqwv +Dplho dqg Frzhoo 4<<7f,1

54Wkh whuplqrorj| iru wkh iroorzlqj frqfhswv lv qrw xqlirup wkurxjkrxw wkh olwhudwxuh1 Wkh
whupv _lqyduldqfh% dqg _lqghshqghqfh% duh ydulrxvo| gh�qhg/ dqg wkh sduwlfxodu lqwhusuhwd0
wlrqv ri vfdoh0 dqg wudqvodwlrq0 lqyduldqfh xvhg khuh duh riwhq ghvfulehg dv krprwkhwlflw| dqg
wudqvodwdelolw| dqg duh wr eh glvwlqjxlvkhg iurp wkh fruuhvsrqglqj frqfhswv ri lqghshqghqfh
lqwurgxfhg lq 81617 ehorz1
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55Qrwh wkdw prqrwrqlflw| lpsolhv wkh xqlirup lqfrph jurzwk exw qrw ylfh yhuvd1
56Vhh/ iru h{dpsoh/ Dplho +4<<<,/ Dplho dqg Frzhoo +4<<5/ 4<<7e/ 4<<;/ 4<<<d/ 4<<<e,/
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57Frqwudvw wklv zlwk wkh gh�qlwlrq ri dq rughulqj jlyhq lq qrwh 5161
58Iru h{dpsoh/ lq Udzov* zrun rq d wkhru| ri mxvwlfh wkhuh lv d glvfxvvlrq ri krz wr lpsohphqw

klv idprxv _gl�huhqfh sulqflsoh% zklfk irfxvhv xsrq wkh ohdvw dgydqwdjhg1 Udzov klpvhoi
vxjjhvwv wkdw lw pljkw eh lqwhusuhwhg uhodwlyh wr d sduwlfxodu txdqwloh ri wkh glvwulexwlrq +wkh
phgldq, 0 vhh Udzov +4<:5, sdjh <;1 D qxpehu ri xvhixo sudjpdwlf lqglfhv lqyroylqj txdqwlohv
kdyh ehhq sursrvhg vxfk dv wkh vhpl0ghfloh udwlr +Zlohv 4<:7,/ +Zlohv dqg Pdunrzvnl 4<:4,
dqg wkh frpsdudwlyh ixqfwlrq ri Hvehujhu dqg Pdoptxlvw +4<:5,1
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59Ru d prqrwrqlf wudqvirupdwlrq ri +44,1 Wkh dgglwlyho| vhsdudeoh vwuxfwxuh ri Z lv txlwh
d vwurqj uhtxluhphqw1 Iru h{dpsoh li zhoiduh dqg lqhtxdolw| duh olqnhg e| d uhodwlrq vxfk dv
+65, ehorz wkhq dgglwlyho| vhsdudelolw| ri Z lv vwurqjhu wkdq wkh ghfrpsrvdelolw| d{lrp ri
wkh lqhtxdolw| rughulqj +dq dgglwlyho| vhsdudeoh Z lpsolhv ghfrpsrvdelolw| ri ?Lexw qrw ylfh
yhuvd,1 Dovr qrwh wkdw +44, kdv wkh lqwhusuhwdwlrq ri _h{shfwhg xwlolw|% zkhuh d uhsuhvhqwdwlyh
shuvrq lq wkh srsxodwlrq uhjdugv lw dv htxdoo| olnho| wkdw kh vkrxog kdyh dq| ri wkh lqfrph0
hqwlwohphqwv lq wkh lqfrph glvwulexwlrq +Kduvdq|l 4<88,1 Iru jhqhudo glvfxvvlrq vhh Eurrph
+4<<4,/ Nrop +4<<9e/ 4<<9d,/ Urhphu +4<<9,/ ]dmdf +4<<9,1

5:Wklv vshfl�fdwlrq lv frqvlvwhqw zlwk wkh dvvxpswlrq ri wkh Sduhwr sulqflsoh dqg wkh devhqfh
ri h{whuqdolwlhv lq wkh VZI 0 vhh Dplho dqg Frzhoo +4<<7f, iru d glvfxvvlrq ri wkh lvvxhv lqyroyhg
khuh1

5;Wklv whuplqrorj| lv lqkhulwhg iurp wkh vwrfkdvwlf grplqdqfh olwhudwxuh1 +Edzd 4<:8,
5<Vhh Jdvwzluwk +4<:4,1 Rq wkh rwkhu kdqg wkh txdqwlohv fdq eh gh�qhg lq wkh irup ri d

fruuhvsrqghqfh1 Lq wklv fdvh li wkh ixqfwlrq I lv qrw frqwlqxrxv wkh txdqwloh pd| eh d vhw ri
lqfrph ydoxhv1 Gh�qlqj wkh froohfwlrq ri vxevhwv ri ==
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Wkh txdqwloh fruuhvsrqghqfh lv
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vxfk wkdw
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_h@�M@U!t� 6�ht|c �? Th@U|�U@* @TT*�U@|�L?tc �| �t �ih) Lu|i? |�i U@ti |�@| ?i�|�ih
_�t|h�M�|�L? �ht|�Lh_ih _L4�?@|it |�i L|�ih� 5iUL?_c �| _Lit ?L| i4T*L) @** |�i
t|@?_@h_ Th�?U�T*it Lu tLU�@* �i*u@hi @?@*)t�tG @ML�i @** �| _Lit ?L| �?ULhTLh@|i
|�i Th�?U�T*i Lu |h@?tuiht� 6Lh |��t hi@tL? �| �t �tiu�* |L �?|hL_�Ui |�i tiUL?_�Lh_ih

63Vhh gh�qlwlrq 41
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6�}�hi HG A�i �?UL4i�U�4�*@|�L? _�@}h@4

_L4�?@?Ui Uh�|ih�L?��� A�i @TT*�U@|�L? Lu |�i tiUL?_�Lh_ih _L4�?@?Ui Uh�|ih�L?
hi^��hit |�i uL**L��?} UL?UiT|G

#i�?�|�L? � 6Lh @** 8 5 + @?_ uLh @** f � ^ � �c |�i U�4�*@|��i �?UL4i
u�?U|�L?@* �t _i�?i_ M)G

�E8 ( ^� G'

] 'E8 (^�

%

%_8 E%�� E���

�L|i |�@|c M) _i�?�|�L? �E8 ( f� ' fc �E8 ( �� ' >E8 �c @?_ |�@|c uLh @ }��i?
8 5 +c |�i }h@T� Lu �E8c ^� @}@�?t| ^ _itUh�Mit |�i }i?ih@*�ti_ wLhi?3 U�h�i
EBw�� � tii 6�}�hi H��2

A�i Th�?U�T@* ThLTih|) Lu � U@? Mi t�44@h�ti_ �? |�i uL**L��?} |�iLhi4G��

A�iLhi4 2 ;8cC 5 +G C �� 8 �uc @?_ L?*) �uc ` EC� � ` E8 � ;E` 5 <2��

64Krzhyhu Elvkrs hw do1 +4<<4, dujxh wkdw lq lqwhuqdwlrqdo frpsdulvrqv wkh vhfrqg0rughu
fulwhulrq �F lq Wkhruhp 5 ehorz grhv qrw uhvroyh pdq| ri wkh _lqfrpsdudeoh fdvhv% zkhuh
J BT I 1

65Wklv whuplqrorj| lv qrw xqlyhuvdo= Nrop +4<9<, uhihuv wr wkh judsk ri F+I> t, dv wkh _frq0
fhqwudwlrq fxuyh% dqg \lw}kdnl dqg Ronlq +4<<4, xvhv wkh whup _devroxwh Oruhq} fxuyh%1

66Vhh Ndnzdql +4<;7,/ Nrop +4<9<,/ Pduvkdoo dqg Ronlq +4<:<,/ Vkruurfnv +4<;6,1 Iru pruh
rq JOF udqnlqjv dqg wkh uhodwlrqvkls zlwk �uvw0rughu fulwhuld vhh Lulwdql dqg Nxjd +4<;6,/
Wklvwoh +4<;<d/ 4<;<e,1 Iru glvfxvvlrq ri wkh xvh ri wkh JOF dv d jhqhudo fulwhulrq iru udqnlqj
vwrfkdvwlf lqfrph vwuhdpv vhh Vdsrvqln dqg Wxwwhurz +4<<5,1

�.
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6�}�hi bG C tiUL?_�Lh_ih _L4�?@|it 8

��e ALL*t uLh �?UL4i _�t|h�M�|�L?

A�i Bw� �t @ u�?_@4i?|@* |LL* uLh _h@��?} UL?U*�t�L?t @ML�| �i*u@hi uhL4 �?�
_���_�@* �?UL4i _@|@� �*Lti*) @ttLU�@|i_ ��|� �| @hi L|�ih �4TLh|@?| |LL*t Lu
_�t|h�M�|�L?@* @?@*)t�t� 6Lhi4Lt| @4L?} |�iti �t |�i UL?�i?|�L?@* wLhi?3 U�h�i
EwLhi?3 �bfD� � Lh hi*@|��i wLhi?3 U�h�i |L _�t|�?}��t� �| uhL4 L|�ih UL?UiT|t ��|�
t�4�*@h ?@4it�

��e�� A�i wLhi?3 h@?!�?}

AL LM|@�? |�i wLhi?3 h@?!�?} �i ?Lh4@*�ti |�i U�4�*@|��i �?UL4i u�?U|�L?@* M)
|�i 4i@?G

uE8 ( ^� G'
�E8 ( ^�

>E8 �
E�e�

A�i wLhi?3 U�h�i � |�i }h@T� Lu uE8 ( ^� @}@�?t| ^�e � i?U@Tt�*@|it |�i �?|��|��i
Th�?U�T*i Lu |�i _�t|h�M�|�L?@*�t�@hit h@?!�?} hiuihhi_ |L @ML�iG �? 6�}�hi �f �| �t
i��_i?| |�@| |�i �?UL4i t�@hi Lu |�i ML||L4 �ff^I Lu |�i TLT�*@|�L? 4�t| Mi
��}�ih �? _�t|h�M�|�L? C |�@? �? 8 c ��@|i�ih |�i �@*�i Lu ^�

A�i M@t�U �?t�}�|t Lu A�iLhi4 2 �ihi Lh�}�?@**) LM|@�?i_ uLh _�t|h�M�|�L?t
��|� @ }��i? 4i@? +E>�G�D

67Iru d jlyhq I wkh �uvw prphqw ixqfwlrq � = = :$ ^3> 4` lv vlpso| �+{, @ O+I >I +{,, @
4

�+I ,

U {
{
|gI +|, 0 +Nhqgdoo dqg Vwxduw 4<::,1 Wkh jhqhudo xvh ri prphqw ixqfwlrqv lq phdvxulqj

lqhtxdolw| lv glvfxvvhg lq Exwohu dqg PfGrqdog +4<;:,1
68Wkh sulqflsdo uhihuhqfh lv wkh vhplqdo sdshu ri Dwnlqvrq +4<:3, zkrvh zrun zdv lqvsluhg

�H
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6�}�hi �fG C Ehi*@|��i� wLhi?3�_L4�?@|it 8

A�iLhi4 � ;8cC 5 +E>�G C �u 8 �uc @?_ L?*) �uc ` EC� � ` E8 � ;E` 5 <2��

��e�2 +i*@|��i @?_ @MtL*�|i _L4�?@?Ui

�? @*|ih?@|��i t�4�*@h hi�?|ihThi|@|�L? Lu A�iLhi4 2 U@? Mi LM|@�?i_ M) hit|h�U|�
�?} |�i @_4�tt�M*i 5`6t |L |�Lti �? <2 |�@| �@�i |�i @__�|�L?@* ThLTih|) |�@|
ThLTLh|�L?@* �?Uhi@tit �? @** �?UL4it )�i*_ �i*u@hi �4ThL�i4i?|tG�

`
��` 5 <2( ;8 5 +c & : � G `

�
8 Ef&�

�
: ` E8 �

�
E�D�

#�t|h�M�|�L? C _L4�?@|it 8 uLh 5`6t �? |��t hit|h�U|i_ U*@tt �u @?_ L?*) �u C Ehi*�
@|��i� wLhi?3�_L4�?@|it 8 @?_ >EC� � >E8 �� �|�ih tTiU�@* U@tit Lu A�iLhi4 2
@*tL )�i*_ �tiu�* �?t�}�|t� W? T@h|�U�*@h UL?t�_ih |�i �i*u@hi ThLTih|) @?@*L}L�t |L
E�D� |�@| �?�uLh4 @MtL*�|i �?Uhi@tit �? @** �?UL4it )�i*_ �i*u@hi �4ThL�i4i?|tG�S�

`
��` 5 <2( ;8 5 +c & : f G `

�
8 En&�

�
: ` E8 �

�
� E�S�

W? |��t U@ti |�i UL�?|ihT@h| |L E�e� �t |�i @MtL*�|i wLhi?3 U�h�i E�w�� E�L)it
�bH.�G

e| uhvxowv lq wkh vwrfkdvwlf grplqdqfh olwhudwxuh1 Krzhyhu/ edvhg rq wkh zrun ri Kdug| hw do1
+4<67,/ Gdvjxswd hw do1 +4<:6, vkrzhg wkdw wkh fodvv ri VZIv lq Wkhruhp 6 fdq eh eurdghqhg
wr wkrvh wkdw duh V0frqfdyh exw qrw qhfhvvdulo| dgglwlyho| vhsdudeoh1 Vhh dovr Duqrog +4<;:,/
Ilhogv dqg Ihl +4<:;,/ Nrop +4<99/ 4<9;/ 4<9<,/ Nxuded|dvkl dqg \dwvxnd +4<::,/ Urwkvfklog
dqg Vwljolw} +4<:6,1

69Wklv lv dqrwkhu zd| ri vwdwlqj wkh sulqflsoh ri xqlirup lqfrph jurzwk +Fkdpshuqrzqh dqg
Frzhoo 4<<:, 0 vhh sdjh 46 0 dqg lv vrphwlphv nqrzq dv wkh lqfuhphqwdo lpsuryhphqw frqglwlrq
+Fkdnudyduw| 4<<3,1
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6�}�hi ��G C @MtL*�|i wLhi?3�_L4�?@|it 8

�E8 ( ^� G' �E8 ( ^�� ^>E8 � E�.�

A�i? �i �?_ |�@| C �� 8 Etii 6�}�hi ��� @?_ >EC� � >E8 � �uc @?_ L?*) �uc
` EC� � ` E8 � uLh @** ` |�@| t@|�tu) E�S� E5�LhhLU!t �bH��� A�i �w� �t @
T@h|�U�*@h*) UL?�i?�i?| |LL* uLh UL4T@h�?} _�t|h�M�|�L?t ��ihi @ *@h}i ThLTLh|�L?
Lu |�i �?UL4it @hi ?i}@|��i��.

��e�� , |i?t�L?t

OL�i�ihc ��t| @t ��|� |�i �ht|�Lh_ih Uh�|ih�L?c L?i 4@) Lu|i? �?_ �? Th@U|�Ui
|�@| tiUL?_�Lh_ih Uh�|ih�@ @hi �?_iU�t��i� W? t�|�@|�L?t ��ihi wLhi?3 U�h�it �?�
|ihtiU| |�ihi @hi itti?|�@**) |�L hL�|it uLh�@h_��H A�i �ht| �t |L t�TT*i4i?|
|�i hit|h�U|�L?t L? |�i U*@tt Lu 5`6t E��� � ���U� 4i@?t �4TLt�?} @ u�h|�ih hi�
t|h�U|�L? L? |�i �?UL4i�i�@*�@|�L? u�?U|�L?( |�i tiUL?_ @TThL@U� � _�tU�tti_ �?
tiU|�L? e � �t |L _ih��i tTiU��U �?@4M�}�L�t �?_�Uit Lu �?i^�@*�|)� A�ihi �t ?L
t�Lh|@}i Lu @__�|�L?@* hit|h�U|�L?t |�@| UL�*_ hi@tL?@M*) Mi �4TLti_ �TL? |�i <�
U*@ttitG L?i Lu |�i 4Lhi �tiu�* �t |�i tL�U@**i_ RTh�?U�T*i Lu _�4�?�t��?} |h@?tuiht�

6:Li �+I , lv srvlwlyh wkhq wkh suhvhqfh ri qhjdwlyh lqfrphv fdxvhv qr sureohp iru wkh uhodwlyh
Oruhq} fxuyh> exw li wkhuh duh vr pdq| qhjdwlyh lqfrphv wkdw �+I , � 3 wkhq lw lv fohdu iurp
+47, wkdw wkhuh pd| eh sureohpv +Dplho hw do1 4<<9,1

6;Edvx +4<;:,/ iroorzlqj Vhq +4<:6,/ kdv dujxhg wkdw lqhtxdolw| frpsdulvrqv duh lqkhuhuhqwo|
lpsuhflvh dqg wkdw udwkhu wkdq vhhnlqj wr pdnh surjuhvv zlwk lqfrpsohwh sduwldo rughulqjv �/
rqh vkrxog dssurdfk wkh vxemhfw xvlqj wkh frqfhsw ri d ix}}| elqdu| uhodwlrq1 Vhh dovr Rn
+4<<8/ 4<<9,1

2f



EkL*4 �b.S@� � ?@4i*) |�@| @ t4@** |h@?tuih uhL4 @? �?_���_�@* ��|� �?UL4i % |L
L?i ��|� �?UL4i % �{ E��ihi { �t tL4i }��i? @MtL*�|i _L**@h @4L�?|� t�L�*_
�@�i @ }hi@|ih �4T@U| L? �?i^�@*�|) |�i *L�ih % �t *LU@|i_ �? |�i _�t|h�M�|�L?��b

Wu |��t @__�|�L?@* Th�?U�T*i �t �?�L!i_ |�i? @ hit�*| �t @�@�*@M*i uLh tL4i U@tit
��ihi |�i wLhi?3 U�h�it �?|ihtiU|�ef A��t hit�*| �t U*Lti*) *�?!i_ |L @ UL?UiT| Lu
R|��h_�Lh_ih� _L4�?@?Ui E5�LhhLU!t @?_ 6Lt|ih �bH.�( @? i |i?t�L? Lu |�i �_i@ Lu
_L4�?@?Ui |L @? @hM�|h@h) Lh_ih �t _�tU�tti_ �? 6�t�M�h? @?_ `�**�} E�bHe� @?_
kL*4 E�b.ec �b.SM� @?_ 6Lh4M)c 54�|�c @?_ ~�i?} E�bbS� _�tU�tt |�i |LT�U Lu
R?Lh4@*�ti_� _L4�?@?Ui � itti?|�@**) @_@T|�?} ?|��Lh_ih _L4�?@?Ui |L +E��c |�i
t�Mti| Lu + ��|� 4i@? �?�|)�

e �? @ �L4@|�U @TThL@U� |L �?i^�@*�|) 4i@t�hi�

4i?|

�t �i �@�i ?L|i_ �? tiU|�L? ��ec �| �t �? |�i ?@|�hi Lu }i?ih@* h@?!�?} Th�?U�T*it
|�@| �? 4@?) Th@U|�U@* t�|�@|�L?t |�i) )�i*_ @? R�?_iU�t��i� @?t�ihG R8BC��A��t
�t L?i hi@tL? |�@| �| �t Lu|i? UL?t�_ihi_ _it�h@M*i |L }L Mi)L?_ |�i �ti Lu Th�?U�T*it
�? Lh_ih |L _ih��i Th@U|�U@**) �4T*i4i?|@M*i �?_�UitG tTiU��U i @4T*it Lu |�i
�?i^�@*�|)�4i@t�hi UL?UiT| �?|hL_�Ui_ L? T@}i 2���� A�i �@)t �? ���U� |��t t|iT
�t |L Mi _L?i U@? Mi U@|i}Lh�ti_ hL�}�*) �?|L |�hii |)Tit Lu @TThL@U�itG

� �? @_ �LU ti*iU|�L? ThLUi_�hi uLh 4i|�L_t |�@| 4@) �@�i @ ?i@| t|@|�t|�U@*
Lh }h@T��U@* �?|ihThi|@|�L?�e�

� A�i @ �L4@|�U @TThL@U� ���U� �?��|it |�i R�tih� |L tTiU�u) ��@| |�i M@�
t�U Th�?U�T*it @hi uLh UL4T@h�?} _�t|h�M�|�L?t( t��U�i?|*) |�}�|*)�tTiU��i_
Th�?U�T*it 4@) ?@hhL� _L�? |�i h@?}i Lu |LL*t |L @ t4@** ?�4Mih Lu �?_�Uit�

� A�i �i*u@hi�|�iLhi|�U @TThL@U� �? ���U� @? i T*�U�| 5`6 �t @_LT|i_ @t
@ M@t�t uLh _�t|h�M�|�L?@* ��_}4i?|( @? �?i^�@*�|) 4i@t�hi 4@) |�i? Mi
�?uihhi_ uhL4 |�i tTiU��i_ 5`6�

6<Wkh sulqflsoh lv lpsolhg e| wkh sulqflsoh ri _wudqvihu vhqvlwlylw|% +Vkruurfnv dqg Irvwhu
4<;:, zklfk dovr jrhv e| wkh qdph ri _dyhuvlrq wr grzqvlgh lqhtxdolw|% +Gdylhv dqg Kr|
4<<8,/ wkh odwwhu edvhg xsrq Phqh}hv hw do1 +4<;3,1

73Vshfl�fdoo| Z +I , A Z +J, iru doo VZIv lq wklv uhvwulfwhg fodvv li I>J 5 + kdyh doo wkuhh ri
wkh iroorzlqj surshuwlhv +l, �+I , @ �+J, / +ll, ydu+I , � ydu+J,/ dqg +lll, <t� 5 +3> 4, vxfk wkdw
;t ? t� = O+I > t, A O+J> t, dqg ;t A t� = O+I > t, ? O+J> t, 0 d vlqjoh Oruhq} lqwhuvhfwlrq uhvxow
+Dwnlqvrq 4<:6,/ +Gdylhv dqg Kr| 4<<7d,/ +Gdylhv dqg Kr| 4<<7e,/ +Gdugdqrql dqg Odpehuw
4<;;,/ +Pxolhuh dqg Vfduvlql 4<;<,1 Gdylhv dqg Kr| +4<<8, h{whqg wkh dqdo|vlv wr fdvhv ri
pxowlsoh Oruhq} lqwhuvhfwlrqv1 ]rol +4<<;, glvfxvvhv dq h{whqvlrq ri wklv wr d _srvlwlrqdolvw%
lqwhusuhwdwlrq ri wkh sulqflsoh ri glplqlvklqj wudqvihuv 0 vhh Phkudq +4<:9, dqg vhfwlrq 715
ehorz1 Vhh dovr Vxeudpdqldq +4<;:,1

74Vhh/ iru h{dpsoh/ wkh hohjdqw dqg dsshdolqj lqwhusuhwdwlrq ri wkh Jlql lqgh{ ghvfulehg rq
sdjh 58 ehorz1

2�



A�iti |�hii U@|i}Lh�it @hi M) ?L 4i@?t 4�|�@**) i U*�t��i� +@|�ih |�i)
@hi UL4T*i4i?|@h) hL�|it |L @ ti| Lu �tiu�* @?_ �4T*i4i?|@M*i �?_�Uit� W| �t
@TThLTh�@|i |L UL?t�_ih �ht| |�i @_ �LU @?_ @ �L4@|�U @TThL@U�it E|�ihi �t *�||*i
TL�?| �? |h)�?} |L tiT@h@|i |�i4G �| �t ?i@h*) @*�@)t TLtt�M*i |L �?_ tL4i ti| Lu
@ �L4t |L t�TTLh| |�i �ti Lu @ T@h|�U�*@h @_ �LU 4i@t�hi |�@| �@TTi?t |L �@�i
�?|��|��i @TTi@*e2� �? Lh_ih |L tii �L� ThLTih|�it Lu �?i^�@*�|) �?_�Uit U@? Mi
*�?!i_ |L u�?_@4i?|@* �_i@t @ML�| |�i 4i@?�?} Lu �?i^�@*�|) UL4T@h�tL?t� A�i
5`6 hL�|i �t UL?t�_ihi_ �? 4Lhi _i|@�* �? tiU|�L? D�

W? @** |�hii |)Tit Lu @TThL@U� �i ?ii_ |�i uL**L��?} M@t�U UL?UiT|tG

#i�?�|�L? e A�L �?i^�@*�|) �?_�Uit Uc 	U G + :$ ? @hi Lh_�?@**) i^���@*i?| �u
|�ihi �t @ u�?U|�L? � G ?2 :$ ?c �?Uhi@t�?} �? �|t tiUL?_ @h}�4i?|c t�U� |�@|G

;8 5 + G 	UE8 � ' � E>E8 �c UE8 �� E�H�

#i�?�|�L? D �? �?i^�@*�|) �?_i U G + :$ ? �t 3ihL�?Lh4@*�ti_ �u UEME>�� ' f�e�

#i�?�|�L? S A�L 3ihL�?Lh4@*�ti_ Lh_�?@**) i^���@*i?| �?i^�@*�|) �?_�Uit Uc 	U G
+ :$ ? @hi U@h_�?@**) i^���@*i?| �u |�i u�?U|�L? � �? E�H� �t *�?i@h �? �|t tiUL?_
@h}�4i?|�

�L|�Ui |�@| |�i Lh_�?@*�i^���@*i?Ui hi*@|�L? i4ML_�i_ �? |�i u�?U|�L? � �?
E�H� 4@) _iTi?_ L? |�i 4i@? Lu |�i _�t|h�M�|�L?G |��t _iTi?_i?Ui ��** }��i h�ti
|L tL4i ThLM*i4t Lu �?|ihThi|@|�L? �? tiU|�L? D���

e�� W?t�}�|t uhL4 �?uLh4@|�L? |�iLh)

AL LM|@�? �?t�}�|t L? |�i ?@|�hi Lu �?UL4i _�t|h�M�|�L? UL4T@h�tL?t L?i 4�}�|
hi@tL?@M*) *LL! |L |�i @?@*)t�t Lu _�t|h�M�|�L?t �? L|�ih �i*_t Lu t|�_)� Nt�?} @?
@?@*L}) ��|� |�i i?|hLT) UL?UiT| �? �?uLh4@|�L? |�iLh) A�i�* E�bS.� T�L?iihi_
@? @TThL@U� |L �?i^�@*�|) 4i@t�hi4i?| uhL4 ���U� @ ?�4Mih Lu *ittL?t 4@) Mi
_h@�? uLh |�i @ �L4@|�U @TThL@U� |L �?i^�@*�|) 4i@t�hi4i?|�

75Iru d glvfxvvlrq ri wkh lvvxhv khuh vhh Irvwhu +4<<7,1
76Wklv qrupdolvdwlrq 0 zklfk phdqv wkdw lqhtxdolw| lv }hur iru d glvwulexwlrq zkhuh hyhu|rqh

kdv wkh vdph lqfrph 0 fdq dozd|v eh wulyldoo| hqvxuhg= iru dq| phdvxuh L wkh }hur0qrupdolvhg
lqgh{ L� lv zkhuh L�+I , =@ L+I ,� L

�
K+�+I ,,

�
1 L dqg L� zloo rughu doo glvwulexwlrqv lq + +�, lq

wkh vdph zd|1 Vrphwlphv juhdw vwruh lv odlg rq qrupdolvdwlrq vxfk wkdw pd{lpxp lqhtxdolw| lv
vwdqgduglvhg dw 41 Dowkrxjk wklv lv ri qr juhdw dqdo|wlfdo vljql�fdqfh lw fdq dozd|v eh duudqjhg
lq wkh vhqvh wkdw/ iru d jlyhq L/ dq ruglqdoo| htxlydohqw L� fdq eh irxqg wkdw lv erxqghg
lq ^3> 4`1 Ixuwkhupruh li dq lqhtxdolw| phdvxuh lv erxqghg ^3> 4`1 wkhuh duh lq�qlwho| pdq|
ruglqdoo|0htxlydohqw lqglfhv wkdw duh dovr erxqghg lq ^3> 4`1
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77Qrwh wkdw +54, lv xvxdoo| gh�qhg rqo| rq ^3>4, dqg lv xqgh�qhg iru }hur ydoxhv ri { li
� ? 3> qhjdwlyh ydoxhv ri { fdq eh kdqgohg lq wkh yhu| vshfldo fdvh zkhuh � lv dq hyhq srvlwlyh
lqwhjhu1 Iru wkh vshfldo fdvhv � @ 3> 4 wkh jhqhudo irup +54, ehfrphv +53, dqg +4<, uhvshfwlyho|>
vhh dovr Nxjd +4<:6,/ Irvwhu +4<;6,1 Nxjd +4<:<, h{dplqhv wkh ehkdylrxu ri wkhvh phdvxuhv lq
d vlpxodwlrq vwxg|/ dqg lq d ixuwkhu frqwulexwlrq +Nxjd 4<;3, kh vkrzv wkdw wkh h{shulphqwdo
udqnlqjv ri wkh Wkhlo frh�flhqw +� @ 4, duh vlplodu wr wkrvh ri wkh Jlql frh�flhqw 0 vhh
vxevhfwlrq 715 ehorz1 Iru uhfhqw uhlqwhusuhwdwlrq ri jhqhudolvhg hqwurs| vhh Fkx hw do1 +4<<9,/
Irvwhu dqg Vkqh|hury +4<<:, 1

78Vhh Erxujxljqrq +4<:<,/ Frzhoo +4<;3e,/ Vkruurfnv +4<;3/ 4<;7,/ Uxvvhoo +4<;8,/ ]djlhu
+4<;5,1

79Wkhvh lvvxhv ri vwuxfwxuh duh glvfxvvhg lq Eodfnrue| dqg Grqdogvrq +4<:;/ 4<;3e/ 4<;7,/
Hehuw +4<;;e,1 Vhh dovr vhfwlrqv 8 dqg 9 ehorz1

2e



u�?U|�L? �? E2��� � t�4T*i }i?ih@*�t@|�L? Lu |�i @TThL@U� �**�t|h@|it �L� Uh�U�@*
|L |�i _i|ih4�?@|�L? Lu |�i }i?ih@* t�@Ti Lu |�i �?_i �t |�i �?�@h�@?Ui @tt�4T�
|�L?� �TT*) |�i tU@*i��?�@h�@?Ui @tt�4T|�L? |L 8 En&�(e. |�i? A�iLhi4 e ��** )�i*_
|�i 4L_��i_ u@4�*) Lu �?_�UitG

Ukc&�?| E8 � G'
�

k2 � k

] ��
%n &

>E8 � n &

�k
� �

�
_8 E%� E2��
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7:Wklv lv htxlydohqw wr dgrswlqj wkh fkdqjh ri yduldeoh } =@ { . n dqg dvvxplqj wkdw wkh
lqhtxdolw| udqnlqjv ri glvwulexwlrqv ri } duh vfdoh0lqyduldqw> dowhuqdwlyho| rqh vkliwv wkh ruljlq
iurp zklfk rqh phdvxuhv lqfrph iurp 3 wr �n1 Wkh uroh ri lqfrph wudqvirupdwlrqv lq gh�qlqj
lqhtxdolw| frqfhswv dqg wkhlu uhodwlrqvkls zlwk vrfldo0zhoiduh ixqfwlrqv lv glvfxvvhg ixuwkhu lq
Hehuw +4<<9/ 4<<:e,1

7;Vhh wkh glvfxvvlrq lq Frzhoo +4<<;,1
7<Edvhg rq Jlql*v phdq gl�huhqfh 0 vhh Gdylg +4<9;/ 4<;4,/ Jlql +4<54,/ Jodvvhu +4<94,/

Khophuw +4;:9,/ Mdvvr +4<:<,1 Wkhuh duh rwkhu htxlydohqw lqwhusuhwdwlrqv dqg irupxodh iru wkh
Jlql frh�flhqw dqg phdq gl�huhqfh wkdw duh vrphwlphv xvhixo 0 vhh Ehuuhel dqg Vloehu +4<;7,/
gh Ilqhwwl +4<64,/ Gruipdq +4<:<,/ Jdoydql +4<64,/ Jldffdugl +4<83,/ Ohupdq dqg \lw}kdnl
+4<;7,/ Jlrujl +4<;7/ 4<<3/ 4<<6,/ Vwxduw +4<87,/ \lw}kdnl +4<;5e/ 4<<;,1
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83Vxfk vfdoh0 dqg wudqvodwlrq0lqyduldqw phdvxuhv duh vrphwlphv nqrzq dv frpsurplvh lqglfhv
+Eodfnrue| dqg Grqdogvrq 4<;3e, 0 vhh Hehuw +4<;;d, iru d jhqhudo fkdudfwhulvdwlrq edvhg rq
wkh Ou phwulf lq Jhkulj dqg Khoozlj +4<;5, > vhh dovr Nuwvfkd +4<<7,/ iru d uhodwhg lqgh{1
H{dpsohv ri wkh d{lrpdwlf dssurdfk lq wkh frqwh{w ri Jlql0w|sh lqglfhv duh= Ervvhuw +4<<3,/
Plodqrylf +4<<7,/ S|dww +4<:9,/ Udqdglyh +4<98,/ Wdnd|dpd +4<:<,/ Wkrq +4<;5,/ Whqgxondu
+4<;6,/ Wudqqr| +4<;9,1

84Wkh glvwdqfh frqfhsw lq +58, fdq eh vhhq dv wkh frxqwhusduw ri wkh c4 phwulf rq ?q=Sq
m@4 m{m � {3mm iru {>{3 5 ?q1 Wkh Hxfolghdq c5 phwulf lv jlyhq e|

tSq
m@4 ^{m � {3m `

51
85Fkdnudyduw| +4<;;, dqg Vkruurfnv dqg Vorwwmh +4<<8, kdyh vxjjhvwhg d vlpsoh jhqhudolvdwlrq

ri wkh Jlql edvhg rq wklv irupxodwlrq> vhh dovr Phkudq +4<:9,1 Iru rwkhu phdvxuhv edvhg rq
lqwxlwlyh lqwhusuhwdwlrqv ri wkh Oruhq} fxuyh vhh Donhu +4<:3,/ Donhu dqg Uxvvhw +4<97,/ Edvpdqq
dqg Vorwwmh +4<;:,1

86Lq wkh fdvh ri frqwlqxrxv glvwulexwlrqv �+{, vlpsol�hv wr 5I +{,�4
�+I , 1 Wkh lqwxlwlyh lqwhusuhwd0

wlrq lv dv iroorzv1 Lpdjlqh |rx kdyh lqfrph {= wkhq wkh qxpehu ri shuvrqv ehorz dqg deryh |rx
duh sursruwlrqdo wr I +{, dqg 4�I +{, uhvshfwlyho|1 Ohw H eh wkh h{shfwdwlrqv rshudwru= jlyhq

wkdw HI +{, =@
U
I +{,gI +{, @

U 4

3
tgt @ 4

5 / zh lpphgldwho| vhh wkdw wkh irup +5:, lv htxlydohqw

wr fry+{>I +{,,
H{HI +{, 1 Vr wkh Jlql frh�flhqw lv wkh qrupdolvhg fryduldqfh ri lqfrph dqg udqnv lq wkh

srsxodwlrq +Mhqnlqv 4<;;,/ +Ohupdq dqg \lw}kdnl 4<;8,/ +Vwxduw 4<87,1 Lw dovr kdsshqv wkdw
wkh Jlql frh�flhqw lv wkh +qrupdolvhg, Ruglqdu| Ohdvw Vtxduhv vorsh ri Shq*v Sdudgh1
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ì)4@h!c a� �� E�bH��� Bi?ih@*�3i_ B�?� �?i^�@*�|) �?_�Uit� �@|�i4@|�U@* 5L�
U�@* 5U�i?Uit �c efb�e�f�

`���?}c �� E�bbS�� A�i wLhi?3�Lh_ih�?} Lu }i?ih@*�3i_ Mi|@��� �?UL4i _�t|h�M��
|�L?t� aL�h?@* Lu ,UL?L4i|h�Ut .�c �H���HH�

`���?}c �� @?_ `� kh�@4ih E�bb��� A�i wLhi?3�Lh_ih�?} Lu 5�?}���@__@*@
�?UL4i _�t|h�M�|�L?t� ,UL?L4�Ut wi||iht e�c D��D.�

`�*itc �� a� #� E�b.e�� W?UL4i #�t|h�M�|�L?c ,@t| @?_ `it|� �4t|ih_@4G �Lh|�
OL**@?_�

`�*itc �� a� #� @?_ �@h!L�t!� E�b.��� W?UL4i _�t|h�M�|�L? �?_ih UL44�?�t4
@?_ U@T�|@*�t4� 5L��i| 5|�_�it 22c �ee��SbceHD�D���

L̀*utL?c �� E�bbe�� �L?UiT|�@* �tt�it �? ?Lh4@|��i 4i@t�hi4i?| � ��i? �?�
i^�@*�|�it _��ih}i� �4ih�U@? ,UL?L4�U +i��i� He ED�c �D���DH�

v@@h�c �� ,� E�bH.�� A�i _�@* |�iLh) Lu U�L�Ui �?_ih h�t!� ,UL?L4i|h�U@ DDc
bb���D�

v@@h�c �� ,� E�bHH�� � UL?|hL�iht�@* ThLTLt@* UL?Uih?�?} �?i^�@*�|) 4i@t�hi�
4i?|� aL�h?@* Lu ,UL?L4�U A�iLh) ee Ee�c �H���b.�

v�|3�@!�c 5� E�b.b�� +i*@|��i _iTh��@|�L? @?_ |�i B�?� ULi�U�i?|� "�@h|ih*)
aL�h?@* Lu ,UL?L4�Ut b�c �2���2e�

v�|3�@!�c 5� E�bHf�� +i*@|��i _iTh��@|�L? @?_ |�i B�?� ULi�U�i?|G hiT*)� "�@h�
|ih*) aL�h?@* Lu ,UL?L4�Ut bDc D.D�S�

v�|3�@!�c 5� E�bH2@�� +i*@|��i _iTh��@|�L? @?_ iUL?L4�U �i*u@hi� ,�hLTi@? ,UL�
?L4�U +i��i� �. E��c bb���e�

v�|3�@!�c 5� E�bH2M�� 5|LU�@t|�U _L4�?@?Uic 4i@? �@h�@?Ui @?_ B�?�<t 4i@?
_�gihi?Ui� �4ih�U@? ,UL?L4�U +i��i� c �.H��HD�

v�|3�@!�c 5� E�bH��� �? @? i |i?t�L? Lu |�i B�?� �?i^�@*�|) �?_i � W?|ih?@|�L?@*
,UL?L4�U +i��i� 2e E�f�c S�.�S2H�

v�|3�@!�c 5� E�bb��� �@*U�*@|�?} �@U!!?�ui �@h�@?Ui it|�4@|Lht uLh T@h@4i|iht Lu
|�i B�?� 4i|�L_� aL�h?@* Lu ��t�?itt @?_ ,UL?L4�U 5|@|�t|�Ut bc 2�D�2�H�

v�|3�@!�c 5� E�bbS�� �? �t�?} *�?i@h hi}hitt�L?t �? �i*u@hi iUL?L4�Ut� aL�h?@*
Lu ��t�?itt @?_ ,UL?L4�U 5|@|�t|�Ut �ec e.H�eHS�

v�|3�@!�c 5� E�bbH�� �Lhi |�@? @ _L3i? @*|ih?@|��i �@)t Lu tTi**�?} B�?�� +i�
ti@hU� L? ,UL?L4�U W?i^�@*�|) Hc ����f�

v�|3�@!�c 5� @?_ W� �*!�? E�bb��� �L?Ui?|h@|�L? �?_�Uit @?_ UL?Ui?|h@|�L?
U�h�it� W? k� �Lt*ih @?_ �� 5U@ht�?� E,_t��c 5|LU�@t|�U �h_iht @?_ #i�
U�t�L?t �?_ih +�t!c VL*�4i �bc TT� �Hf��b2� W?t|�|�|i Lu �@|�i4@|�U@*
5|@|�t|�UtG wiU|�hi��L|it �L?L}h@T� 5ih�it�

be



vLt��_@c A� E�b..�� A�i ?iUitt@h) @?_ t��U�i?| UL?_�|�L? uLh @__�|��i tiT�
@h@M�*�|) Lu �?UL4i �?i^�@*�|) 4i@t�hit� ,UL?L4�U 5|�_�it "�@h|ih*) 2Hc
�Sf��S��

vL�?}c O� �� E�bbe�� ,^��|) �? A�iLh) @?_ �? �h@U|�Ui� �h�?Ui|L?c �i� aihti)G
�h�?Ui|L? N?��iht�|) �hitt�

~@}�ihc #� E�bH2�� �? |�i _iUL4TLt@M�*�|) Lu |�i B�?� ULi�U�i?| @?_ L|�ih
�?_�Uit Lu �?i^�@*�|)� #�tU�tt�L? T@Tihc W?t|�|�| u��h Biti**tU�@u|t��?_
`�h|tU�@u|t��tti?tU�@u|i?c N?��iht�|�@| �L??�

~@�@Uc ,� ,� E�bbS�� �L*�|�U@* ,UL?L4) Lu 6@�h?itt� �@4Mh�_}ic �@tt@U��ti||tG
�WA �hitt�

~�i?}c �� E�bbS�� 5|@|�t|�U@* �?uihi?Uit uLh |it|�?} 4@h}�?@* U�@?}it �? wLhi?3
@?_ Bi?ih@*�3i_ wLhi?3 U�h�it� L̀h!�?} T@Tihc #iT@h|4i?| Lu ,UL?L4�Utc
N?��iht�|) Lu �L*Lh@_L @| #i?�ih�

~�i?}c �� @?_ �� a� ��t��?} E�bbS�� w@h}i t@4T*i t|@|�t|�U@* �?uihi?Uit uLh
|it|�?} 4@h}�?@* U�@?}it �? �?i^�@*�|) �?_�Uit� L̀h!�?} T@Tihc N?��iht�|)
Lu �L*Lh@_L @| #i?�ih�

~L*�c �� E�bbH�� W?|ihtiU|�?} }i?ih@*�3i_ wLhi?3 U�h�it @?_ |�i B�?� �?_i �
5LU�@* ��L�Ui @?_ `i*u@hi� uLh|�UL4�?}�

bD




