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Abstract

The paper studies credible information transmission by governments. A
group of  heterogenous individuals have to make private investment and
labour supply decisions while relying on the government for information
about investment returns. The government consists of an elected citizen
who chooses a redistributive strategy in addition to providing
information. We give conditions under which the outcome leads to over-
or under-investment in high return activities and the outcome is Pareto
efficient.
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4 Lqwurgxfwlrq
Rqh ri edvlf whqhwv ri sxeolf hfrqrplfv lv wkdw sxuh sxeolf jrrgv vkrxog eh
surylghg e| jryhuqphqwv1 Lqirupdwlrq ri frpprq lqwhuhvw wr flwl}hqv/ vxfk dv
sxeolf vdihw| dqqrxqfhphqwv/ vhhp olnh d fohdu fxw dssolfdwlrq ri wklv sulqfl0
soh1 Lq vrph frxqwulhv/ wklv dvshfw ri jryhuqphqw lqwhuyhqwlrq lv wdnhq pxfk
ixuwkhu1 Iru h{dpsoh/ wkh gluhfwlrq ri lqyhvwphqw vwudwhjlhv ri sulydwh �upv
lv riwhq dvvrfldwhg zlwk wkh hfrqrplf vxffhvv ri Hdvw Dvld1 Lqghhg Mdsdq*v
Plqlvwu| ri Lqwhuqdwlrqdo Wudgh dqg Lqgxvwu| lv riwhq khog xs dv d sdudjrq
ri lqglfdwlyh sodqqlqj zkhuh �upv zhuh hqfrxudjhg wr lqyhvw lq ohdglqj vhf0
wruv14 Xqtxhvwlrqlqj dgkhuhqfh wr wkh ylhz wkdw jryhuqphqwv vkrxog dfw dv
nqrzohgjh edqnv iru wkhlu flwl}hqv grhv/ krzhyhu/ uhtxluh wkdw wkh| idfh qr
djhqf| sureohpv lq ghflglqj zkdw wr uhyhdo1 Wklv sdshu dqdo|}hv krz wkh
srzhu wr uhglvwulexwh fdq lqwhuihuh zlwk lqfhqwlyhv iru fuhgleoh lqirupdwlrq
wudqvplvvlrq dqg fdq ohdg wr srolwlfdo idloxuh lq wkh wudqvplvvlrq ri lqirupd0
wlrq1 Zh frqvlghu d prgho zkhuh sulydwh vhfwru lqyhvwphqw ghflvlrqv frxog eh
lqiruphg e| lqirupdwlrq dydlodeoh wr wkh jryhuqphqw1 Krzhyhu/ flwl}hqv pxvw
uho| rq srolwlfldqv hohfwhg wr fduu| rxw uhglvwulexwlyh vwudwhjlhv wr pdnh dq0
qrxqfhphqwv1 Lq vrph fdvhv lghqwl�hg khuh/ wklv ohdgv wr xqghu0h{sorlwdwlrq
ri sur�wdeoh lqyhvwphqw rssruwxqlwlhv dqg Sduhwr lqh!flhqf|1

Wkh dqdo|vlv lv uhodwhg wr wkh jurzlqj olwhudwxuh wkdw lqfrusrudwhv lpshu0
ihfw lqirupdwlrq lqwr srolwlfdo hfrqrp| prghov/ vrph ri zklfk frqvlghu wkh
uroh ri fkhds wdon1 Zh vxssrvh wkdw wkh srolf| pdnhu lv sulydwho| lqiruphg1
Wklv lv d frpprq lqirupdwlrqdo dvvxpswlrq lq wkh h{whqvlyh olwhudwxuh rq
srolwlfdo djhqf| prghov � vhh/ iru h{dpsoh/ Urjr� +4<<3, zkr ghprqvwudwhv
krz frvwo| vljqdoolqj rq wkh sduw ri jryhuqphqwv wr d�hfw uh0hohfwlrq sured0
elolwlhv fdq uhvxow lq srolwlfdo exvlqhvv f|fohv1 Lq frqwudvw/ zh irfxv rq frvwohvv
vljqdolqj1 Vwhlq +4<;<,*v dqdo|vlv ri fkhds wdon e| d fhqwudo edqn lv uhodwhg
wr wklv sdshu1 Kh vxjjhvwv wkdw olplwv rq fuhgleoh lqirupdwlrq wudqvplvvlrq
h{sodlq zk| rujdql}dwlrqv olnh wkh Ihghudo Uhvhuyh pd| pdnh rqo| lpsuhflvh
srolf| dqqrxqfhphqwv1

4PLWL kdv ehhq uhvsrqvleoh iru Mdsdq*v lqgxvwuldo srolf| srvw Zruog Zdu LL 1 Frqyhq0
wlrqdo zlvgrp lv wkdw lqgxvwuldo srolf| dv ghwhuplqhg e| PLWL sod|hg dq lpsruwdqw uroh
lq Mdsdq*v vxevhtxhqw jurzwk shuirupdqfh +Vhh iru lqvwdqfh/ Zruog Edqn +4<<6,,1Rqh ri
PLWL*v sulpdu| ixqfwlrqv zdv wr surylgh lqirupdwlrq wr wkh sulydwh vhfwru yld gholehud0
wlrq frxqflov zklfk kdg phpehuv iurp wkh Mdsdqhvh jryhuqphqw dqg wkh Sulydwh vhfwru1
Ilupv frxog fkrrvh wr qrw khhg PLWL*v dgylfh/ wkh fuhdwlrq ri wkh Plwvxelvkl Dxwrpreloh
frpsdq| lq 4<98 djdlqvw PLWL*v dgylfh lv d fdvh lq srlqw1
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Uhfhqw hohfwrudo prghov kdyh irfxvhg rq vlwxdwlrqv zkhuh vrph flwl}hqv
duh ehwwhu lqiruphg wkdq rwkhuv sulru wr dq hohfwlrq1 Wklv dssurdfk lqfoxghv
wkh uhfhqw zrun e| Ihgghuvhq dqg Shvhqgruihu +4<<9, rq krz zhoo yrwlqj
djjuhjdwhv lqirupdwlrq1 Jurvvpdq dqg Khospdq +4<<:, doorz iru wkh srvvl0
elolw| ri lpshuihfwo| lqiruphg yrwhuv ehlqj vzd|hg e| vshfldo lqwhuhvw jurxs
hqgruvhphqwv zklfk wdnh wkh irup ri fkhds wdon1 Edqhumhh dqg Vrpdqdwkdq
+4<<:, frqvlghu wkh uroh ri fkhds wdon lq d zruog lq zklfk flwl}hqv hqmr|
dq lqirupdwlrqdo dgydqwdjh1 Krzhyhu/ udwkhu wkdq prgholqj hohfwlrqv/ wkh|
frqvlghu wkh srvvlelolw| ri gluhfw uhsruwv ri wkh vwdwh ri wkh zruog wr dq xqlq0
iruphg srolf| pdnhu1 Wkh| ghprqvwudwh zk| rqo| fhuwdlq nlqgv ri flwl}hqv
jhw wkh hdu ri srolf| pdnhuv dqg khqfh duh lq xhqwldo lq wkh srolf| surfhvv1

Rwkhu sdshuv kdyh irfxvhg rq krz ohjlvodwlyh surfhvvhv pd| eh d�hfwhg
e| frppxqlfdwlrq1 Jlooljdq dqg Nuhkelho +4<;<, dqg Dxvwhq0Vplwk +4<<3,
irfxv rq krz vwudwhjlf surqrxqfhphqwv e| frpplwwhhv fdq lq xhqfh ohjlvod0
wlrq sdvvhg rq wkh  rru ri d ohjlvodwxuh1 Lq vlplodu vslulw/ Pdwwkhzv +4<;<,
frqvlghuv krz ukhwrulf +prghohg dv fkhds wdon, fdq d�hfw srolf| rxwfrph lq
dq hqylurqphqw zkhuh d suhvlghqw zlwk yhwr srzhu idfhv d ohjlvodwxuh zklfk
lv lpshuihfwo| lqiruphg derxw wkh suhvlghqw*v w|sh1

Pdq| ri wkhvh frqwulexwlrqv exlog rq Fudzirug dqg Vreho*v +4<;5, vhpl0
qdo zrun rq vwudwhjlf lqirupdwlrq wudqvplvvlrq1 Wkh| vkrzhg krz glyhuvlw|
lq suhihuhqfhv ehwzhhq d vhqghu dqg uhfhlyhu olplwv wkh dprxqw ri lqirupd0
wlrq wkdw fdq eh fuhgleo| frqyh|hg1 Lq frpsdulvrq/ lq rxu sdshu/ wkh h{whqw
ri suhihuhqfh glyhuvlw| lv hqgrjhqrxv1 Wkh srolf| pdnhu dqg khqfh phvvdjh
vhqghu lv hohfwhg1 Rxu prgho hpehgv wkh fkhds wdon jdph lq dq h{solflw
hfrqrplf hqylurqphqw zkhuh lqglylgxdov pdnh sulydwh lqyhvwphqw dqg od0
eru vxsso| ghflvlrqv dqg jryhuqphqwv uhglvwulexwh1 Wklv doorzv iru d fohdu
glvwlqfwlrq ehwzhhq wkh lvvxhv ri krz pxfk lqirupdwlrq lv uhyhdohg lq htxl0
oleulxp dqg zkhwkhu lqyhvwphqw rxwfrphv duh lqh!flhqw lq d frqyhqwlrqdo
Sduhwldq vhqvh1 Zh vkrz wkdw +odfn ri, uhyhodwlrq ri lqirupdwlrq lv d glvwlqfw
lvvxh iurp zkhwkhu wkh rxwfrph fdq eh Sduhwr grplqdwhg1

Zh hpehg rxu jdph ri lqirupdwlrq wudqvplvvlrq lq d prgho zkhuh flwl}hqv
duh xqfhuwdlq derxw wkh ydoxh ri sduwlfxodu lqyhvwphqw vwudwhjlhv dqg uho| rq
wkh jryhuqphqw wr dgylvh wkhp rq wklv1 Diwhu uhfhlylqj jryhuqphqw dgylfh
wkh lqyhvwphqw ghflvlrqv duh pdgh1 Ilqdoo|/ wkh jryhuqphqw fdq fkrrvh wr
uhglvwulexwh lqfrph dfurvv jurxsv1 Zh ghprqvwudwh krz wkh srvvlelolw| ri
uhglvwulexwlrq lv uhvsrqvleoh iru krz fuhgleo| jryhuqphqwv wudqvplw lqiru0
pdwlrq � d jryhuqphqw wkdw fdqqrw uhglvwulexwh ru kdv qr ghvluh wr gr vr
idfhv qr fuhglelolw| sureohp lq rxu prgho1 Wkh fkrlfh ri wkh flwl}hq zkr
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wudqvplwv lqirupdwlrq dqg pdnhv uhglvwulexwlyh ghflvlrqv lv ghwhuplqhg lq dq
hohfwlrq1 Wklv surylghv d vlpsoh zd| ri pdnlqj wkh srolf| fkrlfh dqg lqiru0
pdwlrq wudqvplvvlrq ghflvlrq hqgrjhqrxv1 Zh xvh wkh prgho wr lghqwli| zkhq
lw lv srvvleoh wr kdyh d Sduhwr grplqdwhg srolf| fkrlfh vhohfwhg lq srolwlfdo
htxloleulxp1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq od|v
rxw wkh prgho1 Vhfwlrq wkuhh frqvlghuv wkh frpsohwh lqirupdwlrq fdvh/ zkloh
vhfwlrq irxu h{whqgv wklv wr lqfrpsohwh lqirupdwlrq1 Vhfwlrq �yh glvfxvvhv
srolwlfdo hfrqrp| dqg zhoiduh lvvxhv lq wkh prgho1 Vhfwlrq vl{ glvfxvvhv vrph
srvvleoh h{whqvlrqv dqg lpsolfdwlrqv ri wkh uhvxowv1 Vhfwlrq vhyhq frqfoxghv1

5 Wkh Prgho
Wkh hfrqrp| frqvlvwv ri � flwl}hqv lqgh{hg e| � 5 i�c ��c �j dqg odvwv rqh
shulrg1 Wkhuh duh wzr surgxfwlyh vhfwruv lq wkh hfrqrp|/ lqgh{hg e| � 5
i�c�j1 Hdfk flwl}hq lv hqgrzhg zlwk rqh xqlw ri fdslwdo dqg rqh xqlw ri
oderu1 Zh dvvxph wkdw dq lqglylgxdo fdq rqo| vxsso| klv oderu lq klv rzq
vhfwru dw d zdjh udwh �� 5 i��c ��j dqg wkdw �� : ��1 Rq wkh rwkhu kdqg/
fdslwdo fdq eh lqyhvwhg lqglylvleo| lq hlwkhu vhfwru/ zkhuh &� ' � ghqrwhv wkdw
lqglylgxdo � lqyhvwv lq vhfwru � dqg &� ' f ghqrwhv lqyhvwphqw lq vhfwru �1
Wkh uhwxuq wr fdslwdo lq vhfwru � lv ghqrwhg o�� c zkhuh � ghqrwhv wkh vwdwh ri
wkh zruog1

Wkhuh duh irxu srvvleoh vwdwhv ri wkh zruog/ wzr ri zklfk idyru vhfwru � dqg
wzr ri zklfk idyru vhfwru �1 D edvh uhwxuq o lv jxdudqwhhg lq hyhu| vwdwh1
Krzhyhu/ dq dgglwlrqdo lqfuhphqwdo uhwxuq pd| dovr eh dydlodeoh1 Wkhvh
lqfuhphqwv duh ghqrwhg i{M c{uj zlwk {M : {u dqg

o�� ' o n{M : o�� ' o +4,

o�2 ' 7o n{u : o�2 ' o

o�� ' o n{u : o�� ' o

o�e ' 7o n{M : o�e ' o

Khqfh/ lq vwdwhv � dqg 2 vhfwru � lv idyruhg dqg lq vwdwhv � dqg e vhfwru
� lv idyruhg1 Zkloh d flwl}hq fdq lqyhvw lq hlwkhu vhfwru/ zh vxssrvh wkdw
lw lv fkhdshu wr lqyhvw lq rqh*v rzq vhfwru1 Zh vxssrvh wkdw wklv lv gxh
wr xqprghoohg prqlwrulqj frvwv ghqrwhg e| B1 D nh| dvvxpswlrq wkdw zh
pdlqwdlq wkurxjkrxw wkh dqdo|vlv lv
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Dvvxpswlrq 4= {M : B : {u : f�

Wklv lpsolhv wkdw wkh uhwxuqv duh vx!flhqw wr fryhu wkh wudqvdfwlrq frvw ri
lqyhvwlqj rxw ri vhfwru rqo| li wkh uhwxuq lv {M 1 Wkxv lw lv qrw hqrxjk wr
nqrz zklfk vhfwru lv idyruhg � lw lv qhfhvvdu| wr nqrz e| krz pxfk1

Zh doorz wkh jryhuqphqw wr lqwhuyhqh lq wkh hfrqrp| e| uhglvwulexwlqj
lqfrph1 Zh vxssrvh wkdw lw grhv vr e| ohy|lqj dq lqfrph wd{ dqg uhglvwulexw0
lqj wkh surfhhgv edfn wr wkh flwl}hqv lq oxps vxp irup1 Wkh sdudphwhuv ri
wkh wd{ v|vwhp duh wkhuhiruh dq lqfrph wd{ udwh | 5 dfc �o dqg dq lqfrph
jxdudqwhh ohyho A 5 ?1 Zkloh wklv lv d vlpsolvwlf slfwxuh ri uhdo zruog uh0
glvwulexwlyh vwudwhjlhv/ lw vx!fhv wr pdnh wkh pdlq srlqwv ri wklv sdshu1 Zh
dvvxph wkdw wkh wd{ edvh grhv qrw doorz lqyhvwruv wr ghgxfw wkhlu furvv vhf0
wrudo lqyhvwphqw prqlwrulqj frvwv iurp wkhlu wd{deoh lqfrph1 Wklv vhhpv
uhdvrqdeoh jlyhq pdq| ri wkhvh duh olnho| wr eh qrq0shfxqldu| frvwv1

Wkh suhihuhqfhv ri d flwl}hq � orfdwhg lq vhfwru � lq vwdwh � duh

E�� |� d��, n o��&� n o��E�� &��o� �E,�� BE�� &�� n A

zkhuh � E�� lv d frpprq glvxwlolw| ri oderu ixqfwlrq zklfk zh vxssrvh wr eh
vprrwk/ lqfuhdvlqj dqg frqyh{1 Iru flwl}hq � orfdwhg lq vhfwru � suhihuhqfhv
duh

E�� |� d��, n o��&� n o��E�� &��o� �E,�� B&� n A

Lw lv fohdu wkdw wkh rswlpdo oderu vxsso| lq hlwkhu vhfwru lv

,W� ' @h}4@ iE�� |���, � �E,� G , 5 dfc �oj �
Ohw � EE�� |���� ' E�� |���,

W
� � �E,W� � dqg gh�qh

T �
� E��c &�c |c A � ' � EE�� |���� n

E�� |� do��&� n o��E�� &��o� BE�� &�� n A

dqg

T �
� E��c &�c |c A � ' � EE�� |���� n

E�� |� do��&� n o��E�� &��o� B&� n A

dv wkh lqgluhfw xwlolw| ixqfwlrq ri d uhsuhvhqwdwlyh lqglylgxdo lq hdfk vhfwru1
Lqglylgxdov pd| eh lpshuihfwo| lqiruphg derxw wkh wuxh vwdwh ri wkh zruog1
Lq wklv fdvh ohw ^� eh wkh +frpprqo| khog, suredelolw| wkdw wkh vwdwh lv �1
Wkhlu h{ dqwh h{shfwhg xwlolw| lv wkxv

Se
�'� ^�T

�
� E��c &�c |c A �1
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Jlyhq d sduwlfxodu vwdwh ri wkh zruog dqg d sduwlfxodu yhfwru ri lqyhvwphqw
ghflvlrqv lv uhdol}hg/ zh fdq gh�qh wkh yhfwru ri h{ srvw ihdvleoh wd{ dqg
wudqvihu srolflhv lq vwdwh �1 Wkhvh zloo vdwlvi| wkh iroorzlqj jryhuqphqw exgjhw
frqvwudlqw1

�A ' |
k�S�

�'� &�
�
o�� n

k
� �S�

�'� &�
l
o��n

����,
W
� EE�� |���� n ����,

W
� EE�� |����o

Gh�qlqj & ' E&�c ���c &��/ ohw ~� E&� ghqrwh wkh vhw ri E|c A � sdluv wkdw vdwlvi|
wklv htxdwlrq1

6 Ixoo Lqirupdwlrq
Zh ehjlq e| vwxg|lqj htxloleulxp lqyhvwphqw dqg srolf| ghflvlrqv xqghu ixoo
lqirupdwlrq derxw wkh vwdwh1 Wkh wlplqj lv dv iroorzv1 Iluvw/ qdwxuh vhohfwv
wkh vwdwh zklfk lv revhuydeoh wr doo1 Vhfrqg/ lqglylgxdov pdnh lqyhvwphqw
ghflvlrqv1 Ilqdoo|/ jryhuqphqw fkrrvhv d uhglvwulexwlyh srolf| diwhu zklfk
hdfk lqglylgxdo fkrrvhv klv2khu oderu vxsso|1 Zh duh lqwhuhvwhg lq wkh fdvh
zkhuh lqglylgxdov fdqqrw lq xhqfh jryhuqphqw srolf| wkurxjk wkhlu sulydwh
vhfwru dfwlrqv1 Wklv lv wuxh li wkh jryhuqphqw exgjhw frqvwudlqw lv lqghshq0
ghqw ri �*v ghflvlrq1 Khqfh/ zh frqvlghu d odujh � zkhuh wkh iudfwlrqv ��*�
E� Z�� dqg ��*� E� E�� Z��� duh �{hg/ dqg Z� 5 dfc �o1 Zh irfxv rq wkh
fdvh zkhuh hyhu|rqh zlwklq d vhfwru ehkdyhv v|pphwulfdoo|1 Lq wkdw fdvh zh
fdq wklqn ri dq lqyhvwphqw vwudwhj| iru d uhsuhvhqwdwlyh phpehu ri vhfwru �
ghqrwhg g�/ zlwk g� ' � ghqrwlqj wkh fdvh zkhuh phpehuv ri vhfwru � lqyhvw
lq vhfwru � dqg g� ' f ghqrwlqj wkh fdvh zkhuh vhfwru � phpehuv lqyhvw
lq vhfwru �1 Ohw g ' Eg�c g�� uhsuhvhqw wkh djjuhjdwh vhfwru lqyhvwphqw
ghflvlrqv1

Wr vroyh wkh prgho/ zh zrun edfnzdugv1 Frqvlghu wkh suhihuhqfhv

C� E�cgc |c Ac � ' �T �
� E��c g�c |c A � n E�� ��T �

� E��cg�c |c A � �

Wkhvh uhsuhvhqw d zhljkwhg vxp ri wkh wzr vhfwru*v xwlolwlhv1 Lq d srolwlfdo
hfrqrp| prgho/ zh zloo dujxh wkdw zh h{shfw hlwkhu � ' � ru � ' f wr
ghwhuplqh wkh uhglvwulexwlyh ghflvlrq1 Krzhyhu/ iru wkh prphqw lw lv xvhixo
wr nhhs � dv d sdudphwhu1 Dv � ydulhv/ zh pds wkh hqwluh vhw ri h{ srvw
Sduhwr rswlpdo wd{ dqg wudqvihu srolflhv1 Gh�qh�

|W�� Egc � c A W
�� Eg�

�
' @h}4@ 

E|cA � C� E�cgc |c A � +5,
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vxemhfw wr

E|c A � 5 ~� Eg�

dv wkh rswlpdo fkrlfh ri uhglvwulexwlyh srolf| iru d sduwlfxodu vwdwh/ lqyhvwphqw
sur�oh dqg vrfldo suhihuhqfh1 Vlqfh/ lq rxu odujh hfrqrp|/ g ghshqgv rqo| rq
wkh iudfwlrqv ri lqglylgxdov zkr lqyhvw/ lqglylgxdov zloo wuhdw wkh uhglvwulexwlyh
srolf| dv lqghshqghqw ri wkhlu rzq lqyhvwphqw ghflvlrq1

Lw lv qrz vwudljkwiruzdug wr fkdudfwhul}h wkh htxloleulxp lqyhvwphqw gh0
flvlrqv iru wklv hfrqrp|1 Xqghu ixoo lqirupdwlrq/ lw lv fohdu wkdw wkh rswlpdo
lqyhvwphqw ghflvlrq ri dq lqglylgxdo lq vhfwru � 5 i�c�j vroyhv

gW
�� E|�c A�� '

@h}4@ 
g�Mtfc��

q
T �
� E��c g�c |�c A��

r
� +6,

Lq wklv irupxodwlrq/ lqglylgxdov wdnh wkh wd{ srolf| dv jlyhq1 Qrwh/ krzhyhu/
wkdw iru kljk hqrxjk ohyhov ri uhglvwulexwlyh wd{dwlrq/ lqglylgxdov fdq eh
suhyhqwhg iurp vhhnlqj wr lqyhvw dq|zkhuh rxwvlgh wkhlu rzq vhfwru1 Dq
lqyhvwphqw htxloleulxp vroyhv

fg�� ' gW
��

�
|W��
�fg�

�
c A W

��

�fg�

��
� 5 i�c�j �

zkhuh fg� '
�fg�� E�� c fg�� E��

�
1 Zh dvvxph wkdw wklv h{lvwv dqg lv xqltxh1

Zh fdq qrz vwdwh rxu qrwlrq ri htxloleulxp1 Wkh rxwfrph ri wkh prgho lv
d sduwlfxodu wd{/ uhglvwulexwlrq dqg lqyhvwphqw sur�oh lq hdfk vwdwh1 Irupdoo|/
ghqrwh wklv dv dq lqyhvwphqw dqg uhglvwulexwlrq vhtxhqfh +LUV, i|�c A�cg�je�'�1
Wkhq/ d i|�c A�cg�je�'� fdq eh jhqhudwhg dv dq htxloleulxp LUV li dqg rqo| li
wkhuh lv vrph � 5 dfc �o/ vxfk wkdw +l, E|�c A�� fdq eh jhqhudwhg iurp +5, jlyhq
g� dqg +ll, g� fdq eh jhqhudwhg dv dq lqyhvwphqw htxloleulxp1

Vlqfh sd|r�v ghshqg rq wkh LUV/ zh duh lqwhuhvwhg lq zkdw gl�huhqw LUV*v
fdq eh jhqhudwhg dv zh ydu| wkh suhihuhqfhv ri wkh srolf| pdnhu1 Wr vwduw
zlwk zh frqvlghu zkhq vxfk d vhtxhqfh kdv qr uhglvwulexwlrq1 Lq wklv fdvh/
xqghu dvvxpswlrq 4/ wkh rswlpdo lqyhvwphqw vwudwhjlhv duh

gW
�� Efc f� ' � iru � ' �c 2c � dqg gW

�e Efc f� ' f

+7,

gW
�� Efc f� ' � dqg gW

�� Efc f� ' f iru � ' 2c �c e�

Zlwkrxw uhglvwulexwlrq/ lw lv wulyldo wkdw wkhvh irup dq lqyhvwphqw htxlole0
ulxp1 Wkh prqlwrulqj frvwv pdnh lqyhvwphqw ghflvlrq frqvhuydwlyh � lqgl0
ylgxdov idyru wkhlu rzq vhfwru xqohvv wkhuh lv dq rxwvwdqglqj rssruwxqlw| lq

9



wkh rwkhu vhfwru1 Iru wklv wr eh sduw ri dq LUV wkdw fdq eh jhqhudwhg dv
dq htxloleulxp ri wkh prgho/ zh qhhg wr vkrz wkdw wklv fdq eh jhqhudwhg
e| dfwxdo jryhuqphqw dqg lqyhvwru ehkdylru1 Khqfh/ zh frqvlghu zkhq }hur
uhglvwulexwlyh wd{dwlrq zloo eh d Sduhwr rswlpdo fkrlfh lq wklv prgho1

Wkurxjkrxw wkh dqdo|vlv/ zh vxssrvh wkdw flwl}hqv lq vhfwru � kdyh kljkhu
zdjhv wkdq wkrvh lq vhfwru �� Wklv phdqv wkdw vhfwru � lqglylgxdov zloo/
rq wkh zkroh/ ghvluh wr uhglvwulexwh yld wkh lqfrph wd{1 Wkh rqo| srvvleoh
h{fhswlrq lv li vx!flhqw lqhtxdolw| lv jhqhudwhg e| wkh gl�huhqw lqyhvwphqw
vwudwhjlhv sxuvxhg lq hdfk vhfwru1 Vshfl�fdoo|/ lq vwdwh 2 zkhuh vhfwru �
lqglylgxdov gr qrw ghvluh wr lqyhvw lq vhfwru �/ zkloh vhfwru � lqglylgxdov
hduq dq h{wud uhwxuq ri {u e| lqyhvwlqj lq wkhlu rzq vhfwru/ wklv zloo whqg wr
uhgxfh h{ srvw lqhtxdolw| dqg pd| hyhq jhqhudwh dq lqfhqwlyh iru vhfwru �
lqglylgxdov wr uhglvwulexwh lqfrph1 Iru hdvh ri h{srvlwlrq/ zh uxoh wklv rxw
e| dvvxpswlrq1 Vshfl�fdoo|/ zh pdnh

Dvvxpswlrq 5=

� EE�� |���� n | dZ���,
W
� EE�� |���� n E�� Z����,

W
� EE�� |����o

n|Z�{u lv ghfuhdvlqj lq |�

Dv Vhfwru E lqglylgxdov hduq d kljkhu zdjh/ wkh �uvw wzr whupv duh dozd|v
ghfuhdvlqj lq |1 Dvvxpswlrq 5 hqvxuhv wkdw dq| uhglvwulexwlyh jdlqv dffuxlqj
wr vhfwru E lq r2 gxh wr vhfwru D lqglylgxdov kljkhu lqyhvwphqw uhwxuqv grhv
qrw r�vhw wkhlu orvv iurp uhglvwulexwlrq dv uhsuhvhqwhg e| wkh �uvw wzr whupv1
Wklv zloo eh wuxh surylghg wkdw wkh zdjh gl�huhqfh ehwzhhq wkh vhfwruv lv

vx!flhqwo| odujh dqg2ru {u lv vx!flhqwo| vpdoo1
Iru wkh uhvw ri wkh dqdo|vlv zh dvvxph wkdw Dvvxpswlrq 5 krogv1 Dvvxps0

wlrq 5 surylghv xv zlwk d vlpsoh fkdudfwhul}dwlrq ri wd{ srolflhv wkdw idyru
vhfwru � dqg wkh dvvrfldwhg lqyhvwphqw vwudwhjlhv1 Wkhvh duh jlyhq lq

Sursrvlwlrq 4 Zlwk � ' fc wkhuh lv d xqltxh LUV i|�c A�c g�je�'� wkdw fdq
eh jhqhudwhg dv dq wkh htxloleulxp ri wkh prgho zkhuh +l, wkhuh lv qr uhglvwul0
exwlrq lq dq| vwdwh dqg +ll, lqyhvwphqw ghflvlrqv duh jhqhudwhg e| +7,1

Dvvxpswlrq 5 lpsolhv wkdw d srolf| pdnhu zkr pd{lpl}hv wkh sd|r� ri vhfwru
� flwl}hqv zloo qhyhu fkrrvh wr uhglvwulexwh1 Wkhuhiruh/ lqyhvwphqw zloo eh dv
lq wkh ixoo lqirupdwlrq/ qr uhglvwulexwlrq vlwxdwlrq1

Zh qrz vwxg| wkh fdvh zkhuh � ' �/ vr wkdw wkh wd{ srolf| uh hfwv wkh
suhihuhqfhv ri flwl}hqv lq vhfwru �1 Lw lv xvhixo wr gh�qh

:



| E>� '@h}4@ 
|Mdfc�o i� EE�� |���� n | dZ���,

W
� EE�� |����n

E�� Z����,
W
� EE�� |����o n |>j +8,

dv wkh wd{ udwh ghvluhg e| dq lqglylgxdo lq vhfwru �� Ohw

A E>� ' | E>� dZ���,
W
� EE�� | E>����� n E�� Z����,

W
� EE�� | E>����� n >o

eh wkh dvvrfldwhg wudqvihu dw wklv wd{ udwh1 Lq wkh fdvh zkhuh > ' f/ zh
mxvw kdyh wkh vwdqgdug prgho zkhuh zdjh lqhtxdolw| gulyhv wkh ghvluh wr
uhglvwulexwh1 Wkh sdudphwhu > uhsuhvhqwv wkh srvvlelolw| wkdw lqfhqwlyhv wr
uhglvwulexwh duh d�hfwhg e| glvsdulwlhv lq lqfrph gxh wr dv|pphwulf lqyhvw0
phqw vwudwhjlhv dfurvv vhfwruv1 Iru h{dpsoh/ lq vwdwh � wkhuh lv dq h{wud
uhglvwulexwlyh lqfhqwlyh ehfdxvh vhfwru � lqglylgxdov hduq dq dgglwlrqdo {u

e| lqyhvwlqj lq wkhlu rzq vhfwru/ frpsduhg wr wkh vhfwru � lqglylgxdov zkr
lqyhvw lq wkhlu rzq vhfwru1 D yhu| xvhixo dvvxpswlrq zklfk zh pdlqwdlqhg
wkurxjkrxw lv

Dvvxpswlrq 6= E�� | Ef��{M : B1

Zkloh lw zrxog eh vwudljkwiruzdug wr uhod{ wklv/ lwv ydoxh frphv iurp wkh
ehqfkpdun wkdw lw doorzv xv wr hvwdeolvk1 Wkh dvvxpswlrq vd|v wkdw/ dw
wkh ohyho ri uhglvwulexwlyh wd{dwlrq dw zklfk erwk vhfwruv pdnh wkh vdph
lqyhvwphqw ghflvlrqv/ lw lv zruwkzkloh wr lqyhvw lq wkh rwkhu vhfwru zkhq
wkh uhwxuq wkhuh lv {M 1 Wklv dvvxpswlrq zloo krog surylghg wkdw lqhtxdolw|
lv qrw wrr juhdw dqg2ru wkhuh lv d vx!flhqwo| vwhhs oderu vfkhgxoh wr krog
uhglvwulexwlyh vhqwlphqwv e| vhfwru� lqglylgxdov lq fkhfn1 Zh fdq qrz suryh=

Sursrvlwlrq 5 Zlwk � ' �/ wkhuh lv d xqltxh LUV i|�c A�c g�je�'� wkdw fdq
eh jhqhudwhg dv dq wkh htxloleulxp ri wkh prgho zkhuh

+l, wkh uhglvwulexwlyh vwudwhjlhv duh

E|�c A�� '
�
| Ef� c A Ef�

�
iru � ' �c ec
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dqg
+ll, wkh lqyhvwphqw ghflvlrqv duh lghqwlfdo wr wkrvh irxqg zlwkrxw uhglvwul0

exwlrq1
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Wkh �uvw sduw ghwdlov wkh uhglvwulexwlrq ghflvlrqv lq hdfk vwdwh ri wkh zruog1
Wklv pluuruv wkh xqghuo|lqj zdjh lqhtxdolw| soxv dq| fkdqjhv lq lqfrph glv0
wulexwlrq gxh wr dv|pphwulf lqyhvwphqw vwudwhjlhv lq wkh wzr vhfwruv1 Wkh
vhfrqg sduw jlyhv wkh lqyhvwphqw htxloleulxp1 Wkh pdlq revhuydwlrq lv wkdw
wklv lv lghqwlfdo wr wkdw xqghu }hur uhglvwulexwlrq1 Dvvxpswlrq 6 lv fulwlfdo
wr wklv �qglqj dqg doorzv xv wr kdyh d vlpsoh ixoo lqirupdwlrq lqyhvwphqw
ehqfkpdun djdlqvw zklfk wr frqwudvw lqfrpsohwh lqirupdwlrq1 Vlqfh wkh gh0
vluh iru uhglvwulexwlrq lv lqfuhdvlqj lq �/ d fruroodu| ri wkhvh wzr sursrvlwlrqv
lv wkdw/ xqghu dvvxpswlrqv 5 dqg 6/ hyhu| h{ srvw Sduhwr rswlpdo uhglvwul0
exwlrq vfkhgxoh kdv wkh vdph lqyhvwphqw sur�oh1 Wklv lv wuxh lq vslwh ri wkh
idfw wkdw zh kdyh qrw doorzhg wkh srolf| pdnhu wr frpplw wr uhglvwulexwlrq
lq dgydqfh1 Lq wklv ehqfkpdun fdvh/ htxloleulxp uhglvwulexwlrq d�hfwv oderu
vxsso| ghflvlrqv/ exw qrw lqyhvwphqw1

7 Lqfrpsohwh Lqirupdwlrq
Zh qrz frqvlghu d zruog lq zklfk rqo| wkh srolf| pdnhu nqrzv wkh wuxh vwdwh
ri wkh zruog1 Dv zh dujxhg deryh/ wklv �wv d qxpehu ri uhohydqw frqwh{wv1
Wkh jryhuqphqw fdq wudqvplw lqirupdwlrq frvwohvvo| wr wkh flwl}hqv/ l1h1 lw
lv fkhds wdon1 Wkh flwl}hqv olvwhq wr wkhvh phvvdjhv dqg xsgdwh wkhlu eholhiv
wdnlqj lqwr dffrxqw wkh fuhglelolw| ri wkh vwdwhphqwv wkdw wkh| khdu1

Wkh wlplqj ri wkh prgho lv qrz dv iroorzv1 Iluvw/ qdwxuh ghwhuplqhv wkh
vwdwh zklfk lv revhuyhg rqo| e| wkh srolf| pdnhu1 Wkh srolf| pdnhu fdq
wkhq wudqvplw d phvvdjh wr wkh rwkhu flwl}hqv1 Rq wkh edvlv ri wklv/ flwl}hqv
fkrrvh vlpxowdqhrxvo| krz wr lqyhvw1 Diwhu lqyhvwphqw/ wkh vwdwh ri qdwxuh
lv uhyhdohg wr doo flwl}hqv1 Wkh srolf|pdnhu wkhq fkrrvhv d uhglvwulexwlyh
vwudwhj|1 Ilqdoo|/ sd|r�v duh uhdol}hg1

Wkh srolf| fkrlfh zloo vdwlvi| +5,1 Wkh lqyhvwphqw sur�oh ghshqgv xsrq
lqyhvwruv* eholhiv derxw zklfk vwdwh ri wkh zruog kdv rewdlqhg1 Zh dvvxph lq0
yhvwruv lq doo vhfwruv kdyh lghqwlfdo sulruv dqg ghqrwh wkhvh e| iR�je�'�1 Diwhu
uhfhlylqj d phvvdjh derxw zklfk vwdwh ri wkh zruog kdv rffxuuhg/ lqyhvwruv*
srvwhulru suredelolwlhv duh i^�je�'�1 Zh irfxv rq v|pphwulf lqyhvwphqw vwudwh0
jlhv/ zkhuh lqyhvwruv wdnh wkh uhglvwulexwlyh srolf| dvvrfldwhg zlwk hdfk vwdwh
ri wkh zruog dv jlyhq1 Ohw
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eh wkh rswlpdo lqyhvwphqw ghflvlrq iru dq lqyhvwru lq vhfwru �1 Dq lqyhvwphqw
htxloleulxp
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�fg� E�c ^� cfg� E�c ^�

�
eh wkh lqyhvwphqw htxloleulxp iru vrph eholhiv ^ derxw wkh vwdwh ri wkh zruog1
Rqfh djdlq/ zh dvvxph wkdw wklv lv xqltxh1

Zh dvvxph wkdw devhqw ixuwkhu lqirupdwlrq +eh|rqg dq lqglylgxdo*v sul0
ruv, derxw zklfk vwdwh kdv rffxuuhg/ wkh lqyhvwphqw htxloleulxp kdv hdfk
lqglylgxdo lqyhvwlqj lq wkhlu rzq vhfwru1 Irupdoo|/ zh pdnh

Dvvxpswlrq 7= fg� Efc R� ' � dqg fg� Efc R� ' f iru doo � 5 dfc �o1

Wklv lv d mrlqw dvvxpswlrq rq wkh sulru eholhiv dqg wkh wd{ udwhv lq gl�huhqw
vwdwhv1 Wkhuh lv qr vlpsoh zd| ri vwdwlqj wkh frqglwlrq lq whupv ri wkh
sulplwlyhv15

Eholhiv derxw zklfk vwdwh kdv rffxuuhg fdq ghshqg xsrq phvvdjhv vhqw e|
wkh srolf| pdnhu ehiruh lqyhvwphqw ghflvlrqv duh wdnhq1 D phvvdjh/ ghqrwhg
6/ lv uhvwulfwhg wr ehorqj wr d vhw P frqwdlqlqj doo srvvleoh vxevhwv ri wkh
vwdwhv1 Wkhvh phvvdjhv uhtxluh lqwhusuhwdwlrq e| wkh lqyhvwruv1 Zh dvvxph
wkdw wkh lqwhusuhwdwlrq ru eholhiv lv ghvfulehg e| d ixqfwlrq j�E6� zklfk
ghqrwhv wkh suredelolw| wkdw wkh vwdwh lv � iru dq| phvvdjh 6 5 P1 Wkhvh

eholhiv duh dgplvvleoh li
eS
�'�

j�E6� ' � iru doo phvvdjhv 6 5P1 Zh vxssrvh

wkdw wkh lqyhvwruv xsgdwh xvlqj Ed|hv uxoh jlyhq wkh eholhiv derxw wkh phdqlqj
ri phvvdjhv/ l1h1

^� E6c Rc j� '
R�j� E6�Se
�'� R�j� E6�

� +:,

Ohw ^ E6c R( j� ghqrwh wkh yhfwru ri srvwhulru eholhiv dqg ohw

5Hvvhqwldoo|/ lw uhtxluhv wkdw

m++4� w4, s4 � +4� w5, s7,�K

.++4� w5, s5 � +4� w6, s6,�Om ? �>

zkhuh wkh yhfwru ri wd{ udwhv vdwl�hv +5, dw wkh lqyhvwphqw htxloleulxp/ iru doo � 5 ^3> 4`1
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ghqrwh wkh �srolf| pdnhuv� sd|r� dw d sduwlfxodu lqyhvwphqw htxloleulxp�
Wkh srolf|pdnhu rswlpl}hv lq klv fkrlfh ri phvvdjhv jlyhq j/ wkdw lv

6W
�Ej� 5@h}4@ 

6M}

q eC� E�c ^ E6c R( j��
r
c +<,

Wkh rxwfrph ri wkh prgho lv d sduwlfxodu wd{/ uhglvwulexwlrq/ lqyhvwphqw
dqg phvvdjh sur�oh lq hdfk vwdwh1 Zh fdoo wklv dq lqyhvwphqw/ uhglvwulexwlrq
dqg phvvdjh vhtxhqfh +LUPV, dqg ghqrwh lw e| i|�c A�c g�c 6�je�'�1 Wkhq/ dq
LUPV i|�c A�cg�c 6�je�'� fdq eh jhqhudwhg e| dq htxloleulxp ri wkh prgho li
dqg rqo| li/ wkhuh lv d vhw ri dgplvvdeoh eholhiv j vxfk wkdw +l, E|�c A�� vdwlv�hv
+5, jlyhq g�c +ll, g� lv dq lqyhvwphqw htxloleulxp zkhq ^ lv ghulyhg iurp R
xvlqj Ed|hv uxoh/ wkh eholhiv j dqg wkh phvvdjhv 6c dqg +lll, phvvdjhv vroyh
+<, lq hdfk vwdwh jlyhq j1

Dv lv xvxdo lq vxfk prghov/ wkh idfw wkdw pdq| gl�huhqw eholhiv duh srvvleoh
derxw wkh phdqlqj ri phvvdjhv lpsolhv wkdw wkh vljqdoolqj htxloleulxp zloo
qrw eh xqltxh1 Wkhuh lv dozd|v d wulyldo htxloleulxp zkhuh qr lqirupdwlrq
lv wudqvplwwhg6 dqg flwl}hqv lqyhvw hqwluho| rq wkhlu sulruv1 Zh zloo irfxv rq
fdvhv zkhuh eholhiv doorz xv wr jhw dv forvh dv srvvleoh wr d ixoo lqirupdwlrq
lqyhvwphqw htxloleulxp1

Zh qrz frqvlghu wkh LUPV*v jhqhudwhg e| wkh prvw lqirupdwlyh htxloleuld
xqghu gl�huhqw dvvxpswlrqv derxw wkh uhglvwulexwlyh suhihuhqfhv ri wkh srolf|
pdnhu1 Zh ehjlq zlwk wkh prvw vwudljkwiruzdug fdvh zkhuh � ' f1 Lq wklv
fdvh/ zh kdyh=

Sursrvlwlrq 6 Zlwk � ' fc wkhuh h{lvwv d vhw ri dgplvvdeoh eholhiv j iru
zklfk dq LUPV i|�c A�c g�c6�je�'� fdq eh jhqhudwhg dv dq htxloleulxp ri wkh
prgho zlwk qr uhglvwulexwlrq/ ixoo lqirupdwlrq uhyhodwlrq dqg lqyhvwphqw gh0
flvlrqv jlyhq e| +7,1

Wkxv d srolf| pdnhu zlwkrxw uhglvwulexwlyh lqwhqwlrqv fdq fuhgleo| uhyhdo wkh
lqirupdwlrq wr klv flwl}hqv1 Lw lv hdv| wr vhh zk|1 D srolf| pdnhu zkr fduhv
derxw vhfwru � lqglylgxdov fduh wkdw wkh| lqyhvw wkh uljkw zd| dqg kdv qr
uhdvrq qrw wr uhyhdo wkh wuxwk wr vhfwru � lqglylgxdov zkhq wkhlu lqyhvwphqw
fdq ehqh�w iurp lw1 Wkh srolf| pdnhu*v lqfhqwlyhv gr qrw glyhujh iurp wkrvh
ri wkh flwl}hqv1

6Li �m+p, @ 4

7
iru doo m dqg doo p 5P / wkhq zh kdyh d edeeolqj htxloleulxp1
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Wkh pruh lqwhuhvwlqj fdvh dulvhv zkhuh � ' � dqg wkh srolf| pdnhu idyruv
vhfwru � lqglylgxdov1 Wkh iroorzlqj suholplqdu| revhuydwlrq vd|v wkdw ixoo
lqirupdwlrq lv qrw d srvvlelolw| lq wklv lqvwdqfh1

Ohppd 4 Vxssrvh wkdw � ' �/ dqg ohw E^c ^�� eh vxfk wkdw fg� E�c ^� :fg� E�c ^��/ wkhq/ iru dq| eholhiv j/ wkhuh lv qr
q
6W
�

re
�'�

zklfk vdwlv�hv +<,

vxfk wkdw ^ E6W
�c Rc j� ' ^ dqg ^ E6W

2c Rc j� ' ^�1

Wklv ohppd whoov xv wkdw wkhuh fdqqrw eh dq htxloleulxp ri wkh phvvdjh
jdph wkdw ohdgv vhfwru � lqglylgxdov wr lqyhvw lq vhfwru � lq vwdwh � dqg qrw
lq vwdwh 21 Krzhyhu/ ixoo lqirupdwlrq vwudwhjlhv uhtxluh vhfwru � lqglylgxdov
wr lqyhvw lq vhfwru � lq vwdwh �/ exw qrw lq vwdwh 21 Wklv lv h{sodlqhg e| wkh
srolf| pdnhu*v ghvluh wr uhglvwulexwh1 Lq vwdwh 2/ wkh srolf| pdnhu zkr idyruv
vhfwru � dozd|v kdv dq lqfhqwlyh wr glvkrqhvwo| dqqrxqfh wkdw vwdwh � kdv
rffxuuhg lq rughu wr ehqh�w iurp wkh lqfuhdvhg wudqvihuv wkdw kh zloo uhfhlyh
li d vhfwru � lqglylgxdo lqyhvwv lq vhfwru �1 Wkxv kdylqj d srolf| pdnhu zkr
idyruv vhfwru � fdqqrw uhvxow lq ixoo lqirupdwlrq ehlqj uhyhdohg wr lqyhvwruv1

Wr h{soruh wklv ixuwkhu/ zh glvwlqjxlvk ehwzhhq wzr fdvhv/ uhihuuhg wr dv
wkh ryhu0lqyhvwphqw dqg xqghu0lqyhvwphqw fdvhv1 Lq wkh ryhu0lqyhvwphqw fdvh/
vhfwru � lqglylgxdov lqyhvw lq vhfwru � hyhq wkrxjk wkh| vrphwlphv pdnh d
orvv e| grlqj vr/ zkloh lq wkh xqghu0lqyhvwphqw fdvh/ wkh| duh frqvhuydwlyh dqg
dozd|v fkrrvh wr lqyhvw lq wkhlu rzq vhfwru1 Wkh fulwlfdo frqglwlrq wkdw gli0
ihuhqwldwhv wkhvh wzr lv zkhwkhu E�� | Ef�� dR�{M n E�� R2�{uo

:
	 ER� n R2�B1

Iru wkh ryhu0lqyhvwphqw fdvh/ zh kdyh wkh iroorzlqj uhvxow17

Sursrvlwlrq 7 Vxssrvh wkdw E�� | Ef�� dR�{M n R2{uo : ER� n R2� B/ wkhq
zlwk � ' � wkhuh h{lvwv d vhw ri dgplvvdeoh eholhiv j iru zklfk dq LUPV
i|�c A�cg�c 6�je�'� fdq eh jhqhudwhg dv dq htxloleulxp zkhuh

+l, uhglvwulexwlrq srolflhv duh jlyhq e|

E|�c A�� '
�
| Ef� c A Ef�

�
iru � ' �c 2c e

E|�c A�� '
�
| EE�� Z��{u� c A EE�� Z��{u�

�
+ll, wkh srolf| pdnhu dqqrxqfhv wkh wuxh vwdwh zkhq wkh vwdwh lv � ru e/

exw grhv qrw gl�huhqwldwh ehwzhhq vwdwhv � dqg 2/ l1h1/ 6W
� ' � iru � ' �c e

dqg 6W
� ' 6W

2 ' i� ^ 2j
7Sursrvlwlrqv 6/ 7 dqg 8 ghvfuleh zhdn htxloleuld lq wkh vhqvh wkdw/ lq wkh htxloleulxp

wkdw zh ghvfuleh/ lq vrph vwdwhv wkh srolf| lv lqgl�huhqw ehwzhhq wkh srvlwhg htxloleulxp
phvvdjh dqg vrph rwkhu phvvdjh1
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dqg
+lll, wkh lqyhvwphqw htxloleulxp kdv vhfwru � lqglylgxdov xvlqj wkhlu ixoo

lqirupdwlrq lqyhvwphqw vwudwhjlhv dqg vhfwru � lqglylgxdov lqyhvwlqj lq vhfwru
� lq vwdwhv � dqg 2 dqg lq vhfwru � rwkhuzlvh1

Wkhuh duh wkuhh sduwv wr wkh Sursrvlwlrq1 Wkh �uvw jlyhv wkh uhglvwulexwlyh
vwudwhjlhv hpsor|hg e| wkh srolf| pdnhu1 Wkh vhfrqg jlyhv wkh htxloleulxp
phvvdjhv zklfk duh wkh vdph lq hlwkhu vwdwh � ru 21 Wkxv wkh wuxh vwdwh
ri wkh zruog lv qrw uhyhdohg lq wklv fdvh1 Wklv lv ehfdxvh d srolf| pdnhu
zkr pd{lpl}hv wkh sd|r� ri vhfwru � lqglylgxdov fdqqrw fuhgleo| glvwlqjxlvk
ehwzhhq vwdwhv � dqg 21 Wkh dujxphqw lv h{dfwo| wkdw ghyhorshg wr suryh
Ohppd 41 Sduw +lll, ri wkh Sursrvlwlrq jlyhv wkh lqyhvwphqw vwudwhjlhv zklfk
ohdg wr ryhu0lqyhvwphqw lq vhfwru �1

Zh qrz frqvlghu zkdw kdsshqv zkhq wkh whqghqf| lv wrzdugv wr xqghu0
lqyhvwphqw lq vhfwru�1 Wklv rffxuv li E�� | Ef�� dR�{M n R2{uo 	 ER� n R2� B1
Wkh rxwfrph lv ghvfulehg lq

Sursrvlwlrq 8 Vxssrvh wkdw E�� | Ef�� dR�{M n R2{uo 	 ER� n R2� B/ wkhq
zlwk � ' � wkhuh h{lvwv d vhw ri dgplvvdeoh eholhiv j vxfk wkdw dq LUPV
i|�c A�cg�c 6�je�'� fdq eh jhqhudwhg dv dq htxloleulxp ri wkh prgho zkhuh

+l, uhglvwulexwlyh srolflhv duh jlyhq e|

E|�c A�� '
�
| E� E�� Z��{M� c A E� E�� Z��{M�

�
E|2c A2� '

�
| E� E�� Z��{u� c A E� E�� Z��{u�

�
E|�c A�� '

�
| EE�� Z��{u� c A EE�� Z��{u�

�
E|ec Ae� '

�
| Ef� c A Ef�

�
+43,

+ll, wkh srolf| pdnhu dqqrxqfhv wkh wuxh vwdwh zkhq wkh vwdwh lv � ru e/
exw grhv qrw gl�huhqwldwh ehwzhhq vwdwhv � dqg 2/ l1h1/ 6W

� ' � iru � ' �c e
dqg 6W

� ' 6W
2 ' i� ^ 2j

dqg
+lll, wkh lqyhvwphqw htxloleulxp kdv vhfwru � lqglylgxdov xvlqj wkhlu ixoo

lqirupdwlrq lqyhvwphqw vwudwhjlhv dqg vhfwru � lqglylgxdov lqyhvwlqj lq vhfwru
�1

Djdlq/ wkhuh duh wkuhh sduwv1 Wkh �uvw jlyhv wkh uhglvwulexwlyh vwudwhjlhv1
Wkh vhfrqg wkh htxloleulxp phvvdjhv1 Wkhvh duh lghqwlfdo wr wkrvh ghvfulehg
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lq Sursrvlwlrq 71 Wkh wklug sduw jlyh wkh lqyhvwphqw vwudwhjlhv1 Wkh nh|
gl�huhqfh zlwk Sursrvlwlrq 7 lv wkdw lqglylgxdov lq vhfwru � qrz qhyhu fkrrvh
wr lqyhvw lq vhfwru �/ hyhq lq vwdwh �1

D frpsdulvrq ri Sursrvlwlrq 6/ 7 dqg 8 vkrzv krz d srolf| pdnhu*v delolw|
wr fuhgleo| wudqvplw lqirupdwlrq lv d�hfwhg e| klv uhglvwulexwlyh suhihuhqfhv1
D srolf| pdnhu zlwk qr ghvluh wr uhglvwulexwh kdv qr fuhglelolw| sureohp dqg
jhqhudwhv dq LUPV zklfk lv wkh vdph dv wkh ixoo lqirupdwlrq rxwfrph1 Wkh
ghvluh iru uhglvwulexwlrq fuhdwhv d nlqg ri h{whuqdolw| vlqfh lqglylgxdov ehq0
h�w iurp rwkhuv* ghflvlrqv wr lqyhvw gluhfwo|1 Li frvwv ri lqyhvwphqw duh qrw
ixoo| lqwhuqdol}hg/ wkhq wklv uhvxowv lq d fuhglelolw| sureohp1 Wkh Sursrvlwlrqv
lghqwli| d nh| frqglwlrq ghwhuplqlqj zkhwkhu wkh prvw lqirupdwlyh htxlole0
ulxp xqghu lqfrpsohwh lqirupdwlrq kdv wrr pxfk ru wrr olwwoh lqyhvwphqw lq
vhfwru � frpsduhg wr wkh fdvh ri ixoo lqirupdwlrq1 Zh zloo vhh ehorz wkdw
wklv kdv lpsruwdqw lpsolfdwlrqv iru wkh zhoiduh dqdo|vlv18

8 Srolwlfdo Hfrqrp| dqg Zhoiduh Dqdo|vlv
Vr idu/ zh kdyh wdnhq srolf| pdnhu suhihuhqfhv dv h{rjhqrxv1 Zh qrz frq0
vlghu zkdw zrxog kdsshq li zh doorz wkh lghqwlw| ri wkh srolf| pdnhu wr eh
ghwhuplqhg lq dq hohfwlrq1 Wkh prgho wkdw zh xvh iru wklv lv wkh flwl}hq fdq0
glgdwh dssurdfk ghyhorshg lq Rveruqh dqg Volylqvnl +4<<9, dqg Ehvoh| dqg
Frdwh +4<<:,1 Wklv lv d qdwxudo prgho wr frqvlghu khuh zkhuh zh wklqn ri wkh
srolf| pdnhu dv rqh dprqj wkh flwl}hqv orfdwhg lq vhfwru � ru �1

Wkh flwl}hq fdqglgdwh prgho kdv wkuhh pdlq vwdjhv ri srolwlfdo frpsh0
wlwlrq1 Dw vwdjh rqh/ dq| flwl}hq fdq ghfoduh klp ru khuvhoi d fdqglgdwh iru
r!fh dw d vpdoo frvw S1 Dw vwdjh wzr/ yrwhuv yrwh ryhu wkh ghfoduhg fdqglgdwhv
dqg dw vwdjh wkuhh srolf| lv fkrvhq1 Zh vxssrvh wkdw wkh ghidxow srolf| li
qrerg| hqwhuv lv | ' f/ A ' f lq doo vwdwhv dqg qr phvvdjhv duh vhqw wr wkh
flwl}hqv1 Zh dovr dvvxph wkdw yrwlqj dqg hqwu| ghflvlrqv duh vwudwhjlf1 D
srolwlfdo htxloleulxp lv d vhw ri yrwlqj ghflvlrqv dw vwdjh wzr +zkhuh qr flwl}hq

8Wkh htxloleuld lq Sursrvlwlrqv 7 dqg 8 gr qrw shuplw wkh srolf| pdnhu wr gl�huhqwldwh
ehwzhhq vwdwhv 4 dqg 5 lq wkh phvvdjhv wkdw wkh| vhqg1 Wkxv/ dv lq Ohppd 4/ wkh| gr qrw
lqyrnh gl�huhqw lqyhvwphqw vwudwhjlhv lq wkhvh wzr vwdwhv1 Khqfh/ iurp dq h{ srvw srlqw ri
ylhz/ wkh rxwfrph jhqhudwhg lq wkhvh htxloleuld zloo eh dw ohdvw dv jrrg dv dq| wkdw vdwlv�hv
Ohppd 41 Krzhyhu/ iurp dq h{ dqwh ylhz srlqw/ lw lv srvvleoh wkdw pruh lqirupdwlyh
dqqrxqfhphqwv duh srvvleoh dv orqj dv wkh| ohdg wr wkh vdph lqyhvwphqw vwudwhj| h{ srvw1
Vlqfh rxu lqwhuhvw ehorz lv lq h{ srvw zhoiduh/ zh gr qrw sxuvxh wklv srvvlelolw| ixuwkhu1
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xvhv d zhdno| grplqdwhg vwudwhj|, dqg d vhw ri hqwu| ghflvlrqv dw vwdjh rqh
zklfk irup d Qdvk htxloleulxp1 Iru ghwdlov vhh Ehvoh| dqg Frdwh +4<<:,1

Wkh odvw wzr vhfwlrqv jlyh xv d ghvfulswlrq ri zkdw kdsshqv lq wkh hyhqw
wkdw d flwl}hq zlwk d sduwlfxodu w|sh ri suhihuhqfh lv hohfwhg frqglwlrqdo rq
zkhwkhu wkh vwdwh ri wkh zruog lv revhuydeoh wr wkh zkroh srolw|1 D vhfwru
� flwl}hq ehlqj hohfwhg fruuhvsrqgv wr wkh fdvh zkhuh � ' � dqg d vhfwru �
vhfwru ehlqj hohfwhg wr wkh fdvh zkhuh � ' f1 Wkh dvvxpswlrq wkdw wkhuh duh
rqo| wzr w|shv ri flwl}hqv shuplwv d idluo| urxwlqh dssolfdwlrq ri Sursrvlwlrq
5 lq Ehvoh| dqg Frdwh +4<<:,1 Vlqfh +jhqhulfdoo|, hlwkhu vhfwru � ru vhfwru
� flwl}hqv duh lq d pdmrulw|/ zh zrxog h{shfw +iru vpdoo hqrxjk S, d rqh
fdqglgdwh htxloleulxp zlwk wkh fdqglgdwh uhsuhvhqwlqj wkh suhihuhqfh ri wkh
pdmrulw| vhfwru1 Li d vlqjoh fdqglgdwh ri wkh pdmrulw| w|sh lv vwdqglqj/ qr
rwkhu flwl}hq ri wkh vdph w|sh zrxog zlvk wr hqwhu � wkh srolf| zrxog eh
xqfkdqjhg dqg wkh| zrxog kdyh wr sd| S1 Qr flwl}hq ri wkh qrq0pdmrulw|
w|sh zrxog zlvk wr hqwhu dv lq wzr fdqglgdwh udfhv zkhuh yrwhuv gr qrw xvh
zhdno| grplqdwhg yrwlqj vwudwhjlhv/ wkh fdqglgdwh zlwk d pdmrulw| ri vlqfhuh
suhihuhqfhv zloo zlq1 Lq zkdw iroorzv/ zh dvvxph wkdw S lv vpdoo hqrxjk vr
wkdw wklv frqvwlwxwhv wkh htxloleulxp1

Lq d zruog ri frpsohwh lqirupdwlrq/ hdfk flwl}hq zloo suhihu wr kdyh wkhlu
rzq w|sh lq r!fh wr surprwh wkhlu suhihuuhg uhglvwulexwlyh srolf|1 Wkh uhvxowv
ghulyhg lq vhfwlrq 6 lpso|/ wkdw xqghu dvvxpswlrqv 5 dqg 6/ wkh lqyhvwphqw
vwudwhjlhv duh lqyduldqw wr zklfk flwl}hq lv lq r!fh1 Wkh rqo| wklqj ghflghg
e| srolwlfdo frpshwlwlrq lv wkh ohyho ri wkh uhglvwulexwlyh wd{dwlrq1 Wklv lv
olnh wkh vwdqgdug Phow}hu dqg Ulfkdugv +4<;4, prgho ri uhglvwulexwlrq1

Wxuqlqj wr lqfrpsohwh lqirupdwlrq/ zh revhuyhg lq Vhfwlrq 7 wkdw wkh
suhihuhqfh ri wkh srolf| pdnhu d�hfwv krz pxfk lqirupdwlrq lv uhyhdohg dqg
khqfh htxloleulxp lqyhvwphqw vwudwhjlhv1 Rxu ghvluh wr hpehg wkh dqdo|vlv lq
d prgho zkhuh wkh srolf| pdnhu lv d flwl}hq jhqhudwhv d ixuwkhu frpsolfdwlrq
vlqfh kh zloo dovr eh dq lqyhvwru1 Pruhryhu/ klv lqyhvwphqw zloo dozd|v eh
dq lqiruphg rqh/ uhjdugohvv ri zkhwkhu rwkhu flwl}hqv duh dovr lqiruphg e|
phvvdjhv wkdw kh fkrrvhv wr vhqg1 Lq d vlpxowdqhrxv pryh lqyhvwphqw jdph/
lw zrxog eh qhfhvvdu| wr vhsdudwh rxw wkh srolf| pdnhu*v lqiruphg lqyhvwphqw
ghflvlrq iurp wkdw ri klv ihoorz flwl}hqv1 Zh gr qrw uhjdug wkh frpsolfdwlrqv
lqyroyhg lq vshfli|lqj wkh lqyhvwphqw htxloleulxp iru wklv �dv|pphwulf� fdvh
wr eh zruwkzkloh/ lq wkdw lw grhv qrw dgg dq|wklqj hvvhqwldo wr wkh dqdo|vlv ri
wkh sdshu1 Khqfh/ zh dvvxph wkdw/ rqfh hohfwhg/ d srolf| pdnhu pxvw sodfh klv
dvvhwv �lq wuxvw� zklfk duh dxwrpdwlfdoo| lqyhvwhg lq olqh zlwk rwkhu phpehuv
ri klv vhfwru dqg kh hduqv d uhwxuq dffruglqjo|1 Dsduw iurp vlpsoli|lqj wkh
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dqdo|vlv/ wklv sdudoohov wkh nlqg ri lqvwlwxwlrqdo duudqjhphqw wkdw lv frpprqo|
revhuyhg lq uhsuhvhqwdwlyh ghprfudflhv suhflvho| wr olplw wkh jdlqv wkdw srolf|
pdnhuv fdq uhfhlyh e| wudglqj rq lqvlgh lqirupdwlrq derxw wkh ixwxuh ri wkh
hfrqrp|19 Zlwk wklv dvvxpswlrq/ zh fdq xvh wkh dqdo|vlv ri wkh suhylrxv
vhfwlrq wr ghvfuleh zkdw kdsshqv zkhq d w|sh � ru � flwl}hq lv hohfwhg xqghu
lqfrpsohwh lqirupdwlrq1 Vshfl�fdoo|/ zh dvvxph wkdw li d w|sh � srolf| pdnhu
lv hohfwhg/ wkhq wkh LUPV zloo eh wkdw ghvfulehg lq Sursrvlwlrq 6 dqg li d
w|sh � srolf| pdnhu lv hohfwhg wkhq wkh LUPV zloo eh rqh ri wkrvh ghvfulehg
lq Sursrvlwlrqv 7 ru 81

Lw lv hdv| wr fkhfn wkdw hdfk flwl}hq zloo vwloo suhihu wr yrwh d flwl}hq ri
wkhlu rzq w|sh lq wklv fdvh1 Khqfh/ rqfh djdlq zh h{shfw d rqh fdqglgdwh
htxloleulxp zkhuh wkh fdqglgdwh lv iurp wkh pdmrulw| vhfwru1 Li vhfwru �
flwl}hqv duh d pdmrulw|/ wkhq wkh rxwfrph lv wkdw ghvfulehg lq Sursrvlwlrq �
zlwk lqirupdwlrq ixoo| uhyhdohg dqg qr uhglvwulexwlrq1 Li vhfwru � flwl}hqv duh
lq wkh pdmrulw|/ wkhq ghshqglqj xsrq zkhwkhu E�� | Ef�� dR�{M n R2{uo �
ER� n R2� B lv srvlwlyh ru qhjdwlyh/ hlwkhu Sursrvlwlrq 7 ru 8 zloo dsso|1

Zh nqrz wkdw lqirupdwlrq lv qrw qhfhvvdulo| uhyhdohg lq srolwlfdo htxlole0
ulxp � li d w|sh � flwl}hq lv hohfwhg wr fkrrvh srolf|/ wkhq zh nqrz wkdw
lqirupdwlrq uhyhodwlrq lv rqo| sduwldo zkloh d w|sh � flwl}hq zrxog uhyhdo doo
lqirupdwlrq1 Ohvv fohdu lv zkhwkhu ixoo lqirupdwlrq lv h{ srvw Sduhwr grp0
lqdqw ryhu wkh srolwlfdo htxloleulxp1 Wklv zloo eh wuxh li wkhuh lv d ihdvleoh
wd{ fkdqjh vxfk wkdw zlwk wkh ixoo lqirupdwlrq lqyhvwphqw vwudwhjlhv rqh ri
wkh w|shv ri lqglylgxdo fdq eh pdgh vwulfwo| ehwwhu r� lq vrph vwdwh ri wkh
zruog dqg qr zruvh r� lq hyhu| rwkhu1 Vlqfh/ lw jhqhudwhv ixoo lqirupdwlrq/
lw lv reylrxv wkdw wkh rxwfrph zkhq d vhfwru � srolf| pdnhu fkrrvhv srolf|
fdqqrw eh Sduhwr grplqdwhg1 Khqfh/ zh frqvlghu zkhwkhu wkh htxloleulxp
zlwk d w|sh � srolf| pdnhu fdq eh grplqdwhg e| ixoo lqirupdwlrq uhyhodwlrq
frxsohg zlwk dq dssursuldwh yduldwlrq lq wd{ srolf|1 Iru wkh uhvw ri wkh sdshu
zh dvvxph
Dvvxpswlrq 8= Vhfwru D lqglylgxdov frqvwlwxwh d pdmrulw| lq wkh srsxod0
wlrq1

Rxu �uvw uhvxow vkrzv wkdw zh kdyh douhdg| ghvfulehg dq htxloleulxp lq
zklfk wkh rxwfrph lv Sduhwr lqh!flhqw1

9Lq wkh X1V1 wkh jhqhudo uxoh lv wkdw wrs r!fldov pxvw hlwkhu glyhvw wkhlu kroglqjv/ ru
sxw wkhp lq d eolqg wuxvw1 Li d wrs r!fldo kdv qrw sxw dvvhwv lqwr d eolqg dffrxqw/ wkhq
kh ru vkh pxvw gh�qlwho| eh uhfxvhg iurp kdqgolqj pdwwhuv wkdw d�hfw wkh ydoxh ri wkrvh
dvvhwv1 Lw lv zruwk qrwlqj wkdw pdq| ri wkhvh uhvwulfwlrqv frph iurp H{hfxwlyh Rughuv dqg
chwklfv frghv* udwkhu wkdq odzv1
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Sursrvlwlrq 9 Vxssrvh wkdw E�� | Ef�� dR�{M n R2{uo 	 ER� n R2� B dqg wkh
srolwlfdo htxloleulxp jhqhudwhv wkh U-�7 ghvfulehg lq Sursrvlwlrq 81 Wkhq
wklv rxwfrph fdq eh Sduhwr grplqdwhg e| wkh U-�7 zlwk ixoo lqirupdwlrq
uhyhodwlrq1

Wkxv wkh xqghu0lqyhvwphqw fdvh uhvxowv lq d Sduhwr lqh!flhqw rxwfrph1 Vhf0
wru� lqglylgxdov fkrrvh wr lqyhvw lq wkhlu rzq vhfwru uhjdugohvv ri wkh phvvdjh
wkdw wkh| uhfhlyh dqg vhfwru � lqglylgxdov ehkdyh dv lq d frpsohwh lqirupd0
wlrq zruog1 Wkh rqo| gl�huhqfh lq lqyhvwphqw vwudwhjlhv dulvhv lq vwdwh �/
zkhuh zlwk ixoo lqirupdwlrq wkh vhfwru � lqglylgxdo zrxog zlvk wr lqyhvw lq
vhfwru �1 Wklv zloo eh wkh htxloleulxp lqyhvwphqw vwudwhj| xqghu ixoo lqiru0
pdwlrq iru dq| Sduhwr h!flhqw wd{ rq lqfrph1 Fohduo|/ zlwk ixoo lqirupdwlrq
wkh vhfwru � lqglylgxdov duh ehwwhu r� lq vwdwh � li zh nhhs wkh wd{ udwh dw
| E� E�� Z��{M�1 Li | E� E�� Z��{M� : f wkhq Vhfwru � lqglylgxdov duh
dovr ehwwhu r� lq vwdwh 4 vlqfh wkh| jhw d odujhu lqfrph wudqvihu iurp wkh
jryhuqphqw/ iru d jlyhq wd{ udwh1 Li | E� E�� Z��{M� ' f wkhq Vhfwru D
lqglylgxdov duh lqgl�huhqw ehwzhhq wkh wzr rxwfrphv1

Lq wkh ryhu0lqyhvwphqw fdvh zkhuh E�� | Ef�� dR�{M n R2{uo : ER� n R2�B
krogv/ wkhq wkh rxwfrph fdqqrw eh Sduhwr grplqdwhg e| d vlwxdwlrq lq zklfk
wkh lqirupdwlrq derxw wkh vwdwh ri wkh zruog lv uhyhdohg1

Sursrvlwlrq : Vxssrvh wkdw E�� | Ef�� dR�{M n R2{uo : ER� n R2�B dqg
wkdw wkh srolwlfdo htxloleulxp jhqhudwhv wkh U-�7 ghvfulehg lq Sursrvlwlrq
71 Wkhq wklv rxwfrph fdqqrw eh Sduhwr grplqdwhg e| wkh U-�7 zlwk ixoo
lqirupdwlrq uhyhodwlrq1

Lq wklv fdvh/ ixoo lqirupdwlrq ohdgv wr vhfwru � flwl}hqv lqyhvwlqj ohvv riwhq lq
vhfwru � � Wklv lpsuryhv vhfwru � lqglylgxdov* zhoiduh1 Krzhyhu/ kroglqj wd{
udwhv frqvwdqw/ wklv lpsolhv d orvv wr vhfwru � lqglylgxdov1 Pruhryhu/ wkhuh lv
qr yduldwlrq lq wd{hv wkdw fdq xqgr wkdw zhoiduh orvv1

Wkxv/ zkhwkhu zh duh lq wkh xqghu0 ru ryhu0 lqyhvwphqw fdvh lv fulwlfdo1
Orrvho| vshdnlqj/ ryhulqyhvwphqw lv pruh olnho| zkhq lqyhvwruv duh uhodwlyho|
pruh rswlplvwlf derxw wkh olnholkrrg ri vwdwh 4 rffxuulqj +R�lv kljk, dqg2ru
wkh dgglwlrqdo lqyhvwphqw uhwxuq iurp lqyhvwlqj lq vhfwru D lq vwdwh 4 lv
odujh1 Wkh idfw wkdw wkh rxwfrph fdqqrw eh Sduhwr grplqdwhg lq wkh fdvh
ri ryhu0lqyhvwphqw vkrzv wkdw wkh devhqfh ri ixoo lqirupdwlrq uhyhodwlrq grhv
qrw qhfhvvdulo| lpso| lqh!flhqf|1 Sxw dqrwkhu zd|/ qrw uhyhdolqj lqirupd0

4:



wlrq zklfk ghwhuplqhv lqyhvwphqw ghflvlrqv frxog irup sduw ri dq rswlpdo
uhglvwulexwlyh vwudwhj| iru wkh jryhuqphqw1:

9 Glvfxvvlrq
Zkloh zh kdyh irfxvhg rq hfrqrp| zlgh uhglvwulexwlrq vwudwhjlhv/ wkh srlqw
ri wkh sdshu wkdw fuhglelolw| ri lqirupdwlrq lv d�hfwhg e| uhglvwulexwlrq srv0
vlelolwlhv lv d jhqhudo rqh1 Rqh frxog/ iru h{dpsoh/ ghulyh vlplodu uhvxowv lq d
fdvh zkhuh vshfldo lqwhuhvwv fdq pdnh wudqvihuv wr srolwlfldqv lq h{fkdqjh iru
olplwlqj lqirupdwlrq wudqvplvvlrq1 Wkh uhfhqw fulvlv ryhu wkh vdihw| ri ehhi
lq wkh XN suhflslwdwhg e| d sduw| lq jryhuqphqw zklfk zdv wudglwlrqdoo|
vxssruwhg e| iduphuv frxog eh wkrxjkw ri dorqj wkhvh olqhv1 Wkh nh| lqjuh0
glhqw wkdw gulyhv wklv prgho lv wkh srvvlelolw| ri dq djhqf| sureohp dprqj
srolwlfldqv zkr qr orqjhu htxdwh wkh vrfldo frvw dqg ehqh�w ri lqirupdwlrq1

Wkh odwwhu lqwhusuhwdwlrq ri rxu uhvxow pdnhv fohdu wkdw zh fdq dovr jhw
uhvxowv vlplodu wr wkrvh ghyhorshg khuh iurp dq h{whuqdolw| lq wkh surgxfwlrq
surfhvv1 Frqvlghu d zruog zlwkrxw uhglvwulexwlrq zkhuh wkh zdjh udwh lq
hdfk vhfwru ghshqghg xsrq wkh dprxqw ri lqyhvwphqw lq wkdw vhfwru1 Wkhq
lw zrxog eh lq wkh lqwhuhvw ri wkh srolf| pdnhu/ wr fodlp wkdw klv2khu vhfwru
kdg wkh kljkhvw uhwxuq wr fdslwdo lq rughu wr ehqh�w iurp zdjh h{whuqdolw|
hqjhqghuhg e| lqfuhdvhg lqyhvwphqw1 Wklv zrxog djdlq uhgxfh wkh vfrsh iru
fuhgleoh lqirupdwlrq wudqvplvvlrq1 Dv lq wkh prgho ghyhorshg deryh/ uhqwv wr
hduqlqj zdjh lqfrph zlwklq d vhfwru duh dovr lpsruwdqw1 Li lqglylgxdov frxog
pryh wr wkh vhfwru zlwk wkh kljkhvw zdjh udwh/ wklv zrxog qrw eh d sureohp1

Wkh ghvluh iru lqfrph uhglvwulexwlrq lq rxu prgho lv eruqh rxw ri dq lqlwldo
zdjh lqhtxdolw| dfurvv vhfwruv/ zkhuh wkh zdjh lqhtxdolw| uh hfwv rzqhuvkls ri
gl�huhqw ohyhov ru w|shv ri kxpdq fdslwdo1 Pruh jhqhudoo|/ zh frxog doorz iru
zhdowk lqhtxdolwlhv dfurvv vhfwruv e| dvvxplqj wkdw lqglylgxdov lq gl�huhqw
vhfwruv gl�hu lq wkhlu rzqhuvkls ri fdslwdo1 Prvw ri wkh uhvxowv frxog eh
h{whqghg wr fryhu wklv fdvh1 Krzhyhu/ dgglwlrqdo frpsolfdwlrqv frxog dulvh
li lqyhvwphqw glvsdulwlhv dfurvv wkh vhfwruv pdgh wkh ghvluh wr uhglvwulexwh lq
gl�huhqw vwdwhv ri wkh zruog vhqvlwlyh wr lqyhvwphqw ghflvlrqv1 Wklv vhhpv

:Wkh uhvxow fdq eh ylhzhg dv idloxuh ri wkh frqglwlrqv iru surgxfwlrq h!flhqf| wr krog
lq wkh Gldprqg0Pluuohhv +4<:4, vhqvh1 Wklv uhvxow uhtxluhv wkdw wkh jryhuqphqw kdyh d
ixoo duud| ri +olqhdu, wd{ lqvwuxphqwv1 Khuh/ wkh idfw wkdw � fdqqrw eh wd{hg lv nh|1 Li wkh
jryhuqphqw zhuh deoh wr dgrsw d wd{ v|vwhp lq zklfk � zhuh ghgxfwhg iurp lqfrph ehiruh
wd{ zdv ohylhg/ wkhuh zrxog eh qr srvvlelolw| ri lqh!flhqf| lq wkh srolf| fkrlfh1
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prvw olnho| zkhq vhfwru � lqglylgxdov duh fdslwdo ulfk uhodwlyh wr wkrvh lq
vhfwru � hyhq wkrxjk wkh odwwhu hqmr| d kljkhu zdjh udwh1

Zh kdyh fdvw wkh sureohp ri wklv sdshu dv rqh wkdw dulvhv zkhq wkh srolf|
pdnhu lv hohfwhg1 Krzhyhu/ lw vkrxog eh dssduhqw iurp vhfwlrq wkuhh wkdw hyhq
zlwk d vrfldo sodqqhu lqfrpsohwh lqirupdwlrq lv d srvvlelolw| li wkh sodqqhu*v
suhihuhqfhv idyru vhfwru �1 Wkh pdlq lvvxh lv zkhwkhu lw lv uhdvrqdeoh wr
wklqn ri d wuxo| ehqhyrohqw sodqqhu vx�hulqj iurp fuhglelolw| sureohpv1; Lq
wkh vslulw ri wkh olwhudwxuh rq wlph0lqfrqvlvwhqw fdslwdo wd{dwlrq/ zh frxog
lqwhusuhw rxu uhvxowv dv vd|lqj wkdw d sodqqhu pd| idfh fuhglelolw| sureohpv
lq wkh wudqvplvvlrq ri lqirupdwlrq li kh idyruv d sduwlfxodu jurxs dqg kdv
uhglvwulexwlyh srzhu1 Iru lqvwdqfh/ lq wklv prgho d sodqqhu zlwk pd{lplq
suhihuhqfhv pljkw |lhog dq LUPV wkdw fdq eh Sduhwr grplqdwhg1 Krzhyhu/
lq wkh �qdo dqdo|vlv/ sodqqhuv zlwk fuhglelolw| sureohpv duh suredeo| ehvw
wkrxjkw ri dv flwl}hqv zkr duh hohfwhg wr fkrrvh srolf|/ pdnlqj wkh srolwlfdo
hfrqrp| lqwhusuhwdwlrq pruh sdodwdeoh1

Dvvxpswlrq 6 lq wkh sdshu jxdudqwhhv wkdw vrph wudqvplvvlrq ri lqiru0
pdwlrq fdq eh zhoiduh lpsurylqj iurp dq h{ dqwh srlqw ri ylhz1 Li wklv
dvvxpswlrq idlov/ wkhq lw lv srvvleoh wkdw lqyhvwruv lq rqh vhfwru suhihu wkh xq0
lqirupdwlyh �edeeolqj� htxloleulxp wr wkh pruh lqirupdwlyh htxloleuld1 Wklv
lv ehfdxvh pruh lqirupdwlrq ohdgv vhfwru � flwl}hqv wr uhgxfh wkhlu lqyhvw0
phqw lq vhfwru � lq fhuwdlq vwdwhv ri wkh zruog1< Lq vxfk fdvhv/ h{ dqwh lw
lv srvvleoh wkdw ixoo lqirupdwlrq grhv qrw grplqdwh wkh xqlqirupdwlyh htxl0
oleulxp iru vhfwru � lqglylgxdov1 Vlqfh wkh srolwlfdo htxloleulxp fdq dozd|v
gholyhu dq xqlqirupdwlyh rxwfrph/ zh zrxog qrw h{shfw wr �qg wkdw srolwlfdo
htxloleulxp lv Sduhwr grplqdwhg lq vxfk fdvhv1

Zh kdyh irfxvhg khuh rq fkhds wdon1 Wkh h{lvwlqj olwhudwxuh rq srolwl0
fdo djhqf| prghov irfxvhv rq frvwo| vljqdoolqj rq sduw ri wkh srolf| pdnhu
sulpdulo| lq rughu wr d�hfw uh0hohfwlrq lqfhqwlyhv1 Frdwh dqg Pruulv +4<<8,
kdyh vkrzq krz wklv pd| ohdg wr lqh!flhqw rxwfrphv zkhq wzr vrxufhv ri
xqfhuwdlqw| h{lvw1 Zh pljkw h{shfw frvwo| vljqdoolqj wr uh0hphujh lq vlwx0
dwlrqv zkhuh lqirupdwlrq wudqvplvvlrq lv lpsruwdqw exw jryhuqphqwv odfn
fuhglelolw|1 Wklv pd| eh sduwlfxoduo| ghvludeoh lq vlwxdwlrqv zkhuh wkh fkhds
wdon htxloleulxp lv Sduhwr grplqdwhg1 Wkh Eulwlvk Sulph Plqlvwhu*v h�ruwv
wr hdw Eulwlvk ehhi sxeolfo| gxulqj wkh uhfhqw sxeolf vdihw| vfduh looxvwudwhv

;D ixoo| fuhgleoh sodqqhu frxog dozd|v dyrlg wkh lqh!flhqf| ghvfulehg lq Sursrvlwlrq 9
dqg frxog frpplw wr d wd{ udwh zlwk ixoo lqirupdwlrq wkdw pdgh hyhu|rqh ehwwhu r�1

<Wkh idloxuh ri dvvxpswlrq 6 lv dnlq wr d idloxuh ri prqrwrqlflw| lq wkh vhqvh glvfxvvhg
lq Fudzirug dqg Vreho +4<;5,1
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wklv nlqg ri ehkdylru1 Krzhyhu/ dv lv zhoo nqrzq iurp vxfk prghov/ wkh yhu|
idfwruv wkdw suhyhqw fuhgleoh fkhds wdon pd| hqjhqghu glvwruwlrqv lq wkh xvh
ri frvwo| vljqdoolqj1 Lq dgglwlrq/ xvh ri wkhvh lqvwuxphqwv jhqhudwhv d zhoiduh
frvw wkdw fkhds wdon pd| qrw vx�hu iurp1

Wkh prgho frxog eh wkrxjkw ri dv dq dujxphqw iru wu|lqj wr zulwh frqvwl0
wxwlrqv wkdw xqfrxsoh srolf|pdnhuv* sulydwh lqwhuhvwv iurp wkh vrfldo lqwhu0
hvw1 D srolf| pdnhu zkr uhfhlyhg d �{hg zdjh uhjdugohvv ri wkh vwdwh ri wkh
hfrqrp| dqg zdv lppxqh wr frqvlghudwlrqv derxw wkh ohyho ri uhglvwulexwlrq
zrxog dozd|v uhyhdo lqirupdwlrq idlwkixoo|1 Krzhyhu/ wkh yluwxhv ri vxfk d
srolf| frxog eh/ lq wxuq/ xqghuplqhg e| srvvleoh sureohpv ri oree|lqj dqg
surplvhv ri ixwxuh idyruv wr srolwlfldqv1

: Frqfoxglqj Frpphqwv
Vlwxdwlrqv zkhuh jryhuqphqwv hqmr| dq lqirupdwlrqdo dgydqwdjh wkdw lv lp0
sruwdqw wr sulydwh ghflvlrqv duh frpprq1 Khuh/ zh kdyh ghyhorshg d vlpsoh
prgho ri zk| jryhuqphqwv pljkw qrw eh deoh wr wudqvplw fuhgleo| doo ri wkh
lqirupdwlrq wkdw wkh| srvvhvv1 Zh kdyh kljkoljkwhg krz wkh srvvlelolw| ri uh0
glvwulexwlrq fdq eh nh| wr xqghuvwdqglqj wklv/ dowkrxjk lw lv qrw dozd|v wuxh
wkdw rxwfrphv zlwk olplwhg lqirupdwlrq duh Sduhwr lqh!flhqw1 Rxu dqdo|vlv
fdq jlyh d eurdg klqw ri zkhq ghyhorsphqw vwudwhjlhv edvhg rq vrph nlqg
ri lqglfdwlyh sodqqlqj fdq vxffhhg1 Vrflhwlhv zkhuh xqghuo|lqj uhglvwulexwlyh
frq lfwv duh voljkw vhhp pruh olnho| wr eh vxffhvvixo zkhq wkh| fdvw jryhuq0
phqwv lq wklv uroh1 Wklv fdq eh vtxduhg zlwk wkh iuhtxhqwo| pdgh revhuydwlrq
wkdw wkh Hdvw Dvldq hfrqrplhv ehqh�wwhg iurp wkhlu uhodwlyho| orz ohyhov ri
lqhtxdolw| zkhq hpedunlqj rq wkhlu ghyhorsphqw vwudwhjlhv1

Wkh dqdo|vlv vxjjhvwv srvvlelolwlhv iru ixuwkhu uhvhdufk1 Wkh srvvlelolw|
wkdw lqirupdwlrq lv zlwkkhog lq htxloleulxp vrphzkdw xqghuplqhv wkh fdvh
iru jryhuqphqwv wr prqrsrol}h lqirupdwlrq froohfwlrq1 Lq prvw ghprfudflhv/
zh vhh wklv wdvn dovr ehlqj xqghuwdnhq e| wkh suhvv/ e| lqghshqghqw wklqn0
wdqnv/ dfdghplfv hwf1 Xqghuvwdqglqj zkhq sulydwh surylvlrq ri lqirupdwlrq
pd| grplqdwh jryhuqphqw surylvlrq zrxog eh dq lqwhuhvwlqj h{whqvlrq1 Ri
frxuvh/ vlplodu lvvxhv derxw fuhglelolw| dulvh li wkh lqirupdwlrq vrxufhv zhuh
frqvlghuhg wr eh sduwlvdq1 Krzhyhu/ wklv nlqg ri dssurdfk lv zhoo sodfhg
wr h{sodlq flufxpvwdqfhv xqghu zklfk sulydwh surylvlrq ri wklv sxeolf jrrg
zrxog wkhq qrw eh d shuihfw vxevwlwxwh iru jryhuqphqw surylvlrq dqg zkhq
sulydwh djhqflhv zrxog dulvh hqgrjhqrxvo|1
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Wkh dqdo|vlv dovr vxjjhvwv zk| ixqfwlrqv ri jryhuqphqw pljkw rswlpdoo|
eh krul}rqwdoo| gl�huhqwldwhg/ zlwk djhqflhv surylglqj lqirupdwlrq ehlqj vhs0
dudwhg iurp wkrvh wkdw hqjdjh lq uhglvwulexwlrq1 Ri frxuvh/ ixqfwlrqdo vhsd0
udwlrq grhv qrw jxdudqwhh wkdw srolwlfdo lq xhqfh frxog qrw eh h{dfwhg xsrq
wkrvh fkdujhg zlwk lqirupdwlrq wudqvplvvlrq1 Qrqhwkhohvv/ wr wkh h{whqw wkdw
dq hwkrv ri lqghshqghqw lpsduwldo wudqvplvvlrq ri lqirupdwlrq frxog eh lq0
fxofdwhg lqwr fhuwdlq sduwv ri jryhuqphqw/ wkh sureohpv ghvfulehg khuh frxog
eh flufxpyhqwhg1 Wkh rswlpdo dvvljqphqw ri srzhuv wr gl�huhqw glylvlrqv ri
jryhuqphqwv dqg wkh plvvlrqv wkdw wkh| duh jlyhq phulwv ixuwkhu frqvlghud0
wlrq1
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; Surriv
Surri ri Sursrvlwlrq 4= Zlwk � ' f/ wkh srolf| pdnhu fkrrvhv E|W� c A

W
� �

e
�'�

wr pd{lpl}h T �
� E��cg�c |c A �1 Vlqfh �� : �� wkh srolf| pdnhu fkrrvhv

|W� ' f lq hyhu| vwdwh zlwk dvvxpswlrq 5 jxdudqwhhlqj wkdw wklv vr lq vwdwh

21 Wkxv E|�c A�� '
�
|Wf� Eg� c A W

f� Eg�
�
' Efc f� iru � ' �c 2c �c e1 Lq wkh

lqyhvwphqw vwdjh/ flwl}hqv dqwlflsdwh qr uhglvwulexwlrq dqg jlyhq dvvxpswlrq
4 wklv lpsolhv wkdw lqyhvwphqw ghflvlrqv reh| +7,1
Surri ri Sursrvlwlrq 5= Zlwk � ' �/ wkh srolf| pdnhu fkrrvhv E|W� c A

W
� �

e
�'�

wr pd{lpl}h T �
� E��cg�c |c A �1 Vlqfh �� 	 �� wkh srolf| pdnhu kdv dq

h{ dqwh prwlyh wr uhglvwulexwh1 Lq vwdwhv � dqg e wkh lqyhvwphqw uhwxuqv duh
lghqwlfdo dfurvv vhfwruv dqg > ' f1 Lq vwdwh � lqyhvwphqw idyruv vhfwru E zklfk
udlvhv vhfwrudo lqhtxdolw|/ zlwk vhfwru D flwl}hqv uhfhlylqj | E�� Z��{u ri
wkh dgglwlrqdo vhfwru E lqyhvwphqw uhwxuqv1 Lq vwdwh 2 wkh lqyhvwphqw uhwxuqv
idyruv vhfwru D uhgxflqj wkh lqfhqwlyh wr uhglvwulexwh1 Vhfwru D lqglylgxdov
uhfhlyh {u n | E� E�� Z��{u� ri wkhlu dgglwlrqdo lqyhvwphqw uhwxuq1 Dw
wkh lqyhvwphqw vwdjh flwl}hqv dqwlflsdwh wkh uhglvwulexwlrq dvvrfldwhg zlwk
hdfk vwdwh1 Iurp dvvxpswlrq 6 zh nqrz wkdw lq vwdwhv � dqg e/ srvlwlyh
uhglvwulexwlrq zloo qrw suhyhqw flwl}hqv iurp lqyhvwlqj lq wkh vhfwru zlwk wkh
kljkhvw lqyhvwphqw uhwxuq1 Lq vwdwhv 2 dqg � flwl}hqv frqwlqxh wr lqyhvw lq wkhlu
rzq vhfwru1 Wkhuhiruh lqglylgxdov pdlqwdlq wkh vdph lqyhvwphqw ghflvlrqv dv
zlwk qr uhglvwulexwlyh wd{dwlrq1
Surri ri Sursrvlwlrq 6= Vxssrvh wkdw wkh eholhiv duh =

j�E6�� ' � iru 6� ' � iru � ' �c ��c e

j�E6� '
�

e
iru doo 6� 5P* i�c 2c �c ej �

Wkh eholhi vwuxfwxuh lv vxfk wkdw dq| r�0wkh0htxloleulxp0sdwk phvvdjhv duh
lqwhsuhwhg dv xqlqirupdwlyh dqg duh fohduo| dgplvvleoh1 Zh qrz wkdw wkh|
vxssruw wkh htxloleulxp ghvfulehg1 Dvvxpswlrq 7 vd|v wkdw wklv zloo uhvxow
lq lqglylgxdov lqyhvwphqw lq wkhlu rzq vhfwruv rqo|1 Wkh dujxphqw lq Sursr0
vlwlrq 4 doorzv xv wr frqfoxgh wkdw/ xqghu Dvvxpswlrq 5/ wkh rswlpdo uhglv0
wulexwlrq dvvrfldwhg zlwk � ' f lv E|�c A�� '

�
|Wf� Eg�� c A

W
f� Eg��

�
' Efc f� iru

doo � ' �c 2c �c e� Khqfh flwl}hqv dqwlflsdwh qr uhglvwulexwlrq rq ru r� wkh
htxloleulxp sdwk1

Dvvxpswlrq e whoov xv wkdw iru dq| ghyldwlrq iurp wkh phvvdjhv vshfl�hg lq
wkh vwdwhphqw ri wkh Sursrvlwlrq/ lqglylgxdov zloo lqyhvw lq wkhlu rzq vhfwruv
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uhjdugohvv ri wkh lqirupdwlrq1 Jlyhq wkh eholhiv derxw wkh phdqlqj ri phv0
vdjhv/ lw lv fohdu wkh lqyhvwruv xvh wkhlu ixoo lqirupdwlrq lqyhvwphqw vwudwhjlhv
rq wkh htxloleulxp sdwk1 Khqfh/ wr frpsohwh wkh surri/ doo zh qhhg wr vkrz
lv wkdw wkh srolf| pdnhu suhihuv wr vhqg wkh lqirupdwlyh phvvdjh udwkhu wkdq
wudqvplwwlqj qr lqirupdwlrq1 Zh vkrz wklv vwdwh0e|0vwdwh1 Zh �uvw vkrz
wkdw qr r�0wkh0htxloleulxp sdwk phvvdjh lv suhihuuhg dqg wkhq wkdw qr ghyl0
dwlrq wr dqrwkhu htxloleulxp phvvdjh lv rswlpdo iru wkh srolf|pdnhu lq dq|
vwdwh1 Zh xvh wkh idfw wkdw lq hyhu| vwdwh ri wkh zruog wkh srolf|pdnhu vhwv
E|�c A�� ' Efc f� � Zlwk � ' f/ wkh srolf|pdnhu fkrrvhv phvvdjhv wr pd{lplvh
wkh zhoiduh ri d uhsuhvhqwdwlyh vhfwru � lqglylgxdo +T �

� E��c g�c |c A ���
Lq vwdwh 4/ wkh srolf|pdnhu zloo qhyhu ghyldwh wr r�0wkh0htxloleulxp sdwk

phvvdjh dv {M : B lpsolhv wkdw

�E��� n o�� � B : �E��� n o�� +44,

zkhuh wkh OKV h{suhvvlrq lv d Vhfwru E lqglylgxdo*v sd|r� rq wkh htxloleulxp
sdwk dqg wkh UKV lv wkh sd|r� diwhu wkh srvlwhg ghyldwlrq1

Lq vwdwhv & E' 5/6 dqg 7, d Vhfwru E lqglylgxdo*v sd|r� lv wkh vdph rq
dqg r� wkh htxloleulxp sdwk dw

�E��� n o�&

Wkhuhiruh/ wkh srolf|pdnhu lv lqgl�huhqw ehwzhhq vhqglqj wkh lqirupdwlyh
phvvdjh dqg dq xqlqirupdwlyh rqh1

Qrz frqvlghu wkh srolf|pdnhu*v lqfhqwlyhv wr ghyldwh wr rwkhu rq0wkh0
htxloleulxp0sdwk phvvdjhv1 Lq vwdwh 4/ ghyldwlqj wr dqqrxqfh vwdwh 5 ru
vwdwh 6 ru vwdwh 7 kdvrffxuuhg uhvxowv lq wkh vdph lqyhvwphqw vwudwhj| dv
dqqrxqflqj dq r�0wkh0htxloleulxp0sdwk phvvdjh1 Wkxv e| wkh lqhtxdolw| lq
+44, wklv lv qhyhu d sur�wdeoh ghyldwlrq1 Qrz frqvlghu wkh uhpdlqlqj wkuhh
vwdwhv1 Lq vwdwh 5 ru vwdwh 6 ru vwdwh 7 dqqrxqflqj wkdw vwdwh 4 kdv rffxuuhg
vwulfwo| orzhuv wkh Vhfwru E lqglylgxdo*v sd|r� dv {u 	 B lpsolhv wkdw

�E��� n o�2 � B 	 �E��� n o�2

Dqqrxqflqj vwdwh 6 ru vwdwh 7 kdv rffxuuhg lq vwdwh 5 +ru vwdwh 5 ru 7 lq
vwdwh 6> ru vwdwh 5 ru 6 lq vwdwh 7, ohdyhv wkh lqyhvwphqw vwudwhj| xqdowhuhg
dqg wkhuhiruh wkh Vhfwru � lqglylgxdo*v sd|r�1 Lw iroorzv wkdw wkh prvw
lqirupdwlyh phvvdjh vhtxhqfh zklfk fdq eh vxvwdlqhg lq htxloleulxp lv6� ' �
iru � ' �c ��c e�
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Surri ri Ohppd 4
Zlwk lqfrpsohwh lqirupdwlrq dqg � ' �/ d vhfwru E lqglylgxdo*v rswlpdo

lqyhvwphqw fkrlfh vroyhv

ig�

�
^( i|��c A��je�'�

�
'

@h}4@ 
&Mtfc��

e[
�'�

^� E� EE�� |������ n E�� |��� do��&� n o��E�� &��o� B&� n A���

Zh �uvw vkrz wkdw fg� E�c ^� : fg� E�c ^��lpsolhv fg� E�c ^� ' �1 Ohw ��� E1� 'Se
�'� 1� E� EE�� |������ n A�� n o��� dqg gh�qh

T
�
E1� ' ��� E1� n

e[
�'�

1� E�� |��� dEo�� � o���&�o� B&�

wr eh d vhfwru � lqglylgxdo*v h{shfwhg xwlolw| zlwk suredelolw| yhfwru 11 Qrz
ohw E^c ^�� eh vxfk wkdw fg� E�c ^� : fg� E�c ^�� � Wklv uhtxluhv wkdw

e[
�'�

^� E�� |��� dEo�� � o���o� B : f

dqg

e[
�'�

^
�

� E�� |��� dEo�� � o���o� B 	 fc

zklfk lpsolhv wkdw=

e[
�'�

^� E�� |��� dEo�� � o���o : B :
e[
�'�

^
�

� E�� |��� dEo�� � o���o �

D vhfwru D lqglylgxdo*v h{shfwhg xwlolw| fdq eh zulwwhq dv

T
�
' ��� E1�� B n

e[
�'�

^� E�� |��� dEo�� � o���&�o n B&�

Revhuyh wkdw
Se
�'� ^� E�� |��� dEo�� � o���o : B lpsolhv fg� E�c ^� ' � dv

fodlphg1
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Wr frpsohwh wkh surri/ zh vkrz htxloleulxpphvvdjhv vxfk wkdw ^ E6W
�c Rc j� '

^ dqg ^ E6W
2c Rc j� ' ^� duh qrw srvvleoh1 Frqvlghu wkh wkh srolf|pdnhuv sd|0

r� lq vwdwh 5 zkhq � ' �1Wkdw lv/ wkh srolf|pdnhu pd{lplvhv d Vhfwru D
lqglylgxdo*v sd|r� vxfk wkdw

eC2 E�c 1� ' �
��
�� |�2

�fg E�c 1�
��

��

�
n�

�� |�2
�fg E�c 1�

�� k
o�2fg� E�c 1� n o�2E�� fg� E�c 1��

l
�B

�
�� fg� E�c 1�

�
n A�2

�fg E�c 1�
�

Zh zloo vkrz wkdw eC2 E�c ^� : eC2 E�c ^
��1 Wkhuh duh wzr fdvhv wr frqvlghu1

Iluvw/ frqvlghu wkh fdvh zkhuh fg� E�c ^
�� ' �1 Wkhq |�2

�fg E�c ^�
�
' | Ef� :

|�2
�fg E�c ^��

�
' | E� E�� Z��{u�1 Khqfh/ zh kdyh

eC2 E�c ^� ' � EE�� | Ef����� n E�� | Ef�� o�2

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

�
� EE�� | E� E�� Z��{u����� n E�� | E� E�� Z��{u�� o�2

n| E� E�� Z��{u� dZ���,
W
� EE�� | E� E�� Z��{u�����

n E�� Z����,
W
� EE�� | E� E�� Z��{u�����o

	

� EE�� | E� E�� Z��{u����� n E�� | E� E�� Z��{u�� o�2

n| E� E�� Z��{u� dZ���,
W
� EE�� | E� E�� Z��{u�����

n E�� Z����,
W
� EE�� | E� E�� Z��{u������ E�� Z��{uo

' eC2 E�c ^
��

Wkxv eC2 E�c ^� : eC2 E�c ^
��1 Qrz frqvlghu wkh fdvh zkhuh fg� E�c ^

�� ' f1 Wkhq
|�2
�fg E�c ^�

�
' | Ef� ' |�2

�fg E�c ^��
�
� Wkhq zh kdyh

eC2 E�c ^� ' � EE�� | Ef����� n E�� | Ef�� o�2

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

	

� EE�� | Ef����� n E�� |Ef� o�2 � B

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

' eC2 E�c ^
��
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Wkxv eC2 E�c ^� : eC2 E�c ^
�� lq wklv fdvh wrr1

Qrz vxssrvh wkdw E6W
�c6

W
2� h{lvw vxfk wkdw ^ E6

W
�c Rc j� ' ^ dqg ^ E6W

2c Rc j� '
^�1 Wkhq/ iru doo j/

eC2 E�c ^ E6
W
�c R(j�� :

eC2 E�c ^ E6
W
2c R(j�� '

@h}4@ 
6M}

q eC2 E�c ^ E6c R( j��
r

� d frqwudglfwlrq1 Wklv suryhv wkh ohppd1

Surri ri Sursrvlwlrq 7= Zh frqvwuxfw eholhiv vxfk wkdw wkh htxloleulxp lv
dv ghvfulehg1 Vxssrvh wkdw wkhvh duh

j�E6�� ' � zkhq 6� ' � dqg � ' �c e

j�E6�� '
�

2
zkhq 6� ' i� ^ 2j dqg � ' �c 2

j&E6�� '
�

e
iru doo & dqg iru rwkhu 6� 5P

Zh qrz qhhg wr vkrz wkuhh wklqjv= wkdw wkh srvlwhg lqyhvwphqw vwudwhjlhv
irup dq lqyhvwphqw htxloleulxp/ wkdw wkh uhglvwulexwlrq vwudwhjlhv dqg phv0
vdjhv duh rswlpdo iru d srolf| pdnhu zlwk � ' �� � ' � lpsolhv wkdw wkh
srolf|pdnhu pd{lplvhv d Vhfwru � lqglylgxdo*v sd|r�1 Jlyhq wkh eholhiv/ rq
khdulqj wkh phvvdjh wkdw hlwkhu vwdwh � ru vwdwh 2 kdv rffxuuhg/ lqyhvwruv
xsgdwh vxfk wkdw

^�E� ^ 2� '
R�

R� n R2
dqg ^2E� ^ 2� '

R2
R� n R2

Qrz frqvlghu wkh ghflvlrq wr lqyhvw lq vhfwru � e| vhfwru � lqglylgxdov1 Wkh|
lqyhvw lq vhfwru � jhqhudo li dqg rqo| li

Se
�'� ^� E�� |�� dEo�� � o���o : B1

Zkhq wkh phvvdjh lv � ^ 2 wklv erlov grzq wr E�� | Ef�� dR�{M n R2{uo :
ER�n R2�B zklfk lv wkh frqglwlrq lq wkh Sursrvlwlrq1 Vwdwhv � dqg e duh ixoo|
uhyhdohg lq wkh srvlwhg htxloleulxp eulqjlqj iruwk ixoo lqirupdwlrq lqyhvwphqw
vwudwhjlhv1 Khqfh/ zh kdyh vkrzq wkdw wkh lqyhvwphqw vwudwhjlhv zlwk wkhvh
eholhiv duh=
fg� E�c ^ E6�c j�� ' �c iru � ' �c 2c �c dqg fg� E�c ^ Eec j�� ' ffg� E�c ^ E6�c j�� ' �c iru � ' �c 2 dqg fg� E�c ^ E6�c j�� ' fc iru � ' �c e�

Wxuqlqj qrz wr uhglvwulexwlrq/ lw lv hdv| wr fkhfn wkdw wkh uhglvwulexwlrq
vwudwhjlhv zklfk iroorz +8, duh

E|�c A�� '
�
| Ef� c A Ef�

�
iru � ' �c 2c e

E|�c A�� '
�
| EE�� Z��{u� c A EE�� Z��{u�

�
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Wkh �qdo vwhs pxvw vkrz wkdw wkh phvvdjhv srvlwhg duh d ehvw uhvsrqvh1
Zh qhhg wr vkrz wkdw qr r�0wkh0htxloleulxp0sdwk phvvdjh lv suhihuuhg dqg
wkdw qr ghyldwlrq wr dqrwkhu htxloleulxp phvvdjh lv rswlpdo iru wkh srolf|
pdnhu lq dq| vwdwh1 Iluvw uhfdoo/ wkdw iurp Dvvxpswlrq 7/ dq| ghyldwlrq wr
dq| rwkhu phvvdjh uhvxowv lq dq lqyhvwphqw vwudwhj| zkhuh hdfk lqglylgxdo
dozd|v lqyhvwv lq wkhlu rzq vhfwru1 Xvlqj wklv/ zh fdq vkrz wkdw wkh srolf|
pdnhu zloo qhyhu suhihu wr ghyldwh wr vxfk d phvvdjh1 Lq vwdwhv � dqg 2/ wklv
iroorzv vlqfh

� EE�� | Ef����� n E�� | Ef�� o�& +45,

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

�
� EE�� | E� E�� Z��{������ n E�� | E� E�� Z��{��� o�&

n| E� E�� Z��{�� dZ���,
W
� EE�� | E� E�� Z��{������

n E�� Z����,
W
� EE�� | E� E�� Z��{������o

:

� EE�� | E� E�� Z��{������ n E�� | E� E�� Z��{��� o�&

n| E� E�� Z��{�� dZ���,
W
� EE�� | E� E�� Z��{������

n E�� Z����,
W
� EE�� | E� E�� Z��{������� E�� Z��{�o c

zkhuh wkh �uvw h{suhvvlrq lv d Vhfwru D lqglylgxdo*v sd|r� dorqj wkh htxlole0
ulxp sdwk dqg wkh odvw lv sd|r� diwhu wkh srvlwhg ghyldwlrq zkhq wkh vwdwh lv
hlwkhu � E& ' � dqg � ' M� ru 2 E& ' 2 dqg � ' u�1 Lq vwdwh �/ lw lv fohdu wkdw
wkh srolf| pdnhu lv lqgl�huhqw ehwzhhq wklv phvvdjh dqg dq xqlqirupdwlyh
rqh1 Lq vwdwh e/ kh suhihuv wr dqqrxqfh wkdw vwdwh e kdv rffxuuhg vlqfh

� EE�� | Ef����� n E�� | Ef�� o�e � B

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

:

� EE�� | EE�� Z��{M����� n E�� | EE�� Z��{M�� o�e

n| EE�� Z��{M� dZ���,
W
� EE�� | EE�� Z��{M�����

n E�� Z����,
W
� EE�� | EE�� Z��{M����� n {M o �

Qrz frqvlghu lqfhqwlyhv wr ghyldwh wr rwkhu rq0wkh0htxloleulxp0sdwk phv0
vdjhv1 Lq vwdwhv � dqg 2/ ghyldwlqj wr dqqrxqfh wkdw vwdwh � kdv rffxuuhg
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iroorzv wkh vdph orjlf dv d ghyldwlrq wr d phvvdjh lqwhusuhwhg dv xqlqirupd0
wlyh dv lw uhvxowv lq wkh vdph lqyhvwphqw ghflvlrqv dv lq wkh fdvh ri xqlqiruphg
lqyhvwlqj1 Wkxv wkh lqhtxdolw| lq +45, lv uhohydqw1 Iru d ghyldwlrq wr dqqrxqfh
vwdwh e lq vwdwhv � ru 2/ lw lv fohdu wkdw wklv lv xqghvludeoh vlqfh uhglvwulexwlrq
lv wkh vdph dqg E�� | Ef�� o�e� B : E�� | Ef�� o�e1 Qrz frqvlghu vwdwh �1 D
ghyldwlrq wr wkh phvvdjh wkdw vwdwh � ru 2 kdv rffxuuhg lv qrw rswlpdo vlqfh

� EE�� | Ef����� n E�� | Ef�� o��

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

	

� EE�� | EE�� Z��{u����� n E�� | EE�� Z��{u�� o��

n| EE�� Z��{u� dZ���,
W
� EE�� | EE�� Z��{u�����

n E�� Z����,
W
� EE�� | EE�� Z��{u����� n {uo �

D ghyldwlrq wr dqqrxqfh vwdwh e lq vwdwh � lv qrw ghvludeoh vlqfh E�� | Ef�� o���
B 	 E�� | Ef�� o�� dqg wkh ohyho ri uhglvwulexwlrq idoov iurp | EE�� Z��{u� wr
| Ef�1 Ilqdoo|/ zh frqvlghu vwdwh e1 D ghyldwlrq wr dqqrxqflqj vwdwh � |lhogv
wkh vdph lqyhvwphqw sur�oh dv wkh xqlqirupdwlyh fdvh zklfk zh kdyh douhdg|
vkrzq wr eh xqghvludeoh1 Qrz frqvlghu d ghyldwlrq wr dqqrxqflqj wkdw vwdwh
� ru 2 kdv rffxuuhg1 Wklv lv qrw ghvludeoh vlqfh uhglvwulexwlrq lv xqfkdqjhg
dqg E�� | Ef�� o�e � B : E�� | Ef�� o�e1

Surri ri Sursrvlwlrq 8= Wkh phwkrg ri surri lv hvvhqwldoo| wkh vdph dv
sursrvlwlrq 71 Wkh eholhiv wkdw zh ghvfulehg lq wkdw Sursrvlwlrq fdq dovr
vxssruw wkh htxloleulxp lq wklv fdvh1 Wkh pdlq gl�huhqfh iurp sursrvlwlrq
7 lv wkdw dv E�� | Ef�� dR�{M n R2{uo 	 ER� n R2� B zkhq 6� ' i� ^ 2j dqg
� ' �c 2 vhfwru E lqyhvwruv frqwlqxh wr lqyhvw lq wkhlu rzq vhfwru1 Wkhuhiruh/
wkh htxloleulxp lqyhvwphqw sur�oh qrz lv

fg� E�c ^ E6�c j�� ' �c iru � ' �c 2c � dqg fg� E�c ^ E6ec j�� ' ffg� E�c ^ E6�c j�� ' f/ iru � ' �c 2c �c e�

dqg wkh fruuhvsrqglqj wd{ sur�oh=

E|�c A�� '
�
| E� E�� Z��{M� c A E� E�� Z��{M�

�
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E|2c A2� '
�
| E� E�� Z��{u� c A E� E�� Z��{u�

�
E|�c A�� '

�
| EE�� Z��{u� c A EE�� Z��{u�

�
E|ec Ae� '

�
| Ef� c A Ef�

�
Zh qrz vkrz wkdw wkh srvlwhg phvvdjhv uhpdlq dq htxloleulxp lq wklv fdvh
e| fkhfnlqj wkdw wkh srolf|pdnhu grhv qrw kdyh dq lqfhqwlyh wr ghyldwh wr
r�0wkh0htxloleulxp0sdwk phvvdjhv ru wr rwkhu htxloleulxp phvvdjhv1 Vlqfh
wkh lqyhvwphqw sur�oh lq wklv htxloleulxp lv wkh vdph dv lq wkh fdvh zkhuh
qr lqirupdwlrq lv sdvvhg h{fhsw lq vwdwh e/ wkh srolf| pdnhu lv lqgl�huhqw
ehwzhhq wklv dqg dq xqlqirupdwlyh htxloleulxp lq doo rwkhu vwdwhv1

Lq vwdwhv 4/ 5 dqg 6 wkh lqyhvwphqw vwudwhjlhv dqg wkhuhiruh wkh ohyho
ri uhglvwulexwlrq duh xqd�hfwhg e| d ghyldwlrq wr dq r�0wkh0htxloleulxp0sdwk
+xqlqirupdwlyh, phvvdjh dqg wkhuhiruh wkh srolf|pdnhu lv lqgl�huhqw ehwzhhq
vhqglqj wkh htxloleulxp phvvdjhv dqg dq| rwkhu1 Lq vwdwh 7/ wkh srolf|pdnhu
vwulfwo| suhihuv uhyhdolqj wkh vwdwh dv

� EE�� | Ef����� n E�� | Ef�� o�e � B

n| Ef� dZ���,
W
� EE�� | Ef����� n E�� Z����,

W
� EE�� | Ef�����o

:

� EE�� | EE�� Z��{M����� n E�� | EE�� Z��{M�� o�e

n| EE�� Z��{M� dZ���,
W
� EE�� | EE�� Z��{M�����

n E�� Z����,
W
� EE�� | EE�� Z��{M����� n {M o �

Qrz frqvlghu wkh lqfhqwlyhv wr ghyldwh wr rwkhu rq0wkh0htxloleulxp0sdwk
phvvdjhv1 Lq vwdwhv 4 dqg 5 dqqrxqflqj vwdwh 6 kdv rffxuuhg ohdyhv lqyhvw0
phqw vwudwhjlhv xqd�hfwhg1 Wkh srolf|pdnhu lv wkhuhiruh lqgl�huhqw ehwzhhq
wkh phvvdjhv dqqrxqflqj wkdw wkh vwdwh lv hlwkhu � Jo 2 dqg wkdw vwdwh � kdv
rffxuuhg1 Krzhyhu/ lq vwdwhv 4 dqg 5 d ghyldwlrq wr dqqrxqflqj vwdwh 7 lv
vwulfwo| xqghvludeoh dv uhglvwulexwlrq lv xqfkdqjhg exw E�� | Ef�� o�& � B 	
E�� | Ef�� o�& iru & ' �c 21 Lq vwdwh 6 dqqrxqflqj vwdwh 4 dqg 5 kdv rffxuuhg
ohdyhv lqyhvwphqw vwudwhjlhv xqd�hfwhg1 Wkh srolf|pdnhu lv wkhuhiruh lqgli0
ihuhqw ehwzhhq wkh phvvdjhv E� ^ 2� dqg E��� Krzhyhu dqqrxqflqj vwdwh 7 lv
vwulfwo| xqghvludeoh dv uhglvwulexwlrq lv xqfkdqjhg exw E�� | Ef�� o�� � B 	
E�� | Ef�� o�� 1 Lq vwdwh 7/ d ghyldwlrq wr dqqrxqflqj vwdwhv 4 dqg 5 ru vwdwh
6 |lhogv wkh vdph lqyhvwphqw sur�oh dv lq wkh xqlqirupdwlyh fdvh zklfk zh
kdyh douhdg| vkrzq lv xqghvludeoh1
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Surri ri Sursrvlwlrq 9= Lw lv hdv| wr suryh wkdw ixoo lqirupdwlrq lv grp0
lqdqw vwdwh e| vwdwh1 Lq vwdwhv 2c � dqg e/ wkh uhglvwulexwlrq/ lqyhvwphqw
vwudwhjlhv duh wkh vdph lq wkh ixoo lqirupdwlrq dqg lqfrpsohwh lqirupdwlrq
fdvh � wkh| duh wkrvh jlyhq lq Sursrvlwlrq 81 Khqfh/ wkh h{ srvw sd|r�v lq
erwk vhfwruv duh wkh vdph lq wkhvh vwdwhv1 Lq vwdwh �/ krzhyhu/ vhfwru � lq0
glylgxdov zloo lqyhvw dw wkh wd{ udwh | E� E�� Z��{M� 	 | Ef� e| dvvxpswlrq
51 Wklv jhqhudwhv d Sduhwr lpsuryhphqw lq wkdw vwdwh vlqfh wklv udlvhv phdq
lqfrph1 Khqfh/ iru d jlyhq wd{ udwh/ vhfwru � dqg vhfwru � lqglylgxdov jdlq
li | E� E�� Z��{M� : f� Rwkhuzlvh vhfwru E lqglylgxdov jdlq dqg vhfwru D
lqglylgxdov duh dv zhoo r�1
Surri ri Sursrvlwlrq := Wr vhh wklv/ revhuyh wkdw lq lqyhvwphqw dqg uhglv0
wulexwlyh vwudwhjlhv zloo eh lghqwlfdo xqghu lqfrpsohwh dqg ixoo lqirupdwlrq lq
vwdwhv �c �c dqg e1 Khqfh/ wkh rqo| srvvleoh gl�huhqfh dulvhv lq vwdwh 2� Xqghu
ixoo lqirupdwlrq/ wkh vhfwru � lqglylgxdov zloo fkrrvh qrw wr lqyhvw lq vhfwru
�1 Wklv pdnhv vhfwru � lqglylgxdov ehwwhu r� dqg 1 vhfwru � lqglylgxdov
zruvh r�1 Khqfh/ wr jhqhudwh d Sduhwr lpsuryhphqw d yduldwlrq lq wkh wd{
udwh pxvw eh irxqg wkdw frpshqvdwhv wkh vhfwru � lqglylgxdov1 Lw lv hdv| wr
vhh wkdw wklv lv lpsrvvleoh1 Ohw

M� E|� ' � EE�� |����n| dZ���,
W
� EE�� |���� n E�� Z����,

W
� EE�� |����o �

Lw lv fohdu wkdw | Ef� pd{lpl}hv M� E|� iru | 5 dfc �o1 Khqfh/

M� E| Ef�� : M� E|�� |{u E�� Z��

iru doo | 5 dfc �o1 Exw M� E| Ef�� n{u lv d vhfwru � lqglylgxdo*v vwdwh 2 sd|r�
xqghu lqfrpsohwh lqirupdwlrq dqg M� E|� n{u � |{u E�� Z�� lv wkhlu vwdwh
2 sd|r� xqghu ixoo lqirupdwlrq1 Khqfh/ lw lv lpsrvvleoh wr frpshqvdwh vhfwru
� lqglylgxdov iru wkh pryh wr ixoo lqirupdwlrq
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