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Abstract

This paper considers a linear triangular simultaneous equations model with condi-
tional quantile restrictions. The paper adjusts for endogeneity by adopting a control
function approach and presents a simple two-step estimator that exploits the partially
linear structure of the model. The first step consists of estimation of the residuals of
the reduced-form equation for the endogenous explanatory variable. The second step is
series estimation of the primary equation with the reduced-form residual included non-
parametrically as an additional explanatory variable. This paper imposes no functional
form restrictions on the stochastic relationship between the reduced-form residual and
the disturbance term in the primary equation conditional on observable explanatory
variables. The paper presents regularity conditions for consistency and asymptotic nor-
mality of the two-step estimator. In addition, the paper provides some discussions on
related estimation methods in the literature and on possible extensions and limitations
of the estimation approach. Finally, the numerical performance and usefulness of the
estimator are illustrated by the results of Monte Carlo experiments and two empirical
examples, demand for fish and returns to schooling.

Key words: Endogeneity, partially linear regression, quantile regression, series esti-
mation.
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Endogeneity in Quantile Regression Models: A Control
Function Approach

1 Introduction

This paper is concerned with estimating a structural quantile regression model. In par-
ticular, this paper considers a semiparametric quantile regression version of triangular si-
multaneous equations models. Structural quantile regression models have been previously
considered in Amemiya (1982), Powell (1983), Chernozhukov and Hansen (2001), Abadie,
Angrist, and Imbens (2002), Imbens and Newey (2003), Hong and Tamer (2003), Chesher
(2003), Ma and Koenker (2003), Chen, Linton, and Van Keilegom (2003), and Honoré and
Hu (2003). Amemiya (1982) and Powell (1983) gave a large sample theory for two-stage
least-absolute deviations estimators. Chernozhukov and Hansen (2001) and Abadie, An-
grist, and Imbens (2002) developed models of quantile treatment effects. Imbens and Newey
(2003) investigated identification and estimation of nonseparable, nonparametric triangu-
lar simultaneous equations models (including quantile treatment effects as a special case)
by extending the ‘control function’ approach of Newey, Powell, and Vella (1999). Hong
and Tamer (2003) considered identification and estimation of endogenous linear median
regression models with censoring. Chesher (2003) provided important identification results
for nonseparable models using conditional quantile restrictions. Ma and Koenker (2003)
applied Chesher’s identification results to a nonseparable parametric model and also devel-
oped a control function method for the parametric model. Chen, Linton, and Van Keilegom
(2003) considered a partially linear median regression model with some endogenous regres-
sors. Honoré and Hu (2003) considered an instrumental variable estimator of linear quantile
regression models while assuming directly the identification of the model.

As an alternative to existing methods in the literature, this paper aims to extend the
control function approach to structural quantile regression models semiparametrically. The

model we consider has the form
" Y = XB(r) + Zi() + U
X =pla)+ Z'n(a) + V,

where Y is a real-valued dependent variable, X is a real-valued, continuously distributed,
endogenous explanatory variable, Z = (Z1, Z3) is a (d, x 1) vector of exogenous explanatory

variables, U and V are real-valued unobserved random variables, 3(7) and v(7) are unknown



structural parameters of interest, and p(«a) is an unknown parameter, (o) = [m1 (), T2 ()]
is a (d, x 1) vector of unknown parameters for some 7 and « such that 0 < 7 < 1 and
0 < a < 1. For identification it is assumed that there is at least one component of Z that
is not included in Z;, and that there is at least one non-zero coefficient for the excluded
components of Z. That is, d,; < d, and ma(a) # 0, where d; is the dimension of Z;. To

complete the model, assume that

(2) Quix,z(T|7, 2) = Quiv,z(T[v, 2) = Quiv (T]v) = A+ (v) and
(3) Qviz(alz) =0

almost surely, where A;(:) is a real-valued, unknown function of V', Qyx z(7|z, 2) denotes
the 7-th quantile of U conditional on X = z and Z = z, and the other expressions are
understood similarly. The first equality in (2) holds when v is the value of V' that satisfies
v =1x — p(a) — Z'm(a). The second equality in (2) assumes a quantile independence of U
on Z conditional on V. The model (1)-(3) is a semiparametric quantile regression version
of Newey, Powell, and Vella (1999).

To give a specific example of (1)-(3), consider a simple model for log earnings of the

following form
(4) logY =S3+U, and S=2'n+7V,

where Y denotes earnings, S schooling, and Z a set of observables. In addition, the un-
observed random variable U is an individual-specific random component of the earnings
model. Conventionally, the reduced-form schooling residual V' is interpreted as ‘individual
ability’ and therefore U is not assumed to be independent of V. In this example, making as-
sumption (2) amounts to assuming that the 7-th quantile of the individual-specific random
component, U, conditional on schooling and other observables is a smooth function of indi-
vidual ability, V', that is schooling residual from the a-th quantile regression on observables.
See, for example, Card (2001, Section 2.C) for discussions on different control function ap-
proaches in the schooling context. Section 4 provides more discussions on implications of
making assumption (2).

Under assumptions (2)-(3),

(5) Qyix,z(T|z,z) = 28(7) + 217(7) + A+ (v) and
(6) Qx|z(alz) = p(a) + 2'm(a).



This suggests that §(7) and v(7) could be estimated by a partially linear (7-th) quantile
regression of Y on (X, Z1, V). In applications, V' is unobserved; however, V' can be estimated
consistently by the residual of a linear (a-th) quantile regression of X on (1, 7). Therefore,
B(7) and (7) can be estimated by a two-step procedure. The first step is construction
of estimated residuals V from the linear quantile regression of X on (1,Z). The second
step is the partially linear regression of Y on X, Z;, and V. This approach corrects for
endogeneity by adding estimates of V' as an additional explanatory variable and, therefore,
can be viewed as a variant of control function approach (e.g., Newey, Powell, and Vella
(1999), Imbens and Newey (2003), and Blundell and Powell (2003b)). A partially linear
structure in (5) is motivated by the fact that it is quite difficult to assume the functional
form of stochastic relationship between two unobserved variables U and V conditional on

1/2_consistent

Z. It will be shown in Section 3 that the proposed two-step estimator is n™
and asymptotically normal.

The remainder of this paper is as follows. Section 2 provides an informal description
of the two-step estimator. Section 3 gives asymptotic results for the estimator. Section
4 provides some discussions on related estimation methods in the literature. In addition,
Section 4 outlines some possible extensions and discusses some limitations of our estimation
approach. Section 5 reports results of some Monte Carlo experiments. Section 6 illustrates
the estimation method by applying it to data on demand for fish as well as data on the

returns to schooling. Section 7 concludes. All the proofs are in the Appendix.

2 Estimation

The estimation procedure consists of two steps. The data consist of i.i.d. observations
{(Y;, X;,7Z;) + i = 1,...,n}. The first step is construction of estimated residuals Vi =
X; — j(a) = Zl7(a) (i = 1,...,n) by a linear quantile regression of X on (1,Z), where

(i(a), 7r(e)) is a solution to
7 inn"' Y pa(Xi—p— Zim),
(7) min 7 ;p (X; — p — Zjm)

where pq(+) is the ‘check’ function such that p,(u) = |u| + (2a¢ — 1)u for 0 < o < 1.
The second step is estimation of a partially linear quantile regression of Y on (X, Z1,V)
using the estimated residuals Vi in place of unobserved V;’s. In this paper the second step

is carried out via series estimation. To describe the second step, let W = (X, Z],V),



W = (X,Z,V), W; = (X;, Z,;, Vi), and W; = (X;, Z;, Vi)', Also, let {py : k = 1,2,...}
denote a basis for smooth functions such that a linear combination of {py : k = 1,2,...}

can approximate A\;(-). For any positive integer k, define

P (w) = [z,21,p1(v), ..., pu(v)].
Let d,, denote the dimension of W, and let 1(-) denote the usual indicator function. Define
tw) =1(w e W) = H?Zl 1w < w < @), where W is a (d,)-dimensional rectangle
for which w?) and w) are predetermined finite constants and w() is the j-th component
of w. As in Newey, Powell, and Vella (1999), ¢(w) is a trimming function that is useful not
only to derive the asymptotic properties of the estimator but also to avoid unduly influences
of large values of .

Let 0, (7) be a solution to

n
(®) min S,c(0) = 1 S (Wi)pr [Y; — Pu(17)0).
i=1

where p,(-) is again the check function such that pr(u) = |u| + (27 — 1)u for 0 < 7 <
1. Let d(k) denote the dimension of P.(w), that is d(k) = 1 4+ d,1 + k, and A denote
the [(1 4+ d;1) % d(k)] matrix such that A = (I144,,,0,), where I114,, is the (1 + d,1)-
dimensional identity matrix and 0, is the [(1+d,1) X k] matrix of zeros. Then the estimator
of (B(7),7(7))" is defined as (B(7),5(7)")" = Abnx(7). That is, 3(7) and 4(7) are the first
(1 +d.1) components of ém(r). This two-step estimator resembles closely the approach of
Buchinsky (1998b) in which the sample selection bias is corrected for nonparametrically by
a two-stage procedure.

We conclude this section by mentioning computational aspects of the proposed two-step
estimator. The second step minimization in (8) has a linear programming representation
and, therefore, can be solved easily by computation methods developed for linear quantile

regression models.

3 Asymptotic Theory

This section gives the asymptotic theory for the estimator described in Section 2. Following
Newey (1997) and Newey, Powell, and Vella (1999), regularity conditions for approximating

functions are stated below in terms of power series and regression splines. For any matrix



A, let ||A| = [trace(A’A)]Y/2 be the Euclidean norm. Define (o(k) = sup,eyp || Px(w)| and
C1(K) = sup,ey [|0P:(w)/0v||, where 0P (w)/0v denotes a vector of partial derivatives of
P,.(w) with respect to v. It is well known (see, for example, Newey (1997)) that for power
series (o(k) < Ck and ¢ (k) < Ck® and for splines (y(r) < Cx'/? and ¢ (k) < Ck%/?, where
C is a generic positive constant.

To describe asymptotic results for the estimator, let m,(w) = z3(7)+217(7)+A-(v) and
er =Y —m.(W). Also, let F._(-|z,z) and f. (-|z,z), respectively, denote the cumulative
distribution function and probability density function of £, conditional on X = z and Z = z.
Define

o) = [(9”‘ E[t(W) /e, (01X, Z)X\v]) (Zl_ E[t(W) /-, (01X, Z)znv]ﬂ’ and
BW) [, (0]X, Z)[o] ) E[H(W) e, (01X, Z)]v]
(BIE(W) fe, (01X, Z)(W)a(W)']) g (w),

5
g
[

assuming the inverse exists. As in Newey (1997) and Newey, Powell, and Vella (1999), it is
useful to represent (3(7),v(7)") as an expected product form. Specifically, it can be shown

that

(B(1), (7)) = E[t(W) [, (0| X, Z)p(W)m,(W)] and
Al (1),

=
-y
Y
—~
3
—
I

where A = (Iiyd.,,0x) = E[t(W) [, (01X, Z)p(W) P.(W)'].
To establish the n~1/2-consistency and asymptotic normality of (3(7),5(7)")’, we make

the following assumptions:

Assumption 3.1. The data {(Y;, Xi,Z;) :i=1,...,n} are i.i.d.

Assumption 3.2. The dimension d, of Z is larger than the dimension d,, of Z;. Also,
ma(a) # 0.

These familiar exclusion and inclusion conditions are necessary for identification.

Assumption 3.3. The rectangle W has a nonempty interior and is contained in the interior

of the support of W.

Let V = 1(w®) < (@) < 5(d)) That is, V is a trimming function on a compact

interval corresponding to V.

Assumption 3.4. The distribution of V is absolutely continuous with respect to Lebesgue

measure. The density of V' is bounded away from zero on V.



This restriction requires that the endogenous variable X be continuously distributed.
Assumption 3.5. \;(v) is r-times continuously differentiable on V.

Assumptions 3.4 and 3.5 imply that for both power series and splines, there exists
0.0(7) € R¥ ") such that (a) the first (1+d.1) components of f,.(7) are equal to (8(7), (7)),
so that (3(r),7(7)) = Abuo(r), (b) supyeyy [28(7) + 27(7) + Ac(v) — Pelw)Bolr)] =
O(k7"), and (c) Supyeyy |OA-(v) /00 — [0Px(w) /0] k0(T)| = O [k~ V] (See, for example,
Newey (1997)).

Assumption 3.6. For almost every x and z, F._(0|x,z) = 7. There is a positive constant
c1 < 00 such that | f- (e1|x, 2) — fe. (e2|z, 2)| < c1|e1 —e2] for all e1 and €2 in a neighborhood
of zero and for all x and z. Also, there are constants co > 0 and c3 < oo such that

co < fe.(elx, z) < cg for all € in a neighborhood of zero and for all x and z.

Among other things, Assumption 3.6 requires that f. (:|z,z) be bounded away from

zero in a neighborhood of zero uniformly over x and z.

Assumption 3.7. Let @, = E[t(W)f-(0|X, Z)P,(W)P.(W)']. The smallest eigenvalue of
D, is bounded away from zero for all k, and the largest eigenvalue of @, is bounded for all

K.
Assumption 3.8. The matriz E[t(W)f..(0|X, Z)q(W)q(W)'] is nonsingular.

Assumptions 3.7 and 3.8 insure the non-singularity of the second moment matrix of the

estimator.

Assumption 3.9. As functions of v, E[t(W)f., (0|X, Z)|v], E[t(W)f.. (0|X, Z)X|v], and
E[t(W)f.. (01X, Z)Z1|v] are continuously differentiable.

Assumption 3.9 implies that for both power series and splines, there exists a sequence

of [(1+4 d1) x d(k)] matrices O, such that

- 2
0 B |tm)1., 0%, 2)[w) - 8.2.07) | — 0
as Kk — 00.

Assumption 3.10. There is a ([d, + 1] x 1)-vector-valued function A, r(x,z) such that

(¢) ElAux(X, 2)] =0,



(b) the components of ¥, » = E[A, (X, Z)A (X, Z)'] are finite, and

(c) as n — o0,

@) = ple) > =n! i Apr(Xi, Zi) + 0p(n=12).
i=1

Assumption 3.10 imposes regularity conditions for the first step estimation. These condi-
tions are satisfied by the linear quantile regression estimator (see, e.g., Koenker and Bassett
(1978)). The n~'/2 consistency of ji(a) and 7 (a) implies that the estimated residuals satisfy

(10) max t(W;)|V; — Vi| = O,(n"1/?).

1<i<n

Assumption 3.11. For power series k = C1n*' for some constants C satisfying 0 < C1 <
oo and some vy satisfying 1/(2r) < v1 < 1/8, and for splines kK = Can*2 for some constants

Cy satisfying 0 < Cy < 0o and some va satisfying 1/(2r) < vy < 1/5.

This condition restricts the growth rate of k. For power series the necessary smoothness

condition is that r > 5, and for splines the condition is that » > 3. Define

Q=71 - 7)E[t(W)p(W)e(W)]
(V) dA(V
7 dv

+E |t(W)f.,(0|X, 2) gp(W)(l,Z’)] YurE [t(W)fET(O|X, Z)

N

N~

N——
S}
=

The following theorem gives the main result of this paper.

Theorem 3.1. Let Assumptions 3.1 - 8.11 hold. Then as n — 00,

/i < B(r) = B(7) ) —a N(0,9).

1/2_consistent and asymptotically

Theorem 3.1 states that the two-step estimator is n™
normal with mean zero and variance 2. The second component of € is nonnegative definite
and, therefore, ) is in general larger than the first component 7(1 —7)E[t(W)o(W)p(W)'],
which would be the asymptotic variance matrix if V; were observed.

To carry out asymptotic inference based on Theorem 3.1, it is necessary to obtain a
consistent estimator of 2. As in Powell (1984,1986) and Buchinsky (1998a), €2 can be
estimated by a sample analog estimator using the kernel method. Let K () denote a kernel

function and h,, a sequence of bandwidths. Also, define é;; =Y} —XiB(T) —Z145(7) —5\7(‘7@),



where A, (v) is a series estimator of A-(v), that is A;(v) is the product of [p1(v), ..., px(v)]

with the appropriate components of ém(T). Then one can estimate € by Qe
(11) Qe = AD ] (f}m + fmimf;m) oA,

where

Pm’(la Z{)>

2

s> dA- (Vi)

Do = (nhn) ™' > t(Wi) K < - o
i=1 "

and iwr is a consistent estimator of ¥, ». It is useful to make additional assumptions to

establish the consistency of QM.

Assumption 3.12. f._(e|z,2) is twice continuously differentiable with respect to € in a

neighborhood of zero and for all x and z.

The smoothness assumption on f._(¢|z, z) is necessary to estimate the second component

of €2 consistently.

Assumption 3.13. The kernel function K has support [—1,1], is bounded and symmetrical

about 0, and satisfies f_ll K(u)du =1, f_ll uK (u)du = 0, and f_ll u? K (u)du < .
These are standard restrictions on the kernel function.

Assumption 3.14. (1) For power series k = Cin** for some constants Cy satisfying
0 < Cy < oo and some vy satisfying 1/(2r) < v1 < 1/9, and for splines kK = Can*? for some
constants Cy satisfying 0 < Cy < 0o and some vy satisfying 1/(2r) < v < 1/6.

(2) hy, = Cpn™H for some positive finite constant Cp, and some p satisfying 1/(2v1) < p <
(1 —4v1)/4 for power series or satisfying 1/(2v2) < u < (1 — 4va)/4 for splines.

Compared to Assumption 3.11, more stringent restrictions are needed to estimate €.

This is because estimation of €2 involves series estimation of the derivative of \,.

Assumption 3.15. There is an estimator of X, » such that 2%” —p Ly



One may use a kernel estimator of ¥, » (e.g., Powell (1986)). See Buchinsky (1998b)
for detailed discussions on estimation of 3, .

The following theorem establishes the consistency of Qe
Theorem 3.2. Let Assumptions 3.1 - 3.15 hold. Then QM —p ) as n — oo.

We conclude this section by considering estimation of \;(v). As is noted above, A\, (v)
can be estimated by a series estimator A, (v). However, it is difficult to carry out standard
inference for A;(v) using asymptotic results on the series estimator of A-(v). This is because
it is difficult to obtain the asymptotic distribution of the series estimator of A;(v). One
simple alternative is to estimate A, (v) by carrying out a local polynomial quantile regression
of Y = X () — Z|4(r) on V. Since 3(r), 4(7), and V are estimated with rates of n=1/2, the
resulting estimator is asymptotically as efficient as an estimator obtained from an infeasible
local polynomial quantile regression of Y — X 3(7) — Z{v(7) on V for which the asymptotic

distribution is well known (see, for example, Chaudhuri (1991)).

4 Alternative Approaches in the Literature

This section compares the two-step estimator with alternative approaches in the literature.
In addition, this section outlines some possible extensions and discusses some limitations of
our estimation approach.

As was discussed by Blundell and Powell (2003a), there are two major alternative ap-
proaches to structural regression models, namely the ‘instrumental variables’ (IV) approach
and the ‘fitted value’ approach. First, an IV approach in the context of quantile regression
may be referred to a regression model for which it is only assumed that Qz(7|z) is inde-
pendent of z (see, e.g., Hong and Tamer (2003), Chen, Linton, and Van Keilegom (2003),
and Honoré and Hu (2003)). In this section, we consider a linear regression model of the

following form

(12) Y = XB(1) + Z1y(1) + U, Quz(7|z) = prv (1),

where pyy(7) is a constant. This model has the same regression function as that of (1) but
imposes a different assumption on U.

Second, the ‘fitted value’ approach, which is developed by Amemiya (1982) and Powell
(1983), replaces X with the fitted value of u(a) + Z'w() in (1). To see how the fitted value

10



approach works, consider the reduced-form equation for Y
Y = B(7)[u(e) + Z'm(a)] + Ziy(7) +n,

where n = U + B(7)V. In order to estimate (5(7) and 7(7) consistently, the fitted value
approach requires that @, z(7|z) be independent of z.

In addition, Chesher (2003) has recently provided important identification results for
structural quantile regression models using weaker restrictions than those assumed in this
paper. The approach taken by Chesher (2003) can be viewed as a ‘local, nonseparable,
nonparametric’ control function approach, whereas our approach is a ‘global, separable,
semiparametric’ control function approach. When the assumptions in (1) are palatable and
the dimension of Z is large (including over-identified cases), our approach can be regarded
as an alternative to a minimum distance estimator of Chesher (2003). A very recent paper
by Ma and Koenker (2003) developed a ‘global, nonseparable, parametric’ control function
method.

In what follows, we will consider several possible stochastic relationships between U,
V, X, and Z. It will be shown that structural models based on three major approaches
are, in general, non-nested. In particular, it will be demonstrated that different types of
heteroskedasticity are allowed between alternative approaches. First, we consider a ho-

moskedastic case.

Case 1: U and V are jointly independent of Z.

If U and V are jointly independent of Z, then for any 7, (a) Quz(7|2) is independent of
z, (b) Qyz(7|2) is independent of z, and (c) Qu|v.z(T|v, 2) = Quv(7|v). Therefore, under
the rather strong independence assumption, 3(7) and «(7) are are constant over 7 and
can be estimated consistently by any of three approaches. Furthermore, in this case, the
IV method may be preferred because it does not require specification of a reduced-form

equation for X.

Case 2: A heteroskedastic partially linear quantile regression model

As an example, suppose that

Y=X3+Ziv+U, U=¢1(V)+[Xp1+ Zip2+ ¢2(V)]U,
X=p+2Z'1+V, Quiz(alz) =0,

11



where ¢ and ¢9 are real-valued functions of V, and U is independent of (Z,V) with a
strictly increasing distribution function Fy. Then, in general, Qu z(7]2) and Q2 (7|2)
depend on z (especially when 7 # 1/2), implying that neither the IV approach (equation
(12)) nor the fitted value approach is applicable. However, note that

Qvix,z,v (7|2, 21,0) = 2(B + @1F (7)) + 21(7 + 02F (7)) + d1(v) + d2(0) F ()

and
Qx|z(alz) = p+ 2w

so that the control function approach developed in previous sections can be applied to
estimate structural parameters 8(7) = B+ o1 F (1) and (1) = v + @2F (7). The
identification strategy developed by Chesher (2003) can also be applied. To do so, rewrite

Qvix.z(T|z,z) = 2(B+ @1 F (7)) + 21 (v + p2F (7))
+1(x—p—2'T) + do(x — p— ) F(7)
and

Qxz(alz) = p+ 2'.

Let Z5 denote a set of components of z such that if a scalar component zo € Z5, then zo
is not in 21 and 9Qxz(a|z)/0z2 # 0. By applying the quantile identification formula of
Chesher (2003),

0 0 ’ 9
0= S S

for any (z,z) and z9 € Z5. Therefore, 3(7) is over-identified. To develop a sample analog

estimator, write

IQy|x,7z(7|x, 2) /022
0Qx|z(alz) /0225

(14)  B(r) = / we(7,2) Y w, [aaxcgm,z(ﬂx,zn dz dz,

225 €2y

where w, . (z, z) is a weight function that integrates to one and wj;’s are weights that sum
to one. An estimator of 3(7) can be proposed by replacing Qy|x,z(7|z, 2, z) with a non-
parametric quantile regression estimator and Q) x|z(a|z) with a linear quantile regression
estimator. Under suitable regularity conditions, the resulting estimator is expected to con-

verge in probability to 3(7) at a rate of n=1/2.

Similarly, one can identify and estimate
(7). The two-step estimator in Section 2 may be viewed as a convenient alternative to the

weighted-average-derivative-type estimator of Chesher (2003).

12



Case 3: A heteroskedastic linear median regression model

Consider a simultaneous equations model used in the Monte Carlo experiments of Hong

and Tamer (2003):

Y =XB+Ziy+U, U=¢(Z1)U,
X=pu+2Z'r+V,

where ¢(z1) is a function of z;, U and V are independent of Z and are drawn from a
standard bivariate normal distribution with covariance p. Then (a) Qyz(1/2|z) = 0, (b)
Qyz(1/2]z) = 0, and (c) Quv,z(1/2|v, 2) = ¢(21)va(1/2|v) = ¢(z1)pv since the condi-
tional distribution of U given V = v is normal with mean pv and variance 1 — p?. Thus,
both the IV and fitted value approaches can be used to estimate 5 and . As was already
mentioned, the IV approach does not require the specification of the second equation. Since
Quv,z(1/2]v, 2) depends on 21, the two-step estimator in Section 2 may be inconsistent.
However, there is a straightforward extension to handle this case. In place of (2), now

assume that

(15) Quiv,z(1/2|v,2) = ¢(21)A1/2(v)

almost surely, where ¢(z1) is a real-valued, unknown function of Z;. It can be shown
that up to certain location normalization, the product of ¢(21) and A;/y(v) is identified
nonparametrically, thereby implying that §(1/2) are v(1/2) are identified. Then one can
carry out the second step with a partially linear regression with multiplicative nonparametric
components ¢(z1) and A (v). It is interesting to note that the relationship (14) holds exactly
here when 7 = 1/2. Therefore, one may use the identical weighted-average-derivative-type
estimator to estimate 3(1/2). Estimation of «(1/2) can be also carried out via the quantile

identification formula of Chesher (2003).

Case 4: A random coefficients model

The simple model for log earnings in (4) allows for a random intercept U that may be cor-
related with schooling residual V. However, it does not allow for ‘random slopes’. Modern
labor economics of returns to schooling emphasizes the importance of heterogeneity in in-
dividual returns. See, for instance, Wooldridge (1997), Heckman and Vytlacil (1998), Card

(2001), and references therein. Consider the following ‘random coefficients’ model that is
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used as an example in Chesher (2003):

(16) Y = SBV)+ U, Quvz(rlv,2) = Aw),
(17) S=2Z'n+V, Quizlalz) =0,

where §(v) and A\(v) are unknown functions of individual ability V', Y denotes the log earn-
ings, S schooling, and Z a set of instruments. Chesher (2003) provided an elegant identi-
fication result on his parameter of interest, that is the returns to schooling 8[Qvz(co|20)]
for an individual with V' = Qyz(ao|z0) for given ag and 29. As an alternative, one can
estimate 3(v) globally by extending the control function approach along the lines of Newey,
Powell, and Vella (1999) and Imbens and Newey (2003). To do so, replace (5) with the

following restriction

(18) Qy|s,z(7]8,2) = Qys,v,2(T]s, v, 2) = sB(v) + A(v)

almost surely. This suggests that the second step is now carried out by a nonparametric
separable quantile regression with series approximations of f(v) and A(v) while V; being
estimated in the first step. Finally, it is unclear whether the IV method based on (12) or
the fitted value approach can be modified to estimate a random coefficients model such as
(16).

We end this section by mentioning that the control function approach can be extended
to deal with nonlinear specifications of regression functions (1) in a straightforward way.
For example, regression functions X 3(7) + Z{v(7) and p(a) + Z'7(a) in (1) can be replaced

with a nonparametric, additive, or single-index specification.

5 Monte Carlo Experiments

This section reports the results of a small set of Monte Carlo experiments to investigate
the finite sample performance of the two-step estimator. In all experiments 7 = 0.9 and
a = 0.5. For each n € {100,400, 900,1600}, we considered the following model:

Y = X;B+ Zuy + U, Ui =Vi+o(Vi)+0.5[U; — Fgl(T)],

X = p+ Zymy + Zoma + Vi, Vi = exp(Z2i/2)Vi, i=1,...,n,

where Z1;, Zo;, f/i, and UZ are independently drawn from the standard normal distribution,

¢(v) = 4exp[—(v—1)?], and Fy; is the cumulative distribution function of U. The function
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¢(v) has a bell-shaped hump around one and represents a nonlinear component of \-(v) =
v+ ¢(v). We set the parameter values (3,7, u, m1,m2) = (1,1,1,3,1).

The first step was carried out by a linear median regression of X on (1,71, Z3). The
second step requires the choice of basis functions and the number of approximating func-
tions k. In the experiments, we considered polynomial approximations from the first order
polynomial to the eighth order polynomial. Asymptotic theory in Section 3 provides only
qualitative restrictions on & in terms of asymptotic rates, so it is the main purpose of the
experiments to check the sensitivity of the two-step estimator to the choice of k. The
trimming function was set to be t(VAVz) = 1(]X;| < 10)1(|Z14| < 3)1(\171] < 5). We com-
pared the two-step estimator with a (7-th) linear quantile regression estimator (ignoring
endogeneity) and a fitted-value quantile regression estimator for which X; is replaced with
b+ Zyym + Zoje. There were 1,000 replications in each experiment. The computations
were carried out in GAUSS with GAUSS pseudo-random number generators.

Tables 1 and 2 show results of the experiments for # and ~, respectively. Both the linear
quantile regression (QR) estimator and fitted value (FV) estimator have large biases for all
sample sizes. This is expected since they are inconsistent. The two-step estimator with a
first order polynomial (T'S(1)) has nonnegligible biases that result from the misspecification
of A;. The two-step estimators with flexible polynomial approximations perform quite well.
The biases are rather negligible compared to the size of standard deviations and the root

—-1/2

mean square errors (RMSE) shrink to zero roughly at a rate of n . Furthermore, it can

be seen that the estimator is not very sensitive to the choice of the order of polynomial

approximations.

6 Empirical Examples

In this section, the estimation method is illustrated by applying it to two empirical appli-

cations, demand for fish and the returns to schooling.

6.1 Demand for Whiting at the Fulton Fish Market

This section presents estimation results for the first empirical application. This application
consists of using the data on demand for whiting at the Fulton fish market to estimate

price elasticities of demand for fish. The data were used previously in Graddy (1995),
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Angrist, Graddy, and Imbens (2000), and Chernozhukov and Hansen (2001). In particular,
Chernozhukov and Hansen (2001) estimated quantile treatment effects (price elasticities at
different quantiles of demand level) using wind speed as the instrument variable (without
covariates).

The dependent variable Y is the logarithm of the total quantity sold by a single dealer on
each day and the endogenous explanatory variable X is the logarithm of the average daily
price. The exogenous explanatory variables Z; are indicators for days of the week (Monday,
Tuesday, Wednesday, and Thursday) and for weather conditions on shore (Rainy on shore
and Cold on shore). The instrument variables are indicators for weather conditions at sea
(Stormy and Mixed). The exogenous explanatory variables and instruments were those
used by Angrist, Graddy, and Imbens (2000). See Angrist, Graddy, and Imbens (2000) for
details about the data and variables. The sample size is 111.

The first step was carried out by a linear median regression of X on a constant term,
Z1 and instruments. In the second step, a third order polynomial approximation was used
to estimate price elasticities at different values of 7. There was no trimming of the data
(that is, t(W;) = 1 for all i). The standard errors of the estimates were calculated by (11)

with the standard normal density as the kernel function and h,, = 62n~%/% as a bandwidth,

2

where 67

is the empirical standard deviation of £;. The estimation results were not very
sensitive to the choices of the order of polynomials and h,,. To compare estimation results
with those of Chernozhukov and Hansen (2001), we also estimated the model using the
wind speed as the instrument without 2.

The estimation results are summarized in Figure 1. The price elasticities are shown in
the absolute value. The left-hand panel of the figure shows price elasticities without the
adjustment for endogeneity (dotted lines) and those with the adjustment for endogeneity
(solid lines) for the model with Z; using binary instruments (Stormy and Mixed). The
price elasticities without the adjustment for endogeneity were estimated by linear quantile
regressions. To show the accuracy of the adjusted estimates, 90% pointwise confidence
intervals (dashed lines) of adjusted elasticities are superimposed in the figure. The right-
hand panel shows the price elasticities for the model without Z; using the wind speed as
the instrument.

In both panels, adjusted elasticities are quite different from unadjusted elasticities, es-
pecially at lower quantiles. This is consistent with previous findings of Chernozhukov and

Hansen (2001). In fact, results in the right-hand panel are quite comparable to those in
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Figure 1 of Chernozhukov and Hansen (2001). However, adjusted elasticities increase at
higher quantiles in the left-hand panel, whereas those decrease in the right-hand panel. This
difference may yield quite contradictory interpretations, but in view of rather small sample
size, more careful analysis is needed to decide whether or not it is just an artifact of random

sampling error.

6.2 Returns to Schooling Using Quarter of Birth as Instrument

This section presents estimation results for the returns to schooling. This empirical example
consists of using the data of Angrist and Krueger (1991) to estimate returns to schooling at
different quantiles. Angrist and Krueger (1991) estimated effects of compulsory schooling on
earnings using quarter of birth as an instrument for schooling. We used a sample of 329,509
men born 1930-1939 from the 1980 census. This data set was used previously by Angrist,
Imbens, and Krueger (1999) and is available at the Journal of Applied Econometrics web
site.

The dependent variable Y is the log weekly wage and the endogenous explanatory vari-
able X is years of schooling. The exogenous explanatory variables Z; are 10 indicator
variables of year of birth. The instrument variables are 30 indicator variables of quarter
of birth interacted with year of birth. This simple version of the Angrist-Krueger model is
used here in an attempt to mitigate the ‘weak instruments’ bias. See, for example, Bound,
Jaeger, and Baker (1995) and Staiger and Stock (1997) for the problem of weak instruments.

It is quite plausible that quarter and year of birth is independent of taste and ability
factors (Z is independent of V using the notation in previous sections). In that case,
schooling residual V' can be estimated (up to location) by any quantile regression or even
by mean regression as well since years of schooling is bounded. Although schooling is
conceptually continuous, years of schooling has only finite number of distinct values. To
avoid this problem, the first step was carried out by a linear mean regression of X on 73
and instruments. In the second step, a fifth order polynomial approximation was used to
estimate returns to schooling at different values of 7. There was no trimming of the data.
The standard error of the estimate was calculated similarly as in Section 6.1. Qualitative
estimation results were not very sensitive to the choice of the order of polynomials.

The estimation results are summarized in Figure 2. Following Buchinsky (1994), the re-
turn to schooling at each 7 is defined as the derivative of the primary equation with respect

to schooling, that is B(7). If there is endogeneity, then returns to schooling obtained by
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standard quantile regressions may be misleading. As in Figure 1, Figure 2 shows returns to
schooling without the adjustment for endogeneity (dotted lines) and those with the adjust-
ment for endogeneity (solid lines) along with 90% pointwise confidence intervals (dashed
lines) of adjusted estimates.

It can be seen that unadjusted returns to schooling are between 0.7 and 0.8 and roughly
constant over the range of quantiles. In contrast, adjusted returns to schooling are quite
different from unadjusted returns at lowest quantiles. As was discussed in Angrist and
Krueger (1991), the adjusted returns to schooling in this example may be interpreted as the
structural effects of compulsory school attendance. Under this interpretation, our estima-
tion results may suggest that effects of compulsory schooling are much stronger at lowest
quantiles of earnings. The mean return to schooling estimated by the conventional two-
stage-least-squares (2SLS) was 0.089 with standard error of 0.016, and the OLS estimate
was 0.071 with standard error of 0.0003. Thus, as far as the mean effect is concerned, the
bias due to endogeneity is small. However, it seems that the endogeneity bias is nonneg-
ligible at the bottom of the distribution of earnings (7 = 0.05). Similar results have been
presented previously by Andrew Chesher on October 2, 2003 at a lecture to inaugurate the
academic year of the International Doctorate in Economic Analysis (IDEA) at Univeristad
Autonoma Barcelona under the title ‘Identification of the distribution of policy impacts’.
Using the same data set and a different method, Honoré and Hu (2003) also found that

quantile effects are larger at the lower end of the distribution of earnings.

7 Conclusions

This paper has presented the method for estimating quantile structural effects based on the
control function approach. The paper has also provided empirical examples for which the
new method has revealed some important features of endogeneity that could not easily be
detected using standard methods like 2SLS.

The success of a control function approach depends crucially on the plausibility of as-
sumptions about the stochastic relationship between the unobserved components U and
V and observed variables X and Z. Therefore, it would be useful to extend the basic
model (1)-(3) to more complex situations such as some examples discussed in Section 4. It
would be also useful to consider nonparametric estimation of the primary and reduced-form

equations like Newey, Powell, and Vella (1999). These are topics for future research.
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Another interesting topic is estimation of an intercept term of the primary equation.
For applications considered in the paper, it is unnecessary to know the intercept term.
However, in some cases such as estimating within-group wage inequality (Buchinsky (1994,
1998a, 1998b)), it is important to know the intercept term. Obviously, estimation of the
intercept term requires an additional restriction. For example, one may use a condition like
Qu(T) = 0 to develop an estimator of the intercept term. To do so, rewrite the primary

equation in (1) as
Y = XB(r) + Z17(7) +4(7) + U,

where ¢(7) is the intercept term. Under the assumption that Qu(7) = 0, ¥(7) can be
estimated by a 7-th sample quantile of ¥; — X;4(7) — Z1;4(7). Under some regularity condi-

~1/2

tions, it would be straightforward to establish n -consistency and asymptotic normality

of this estimator. However, it is beyond the scope of this paper to provide full details.
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A Appendix: Proofs

Throughout the Appendix, let C' denote a generic positive constant that may be different
in different uses. Let Apin(A) and Apax(A) denote minimum and maximum eigenvalues

of a symmetric matrix A. For notational simplicity, we will suppress dependence on T
and «. As shorthand notation, let P, = P (WW;), P, = P,.;(Wi), t; = t(W;), t; = t(Wi),
mi = XifB+ Zy;y + ANVi), fi = f:(01Xi, Z;), and by; = Py;0,.0 — m;. Define

n
i)'rm = n_l Z £Zfzpmpf,ﬁ and
i=1
n
(pnﬁ = nil Z tzszmP;z
i=1

Lemma A.1. Asn — oo,

A

(CL) max t; Pm' — Pm'

o =0, [G()/n'?] = 0,(1).
(0) [|Pnw — il = Op [Co()*k/n] = 0p(1).
(©) Hci),m — 3, =0, [Kl/%l(m) /nl/Q] = 0,(1).

Proof. To prove part (a), notice that

R 2 .
max ti || Pri — Pri|| = nax ti Z[pk(‘/;) — pr(Vi))
Ipi(Vi) v
= @axti) ai )(z Vi)
— i kN
= max (V- 2 Y | 20
1<i<n = ov

where V; is between V; and V;. Part (b) can be proved as in the proof of Theorem 1 of
Newey (1997).
Now consider part (c). Notice that using arguments similar to those used in the proof

of Lemma A3 of Newey, Powell, and Vella (1999),

(19) 7‘[,71 Ztl|£l — t7,| = Op (maxtl“z _ ‘/;|> — Op(n71/2),
i=1 !
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where the last equality follows from (10). Now, as in (A.5) of Newey, Powell, and Vella
(1999),

( B — || < |07 il fil Bus Py — P PL|[ + [ Z fiPu P
i=1
nt Z(tifz‘ — ti) fiPei Py
< C’n’lztt (( i — P +2) i — P HPMH> + Co(r)? ’1275 |t —
2
<Cn i || Pri — Px
i=1
n 1/2 L\ 172
C <n—1 >t \|Pm-|]2> (n P.; )
+ CGo(k 12@]1&1 —ti
= 0y [G1(k)*/n] + Oy [K/21(5) /2] + Oy [Co(r)2 /2]
Part (c) now follows from the fact that ¢;(k)/n'/? — 0 and (o(k) > Ck'/2. O

Lemma A.2. Asn — oo,

max t; (Pm — Pm)/e,.go —

1<i<n

Proof. Let 9,(30) denote the j-th component of 8,9. A Taylor series expansion gives

ti(Pri — Oro = i Z [pk )} 9&)”21%)

4 Z 3pk 1+dz1+k)(VZ v

K

BES apk(f/i) (tdortk)y  AA(VR) SR
= tl [Z 7950 - dv (‘/:L - ‘/:L)

k=1

AV AD] L AA)
i | = e (Vi =Vi)+t T (Vi = Vi),
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where V; is between V; and V;. The lemma now follows from the fact that max; t,]f/z —
Vil = Op(n™Y2), supyepw [0A(v)/0v — [0Ps(w)/0v]'0k0| = O(k~"1), and d\(v)/dv is

continuously differentiable on W. O

Let F(+|z, z) denote the cumulative distribution function of Y conditional on X = x and
Z = z. Define

A

{
{
(6) =n"'d,! znjfi{T — F[PLi(0 — Ono) + PLiOro| Xs, Zi] }Pm'7
{
(

and  H,.(0) = Gn(0) — G;,.(0). Let 1, be the indicator function such that 1, =
H{ min(@rr) > Amin(®4)/2 and Amin(Pnx) > Amin(®r)/2}. By Lemma A.1 (b) and (c),
Hém — .|| = 0,(1) and @ — Bye]| = 0p(1). Thus, Pr(l, = 1) — 1 as n — .

Lemma A.3. Asn — oo,

Ly énn(énﬁ) = Op [Co(k)K/n] = Op(n_l/Q)-

Proof. To prove the lemma, it is useful to introduce some additional notation that is used in
Koenker and Bassett (1978) and Chaudhuri (1991). Let N = {1,...,n} and H, denote the
collection of all d(k)-element subsets of N/. Also, let B(h) denote the submatrix (subvector)
of a matrix (vector) B with rows (components) that are indexed by the elements of h € H,,.
In particular, let P, (h) denote the d(x) x d(k) matrix, whose rows are the vectors P’, such
that ¢ € h, and let Y. (h) denote the d(k) x 1 vector, whose elements are Y; such that
i € h. In addition, let P, denote the n x d(k) matrix, whose rows are the vectors ]5122 for
i=1,...,n. The matrix P, has rank = d(r) almost surely for all sufficiently large n.

By Theorem 3.1 of Koenker and Bassett (1978), there exists an index set h,, € H, such
that the problem (8) has at least one solution of the form 6y, = P (h) Y, (he). Now
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Gm@l(é'rm) - n_l(i);,i Z tAz{T - 1[}/1 S P,gzénn] }Pm'a

and

A~ ~ ~

Gnm?(enn) = nil(i);“n} Z 57,{7— - ]—[Y;, < P;ézenn] }Pm

i=1,i€hS
Notice that maxi<i<y 1nt; é;,;}pm = Op[¢o(k)] by Lemma A.1 and the fact that the
smallest eigenvalue of @, is bounded away from zero (when 1,, = 1). Thus, we have

A~

Gt (Onrc) || = Opléo(k)d(r) /).
Now consider G’n,ﬂg(ém). Define

Ly

A~ A~

é7m2 = nGan (enﬁ)/énﬁPn(hn)_l .

By Theorem 3.3 of Koenker and Bassett (1978), each component in G2 is between T — 1

and 7. Thus, ||G. < d(/{)l/ 2. Since the smallest eigenvalue of ®,,,. is bounded away

GnnZ (énﬁ)

from zero (when 1, = 1), we can find a constant C' < oo (independent of ) such that

1, .

P (he) ;)

< C||Pr(hn)

Also notice that

P, (hy) . trace[P . (hy) Pr(hy)] = trace[P . (7 )Py (hy)']
- Z ‘ P, ? < CCO(R)2d(/£).
i€h,
Hence, )f’,{(hn) < C¢o(k)d(k)'/?. Therefore,

1n G’er(énn) Pﬁ(hﬁ)égfi

<n’! HénHQ(énm)

Ly

< C¢o(k)d(rk)/n.

Since arguments used in this proof hold uniformly over hy, the lemma follows immediately.

O]

Lemma A.4. Asn — oo,

(a) 1y || Hpw(00)| = Op [(1/n)1/?] .

23



(b) 1n HAHTLE(HKZO)H = Op (n71/2) .

Proof. First, we will prove part (b). Notice that since the data are i.i.d., f-(-|z, z) is bounded
away from zero in a neighborhood of zero for all x and z, t? = ¢;, and the smallest eigenvalue

of ®,,; is bounded away from zero (when 1,, = 1),

E [1n [ Hoore (B0 |12 ‘Xl, X Zhs Zn}
n

<103t [E[{F[P;ie,{dXi,Zi] —1[Y; < Plybuo } ‘Xl,Z] ' Ol A AP,

i=1
< Cl,n? Ztrace [t PLo 1A AD 1Pm}
i=1
<Cl,n? Z { (min f;)~ 1fl} trace [t AD, P, PlL® n,%A’]

=1
< Clun~ trace{Aq)m[ _IZt P, iPLﬂ} @;;A’}
= C1,n 'trace (A(me )
<Cn Y1 +d,).

Therefore, part (b) of the lemma follows from Markov’s inequality. Part (a) follows by

repeating the same arguments with A replaced by an identity matrix. O

Lemma A.5. (a) Asn — oo,

10Ge(0) = —14(0 — O0) — Ly~ @7} Zt s — Vi) Pui + R%,.(6),

where | R;,.(0)|| = op [KY*nV2] 4+ Op [ + Co(k) |10 — Oro® + £1/2n1 + kL2572

(b) Asn — oo,

1,AGE, (0) = —1,A(0 — O,0) — 1,n L AD;} Zt fl — V;)Pui + ARS,.(6),

where || AR, ()] = op [n72] + Op [k~ 4 Co(K) |0 — Ol +n~ 1 + x~27].

Proof. First, we will prove part (a). Define

1,G5,.(0) = —1,(0 — O,0) — Lyn ' @)} thl Vi — Vi) P
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and

171@:,&(0) = (0 9&0 - 1nn_1q) Zt fz ki m) nOPm

- 1nn_1q) ! Zt fzbmpm
=1

Write 1,G%,.(0) = 1,G%,.(0) + R: ., () + R%,,(0), where
* (9) = 1né;k1/£(0) - 171@:(“@(0) and Rnn2(0) = 1HG;n(9) - 171@:;/1(0)

nkl

Notice that

=1,n"! Z trace ( éli);,i)

(20) < C'1, trace <<I>:“%> = Op(k).
By Lemmas A.1 and A.2, equation (20), and the Cauchy-Schwartz inequality,
1(1) 1thz Ki m) NOPm_lnn 1(1) thz Vi )P
C1p : / dA(Vz') -
<1,n Pm tz 3 (Pm_Pm)HnO_ dv (‘/z_‘/z)
dA(V;) 2\ V7
-1 15 -1 2 0 i
(I) Pm t m k0O — ) ‘/z
(zH )(zf foa- 200 v
(21)
=0, <E1/2n71/2> '
Also, notice that
_1Pm - ti(I)r_m K1
< Cl”nilzm — il {H&)mifjm 1PHZ'H1
i=1
LTI - 2
+CLn 'Y H(I);ij- —a1p.|" + cLan d-1p, — a-lp,
i=1

< (C1, max |||@
— n ISZSTZ nk+ Kt

~1p HQ] 1 Z P
=1
n
Y Pl
=1

n

1 ~

n E ‘Pm'_Pm'
=1

nKk

2 ~
+0,(1) ‘ b
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Thus, by Lemmas A.1 and A.2 and equation (19),

(22) - Z

By (22) and the Cauchy-Schwartz inequality, we have

fidt P — 10 P = 0y [ G002/ 4+ w21 (5)2 /] = (1),

nn_1<1> lztfld)\ z)Pni_ _l(I) lztfz Vi ’L)PK/L
d)\
n~! Zfz V V| [|£:®; L Py — 1@, Py
o 1/2 N\ /2
< C1, (n DY) g _ Vi) > (n i@ Py — i} P )

(28) < Op(n")0y(1) = 0 (n71?) .

In addition, it is not difficult to show that

(24) L, ||n~ '@, Zt fibri Pri

- [m?xbm} = Op(k™").

Thus, by combining (21), (23), and (24),
(25) IR (0)]] = 0y [/20712] + Oy(n 7).

Now, using equation (20), a first-order Taylor series expansion and the assumption that

F(m;| X, Z;) = 7 for each i, we have

HR’er( )H < Cln n ! Ztl IPM { 0 9/{0 ( P - Pm‘)/Qno + bm’}zl

F—1 7 /
< Cly max S 1P| (0 — 0,0 {Zt PP } (0 — O,0)
~ A 2
+C1,, {n &, - Pei } llga<x [ (Pai — Pm)/%o + b,.;o(Xi)2]

< CCO(/{))\max((i)nn)(e - ‘9&0),(9 - 9/{0) + Cﬁl/2op (n_l + /‘C_ZT)
(26) -0 [go(;@) 1 — 9n0||2} 40 [,@1/271—1 " Kl/?,;?r] .

Part (a) now follows by combining (26) with (25).
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Now consider part (b). Notice that

KL Nk

n ~ . 9 n ) ) ) )
1nn_1 Z HA(I);;-PRZ = lnn_l E trace (Aq);épfﬂpl @_114/)
=1 i=1

(27) < C'1, trace <A§;¢A’> = 0p(1).

Then part (b) can be proved by combing (27) with arguments identical to those used to
prove part (a). O

The next lemma is based on the elegant argument of Welsh (1989).
Lemma A.6. Asn — oo,

(@) $UDg_p, o <Cr/my/2 Ln [ Huw(0) = Huw(0r0) | = Op [(57/n)*/*(log ) /2] = oy [(15/n)'/?] .

(b) SUD|jg_g,o|<Cn/myts2 In | AHns(0) = AHnw(Or0)l| = Op [r/n/*(logn)'/2] = o, [n=1/?].

Proof. First, we will prove part (a). Let B, = {6 : |0 — 60| < C(d(x)/n)"/?}. As in the
proof of Theorem 3.1 of Welsh (1989), cover the ball B,, with cubes C = {C(6;)}, where C(6;)
is a cube containing 6 with sides of C(d(k)/n’)"/? such that §; € B,,. Then the number of
the cubes covering the ball B, is L = (2n2)d(“). Also, for each [ = 1,---, L, we have that
106 — Br0) — (8 — 0r0)|| < C(d(r)/n%?) for any 6 € C(6;).

First note that

sup 1, ||Hm{(9) - Hnn(QRO)H
0eBy

(28) < max sup 1, ||Hn/f(9) - Hnn(el)H + 1I<nla<XL 1n ||Hnn(0l) - Hrm(GRO)H .

I=i=Lg, ec(g,)

Define 7, = C(d(x)/n°/?). Notice that |a — b| < (a’ — a”) for any a,b,a’ and a” satisfying
a>a>d" d >0band ¢ <b. Now using this and the fact that 1[Y; < -] and F[-|X;, Z;]
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are monotone increasing functions for each i, we have

sup 1n HHn/{(G) - Hnﬁ(el)"
0eC(6))

< Nt ||
_965161%)61)” ZZ; nz” mH

< ({105 < PLi(6 — 000) + Plibia] — F[PL(6 — 6.0) + Plibo| X:. 2] |

_ {1 1Y < PLi(0 — Or0) + Pliboo] — F[PLi(61 — On0) + Plabuo| X Z1] }‘
n! Zlntz | @ P |
X [{1[1/2 < Pri(01 = 0x0) + Piifso + | Puill 1) — F [P (61 = O10) + Pribro — | Prill | X, Z]}

- {1[Yi < Pflﬂi<9 950> + PIQZ k0 — HPMH 77n] - F[Pf/m'wl - 950) + Pfgigno + HPMH Un‘XiaZi] }]

IN

n_IZI ti || @n P
< {1 [m < PLal01 = 0x0) + Plibo + | Peill mn] = F[PLil61 = 0s0) + Plibro + 1| Paill | X, 2] }
- {1[1@- < PLil0h = 0r0) + Plibo — | Prill 1] = F[PLi(0) = r0) + Pliblso — | P nn\XZ,Z}}’

- Z Loty || @t P

(29)
X {F[Plé’i(al — Ox0) + Pléigﬁo + || Pl Wn’XlHZi] - F[Péz'(gl —Ox0) + P;éz k0 — || Pl nn‘XuZ]}-

Consider the second term in (29). Notice that

21%&3}%” Zl ti || @ P { [Pri(01 — O10) + Prifso + || Prill 1n| X, Zi]

~ F[Pla(0) = 0s0) + Plifo — || Pl ma| X 2] }
< Cnp ax ||Pm\|n_121 ti|| @, leH
i=1

(30) < C(d(r) /n5/2)§0(/£)d( )2 = 0,(n71/?).

Now consider the second term in (28), that is maxj<;<z, 1p || Hnw(61) — Hnk(0ro)||. Let
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AU) _(61) denote the j-th element of [Hy(01) — Hpy(0k0)]. Then we have

1, A (61) = Luelj) [Hun(01) — Hu(000)),

where e(;) is a unit vector whose components are all zero except for the j-th component be-

J
ing one. Notice that conditional on {X1,...,X,, Z1,...,Z,}, the summands in 1 A(jzm(é?l)
are independently distributed with mean 0 and that the summands in 1, A(J) _(01) are
bounded uniformly (over j and 1) by n~'C(y(x) for all sufficiently large n. Further-
more, the variance of 1nAgiN(91) conditional on {Xi,..., Xy, Z1,...,Z,} is bounded by
L,n= 230, ti|e’(j)<1>;,%Pm|2|P,gi(91 —0,0)|- Moreover, using the fact that f.(0|z, ) is bounded
e'(j)q)g,%Pm < Cd(k)'/?, and that the small-

est eigenvalue of @} is bounded away from zero (when 1, = 1) for all x,

n
n’I’L_1 E t; el
i=1

n
<1t Zl t; [miin f7
1=

away from zero, t2 = t;, maxi maxj<i<
s by 79 1<]<d(n) <i<n

2
®pp Pri| |PLi(0r — 0,0)|

2
o K |P;21(91 - 650)’

/
€0)

<C1, 1121&}{ e(] 71275 fi e(] Pm' \Péi(el —950)|
n ) 1/2 n 1/2
< Cln mase |ef;) @ Fri (nIZtm €lj) P P ) (nIZ\Péiwz—eﬁo)l?)
=t= i=1 i=1

’1215 fiPP.,

< Clypd(r)(d(x )/n)1/2[Amax(<I>m)]1/2
< Cd(k)/n'/?

1/2
e (z))

< Clud(r)"2 161 — O (6'@) n

uniformly (over j and [) for all sufficiently large n. Therefore, the conditional variance of
1nA§3}3m(91) is bounded uniformly (over j and 1) by Cn=3/2d(k) for all sufficiently large n.
Let &, = (d(k)?/n)3/*(logn)*/2. An application of Bernstein’s inequality (see, for example,
van der Vaart and Wellner (1996, p.102)) to the sum Agzm (0;) gives

Pr( max Ly || Hus(60) — Hon(Or0)]| > Oz

Xl,...,Xn,Zl,...,Zn)

< ZPr(ln | Hys (01) — Hpw(00)|| > Cen| X1, - .., X, Z1, - .,Zn>
=1
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AY ( 91)’>Ced 1/2‘X1,...,Xn,Z1,...,Zn)

SR RIC
2d(r) !

< 2(2n2)% %) d(x) exp [_Cn—?’/?d(m) n n‘lgo(n)and(n)—l/Q}
< Cexp [2d(k)log(2n) + log d(k) — Cd(k)logn|

(31) < Cexp [ — Cd(k)logn]

for all sufficiently large n. In particular, it is required here that ((o(k)*/n)(logn)? — 0.

Now consider the first term in (29). Let Tp.(6;) denote the expression inside | - | in the
first term in (29). Notice that conditional on {X3,..., Xy, Z1,...,Z,}, the summands in
T,,(6;) are independently distributed with mean 0 and with range bounded by n~*C¢y(x)
and that the variance of TM(QZ) conditional on {Xi,...,Xp,Z1,...,Z,} is bounded by
Cn~Yd(k)Co(k)n, = Cn~'(d(k)?/n°/?)(o(x) uniformly over [ for all sufficiently large n.
Another application of Bernstein’s inequality to T},(6;) gives

Pr( max T (0))| > Cen| X1, ..., X, Pr(|Tos(0))] > Cenl X1, ..., Xn)

IIMh

1<i<
n2)45) exp | — o
<2 o0 | O,
< 2(2n2)%" exp [— C’nen/Co(/f)]
(32) < Cexp [2d(k) log(2n) — Cld(r)*/? /Go()n'/* (log n) /2]

for all sufficiently large n. Now part (a) of the lemma follows by combining (30), (31), and
(32).

To prove part (b), notice that the dimension of AH,,(#) is fixed. Then the desired result
follows by repeating arguments identical to those used to prove part (a). In particular, e,
in (31) and (32) is replaced with d(k)/n%/*(logn)'/? and Ce, is substituted for Ce,d(x) /2
in the third line of (31). O

Lemma A.7. Asn — oo,

sup 1n |[Hnk(0) — HM(Q)H =0p (n_1/2> .

[0—0r0l|<C (r5/n)1/2

Proof. The proof of Lemma A.7 is analogous to that of Lemma A.6. As in the proof of
Lemma A.6, let the ball B, the cubes C = {C(#;)}, L = (2n?)**), and 5, = C(d(x)/n"/?)

be the same as in the proof of Lemma A.6.
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Now define

Hypo(0) =
Caten) Y t{ 1[5 < P60 — 000) + Plibio] — F[PLa(6 — 6.0) + Plabio| X1, 2] } P
i=1
Then
sup 1, ﬁnﬁ(e) - HnH(G)H
0€By
@ < [0 = Fon@)] 10 ) ~ )]

Using the fact that 1[Y; < -] and F[-|X;, Z;] are monotone increasing functions, write the

first term in (33) as

max sup 1l
I<ISLgec(g,)

Hye(8) = Hun(0)|

[He(8) — i (0)] — [E (6) — ﬁm(el)]‘ + max 1,

< max sup 1,
1<I<L

- I<ISLgec(g)

[ (00) = Hon(00)

801 Py — ;07 P

n
< max sup 1,nt E
Isi=Lgec(a) :

X

{1 [Ys < PL(0 — 0p0) + Plifso] — F[PLi(0 — Ox0) + Plibio| Xy, Zi] }

— {1 [Y; < PLi6) — O0) + PLibuo] — F[PLi(0) — 0x0) + Plibro| Xi, Zi] }‘

+ max Ly ([[Hnw(07) — ﬁm(@l)]u

< max 1,nt zj; E® ) Py — ;) P

X [{1[3@ < PLi(0) — Ox0) + Plibro + ‘ Py ] — F[P;l(ﬁl — Ox0) + Plibro + ‘ Py | X, Zl]}
_ {1[5/; < PL(0, = 6r0) + PLibro — ‘ Paillnn] — F[PL(61 — 0x0) + PLibo — ( Pyi|| nn| Xi, Zi] }] ’

t;® 1Py — ;9,1 P

n
+ 2 max 1nn_1 Z

1<I<L -
X {F[p/a(‘% — O0) + PLibno + ‘ Pui|| 1| Xi, Zi) — F[PLy(61 — Ox0) + Plibo — ‘ Pri|| na| X, Zz]}
(34)

+ 1%222 1, H [ﬁnn(el) - I:Inﬁ(‘gl)]H .
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As in (30), write the second term in (34) further as

t;® 1P — t:®,, 1 P

2 max 1,n" !

1<I<L &

x {F[Péz(el - 950) =+ pl'eno + ‘ pm' Un‘Xi,Zi] - F[Péz(el - ‘950) + Péieno - ‘ pm‘ Wn‘XhZi]}
< Cnn 1H<1?<>§1 Py nn_l Z tz 1Pm tzq) IPm
(35)

< nnCO(’{)Op(l)v

where the last inequality follows from (22). Therefore, the second term in (34) is of order
op(n=1/?).
Now consider the first term in (34). Notice that #;, @},

{(Xi,Z;) :i=1,...,n}. Hence, conditional on {X,..., X, Z1,...,Z,}, the summands in

the expression inside |- | in the first term in (34) are independently distributed with mean 0.

and Pm depend only on

Also, the sum of the variances of the summands conditional on {X1,...,X,, Z1,...,Z,} is
N 2

bounded by C1,n2Y"" 1P — ;9,1 Py;|| . Notice that (22) implies that this bound

is of order O,(n~17¢"), where c¢* is a positive constant. Then as in (31) and (32), applying

Bernstein’s inequality yields that the first term in (34) is of order 0,(n~/2). Furthermore,
using similar arguments, one can show that the third term in (34) is of order o,(n=/2).
Now consider the second term in (33). Again using the fact that 1[Y; < -] and F[-|X;, Z;]

are monotone increasing functions, write the second term in (33) as

He(6) = Hun(0)|

max sup 1,
1<Z<L9€c( )

(e (0) — Hype (6)] — [Hyoe(61) — Honw (6)] H + max 1,

< max sup 1,

1<l<L9€C( ) [Hn’ﬁ(el) - Hnm(el)] H

IN

n

] _ -1 Nle-lp .

e L || Hs (60) — Hon(80)]| + ] iy o™ 2t [l
1=

({1055 = 2260~ 60) + Pt + | B ] = P28 = 000) + Pt + B o] 20}
— {11 < L8 — 0n0) + Plabeo - \ Pai| ] = F[PLa(61 = 6.0) + Plabo - ( S Ay
—{11% < PO = 0x0) + Pliblco = 1Puill ma] = F[PLi(0) = 0x0) + Plathoo — | Prsll | Xi, 2] }

+ {1 (Vi < PLi(01 — 0x0) + Plibo + | Prill n] — F[PLi(0r — Ox0) + Plifro + || Puill 1| Xs, Zi) }] ’
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+2 max 1,n" Zt H@ ,H
=1

N [{F[P;i(ﬁl —0r0) + P00 + ‘ Pri|| nn| Xi, Zi] = F[PLi(0; — Ox0) + Pliflro — ‘ Dy nn‘XhZi]}
+ {F[Plé’i(el — Ox0) + Pléigﬁo + [| P nn’XhZi] - F[P;éi(el O0) + P/ — || Pl nn!Xu Z]}}

Then as in (31) and (32), applying Bernstein’s inequality yields that the first and second
terms above are of order 0,(n~1/2). Also, arguments identical to those used in (30) show
that the third term above is of order op(n_l/ 2). Now the lemma follows by combining all

the results obtained above. O

Lemma A.8. Asn — oo,

énn - HNO

=0, [(,{/n)l/ﬂ .

Proof. We will obtain the rate of convergence using ‘convexity’ arguments similar to those
used in the proof of Theorem 1 of He and Shi (1998). Define M,.(0) = —(0 — 0,0)' G (6).
Notice that M, (6) is a convex function, thereby implying that

(36) | Gax®)]| = Maanlt(6 = 60) + 8101/ 10 = o]

for any t > 1. Also, notice that the right-hand side of inequality (36) is weakly increasing
in t. Let €, = (k/n)"/2. As in equation (A.4) of He and Shi (1998), for any 6,

Ly

Hefeiglnfzcen Cne (6) H

> f f1,,M,,.[t(0 — 0, 0,01/t 110 — 0,
16— 9,1?\\ Cengll [1( 0) + 6rol /¢ || ol

> inf lanc(‘g)/ HQ - 050“

T |0—0x0[|=Cen
_ inf 0—0.0)(0—0, 0 — 0,0l + Op(en),
= oo, (0 = 0r0) (0 = bro) /Il ol + Oplen)

where the last equality follows from Lemmas A.4, A.5, A.6 and A.7, since
(37> 1nénﬁ(9) = 1an;~;(950) + 1n[HnH(9) - Hnn(ein)] + 1n[ﬁm(0) - ani(e)] + 1nG:m(0)
and it is not difficult to show that

(38) 1, = 0,(n~Y?).

nil(b Zt fz z Z)Pm
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In view of this and Lemma A.3, for any € > 0 and any positive constant C,

Pr ( ém — 0.0l > Cen)
< Pr ( O — o] = Cens 1 || G (B || < C’en> 4 Pr (1n G (b)|| = C’en)
< e,
which implies that ||, — Oxo|| = Op [(r/n)/?]. O
Proof of Theorem 3.1. Define
S =7(1 = 1) Et(W)P(W)Pe(W)']
= E [t(W)fg(OlX, 22U p w1, 2

Q= AP (S + 12, . I0) @ 1A
Let ¢n(w) = A®_ 1P, (w), so that
pr(w) = BIEW) f:(01X, Z)p(W)Po(W) | E[t(W) f= (01X, Z) Pa(W) P (W)~ Pa(w).
Then

Q=71 = 1) EEW)eox(W)en(W)']

+ BV 1015, 2) 20,01 2] S BN 201X, 20507 () 0097

Notice that ¢, (w) is the (t(w)f-(0|x, z)-weighted) mean square projection of p(w) on the
approximating functions. Also, using equation (9) and the fact that f.(0|z, z) is bounded

away from zero, we have
E[t(W) (W) = ¢u(W)|*] < CE[t(W) f-(01X, Z) (W) — @u(W)]]
< £ 10 £01%.2) o) - .27

— 0

—1/2’

as k — oo. This implies that ||Q, — || — 0, which in turn implies that HQ,{ is bounded.

Now write

(39) 1,952 AGnk(On) = 1,972 AH . (000) + 10025 Y2 [AH e (Onr) — AHypy(00)]
+ 1,97 V2 [AH e (On) — AHpe ()] + 1,025 2 AGE, (0,
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By Lemma A.8 and part (b) of Lemma A.5, (39) can be rewritten as

1o 2 A(Bnye — 0x0) = =100 2 AG 0 (One) + 1002 AH . (B,0)
- AHnn(eliO)]

1102400 S 4 PV (0 v b V2 ARS, (B,

where HQ;l/QAR;‘;N(ém)‘ =0, [n_1/2]. By combining Lemmas A.3, A.6 (b), and A.7 with

the fact that HQ;l/z‘

is bounded,

1o 2 A(Bni — o) = 10 /2 AH e (B0)

P RN N A
40 — 1 QTP AR " fi=— (Vi — Vi) P + R
where the remainder R, satisfies ||Rpx| = op [nil/ 2].
Define

f_f,m(e,io) = nilq);,% ti{T —1 sz < ml] }Pm'.
=1

By arguments similar to those used in the proof of Lemma A.4, we have

E [1n

1/2 1/2 4 7 2 1
QY2 AH,, (Bro) — QY AHM(QHO)H ‘Xl,...,Xn,Zl,...,Zn} < O~ sup bl
i
Therefore, by Markov’s inequality,

(41) 1,

02 A (0r0) = Q2 A (Br0) | = 0y (n71/2).
It follows from part (b) of Lemma A.1 that

(42) 1, = 0,(n"1/?).

Q2 A e (0,0) — Q201 AD! Zti{T —1[Y; < my) }Pm‘
i=1
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Also, notice that

e e d\(V;)
—1,n V2400 i f; (Vs — Vi) P
n K HHZ f dv ( )

n Q7248 thfl m(1 Z0

= 1,0724071T, (Wgzg _ EZ; > + R

n

(43) = 1,9, 2AS Ten™ > Ay (X, Zi) + Ru,
=1
where || Ry ;|| = 0p [n71/2] for j = 1,2,3. It follows from (40), (41), (42), and (43) that
L% 2 A(B — Or0) = 12 P01 A0 St {T —1[Y; < m] }Pm
=1

(44) + 1, PAD T, ™Y DA (X, Zi) + R,
i=1

— 0[]
For any [(1 4 d,,) x 1] vector ¢ with ||c|| = 1, let

where H R,

Vo = Y2012 A [ {T —1[Y; < my] }Pm T (Xs, Z)]

Using the fact that Pr(1, =1) — 1 as n — oo,
(45> 1/2 /Q 1/2A Onr — HO Zl/zn + Op

As in the proof of Lemma A2 of Newey, Powell, and Vella (1999), it can be shown that v;,
is i.i.d. for each n, E[v;y] =0, E[v2,] = 1/n, and for any § > 0,

RE[1([vin| > )lvinl2] < 06 2Elvinl] = O [Co()2k/n] = o(1).
Therefore, by the Cramér-Wold device and the Lindeberg-Feller central limit theorem,
n 202 A(Opy — On0) —aq N(0,I).
Now the desired result follows from the fact that ||Q2, — Q|| — 0. O

The following lemmas are useful to prove theorem 3.2.
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— ® | = 0p(1).

Proof. In view of Lemma A.1 (b) and (c), it suffices to show that ‘
First, define

Lemma A.9. ’ <f>m

(i)nn - &)’rm

= op(1).

n . . o
=(nhy) 'S LK () B,P..
n n) ; (hn> K1
Then by maxi<i;<n tAZ ‘éz — Ei| = Op (/i/nl/2),
éi i
VK2
(i)~ (52)
< —2 Fg — o
< Ch,, Joax ti|€i — €il Op(k)

=0, (h,f2/12n71/2) = 0p(1),

where the last equality follows from Assumption 3.14. By the triangle inequality, it remains

< h;! max ;
1<i<n

to show that

(46) |

To do so, define

—_— INC € EAY L ey
o= S () () ]
Hnﬂ_nlztz{ [ (h)

Let Z9%) denote the (j, k) element of =Z,,1. Then

nkl

and

XI,Z] — fE(O\Xz‘,Zz‘)}meér

—(j,k) -1 &j A B
=0 = Zt { () - F {K <hn> Xi,Zi]}e’(j)PmP;ie(k).
Notice that conditional on {X1,...,X,, Z1,..., Z,}, the summands in u(]’]i) are i.i.d. with
mean zero. Also, the conditional variance of = ( ’1) is bounded by Cn~'h,1d(x), where C

can be chosen uniformly over j and k. Then by Bernstein’s inequality,

d(x)3logn 1/2
Pr <||EM1H>C<() g )
nhy,

) d(k)logn 1/2
SZZ >C<> ‘Xl,...,Xn,Zl,...,Zn
j=1k=1

nhy,
Cd(k)* exp (~C'logn)

Xl,...,Xn,Zl,...,Zn>

=(5k)
Snkl

| /\
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for all sufficiently large n. This implies that ||Z,.1]| = 0,(1) because (k3logn)/(nh,) — 0
by Assumption 3.14.

Now consider =,,.2. Then by Assumption 3.12,

max
1<i<n

E {han (;) ’XZ} — £.(0X:, Z))

= Op (h,%) )
which implies that
[Znk2ll = Op (h%ﬁ) = op(1),

where the last equality follows from Assumption 3.14. Finally, (46) follows by the triangle
inequality. O

Lemma A.10. ‘ ZA)m — Yk

=op(1).

Proof. This can be proved using the arguments identical to those used to prove Lemma A.1
(b) and (c). O

Lemma A.11. ‘ f‘m — T

=o0p(1).

Proof. First note that

ANV -
max t; (V2) - (Vi)
1<i<n dv
oy o, | -
i [N N[ A7) dA(Y)
1<i<n dv dv 1<i<n dv dv

= 0y[Gu () (/m)"/2] + Opmavx |V = Vi

=0, [Cl(ﬁ)(k/n)l/z + n*1/2] .

Define
i i (&) dAVY) 5
ani: hn ! ) 2 - Ki (.
(nha) ;tK<hn> b1, Z))
Then
(L
ANV dA(V;) PR, & ,
< e | S - T @)™ 34 K (51 ) .20

= Oy [Go(R)G1 (k) (/)2 = 0,(1),
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where the last equality follows from Assumption 3.14. Now it remains to show that
f‘rm - F/@
of Lemma, A.9. O

= 0p(1). This can be proved by using identical arguments as in the proof

Proof of Theorem 3.2. Recall that it is shown in the proof of Theorem 3.1 that ||Q2,, — Q|| —,
0. Thus, it suffices to prove that that HQM — Q.

—p 0. To do so, define

Qe = ADIS, 1A
Qo = ADLIT 3, 10, DL A

Q1 = AP 12, 1A’ and
Qua = AT, X, T 0 1A

Note that by Lemmas A.9 and A.10, ||®, — <i>m
can be shown that ||A® || = O(1), and HA@;:;‘

and Apax(2y) bounded,

= 0,(1), and HE”“ ~ .
= 0,(1). Then by Amax (®51), Amax (P51,

nKk

= 0p(1). Also, it

Hanl - in

<

Ad;! (im - EK> oA

+ HA (@gﬁlzﬁi);; - @;12@;1) Al

IN

4G} (S — 3, ) B4

- HA@,;IEH ((i);j - @;1> Al

+ HA (é;w} — <I>g1> bl A

IA

‘Ai),;} (2,1% - Z,{) oA

+ HA@;Q ((I% — @nf/b) Oy, bl A

+ HA(I)?ZJH&);; (@ — ) @14

£ 112 ||s 1| 2 —1 —112 31 2
< ‘A@m HZ"“ S HA‘DM H(@H _ @nﬁ) o5, | + [|AeY| HERQJM (% _ b,
NENTEATIN A2 .
é ‘A(I);; Hznn - En + HA(I);; chn - (I)nfi Amax(q),;l))\max(zn)
12 s -
(AR [* A (B) A (B0 | @ — Do
= op(1).
Similarly, by Assumption 3.15, Lemma A.11, )Ati)f“%fm = 0p(1), and Apax (T2, <L)
bounded,
HQWQ — Q2| < HA‘i);r}f‘nH (iﬂ,ﬂ' - Zuﬂr) f‘;mci);;iA,

+ [[Adu) (P = T) Spuelert A7

+ |[Ad TS (D — T) B4

KR~ NK

+ HA (@;;FHEWF' b1 <I>;1FHE#,WF;‘I>;1) A
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< At [Sr = Sur |+ 2 [ 4052 | B — T Ao (Bye) [ 4821 Ee
+ HA@;; ’ chﬁ — B[ Arma (P ) Amae (T Sy L)
+ AL A (T Sy T A (B71) ’CI% -
= op(1).
Now the theorem follows by the triangle inequality. O
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Table 1. Results of Monte Carlo Experiments
(Results for 3)

Estimator Bias Std Dev RMSE Bias Std Dev RMSE

QR n =100 0.873 0.232 0903 n=900 0.851 0.074  0.854

TS(1) 0.098  0.344  0.357 0.137  0.103  0.171
TS(2) 0.018  0.407  0.408 0.006  0.122  0.123
TS(3) 0.008 0372  0.372 0.027  0.114  0.118
TS(4) 0.014  0.390  0.390 0.018  0.116 0.118
TS(5) -0.017  0.382  0.383 0.028  0.107  0.111
TS(6) 0.023 0391  0.392 0.006  0.114  0.114
TS(7) -0.027  0.388  0.389 0.013  0.107  0.107
TS(8) -0.028  0.389  0.390 0.002 0.111  0.111

FV 0.561 0.348  0.661 0.501 0.112  0.513

QR n =400 0.854 0.110 0.861 mn =1600 0.850 0.054  0.852

TS(1) 0120  0.158  0.204 0.143  0.073  0.161
TS(2) 0.004  0.186  0.186 0.016  0.090 0.091
TS(3) 0026 0175  0.177 0.036  0.084  0.091
TS(4) 0016 0179  0.179 0.026  0.086  0.090
TS(5) 0.020 0167  0.168 0.037  0.078  0.087
TS(6) 0.005 0174 0.174 0.015  0.085  0.086
TS(7) 0.006  0.168  0.168 0.020  0.079  0.081
TS(8) 0.004 0171  0.171 0.010  0.083  0.083

FV 0513 0172  0.541 0.503  0.084  0.510

Note: Entries are the mean bias, standard deviation, and root mean squared error for
the linear quantile regression estimator (QR), the two-step estimator with a k-th order
polynomial approximation (TS(k)), and fitted value estimator (FV).
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Table 2. Results of Monte Carlo Experiments
(Results for )

Estimator Bias Std Devn RMSE Bias Std Dev RMSE

QR n =100 -2.618 0.751 2724 n =900 -2.547 0.235  2.557

TS(1) 0287  1.081  1.119 0409  0.322  0.520
TS(2) 0.064 1273 1.274 -0.017  0.382  0.382
TS(3) 0.024 1165  1.165 -0.080  0.356  0.365
TS(4) 0.047 1222  1.223 -0.053  0.362  0.366
TS(5) 0.056  1.199  1.200 -0.084 0334 0.344
TS(6) 0.076  1.222  1.225 -0.017  0.355  0.355
TS(7) 0.085 1216 1.219 0.039  0.331  0.333
TS(8) 0.086  1.215  1.218 -0.005  0.345  0.345

FV 1698 1.071  2.008 1523 0.351  1.563

QR n =400 -2.558 0.354 2583 n =1600 -2.549 0.170  2.555

TS(1) -0.385 0.498  0.630 -0.428 0.233  0.488
TS(2) -0.009 0.582  0.582 -0.049 0.285  0.289
TS(3) -0.078 0.544  0.550 -0.109 0.266  0.288
TS(4) -0.045 0.560  0.562 -0.080 0.272  0.283
TS(5) -0.061 0.517  0.521 -0.112 0.247  0.272
TS(6) -0.017 0.542  0.542 -0.047 0.266  0.270
TS(7) -0.018 0.522  0.522 -0.062 0.247  0.255
TS(8) 0.011 0.531  0.531 -0.031 0.259  0.260

Fv -1.562 0.532  1.650 -1.532 0.258  1.554

Note: Entries are the mean bias, standard deviation, and root mean squared error for
the linear quantile regression estimator (QR), the two-step estimator with a k-th order
polynomial approximation (TS(k)), and fitted value estimator (FV).
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Figure 1. Estimation results for demand for fish.

Note: The left-hand panel shows estimation results for the model with covariates using
stormy and mixed as instruments, and the right-hand panel shows those for the model

without covariates using wind speed as the instrument.
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Estimates of Returns to Schooling
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Figure 2. Estimation results for returns to schooling using quarter of birth as instrument.
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