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Abstract

The principal purpose of this paper is to adapt to the conditional moment
context the GEL unconditional moment methods described in Smith (1997, 2001)
and Newey and Smith (2004). In particular we develop GEL estimators which
achieve the semi-parametric efficiency lower bound. The requisite GEL criteria are
constructed by local smoothing and parallel the local semiparametric efficient EL
method formulated by Kitamura, Tripathi and Ahn (2004) for conditional moment
restrictions. A particular advantage of these efficient local methods is the avoidance
of the necessity of providing explicit estimators for the Jacobian and conditional
variance matrices. The class of local GEL estimators admits a number of alternative
first order equivalent estimators such as local EL, local ET and local CUE as in
the unconditional moment restrictions case. The paper also provides a local GEL
criterion function test statistic for parametric restrictions.
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1 Introduction

Simulation evidence increasingly indicates that for many models specified by uncondi-
tional moment restrictions the generalized method of moments (GMM) estimator, Hansen
(1982), may be substantially biased in finite samples, especially so when there are large
numbers of moment conditions. See, for example, Altonji and Segal (1996), Imbens and
Spady (2001), Judge and Mittelhammer (2001), Ramalho (2001) and Newey, Ramalho
and Smith (2005). Newey and Smith (2004), henceforth NS, provides theoretical under-
pinning for these findings. Alternative estimators which are first order asymptotically
equivalent to GMM include empirical likelihood (EL), [Owen (1988), Qin and Lawless
(1994), and Imbens (1997)], the continuous updating estimator (CUE), [Hansen, Heaton,
and Yaron (1996)], and exponential tilting (ET), [Kitamura and Stutzer (1997) and Im-
bens, Spady and Johnson (1998)]. See also Owen (2001). NS show that these estimators
and those from the Cressie and Read (1984) power divergence family of discrepancies
are members of a class of generalized empirical likelihood (GEL) estimators and have a
common structure; see Brown and Newey (1992, 2002) and Smith (1997, 2001). Cor-
respondingly NS also demonstrate that GEL and GMM estimators are asymptotically
equivalent and thus possess the same first order asymptotic properties. For the uncon-
ditional context, NS describe the higher order efficiency of bias-corrected EL. Also see
Kitamura (2001).

The principal aim of this paper is adapt the GEL method to the conditional moment
context and, thereby, to describe GEL estimators which achieve the semi-parametric effi-
ciency lower bound. In an important recent paper, Kitamura, Tripathi and Ahn (2004),
henceforth KTA, develops a semi-parametric efficient estimation method based on EL
for models specified by conditional moment restrictions. Like KTA for EL we employ a
kernel weighted version of GEL. The resultant GEL criterion may be regarded as a form
of local GEL. We thus term the resultant estimators local GEL estimators. We show that
local GEL estimators are asymptotically first order equivalent to the local EL estimator

proposed by KTA. Consequently local GEL estimators achieve the semi-parametric effi-
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ciency lower bound; see Chamberlain (1987). The class of local GEL estimators includes
local versions of EL as in KTA, the ET estimator and the CUE which is related to the
estimator suggested by Bonnal and Renault (2003). Because of their one-step nature
a particular advantage of these efficient local methods is the avoidance of the necessity
of providing explicit nonparametric estimators for the conditional Jacobian and variance
matrices which may require large numbers of observations to be good approximants. See,
for example, Robinson (1987) and Newey (1990, 1993) for semi-parametric approaches
based on explicit conditional Jacobian and variance matrix estimation. An alternative
approach to the local EL. and GEL methods suggested here is that in Donald, Imbens and
Newey (2001) which employs a sequence of unconditional moment restrictions based, for
example, on spline or series approximants, within the standard unconditional GEL set-up
as discussed in NS. The first order conditions arising from this sequence of restrictions
approximate those based on semi-parametric efficient conditional moment restrictions
from which, therefore, a semi-parametric efficient estimator also results. Their method
has the computational virtue of avoiding estimation of nuisance parameter vectors whose
number increases directly with sample size although the number of unconditional mo-
ment restrictions is required to increase with sample size but at a slower rate. It also
incurs the expense of not producing an estimator for the conditional distribution of the
data.

A reformulation of the first order conditions defining the local GEL estimator facil-
itates an intuition for the semi-parametric efficiency of the local GEL estimator. The
structure of these conditions conforms to those describing a semi-parametric efficient
GMM estimator, that is, they implicitly incorporate consistent estimators of the con-
ditional Jacobian matrix and conditional variance matrix of the associated conditional
moment restrictions.

A test for parametric restrictions may be based on the local GEL criterion function.
Unlike asymptotically equivalent Wald or Lagrange multiplier statistics but similar to
the fully parametric likelihood ratio statistic this form of statistic does not require an

estimator for the asymptotic variance matrix of the local GEL estimator which may be
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problematic in small samples.

The outline of the paper then is as follows. In Section 2 the conditional moment
restrictions model is described. Section 3 details the local GEL method, obtains local
EL, ET, CUE and Cressie-Read type discrepancy estimators as special cases and provides
some interpretations for local GEL estimators. Various regularity conditions are given
and the consistency, asymptotic normality and semi-parametric efficiency of the local
GEL estimator stated in section 4. Section 5 discusses the local GEL criterion function
statistic for parametric restrictions. Proofs of the results are given in Appendix A with

certain subsidiary results and proofs in Appendix B.

2 The Model

Let (xi,2;), (i =1,...,n), be 1.i.d. observations on the s- and d-dimensional data vectors
x and z. As in KTA, we assume x to be continuously distributed whereas z may be
discrete, mixed or continuous, although the analysis may be straightforwardly adapted
for = discrete or mixed, see KTA, section 3. Also, let 3 be a p x 1 parameter vector
which is of inferential interest and u(z, 3) be a g-vector of known functions of the data
observation z and (3. The parameter vector 3 is assumed to lie in the compact parameter
space B.

The model is completed by the true parameter value 3 € int(B) which satisfies the

conditional moment restriction
Elu(z, 6o)|z] = 0 w.p.1, (2.1)

where F[-|z] denotes expectation taken with respect to the conditional distribution of
z given z. In many applications, the conditional moment indicator u(z, 3) would be a
vector of residuals.

From (2.1), by the law of iterated expectations, any measurable function of the con-
ditioning vector x is uncorrelated with u(z, fy). Therefore, we may construct a m X ¢

matrix of instruments, v(zx, (y) say, with m > p, and formulate the unconditional moment
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restrictions

Elv(z, Bo)u(z, Bo)] =0 (2.2)

from (2.1), where E[.] denotes expectation taken with respect to the joint uncondi-
tional distribution of x and z. Under appropriate regularity conditions, see inter alia
Newey and McFadden (1994) and NS, GMM or GEL estimation using v(zx, 8)u(z, 3)
as the vector of (unconditional) moment indicators will deliver consistent estimators
for By. In general, neither unconditional GMM nor GEL estimation will achieve the
semi-parametric efficiency bound because the instrumental variables v(z,3y) are in-
efficient. Chamberlain (1987) demonstrated that the semi-parametric efficiency lower
bound for any n'/?-consistent regular estimator of 3, under (2.1) is given by Z=' where
T = Z(By) and Z(B) = E[D(z,B3)'V(z,3) ' D(x,3)] with the conditional Jacobian ma-
trix D(z,() = E[0u(z,)/00'|x] and conditional second moment matrix V(z,5) =
Elu(z, B)u(z, 8)|z]. An optimal GMM or GEL estimator based on the unconditional
moment restrictions (2.2), therefore, would require the infeasible matrix of instrumental
variables v,(x, 8) = D(z, 3)'V(z, 3) L.

Like KTA, this paper develops estimators for §y which achieve the semi-parametric
efficiency bound Z~! but which avoid explicit estimation of the conditional Jacobian and

conditional variance matrices, D(z, 8y) and V (z, ().

3 Estimators

The principal concern of this paper then is estimators which achieve the semi-parametric
efficiency bound Z~! under (2.1). We consider a local version of the GEL criterion
suggested in Smith (1997, 2001) and more recently reconsidered in Newey and Smith
(2004); see also Brown and Newey (1992, 2002). In particular, we are interested in the
first order large sample properties of the estimator for 3y which results from optimising
a local GEL criterion. We term the resultant estimator a local GEL estimator for 3.
Let u;(B) = u(z;, 5), (i = 1,...,m). Also let p(v) be a function of a scalar v that is

concave on its domain, an open interval V containing zero. Define the positive weights
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wij = Kii/ > n_y Kir where K;; = IC(Iib:L “1), K(.) is a symmetric positive kernel and

b, a bandwidth parameter, the properties of which will be described later. Note that

n

> j—1 Wi = 1. We consider a recentred local GEL criterion, cf. NS, given by
P(B,A) =Y Tin Y wiylp(Nu;(8)) = p(0)]/n, (3.1)
i=1 j=1

where A = (N}, ..., \})’. The sequence of trimming functions T ,, is required to bound the
denominator of the weights w;; away from zero and are defined as in KTA; that is, T;,, =

I{h(z;) > b7} for some 7 € (0,1) where h(z;) = > K(=5

)/nbs is the standard kernel
estimator for the density h(-) of x at z = x; and I{-} is an indicator function. The local
GEL criterion P(8, \) (3.1) employs the Nadaraya-Watson estimator > i wiip(ANui(B))
of the conditional expectation of p(Nu;(3)) given x;, i.e. Elp(Nw;(6))|xi], (i = 1,...,n).
Hence, we may consider ]5(6, A) to be an estimator of the centred average conditional
expectation S0 (E[p(\a(8))[z:]/n — p(0))/n.

Let A, = {\ € R?: ||]A|| < Cn~Y™} for some positive integer m and finite constant

C > 0. The local GEL estimator then is the solution to a saddle point problem

n

3 = arg inf T, sup 152-(5, Ai)/n, (3.2)

BeB — Xi€An

where B denotes the parameter space and P;(8, \;) = > i1 wiglp(Nuy (B)) — p(0)], (i =
1,...,n). Note that the recentring term p(0) > ; T, /n ensures that supy , PG, \;) >
0 as P(3,0) = 0 which in turn ensures that Yo Tinsupy ca, Py(5, Ai) is a suitable
candidate statistic for hypothesis testing.

It will be convenient to impose a normalization on p(v) as in NS. Let p;(v) =
& p(v)/0v? and p; = p;(0). We normalize so that p; = py = —1.1

Specialisation of the function p(.) provides a number of interesting cases. The local
empirical likelihood (EL) estimator suggested by KTA results when p(v) = log(1 — v)
and V = (—o0,1); cf. Imbens (1997), Qin and Lawless (1994), NS and Smith (1997). A

local exponential tilting (ET) estimator is obtained with p(v) = —exp(v), cf. Imbens,

Spady and Johnson (1998), Kitamura and Stutzer (1997), NS and Smith (1997).

'We will require p; # 0 and py < 0. This normalization can always be imposed by replacing p(v) by
[—p2/p3]p([p1/p2]v), which leaves the estimator of By unaffected.
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Let 4,(B8) = > 7, wiu;(3) and Vi, 8) = > i1 wijui(B)ui(B)', the Nadaraya-
Watson estimators of E[u;(5)|x;] and Elu;(5)u;(8)|x;] respectively. A local version of
the continuous updating estimator (CUE) of Hansen, Heaton, and Yaron (1996), cf. Bon-
nal and Renault (2003) and Smith (2003), is readily seen to be a local GEL estimator
when p(v) is quadratic; cf. NS, Theorem 2.1, which demonstrates an analogous result

for unconditional moment restrictions. The local CUE is constructed as?

o o . ~ IS N

Bevr = arg %1511?; Tints(B8)'V (2i, B) 1:(8). (3.3)
Theorem 3.1 If p(v) is quadratic, then B = Bovg.

In contradistinction to the local CUE BCU g which simultaneously minimizes the ob-

jective function over 3 in V(xz, B), a local GMM estimator is given by
A - . ~ 17 MN—1~
Boum = arg Iélalél Zl Tinti(8)'V (i, B)” 0:(8), (3.4)

where (3 denotes an initial consistent estimator for fy; see, for example, Newey (1990,
1993).

In a similar fashion to NS, we may describe alternative estimators related to the family
of discrepancy measures given by Cressie and Read (1984). Recall from NS, Theorem
2.2, that the equivalent unconditional GEL criterion to the Cressie-Read discrepancy
criterion is given by p(v) = —(1 + yv)*V/7/(y + 1), with EL, ET and CUE as special
cases obtained by setting v = —1, v = 0 and v = 1 respectively. A local Cressie-Read

discrepancy criterion is therefore given by
P(3,A) = = 32 Tanld w1+ Nty (8) 7/ + 1) = 1]
i=1 j=1

cf. Bonnal and Renault (2003) and Smith (2003).

2An alternative local CUE more in the spirit of Hansen, Heaton, and Yaron (1996) would minimize
>y Tint@i (B)) 22—y wijui(B)uy(8) — wi(B)ai(B)']~@i(B)]; see Bonnal and Renault (2003) and Smith
(2003). In contrast to the unconditional moment case, see NS, fn.1, the resultant CUE does not coincide

with BCUE-



3.1 Empirical Probabilities

We may also define empirical conditional probabilities for the observations for each
member of the GEL class. Let 4; = u;(3) where 3 denotes a GEL estimator. Also
let \i(3) = argsupy,en, 2,1 Wijp(Nu;(B)) and X = MN(3), (i = 1,...,n). For a given
function p(v), the empirical conditional probabilities are defined by

iy = wigp (M) Y wapr(Nie), (7 = 1,..,m), (3.5)
k=1
The empirical probabilities 7;;, (j = 1,...,n;4 = 1,...,n), sum to one by construction over
j = 1,...,n, satisfy the sample moment condition > | 7;;4; = 0 when the first order
conditions for ); hold, and are positive when 5\;@] is small uniformly in j; see Lemma
B.1 in Appendix B.

For unconditional moment restrictions the (unconditional) probabilities are 7; =
pl(j\’gi)/ >y pl(;\’gk), (i =1,...,n), see NS, equation (2.4), where g(z, §) = v(z, B)u(z, 5)
from (2.2), §;: = g(z,3) and § and A denote an unconditional GMM or GEL estimator
and associated auxiliary parameter estimator respectively. In contrast, the empirical
conditional probabilities 7;; employ the differential data-determined kernel weights w;;,
(j = 1,...,n), rather than equal weights 1/n resulting from the unconditional empirical
distribution function.

For EL, see KTA, #t;; = w;;/(1 — Mij), cf. Owen (1988), for ET, 7;; = wy; exp(Ni;)/
S wip exp(Nidiy), cf. Kitamura and Stutzer (1997), and for quadratic p(v) or CUE,
see Bonnal and Renault (2003), 7;; = wi;(1+ Nii;)/ Sor_, wa(1 + M), cf. Back and
Brown (1993) and Smith (2003). See also Brown and Newey (1992, 2002) and Smith
(1997).

3.2 First Order Conditions

Like NS for the unconditional moment restrictions case, a re-interpretation of the first
order conditions determining the local GEL estimator B is useful for gaining an intuitive

understanding of the reason why B achieves the semi-parametric efficiency lower bound
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Let U;(3) = 0u;(3)/08', (j =1, ...,n), and D(z;, 3) = > 51 wizU;(B) the Nadaraya-
Watson estimator of E[U;(5)|x;]. Initially, consider the first order conditions for the

semi-parametric efficient two-step GMM estimator BG v defined above in (3.4); that is,

ZD xmﬁGMM) (mzvﬁ)_lai(BGMM) = 07 (36)

i=1
which employs an explicit estimator for the efficient matrix of instrumental variables
ve(x, Bo) = D(z, 50)'V(z,B)"!. An analogous expression may also be provided for any
GEL estimator @ which mimics that given in NS, Theorem 2.3, for the unconditional
moment restrictions case. Let k(v) = [p1(v) + 1]/v, v # 0 and k(0) = —1. Also, let

Bij = Nidi.
Theorem 3.2 The local GEL first order conditions for I imply

ZTW wapl 0;;)U. wa Ui )uj( u](ﬂ)] 1@,(3) =0, (3.7)
where k(0;;) = —1/(1 — 0;;) for local EL and k(v;;) = —1 for local CUE.

See also Bonnal and Renault (2003) and Smith (2003) for analogous results for local CUE
and efficient information theoretic estimators respectively.

A comparison of the first order conditions determining the semi-parametric effi-
cient infeasible GMM estimator, (3.6), and those for local GEL, (3.7), is instructive.
Let ki = wiik(dy;)/ Yp_ wik(a) and 7y = wiipy(i57)/ Yoy waepr (i) as in (3.5),
(¢, =1,...,n). Similarly to 7;; (3.5), we may also interpret /%ij as an empirical conditional
probability. Now, Lemma B.1 of Appendix B shows that max;<j<, Supy,ea, ges 2i9;(8) =
0p(1). Therefore, the implicit estimators for the conditional Jacobian and conditional
variance matrices in (3.7) are consistent, i.e., > 7, 7;;U; (8) & D(x;, ) and > ki (B)uy(B) 2
V(x, Bo) with S0 wiek(0ik)/ > pey wikp1(Vix) 2, 1. Comparing the GMM and GEL
first order conditions, (3.6) and (3.7), we see straightforwardly that, asymptotically, lo-
cal GEL estimators implicitly employ the semi-parametric efficient matrix of instrumental

variables and thereby achieve the semi-parametric efficiency lower bound Z—!.

8]



It is also interesting to note that the local CUE uses the Nadaraya-Watson kernel re-
gression estimator V (z;, 3) for the conditional variance matrix V (z;, 3y) whereas local EL
employs the same weights for the estimation of V' (z;, 5y) as for the conditional Jacobian
matrix D(x;, By), that is, the empirical probabilities 7;; = 1/(1—10;;). The two-step semi-
parametric efficient GMM estimator Sgaas described in (3.4) utilises Nadaraya-Watson

regression estimators for both conditional Jacobian and variance matrices.

4 Asymptotic Theory for Local GEL

This section gives consistency and asymptotic normality results for the local GEL esti-
mator B .

We firstly, however, require some additional notation. Let h(x) denote the density
function of z. Elements of vectors and matrices are denoted by superscripts (i) and (ij)
respectively.

Next, we provide some regularity conditions. Our assumptions are virtually identical
to KTA, Assumptions 3.1-3.7. For a full discussion of these assumptions, see KTA,

section 3.

Assumption 4.1 For each 3 # [y there exists a set Xg C R® such that P{x € X3} >0
and Elu(z, B)|z] # 0 for all x € Xj.

This is the conditional identification condition given in KTA, Assumption 3.1. To-

gether with (2.1) it crucially ensures that E[||E[u(z, 8)|]||°] = 0 if and only if 3 = 3.

Assumption 4.2 (i) p(v) is twice continuously differentiable and concave on its domain,
an open interval V containing 0 and py = py = —1; (ii) E[supgeg [|u(z, 8)||™] < oo for

some m > 8.
Assumption 4.2 (i) is the condition on p(v) adapted from NS, Assumption 1 (f).

Assumption 4.3 The kernel K(z) = [[;_, k(z®), z = (2, ..., 2®)), where k : R —
R, is a continuously differentiable p.d.f. with support [—1,1], symmetric about 0 and

bounded away from 0 on [—a,a] for some a € (0,1).
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Assumption 4.4 (i) 0 < h(z) < sup,egs h(z) < oo, h(z) is twice continuously dif-
0?h(x) /0207 || < oo; (ii)

ferentiable on R®, sup,cgs ||Oh(x)/0z| < oo and sup,cgs
E[||z||”™] < oo for some p > 0; (iii) u(z, 8) is continuous on B w.p.l and Elsupges
[0u(z, 8)/08|]] < oo; (iv) ||O*[E[u (2, B)|x]h(x)] /020’ || is uniformly bounded on B x

R, (i=1,....q).
Let S1={¢: ¢ € R, ||£|| = 1} be the unit sphere in R

Assumption 4.5 There exists a non-empty neighbourhood By of By such that (i) D(z, 3)
and V(z, () are continuous on By w.p.1; (ii) inf(¢ . gesixrsxn, &'V (2, 6)§ > 0 and
SUP (¢ » presaxiexi, &V (@, 0)€ > 0; (iii) supgep, |0u®(z, 8)/08D| < c(z) and supges,
|02u (2, 8)/08WOBW | < d(z) w.p.1 for some functions c(z) and d(z) such that E[c(z)"] <
OE[D'(z, By)h(x)]/0z| < oo and
OE[V ) (z, Bo)h(x)]/0z|| <

oo for some n > 4 and E[d(z)] < oco; (iv) sup,egs
SUD (. §)c R x Bo ||82E[D(ij) (m,ﬁo)h(x)]/amax’H < 00; (V) Sup,eps
00 and SUP(, g)crsx B, ||82E[V(ij)(:v,ﬁo)h(x)]/ax&v’H < 00.

Assumption 4.6 The parameters X\;, (i = 1,...,n), are constrained to lie in the set

A, = {1 ||IN]| < D™} for some D > 0.

Assumption 4.7 Let7T € (0,1), p > max(1/n+1/2,2/m+1/2), b, | 0 and o € (0,1/2).
Then n1—2a—2/mb7215+47— T 00, npbiT T 00, np—l/nb; T 00, np—2/mb; T 0, n1—2a628/2+67 T 00,

n2pfl/nfl/m71/2b72l‘r T oo and n2p73/m71/2b§;’ T 0.

As noted by KTA, the presence of the parameter o is required for the uniform conver-
gence result for kernel estimators given in Ai (1997, Lemma B.1, p.955) which is central
to the proofs of many of the subsidiary results presented in KTA, Appendix B.

These conditions lead to a consistency result.
Theorem 4.1 Let Assumptions 4.1-4.5 and 4.7 hold. Then B 2, By.

Asymptotic normality of the local GEL estimator B requires the additional regularity

condition Assumption 4.6.
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Theorem 4.2 If Assumptions 4.1-4.7 are satisfied, then nl/Q(B — Go) N N(0,Z7Y).

Theorem 4.2 emphasises that all local GEL estimators B are first order equivalent
and achieve the semi-parametric efficiency lower bound Z=!. Lemma B.3 below provides

a basis for the estimation of the asymptotic variance matrix Z~! of n/2(6 — ).

5 Hypothesis Tests

Consider the following null hypothesis which incorporates the parametric restrictions

(8) =0
HO : T(ﬁo) == 0, (51)

where 7(-) is an r-vector of twice continuously differentiable functions of 5 where p > 7.
The alternative hypothesis is defined by H; : () # 0.

A standard Wald statistic based on the local GEL estimator could be used to test
Hy : r(6y) = 0. This form of statistic like others requires the consistent estimation
of the semi-parametric information matrix Z, cf. Lemma B.3 below. Estimators of Z
may be unreliable with the samples typically available in applications. Unlike the Wald
statistic the statistic described here is based on the local GEL criterion function (3.1) and
therefore does not require estimation of the conditional Jacobian and variance matrices,
D(z, By) and V(x, By), which are required for explicit estimation of Z.

The local GEL criterion function statistic LRSFL is then defined as

~ ~

LRJPE = 2n[P(B, A(8)) — P(3,M(D))]. (5.2)

where the restricted local GEL estimator 3 = arginfsesr o1 Tin SUP),cp,, P, \)/n
with B" = {g:r(8) =0, € B}.
Similarly to KTA, section 4, to motivate the use of the statistic LRSFL (5.2) consider

the situation which arises when the null hypothesis is simple, that is, H§ : §y = 3¢ where
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(3 is known. By a Taylor expansion about 3, as 9P(8, \(3))/08 = 0,

LRJ®Y = 2n[P(8,\(B)) — P(5°,\(8°))]
. a?p * 5\ * .
= -y TSN 5,
Now 92P(8*, A\(8%))/0B03 = —T + 0,(1) by Lemma B.3 and n'/2(3 — f) % N(0,Z)
from Theorem 4.2. Therefore, LREEL 4 y2(p) under H.

To deal with the general case (5.1), we make the following assumption:

Assumption 5.1 (i) r: B — R" is twice continuously differentiable; (ii) R = 0r (/o) /00’

is full row rank r.

The following result describes the limiting distribution of the local GEL criterion

function statistic LRSGFL (5.2).

Theorem 5.1 Let Assumptions 4.1-4.7 and 5.1 be satisfied. Then LRSFE <, X2(r)
under Hy : r(fy) = 0.

A test with given asymptotic size is obtained by comparing the statistic LRSFL to an
appropriate critical value from the chi-square distribution with r degrees of freedom.
Valid asymptotic confidence regions for 3y may be constructed by inversion of LREFL. In
particular, a (1—a) confidence region is By € {6 : 2n[P(6, M(3))—P (8, \(8))] < x2_.(p)}
where x?__(+) is the 100(1 — a)-percentile from the x?(-) distribution. Like KTA, a

(1 — «) confidence interval for a single parameter, éj) say, is given by ﬁ(()j) e {8 :

ming i; 20[P(6, A(8)) — P(8,A(8))] < X3 _a(1)}-



Appendix A: Proofs of Results

Throughout these Appendices, C' will denote a generic positive constant that may be
different in different uses, and CS and T the Cauchy-Schwarz and triangle inequalities
respectively. Also, with probability approaching one will be abbreviated as w.p.a.l,
UWL will denote a uniform weak law of large numbers such as Lemma 2.4 of Newey and

McFadden (1994), and CLT will refer to the Lindeberg-Lévy central limit theorem.

Let @i(0) = Y5, wiju;(B8), D(wi, B) = Y1y wyUy(8) and V(w;, B) = 37 wiju; (8)u;(5).
Also let Aig = Mi(Bo), (i = 1,...,m), Ao = (Nyg, .. Nop) and wio = wi(B0), Uio = Ui(Bo),
(1=1,...,n).

Proof of Theorem 3.1: The proof is very similar to that for NS, Theorem 2.1. By

p(v) quadratic, a second order Taylor expansion is exact, giving
. n 1 & R
<ﬁ>;,<ﬁ> 2;,<ﬁ)

By concavity of ]51-(5, i) = —Tinti(B)' N — Ti7n/\ﬂ7(xi,ﬂ))\i/2 in );, any solution /A\z(ﬂ)
to the first order conditions

~

0= —Tnu;,(8) —TinV(zi, B) N

will maximize P;(8, \;) with respect to \; holding  fixed. Then, X;(8) = =V (;, 8) " 4:(3)

solves the first order conditions. Since

BB, () = 5 Tuan(B)'V (22, )i 8),

the GEL objective function P(3,\(8)) is a monotonic increasing function of the CUE
objective function. H

Proof of Theorem 3.2: Let 4; = u;(f) and U; = U;(3). The first order condi-
tions for \; = arg SUD), e, 2y Wijp(Nity) are Tipn 70 wwpl(;\;uj(ﬁ))u](@) = 0. By

the implicit function theorem there is a neighborhood of 3 where the solution j\z(ﬁ) to

A1)



Tin D5y wijpr (Nw;(B))u;(B) = 0 exists and is continuously differentiable. Then by the

envelope theorem the first order conditions for GEL are

ZTz‘,nZwijpl(j\éuj(ﬁ))[]j(B)/j\i = 0, (A1)
=1 j=1

Tiﬂ"b wapl(j\;u](ﬁ»lb](é) = O, (Z = 1, ,7’1,)
7=1

By eq. (A.1) and the definition of k(v),

n

0 = Tind  pr(0)wiiy = Tin[> (pr (i) + Dwigit; — > wisi]

j=1 j=1 j=1
n n
= Ti,n[z k(@”)w”ﬁ]ﬁ;)\, — Z’U}i]”&j], (’L = 1, cey TL)
7j=1 j=1

Plugging the solutions Tm;\z =Tinld - k(g )wgagas]) > iy wigly, (i =1,...,n), into
the first part of eq. (A.1) Y T, Z?Zl pl(@ij)ﬂ]ijﬁ;j\i = 0 gives the first result. Note
that for EL k(v) = [-(1 —v)"' +1]/v = —(1 —v)™! = py(v) and for CUE k(v) =
[—(1+v)+1]/v=—1. &

Proof of Theorem 4.1: The structure of the proof closely resembles that of KTA,
Proof of Theorem 3.1. Let ¢ > 0 such that (—c,c) € V. Define C,, = {z € R? :
supges |[u(z, B)|| < en?™} and wn;(8) = Iju;(B), where I; = I{z; € C,}. Let A(8) =

—Elui(8)|2:l/ (1 + [| E[ui(B)]2:][]). Then,

sup  P(B,A) > Qu(B) (A.2)

{hi€An )},
- ZTM wa D) uns (8)) — p(0))/m.
Note that n=/™)\;(8) € A,,.
Now
PN (B) uni(B)) = p(0) — 0™ N (B) uj (B) + 70ij (1),
for some t € (0,1) and
rig(t) = 0 Ym(B) us(B)(1 ~ L) (A-3)
0N (B) g (8) o1 (b ™ Xo(8) 1y (B)) = pa(0)].

A.2]



From Lemma B.1 supgcg ,-1/my,en, 1<j<n |01 N (B)) — p1(0)] 250, Also max; <<, (1—

I;) = 0,(1). Hence, from eq. (A.3),

nl/mZTmeijrmj(t)/n = ZTM)\ B)/n+ op(1 ZT”‘)‘ B)/n
0o S T S w1 )/
= Op(l)ZTi,nj\i(ﬁ)'@i(ﬁ)/"

uniformly 3 € B. Thus,

" sup ZTme”TW < ZTanUPHUz )|/

BeB
= Op(l)Op(l) = op(1)

as MaxX)<i<n SUPgep Lin || Ui(5) — Elui(8)|zi]|| = 0p(1); cf. KTA, Proof of Lemma B.8.
Therefore, substituting into eq. (A.2), n'/™Qu(B) = = Y1) Tin Y7y wijAi(8) u;(B) +
0p(1) uniformly 5 € B and, from KTA, Lemma B.8,

" sup |Qn(B) — Qu(B)] = 0p(1), (A4)

BeB

as > o (T;n —1)/n = 0,(1), see KTA, Proof of Theorem 3.1, where

nYmQ,(B) Z (3 B)|x:] /n; (A.5)
see KTA, egs. (A.4) and (A.5). Thus, as in KTA, eq. (A.6), from eqs. (A.2) and (A.4),

n'/™inf sup P(B,\) > mf Q(ﬁ) + 0,(1). (A.6)
PEB {xenn}r

From the definition of \;(8), (i = 1,...,n), and (A.5), a UWL gives

n'"Qu(B8) = Ell| Elwi(B)|zi]|* /(1 + | Blus(B)lzl )] + 0p(1), (A7)

uniformly 8 € B; see KTA, eq. (A.7). The function E[||E[us(8)|z:]|1> /(1+]| E[us (8)|z:]|)] =
E[I{z; € X3} |E[ui(B)|z:])|]> /(1 + || E[wi(8)|z]||)] is continuous in 3, has a unique zero
B and is strictly positive for all § # [y by Assumption 4.1.

[A.3]



Now

A A

0<n'™ sup P(B,N) <nY™ sup PG\, (A.8)

{)\iGAn}?:l {)\¢€An}?:1

as P(3,0) = 0. By the concavity of p(v), p(Ngujo) — p(0) < —Nujo. Hence,

nt/m sup P(ﬁo,)\) = nl/mﬁ(ﬁmj\o)
{)\ieAn}?:l

— pl/m Z Tin Z wij[p ZgujO —p(0)]/n
—nlt/m Z Tin Z wii Ngtjo/n
i=1 Jj=1

m ne 1
= n/ [op(,/W)ﬁLop(np,—l/m)P

= o0p(1),

by Assumption 4.7, by eq. (B.3) of Lemma B.2 and KTA, Lemma B.3. Therefore,
combining (A.8) and (A.9),

IN

nt™  sup  P(3,\) = o,(1). (A.9)
{)\ieAn}?zl

By T and (A.6)

0

IN

Bl=X(8) Elus(B)lai] 5
< sup [/ Qu(B) = E[-A(B) Blus(B) [z + ||n""Qul()|

BeB

'™ sup - P(G,))
{>\i EAn}?:l

as Sup(yea, ), P(B,\) > Qn(B) + 0p(1) uniformly 8 € B from eqs. (A.2) and (A.4).
Hence, from eqs. (A.9) and (A.10), E[—S\i(ﬂ)’E[ui(ﬂ)ui]]|ﬂ:B — 0,(1). Therefore, 3
must lie in any neighbourhood of 3y w.p.a.l, ie. § 2 By, as E[—X(8) Elus(8)]x;]] is

IN

continuous and has a unique zero 5,. W
Proof of Theorem 4.2: We consider the first order condition determining the local

GEL estimator 3; viz. 8P(3, \(3))/83 = 0. Hence,

1/23P(50,)\0) N aQP(ﬁ*,/\(ﬂ*))nuz
op 0603

A.4]

0=

(8 — Bo) (A.10)



for some (3* on the line segment joining 3 and f3, which may differ row by row. From

Lemma B.2 and eq. (A.1),

AP (o, A ; - - :
BP0 a2 S S g (N U

o3 i ! (A.11)

where
A:_Z mzwwpl zouJO) JO] (fL’uﬁO) Uz(ﬁo)/n (A.12)
i=1 j=1

From Lemma B.1, supges y.en, 1<j<n |01 (A1 (8)) — p1(0)| = 0,(1). Therefore, w.p.a.1,

!/ ZTiynzwijpl(S‘goujU)Ugl‘ori < Op(nl/g) mnax Tzn 73]l Zzww z;)/
i=1 j=1 i=1 j=1
n20+2/m 1
= Op(\lw)ﬂLOp(W)
= o,(1) (A.13)

uniformly ¢, j and g € By by Assumption 4.7.
Let

A=A+ "Tin > wilpr(Ngujo) — pr(0) ULV (@i, Bo) " its(Bo) /m,
=1 j=1 (A.14)

from (A.12), where
- Z b wa jol'V (i, o)~V (5o) /. (A.15)
=1

Now, by Lemma B.1,

~

S Op(]-)Tz n >\i0

Tin Y wij[p1(Nigttjo) — p1(0)]Ujo

X w;; sup ||u(z;, d(z;
; aﬁeg\l (25, B)]l d(z;)

uniformly ¢, j and 8 € By. Moreover, as maxi<;<, ||V (xi, Bo)~ H = ), KTA, Lemma

= 0,(1) by Assumptions 4.2,

B.7, and maxi<i<p Tin || 72 wij supgeg [[ulz), B) | d(z;))

[A.5]



4.5 (iii) and 4.7, from (A.14)-(A.16),

nl/2

A- Al < Opn'2) max i (o)l ZTW

1<i<n

/m]  (A.16)

20

n?e 1
= op( W) +op( i) = on(1),
from eq. (B.3) and by KTA, Lemma B.3. Therefore, substituting (A.13) and (A.16) into
(A.11), n!/20P(Bo, Ao)/0B = n'/>A + 0,(1) and the result follows from Lemma B.3 and
the continuity of Z(3) from Assumption 4.5 (ii) on By as n'/2A < N(0,7) from CLT by
KTA, Lemma B.2. &

Proof of Theorem 5.1: As R(f3) is full row rank r, by the implicit function theorem
there exists neighbourhood N of 3y, an open set &/ C RP™" and a twice continuously
differentiable function 3(-) : Y — RP such that {8 e N : r(8) =0} = {8 =6(a) : a €
U}. Therefore, any § € N may be expressed as 3 = §(«a) for some a € U. In particular,
Bo = B(ap) where oy € U. Moreover, (3(+) is twice continuously differentiable on ¢ and
B is full column rank p — r where B = B(ay) and B(a) = 9f(«a)/da’. Cf. the Proof of
Theorem 4.1 of KTA.

The restricted local GEL criterion under Hy : () = 0 (5.1) becomes

=T 3 wlo(Nay(5()) = p(0))/n, (A17)

cf. (3.1). The restricted GEL estimator is then given by g = B(&) where & = arginf,ey
S Tinsupy ca, Bi(B(a), Ni)/n. Therefore, as n'/2(3 — By) = —~I'n'/?A + 0,(1) =
—Z V2SN D(wy, o)V (i, Bo) ui(Bo) + 0p(1) from the Proof of Theorem 4.2 and
KTA, eq. (B.6), under Hy : () =0,

n*?(& — ay) = —(B'ZB) 'B'n~1/? Zn: D(zy, B(a))'V (4, Blag)) M ui(B(an)) + 0,(1),

i=1 (A.18)

where Z = E[D(xz;, B(c))'V (i, () " D(zi, ()], cf. KTA, eq. (A.18).

Using a second order Taylor expansion of P (Bo, ;\(ﬂo)) around B, by Lemma B.3,

2nlP(BAB) - P MG = a3 - sy ZLEEEN 5
= (B = 50) (53— Bo) + 0p(1)

[A.6]




for some (3* between ( and (By. Similarly, a Taylor expansion of P(3(a), A(B()))
around & yields

,0°P(B(a*), \(B(a"))) , -

; (& — o)
dada (A.19)

2n[P(B(&), A(B(a))) = P(B(ao), A(B(a0)))] = —n(@ — ao)

for some o* between & and ay. Now

82P(B(a), \(B(a))) ,*P(B(e), A\(B(cr)))
dada! 0Bop’

~ 9%5® () 0P(5(a), A(B(a)))

Oada Oak) ’
=1

= B(«)

B(a)+

and, by Lemmata B.3 and B.8 and Assumption 5.1 (i),

8*P(B(a*), A(B(a*)))
dada’

— —B'IB +0,(1). (A.20)
Combining egs. (A.19) and (A.20),

2n[P(8(a), A(B(@))) — P(B(0), A(B(a)))] = n(@ — ap) BIB(& — ag) + 0,(1).
(A.21)

Therefore, from egs. (A.15), (A.18), (A.19), (A.21) and KTA, eq. (B.6),

A ~

LRIPE = 2n[P(3,A(3)) = P(B(a), A(B(a)))
— AT — B(BIB) 'B)A+ o,(1)
(),
Rao and Mitra (1971, Theorem 9.2.1, p.171), as Z(Z '—B(B'ZIB)'B')I(Z-'—B(B'ZB)'B)I =
T(T-' = B(BIB)"'B)T and tr(Z(I-! — B(BIB)'B)) =p—(p—7)=r. B

[A.7]



Appendix B: Auxiliary Results

The following Lemma is used extensively in the Proofs of Theorems 4.1, 4.2 and various
of the Lemmata given below.

Lemma B.1 Suppose Assumptions 4.2 and 4.6 are satisfied. Then for any ¢ with 1/m <
¢ <1/2 and Ay = {X = [[]A] < Cn¢,C > 0}, supgepa,en,i<j<n X5 (0)] 20 and
w.p.a.1, Nu;(B) €V forall1 < j<mn, A€ A, and § € B.

Proof. By Assumption 4.2 and KTA, Lemma D.2, maxi <<, supgeg ||u;(8)|| = 0,(n*/™);
also see Owen (1990, Lemma 3). It therefore follows from Assumption 4.6 that
sup s ax [N < On™¢ max s ; 0.
sup sup max [Au;(6)] < On™ max sup [lu;(B)]] =
Therefore, w.p.a.l, Nu;(f) € Viorall 1<j<n, N €A,and f€B. &
The next Lemma parallels KTA, Lemma B.1, which provides a similar result for local

EL.

Lemma B.2 Let Assumptions 4.2-4.5 be satisfied. Also let n'=7=2/mps+2™ 1 oo, pp=2/m 1
m+2\ s

0o and nl"’bszm)E 1 oo for some o € (0,1) andb, | 0. Then Ti,njxio = —Ti,nf/(xi,ﬁo)’lﬁi(ﬁo)—l—

Tinri, where maxy<i<n Tip [l = Op(%) + 0p (=) -
Proof. From eq. (A.1)
0 = Ti,n Z wijpl(j\goujo)ujo (B].)

=1

= =T, (6o) — Ti,nv(mh Bo)Nio + Tinrii(t),

for some ¢ € (0, 1), where ry;(t) = >0 wy; [p2(tXsgu0) — pQ(O)]ujougoj\io. From Lemma
B.1 Supgep e, i<ion [P2(N1;(8)) — pa(0)] = 0. Thus, r,(t) = 0p(1)V (24, Bo) Ao umi-

B.1]



formly ¢ and 7 and

Tin [ra®)ll < 0p(1) max flujol| Tin @i(60)' Mo (B.2)
< op(n"™) max usoll Ti 1 (B0)1l | A
— o (nl/m 7 LI Py
= op(n'")[op( nbfl+27) + 0p<np_1/m ) Tin || Aio
where the second inequality follows from CS and maxi<j<, |ujo| = o(n'/™) by KTA,

Lemma D.2, and the equality by KTA, Lemma B.3; see KTA, eq. (B.3).

Let &o = Nio / ‘ Miol|. Then, multiplying eq. (A.1) by Mo yields

n
Z wq;p1(Njgjo)Eio o

1=

f;(]ﬁz (60) - Ti,n

0 = T, Xio

Ao Aio i (14 0p(1))f£of/(fﬂi> Bo)&io

_Ti,n

uniformly i and j. As &,V (;, 8o)€io is bounded below by Assumption 4.5 (ii) solving

Tin ||| = —TinElotia(Go)/(1 + 0,(1)ELV (i, Fo)Ein (B.3)

nO'
op( W) + Op(m)

uniformly ¢ by KTA, Lemma B.3, as V(z;, 3) = O,(1) from KTA, Lemma B.6. Therefore,
from eq. (B.2),

T a0l = 0, ) + oyl ) (B4
: nbst2r n2p—3/m
uniformly .
By Assumption 4.5 (ii), from egs. (B.1) and (B.4), as max;<;<, Tin,
O,(1) by KTA, Lemma B.7,

V(%‘;ﬂo)*lH =
Ti,nj\iO = —Ti,nv(%,ﬁo) Uz(ﬂo) +T; nv(%,ﬁo) le( )
= _Tz’,nv(mh ﬁo)flﬁi(ﬁo) + T 1.
[ |

Lemmata B.3-B.8 given below are the local GEL counterparts of KTA, Lemmas C.1-
C.6. Our proofs follow closely those in KTA.

B.2]



Lemma B.3 Let Assumptions 4.1-4.7 hold. Then supgeg, H 0? P ( ))/0p03 — (ﬂ)H =

1),
Proof. AsT,, Zyzl wijpl(jxi(ﬁ)’uj (B)u;(B) =0, (i=1,..,n), for all § € B from (A.1),
815(%—65\(@) = é Tin Jz; wiipr (Ai(B)'ui (B)U;(B) Aa(B) /. (B.5)

Therefore, 92P(3, A(3)) /03083 = Ty(B) + To(B) + Ts(3) where

T(p) = ﬁ;mZn;wm@<ﬂ>'uj<@>>Uj<ﬂ>'&<@>a[&<ﬂ>'uj<5>]/aﬁ'1/n,

1) = f;mf;wijm@(ﬁ)'uj(ﬁ))[ij)'a&(ﬁ)/aﬁ']/n,

Ty(8) = Z Tin Z wiipr (A Z NO(3)07u (8) /0803 n.
From Lemmata B.4-B.6 the desired result follows. W
Lemma B.4 If Assumptions 4.2-4.7 are satisfied,, then supgeg, |T1(8)]] = 0p(1)-
Proof. As O[(8)u(8))/05' = A(B)U(8) + u;(8Y0M(5) /07, considen

Tu() = f;Ti,nﬁ;wijp2<&i<ﬁ>'uj<ﬁ>>vj<ﬁ>'&i<ﬂ>&i<ﬂ>’vj<ﬂ>/n,

Tip(B) = f;Tm_En;wz-jm(x(ﬂ)’uj(ﬁ))lfj<ﬁ>’&<6>uj<6>’6&<6>/06'/n.

By Lemma B.1, Assumptions 4.5 (iii) and 4.6 supgep, [|T1,(8)I| < 0p(1) Y212 Tin D5y wi
d(z;)*/n = op(1) as Tin > 7 wijd(2j)* = Op(1) uniformly i by KTA, Lemma D.4.
Also, supgeg, [Ts(B)| < 0p(1) S0y Tim ||0X(8)/08' || S5y wigd(z) us (D) /n = 0p(1)
S T [[034(8)/08 | fn since similarly oy, S0 wiyd(z) s (B)] < (T Sy wigd(25)?)
(Tin D5y wij [|lus(B )|I?) = O,(1) uniformly i, j and 8 € By. Now, from Lemma B.7 be-
oXi(B)/0p
ONi(8)/0"

/n = 0,(1). Hence, supgcp, |T1(8)| < 0,(1) from

/n=0,1). ®

10W7 Sup,@GBo Z?:l Tivn
Lemma B.7as > T;,

B.3]



Lemma B.5 If Assumptions 4.2-4.7 are satisfied, then supgep, ||=T2(8) — Z(B)|| = 0p(1).

Proof. Using Lemma B.7 below, by a similar argument to that above KTA, eq. (C.3),

as SUPgeB e, 1<j<n |p1(Nw;(B)) — p1(0)] = 0p(1) from Lemma B.1,

D Tin > wispr(Mi(B)'us (9)[U;(8)0M(8) /05 /n

= =" TunD(as, BY0N(8)/05' /n + 0p(L),

uniformly § € By. Again using Lemma B.7,

Lsup
BeBo

ZTme@, 3)/08 — ZT (z:, 3 (xl,ﬁ)D(xi,ﬂ)Hzop(l).

=1

Therefore, from KTA, below eq. (C.3),

> Tin Y wispr(N(8)'ws(9))[U;(8)0Xi(8) /98] n

_ —ZD vi, YV (i, B)D (s, ) [+ 0,(1),

uniformly 3 € By, cf. KTA, eq. (C.4). The result follows by UWL. ®
Lemma B.6 If Assumptions 4.3, 4.5 and 4.6 are satisfied, then supgeg, |T3(8)|| = 0,(1).

Proof. By Assumptions 4.5 (iii) and 4.6 and Lemma B.1, from KTA, Lemma D 4,

q
;ulg ZTmezgm ijk ul(3)/0808]|| < o0,(1)
€50 || =1 =1
X ZTZ’TL szjl(zj)/n
i=1 j=1
= o0p(1).



Lemma B.7 If Assumptions 4.2-4.7 are satisfied, then, for each © and 3 € By,

Tin0N(8)/08 = TinV (s 8)" D (i, B) + TinMii(8)D(xs, B)

+Tan2z(ﬁ)E[d(Zz)|xz] + M3i(8) sz‘j zj) + My (B),
j=1

where maxi<i<n SUPgep, || Mri(B)| = 0,(1), b =1,..., 4.

Proof. Firstly, from differentiating (A.1), we have
> wip2(Ai(B)'w; (8))us (B)us (B)0N(8) /95" = — szgm (X(B)'us(8))U;(8) (B.6)
j=1

- Zwupz u; (8))u; (B)M:(8) U (5):
By Lemma B.1, from Assumption 4.5 (ii) and KTA, Lemma B.6,

max sup T,

Z wiipa (Ai(B)' s (8))uy (B)u; (B) — V (a, ﬂ)H = 0p(1).

1<i<n BeBy (B7)

Thus, with max; <j<, Supgep, [ R1,:(8)| = 0p(1), from Assumption 4.5 (ii),
Tinl)  wigpa(Ni(B8)us(8))w; (B)u; (B)] " = =TiwV (i, 8) " + Rus(B); (B.8)
= B.8

cf. KTA, eq. (C.6).
Similarly, by Lemma B.1 and KTA, Lemma B.5, an argument like that for KTA, eq.
(C.7), yields

Tin Z wiipr(Ni(B)wi(B))U(B) = Tisnpr(0)D (i, B) + Tin Eld(2)|2:] Roi(8) + Rs,igg)é)

where maxi<i<p Supgep, || R2,i(8)| = 0p(1) and maxi<i<n Supgeg, [ Rs,:(3)]| = 0p(1).

Finally, by Lemma B.1, Assumptions 4.5 (iii) and 4.6, from KTA, Lemma D.2,

)| 1ust

@,

Zwz‘jp2<5\i(ﬂ)/uj(ﬁ))uj(ﬂ)j\i(ﬂ)/(]j(ﬂ)H < Op(l)Ti,nZwijd(zj)‘j\z(ﬂ
= Op(l)zwz‘jd(zj),

B.5]



uniformly 4, j and 3 € By. Therefore, for maxi<;<n Supgeg, || Ra,:(8)[ = 0p(1),
Tin Y wispa(Mi(B)'us(8))us(8)%i (8)' Uy (8) = Raa Z wigd(z;),
j=1 (B.10)

cf. KTA, eq. (C.8).
Substituting eqs. (B.7)-(B.10) in eq. (B.6) and solving for T;,d;(8)/08" yields the

desired result. H

Lemma B.8 Let Assumptions 4.4, 4.5 and 4.6 hold. Then supgp,

op(1).

OP(8,M(8))/05) =

Proof. From eq. (B.5), Assumptions 4.5 (ii) and 4.6, supgcp,

OP(B.A(9)/08|| <
0p(1) Y771 wijd(25) = 0p(1) uniformly 4, j and 5 € By. ®

[B.6]
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