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COINTEGRATION VECTOR ESTIMATION BY DOLS FOR A THREE-DIMENSIONAL
PANEL

LUIS F. MELO
JOHN J. LÉON

DAGOBERTO SABOYÁ

ABSTRACT. This paper extends the asymptotic results of the dynamic ordinary least squares (DOLS) cointe-
gration vector estimator of Mark and Sul (2003) to a three-dimensional panel. We use a balanced panel ofN
andM lengths observed overT time periods. The cointegration vector is homogenous across individuals but
we allow for individual heterogeneity using different short-run dynamics, individual-specific fixed effects and
individual-specific time trends. Both individual effects are considered for the first two dimensions. We also
model some degree of cross-sectional dependence using time-specific effects.The estimator has a Gaussian se-
quential limit distribution that is obtained first lettingT → ∞ and then lettingN → ∞, M → ∞.

This paper was motivated by the three-dimensional panel cointegration analysis used to estimate the total factor
productivity for Colombian regions and sectors during 1975-2000 by Iregui, Melo and Ramı́rez (2007). They
used the methodology proposed by Marrocu, Paci and Pala (2000); however, hypothesis testing is not valid un-
der this technique. The methodology we are currently proposing allows us to estimate the long-run relationship
and to construct asymptotically valid test statistics in the 3D-panel context.

Key words and phrases. Cointegration, Dynamic OLS estimation, panel data in three dimensions.
JEL clasification. C13, C33.

1. INTRODUCTION

This paper proposes an extension of the dynamic ordinary least squares (DOLS) cointegration panel esti-
mators of Mark and Sul (2003) to a three-dimensional panel. The single equation DOLS for estimating and
testing hypothesis about cointegration was proposed by Phillips and Loretan (1991), Saikkonen (1991) and
generalized by Stock and Watson (1993).

DOLS is a single equation cointegration technique that overcome the common problems of the static and
modified OLS. The static OLS finite sample estimates of long-run relationships are potentially biased and
inferences cannot be drawn using t-statistics (Banerjee et al, 1986, Kremers et al, 1992). DOLS methodol-
ogy is based on an equation that includes lags and leads of right-hand side variables which eliminates the
effect of the endogeneity of these variables. Therefore, it is possible to construct asymptotically valid test
statistics and also to estimate the long-run relationships.

Panel DOLS (PDOLS) has been analyzed by Kao and Chiang (2000) and Mark and Sul (2003). Kao and
Chiang (2000) studies the properties of panel DOLS when there are fixed effects in the cointegration re-
gressions. Mark and Sul (2003) allow for individual heterogeneity through different short-run dynamics,
individual-specific fixed effects and individual-specific time trends. They also permit a limited degree of
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2 L.F. MELO, J.J. LÉON AND D. SABOYÁ

cross-sectional dependence through the presence of time-specific effects.

For extending the results of Mark and Sul (2003), we use a balanced panel of three dimensions with lengths
N, M andT. The cointegration vector is homogenous across individuals but we allow for individual het-
erogeneity using different short-run dynamics, individual-specific fixed effects and individual-specific time
trends. Both individual effects are considered in the first two dimensions. As in Mark and Sul (2003), we
also model some degree of cross-sectional dependence using time-specific effects. After obtaining the Panel
DOLS estimator in three dimensions, PDOLS-3D, we present the sequential limit distribution of the esti-
mator by first lettingT → ∞ then lettingN → ∞, M → ∞.

The remainder of the paper is organized as follows. Section 2 describes the cointegration representation for
a three-dimensional panel. Section 3 describes the PDOLS-3D estimator. Finally, the asymptotic distribu-
tion of the PDOLS-3D estimator is presented in Section 4.

2. REPRESENTATION OF A COINTEGRATED MODEL IN PANEL DATA IN THREE DIMENSIONS

Consider the following triangular representation of a cointegrated system for a panel with individuals in-
dexed byi = 1, ...,N and j = 1, ...,M? over time periodst = 1, ...,T

yi jt = α
(N)
i +α

(M)
j +λ

(N)
i t +λ

(M)
j t +θt + γ

′xi jt +ui jt

xi jt = xi jt−1 +vi jt

(1)

where{yi jt } is the dependent variable integrated of order one,{xi jt } is ak-dimensional vector of integrated
series of order one and{ui jt ,v′i jt }′ is a covariance stationary error process independent acrossi and j but
possibly dependent acrosst. In this case, the variables are said to be cointegrated for each member of the
panel, with cointegrated vectorγ. Individual heterogeneity is considered through different short-run dynam-

ics, individual-specific fixed effects of the first two dimensions,α
(N)
i andα

(M)
j , and individual-specific time

trends in those dimensions,λ
(N)
i andλ

(M)
j . A limited degree of cross-sectional dependence is also permitted

by the presence of time-specific effects,θt .

3. PANEL DOLS ESTIMATOR IN THREE DIMENSIONS

PDOLS methodology is based on the estimation of the following equation

(2) yi jt = α
(N)
i +α

(M)
j +λ

(N)
i t +λ

(M)
j t +θt + γ

′xi jt +δ
′
i zi jt +ui jt

wherezi jt = (∆x′i jt−p, . . . ,∆x′i jt , . . . ,∆x′i jt +p)
′ is a(2p+1)k-dimensional vector of leads and lags of the first

differences of the variablesxi jt . The inclusion of lags and leads eliminates the effect of the endogeneity of

these variables. To avoid perfect collinearity,α
(M)
M? = λ

(M)
M? = 0.

Equation (2) can be expressed as follows,

(3) y‡
i jt = α

(N)
i +α

(M)
j +λ

(N)
i t +λ

(M)
j t +θt + γ

′x‡
i jt +ui jt

wherey‡
i jt andx‡

i jt represent the linear projection of the dependent variable and the variablesxi jt with respect
to the short run components,zi jt .



COINTEGRATION VECTOR ESTIMATION BY DOLS FOR A THREE-DIMENSIONAL PANEL 3

Taking average of (3 ) in the time dimension gives

(4)
1
T

T

∑
t=1

y‡
i jt = α

(N)
i +α

(M)
j +

(
λ

(N)
i +λ

(M)
j

)[ (T +1)
2

]
+ γ

′

[
1
T

T

∑
t=1

x‡
i jt

]
+

1
T

T

∑
t=1

θt +
1
T

T

∑
t=1

ui jt

Subtracting (4) from (3) eliminatesα(N)
i andα

(M)
j and gives

(5)

y‡
i jt −

1
T

T

∑
s=1

y‡
i js =

(
λ

(N)
i +λ

(M)
j

)[
t− (T +1)

2

]
+γ

′

[
x‡

i jt −
1
T

T

∑
s=1

x‡
i js

]
+

[
θt −

1
T

T

∑
s=1

θs

]
+

[
ui jt −

1
T

T

∑
s=1

ui js

]

Taking double average of equation (5) in the first two dimensions gives the following result

1
NM?

N

∑
i=1

M?

∑
j=1

y‡
i jt −

1
NM?T

N

∑
i=1

M?

∑
j=1

T

∑
s=1

y‡
i js =

[
t− (T +1)

2

]
1

NM?

N

∑
i=1

M?

∑
j=1

(
λ

(N)
i +λ

(M)
j

)
+ γ

′ 1
NM?

N

∑
i=1

M?

∑
j=1

[
x‡

i jt −
1
T

T

∑
s=1

x‡
i js

]

+

[
θt −

1
T

T

∑
s=1

θs

]
+

1
NM?

N

∑
i=1

M?

∑
j=1

[
ui jt −

1
T

T

∑
s=1

ui js

]
(6)

Subtracting (6) from (5) eliminates the common time effects, then the model can be rewritten as

(7) y‡∗
i jt =

(
λ̃

(N)
i + λ̃

(M)
j

)
t̃ + γ

′x‡∗
i jt + u∗i jt

Where the superscripts “∗ ” and “ ∼ ” denote the following deviations

y‡∗
i jt =

(
y‡

i jt −
1
T ∑T

s=1y‡
i js

)
−
(

1
NM? ∑N

n=1 ∑M?

m=1y‡
nmt− 1

NM?T ∑N
n=1 ∑M?

m=1 ∑T
s=1y‡

nms

)
,

x‡∗
i jt =

(
x‡

i jt −
1
T ∑T

s=1x‡
i js

)
−
(

1
NM? ∑N

n=1 ∑M?

m=1x‡
nmt− 1

NM?T ∑N
n=1 ∑M?

m=1 ∑T
s=1x‡

nms

)
,

u∗i jt =
(
ui jt − 1

T ∑T
s=1ui js

)
−
(

1
NM? ∑N

n=1 ∑M?

m=1unmt− 1
NM?T ∑N

n=1 ∑M?

m=1 ∑T
s=1unms

)
,

λ̃
(N)
i = λ

(N)
i − 1

N ∑N
n=1 λ

(N)
n ,

λ̃
(M)
j = λ

(M)
j − 1

M? ∑M?

m=1 λ
(M)
m ,

t̃ = t− (T+1)
2 .

Let us define the grand coefficient vector of the model asβ
′ =
(

γ ′, λ̃
′
N, λ̃

′
M

)
wherẽλ

′
N =

(
λ̃

(N)
1 , λ̃

(N)
2 , ..., λ̃

(N)
N

)
, λ̃

′
M =(

λ̃
(M)
1 , λ̃

(M)
2 , ..., λ̃

(M)
M

)
, M = M?−1, and the following matrices
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q‡∗
11t

=
(

x‡∗′
11t , t̃,0, . . . ,0, t̃,0, . . . ,0

)′
q‡∗

12t
=
(

x‡∗′
12t , t̃,0, . . . ,0,0, t̃, . . . ,0

)′
...

...

q‡∗
1Mt

=
(

x‡∗′
1Mt , t̃,0, . . . ,0,0,0, . . . , t̃

)′
q‡∗

21t
=
(

x‡∗′
21t , 0, t̃, . . . ,0, t̃,0, . . . ,0

)′
...

...

q‡∗
2Mt

=
(

x‡∗′
2Mt , 0, t̃, . . . , ,0,0,0, . . . , t̃

)′
...

...

q‡∗
NMt

=
(

x‡∗′
NMt, 0,0, . . . , t̃,0,0, . . . , t̃

)′

(8)

Then, the model can finally be expressed as

(9) y‡∗
i jt = β

′ q‡∗
i jt + u‡∗

i jt

And the PDOLS-3D estimator ofβ is

(10) β̂
NMT

=

[
N

∑
i=1

M

∑
j=1

T

∑
t=1

q‡∗
i jt

q‡∗′
i jt

]−1[ N

∑
i=1

M

∑
j=1

T

∑
t=1

q‡∗
i jt

y‡∗
i jt

]

4. ASYMPTOTIC DISTRIBUTION OF THEPDOLS-3DESTIMATOR

Taking into account that elements inβ̂
NMT

have different rates of convergence, we can rewrite (10) as

GNMT(β̂
NMT

−β ) = [MNMT]−1mNMT

Where

GNMT =


√

NMTI k 0′ 0′

0
√

MT
3
2 IN 0′

0 0
√

NT
3
2 IM

,

MNMT =

[
G−1

NMT

N
∑

i=1

M
∑
j=1

T
∑

t=1
(q‡∗

i jt
q‡∗′

i jt
)G−1

NMT

]
=

M11,NMT M ′
21,NMT M ′

31,NMT
M21,NMT M22,NMT M ′

32,NMT
M31,NMT M32,NMT M33,NMT

,

M11,NMT = 1
NM

N
∑

i=1

M
∑
j=1

[
1

T2

T
∑

t=1
x‡∗

i jt x
‡∗′
i jt

]
,
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M ′
21,NMT =

[
1

√
NMT

5
2

M
∑
j=1

T
∑

t=1
t̃x‡∗

1 jt · · · 1
√

NMT
5
2

M
∑
j=1

T
∑

t=1
t̃x‡∗

N jt

]
,

M ′
31,NMT =

[
1

N
√

MT
5
2

N
∑

i=1

T
∑

t=1
t̃x‡∗

i1t · · · 1

N
√

MT
5
2

N
∑

i=1

T
∑

t=1
t̃x‡∗

iMt

]
,

M22,NMT =
[

1
T3

T
∑

t=1
t̃ 2

]
IN,

M ′
32,NMT =

[
1√

NMT3

T
∑

t=1
t̃ 2

]
(1)N×M ; where(1)N×M is a matrix of ones,

M33,NMT =
[

1
T3

T
∑

t=1
t̃ 2

]
IM,

mNMT = G−1
NMT

N
∑

i=1

M
∑
j=1

T
∑

t=1
q‡∗

i jt
u∗i jt =

m1,NMT
m2,NMT
m3,NMT

=



1√
NM

N
∑

i=1

M
∑
j=1

[
1
T ∑T

t=1x‡∗
i jt u

‡∗
i jt

]
1

√
MT

3
2

M
∑
j=1

T
∑

t=1
t̃u∗1 jt

...

1
√

MT
3
2

M
∑
j=1

T
∑

t=1
t̃u∗N jt

1
√

NT
3
2

N
∑

i=1

T
∑

t=1
t̃u∗i1t

...

1
√

NT
3
2

N
∑

i=1

T
∑

t=1
t̃u∗iMt


The asymptotic distribution of the PDOLS-3D estimator is presented in the proposition 1 part (b). The
following lemmas are required to prove this proposition. The proofs of the lemmas follow from simple ex-
tensions of the results of Mark and Sul (2002). However, for easiness of the explanation they are presented
in the Appendixes A, B and C.

Following the results of Mark and Sul (2003), the null hypothesisRγ = r can be tested using a regular Wald
statistics.

Lemma 1. For each i and j as T→ ∞,

a. 1
T2

T
∑

t=1
x‡∗

i jt x
‡∗′
i jt −

1
T2

T
∑

t=1
x∗i jt x

∗′
i jt

p→ 0.

b. 1
T5/2

T
∑

t=1
t̃x‡∗

i jt −
1

T5/2

T
∑

t=1
tx∗i jt

p→ 0.

c. 1
T

T
∑

t=1
x‡∗

i jt u
∗
i jt − 1

T

T
∑

t=1
x∗i jt u

∗
i jt

p→ 0.

This lemma demonstrates the equivalence in probability of the projected series in thezi jt space and the
series which are not projected. This gives an asymptotic justification for ignoring the fact that we are using
projection errors instead of the original observations.

Lemma 2. As T→ ∞ and then N→ ∞, M → ∞,

a. M11,NMT − 1
6NM ∑N

i=1 ∑M
j=1ΩΩΩvv,i j

p→ 0.

b. M′
21,NMT

p→ 0
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c. M′
31,NMT

p→ 0

d. M22,NMT
p→ 1

12IN

e. M′
32,NMT

p→ 0

f . M33,NMT
p→ 1

12IM

This lemma shows the convergence of each element inMNMT matrix.

Lemma 3.
a. For N and M fixed, with T→ ∞, m1,NMT

p→ m1,NM where

m1,NM =
[

NM−1
NM

]
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i j

∫
B̃vi jdWui j −

1
NM

ONM(1)

b. As T→ ∞ then N→ ∞, M → ∞, V
− 1

2
NMm1,NM

D→ N(0, I) where VNM = 1
6NM ∑N

i=1 ∑M
j=1 Ωuu,i jΩΩΩvv,i j .

c. As T→ ∞ and N→ ∞, M → ∞, m1,NMT is independent of m2,NMT and m3,NMT

This lemma shows the convergence in distribution ofmNM.

Proposition 1. For the PDOLS-3D estimator in (2) , as T→ ∞ and then N→ ∞, M → ∞,

a.
√

NMT(γ̂
NMT

− γ) is independent of
√

MT
3
2 (λ̂ N−λ N) and

√
NT

3
2 (λ̂ M −λ M).

b. C
− 1

2
NM

√
NMT(γ̂

NMT
− γ) A∼ N(0, IK).

Where

CNM =
(

C
1
2
NM

)(
C

1
2
NM

)′
= M

−1
11,NMV11,NMM

−1
11,NM

M11,NM = 1
6NM ∑N

i=1 ∑M
j=1ΩΩΩvv,i j

V11,NM = 1
6NM ∑N

i=1 ∑M
j=1 Ωuu,i jΩΩΩvv,i j

c. D̂NMT −CNM
p→ 0.

Where

D̂NMT = M−1
11,NMTV̂11,NMTM−1

11,NMT

M11,NMT = 1
NM ∑N

i=1 ∑M
j=1

[
1

T2 ∑T
t=1x‡∗

i jt x
‡∗
i jt
′]

V̂11,NMT = 1
NM ∑N

i=1 ∑M
j=1

√
Ω̂uu,i j

[
1

T2 ∑T
t=1x‡∗

i jt x
‡∗
i jt
′]

andΩ̂uu,i j is a consistent estimator ofΩuu,i j .

This proposition presents the sequential limit distribution of the PDOLS-3D estimator. The proof of part
(a) follows from lemma 2 and lemma 3.c, the proof of part(b) follows from lemma 2 and lemma 3.b. The
proof of part(c) is straightforward.
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APPENDIX A. PROOF OFLEMMA 1

Proof. Following previous definitions,

x‡∗
i jt =

(
x‡

i jt −
1
T

T

∑
s=1

x‡
i js

)
−

(
1

NM

N

∑
i=1

M

∑
j=1

x‡
i jt −

1
NMT

N

∑
i=1

M

∑
j=1

T

∑
s=1

x‡
i js

)

andx‡
i jt = xi jt −Φi j zi jt , is the linear projection of eachxi jt into zi jt , with Φi j a matrix of projections coeffi-

cients. Then

x‡∗
i jt =

[
xi jt −Φi j zi jt −

1
T

T

∑
s=1

(
xi js−Φi j zi jt

)]

−

[
1

NM

N

∑
n=1

M

∑
m=1

(
xnmt−Φnmznmt

)
− 1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

(
xnms−Φnmznms

)]

=

[
xi jt −

1
T

T

∑
s=1

xi js−
1

NM

N

∑
n=1

M

∑
m=1

xnmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

]

−Φi j

[
zi jt −

1
T

T

∑
s=1

zi jt

]
+

1
NM

N

∑
n=1

M

∑
m=1

Φnm

(
znmt−

1
T

T

∑
s=1

znms

)

= x∗i jt −

[
Φi j z̃i jt −

1
NM

N

∑
n=1

M

∑
m=1

Φnm̃znmt

]
(11)
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a. Using (11) we obtain the following expression

1
T2

T

∑
t=1

x‡∗
i jt x

‡∗′
i jt =

1
T2

T

∑
t=1

[
x∗i jt −

(
Φi j z̃i jt −

1
NM

N

∑
n=1

M

∑
m=1

Φnm̃znmt

)][
x∗

′
i jt −

(
z̃
′

i jt Φ′
i j −

1
NM

N

∑
n=1

M

∑
m=1

z̃
′

nmtΦ
′
nm

)]

=
1

T2

T

∑
t=1

x∗i jt x
∗′
i jt −

1
T2

T

∑
t=1

(
Φi j z̃i jt −

1
NM

N

∑
n=1

M

∑
m=1

Φnm̃znmt

)
x∗

′
i jt

− 1
T2

T

∑
t=1

x∗i jt

(
z̃
′

i jt Φ′
i j −

1
NM

N

∑
n=1

M

∑
m=1

z̃
′

nmtΦ
′
nm

)

+
1

T2

T

∑
t=1

(
Φi j z̃i jt −

1
NM

N

∑
n=1

M

∑
m=1

Φnm̃znmt

)(
z̃
′

i jt Φ′
i j −

1
NM

N

∑
n=1

M

∑
m=1

z̃
′

nmtΦ
′
nm

)

=
1

T2

T

∑
t=1

x∗i jt x
∗′
i jt −

1
T2 Op(T)− 1

T2 Op(T)+
1
T

Op(T
1
2 )

then

1
T2

T

∑
t=1

x‡∗
i jt x

‡∗′
i jt −

1
T2

T

∑
t=1

x∗i jt x
∗′
i jt =

1
T

Op(T
1
2 )− 2

T2 Op(T)

p→ 0

b. Based on (11) we also find

1

T5/2

T

∑
t=1

t̃x‡∗
i jt =

1

T5/2

T

∑
t=1

t̃

[
x∗i jt −

(
Φi j z̃i jt −

1
NM

N

∑
n=1

M

∑
m=1

Φnm̃znmt

)]

=
1

T5/2

T

∑
t=1

t̃x∗i jt −
1

T5/2

T

∑
t=1

Op(T
3
2 )

=
1

T5/2

T

∑
t=1

(
t− (T +1)

2

)
x∗i jt −

1

T5/2

T

∑
t=1

Op(T
3
2 )

=
1

T5/2

T

∑
t=1

tx∗i jt −
(T +1)
2T3/2

(
1
T

T

∑
t=1

x∗i jt

)
− 1

T5/2

T

∑
t=1

Op(T
3
2 )

where

1
T

T

∑
t=1

x∗i jt =
1
T

T

∑
t=1

(
xi jt −

1
T

T

∑
s=1

xi js−
1

NM

N

∑
n=1

M

∑
m=1

xnmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)

=
1
T

T

∑
t=1

xi jt −
1

T2 T
T

∑
s=1

xi js−
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
t=1

xnmt+
1
T

T
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

= 0
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Then

1

T5/2

T

∑
t=1

t̃x‡∗
i jt −

1

T5/2

T

∑
t=1

tx∗i jt =− 1

T5/2

T

∑
t=1

Op(T
3
2 )

= (−1)
T

∑
t=1

Op(T
3
2 )

T5/2

p→ (−1)
T

∑
t=1

0 = 0

c. Again, from equation (11) we get

1
T

T

∑
t=1

x‡∗
i jt u

∗
i jt =

1
T

T

∑
t=1

x∗i jt u
∗
i jt −

1
T

T

∑
t=1

[
Φi j z̃i jt −

1
NM

N

∑
n=1

M

∑
m=1

Φnm̃znmt

]
u∗i jt

=
1
T

T

∑
t=1

x∗i jt u
∗
i jt −

1
T

[
T

∑
t=1

Φi j z̃i jt u
∗
i jt −

1
NM

N

∑
n=1

M

∑
m=1

(
T

∑
t=1

Φnm̃znmtu
∗
i jt

)]

=
1
T

T

∑
t=1

x∗i jt u
∗
i jt −

1
T

Op(T
1
2 )

Then

1
T

T

∑
t=1

x‡∗
i jt u

∗
i jt −

1
T

T

∑
t=1

x∗i jt u
∗
i jt =− 1

T
Op(T

1
2 )

p→ 0 �

APPENDIX B. PROOF OFLEMMA 2

Proof. a. First, we need to analyze the following term

1
T2

T

∑
t=1

x∗i jt x
∗′
i jt =

1
T2

T

∑
t=1

(
xi jt −

1
T

T

∑
s=1

xi js−
1

NM

N

∑
n=1

M

∑
m=1

xnmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)
(

x′ i jt −
1
T

T

∑
s=1

x′ i js−
1

NM

N

∑
n=1

M

∑
m=1

x′nmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

x′nms

)

=
1

T2

T

∑
t=1

xi jt x
′
i jt︸ ︷︷ ︸

(I)

+
1
T

[
1
T

T

∑
s=1

xi js

][
1
T

T

∑
s=1

x′i js

]
︸ ︷︷ ︸

(II )

+
1

T2

T

∑
t=1

[
1

NM

N

∑
n=1

M

∑
m=1

xnmt

][
1

NM

N

∑
n=1

M

∑
m=1

x′nmt

]
︸ ︷︷ ︸

(III )

+
1
T

[
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

][
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

x′nms

]
︸ ︷︷ ︸

(IV )
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+
1

T2

T

∑
t=1

[
xi jt

(
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

x′nms

)
+

(
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)
x′i jt

]
︸ ︷︷ ︸

(V)

+
1

T2

T

∑
t=1

[(
1
T

T

∑
s=1

xi js

)(
1

NM

N

∑
n=1

M

∑
m=1

x′nmt

)
+

(
1

NM

N

∑
n=1

M

∑
m=1

xnmt

)(
1
T

T

∑
s=1

x′i js

)]
︸ ︷︷ ︸

(VI)

− 1
T2

T

∑
t=1

[
xi jt

(
1
T

T

∑
s=1

x′i js

)
+

(
1
T

T

∑
s=1

xi js

)
x′i jt

]
︸ ︷︷ ︸

(VII)

− 1
T2

T

∑
t=1

[
xi jt

(
1

NM

N

∑
n=1

M

∑
m=1

x′nmt

)
+

(
1

NM

N

∑
n=1

M

∑
m=1

xnmt

)
x′i jt

]
︸ ︷︷ ︸

(VIII )

− 1
T2

T

∑
t=1

[(
1
T

T

∑
s=1

xi js

)(
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

x′nms

)
+

(
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)(
1
T

T

∑
s=1

x′i js

)]
︸ ︷︷ ︸

(IX)

− 1
T2

T

∑
t=1

[(
1

NM

N

∑
n=1

M

∑
m=1

xnmt

)(
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

x′nms

)
+

(
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)(
1

NM

N

∑
n=1

M

∑
m=1

x′nmt

)]
︸ ︷︷ ︸

(X)

asT → ∞, we have the following results for the ten factors of the previous expression

(i) 1
T2 ∑T

t=1xi jt x
′
i jt

d→
∫

Bvi jB
′
vi j

(ii) 1
T

[
1
T ∑T

s=1xi js

][
1
T ∑T

s=1x′i js

]
d→
(∫

Bvi j

)
(
∫

B′
vi j) (propositions 18.1g and 17.3f, Hamilton, 1994)

(iii) 1
T2 ∑T

t=1

[
1

NM ∑N
n=1 ∑M

m=1xnmt

][
1

NM ∑N
n=1 ∑M

m=1x′nmt

] d→ 1
N2M2 ∑N

n=1 ∑M
m=1

∫
BvnmB′

vnm

(iv) 1
T

[
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1xnms

][
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1x′nms

]
=
[

1
NM ∑N

n=1 ∑M
m=1

(
1

T3/2 ∑T
s=1xnms

)][
1

NM ∑N
n=1 ∑M

m=1

(
1

T3/2 ∑T
s=1x′nms

)]
d→
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][
1

NM ∑N
n=1 ∑M

m=1
∫

B′
vnm

]
(proposition 18.1g, Hamilton, 1994)

(v) 1
T2 ∑T

t=1

[
xi jt

(
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1x′nms

)
+
(

1
NMT ∑N

n=1 ∑M
m=1 ∑T

s=1xnms

)
x′i jt

]
=
[

1
T3/2 ∑T

t=1xi jt

][
1

NM ∑N
n=1 ∑M

m=1

(
1

T3/2 ∑T
s=1x′nms

)]
+
[

1
NM ∑N

n=1 ∑M
m=1

(
1

T3/2 ∑T
s=1xnms

)][
1

T3/2 ∑T
s=1x′i jt

]
d→
[∫

Bvi j

][
1

NM ∑N
n=1 ∑M

m=1
∫

B′
vnm

]
+
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][∫
B′

vi j

]
(proposition 16.1g, Hamil-

ton, 1994)

(vi) 1
T2 ∑T

t=1

[(
1
T ∑T

s=1xi js

)(
1

NM ∑N
n=1 ∑M

m=1x′nmt

)
+
(

1
NM ∑N

n=1 ∑M
m=1xnmt

)(
1
T ∑T

s=1x′i js

)]
=
[

1
T3/2 ∑T

s=1xi js

][
1

NM ∑N
n=1 ∑M

m=1

(
1

T3/2 ∑T
t=1x′nmt

)]
+
[

1
NM ∑N

n=1 ∑M
m=1

(
1

T3/2 ∑T
t=1xnmt

)][
1

T3/2 ∑T
s=1x′i js

]
d→
[∫

Bvi j

][
1

NM ∑N
n=1 ∑M

m=1
∫

B′
vnm

]
+
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][∫
B′

vi j

]
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(vii) 1
T2 ∑T

t=1

[
xi jt

(
1
T ∑T

s=1x′i js

)
+
(

1
T ∑T

s=1xi js

)
x′i jt

]
=
[

1
T3/2 ∑T

t=1xi jt

][
1

T3/2 ∑T
s=1x′i js

]
+
[

1
T3/2 ∑T

s=1xi js

][
1

T3/2 ∑T
t=1x′i jt

]
d→ 2

∫
Bvi j

∫
B′

vi j

(viii) 1
T2 ∑T

t=1

[
xi jt

(
1

NM ∑N
n=1 ∑M

m=1x′nmt

)
+
(

1
NM ∑N

n=1 ∑M
m=1xnmt

)
x′i jt

]
= 1

NM

[
1

T2 ∑T
t=1

(
∑N

n=1 ∑M
m=1xi jt x

′
nmt

)]
+ 1

NM

[
1

T2 ∑T
t=1

(
∑N

n=1 ∑M
m=1xnmtx

′
i jt

)]
= 1

NM

[
1

T2 ∑T
t=1xi jt x

′
i jt

]
+ 1

NM

[
1

T2 ∑T
t=1xi jt x

′
i jt

]
d→ 1

NM

∫
Bvi jB

′
vi j +

1
NM

∫
Bvi jB

′
vi j

(ix) 1
T2 ∑T

t=1

[(
1
T ∑T

s=1xi js

)(
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1x′nms

)
+
(

1
NMT ∑N

n=1 ∑M
m=1 ∑T

s=1xnms

)(
1
T ∑T

s=1x′i js

)]
=
[

1
T3/2 ∑T

s=1xi js

][
1

NM ∑N
n=1 ∑M

m=1

(
1

T3/2 ∑T
s=1x′nms

)]
+
[

1
NM ∑N

n=1 ∑M
m=1

(
1

T3/2 ∑T
s=1xnms

)][
1

T3/2 ∑T
s=1x′i js

]
d→
[∫

Bvi j

][
1

NM ∑N
n=1 ∑M

m=1
∫

B′
vnm

]
+
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][∫
B′

vi j

]
(proposition 17.3f, Hamil-

ton, 1994)
(x) 1

T2 ∑T
t=1

[(
1

NM ∑N
n=1 ∑M

m=1xnmt

)(
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1x′nms

)
+
(

1
NMT ∑N

n=1 ∑M
m=1 ∑T

s=1xnms

)(
1

NM ∑N
n=1 ∑M

m=1x′nmt

)]
=
[

1
NM ∑N

n=1 ∑M
m=1

(
1

T3/2 ∑T
t=1xnmt

)][
1

NM ∑N
n=1 ∑M

m=1

(
1

T3/2 ∑T
s=1x′nms

)]
+
[

1
NM ∑N

n=1 ∑M
m=1

(
1

T3/2 ∑T
s=1xnms

)][
1

NM ∑N
n=1 ∑M

m=1

(
1

T3/2 ∑T
t=1x′nmt

)]
d→ 2
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][
1

NM ∑N
n=1 ∑M

m=1
∫

B′
vnm

]
Using the definition ofM11,NMT, the result of lemma 1 parta, and the previous results of the terms of

1
T2

T
∑

t=1
x∗i jt x

∗′
i jt , for fixedN andM asT → ∞,

M11,NMT
d→ M11,NM

where

M11,NMT =
1

NM

N

∑
i=1

M

∑
j=1

(
1

T2

T

∑
t=1

x‡∗
i jt x

‡∗′
i jt

)
p→ 1

NM

N

∑
i=1

M

∑
j=1

[(i)+(ii)+(iii )+(iv)+(v)+(vi)− (vii)− (viii)− (ix)− (x)]

=
1

NM

N

∑
i=1

M

∑
j=1

{[(i)+(iii )− (viii)]+ [(ii)− (vii)]+ [((iv)− (x))+((v)+(vi)− (ix))]}

M11,NM =
NM−1

NM
1

NM

N

∑
i=1

M

∑
j=1

∫
Bvi jB

′
vi j −

1
NM

N

∑
i=1

M

∑
j=1

∫
Bvi j

∫
B′

vi j

+

[
1

NM

N

∑
i=1

M

∑
j=1

∫
Bvi j

][
1

NM

N

∑
i=1

M

∑
j=1

∫
B′

vi j

]

As N → ∞ andM → ∞ we have the following result

• 1
NM ∑N

i=1 ∑M
j=1
∫

Bvi jB
′
vi j − 1

2NM ∑N
i=1 ∑M

j=1 Ωvv,i j
p→ 0
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• 1
NM ∑N

i=1 ∑M
j=1
∫

Bvi j
∫

B′
vi j − 1

3NM ∑N
i=1 ∑M

j=1 Ωvv,i j
p→ 0

•
(

1
NM ∑N

i=1 ∑M
j=1
∫

Bvi j

)(
1

NM ∑N
i=1 ∑M

j=1
∫

B′
vi j

)
p→ 0

then

M11,NM− 1
6NM

N

∑
i=1

M

∑
j=1

Ωvv,i j
p→ 0

b. Analyzing thei− th column ofM ′
21,NMT, defined in section 4, and using the result of lemma 1 partb

1

M
√

NT5/2

M

∑
j=1

T

∑
t=1

tx∗i jt =
1
M

M

∑
j=1

(
1√

NT5/2

T

∑
t=1

tx∗i jt

)
︸ ︷︷ ︸

(xi)

Examining(xi) for fixed j

1√
NT5/2

T

∑
t=1

tx∗i jt =
1√

NT5/2

T

∑
t=1

t

(
xi jt −

1
T

T

∑
s=1

xi js−
1

NM

N

∑
n=1

M

∑
m=1

xnmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)

=
1√

NT5/2

T

∑
t=1

txi jt −
1√

NT7/2

T

∑
t=1

t
T

∑
s=1

xi js−
1

MN3/2T5/2

T

∑
t=1

t
N

∑
n=1

M

∑
m=1

xnmt

+
1

N3/2MT7/2

T

∑
t=1

t
N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

=
1√
N

(
1

T5/2

T

∑
t=1

txi jt

)
− 1√

N

(
1

T2

T

∑
t=1

t

)(
1

T3/2

T

∑
s=1

xi js

)
− 1

MN3/2

N

∑
n=1

M

∑
m=1

(
1

T5/2

T

∑
t=1

txnmt

)

+

(
1

T2

T

∑
t=1

t

)(
1

N3/2M

N

∑
n=1

M

∑
m=1

(
1

T3/2

T

∑
s=1

xnms

))
d→ 1√

N

∫
rBvi j −

1

2
√

N

∫
Bvi j −

1

MN3/2

N

∑
n=1

M

∑
m=1

∫
rBvnm+

1
2

(
1

N3/2M

N

∑
n=1

M

∑
m=1

∫
Bvnm

)

=
1√
N

[∫
rBvi j −

1
2

∫
Bvi j

]
− 1

N3/2M

N

∑
n=1

M

∑
m=1

[∫
rBvnm−

1
2

∫
Bvnm

]
then

M ′
21,NMT =

[
1

√
NMT

5
2

M

∑
j=1

T

∑
t=1

t̃x‡∗
1 jt , · · · ,

1
√

NMT
5
2

M

∑
j=1

T

∑
t=1

t̃x‡∗
N jt

]
d→ M ′

21,NM

where
[
M ′

21,NM

]
i
is thei-th column of the matrixM ′

21,NM and

[
M ′

21,NM

]
i
=

1
M

M

∑
j=1

1√
N

[(∫
rBvi j −

1
2

∫
Bvi j

)
− 1

NM

N

∑
n=1

M

∑
m=1

(∫
rBvnm−

1
2

∫
Bvnm

)]

As N → ∞,
[
M ′

21,NM

]
i

p→ 0 for all i and fixedM, then

M ′
21,NM

p→ 0

c. Similar to the proof of lemma 2 partb.
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d. From previous definitions,M22,NMT =
(

1
T3 ∑T

t=1 t̃ 2
)

IN, with

1
T3

T

∑
t=1

t̃ 2 =
1

T3

T

∑
t=1

[
t− (T +1)

2

]2

=
1

T3

T

∑
t=1

[
t2− 2t(T +1)

2
+

(T +1)2

4

]
=

1
T3

T

∑
t=1

t2− (T +1)
T3

T

∑
t=1

t +
(T +1)2

4T2

=
(T +1)(2T +1)

6T2 − (T +1)2

2T2 +
(T +1)2

4T2

−−−→
T→∞

1
3
− 1

2
+

1
4

=
1
12

then

M22,NMT
p→ 1

12
IN

e. From section 4.

M ′
32,NMT =

[
1√

NMT3

T

∑
t=1

t̃ 2

]
(1)N×M

−−−→
T→∞

1√
NM

1
12

(1)N×M

p→ 0 asN → ∞ andM → ∞

f . Using lemma 2 partd

M33,NMT
p→ 1

12
IM

�

APPENDIX C. PROOF OFLEMMA 3

Proof. a. First, we analyze the following term

1
T

T

∑
t=1

x∗i jt u
∗
i jt =

1
T

T

∑
t=1

(
xi jt −

1
T

T

∑
s=1

xi js−
1

NM

N

∑
n=1

M

∑
m=1

xnmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

)
(

ui jt −
1
T

T

∑
s=1

ui js−
1

NM

N

∑
n=1

M

∑
m=1

unmt+
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

unms

)

=
1
T

T

∑
t=1

xi jt ui jt︸ ︷︷ ︸
(i)

+
1
T

T

∑
t=1

[
1

NM

N

∑
n=1

M

∑
m=1

xnmt

][
1

NM

N

∑
n=1

M

∑
m=1

unmt

]
︸ ︷︷ ︸

(ii)

+
1
T

T

∑
t=1

[
1
T

T

∑
s=1

xi js

][
1
T

T

∑
s=1

ui js

]
︸ ︷︷ ︸

(iii )

+
1
T

T

∑
t=1

[
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

][
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

unms

]
︸ ︷︷ ︸

(iv)
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− 1
T

T

∑
t=1

xi jt

[
1

NM

N

∑
n=1

M

∑
m=1

unmt

]
︸ ︷︷ ︸

(v)

− 1
T

T

∑
t=1

xi jt

[
1
T

T

∑
s=1

ui js

]
︸ ︷︷ ︸

(vi)

+
1
T

T

∑
t=1

xi jt

[
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

unms

]
︸ ︷︷ ︸

(vii)

− 1
T

T

∑
t=1

[
1

NM

N

∑
n=1

M

∑
m=1

xnmt

]
ui jt︸ ︷︷ ︸

(viii)

+
1
T

T

∑
t=1

[
1

NM

N

∑
n=1

M

∑
m=1

xnmt

][
1
T

T

∑
s=1

ui js

]
︸ ︷︷ ︸

(ix)

− 1
T

T

∑
t=1

[
1

NM

N

∑
n=1

M

∑
m=1

xnmt

][
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

unms

]
︸ ︷︷ ︸

(x)

− 1
T

T

∑
t=1

[
1
T

T

∑
s=1

xi js

]
ui jt︸ ︷︷ ︸

(xi)

+
1
T

T

∑
t=1

[
1
T

T

∑
s=1

xi js

][
1

NM

N

∑
n=1

M

∑
m=1

unmt

]
︸ ︷︷ ︸

(xii)

− 1
T

T

∑
t=1

[
1
T

T

∑
s=1

xi js

][
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

unms

]
︸ ︷︷ ︸

(xiii)

+
1
T

T

∑
t=1

[
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

]
ui jt︸ ︷︷ ︸

(xiv)

− 1
T

T

∑
t=1

[
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

][
1

NM

N

∑
n=1

M

∑
m=1

unmt

]
︸ ︷︷ ︸

(xv)

− 1
T

T

∑
t=1

[
1

NMT

N

∑
n=1

M

∑
m=1

T

∑
s=1

xnms

][
1
T

T

∑
s=1

ui js

]
︸ ︷︷ ︸

(xvi)

with
(i) 1

T ∑T
t=1xi jt ui jt

d→
√

Ωuu,i j
∫

Bvi jdWui j

(ii) 1
T ∑T

t=1

[
1

NM ∑N
n=1 ∑M

m=1xnmt

][
1

NM ∑N
n=1 ∑M

m=1unmt
] d→ 1

(NM)2 ∑N
n=1 ∑M

m=1

√
Ωuu,nm

∫
BvnmdWunm

(iii) 1
T ∑T

t=1

[
1
T ∑T

s=1xi js

][
1
T ∑T

s=1ui js
] d→ [

∫
Bvi j ]

√
Ωuu,i jWui j(1)

(iv) 1
T ∑T

t=1

[
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1xnms

][
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1unms

] d→
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][
1

NM ∑N
n=1 ∑M

m=1

√
Ωuu,nmWunm(1)

]
(v) 1

T ∑T
t=1xi jt

[
1

NM ∑N
n=1 ∑M

m=1unmt
] d→ 1

NM

√
Ωuu,i j

∫
Bvi jdWui j

(vi) 1
T ∑T

t=1xi jt

[
1
T ∑T

s=1ui js
] d→ [

∫
Bvi j ]

√
Ωuu,i jWui j(1)

(vii) 1
T ∑T

t=1xi jt

[
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1unms

] d→
[∫

Bvi j

][
1

NM ∑N
n=1 ∑M

m=1

√
Ωuu,nmWunm(1)

]
(viii) 1

T ∑T
t=1

[
1

NM ∑N
n=1 ∑M

m=1xnmt

]
ui jt

d→ 1
NM

√
Ωuu,i j

∫
Bvi jdWui j

(ix) 1
T ∑T

t=1

[
1

NM ∑N
n=1 ∑M

m=1xnmt

][
1
T ∑T

s=1ui js
] d→

[
1

NM ∑N
n=1 ∑M

m=1
∫

Bvnm

]√
Ωuu,i jWui j(1)

(x) 1
T ∑T

t=1

[
1

NM ∑N
n=1 ∑M

m=1xnmt

][
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1unms

] d→
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

][
1

NM ∑N
n=1 ∑M

m=1

√
Ωuu,nmWunm(1)

]
(xi) 1

T ∑T
t=1

[
1
T ∑T

s=1xi js

]
ui jt

d→ [
∫

Bvi j ]
√

Ωuu,i jWui j(1)

(xii) 1
T ∑T

t=1

[
1
T ∑T

s=1xi js

][
1

NM ∑N
n=1 ∑M

m=1unmt
] d→ [

∫
Bvi j ]

[
1

NM ∑N
n=1 ∑M

m=1

√
Ωuu,nmWunm(1)

]
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(xiii) 1
T ∑T

t=1

[
1
T ∑T

s=1xi js

][
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1unms

] d→ [
∫

Bvi j ]
[

1
NM ∑N

n=1 ∑M
m=1

√
Ωuu,nmWunm(1)

]
(xiv) 1

T ∑T
t=1

[
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1xnms

]
ui jt

d→
[

1
NM ∑N

n=1 ∑M
m=1

∫
Bvnm

]√
Ωuu,i jWui j(1)

(xv) 1
T ∑T

t=1

[
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1xnms

][
1

NM ∑N
n=1 ∑M

m=1unmt
] d→

[
1

NM ∑N
n=1 ∑M

m=1
∫

Bvnm

][
1

NM ∑N
n=1 ∑M

m=1

√
Ωuu,nmWunm(1)

]
(xvi) 1

T ∑T
t=1

[
1

NMT ∑N
n=1 ∑M

m=1 ∑T
s=1xnms

][
1
T ∑T

s=1ui js
] d→

[
1

NM ∑N
n=1 ∑M

m=1
∫

Bvnm

]√
Ωuu,i jWui j(1)

Using the previous results and lemma 1 partc

1
T

T

∑
t=1

x‡∗
i jt u

∗
i jt

d→
[

NM−2
NM

]√
Ωuu,i j

∫
Bvi jdWui j +

1
N2M2

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

∫
BvnmdWunm

−
[∫

Bvi j

]√
Ωuu,i jWui j(1)−

[
1

NM

N

∑
n=1

M

∑
m=1

∫
Bvnm

][
1

NM

N

∑
n=1

∑
m=1

√
Ωuu,nmWunm(1)

]

+
[∫

Bvi j

][
1

NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nmWunm(1)

]
+

[
1

NM

N

∑
n=1

M

∑
m=1

∫
Bvnm

][√
Ωuu,i jWui j(1)

]
Summing overi and j and dividing the result by

√
NM, we obtain[

NM−2
NM

]
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i j

∫
Bvi jdWui j +

1

(NM)
3
2

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

∫
BvnmdWunm

− 1√
NM

N

∑
i=1

M

∑
j=1

[∫
Bvi j

√
Ωuu,i jWui j(1)

]
− 1

(NM)
3
2

[
N

∑
n=1

M

∑
m=1

∫
Bvnm

][
N

∑
n=1

M

∑
m=1

√
Ωuu,nmWunm(1)

]

+

[
1√
NM

N

∑
i=1

M

∑
j=1

∫
Bvi j

][
1

NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nmWunm(1)

]

+

[
1

NM

N

∑
n=1

M

∑
m=1

∫
Bvnm

][
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i jWui j(1)

]

=
[

NM−1
NM

]
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i j

(∫
Bvi jdWui j −

∫
Bvi j

∫
dWui j

)
− 1

(NM)3/2

N

∑
i=1

M

∑
j=1

∫
Bvi j
√

Ωuu,i jWui j(1)

+
1

(NM)3/2

N

∑
i=1

M

∑
j=1

∫
Bvi j

N

∑
n=1

M

∑
m=1

√
Ωuu,nmWunm(1)

=
[

NM−1
NM

]
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i j

(∫
Bvi jdWui j −

∫
Bvi j

∫
dWui j

)

− 1

(NM)3/2

N

∑
i=1

M

∑
j=1

∫
Bvi j

(√
Ωuu,i jWui j(1)−

N

∑
n=1

M

∑
m=1

√
Ωuu,nmWunm(1)

)
Therefore

m1,NM =
[

NM−1
NM

]
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i j

∫
B̃vi jdWui j −

1
NM

ONM(1)

whereB̃vi j = Bvi j −
∫

Bvi j
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b. First, we need to establish the asymptotic normality of
[

1
NM ∑N

i=1 ∑M
j=1Ui j

]−1[
1√
NM ∑N

i=1 ∑M
j=1ei j

]
, where

Ui j =
∫

Bvi jB
′
vi j andei j =

√
Ωuu,i j

∫
Bvi jdWui j .

Working with{eLi j }∞
i, j=0 andL = NM, we have

i. eLi j = 1
NM ∑N

i=1 ∑M
j=1eLi j

ii. µ
Li j

= E(eLi j ) = E{E(eLi j |ULi j )}= E{0}= 0

iii. µ
Li j

= 1
NM ∑N

i=1 ∑M
j=1 µ

Li j
= 0

iv. VLi j = Var(eLi j ) = E(eLi j e
′
Li j ) = E{E(eLi j e

′
Li j |ULi j )}= E{Ωuu,Li j ULi j }= 1

6Ωuu,Li jΩΩΩvv,Li j

v. E‖eLi j ‖2+δ = E‖
√

Ωuu,Li j
∫

Bv,Li j dWu,Li j ‖2+δ

= E‖
√

Ωuu,Li jΩΩΩ
1/2
vv,Li j

∫
Wv,Li j dWu,Li j ‖2+δ

6 ‖
√

Ωuu,Li jΩΩΩ
1/2
vv,Li j ‖2+δ E‖

∫
Wv,Li j dWu,Li j ‖2+δ < ∆ < ∞

vi. VL = 1
NM ∑N

i=1 ∑M
j=1VLi j = 1

NM ∑N
i=1 ∑M

j=1Var(eLi j ) = 1
6NM ∑N

i=1 ∑M
j=1 Ωuu,Li jΩΩΩvv,Li j

SinceΩΩΩvv,Li j is positive definite for alli, j, VL is O(1) and uniformly positive definite. Using theorem
5.11 of White (2001) follows that asT −→ ∞, N −→ ∞ andM −→ ∞

V
− 1

2
NM

1√
NM

N

∑
i=1

M

∑
j=1

ei j
d→ N(0, I)

whereVNM = Var
(

1√
NM ∑N

i=1 ∑M
j=1ei j

)
= 1

6NM ∑N
i=1 ∑M

j=1 Ωuu,i jΩΩΩvv,i j .

c. Analyzing part of thei− th element ofm2,NM, for fixedN, M asT −→ ∞

1

T3/2

T

∑
t=1

t̃u∗i jt =
1

T3/2

T

∑
t=1

tu∗i jt

=
1

T3/2

T

∑
t=1

tui jt −

[
1

T2

T

∑
t=1

t

][
1

T1/2

T

∑
s=1

ui js

]
− 1

NM

N

∑
n=1

M

∑
m=1

[
1

T3/2

T

∑
t=1

tunmt

]

+

[
1

T2

T

∑
t=1

t

][
1

NM

N

∑
n=1

M

∑
m=1

(
1

T1/2

T

∑
s=1

unms

)]

=
1

T3/2

T

∑
t=1

tui jt −
(

1
2

+
1

2T

)[
1

T1/2

T

∑
s=1

ui js

]
− 1

NM

N

∑
n=1

M

∑
m=1

[
1

T3/2

T

∑
t=1

tunmt

]

+
(

1
2

+
1

2T

)[
1

NM

N

∑
n=1

M

∑
m=1

(
1

T1/2

T

∑
s=1

unms

)]
d→
√

Ωuu,i j

[
Wui j(1)−

∫ 1

0
Wui j(r)dr

]
− 1

2

√
Ωuu,i jWui j(1)

− 1
NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

[
Wunm(1)−

∫ 1

0
Wunm(r)dr

]
+

1
2

1
NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nmWunm(1)

=
√

Ωuu,i j

(∫
rdWui j

)
− 1

2

√
Ωuu,i jWui j(1)

− 1
NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

(∫
rdWunm

)
+

1
NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

1
2

Wunm(1)
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=
√

Ωuu,i j

(∫
rdWui j −

1
2

Wui j(1)
)
− 1

NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

(∫
rdWunm−

1
2

Wunm(1)
)

Then

1

T3/2

T

∑
t=1

t̃u∗i jt
d→
√

Ωuu,i j

(∫
rdWui j −

1
2

Wui j(1)
)
− 1

NM

N

∑
n=1

M

∑
m=1

√
Ωuu,nm

(∫
rdWunm−

1
2

Wunm(1)
)

from lemma 3 parta, m1,NMT
p→ m1,NM, and

m1,NM =
[

NM−1
NM

]
1√
NM

N

∑
i=1

M

∑
j=1

√
Ωuu,i j

∫
B̃vi jdWui j −

1
NM

ONM(1)

Using these results and an extension of proposition 4 part(a) from Mark and Sul (2002), we have that

asT −→ ∞, N → ∞ andM → ∞, m1,NM is independent ofm2,NM.

The proof of the asymptotic independence ofm1,NM andm3,NM follows in a similar way.
�

E-mail address: lmelovel@banrep.gov.co
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