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1 Introduction

T hispapergivesabriefandmaybeabitsubjectivesurveyofthebootstrap

anditsuseineconometrics. Sinceresearchinthis…eldhasbeenveryactive,

especiallyinthelast…veyearsorso, I willgiveabriefintroductiontothe

”basics” ofthebootstrap butmainlytrytofocus onthe”frontier” ofthis

rapidlyevolving…eld. I willdothisby…rstsayingafewwordsonthebasic

ideasandthentrytoexplainhowthebootstrapcanbeappliedinthethree

majorcontexts, i.e:

²Estimatingvariance(standarderrors)

²Correctingforbias

²Formingtests

H avingdonethatIwilldwelluponthesubjectonastowhythebootstrap

actually provides asymptoticre…nements abitlonger. I believe thatthe

understandingoftheseissuesreallyhelpstellingusifitisagoodideatoapply

thebootstrap in aspeci…ccontext. H avinggonethroughthesesomewhat

messyarguments, I will…nallydescribeaselectionofapplicationsandalso

hintatsomequestionsopenforfutureresearch.

1.1 TheB ootstrap

T hebootstrap as acomputationaldevicewas inventedand introducedby

Efron (19 7 9 ) as aquite intuitiveand (perhaps deceptively) simplewayof

…ndingapproximationsofquantitiesthatareveryhard, orevenimpossible

tocomputeanalytically. T hebasicideais totakethesamplethatweare

interestedinandthinkofitasifitwasapopulationandthenbyresampling
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createanewsample, abootstrap sample, whichweusetocomputesome

quantitythatweareinterestedin. Ifwerepeatthisseveraltimes, obtaining

lotsofbootstrap samples, wecanusethemeanofthecomputedquantities

asanestimateoftheexpectedvalueofthisbootstrappedquantity.

L etus justconsidera simple example: Supposethatwe, justforthe

sakeofthe argument, would wanttocompute the bootstrap mean fora

sampleof, say, heightsof30 economists. Tocalculatethebootstrapmean, we

considerthe30 heightswehaveastheentirepopulation. W ethen, usingsome

unbiased pseudorandom numbergenerator, perform 30 random drawings

fromour”fake” population, butallthetimedrawingwithreplacement, i.e.,

we putthe heights drawn back intothe population allthe time. T hen,

almostcertainly, someheightswillbedrawnseveraltimesandsomenotat

all. T hebootstrap samplethatwegetwillthus di¤ersomewhatfrom the

fakepopulation, i.e. theoriginalsample. W enowcomputethequantityof

interest, which inthis casewasthemean, usingthebootstrap sampleand

obtain onerealisation ofthebootstrap estimatorforthemean. W e then

repeatthis severaltimes, sayathousand, andthusgetthousandbootstrap

samples andthousandrealisations ofthebootstrap mean. Computingthe

meanofthesethousandrealisationswillgiveusourestimateoftheexpected

valueofthebootstrapmean.

N ow, whywouldanyonebotherdoingthis?W ell, doingpreciselywhatwe

justdid, wewouldbesuprisedindeed ifthebootstrapmeandeviatedfrom

themeanoftheoriginalsample. T heaboveexampleishencenotapartic-

ularilyinterestingone. Inmanycaseshowever, this simpleprinciplecanbe

usedtoapproxiamtequantities thatareveryhardtocomputeanalytically.

Inaddition tothis, bootstrap quantities can, undercertaincircumstances,

beshowntoconvergetothetruevaluesmorerapidlythanasymptoticap-

proximations, andalsobeusedtocorrectforbias. W ewillreturntothis

shortly.
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T hatis basicallyit. H owever, asweshallsee, thedevilis inthedetails,

andevengivingthisverybasicexplanationonwhatthebootstrapisallabout,

twoimportantcritisismscouldberaisedagainstthedescriptionabove.

1. Thedescriptiontoosloppy. Ifwewanttomakeamorerigorous

descriptionfollowinge.g. Shao& Tu(19 9 5) thebootstrap is reallya

combination oftwotechniques: the substitution principleandanu-

mericalapproximation. W ithoutgettingintodetails, theideais that

thereexists abootstrap distribution, whichisthedistributionweget

whenwedotheresamplingconditionalon ourpresentsample. The

substitution thatwemakeis toreplacethis unknowndistributionof

interestbyanempiricaldistribution, e.g. theempiricaldistributionof

oursample. T his gives us atheoreticalbootstrap distribution, which

mayhaveseveralinterestingcharacteristics, andisthesubjectofstudy

intheoreticalworkonbootstrapestimators. T heseestimatorshowever

seldomhaveclosedformsolutions1, andwehenceneedtoapproximate

themnumerically, whichiswhatwedowhenweactuallycarryoutthe

repeatedresamplingandaverageoverthebootstrapsamplestogetthe

expectedvalue.

2. Thede…nitionistonarrow. T hegeneraltendencyintheliterature

istosaythatthebootstrap isabitmorethanwhatwejusthavedis-

cussed, andtherforetolabeltheaboveprocedure”anon-parametric

bootstrap”. Itis thenthoughtofasnon-parametricasopposedtoan

estimatorwherewewouldusefamilyofdistributions ratherthanan

empiricalonedoingthebootstrap. Inoursimplisticexperimentabove,

itwouldcorrespondtosayingthatN (¹y;s) isthebestapproximationto

theheightsofeconomists, andthendrawvaluesfromthisdistribution

1SeeforexampleShao& Tu(19 9 5) pp. 10fforanexamplewheresuchaclosedform
solutionactuallyexists. T heboostrap estimatorofthevarianceofasamplemedian is
showntobeequivalenttotheestimatorofM aritz& Jarret(19 7 8).
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ratherthandoingtheresampling, yieldinganevenmorerediculusesti-

mator. T hemoregeneralde…nitionofthebootstrapwouldthenbeany

proceduredrawingsamplesfrom aD G P, eithergivenbyaparametric

familyorbyanempiricaldistribution, whichusesthesesocalledboot-

strap samples todrawinferenceaboutquantities ofinterest. In the

followingwewillalmostexclusivelybediscussingthenon-parametric

bootstrapandwillhencesurpressthe”non-parametric” epithetifthere

isnoriskofconfusion.

2 B asicuseofthebootstrap

H avinglookedbrie‡yatthegeneralprinciplewewillnowlookatthe…elds

wherethebootstraphasbeenusedmostcommonlyupuntilpresent.

2.1 StandardErrors

T he …rstusemadeofthe bootstrap was toestimate the standard errors

fore.g. estimators incases wheretherewerenoanalyticalasymptoticap-

proximationsavailable. (O nceagain, youwouldhardlyeverbeinterestedin

bootstrappingthevarianceforasamplemean.) T heprocedureofcalculating

bootstrapstandarderrorsforbasicallyanyestimatorisstraightforwardlyde-

scribedinEfron& T ibshirani (19 9 3), andwewillherejustsketchthegeneral

ideaandthensayafewwordsofwarning.

L et’showever…rst…xsomenotation, whichI willtrytosticktothrough-

out. W ewillusethesuperscriptbtoindicateanybootstrappedquantity;we

wille.g. labeltheoriginalsamplesy, thequantitiesofinterestµ (y)andhence

theirbootstrapanaloguesasybjandµbj
³
ybj

´
wherejindicatesthej:thoutof

B bootstrap realisations. T heexpectedvalueofthebootstrappedquantity

which is obtainedbycalculatingthemeanofthebootstrap realisations is

denotedbyµb:
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Intermsoftheintroducednotation, thegeneralideaisnowtoestimate

the standard errorofa parameterestimateofinterestby computingthe

standarddeviationofµbj;thatis

cse (µ (y)) =

0
@ 1
B ¡1

BX

j= 1

³
µbj¡µb

2́
1
A
1
2

:

A typicalexamplewherethis typeofbootstrap estimatorhas beenad-

vocated is thevarianceofM anski’s maximum scoreestimator(see G reene

(19 9 7 ) pp 9 02 f). Sincethereis nolikelihoodargumentbehindtheM anski

(19 7 5) estimator, standard informationmatrixestimates arenotavailable

and the bootstrap mightseem useful. T here are however, as yettomy

knowledge, notheoreticalresults established on this bootstrap estimator,

whichmakesusingitasomewhatriskybusiness, sincewecannotbeassured

thattheestimateswillconvergetotruevaluesatall2.

So, arebootstrapstandarderrorsuseful?W ell, inhislecturenotesonthe

bootstrap, M arcN erlovegivesasimpleexampleofresamplingO L S residuals

usingthesetoestimatethestandarderrorsfortheregressioncoe¢cients, …nd-

ingtheseseverelydownwardbiased(N erlove(19 9 8)). T hereasonclaimed, as

describedbyN erlove(19 9 8), isthatthe…ttedresidualswhichheresamples

e = y¡X µ

willhaveacovariancematrixof

E(ee0) = ¾ 2
³
I ¡X (X 0X )¡1 X 0́

2FortheH orowitz(19 9 2)smoothedmaximumscoreestimatorbootstrapresultsdoexist
(H orowitz (19 9 6)), which howeveris a directcorrolary ofassymptoticapproximations
existingfortheoriginalestimator, makingthebootstrap less necessary butstilluseful
accordingtotheresults inthelatterstudy.

5



whichiscertainlydi¤erentfromtheerrortermheuses inhisD G P, whichis

"»N (0 ;¾ 2 I ):T hiswillnotworkverywell, andthereasonisthedependence

ofthebootstrappedquantityofinterest, thevarianceoftheO L S-coe¢cients

onunknownparameters. Forreasonsthatsoonwillbecomeevident,wewould

howevernotexpectthebootstrap standarderrors toperform substantially

worsethantheasymptoticones. T hemainprobleminProf. N erlovesaplica-

tionisprobablythatheusesunadjustedresiduals. SinceO L S residualsare

generallysmallerthantheerrortermsoftheregressionmodel, theseshould

beadjustedbyscalingthemby
q
n= (n ¡k). Ifdoneproperly, thebootstrap

estimatevarianceshould, withanincreasingnumberofbootstrap iterations,

convergeexactlytotheasymptoticO L S variance-covarianceestimator.

T hereareseldomanye¢ciencygainsfromapplyingthebootstraptoesti-

matestandarderrors, forthosereasonsthat, onceagain, willbecomeevident

whenwelookatthepropertiesofbootstraptests, shortly. T heliteraturehas

overthelastdecadehencemovedawayfromvarianceestimationbyusingthe

bootstrap, andinsteadfocusedonbootstraptests, testswhichinmostofthe

casesarethereasons as towhyweareinterestedinthevarianceestimates

inthe…rstplace.

2.2 B iascorrection

Beforeturningtothe…eldofbootstraptests, wewillconsideranothercom-

monapplicationofthebootstrap, i.e. correctingforbias. Evenifweknow

thatanestimatoris consistent, itmightsu¤erfrom bias in …nitesamples.

Byapplyingthebootstrapwecantrytocorrectthisbiasusingthefollowing

simpleprocedure:

1. Estimatetheparameterofinterest, µ;bye.g. O L S, IV orM L toobtain

µ̂:
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2. ConstructB bootstrap samplesandcomputeµb as

µb =
1
B

BX

j= 1
µbj

whereµbjisthesameestimatorthatwasusedtoobtained µ̂ appliedto

thebootstrapsample.

3. Estimatethebiasas

bb
³
µ̂
´
= µb¡µ̂

4. Calculatethebias-correctedestimateas

~µ = µ̂¡bb
³
µ̂
´
= 2 µ̂¡µb

T heideabehindtheprocedureaboveishencethatthedi¤erencebetween

theestimateµ̂ andthetruevalueµ; shouldbethesameasthedi¤erencebe-

tweenµb and µ̂;or, loosely, thatthetherelationofthebootstrap sampleto

theoriginalsampleis thesameastherelationbetweentheoriginalsample

andthetruepopulation. T hisformsthebasisforthesimplestformofboot-

strapbiasreduction. Furtherdescriptionsontheseproceduresmaybefound

inEfron& T ibshirani (19 9 3).

T hereisanobviousproblemwiththisapproach, namelythatweassume

thatthebiasisconstantanddoesnotvarywiththeparametervalue. T here

isnormallynogoodreasontoexpectthistobethecase. In M acKinnon&

SmithJr. (19 9 8) theuseofthebootstrap is exploredinsettingswherethe

bias function is notassumedtobeconstant. T heirresults ofgeneralising

thebias function is encouraging, thoughthereis acleartrade-o¤ interms

ofe¢ciencylossfrom usingthebiascorrectedestimator, totheextentthat

usingthecorrectionsmayincreasethemeansquarederroroftheestimator.
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InFerrari & Cribari-N eto(19 9 8), theauthorsseektounifytheliterature

ofbootstrap bias correction with theoneofanalyticalditto. In the pa-

per, whichissomewhatinvolved, theequivalenceofanalyticalandbootstrap

correctionisdemonstratedforM L estimeatorsofmodelswithoneparame-

ter. Formoregeneralmodelstheauthorsprovidesom M onteCarloevidence

expressingaweakpreferencefortheanalyticalcorrection, con…rmingthe

resultsofM acKinnon& SmithJr. (19 9 8) intherespectthatthebootstrap

correctionsmayinduceincreasedM SE.

2.3 B ootstraptests

T hemain reason forusingbootstrap tests ratherthanasymptotictests is

thatthelattermayin…nitesamplesbebiased, i.e. theyhaveempiricalsizes

thatdi¤erfrom theirnominalones. A main featureofbootstrap tests is

that, undercertainconditionwhichwewilllookintoshortly, theirempirical

sizeswillconvergetothetruesizesfasterthanasymptotictestsandattimes

convergeconsiderablyfaster. Bootstraptestswithcorrectsizescanalsooften

beshowntohavebasicallythesamepowerproperties as theirasymptotic

counterparts3. B eforediscussingtheissues ofconvergence, wewilldescribe

whatabootstraptestisallabout.

Topinpointthedi¤erences, letus…rstbrie‡yconsidertraditionalhypoth-

esistesting. Supposethatwehaveasamplefromwhichwehaveobtainedan

estimate µ̂ ofanunknownparameterµ:Totestahypothesis onthis single

parameter, sayH 0 :µ = 0 , wesimplyemployat-test, whichweknowwill

haveacertaindistributionatleastasymptotically, giventhatthenullistrue.

U singthisapproximationwewillassesswhethertheteststatisticislikelyto

havebeendrawnfromthedistributioninquestion.

3T heresults mentionedas wellas thosegivenbelowin this sectionareproofedand
discussedatfurtherlength in D avidson& M acKinnon(19 96b), D avidson& M acKinnon
(19 9 6a) andH orowitz(19 9 7 )
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W henformingabootstraptestinthiscontext, wecouldinsteadusethe

factthatweknowthesamplevalueofµ inthesample, andthentreatthis

sampleasifitwasapopulationforwhichthetruevalueoftheparameterof

interestis infacttheestimatedparameter, µ̂.4 W ethencreateabootstrap

samplebyrandomlyresamplingobservationsfromouroriginalsamplewith

replacement, therebyobtainingasamplewiththesamesizeas theoriginal

one, butnotwiththesamecomposition. T hebootstrapsampleisthenused

toobtainabootstrap estimate, µ̂
b
; which inrepeated(re)samplingwillbe

equaltoµ̂ onaverage:

T heresamplingprocedureisthenasusualcarriedoutalargenumberof

timesandforeachbootstrapestimateateststatisticisformedbasedonthe

nullthatµ̂
b
= µ̂:D oingthatwewillobtainadistributionofteststatistics

whichisgeneratedtakingthecharacteristicsofthedataintheoriginalsample

intoconsideration, whileexplicitlyimposingtherestrictionthatthenullis

true. Calculatingthe9 5thpercentilefortheabsolutevaluesofthet-statistics

obtainedfromthebootstrapestimates, wegetthebootstrapcriticalvaluefor

ourt-testatthe5 % signi…cancelevel, withwhichwecancomparethevalue

ofthet-testobtainedfrom theoriginalsampletestinge.g. thehypothesis

µ̂ = 0:T heprinciplebehindthebootstrap testishencetoconstructatrue

null, e.g. µ̂
b
= µ̂;andthensimulatethedistributionoftheteststatisticusing

thedataathand.

Eventhoughtheintuitionmightappearstraightforward, therigorousar-

gumentastowhythebootstrapprovidesre…nementscomparedto…rstorder

asymptotics is somewhatinvolved. T hefundamentalpropertywerequireof

thetestinorderforthebootstrap toprovidere…nementscomparedto…rst

orderasymptotics, is theoneofpivotalness, i.e. thatthetestdistribution

doesnotdependonanyunknownparameters.

4It is certainly notnecessary touse the set-up suggested here, since allbootstrap
schemesthatimposethetruenullwouldbevalid. H owever, incases suchasthiswhenµ
delimitsH0 , itseemsnaturalandstraightforwardtousethepresentsetting.
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T his is certainlytrueasymptoticallyforthet-test, sinceweknowthat

its distributionwillconvergetoa N (0 ;1); which is evidently independent

ofanyunknown parameters. Forthet-testwemayobtain adistribution

independentofunknown parameters even in …nite samples5, whichwould

suggestthata bootstrap t-testshouldworkquitewellin even when the

samplesizeiscomparativelysmall. Formosttests, thepropertyofpivotalness

is full…lledasymptotically, sincetheirlimitingdistributions arequiteoften

normalochchi-squaredorwhatever. Ifwehoweverinthelinearregression

contextarewillingtoassumenormalerrors(underthenull), severaltestssuch

astestsforserialcorrelation, heteroscedasticity(includingA RCH ), skewness

andkurtosisareexactlypivotalandthebootstraptestwillthenbeexacteven

in…nitesamples. Toseewhybootstraptestactuallyprovidere…nementsas

comparedtoasymptotictests, andwhythepivotalness is importantinthis

context, weneedargueabitmorerigorously, whichwillbethescopeofnext

section.

3 W hydobootstraptestsprovidere…nements?

M yconjecturefrom studyingtheliteratureisthatthe…eldwheretheboot-

straphasbeenmostcommonlyappliedistheoneofbootstraptesting. O ne

reasonforthismaybethatthereisacleartheoreticalsupportfortheboot-

strapsabilitytoprovidere…nementsascomparedtoasymptoticapproxima-

tionswhenbootstrappingpivotaltests. Sincetheimportanceofbootstrap-

ping”pivotalquantities” isbynowwellunderstoodbyresearchersactivein

the…eld, I thinkthatitisusefultospelloutthemostwidelyspreadproof

on as towhythis re…nementoccurs in somewhatgreaterdetail. T hede-

scriptionoftheproofis somewhat”sketchy”, butbasicallyfollowsH orowitz

(19 9 7 ) andH all(19 9 2). T hereaderwhodesiresmoreofrigourshouldlook

5T hatis, ifwearewillingtoassumenormalresidualsor…xedregressors.
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upespeciallythelatterreference.

L etusstartoutwithasetofdatawhichisarandomsamplefX i:i= 1;:::;ng
from adistribution, theCD FofwhichwewilldenotebyF. Ifitwouldbe

possibletodescribethedistributionbysome…nitesetofparameters, µ;we

wouldwritetheCD FasF (x;µ), whichwouldbeequivalenttoadoptingan

entirelyparametricmethod. Theproofweareabouttogothroughcould

thestraightforwardlycarriedoutforaparametricbootstrap, butforthecase

mostrelevanttothis survey, thenon-parametricbootstrap, wewillhaveto

makeuseofamoregeneralEmpiricalD istributionFunction (ED F) which

wewilldenotebyFn; thegenericestimatorofwhichis

F̂n (x) = n¡1
nX

i= 1
I (X i·x):

T his estimator, F̂n (x);willundermildregularityconditionsconvergetoF

almostsurelyattherateofO
³
n¡

1
2

´
. (Seee.g. D avidson(19 9 4) p. 332)

L etusfurthermoreintroduceatestforacertainH 0 aboutthedistribution

fromwhichfX ig isdrawn, andlabelthistestTn(X 1;:::;X n);the…nite-sample

distributionofwhichunderthetrueH 0 is G n (z ;F)´P(Tn · z ) .(z being

thecriticalvalueforrejection). Ifwenowtakethecaseofasymmetrictwo-

sidedtest, werejectH 0 atthe® levelifjTnj> z n® wherethecriticalvalue

z n® solves

® = 1¡(G n (z n® ;F)¡G n (¡z n® ;F)) (1)

SincewedonotknowF , wecannotobtain z n® rightaway. D ependingon

thecircumstances, therearenowatleastthreedi¤erentwaystoproceed:

1. SupposethatTn is pivotalin…nitesamples. T hismeansthatG n will

notdependonF atall, andwewillknowthevalueofz n® exactly. T his

isforinstancethecasewithat-testonaregressioncoe¢centifwehave

normallydistributederrors. W hatwesimplydoistoobtain z n® from
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astandardt-distribution.

2. Fewtestsarepivotalin…nitesamples. M ostofthetestsemployedin

econometrics arehoweverasymptoticallypivotal. In thecaseofour

t-test, itwillconvergetoastandardnormalvariable, whichofcourse

is independentofF andanyotherparameter, forthatmatter. W hat

wethen dois tousethe standard normaldistribution toobtain an

approximationforz n®:

3. T heseasymptoticapproximationscanattimesbequitepoor. A third

routeishencetoaproximateF byFn andhenceformthetestbasedon

G n (z ;Fn); andthatis essentiallywhatabootstrap testis allabout,

i.e. inourtwo-tailedcasesolving

® = 1¡
³
G n

³
z bn® ;Fn

´
¡G n

³
¡z bn® ;Fn

´́
(2)

where z bn® is thebootstrap criticalvalue. N ormallywecannotobtain

ananalyticalexpressionforG n

³
z bn® ;Fn

´
andwemusthenceresortto

numericalsimulations through M onteCarloresampling, which is the

waythebootstraptestsarenormallycarriedout6.

T hemain bene…tofthethird route, thebootstrap, is thatthesetests

doconvergefasterthanasymptoticapproximation. Toprovethisweneed

thehigherorderapproximationknownas theEdgeworthexpansionwhich

appliedtoourempiricaldistributionforthetesttakestheformof

G n (z ;F) = G (z ;F)+ n¡
1
2 g1 (z ;F)+ n¡1g2 (z ;F)+ o

³
n¡1

´
; (3)

where G (z ;F) is thetheasymptoticCD F ofTn; g1 anevenfunctionof z

6R ecallthediscussion in the introduction, thatthebootstrap consists ofcombining
twoprinciples. First, thesubstitution principle;wereplace F by F n:Second, numerical
approximation, carriedoutbyresampling.
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foreachF andg2 anoddditto. Furthermoreg2 (z ;Fn)willconvergealmost

surelytog2 (z ;F)uniformlyoverz 7 :N owusing(1)and(3)wegetthat

® = P(jTnj> z ) = 1¡[G (z ;F)¡G (¡z ;F)]¡2 n¡1g2 (z ;F)+ o
³
n¡1

´
:

N otethatwehave used theevenness ofg1 and thato(n¡1)§o(n¡1) =

o(n¡1):

SupposethatwenowformabootstraptestreplacingF byFn; toget

® b = Pb
³̄̄
T̄b
n

¯̄
>̄ z

´
= 1¡[G (z ;Fn)¡G (¡z ;Fn)]¡2 n¡1g2 (z ;Fn)+ o

³
n¡1

´
:

Subtractingnowthetruevalueofthetestsizefrom thebootstrap test

sizeweget

Pb
³̄̄
T̄b
n

¯̄
>̄ z

´
¡P(jTnj> z ) = [G (z ;F)¡G (z ;Fn)] (4)

[¡G (¡z ;F)¡G (¡z ;Fn)]

+ 2 n¡1 [g2 (z ;F)¡g2 (z ;Fn)]

+ o
³
n¡1

´

IfG (¢) is su¢cientlysmooth, whatmattersherewillberateofconvergence

ofFn toF; whichaswehavepreviously stated is ofO
³
n¡

1
2

´
; and is the

leadingorderintheexpressionabove. W ehenceseethatthebootstraptest

underquitegeneralconditionshavesizesthatconvergetotheirtrueonesat

therateofO
³
n¡

1
2

´
. T his is howeverthesamerateofconvergenceas the

standardasymptoticandwewouldgainnothingfrom takingthetroubleto

usebootstraptests. Butherecomesthetrick. Ifthetestthatwebootstrap

7 JuststatingtheEdgeworthexpansion(orratherits inversion) isaregrettablyunin-
tuitivewayofpresentingtheproofandcertainlya‡awofthis exposition. T hesehigher
orderexpansions arehoweverquitetricky sfu¤, andmustadmitthatI …nd ithard to
conveyany…rm intuitionhere.
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is asymptoticallypivotal, its distributionwillnotdependonanyunknown

parameters, whichdirectly implies thatG (z ;Fn) = G (z ;F) forall z ; and

that(4 ) simpli…esto

Pb
³̄̄
T̄b
n

¯̄
>̄ z

´
¡P(jTnj> z ) = + 2 n¡1 [g2 (z ;F)¡g2 (z ;Fn)]+ o

³
n¡1

´

= 2 O
³
n¡1

´
O

³
n¡

1
2

´
+ o

³
n¡1

´
= o

³
n¡1

´

havingappliedthementionedconvergenceresultforg2 (z ;Fn) tog2 (z ;F):

W ehence…nallyobtain thedesired result: Ifthetestwebootstrap is

asymptoticallypivotal, whichalmostalltestsusedineconometricsare, the

bootstraptestwillconvergefasterbyanorderof(atleast)O
³
n¡ 12

´
compared

totheasymptoticapproximation.

4 A fewapplicationsofthebootstrap

W ewillnowsurveyafewrecentcontributionstothebootstrap partofthe

econometrics literature. T he bias towards tests and the usageofpivotal

quantities inthisexposition, isclaimedtobeamanifestationofthestateof

theliterature, ratherthanmyownpreferences.

4.1 SU R -regressions

Itis awell-knownpropertyoftheZ ellnerSU R estimator, thattheasymp-

toticstandard-errorsoftheregressioncoe¢cientsmaybeseverelydownward

biased. A lreadymorethantenyearsagoM arais (19 86) andinapublished

pieceofworkafewyearslaterA tkinson& W ilson(19 9 2), attempttoaddress

theproblem byusingbootstrap standarderrors. T heevidencewas mixed

butdid indicatesomeimprovement. Itshouldbeevidentfrom theearlier

discussionsonpivotalness, thattheresults thattheauthorsobtainedmost
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likelywereparameterdependent, andthatabootstraptestwouldhavemore

clear-cutresults. InR ilstone& Veall(19 9 6)theapproachofusingpercintile-

tcon…dence intervals was adopted. T his approach involves bootstrapping

pivotalquantities, and henceyieldedresults muchmoreclear-cutand en-

couragingthaninthepreviousstudies: thebootstrapcon…denceintervalsin

theirM onteCarlostudyalmostexactlycoveredthenominalones.

W hereasthisapproachdoesnotaddmuchconceptuallycomparedtothe

testproceduresdescribedearlier, ithoweverallowsassymetriccon…dencein-

tervalswhichmightbeapotentiallyimportantfeature, andwewilltherefore

lookattheprocedureusedbrie‡y.

T hedescriptiononastohowthebootstrapsamplewascreatedissome-

whatvagueinthepaper, butwaspresumablydoneresamplingtheresiduals

ofthesecondstep, whichshouldbeindependentbyconstruction. T healgo-

riththenworksbrie‡yasfollows:

1. Estimateµ bySU R obtainingµ̂ and ¾̂
³
µ̂
´

2. R esampleandapplySU R tothebootstrapdatasettoget̂µ
b
and¾̂

µ
µ̂
b
¶

3. Createabootstrapt-statisticas

t̂b =
µ̂
b¡µ̂

¾̂
µ
µ̂
b
¶

4. R epeatsteps2-3afewhundredtimesorso.

5. Sortthedistributionoft̂b andextractt̂b1¡®=2 and t̂b®=2:

6. Forma(1¡® ) * 100% bootstrap-tcon…denceintervalas

=b
t=

h
µ̂¡¾̂

³
µ̂
´
t̂b1¡®=2 ;µ̂¡¾̂

³
µ̂
´
t̂b®=2

i

15



4.2 H ausmantests

W ong(19 9 6) providesaniceandstraightforwardimplementationofaboot-

strap test. T he H ausmanexogeneitytest, which is asymptoticallypivotal

convergingtoa Â 2 distribution, is claimedtohaveabootstrap equivalent

which is notjustconvergingofo
³
n¡

1
2

´
buto(n¡1) fasterthantheasymp-

toticapproximation8 . D ataisgeneratedas

y= ¯ 0 + x¯ 1 + u

andunderatruenullofexogeneitythereisnocorrelationbetweenx andu.

Forafalsenullthesearecorrelated, butanadditionalregressorz isgenerated

whichisuncorrelatedwithubutcorrelatedwithx. T healternativeestimator

toO L S isstandardIV .T healgorithm forthebootstraptestisasfollows:

1. EstimatetheequationbyO L S andIV andcomputetheH ausmantest

Q̂

2. R esampleresidualsestimatedasub = y¡^̄O LS0 + x^̄
O LS
1

3. Constructyb = ^̄O LS
0 + x^̄

O LS
1 + ub (N otethatusingtheO L S estimates

constructingthebootstrapdata-set, thetruenullisexplicitlyimposed)

4. EstimateonceagainbyO L S andIV andcomputetheH ausmantest

Q̂ b

5. R epeatsteps2 - 4lotsoftimes.

6. SortthedistributionofQ̂ b

7 . R ejectexogeneityatthe® ¤10 0 % -levelifQ̂ > Q̂ b
1¡®

8 T his isgenerallytruefortestsconvergingtoaÂ2:SeeH all(19 9 2).
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W hereas theasymptotictestappears sizedistorted(undersized) inthe

M onteCarlopresentedinthepaper, thebootstrapworksperfectlywellinthe

experimentsreported. Italsoappearsthattheadvantageofusingbootstrap

increasesasthecorrelationbetweentheinstrumentandtheregressorsbecoms

low, whichshouldhaveimportantimplicationsforpracticalapplications.

4.3 T imeSeriesandD ynamicmodels

A n importantissuethatwehavenotyettouchedupon, ishowtocarryout

thebootstrapindynamicmodels. T hereisanextensivesurveyavailableinL i

& M addala(19 9 6), whereanentireissueofEconometricR eviewsisdevoted

tothepaperand…vecommentingnotesbyotherleadingresearchers inthe

…eld. W ewillherejustdiscussthegeneralprincipleaccordingtowhichthe

bootstrapiscarriedoutindynamicmodels, andhowtimeseriesmodelswith

non-IID errorscouldbehandled.

L etus…rstconsiderasimpledynamicmodelofthetype

yt= ®yt¡1 + ¯ 0 + ¯ 1xt+ "t; "t»I I D
³
0 ;¾ 2"

´

A s longastheerrorsareIID , theimplementationofthesocalledrecursive

bootstrap isstraightforward:

1. Estimate® and¯ bysomeestimatorofpreference.

2. O btainrescaled9 residuals

~"t=
µ n
n ¡k

¶1
2
"̂t

where

"̂t= yt¡®̂ yt¡1 + ^̄0 + ^̄1xt

9 T herescalingisnecessaryduetotheaforementionedfactthatO L S residuals under-
estimatethetrueerrors.
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3. G enerateabootstrap samplebyresamplingfrom the~"t:s, andeither

usinganactualy0 ordrawingitfromitsunconditionaldistribution, i.e.

y0 »N
Ã ^̄

0

1¡®̂
;

¾̂ 2

1¡®̂ 2

!

andthencreatingthebootstrapdatarecursivelyas

ybt= ®̂ yt¡1 + ^̄0 + ^̄1xt+ ~"
b
t (5)

4. A pplytheestimatortothebootstrap sampleandcalculateapivotal

statisticofinterest. T hencarryonasusual.

Ifthereisanerrorstructureofmorecomplexformpresent, thesocalled

M ovingB locks bootstrap couldbeused in statictimeseries models. T he

generalideaistoperservethiserrorstructuresbyresampling(overlapping)

blocksofresidualsratherthanresamplingthem onebyone. T herearesev-

eralproblemswiththis approach, nottheleastthattheserialdependence

willjustprevailwithintheblocks, makingtheapproximationoftheresid-

ualsdistributionarather”rough” one. T hisandotherproblemsaswellas

di¤erentways ofimplementingthemovingblocks bootstrap is thoroughly

discussedinL i & M addala(19 9 6).

4.4 N onstationarityandtheB ootstrap

Firstandforemost, itneedstobestressedthattheissueastoifandwhen

thebootstrap can beapplied in nonstationarycontexts appears tobean

openquestion. Severalstudies exist, givingsomewhatmixedevidence. T he

standardresults ofimprovements comparedtoasymptoticapproximations

donotimmediatelycarryoverwhenthequantitieswebootstrapcomefrom

none-stationarytimeseries.
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T hisparticularresearch…eldisquiteactiveandsomeprogresshasbeen

achieved. T heearliestreferenceintheeconometrics literatureseems tobe

H arris (19 9 2), whereabootstraptestforaunitrootinaunivariatecontext

(theordinaryD ickey-Fullertest) isshowntohavebetterpropertiesthanthe

asymptotictest, once theunitrootis imposed. T herearenotheoretical

results, atleastnotin theeconometrics literature, tellingus ifweshould

expectimprovementsfrombootstraptests inthesecases, andtryingtogen-

eralisetheunivariatetesttoabootstrapversionoftheJohansen(19 88)- test,

H arris & Judge(19 9 8) …ndthatthebootstrap does notworkatall. T heir

conjectureis thatitis themixofstationaryandnon-stationaryseriesthat

makesthebootstrapback…re. T hereishowever, asmentioned, notheoretical

explanations, asyet.

A s forcointegratingregressions, wheretheresiduals havebeenbrought

tostationarity, therehoweverseems tobeacaseforthebootstrap. L i &

M addala(19 9 7 ) givesevidenceforimprovedinferenceusingbootstrap tests

onthecoe¢cientsofcointegratingvectors. A n importantimplicationfrom

theirstudies is thatwhen the series involved are I (1), itis necessaryto

bootstraptheresiduals(whichundercointegrationareI (0 )). Furtherresults

ontheusefulnessofbootstraptestsoncointegratingvectorsestimatedbythe

Johansen(19 88)-procedureisalsogiveninG redenho¤ (19 9 8).

4.5 G M M B ootstraptests

Evenifthebootstrap isquiteabletoimproveinferencefortheseestimators

aswell, formingbootstraptestsforG M M estimatorsprovidessomespeci…c

di¢culties. Supposethatwehaveused the G M M toobtain aparameter

vectorofinterest, µ̂; andhavehenceassumedthatthevectorsatis…es the

populationmomentconditions

E [g (x;z ;µ)]= 0 ;
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whereg (x;z ;µ) isavectorofmomentconditions, x regressorsand z instru-

ments. Inordertorestrictµ̂
b
toequal̂µ;thebootstrapsamplemomentsmust

satisfythesamemomentconditionsastheoriginalsample, whichwouldnot

bethecaseifwebootstrapobservationswithprobability1=N intheG M M

case. T hereasonisthatthesamplemoments

ĝN
³
µ̂
´
=
1
N

NX

i= 1
g
³
x;z ;µ̂

´
;

aregenerallynotzerowhenthemodelisoveridenti…ed. Ifwewanttorestrict

µ̂
b
toequal̂µ, wemustthereforerestrictthesamplemomentsusedaccordingly.

T his problem has recentlybeen notedand addressed in twopapers, each

suggestingadi¤erentapproachtosolvetheproblem.

4.5.1 B rown& N ewey

Brown& N ewey(19 9 5) consideranapproachbasedonusinganalternative

estimatorofthedistributionofthedata. T heaboveproblem is solvedby

replacingtheempiricaldistributionwithamomentrestrictedestimatorofthe

distributions. Bydoingthis, themomentconditionsareexplicitlyimposed.

M oreformally, B rown& N eweyuseadistributionfunctionestimatorthat

imposes themomentconditions. Insteadofresamplingwith probabilities

1=N , eachobservationisgivenanindividualprobability, pi, ofbeingdrawn.

Theseestimatedprobabilities re‡ecthowwellthemomentrestrictions are

ful…lledineachcase.

T he probabilities are calculated usinga socalled empiricallikelihood

approach10. L etobservationiintheoriginaldatabedrawnwithaprobability

10SeefurtherO wen(19 88) foratreatiseonEmpiricalL ikelihood
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pi, wherepisolvesthefollowingmaximisationproblem:

max
p1:::pN

NX

i= 1
ln(pi) s:t:pi > 0 ; (6)

NX

i= 1
pi = 1;

NX

i= 1
pig

³
z i;µ̂

´
= 0:

H ere, g
³
z i;̂µ

´
isobtainedfromane¢cientG M M estimationontheorig-

inalsample. Insteadofsolvingthemaximisationproblem in (6), B rown&

N ewey presentan easierwaytocalculatethe probabilities abovewithout

havingtosolvean N -dimensionalmaximisationproblem. L etĝi = g
³
z i;µ̂

´

beaJ£1 vectorofmoments, i= 1;:::;N . Furthermore, let^̧ beaJ£1
vectorgivenby

max
¸

NX

i= 1
ln(1 + ¸ĝi) s:t:1 + ¸ĝi> 0:

T hen pi isgivenby

p̂i= N ¡1
³
1 + ^̧̂gi

¡́1
:

T his empiricallikelihood estimatoris amemberofaclass ofdistribution

estimators, whicharemomentrestricted. B rown& N eweyshowthat, ifone

onlyhas informationaboutthemomentconditions, theproposedmoment

restrictedestimatoristheasymptoticallymoste¢cientestimatoravailable.

4.5.2 H all& H orowitz

H all& H orowitz(19 9 6)proposeadi¤erentwayofrecentringtheG M M boot-

strap. T heycreate bootstrap samples in the traditionalway, thatis, by

drawingeach observation from theempiricaldistributionwith probability

1=N . Insteadofrecentringthedistributionas Brown& N eweydo, theyre-

centrethemoments aroundtheirempiricalvalues andusetheserecentred
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momentswhenestimatingthemodelandwhenformingabootstrapversion

oftheoveridenti…cationtest-statistic.

L etg
³
z ;µ̂

´
begiven bya G M M estimation on theoriginaldata. T he

recentredmomentsarethen

~gbN (µ) = N ¡1
NX

i= 1
g
³
z b;µ

´
¡¹g;

where¹g isgivenby

¹g = N ¡1
NX

i= 1
g
³
z ;µ̂

´
:

4.5.3 A pplications

M onteCarloevidencefortheperformanceofthetwodi¤erentapproachesin

adynamicpaneldatamodelisprovidedinBergström, D ahlberg& Johansson

(19 9 7 ) andBergström (19 9 7 ), whereitisdemonstratedthatevenifneither

oftheapprochescanbaarguedtobebetterthantheotherasawhole, they

bothprovideniceimprovementsascomparedtoasymptoticapproximations.

Q uitefewapplicationsoftheG M M bootstraphavebeenundertaken. Toour

knowledgetheonlyonesareD ahlberg& Johansson(19 9 7 ) andBergström&

L indberg(19 9 8).

5 Finalremarks

T hishasbeenaroughandreadyexposureofsomeofthebasicsandsomeof

theongoingresearchinthebootstrap…eld. T herearesurelyimportantparts

ofandpathsthroughthis…eldthatI haveleftout, buthopefullythispaper

couldserveasashortintroductionintothisfascinating…eld. T hebootstrap

iscertainlyausefuldevice, ifappliedproperly. Iftheproblem ofinterestis

designedrigorously, thecorrect(pivotal) quantityis bootstrapped, andthe
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resultisevaluatedcarefully, usingthebootstrapcouldprobablyprovequite

rewardinginmanycontexts.

T heprinciples ofthebootstrap areeasyandintuitive. Yet, inorderto

fullyunderstandwhythebootstrapworksbetterthan…rst-orderasymptot-

ics inaspeci…ccase, itis importantthatthetheoreticalproperties ofthe

boostrapestimatorsareinvestigatedthoroughly, somethingthatmightprove

veryimportantforestimatorsappliedtoespeciallynonstationarydata. T his

shouldbeanimportant…eldforfurthertheoreticalresarch. W henitcomes

toempiricalapplications, bootstrapprocedureshavebecome, ifnotyetstan-

dard, butatleastincreasingly importanttoresearchers in thetimeseries

…eld. A pplications formicro- andpaneldataarereallymuchmorescarce,

butshouldbecomemuchmorecommon, sincethereareseveralencouraging

theoreticaland M onteCarloresults speakinginfavourofthebootstrap in

thesesettings.
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