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1 Introduction:

Many different reasons may be behind the decision of a particular firm
to issue new debt: Financing a new investment project, getting founds to
operate in a period of low earnings, or simply refinancing existing debt. The
purpose of the issue is not irrelevant. An example is provided by Gande et al.
(1997), who examine differences in debt securities underwritten by Section
20 subsidiaries of bank holding companies relative to those underwritten
by investment houses. Among other results, they find that when debt is
used to refinance existing debt, the credit spread is on average 14 basis
points above the one that results considering ”other purposes”. Intuitively,
if the purpose of the issue is to finance a new investment project that will
increase the expected earnings of the firm, and its market value, the risk
premium should be lower than in the case in which debt proceeds are used to
refinance existing debt, because in this situation no added value is created.!
Refinancing current debt on the other hand seems to be one of the most
important, if not the first, reason to issue new debt. The mentioned article
for instance considers a sample in which 43.5% of the issues had the purpose
to refinance existing debt. More evidence in this line is given by Hansen
and Crutchley (1990), who investigate the relationship between corporate
earnings and sales of common stock, convertible bonds, and straight bonds.
In this case, 64% of straight bond issues were used at least partially to
refinance existing debt. This ratio grows up to 72% when they consider
convertible debt.

In spite of the fact that debt refinancing appears as an extending prac-
tice, we know little about how this can potentially affect the credit standing
of a firm in the long run. The present article represents a first attempt in
this direction. We introduce the concept of refinancing contract, modeling
dividend rates, maturities, and nominal debt payments, as part of this con-
tract. We then describe the credit spreads faced by the firm to refinance as
a function of the firm characteristics and the specific contract selected, and

!The theoretical argument given by Gande et al. (1997) to justify different credit
spreads depending on the purpose of the issue is nevertheless not the same we provide
here. They argue that when a firm has a bank loan, and wants to refinance it with public
debt, potential buyers may expect that the firm has been induced by the bank to take this
decision because the loan is at risk. However, significant differences are found even when
new issues are classified as ”investment grade”. This indicates that debt refinancing is not
a practice that firms use only in case of, or to avoid, credit distress.



analyze how the fact that firms choose to refinance their debt can potentially
affect the credit rating and the credit spreads of those firms in the long run.
We find that debt refinancing generates systematic credit rating downgrades
unless a minimum firm value growth is observed. Deviations from such a
firm value growth path imply on the other hand asymmetric results: While
a lower value growth results in downgrades and a higher value growth results
in upgrades as expected, the same deviation will have a higher effect in ab-
solute terms when it is negative than when it is positive. This means that
we will expect that among those firms that choose to refinance their debt,
downgrades will tend to be stronger than upgrades. We also predict that
credit spreads will not be affected by variations in the risk free interest rate
in the short run, but will be positively correlated with this rate in the long
run.

The rest of the article is organized as follows: Section 2 introduces the
concept of refinancing contract, and describes when, and how, a contract
of this type with an arbitrary number of future payment dates n, can be
designed. Section 3 analyzes the effects of debt refinancing under the specific
cases of n = 1 and n = 2.2 Finally section 4 summarizes the main findings
of the paper.

2 The General Case

We will assume the following theoretical framework:

A1: There are no taxes, problems concerning indivisibility, bankruptcy
costs, transactions costs, or agency costs.

A2: Trading takes place continuously.

A3: There exits a risk free asset with constant interest rate r, that applies
for borrowing and lending, and for any maturity.

A4: Every individual acts as if she can buy or sell as much of any security
as she wishes without affecting the market price.

A5: Individuals may take short positions in any security, including the risk
free asset, and receive the proceeds of the sale. Restitution is required
for payouts made to securities held short.

2This last case can be seen as a simplification to short term debt and long term debt.
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A6: Modigliani-Miller Theorem obtains, that is, the firm value is indepen-
dent of its capital structure.

A'7: The firm value, V, follows the diffusion process given by

dV = (p—0)Vdt+oVdz (1)

where p is the expected rate of return on V', ¢ is the constant rate of
firm value which is paid to equity holders as dividends, o is the volatility of
the rate of return which will be assumed to be constant, and z is a standard
Brownian motion.

No assumption is made at this moment about the profile of nominal
payments that constitute the corporate debt. We simply assume that a debt
contract was signed at some period prior to current period t. Under this
contract, at least a certain debt payment has to be satisfied at some future
period 7 > t. This, and any posterior debt payment, is to be financed by
issuing additional equity. Under these conditions the equity and debt values
will be a function of the firm value and time. Denote then the equity value
as S (V,t), and the debt value as F' (V).

We start by defining the general form of any refinancing contract.

Definition 1: A refinancing contract between the firm and the debt holders
at T, is a vector © = (6, ¥, T) € R x R* x R, with n < oo, by which:

a) The firm, which is assumed to mazimize equity holders’ wealth, promises
(under limited liability) the payment of VU at Y, that is, the payment of 1,
at 7;, where Y, € ¥V, 7, € T, i =1,...n, and 71 > T.

b) The firm also restricts itself to apply a dividend rate equal to 6, and
loses the right to issue new debt. These restrictions apply until © has been
canceled, either by satisfying nominal payments regularly (issuing new eq-
uity), or by means of a posterior debt refinancing contract.

c¢) The debt holders renounce to F (V,T).



We say that © s feasible, if and only if the firm and the debt holders are
willing to sign ©. The set of feasible © is denoted by ©' .

A refinancing contract (RC) is therefore similar to a standard debt con-
tract. The main difference is that debt holders do not provide cash to the
firm at issuance, but the renounce to the payment of current debt (covenant
c)). In addition, we include an agrement on dividends (covenant b)). This
agrement prevent equity holders from extracting a higher share of the firm
value (with the implied reduction for debt holders), by increasing the divi-
dend rate after signing the contract.

The following lemma establishes a necessary condition for a feasible set
of refinancing contracts to exist.

Lemma: Let S(V,0,7) and F (V,0,1) denote the equity and debt value
at T when the value of the firm is V, the debt profile consists on the
payment of U at Y, and the dividend rate is 6. Then, © € O if
and only if S(V,0,7)=S(V,7), implying S (V,7) > 0 as a necessary
condition for a feasible © to exist.

Proof: See appendix.

Although a formal statement of the proof is in the appendix, the intuition
is straightforward: Modigliani and Miller’s theorem implies that no value is
created nor destroyed in the firm by refinancing its debt. As a consequence,
equity holders can neither gain, nor lose due to refinancing. If they are
worst off with the contract they will simply refuse it, but if they are better
off this means that debt holders are worst off, and in this case they will
be who refuse the contract. This allows us to identify the set of feasible
refinancing contracts with the set of contracts that leave equity holders with
the same value. Limited liability on the other hand makes the equity value
to be strictly positive if no current debt payment has to be satisfied, which
is the case after signing the contract. This makes S (V,7) > 0 finally to be a
necessary condition for a feasible contract to exists.

One implication is that equity and debt can still be valued assuming
that debt will be payed by issuing additional equity. The reason is that
the possibility of refinancing will not alter their welfare with respect to this
situation in any sense. We set up this argument as follows:

Remark 1: Refinancing does not alter neither equity holders, nor debt
holders wealth. This implies that S (V,0,7) and F (V,0,7) can be
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valued assuming that debt payments are to be financed by issuing new
equity, even if this never happens, that is, even if the firm always
chooses to refinance its debt.

Searching for a feasible contract implies at this point searching for 2n + 1
elements. Assumptions B1-B2 below will allow us to reduce the dimension of
the problem to 3. Basically, we will impose some restrictions on the relation
between debt payments, and on the time spread between these payments.
B1-B2 joint with B3 will also describe the behavior of the equity value as a
function of these 3 elements. Although this behavior is stated as an assump-
tion, it will be proved to hold later on for the specific cases of n = 1 and
n=2.

Assumption B1: Let ¥ = 1), ®, where ® is the n-dimensional vector which
first element ¢; equals 1, and the remaining are some fixed values ¢, > 0
Vi > 2. S(V,0,7) is then assumed to be a continuous and strictly
decreasing function in 1, (CSD (v,)), with S(V,0,7) |y,—o= V, and
limy, 00 S (V,0,7) = ERN [TH6V (s)e ™ ds =V (1 — e711) 3

U = 1), P reflects the ratio between nominal debt payments. In the case of
a loan, for instance, we will have ¢, = 1 Vi. B1 asserts that the equity value
is a continuous and strictly decreasing function in the nominal payments
that equity holders have to satisfy. S (V,0,7) |y,—o= V recognizes that if
there is no debt, then the equity holders own the firm. limy ., S(V,0,7) =
ERN fTTl 6V (s) e "*"")ds indicates that as nominal debt tends to infinity,
default at 71 becomes unavoidable, and the unique value associated to equity
is the value of the dividends that will be received until the first debt payment
is required. Standard arguments allow us to use risk neutral valuation.

Assumption B2: Let II = (71 — 7) A, where II denotes the n-dimensional
vector which first element 7, equals (71 — 7), and 7; equals (7; — 7;_1)
Vi > 2. A on the other hand denotes the n-dimensional vector which
first element 7, equals 1, and the remaining are some fixed values
n; > 0Vi >2 S(V,0,7) is then assumed to be a continuous and
strictly increasing function in 79 (C'SI (71)), with lim,, . S(V,0,7) =
Maz {0,V — 7 4, },* and lim,, o S (V,©,7) = V. Denote ¢, the

1, value such that S(V,7) =V —, Z?:l ¢;, that is, {ﬁl = ZFSLYT;

3T1:’7'1*’7'.

- Z?:l T/Ji =V- 7/}1 Z?:l ¢i



IT = (71 —7) A describes the time spread between payment dates. If
n; = 1 Vi for instance, then time between one debt payment and the following
is always the same. As 77 tends to 7, new corporate debt tends to consist in
a single payment satisfied at 7. As 77 tends to infinity, the present value of
future debt payments, F' (V,©,7), tends to zero, and the equity value tends
to the firm value.

We may denote A = (n,®,A) the vector that describes the corporate
debt structure that results from a given RC ©, and © | A the subset of ©F
that satisfies some given corporate debt structure A. Searching for a feasible
RC, that is, searching for an element in ©" | A, reduces now to search for the
possible values of ¢, ¢); and 7 that make the equity value to be equal before
and after the contract. The following assumption completes the description
of the dependence of S (V,©, ) on these three elements.

Assumption B3: S (V,0,7) is a continuous and strictly increasing func-
tion in 6 (CSI (6)), with lims ., S (V,0,7) =V.

lims_oo S (V,©,7) = V reflects that for any 71 > 7, in the limit case of
0 = 00, the equity holders liquidate the firm before any debt payment can
be required. Note also that S (V, 0, 7) |s=¢ coincides with the case presented
in Geske (1979).

The following definition and the subsequent remark will help us to proceed
in the search of an element in ©F | A.

Definition 2: The sequence o — 3 — 7y is an order of choice in 6, 1, and
T1.

Remark 2: An order of choice in 6, ¥; and 77 implies an order of choice
in 6, ¥ and T, given A.

All of the above allows us finally to establish the following theorem:

Theorem: Suppose S (V,7) >0, and let ¢ =R, p¥1 = ({bl, oo), =
(1,00). Consider any sequence ov— [3—y, where « is chosen in p*, and
define p?1* as the subset of ¢ for which S (V,0,7) =S (V,T) reaches
a solution for at least one v € ¢V, given a. For any A, ¢ is a non

empty set. Moreover, for any a € ¢*, and B € ©°\*, there is only one
v € @7 such that S(V,0,7) =S (V,7).



Proof: See appendix.
Corollary 1: ©f # () if and only if S (V,7) > 0.
Proof: This holds given lemma and theorem above.ll

The theorem asserts that, whenever S (V,7) > 0, a feasible RC with any
arbitrary capital structure can be generated, and also describes how can it
be constructed. Although this feasible © is not unique for a given A, and
there is actually an infinite number of elements in ©F | A, not everything
is possible. Choosing one element in ©F | A could be seen as a matter of
priority. Take for instance the sequence 71 — —1);: The maturity of the first
payment, 71, is freely chosen in the interval (7,00), however, this election
restricts the range of dividend rates, §, that can be selected in [0, 00), and
the election of the dividend rate in the restricted interval, finally determines

a unique first debt payment, v, in (fﬂl, oo). On the other hand, corollary

1 implies that refinancing is feasible under the same conditions it is feasible
to issue new equity to pay the debt. Note also that S (V,t) > 0 V¢t < 7 given
limited liability, what would allow the firm to refinance at any t < 7.

We end this section with three additional corollaries that follow directly
from the proof of the theorem.

Corollary 2: Suppose S (V,7) > 0, and fix A. Then for a given (71,6) €

©™ x ¢° such that 677 < In [%] there exists one, and only one

Y, € %1, such that the RC generated in this way is feasible.
Proof: See appendix.
Corollary 2 establishes a joint restriction on possible values of 7 and 6.

Corollary 3: Suppose S (V,7) > 0, and fix A. Then for a given (71,v,) €
™ x %1 such that S (V,0,7) [s=0< S (V, 7), there exists one, and only
one § € ¢°, such that the RC generated in this way is feasible.

Proof: See appendix.

Corollary 3 this time indicates the joint condition that 7, and 1), have
to satisfy in any feasible RC. Although the proof of the theorem makes clear
that such a pair of values exists in (71,;) € ¢ X p¥1, no explicit expression
is available in this case.



Corollary 4: Suppose S (V,7) > 0, and fix A. Then for a given (6,1,) €
©? x %1 there exists one, and only one 7; € ", such that the RC
generated in this way is feasible.

Proof: See appendix.

Finally, corollary 4 asserts that the election of § in ¢?, does not restrict
the set of 1, values in ¥ that can be selected, and vice versa. This means
that for any pair (§,1,) € ©® x %1, there will always exist a 71 € ™ such
that the resulting vector (6,71, ,) represents a feasible RC.

The fact that any possible debt structure can be chosen, joint with the
freedom to select any sequence oo — 3 — ~, gives the RC the possibility to
be as "imaginative” as one may desire. We may, nevertheless, describe how
to design two types of contracts that are commonly used in practice: Loans
which are repaid in equal monthly installments, and coupon bonds.

In our notation, the type of loan described can be represented by a vector
A, where n is equal to the number of years times 12, and ¢ as well as A, are
given by a vector of dimension n with all elements equal to 1. In order to
guarantee that we obtain monthly payments, we may start by choosing 74:
If we fix 7 equal to zero, and if we assume that p and o are in annual terms,
71 equal to 1—12 generates the monthly payments desired. Corollary 2 finally
ensures that for any ¢ lower than 12 x In [%}7 we will be able to find a

F(V,0)

¥, value in the interval ( 7oo), such that the resulting contract allows

the firm to refinance. A contract that implies equal monthly installments.
A coupon bond will require a little bit more of elaboration. Clearly, this
way to refinance needs the debt principal to be equal to F'(V, 7). If coupons
are payed annually, then n will be the number of years, and A will be a vector
of ones of dimension n. ® this time will be given by a vector of dimension
n, with all elements equal to 1 but the element n, which will be equal to
(1+p). Consider again current period equals zero, and choose 71 = 1 to
guarantee annual payments. Again we can use Corollary 2 to ensure that
F(V,0)

there exits a 1, in the interval <n—+p, oo), that allows the firm to refinance

for any 6 lower than In [%] According to ®, we will have equal coupon

payments between periods 1 and n — 1, and the payment of coupon plus
1,p at the final date n. But we need a pair of values (¢, p), such that the
equality 1;p = F'(V,0) holds. As a first step we may prove that such a pair



exists. Note that this equality, joint with restriction ¢; > %V’po), leads to
1yn > 0. In short, equity holders could pay F' (V,0) at current period zero,
or defer this payment to a future period. Condition ¥;n > 0 simply says
that at least a coupon payment (n > 0) is needed in order to charge the
interests that debt holders will require for this deferment. The problem is
that in general, 1;p will not be equal to F'(V,0). We could however use the
following algorithm: Guess po, and evaluate 1, (pg). If ¥ypy < F (V,0), guess
a higher py, if ¢ypo > F (V,0), guess a lower p;, and repeat up to the point
in which ¢;p = F (V,0). At the end we will have designed a coupon bond
that allows the firm to refinance.

We next analyze the specific cases of n = 1 and n = 2. These will be

useful to provide the basic implications of the refinancing strategy.

3 Particular Cases:

3.1 n=1

Although any possible initial debt structure could be considered, we will
assume in this case that n remains constant along time. This means that a
single zero coupon bond, with nominal ¢ and maturity at 7, is replaced by a
single zero coupon bond, with some nominal ¢; and some maturity 71 > T,
whenever S (V,7) > 0.

In order to show that a feasible RC exists, we need to describe how
S(V,0,7) is to be valued. Specifically, we need to find the equity value at
7, when the corporate debt consists in the payment of ¢, at 71 > 7, and the
dividend rate is ¢, that is, S (V, 0, 1) for © = (8,1, 71).

S (V,0,7) has two sources of value: On one hand the value associated to
the dividends that will be received between 7 and 71, D (V, 7). On the other
hand the option value, O (V,7), that comes from the possibility of acquiring
the firm at 71 by paying ;. Applying risk neutral valuation we find that

D(V,r)=V (1—eh)

and®

5N () denotes the standard normal cumulative distribution function.
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O (V,7) =Ve N (d;) — 1b1e "™ N (ds)

where

Finally

S(V,0,7)=V (1—e) + Ve "N (di) — tpe ™" N (dy) (2)

The fact that assumptions B1-B3 hold in this case is established in the
following proposition.

Proposition 1: BI-BS3 hold for n = 1, making a RC with n = 1 feasible
whenever S (V, 1) > 0.

Proof: See appendix.

Figure 1 describes two of the six alternative ways to design a RC with
n = 1: Those associated to sequences 7, —6—1; and 71—, — 8, respectively.®

Consider first 79 — 6 — ¢;: In principle, any dividend rate between zero
and infinity would be feasible in a RC. However, for a given maturity strictly
greater than current period 7, the set of possible dividend rates reduces to the
interval [0, 63). We may say that the higher the debt maturity, the lower the
dividend rate that debt holders will be willing to accept to refinance existing
debt. Now let assume that a debt maturity has been chosen. Figure 1 makes
clear that the higher 6, the higher the debt payment, or in other words, the
higher the yield that debt holders will charge to the firm to refinance its debt.

63 (V, ©,7)y,y, > 0, implying that S (V,©,7) is a strictly convex function in ;.
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Sequence 71 — 1), — 6 can also be analyzed using Figure 1: In this specific
case of n = 1, it is clear that @Abl = 7). Any debt maturity strictly greater
than 7, will nevertheless lead to a strictly positive yield reflected in a higher
Y. For a fixed maturity, we observe on the other hand that the higher the
yield charged to equity holders, that is, the higher v,, the higher also the
dividend rate. In short, equity holders demand a higher dividend rate as
compensation for bearing a higher yield to maturity.

00 = (0,yl,1l)
S(V,0,1)
! =(3Lyl,1l)
M 02 = (82,yl,11)
0<d1 <2

82 =[In(VAy))/T1

S(V,02,1)
S(V,1) = V[1-exp(-52T1)]
S(V.el,1)
V[1-exp(-31T1)]
S(V,00,1)
0,71 81,1l
\vl \l[l \vl

Figure 1: Sequences 79 — 6 — 1, and 71 — ¢, — 6 for n = 1.

An interesting aspect is that in fact, the credit spread (C.S) on corporate
debt that results from refinancing, will depend on the specific RC chosen in
the feasible set; A feasible set that at the same time depends on the current
firm value, the current nominal debt, the firm return volatility, and the risk
free interest rate. We know that for any element © of this set, the new equity
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value, S (V,0,7), equals the previous one, S (V,7). This can be expressed
as V — e Tt =V — ), where R is the interest rate associated to the new
corporate debt. Then it is straightforward to show that

05— )

n

Although the dividend rate does not explicitly appear in the expression
above, it does through its influence on v, and 73.

Given the firm characteristics and the risk free rate, that is, given a vector
(V,4,0,7), the C.S will be a function of the specific contract chosen, which
we represent by a vector (8,1,,71). We have seen however that only two
of these three elements are ”freely” chosen. Consider for instance (6,7;)
are selected according to the restriction imposed by corollary 2, then the

credit spread will be a function of (V,v, 0,7, 6,71), with 677 < In (%) In

order to make some comparative statics with respect to the C.S, we need
to derive how 1), depends on these variables and parameters. Let define
r'v,0,7)=5(V,0,7)— S (V,7). Then, © belongs to the feasible set if and
only if I'(V,0,7) = 0, and the derivative of ¢, with respect to variable or
parameter j will be given by

F (V7 @a T)j

(wl)j = _F (‘/, @77—)1/;1

what leads to (1), < 0, (1), > 0, (¥1), > 0, (¢1), > 0, (¢1)s > 0,
(¥1),, > 0 (see appendix for details). We may now describe the dependence

of the C.5 on the firm value and the nominal debt to refinance:

_ ()y
C.SV = wlTl <0
W), ¥y
O.Sw = —¢1¢T1 >0
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A higher leverage ratio (a lower V' or a higher 1), means a higher credit
risk, and the result is a higher C.S faced by the firm to refinance.

Figure 2 represents the C.S as a function of the maturity date for different
firm values. The base case in this and other simulations is V' = 100, ¢ = 30,
o =02 r=0.05and 6 = 0.01. As mentioned above, the lower the firm
value, the higher the credit risk of the firm, and the higher the C.S that it
has to face to refinance.

180

160

140
B 120
o —e— V=80
<§ 100 - —= V=100
g —a—V=120
(8]

1 3 5 7 9 11 13 156 17 19 21 23 25
Maturity

Figure 2: C.S as a function of the maturity date for different firm values.
Base case: ¥ = 30, 0 = 0.2, r = 0.05 and 6 = 0.01.

Figure 3 provides the credit spread as a function of the maturity date for
different current nominal debt payments. We can interpret the effect of a
higher v in the same way we interpreted the effect of a lower V.

On the other hand

(),
C.S, = —¢1T1 >0

It is also reasonable to observe that the higher the firm risk, the higher
the credit spread on the firm debt. Figure 5 plots the C.S as a function of
the maturity date for different firm return volatilities, showing that it is an
increasing function of the firm risk.
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Figure 3: C.S as a function of the maturity date for different nominal debt
payments. Base case: V =100, 0 = 0.2, r = 0.05 and 6 = 0.01.
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2 60 -
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40 1

20 |
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1 3 5 7 9 11 13 15 17 19 21 23 25
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Figure 4: C.S as a function of the maturity date for different firm return
volatilities. Base case: V = 100, ¥ = 30, r = 0.05 and ¢ = 0.01.
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The credit spread shows however to be independent of the risk free interest
rate:

C.5, =0

This result may appear inconsistent with that derived in Merton (1974),
where the credit spread results a decreasing function of the risk free interest
rate. In our case however, we are analyzing the credit spread of a new issued
debt at the moment it is issued, and with the goal of refinancing current
debt, which is not the case in Merton (1974).

The dependence of the credit spread on the dividend rate is described by

AT

=—2>90
T T

A higher dividend rate implies a lower expected firm value growth and
a higher default probability, what leads to a higher credit spread. Figure
4 again represents the C.S as a function of the maturity date, but now
alternative dividend rates are considered. It reflects the important effect
that the dividends have on the credit spread.

Finally

(¥1),, — R

C.S,, =
Ty

Although no formal proof for the fact that C'.S;, > 0 can be provided, this
holds in all (reported and unreported) simulations performed. Nevertheless,
it again may seem inconsistent with the results in Merton (1974). It must be
pointed out the substantial difference in the analysis of the time dependence
followed by Merton and the one we drive here (not only the inclusion of a
dividend rate): In fact, he sets the so called ”quasi debt-to-firm value ratio”
constant. In order to keep that ratio equal to a fixed ¢ for a given firm value
and interest rate, ¢, should be determined as gV e"”. In our case, however,
we impose that the implied ¢, value is consistent with a feasible RC, what
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Figure 5: C.S as a function of the maturity date for different dividend rates.
Base case: V' =100, v = 30, 0 = 0.2 and r = 0.05.

makes the ratio ¢ to move from values below 1 to values above 1 for different
maturities.”

Implications of the Refinancing Strategy for n = 1.

The fact that a firm chooses to refinance its debt has also several impli-
cations in terms of the future evolution of credit ratings and credit spreads.

To start with we may represent the new nominal debt payment that
results from refinancing at 7, as a function of the firm value.® This is done
in picture 6: As the firm value tends to the default point 1, the new nominal
payment (and the credit spread that the firm has to face to refinance) tends
to infinity. As the firm value tends to infinity on the other hand, the new
payment tends to the previous payment capitalized at the risk free interest
rate.

Let now assume that the credit rating of the firm is measured at any
time the firm refinances, as the ratio current firm value to new nominal debt.
Picture 7 follows directly from Picture 6, and represents the credit rating

"Merton finds that the sign of C.S; depends on whether ¢ is higher, equal or lower
than 1.

8To simplify the exposition we assume a non dividend paying firm. The strict convexity
follows from (¢,),, < 0 and (2)),, > 0.
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at 7, V (1) /1, as a function of the ratio V (7) /¢. Let A =V (7_1) /4 be
the credit rating of the firm at issuance of . Then, if the firm value stays
constant between 7_; and 7, the credit rating falls to a. The fact that the
firm refinances makes possible to observe a downgrade in the credit rating
of the firm even if it does not lose market value, and as Picture 7 indicates,
even with a strictly positive growth (point C). In order to keep its credit
rating a firm value growth large enough (point B), has to take place. In
summary, any ratio V (1) /1 lower that B will be followed by a downgrade,
while any value of this ratio above B will lead to an upgrade. Note also that
deviations from B will have a different impact on the credit rating depending
on whether this deviation is positive or negative. A negative deviation will
have a higher effect in absolute terms than an equivalent positive deviation.
Debt refinancing therefore is expected to generate stronger downgrades than
upgrades.

yl=y exp{RT1}

yexp{rT1} [........ P

v V(o)

Figure 6: 1, as a function of V (7).

Refinancing also generates another testable implication in terms of credit
spreads: As has been pointed out, the credit spread will not depend on the
risk free interest rate. Nevertheless, this null influence will hold only in the
short run. The new nominal debt payment 1, is an increasing function of the
risk free interest rate. As a consequence, the credit spread that the firm will

18
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Figure 7: V (7) /1, as a function of V (1) /4.

have to face at 71 to refinance v; will tend to be higher the higher the risk
free interest at 7, given that this risk premium is an increasing function of
the nominal debt to be refinanced. Some evidence of this "lagged effect” has
already been provided by Guha, Hiris and Visviki (2000). Specifically, they
find that credit spreads on bonds rated by Moody’s, are positively correlated
with the two years lagged long term Government Bond Yield.

3.2 n=2

We have analyzed the case in which the firm always maintains a single
zero coupon bond as corporate debt. The main implications derived from
assuming that the firm refinances its debt in terms of credit ratings and credit
spreads appear in this simple case. Exploring the situation in which the firm
always refinances with n = 2 is interesting however for several reasons: First,
it can be seen as a simplification to short and long term debt, what better
represents the debt structure of a firm. Second, it incorporates the fact that
equity holders do not only care about the debt that currently matures at
the time of deciding whether or not satisfying it, but also about all future
debt remaining. This makes for instance the current bankruptcy-triggering
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firm value to diverge from the current nominal debt payment, something that
does not happen with n = 1.

Proposition below ensures that at any time the firm has to satisfy a debt
payment, refinancing with n = 2 is feasible.

Proposition 2: B1-B3 hold for n = 2, making a refinancing contract with
n = 2 feasible whenever S (V, 1) > 0.

Proof: See appendix.

Proposition 2 does not assume any specific initial debt structure. How-
ever, we may think in a model in which the firm maintains an stable corporate
debt structure with short and long term debt, keeping the ratio short term
debt/long term debt, and the time spread between them, constant. These
can be associated to the specific industry in which the firm operates.

This stable corporate debt structure translates into a vector A = (n, ®, A),
where n = 2, ® = (1,¢) and A = (1,77). Assume again that the firm does
not pay dividends. As a result, it is always possible to consider that the firm
refinances not only under a constant A (as stated in the theorem), but also
with some fixed constant T} (given corollary 2).

The following proposition implies that the effect of debt refinancing on
the evolution of the credit rating of the firm described for n = 1, also applies
in this case.

Proposition 3: Let V and V; denote the bankruptcy-triggering firm value
at T and Ty respectively. Then Vi is a strictly decreasing and strictly
conver function in V (7), with limy ),y = 00 and limy (r) o = Verlt,

Proof: See appendix

The shape of V; as a function of V will be therefore analogous to the one
we found for ¢, with respect to ¢ under n = 1. The credit rating at 7 will
be now described by the ratio V () /V4, and the same analysis with made
for V (1) /1 applies here.

Refinancing makes V; to be the new bankruptcy-triggering firm value, a
critical threshold that will evolve over time as the firm refinances its debt
repeatedly. Although no explicit solution for it can be provided, it can be
shown that it belongs to the same range in which KMV Corporation finds
typically to be the default point.
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Proposition 4: Let v, and vy be the new short and long term debt re-
sulting from refinancing at 7, and let T be the time spread between
these payments. Then for any o € (0,00), Vi € (wl,wl —Her_”T) .
Moreover limg_o Vi = 9, + oe™ ™ and lim, 0o Vi = 1.

Proof: See appendix.

With a database over 100.000 company-years of data and over 2.000 in-
cidents of default or bankruptcy, KMV has found that firms generally de-
fault when the firm value lies somewhere between short term debt and to-
tal debt in nominal terms.’® Clearly, Vi € (¢1,¢1 + ¢26”'T) implies that

‘71 € (Q/Jl:Q/Jl + ¢2>

4 Conclusions:

Refinancing existing debt seems to be one of the most important, if not
the first, reason to issue new debt. We investigate the long run effects of
this extended practice on credit ratings and credit spreads. Debt refinancing
generates systematic rating downgrades unless a minimum firm value growth
is observed. Deviations from this growth path imply asymmetric results:
A lower firm value growth generates downgrades and a higher firm value
growth upgrades as expected. However, downgrades will tend to be higher
in absolute terms. Finally, credit spreads and risk free interest rate will be
independent in the short run, but positively correlated in the long run.

5 Appendix:

5.1 Proof of lemma:

S (V,0, 1) is what equity holders get after signing ©, therefore they will
be willing to sign if and only if S (V,0,7) > S (V, 7). F(V,©,7) is what debt
holders have after signing ©, therefore they will be willing to sign if and only if
F(V,0,7) > F(V,7). At the same time S (V,0,7)+F (V,0,7) = S (V,7)+
F(WV,r) =V. S(V,0,7) = S(V,7) implies that F'(V,0,7) = F(V,7)
and © € ©'. On the other hand ® € ©' implies S(V,0,7) > S(V,7).

9Crosbie, Peter J. (1999).
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Suppose S(V,0,7) > S(V,7), then F(V,0,7) < F(V,7) and © ¢ O,
what is a contradiction, proving the first argument of the lemma. Finally
S(V,0,7)>0V0 | 71 > 7,9 implying S (V,7) > 0 as a necessary condition
for a feasible © to exist.

5.2 Proof of theorem:

We have six possible sequences o — 3 — 7. Let analyze each one of them:
Case 1: 7 — 0 — 1

Given 71 € ™, S(V,0,7) is CSD (¢,), with lim;, _, S(V,0,7) >
S(V,7) V8§ € ¢, and limy oS (V,0,7) = V (1 — ). Therefore,
S(V,0,7) = S(V,7) reaches a solution for at least one 9, € ¢¥1, if and

n 1%
only if V(1 —e™") < S(V,7), if and only if § < % As a result,

PiIm = {0, M) # (. Because S (V,0,7) is CSD (¢,), we finally have

that for any 71 € ™, and § € ¢*I™, there is a unique ¢, € ¢¥1 such that
S(V,0,7)=S(V,7).

Case 2: 71 — ¢, —

Given 7y € ™, S (V,0,7)is CSI (8), with lims ... S (V,0,7) =V Vi), €
¥ Therefore S(V,0,7) = S(V,7) reaches a solution for at least one
6 € ¢°, if and only if S(V@ 7) |s=0< S (V,7), if and only if ¢, > 4™,
where 9™ > 4, is the ¢, value such that S (V,0,7) |s—o= S (V,7).1! As
a result, ¥1lm = [wo "1 o0) # 0. Because S (V,0,7) is CSI (6), we finally
have that for any 71 € (p”, and 1, € p¥1I™ | there is a unique § € ¢® such
that S (V,0,7) =S (V, 7).

Case 3: 6 — 11 — 9,

Given 6§ € ¢ S(V,0,7) is CSD (¢;), with lim, 5, S(V,0,7) >
S(V,7) VY11 € ¢, and limy, . S (V,0,7) = V(l —e"STl). Therefore,
S(V,0,7) = S(V,7) reaches a solution for at least one ¥, € %1, if and

0 imited liability makes S (V,©,7) > 0 when no payment has to be currently satlsﬁed
HB1 implies that 1/11 exists and is unique, and joint with B2 also implies that 1/}0 ik

Ur.
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only if V (1 —e™*1) < S(V,7), if and only if 7 < 7+ M As a result,
R <’7‘ T F(VT) ) # (). Because S (V,0,7) is CSD (¢,), we finally

have that for any 6 € °, and 71 € ©™° there is a unique 1; € ¥ such
that S (V,0,7) =S (V, 7).

Case 4: 6 — ¢, — 711

Given § € % S(V,0,7)is CSI (1), with lim,, ., S(V,0,7) =V —
P> 0 < S(V,7) Y, € ¥, and lim,, oo S (V,0,7) = V. As a result,
e¥1l® = 901/’1 # (). Because S (V,0,7) is CSI (71), we finally have that for any
(6,1,) € ¢® x p¥1, there is a unique 71 € ¢™ such that S (V,0,7) = S (V, 7).

Case 5: ¢, — 71— 6

Given v, € ¢¥1, S(V,0,7) is CSI(6), with lims ... S (V,0,7) = V
V11 € ¢ Therefore, S (V,0,7) = S (V,7) reaches a solution for at least
one 6 € ¢, if and only if S (V,0,7) |s—0< S (V,7), if and only if 7, < 701,
where 70%1 > 7 is the 71 value such that S(V,0,7) |s—o= S(V,7).12 As
a result, ¢ Y1 = <’7‘,7'[1)’w1] # (). Because S (V,0,7) is CSI (6), we finally

have that for any 1, € ¢¥1, and 7, € @™ [¥1 there is a unique § € ¢° such
that S (V,0,7) =S (V, 7).

Case 6: ¢, —6 — 1

Given ¢, € ¢¥1, S(V,0,7) is CSI (1y), with lim,, ., S(V,0,7) =V —
V>0 9 < S(V,7) V6 € ¢°, and lim,, .o, S(V,0,7) = V. As a result,
@1 = ° £ (). Because S (V,0,7) is CSI(71), we finally have that for
any (1;,8) € ¥t x ° there is a unique 7; € ™ such that S (V,0,7) =
SV,r).m

5.3 Proof of corollary 2:
This holds given the proof of case 1 and case 3.1

12B2 implies that 7'(1)71/)1 exists and is unique. B2 also implies that T(l)’wl > T.
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5.4 Proof of corollary 3:
This holds given the proof of case 2 and case 5.1

5.5 Proof of corollary 4:
This holds given the proof of case 4 and case 6.1

5.6 Proof of proposition 1:

S (V,0,7) is clearly a continuous function in v, with'3

S(V,8,7),, = —e N (dy) <0
SV.0,7) | y=0=V

lim S(V,0,7) = V(1-e")

1 —00

and B1 holds. On the other hand, S (V,©,7) is a continuous function in
71, with'*

S(V,0,7). =6Ve ™ [1 - N (d)] +

+Ve L f (di) 55 + ripre "IN (da) > 0

lim S(V,0,7) = V

V=t if V>4
lim S (V,0,7) =
n 0 if V<

= Mazx {0,V — 1}

135(v,0, 7); denotes the first derivative of S (V,©, 1) with respect to j.
14 £ (.) denotes the standard normal density function.
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and B2 also holds. Finally, S (V,0,7) is a continuous function in ¢, with

S(V,0,7)s = TiVe ™ [1—-N(dy)] >0

lim S (V,0,7) = V

6—00
and our last condition B3 holds as welll.

5.7 Partial derivatives:

e T1[1-N(d
(W1)y = — el < o

_ 1
(¢1)¢ T e "T1N(dg) >0

(), — Y TTE

e~ 11 N(dz) > O

(Y1), =Ty >0

T1Ve $T1[1-N(d
(1,)s = DAl >

§Ve 9T [1—N(d1)]+Ve ®T1 f(dy) 2\7T—1+r1/)16*”1 N(d2)
(¥1),, = TN >0

5.8 Proof of proposition 2:

We need to derive what is the equity value when the debt structure of
the firm is composed by short term debt 1;, and long term debt 1,; 71 and 79
are respectively short and long term debt maturities. Suppose first an asset
C (V,t) with two sources of value: On one hand it pays the firm dividends
between 71 and 75. On the other hand it gives the right to buy the firm at
To by paying 1,. In the same way we derived (2), it can be shown that at
any t < 7

C(Vit)=Ve ™ (1—e ") + Ve 2N (by) — thye "N (by)

25



where

T1 = Tl—t
T2 = Tg—t
T = To —T1

If current and/or new potential equity holders pay v, at 71, they acquire
precisely this asset. As long as they have the option of refusing this payment

S(V,0,71) = Maz{0,C(V,71) — 1}

C (V,71) is a strictly increasing function in V', with limy_o C' (V,71) = 0
and limy o, C (V,71) = 00, therefore there exists a unique V; € (0, 00) such
that S (V,0,71) >0V V > V;. This will be the implicit solution to

S (V1,0,71) =Vi (1—e™®") + Vie 7" N (c1) — thge "N (c2) — 9p; =0

where

1n<¢v—;>+<r—5+%2>T
oVT

CcT =
Cy = Cl—U\/T

At 7 < 71 the equity also finds two sources of value. On one hand the
value associated to dividends received from 7 to 71, D (V,7); On the other
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hand the option value that appears due to the possibility of buying the
described asset at 71, O (V, 7). The first is

D(V,r)=V (1—e")
The option value will be!®

O(V,r) = Vet (1 — e_‘sT) N (aq) +

+Ve 2Ny (a1, biz p) — e 2Ny (as, bai p) — 17N (az)

where
(¥)+ (rs+2)m
"o oV
Gy = a1 — O T1
_ Jh
Finally

S(V,0,7) = OV,7)+D(V,7)
= V(@—-e)+ Ve (1—e )N (a1) + (A8)

Ve TNy (a1, b1;p) = g NG (a3, by p) =y TN (02)

15This expression can be derived following the methodology applied to the valuation of
compound options. For a detailed exposition see Kwok [15].

Ns (a,b; p) represents the cumulative standard bivariate normal distribution function,
with integration limits @ and b, and correlation coefficient p.
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(??) converges to the expression given in Geske (1979) for two periods as
0 tends to zero. The first term on the r.h.s. is the value of the dividends that
will be received from 7 to 71, the second is the value of the dividends that
will be received from 71 to 7 if the firm does not default at 71, and the last
three terms represent the compound option on the firm.

According to the notation used in Bl and B2, we could express v, as
¢y, and Ty as (1 4+ n)Ty. Then

S(V,0,7) =V (1—e M) + Ve (1 — e M) N (a) +

+Ve NN, (ay, by; p) — ¢ibye "IN, (ag, ba; p) — e "N (as)

where

ln<¢%l>+<r—6—l—%2> 14+n)T
oy (1 +n)Th

b2 = bl—O' (1+’I])T1

At the same time, V; will be the firm value that satisfies

S(Vi,0,71) =V (1 — e ") 4 Ve N (¢)) — dipye ™N () — hy = 0

where

C —_=
! O'\/T]Tl



Proving that B1 holds requires to obtain the sign of S (V,0,7) .- In the
process of differentiating N; (a, b; p) it is useful to use the following expression
when applying Liebnitz’s rule:

a b _
Nalabin) = [ f@)N (=L ) do
V1= p?
On the other hand, it must be taken into account that V; will change

with ;. In fact

7 B S (‘71,@77'1)1&1 B [1 + gbe*”’TlN(cQ)}
Vo= —s@om),  T-c " I=N ()

>0

Vi

_ bi—pa;

At the same time, it can be easily proved that ¢; = S for i = 1,2.

All this information, joint with the following definitions

m = (a1)y, = (a2)y,
no= (b)y, = (ba2)y,

lead to
S(V,0e, T)wl = Ve N (1 — e_‘snTl) f (a1) m+
+Ves(+mh {f (a1 ) N (er)m+ f (b)) N <—L”1_1_’;12) n} —

e { F(as) N (ca)m + f (ba) N <%) n} B

—e "N (ag) — e f (az) m
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If we now apply the following identities:

a; — pb az — pby
V1—p? V1—p?

Ve i f (a1) = Vie7™ f (ap)

Vet f () = gune I F (by)

we finally get
SV, @,7’)1/)1 = e f (ay) mS (‘71, @77'1) —
—pe " WMTIN, (ag, by; p) — e "N (as)

= — [¢pe " UTNTIN, (ag, by; p) + € "N (a2)] <0

S(V,0,7) is then a continuous function in ), with S(V7@7T)¢1 < 0.
This, joint with

S (‘/7 @a 7—) |1/)1:0: V
limy, 0o S (V,0,7) =V (1 — e70T1)

proves that assumption B1 holds.

On the other hand, S (V,©,7) is a continuous function in 7y, with!®

16Use

S (V1,0,71), = bnVie " [L = N (er)]+rnge "N (c2)+tpre """ f (c2)

7_ >0
2\/’[7T1 ’

T1

and the same arguments applied to S (V, 9, 7')w1 to derive S (V,0,7)_ .
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S(V,0,7),, =6Ve 1 [1 — N (a1)]+
+5 (1 + 77) V€—5(1+77)T1 [N (CLl) — N2 (CLl, bl, p)] +

+7 (14 n) ¢tpe "IFNTN, (ag, by; p) +

e " f (ag) N (c2) 55+

iy T (by) N (315@ VT
+rip1e N (a2) + e f (a2) 55 > 0

lim,, 0o S (V,0,7) =V

V=t =y if V>4 + oy
0 if V<44 ¢y
= Maz {0,V — 4, — ¢, }

lim,, ., S(V,0,7) =

proving that assumption B2 also holds. Finally, S (V, O, 7) is a continuous
function in §, with'”

S(V,0,7)s=TiVe T [1 — N (a1)] +
(1 + 17) T1V€76(1+77)T1 [N (CL1> — Ny (al, bl; p)] >0

lims oo S (V,0,7) =V

and assumption B3 is satisfied.H

7Use ~ ~
S (V1,0,71) s =nTaiVe " [L = N (c1)] > 0,

and again the same arguments applied to S (V, O, Tl)wl to get S (V,0,71);.
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It is possible to analyze graphically case 1 for n = 2. Let denote S (V, O, 1)
simply as S, and let show that S is strictly convex in (¢, ,), where we do
not impose the restriction 1, = ¢1);.

Sy, = —e "N (ay)

1
Sy, = —e "N (ay,bs;p)

e*TTl f (a2>

S,y = Vio/Ti {1 — e 9T [1 — N (c1)]}

e f (b)) N (—L“%’;z) B
1/120\/T2

>0

o T () [N (o)
Y T Yo T {1 — eT [1— N (c1)]}

+

Syip, = 2 f (az) N (c)
V12 Vio/T1 {1 — e 9T [1 — N (c1)]}

ag— sz
—r(T1+T%)
2 e [ (az2) f (bs) (
51/111/1151/)21/)2 (S¢1¢2) - ‘71¢20-2\/T1\/E {1 — e N Cl } =0

The strict convexity of S, joint with S|y, v,)=00="V, and
My, ) (00,00) S = V (1 — e7971), leads to figure 8.

5.9 Proof of proposition 3:

Let ¢ be the debt payment to be satisfied at 7. Then

S(Vor) = VN (w1) — ¢pe” N (ws) — 9

where
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S(v.e.n)

8,T1

v \\ <
<

S(V.T)
V[1-exp(-8T1)] / 7 \Q
5,T1 / =
oyl / ¢ yi
L w2l=tyiye| S(V.0,T=S(V.D) §
Y2

Figure 8: Sequence 71 — 6 — 1, for n = 2.
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In (¢—Vw) + (r + "72) 0T
o T]Tl

wy, =

Wy = W1 —O0O T]Tl

and S (V,7) > 0VV >V, being V the implicit solution to S (‘_/,7') =0.
On the other hand

S(V,0,7) =V Ny (ki, li; p) — ¢pre "IN, (o, by p) — 1b1e7 N (k)

where

=

. ln( )+(r+“—;>T1

ovT1
kg = kl—O' T1

In <¢—Zl) + (r+‘f§) 1+nT,
o/ (1+n)T

L =

12 = ll—O' (1+77>T1

1

= \N11y

and V; is the implicit solution to

S (V1,0,71) = VilN () — ¢p1e ™™ N (ha) — 4y = 0
with
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In <¢V—¢§1> + <7’ + "72> 1Ty
ovnTy

h1 -
h2 = hl—O' 77T1

If we define 0 = ‘E/L’ then previous expressions can be written as
1

ON (hy) — e "N (hy) —1 =0

where

The result is that 6 is a constant, that is, # will not depend on the firm
value at 7 (although V4 and v, will). Note also that 6§ = % We can express
condition I'(V,0,7) =S (V,0,7) — S (V,7) =0 as

rWv,e,r) = [VN2 (k1 lisp) — ‘Z%G_T(Hn)TlNz (ka, la; p) — ‘71%€_TT1N (/f2)] —

—[VN (wi) = V&e NN (wy) — Vi =0
(A9)

where




(A9) implies that as V' tends to V, V; tends to infinity. At the same time,
limy o Vi = Vet '8 Tt can also be proved that V; is a strictly decreasing
function in V. In fact'®

 / _ F(V7@7T)V
My = ~twe.n,
N(wl) — Ny (klall;f})

¢ —r(14n)T . 1,—rT <0
o€ DTNy (ka, la; p) + ge ™ N (k)

Figure 9 represents S (V,7) and S (V,©,7) as a function of V.2° Clearly,
for any V' >V, N (w1) > Ny (ky,11; p), given that these are the derivatives of
S(V,7)and S (V,©, 1) with respect to V. This implies (‘71)\/ < 0. (‘71)\/\/ >
0 finally follows from the fact that %e’r(lﬂm Ny (ka, lo; p) + ée”“TlN (ko) is
a strictly increasing function in V, while N (w;) — Ny (k1,l1;p) is strictly
decreasing YV > V as Figure 9 indicates, and actually tends to zero as V
grows.ll

5.10 Proof of proposition 4:

Let Z (V) =VN (g1) — e "N (g2) — ¥
where

gl - O'\/T
g2 = gl—Uﬁ

then V=V | Z(V) = 0.

18Note that this implies that limy .1, = Ye™t and limy o, ¢10; = ¢e™ 1, that
is, as the default risk tends to zero, new debt payments tend to current debt payments
capitalized at the riskfree interest rate.

19Use the arguments in Appendix 5.1 to derive S (V,0,7),, and S (V, 0, ),

Wy =V Ve M —Viandy=V -1Vige 00Tt _yle=rTi el L L <
‘71%6*’"(1“7”1 + ‘71%6*”1 given V; > VerTr,
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S(V.1)

S(V,0.1)

Figure 9: S(V,7) and S (V,0,7) as a function of V.

Suppose first o € (0,00) and V = 9, then

Z (W) = YN (q1) — ¢2€7TTN (92) — 1y

=~ [1 =N (g1)] = ¢oe7" N (g2) <0

this, joint with Zy = N(g;) > 0, implies that Vi > ¢, Vo €
(0,00). We have that lim, ..o N(g1) = 1 and lim, . N (g2) = 0,
therefore lim, oo Z (V) =V —1p; =0 < V = 1, proving lim, .., V) = 9,.
On the other hand, consider V' = v, + e "1, then

Z (¢1 + wzeirT) =~ [1 = N (g1)] + o ™" [N (¢1) — N (g2)]

lim, .9 Z (wl + sze’TT) = 0 because lim,_,g N (g]_ |V =4, + 1#26’”) =
limy,—o N (g2 | V = ¢y + ¢hye™™") = 1. As aresult, Vi = ¢, + ¢hye™"7 in this
limit case. Given that Z, > 0 we also have that Z (¢, + ¢,e™"") > 0 Vo €
(0,00). This, joint again with Zy = N (g;) > 0, implies V; < 1, + 1y
Vo € (0,00), and concludes the proof.l
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5.11 Default probabilities:

It is possible to derive how default probabilities implicit in Merton (1974)
and Geske (1977), depend on those variables and parameters that affect them.
Non of these articles include the possibility of a positive dividend rate, so we
will consider this simplified case.

5.11.1 Merton (1974):

The equity value in this case will be given by
S(V,t) = VN (d) — e ™ N (dy)

where

d2 = dl—O'\/T

T = 17—t

There is only one possibility of default: Defaulting at 7, and default will
take place if and only if the firm value falls bellow v at that moment. As a
result, the default probability will be

P=1-N(s) (A11.1)

where




It is straightforward to show that P is a decreasing function in V' and p,
and an increasing function in ¢). More interesting is how P depends on r,
t and o: In this simple case the risk free rate has no effect on the default
probability. On the other hand, the sign of the derivative of P with respect
to t and o, will depend on V. In fact

P, 2 0asV=Vy (A11.2)
T = gl )7 (A11.3)
P, 2 0asV=Vy (A11.4)
T = e ()T (A11.5)

0,2
Expression (A11.2) describes the dependence of Pont: If V' > Qbe(’kT)T,
then V' > 10.2! The closer is t to maturity in this case, the lower the prob-
ability of an unfavorable firm value change before 7. Consider now V < 4,

0_2
then V < @De(“ 77>T. As time goes by, the probability of a favorable firm
value change given the expected growth in V' along time, falls. Obviously
2

it is also possible to have V < @De(“ 7%)T and V > 1. We could interpret
this situation in the following sense: The difference between V and 1, al-
though positive, is small enough for ¢ to have a negative effect, given the
lower expected growth in V' before maturity.

On the other hand, (A11.4) indicates that if V' is low enough, then an
increase in the firm business risk may reduce the default probability given an
increased probability of a favorable firm value change (now due to shocks).
Note that this does not imply that debt value increases: Given that equity
value will always grow with the firm risk in this case, the debt value has to
fall. The reason is that although increasing the volatility may reduce the
default probability in some cases, this has the additional effect of reducing
the expected value for debt holders in the event of default. The debt value
is given by

21'We assume (u - %) > 0.
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F(V,t) =V [l =N (d))]+ve ™ N (dy)

The first term on the r.h.s. represents the debt value associated to default.

o2
[1 — N (d1)] is a decreasing function in o if and only if V' < tpe " (PT)T? which
holds V V < V.22

5.11.2 Geske (1977):

Consider the simplest version of Geske (1977) in which the corporate
debt consists only on the payment of 1, at 71 (short-run), and the payment
of 1, at 79 (long-run). Under these conditions the equity value will be

S (Vit) = VINa (a1, b15 p) — hye™ "Ny (az, ba; p) — e N (az)

where

a =

! o T1

as = a1 —o\1
1n(¢1)+(r+"7)T2

by =

b2 = bl—O' T2

T1 = Tl—t

22(A11.4) has been derived ceteris paribus. This means that we have not taken into
account the effect of a higher risk in terms of the rate of return p, which would require
additional assumptions about how these variables relate to each other.
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T2 = Tg—t

and V is the implicit solution to

S(V,71) = VN (c1) — thye "N (c2) — tp; = 0 (A11.6)

where

)—l—(r—l—"—;)T

111(
oVT
Cy = Cl—Uﬁ

Sl

T = To —T1

In section 3.2 we saw that no explicit solution exists for V. It is possi-
ble however to derive how this bankruptcy-triggering firm value depends on
different variables and parameters, even with the absence of such an explicit
solution.

First note that V' does not depend on current firm value, V, expected
rate of return on V', u, or time to maturity of the first debt payment, 71, as
long as they do not appear in (A11.6). The reason is that V is actually the
firm value that makes an option on the firm at 7, with maturity at 7o, and
strike equal to 1), to worth exactly ¢,. This option value does not depend on
previous (to 71) firm values, previous periods, or x4 (this last case by standard
option valuation arguments).

V' will be a function of those variables and parameters that do appear in
(A11.6): Formally, V' =V (r,1,1%,,T,0). The derivative of V' with respect

. R _ S(V,r1).
to variable or parameter j, V;, can be found as V; = —%.23 Then
sT1 %4
23The equality 2% = 1 is used. f(-) denotes the standard normal density

function.
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_ _T¢267TTN (02)

7 - <o (A11.7)
v, - N;ﬁ) <0 (A11.8)
7, - %M (A11.9)
o VY (Cl)ﬁ;(Z%e_rTN ) _, (A11.10)
v _%ﬁ;ﬁd) (A11.11)

Not surprisingly given the interpretation made about V, its value behaves
in the opposite direction of the call option does with respect to changes in
risk free interest rate, strike, time to maturity and volatility. Finally, the
higher v,, the higher the firm value that makes the call option to worth
exactly ;. A special remark can be done with respect to (A11.11): Higher
volatility reduces the short-run bankruptcy-triggering firm value, given the
positive effect on the call option. This means that, ceteris paribus, riskier
firms support lower V' values in the short-run without defaulting. This fact
drive us to the question of what is the net effect of a higher volatility on the
short-run default probability. As we will see later on, the dependence of V
on ¢ is a key element for determining whether or not entering riskier business
has a positive or negative effect on this probability.

Short-Run Default Probability

The default probability in the short-run is the probability of observing at
71 the firm value to fall below V. If we denote by P! this probability, then

P'=1- N (n) (A11.12)
where
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() + (14— %)
o T1

n =

The problem of analyzing the dependence of P! on those variables and pa-
rameters that affect it, seems quite similar to that made in the case of only
one payment, however, we should take into account two important differ-
ences: First, the bankruptcy-triggering firm value in this case is not constant
as before, that is, it changes if the variables or parameters change. Second,
the time dependence is substantially complicated. In fact, for the case of
only one payment, where the variables related to time were ¢, and 7, it was
enough to obtain P;, given that Pr = P, = —PF;, and all the time dependence
was summarized in ;. Now we should analyze three alternatives:

a) P!: Time to maturity of the short and long-term debt reduces, but
time between short and long-term debt remains constant.

b) P!: Time to maturity of the short-term debt increases, and time
between short and long-term debt reduces (note how the presence of long-
term debt makes a) and b) not to be formally the same as before).

c) PTIQ: Time to maturity of the long-term debt increases, and time be-
tween short and long-term debt also increases.

What we need to have in mind is whether or not 7' changes, because
this has a direct influence on V', and therefore on P! (and P?). Specifically
Pt = P (V,u,V,T1,0) = P*(V,r, p,by,9,,t,0). We next describe the
relationship of these variables and parameters with P'; Results (A11.7) -
(A11.11) are used:

f(n)
_V(T\/Tl =

The higher the current firm value, the higher the expected firm value at
maturity and the lower the default probability.

P} = 0 (A11.13)

1_ fn) -
P = VU\/TlVT <0 (A11.14)
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(A11.14) links P! with the risk free interest rate, finding an inverse rela-
tion.

f(n)
P, = ———= VT <0 (A11.15)

Higher y implies higher expected firm value at 71, and therefore lower
probability of observing this value below V.

o f()
P, = VUWV¢1>0 (A11.16)

P, = S () ———=V,, >0 (A11.17)

2 V(T\/_

(A11.16) and (A11.17) are the consequence of the influence of ¢, and v,

nV.
() = (u-%) 7 ~
Pl =—f(n) » ((T e ) Z0asV Z Vi (A11.18)
1
where
oy = Vel 7)™ (A11.19)

We can interpret Vg in the same way we interpreted Vs Basically, for
V' low enough, the closer is ¢ to 71, the lower the chances of a growth in V/
large enough for it to excess the critical threshold V at 7.

i (§) = (1= 5) T 200 (55)

Pv}l = f(n) 2% (T1)3/2

0 (A11.20)

VIIA

as 'V (A11.21)

VIA
3
Q)
&
<
—
bl\D
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ey r is the elasticity of V with respect to T, that could be obtained from
(A11.10). Note that P! is not exactly —P!. In this case it is not enough

that V' § Vo1 to observe that a higher 71 reduces the short-run default

probability, because higher 7, increases now V, and this tends to increase
this probability. We should have an even lower firm value.?*

1 _ f(n)
" Vevh

Vi <0 (A11.22)

Higher 75 reduces P! because of its influence on V.

P; _ fﬁn) <0-5V§: +n+o T1> § OasV § VGI (A11.23)
1
where
A — 0'2 —
Vi = el ) Tirer ] (A11.24)

and ey , < 0 is the elasticity of V with respect to o, which can be easily
derived from (A11.11). Note that ey , increases Vi1, that is, the higher the
effect of o on V, the easier to find that increasing the firm return volatility
reduces the short-run default probability. Again this does not mean that
total debt value increases with volatility under V' < Ver: o has a positive
effect on the equity value, and assuming o does not alter V', the consequence
is a negative effect on total debt value.

Long-Run Default Probability
The probability of defaulting the payment of ¢y, P2 is the probability of
non observing V' (71) >V and V (72) > 1,. Formally

P?=1— N, (n,m;p) (A11.25)

2
~ = A ~
Ve v () < Ve
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where

O'T2

P? is a function of the same variables and parameters than P!, that is,
Pt = PY(V,r, u, 11,1, t,0). Let denote

then

1 J H
Pl — ([—4+—)<0 A11.26
v Vo <\/T1+\/T2) ( )

The higher the current firm value, the higher the expected firm value both
in the short and in the long-run, and the lower the probability of defaulting
the payment of 1),.

P2

J
=—-=V, <0 Al11.27
" VouT ( )

In the same way it happened with P!, we find an inverse relation between
the risk free interest rate and the long-run default probability. In both cases
due to the negative effect on V.

jo —% (J\/?H H\/E) <0 (A11.28)
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(A11.28) reflects that the higher the expected growth in V/, the lower the
probability of observing this value below critical thresholds V' and ,.

J _
P2 = — V, <0 A11.29
¥y VoT, Y1 ( )

2 _
P¢2 o

J - H
— V., + >0 A11.30
VouTi 2 pyovTh ( )
(A11.29) and (A11.30) have a clear interpretation: Higher nominal pay-

ments imply higher threshold values V and 1, what leads to a higher long-
run default probability.

P} = —J
20 (T1)*?
()9
20 (Ty)*/*
A i
= vl—pzfz(n,m;p){;p—;f
Ny [mE) - (n-2) 1
f(4) 20 (T1)*
a(v _ 2\,
PRI

P? % 0asV § Viar.?® A detailed inspection of (A11.31) reveals that in

25 f, (n,m; p) denotes the bivariate normal density function.
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fact P? is positive for V lower that some threshold Vggt, and negative for V
higher than this value. To see this first note that second term in (A11.31)

2

is positive for V' < Vg, and the third term is positive V < ¢2e(” 7%>T2. P?
is then positive for V' low enough. On the other hand these two terms are
continuous and strictly decreasing functions in V/,26 that in addition tend to
—oo as V tends to infinity. As a result there is a critical value VG% below
which P2 is positive and above which P? is negative. No explicit expression
exists for Vggt7 and it cannot even be argued if it is higher or lower than VG1
The interpretation however is clear: For V' low enough, as time goes by, the
long-run default probability increases because this means lower time for V'
to grow above critical values V and 1),.

1
P2 = J - f2(n7m7:0)

T1

1
_QpTg} (A11.32)

Pfl § DasV § VGQTI. It could be derived an explicit solution for VGQTU
but no clear interpretation for this specific expression can be provided. It
could be said however that, for V' low enough, longer time to maturity of the
short-term debt reduces the long-run default probability, essentially through

the reduction in the short-run default probability.

26 1}[(( o) is positive and strictly increasing Vz. A does not depend on V' and B is strictly

increasing in V. Therefore ]}A(%Z does not depend on V' and J}A(% is strictly increasing in
V.
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" VovT

N8 (&)~ (ni-%)n
f(B) 20 (T3)**

I (A11.33)
2Ty\/1 — p?

P2 may be positive or negative. The first term in (A11.33) is negative
and constant in V', while the third term is positive and also constant. Finally,
the second term is strictly increasing in V', and tends to infinity as V' tends
to infinity. These arguments allow us to ensure that P2 > 0 if V is large
enough. However, it is not possible to argue that a threshold firm value
determining the sign of Pf2 exists in general (the limit of the second term as
the firm value tends to zero is not determined).

1 —
P =- [J( gvg tnto Tl) +H <m+a T2>] (A11.34)
ov i1

P? § 0as V § Vio. For V low enough, higher volatility reduces the
long-run default probability due to higher chances of favorable firm value
changes due to shocks.

We summarize results in Table 1.
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P P! pP?
V <0 <0 <0
r 0 <0 <0
1 <0 <0 <0
P >0 — —
Py - >0 >0
(2 - >0 >0
t %OasV%VM §0asv§f/@1 %OCLSV;VG%
m a §0asV§VGle2av’T<lp;> éOasVéf/@gﬁ
Ty — <0 §Oa3V§VG272
o | S0asVVy S0asV = Vi 0*

" VIIA

Table 1: Comparative statics. * > 0 for V' large enough.
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