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Kljkhu Hgxfdwlrq Vxevlglhv dqg Khwhurjhqhlw|

D G|qdplf Dqdo|vlv�

Hol}dehwk P1 Fdxfxww

Ghsduwphqw ri Hfrqrplfv/

Xqlyhuvlw| ri Urfkhvwhu1

Nulvkqd E1 Nxpdu

Pduvkdoo Vfkrro ri Exvlqhvv/

Xqlyhuvlw| ri Vrxwkhuq Fdoliruqld1

Mxqh 3;/ 4<<<

Devwudfw

Lq wklv sdshu/ zh ghyhors d vlpsoh g|qdplf jhqhudo htxloleulxp iudphzrun wkdw fdq eh xvhg wr

vwxg| lvvxhv lq kljkhu hgxfdwlrq srolf|1 Wkh prgho ihdwxuhv khwhurjhqhlw| lq lqfrph ri sduhqwv dqg

dfdghplf delolw| ri vwxghqwv1 Oltxlglw| frqvwudlqwv fuhdwh shuvlvwhqfh lq hgxfdwlrqdo dwwdlqphqw hyhq

zkhq delolw| lv lqghshqghqwo| glvwulexwhg1 D xqltxh vwhdg| vwdwh zlwk d srvlwlyh iudfwlrq ri froohjh

hgxfdwhg zrunhuv/ ru rqh zlwk d ghyhorsphqw wuds/ ru pxowlsoh vwhdg| vwdwhv zklfk ihdwxuh erwk ri

wkhvh/ fdq uhvxow lq htxloleulxp1 Zh dgg d jryhuqphqw wkdw lv htxlsshg zlwk d vlpsoh wd{ dqg vxevlg|

vfkhph dqg fdoleudwh wkh prgho wr wkh XV hfrqrp| wr jhw d ehqfkpdun iru rxu srolf| dqdo|vlv1 Wkh

jryhuqphqw fdq ghvljq d wd{ dqg vxevlg| vfkhph wkdw jxdudqwhhv htxdolw| ri rssruwxqlw|/ exw rqo|

dw wkh h{shqvh ri d ghfuhdvh lq wkh h!flhqf| ri xwlol}dwlrq ri hgxfdwlrq uhvrxufhv> wkh zhoiduh jdlq

lv plqlpdo1 D srolf| wkdw dlpv wr pd{lpl}h wkh iudfwlrq ri froohjh0hgxfdwhg oderu/ e| vhqglqj dv

pdq| fkloguhq dv srvvleoh wr froohjh/ uhvxowv lq d elj gurs lq wkh deryh0phqwlrqhg h!flhqf| zlwk

olwwoh ru qr zhoiduh jdlq1 Li wkh jryhuqphqw kdv wkh srolwlfdo zloo wr xvh dq| dydlodeoh vljqdo rq delolw|

dqg surylgh phulw0edvhg dlg/ lw fdq lqfuhdvh wklv h!flhqf| zlwk olwwoh ghfuhdvh lq zhoiduh1 Hgxfdwlrq

vxevlglhv pd| eh d srwhqw wrro iru frxqwulhv wkdw duh fdxjkw lq d ghyhorsphqw wuds> d vx!flhqw ohyho

ri vxevlg| fdq fdxvh wkh hfrqrp| wr hphujh iurp wkh wuds1

WHol}dehwk P1 Fdxfxww= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Urfkhvwhu/ Urfkhvwhu/ Q\ 4795:1 h0pdlo=

hfdxCwurl1ff1urfkhvwhu1hgx1 Nulvkqd E1 Nxpdu= Ilqdqfh dqg Exvlqhvv Hfrqrplfv/ Pduvkdoo Vfkrro ri Exvlqhvv/ KRK

:34/ XVF/ Orv Dqjhohv/ FD <33;<047541 h0pdlo= nenxpduCxvf1hgx1 Zh duh judwhixo wr Pdun Elov/ Jrugrq Gdko/ Mhuhp|

Juhhqzrrg/ D|vh Lpurkrurjox/ Vhor Lpurkrurjox/ Grxj Mrlqhv/ Odqfh Orfkqhu/ Mrkq Pdwvxvdnd/ Ixoylr Ruwx/ Ihuqdqgr

]dsdwhur/ dqg vhplqdu sduwlflsdqwv dw XVF/ XF0Ulyhuvlgh/ Xqlyhuvlw| ri Lrzd/ VXQ\0Ex�dor/ Xqlyhuvlw| ri Urfkhvwhu/

dqg XFOD iru wkhlu frpphqwv dqg vxjjhvwlrqv1



4 Lqwurgxfwlrq

Wkh fdvh iru lqfuhdvlqj wkh ohyho ri kljkhu hgxfdwlrq vxevlglhv lv uhshdwhgo| pdgh e| srolwlfldqv dqg

srolf| pdnhuv14 Wkh fxuuhqw ohyho ri vxevlglhv lv douhdg| txlwh vxevwdqwldo1 PfSkhuvrq dqg Vfkdslur

+4<<4, uhsruw wkdw ':/;6< ri wkh lqvwuxfwlrqdo frvw ri ';/:93 lq sxeolf xqlyhuvlwlhv lv vxevlgl}hg1 Lq

sulydwh lqvwlwxwlrqv/ ':/557 ri wkh frvw ri '45/99< lv vxevlgl}hg1 Prvw ri wkh zrun wr gdwh wr vwxg| wkh

hfrqrplfv ri kljkhu hgxfdwlrq vxevlglhv/ kdv ehhq hlwkhu ghvfulswlyh ru hpslulfdo15 Wkh frqwulexwlrqv ri

wklv sdshu duh wzrirog1 Iluvw/ zh ghyhors dqg dqdo|}h d vlpsoh g|qdplf jhqhudo htxloleulxp iudphzrun

wkdw prghov d sduhqw*v ghflvlrq wr vhqg d fklog wr froohjh1 Wkh prgho lv jhqhudo hqrxjk wr eh xvhixo lq

rwkhu frqwh{wv1 Vhfrqg/ zh fdoleudwh rxu prgho wr wkh XV hfrqrp|/ dqg frqgxfw vhyhudo h{shulphqwv wr

vwxg| wkh h�hfw ri hgxfdwlrq srolf| rq wklv ghflvlrq1 Zh ylhz rxu g|qdplf prgholqj dqg txdqwlwdwlyh

dssurdfk dv ehlqj frpsohphqwdu| wr prvw h{lvwlqj zrun lq wklv duhd1

Wkh fdvh iru vxevlgl}dwlrq lv xvxdoo| edvhg rq htxdolw| ri rssruwxqlw| +lpsurylqj wkh dffhvv ri srru

shrsoh wr froohjh hgxfdwlrq lq wkh idfh ri lqfuhdvlqj froohjh suhplxpv, dqg rq jurzwk h{whuqdolwlhv

+wkh qrwlrq wkdw hfrqrplf jurzwk ghshqgv rq wkh dyhudjh hgxfdwlrq ohyho ri wkh hqwluh zrunirufh/ wkxv

mxvwli|lqj vxevlgl}dwlrq e| wkh jryhuqphqw wr jhw kxpdq fdslwdo lqyhvwphqw wr h!flhqw ohyhov,16 Zh

ohdyh wkh lvvxh ri hfrqrplf jurzwk iru d ixwxuh h{whqvlrq ri rxu iudphzrun/ dqg irfxv khuh rq wkh

h!fdf| ri kljkhu hgxfdwlrq vxevlglhv zkhq wkh jryhuqphqw lv xqdeoh wr ixoo| revhuyh wkh srwhqwldo ri

vwxghqwv wr vxffhvvixoo| frpsohwh froohjh1

Zh ghyhors d vlpsoh ryhuodsslqj jhqhudwlrq prgho zlwk wzr shulrg olyhg djhqwv1 D oltxlglw| frq0

vwudlqhg sduhqw pdnhv wkh ghflvlrq ri zkhwkhu ru qrw wr lqfxu wkh frvw ri vhqglqj d fklog wr froohjh/

wdnlqj lqwr dffrxqw wkh fklog*v dfdghplf delolw|17 Wkh suredelolw| wkdw d fklog zkr lv vhqw wr froohjh zloo

vxffhvvixoo| judgxdwh ghshqgv srvlwlyho| rq wklv delolw|1 Wkh sduhqw lv khuvhoi hlwkhu d vfkrro hgxfdwhg

ru d froohjh hgxfdwhg zrunhu1 Wkh wzr w|shv ri zrunhuv duh lpshuihfw vxevwlwxwhv lq surgxfwlrq1 Zh

vwxg| lq ghwdlo wkh sduhqwdo ghflvlrq dqg wkh uhvxowlqj g|qdplfv/ dqg suryh wkh h{lvwhqfh dqg xqltxh0

qhvv ri htxloleulxp1 Wklv jlyhv xv frq�ghqfh lq wkh urexvwqhvv ri rxu vhwxs dqg doorzv xv wr ghylvh

vwudwhjlhv wr frpsxwh dqg fdoleudwh wkh prgho wr wkh XV hfrqrp|> zh wkhq frpsduh rxwfrphv xqghu

gl�huhqw srolf| uhjlphv uhodwlyh wr wklv ehqfkpdun1

Wkh oltxlglw| frqvwudlqw ohdgv wr shuvlvwhqfh lq kljkhu hgxfdwlrq dwwdlqphqw> fkloguhq zkrvh sduhqwv

duh froohjh hgxfdwhg duh wkhpvhoyhv pruh olnho| wr eh froohjh hgxfdwhg1 Wklv rffxuv hyhq wkrxjk wkh

dfdghplf delolw| ri fkloguhq lv lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg dfurvv erwk w|shv ri sduhqwv1

4Wkh vhqdwh uhfhqwo| dssuryhg d �kljkhu hgxfdwlrq eloo wkdw zloo fxw vwxghqw ordq udwhv wr wkh orzhvw ohyho lq qhduo| 53

|hduv dqg pdnh judqwv dydlodeoh wr orz0lqfrph vwxghqwv1� +Uhxwhuv qhzv uhsruw/ Vhswhpehu 63/ 4<<;1, �Wklv ohjlvodwlrq

pdunv dq lpsruwdqw vwhs iruzdug lq p| h�ruw wr khos pruh Dphulfdqv hqwhu wkh grruv ri froohjh/� Suhvlghqw Folqwrq

uhpdunhg1 D vhqdwru fdoohg lw wkh ��qdqfldo nh| wr xqorfn wkh grru wr kljkhu hgxfdwlrq1�

Wkh vdph uhsruw sodfhv dw '7;18 eloolrq/ wkh �qdqfldo dlg surylghg e| Zdvklqjwrq iru ;18 ploolrq vwxghqwv1 Wklv lv lq

dgglwlrq wr '549 ploolrq vshqw gluhfwo| iru froohjhv1
5Vhh/ iru lqvwdqfh/ PfSkhuvrq dqg Vfkdslur +4<<4,/ zklfk lv d frpsuhkhqvlyh ghvfulswlyh dqg hpslulfdo zrun/ dqg wkh

uhihuhqfhv wkhuhlq1
6Vhh PfSkhuvrq dqg Vfkdslur +4<<4, dqg Khfnpdq dqg Nohqrz +4<<:, iru dq hoderudwlrq ri hdfk ri wkhvh fdvhv1
7Zh ghihqg rxu dvvxpswlrq ri oltxlglw| frqvwudlqwv lq ghwdlo lq wkh qh{w vhfwlrq1
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Wkh prgho jlyhv ulvh wr wkuhh w|shv ri g|qdplf htxloleuld ghshqglqj rq wkh fxuydwxuh sdudphwhu

ri wkh xwlolw| ixqfwlrq +ru dowhuqdwho|/ wkh frvw ri hgxfdwlrq,= 41 d xqltxh vwhdg| vwdwh zlwk d srvlwlyh

iudfwlrq ri froohjh hgxfdwhg zrunhuv/ 51 rqh zlwk d ghyhorsphqw wuds/ dqg 61 pxowlsoh vwhdg| vwdwhv

zklfk ihdwxuh erwk ri wkhvh1 Wkh prgho wkxv kdv wkh srwhqwldo wr h{sodlq wkh eurdg glyhuvlw| lq

hgxfdwlrqdo dwwdlqphqw wkdw lv revhuyhg dfurvv frxqwulhv1

D ghyhorsphqw wuds rffxuv zkhq wkh lqlwldo iudfwlrq ri froohjh hgxfdwhg shrsoh lq wkh zrunirufh lv

wrr orz1 Wkh zdjhv ri wkh vfkrro hgxfdwhg zrunhuv duh wrr orz iru wkhp wr �qg lw sur�wdeoh wr vhqg wkhlu

fkloguhq wr froohjh1 Wklv uhvxowv lq d ghfuhdvh lq wkh iudfwlrq ri froohjh hgxfdwhg shrsoh qh{w shulrg/

zklfk ixuwkhu ghfuhdvhv wkh zdjhv ri vfkrro hgxfdwhg zrunhuv/ dqg uhlqirufhv wkh deryh0phqwlrqhg

ehkdylru1

Zh wkhq dgg d jryhuqphqw wkdw lv htxlsshg zlwk d vlpsoh wd{ dqg vxevlg| vfkhph/ dqg frqgxfw

vhyhudo srolf| h{shulphqwv1 Wkh oltxlglw| frqvwudlqw/ dqg wkh hqvxlqj shuvlvwhqfh lq dwwdlqphqw/ sur0

ylghv d qdwxudo mxvwl�fdwlrq iru vxevlglhv1 Zh dvvxph wkdw wkh jryhuqphqw/ xqolnh sduhqwv/ lv xqdeoh wr

revhuyh vwxghqw delolw|1 Dq dowhuqdwh lqwhusuhwdwlrq ri wkh prgho lv wkdw wkh jryhuqphqw fdq revhuyh

vwxghqw delolw|/ exw lv irufhg wr jlyh qhhg0edvhg/ udwkhu wkdq phulw0edvhg/ dlg ehfdxvh ri srolwlfdo frq0

vlghudwlrqv1 Wkxv/ froohjh vxevlglhv duh jlyhq rqo| wr fkloguhq ri vfkrro0hgxfdwhg sduhqwv/ dqg wkh ohyho

ri vxevlglhv lv frpprq wr doo1

Wkh jryhuqphqw fdq ghvljq d wd{ dqg vxevlg| vfkhph wkdw jxdudqwhhv htxdolw| ri rssruwxqlw|/

exw rqo| dw wkh h{shqvh ri d ghfuhdvh lq wkh h!flhqf| ri xwlol}dwlrq ri hgxfdwlrq uhvrxufhv1 Lqfuhdvhg

vxevlglhv dwwudfw lqiudpdujlqdo vwxghqwv dqg fdxvh dq lqfuhdvh lq wkh gursrxw udwh1 Wkh zhoiduh jdlq

wkdw frphv iurp lqfuhdvlqj wkh iudfwlrq ri shrsoh zlwk kljkhu pdujlqdo surgxfwlylw| lv plqlpdo/ rqfh

wkh qhjdwlyh h�hfw ri wd{hv gxulqj wkh wudqvlwlrq lv wdnhq lqwr dffrxqw1 D srolf| wkdw dlpv wr pd{lpl}h

wkh iudfwlrq ri froohjh0hgxfdwhg oderu e| vhqglqj dv pdq| fkloguhq dv srvvleoh wr froohjh uhvxowv lq d

elj gurs lq wkh deryh0phqwlrqhg h!flhqf| zlwk olwwoh ru qr zhoiduh jdlq1 Li wkh jryhuqphqw kdv wkh

srolwlfdo zloo wr xvh dq| dydlodeoh vljqdo rq delolw| dqg surylgh phulw0edvhg dlg/ lw fdq lqfuhdvh wklv

h!flhqf| zlwk olwwoh ghfuhdvh lq zhoiduh1

Hgxfdwlrq vxevlglhv pd| eh d srwhqw wrro iru frxqwulhv wkdw duh fdxjkw lq d ghyhorsphqw wuds1 D

vx!flhqw ohyho ri vxevlg| fdq fdxvh wkh hfrqrp| wr hphujh iurp wkh wuds dqg dovr doorz wkh jdlqv wr

eh uhdol}hg lq d wlpho| pdqqhu1

Hyhq wkrxjk wkh prgho lv xvhg khuh wr dqdo|}h kljkhu hgxfdwlrq vxevlglhv/ lw lv jhqhudo hqrxjk wr

dsso| wr rwkhu frqwh{wv1 Iru lqvwdqfh/ wkh khwhurjhqhlw| fdq eh lqwhusuhwhg dv sduwlflsdwlrq lq irupdo

dqg lqirupdo �qdqfldo vhfwruv/ zkhuh dq lqlwldo �{hg lqyhvwphqw lv uhtxluhg wr sduwlflsdwh lq wkh irupdo

vhfwru1 Rxwsxw lv ghwhuplqhg e| wkh fuhglw lqwhuphgldwhg e| erwk vhfwruv/ zlwk wkh irupdo vhfwru kdylqj

dq hgjh ryhu wkh lqirupdo rqh lq h{shfwhg surgxfwlylw|1 Wkh prgho*v g|qdplfv fdq wkhq eh xvhg wr

h{dplqh wkh hyroxwlrq ri �qdqfldo lqwhuphgldwlrq lq dq hfrqrp| dqg lwv ohyho ri ghyhorsphqw18

Lq dq devwudfw vhqvh/ wkhuh lv qr uhdvrq zk| wkh hgxfdwlrq prghohg khuh vkrxog eh frq�qhg wr kljkhu

hgxfdwlrq> lw fdq fdswxuh dq| surfhvv ri frvwo| kxpdq fdslwdo dffxpxodwlrq1 Lq idfw/ lq wkh frqwh{w

8Iru dq dqdo|vlv ri vlplodu lvvxhv vhh/ iru h{dpsoh/ Juhhqzrrg dqg Mrydqrylf +4<<3,1
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ri ghyhorsphqw wudsv wkh hgxfdwlrq prghohg khuh lv ehwwhu lqwhusuhwhg dv sulpdu| dqg vhfrqgdu|

hgxfdwlrq1 Wkdw lv/ oltxlglw| frqvwudlqhg sduhqwv lq yhu| srru hfrqrplhv gr qrw vhqg wkhlu fkloguhq wr

vfkrro/ ohw dorqh froohjh1 Krzhyhu/ wkh hpslulfdo dqfkru wr wkh prgho lv wkh lqwhusuhwdwlrq ri hgxfdwlrq

dv kljkhu hgxfdwlrq1 Wkh prgho lv fdoleudwhg wr XV gdwd rq froohjh suhplxp dqg froohjh dwwdlqphqw1 Iru

wkh XV/ dqg iru rwkhu ghyhorshg frxqwulhv/ wkh surfhvv ri hgxfdwlrq prghohg khuh lv ehwwhu lqwhusuhwhg

dv kljkhu hgxfdwlrq dqg wkh surgxfwlrq ixqfwlrq ghvfulehg ehorz lv frqvlvwhqw zlwk wkdw lqwhusuhwdwlrq1

Dv phqwlrqhg hduolhu/ wkhuh duh ihz dqdo|wlfdo vwxglhv ri kljkhu hgxfdwlrq vxevlglhv lq wkh olwhudwxuh1

Kdqxvkhn/ Fkhdk/ dqg Ohxqj +4<<:, xvh d vwdwlf prgho wr frpsduh hgxfdwlrqdo vxevlglhv wr rwkhu wd{0

wudqvihu vfkhphv lq dfklhylqj glvwulexwlrqdo remhfwlyhv1 Wkh| frqfoxgh wkdw wkhuh lv d uroh iru hgxfdwlrq

vxevlglhv rqo| zkhq wkhuh duh h{whuqdolwlhv lq surgxfwlrq1 Zlwkrxw h{whuqdolwlhv/ uhglvwulexwlrq wkurxjk

hgxfdwlrq lv lqihulru wr gluhfw zdjh vxevlglhv1 Zh duh pruh lqwhuhvwhg lq wkh lqwhudfwlrq ehwzhhq wxlwlrq

vxevlglhv dqg sduhqwdo lqfrphv +zklfk lv dq lpsruwdqw prwlydwlrq lq PfSkhuvrq dqg Vfkdslur +4<<4,

dv zhoo,/ wkdq lq uhglvwulexwlrq shu vh1 Lq rxu prgho/ hgxfdwlrq vxevlglhv duh lq nlqg dqg fdqqrw eh

gluhfwo| xvhg iru frqvxpswlrq1 Wkh prwlyh iru uhglvwulexwlrq lv qrw lqfuhdvlqj frqvxpswlrq iru wkh

srru dv pxfk dv lw lv wr hqfrxudjh lqyhvwphqw lq kljkhu hgxfdwlrq/ d qhfhvvdulo| g|qdplf lvvxh zklfk

fdqqrw eh dqdo|}hg lq wkh vwdwlf vhwxs ri Kdqxvkhn/ Fkhdk/ dqg Ohxqj +4<<:,1

Rxu prgho ehduv dq dqdo|wlfdo vlplodulw| wr Dqgudgh +4<<;,/ zkr xvhv d prgho zlwk wzr w|shv ri

djhqwv wr vwxg| lvvxhv rq jurzwk dqg lqhtxdolw|1 Zh vwxg| d gl�huhqw vhw ri lvvxhv/ dqg dvvxph wkdw

hgxfdwlrqdo h{shqglwxuh lv �{hg dv rssrvhg wr ydu|lqj1 Kh grhv qrw prgho khwhurjhqhlw| lq delolw|/ d

ihdwxuh wkdw lv fhqwudo wr rxu dqdo|vlv1

Khfnpdq dqg Nohqrz +4<<:, dgguhvv wkh lvvxh ri hpslulfdoo| dvvhvvlqj wkh ghjuhh ri h{whuqdolwlhv

lq surgxfwlrq dqg kxpdq fdslwdo dffxpxodwlrq wkdw duh qhhghg wr mxvwli| fxuuhqw ohyhov ri vxevlglhv1

Wkh| �qg wkdw wkh vrfldo pdujlqdo surgxfw ri kxpdq fdslwdo jdlqhg iurp froohjh hgxfdwlrq kdv wr eh

63( kljkhu wkdq wkh sulydwh rqh1 Zh ohdyh wkh wkhruhwlfdo dqdo|vlv ri vxevlglhv xqghu h{whuqdolwlhv

dqg jurzwk wr ixwxuh zrun dqg vwxg| d pruh edvlf lvvxh ri krz vxevlglhv d�hfw kljkhu hgxfdwlrqdo

dwwdlqphqw zkhq wkhuh lv khwhurjhqhlw| lq lqfrph dqg delolw|1

Dq hduo| lq xhqfh rq prgholqj jhqhudo hgxfdwlrqdo lqyhvwphqw zlwk oltxlglw| frqvwudlqwv dqg khw0

hurjhqhlw| lq lqfrph lv wkh zrun e| Orxu| +4<;4,1 Lq klv prgho/ delolw| pdwwhuv rqo| iru surgxfwlrq/

dqg hyhq sduhqwv gr qrw nqrz wkh fklog*v delolw| zkloh lqyhvwlqj lq khu hgxfdwlrq1 Lq rxu edvlf prgho/

delolw| pdwwhuv rqo| iru froohjh frpsohwlrq/ dqg sduhqwv duh dzduh ri wkh fklog*v dfdghplf delolw| zkloh

ghflglqj zkhwkhu wr vhqg khu wr froohjh1 Wklv gl�huhqfh kdv lpsruwdqw srolf| lpsolfdwlrqv1 Lq Orxu|*v

prgho lw lv srvvleoh wr ghvljq uhglvwulexwlyh srolflhv wkdw pdnh doo sduhqwv ehwwhu r� lq dq h{ dqwh vhqvh1

Vlqfh sduhqwv duh xqdzduh ri wkh fklog*v delolw| zkloh lqyhvwlqj/ uhglvwulexwlrq fdq surylgh lqvxudqfh

� srolflhv wkdw ghfuhdvh wkh vsuhdg ri lqfrph glvwulexwlrq zloo eh idyruhg e| doo sduhqwv/ ulfk ru srru1

Surylglqj lqvxudqfh lv qrw wkh sulpdu| prwlyh iru vxevlglhv kdyh lq rxu vhwxs> wkh dlp lv wr lqgxfh

sduwlflsdwlrq wkurxjk dq lqfrph h�hfw1 Ulfk sduhqwv ehfrph zruvh r� xqghu uhglvwulexwlrq/ hyhq zkhq

dq djjuhjdwh phdvxuh ri zhoiduh lqfuhdvhv1 Lq idfw/ zkhq wkhuh duh rssrvlwh h�hfwv rq wkh zhoiduh ri

wkh ulfk dqg wkh srru/ lw lv qrw fohdu zkdw wkh uljkw phdvxuh ri djjuhjdwh zhoiduh lv> wklv lv rqh ri

wkh uhdvrqv zh dovr frqvlghu d srvlwlyh phdvxuh ri hgxfdwlrq h!flhqf|1 Hyhq li zrunlqj delolw| zhuh
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prghohg lq rxu iudphzrun/ zh zrxog h{shfw lw wr eh vwurqjo| fruuhodwhg zlwk dfdghplf delolw|1 Wr

wkhq suhvxph wkdw sduhqwv kdyh qr nqrzohgjh ri d fklog*v zrunlqj delolw| zkloh pdnlqj wkh lqyhvwphqw

ghflvlrq zrxog qrw eh uhdvrqdeoh1

Dqdo|wlfdoo|/ rxu prgho gl�huv iurp Orxu|*v lq lwv �{hg hgxfdwlrqdo lqyhvwphqw dqg olplwhg khw0

hurjhqhlw|/ zklfk pdnhv lw vlpsohu rq vrph glphqvlrqv dv zhoo dv pruh uhdglo| dssolfdeoh wr lvvxhv

lq kljkhu hgxfdwlrq vxevlglhv dqg wkh froohjh zdjh suhplxp1 Rxu prgho lv dovr uhdglo| dphqdeoh wr

wudqvlwlrqdo dqdo|vlv1 Lq klv prgho/ hgxfdwlrqdo lqyhvwphqw ydulhv zlwk lqfrph/ dqg wkhuh lv d frqwlq0

xrxv glvwulexwlrq ri hduqlqjv> wkh irfxv lv rq wkh vwdwlrqdu| glvwulexwlrq wkdw dulvhv iurp d Pdunryldq

wudqvlwlrq ixqfwlrq19

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh suhvhqw wkh edvlf prgho zlwkrxw wkh

jryhuqphqw1 Wkh prgho lv fkdudfwhul}hg lq vhfwlrq 61 Wkh jryhuqphqw lv lqwurgxfhg lq vhfwlrq 7/ zkhuh

zh dovr glvfxvv wkh fdoleudwlrq vwudwhj| dqg wkh srolf| h{shulphqwv1 Vhfwlrq 8 frqfoxghv wkh sdshu1

5 Wkh Prgho Hfrqrp|

514 Ghprjudsklfv

Wkh hfrqrp| lv srsxodwhg e| d frqwlqxxp ri wzr0shulrg olyhg djhqwv lq dq ryhuodsslqj jhqhudwlrqv

vhwxs1 Wkh vl}h +phdvxuh, ri hdfk jhqhudwlrq lv qrupdol}hg wr rqh1 Djhqwv duh fkloguhq lq wkh �uvw

shulrg dqg sduhqwv lq wkh vhfrqg1 Fkloguhq frpsohwh vfkrrolqj dqg vrph ri wkhp zloo jr rq wr dwwhqg

froohjh1 Zh gr qrw prgho wkh vfkrrolqj ghflvlrq1 Krzhyhu/ wkh sduhqwdo ghflvlrq wr vhqg d vfkrrohg

fklog wr froohjh lv fhqwudo wr wkh prgho1 Zh wkxv wdnh wkh vwdqfh wkdw wkh hgxfdwlrq ghflvlrq kdv d

vwurqj lqwhujhqhudwlrqdo dvshfw wr lw1 Vxfk d vwdqfh vhhpv hpslulfdoo| ydolg1: Wklv lv lq frqwudvw wr d

vwudwhj| zkhuh wkhuh lv qr lqwhujhqhudwlrqdo frqqhfwlrq dqg vwxghqwv eruq zlwkrxw hqgrzphqwv �qdqfh

wkhlu rzq hgxfdwlrq lq d shuihfw fuhglw pdunhw1

Vfkrro dv zhoo dv froohjh hgxfdwhg fkloguhq hqwhu wkh oderu srro lq wkh vhfrqg shulrg ri wkhlu olyhv1

Dw wklv srlqw hdfk dgxow zrunhu ehfrphv d sduhqw/ kdv d vfkrrohg fklog/ dqg wkh hfrqrp| frqwlqxhv1 D

sduhqw ghulyhv xwlolw| iurp khu frqvxpswlrq dqg iurp khu fklog*v xwlolw|1 Wkhuhiruh/ dowuxlvp surylghv

wkh lqwhujhqhudwlrqdo olqndjh1 Zh zloo xvh �ulfk� dqg �froohjh hgxfdwhg� lqwhufkdqjhdeo|/ dv zh zloo

�srru� dqg �vfkrro hgxfdwhg�/ wkurxjkrxw wkh sdshu1

515 Sduhqwv* Hgxfdwlrq Sureohp

Hdfk sduhqw idfhv d ghflvlrq ri zkhwkhu wr vhqg khu fklog wr froohjh1 Fkloguhq gl�hu lq wkhlu delolw|

wr frpsohwh froohjh1 Zh dvvxph wkdw/ frqglwlrqdo rq ehlqj vhqw wr froohjh/ d fklog zlwk delolw| d

frpsohwhv froohjh zlwk suredelolw| � +d,1 Zlwk suredelolw| +4� � +d,,/ wkh fklog gursv rxw ri froohjh

9Krzhyhu/ lw vkrxog eh srvvleoh wr xvh wkh frpsxwdwlrqdo whfkqltxhv ri Nuxvhoo dqg Vplwk +4<<;, wr frqgxfw wudqvlwlrqdo

dqdo|vlv rq Orxu|*v prgho1
:Vhh/ iru lqvwdqfh/ Wdeoh 80: lq PfSkhuvrq dqg Vfkdslur +4<<4,1 Iru d sduwlfxodu vdpsoh wkh| dqdo|}h/ sduhqwv* sulfh

ryhu jurvv frvw udqjhg iurp 4<17( wr ;;15(1 Dv d shufhqwdjh ri wkh idplo| frvw/ zklfk qhwv rxw vfkroduvklsv/ judqwv/ dqg

vwxghqw ordqv iurp wkh jurvv frvw/ wkh �jxuh lv qrw ohvv wkdq 98( dqg iru vrph lqfrph jurxsv lv dv kljk dv <8(1
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dqg hqwhuv wkh vfkrrohg oderu irufh luuhvshfwlyh ri wkh qxpehu ri |hduv vkh kdv dwwhqghg froohjh1 Sduwldo

froohjh hgxfdwlrq lv xvhohvv lq wklv prgho1 Wklv doo0ru0qrwklqj dvshfw wr froohjh hgxfdwlrq olplwv wkh

khwhurjhqhlw| lq hgxfdwlrq ohyhov/ dqg wkhuhiruh lqfrph/ wr wzr w|shv1;

Dvvxpswlrq 4= d 5 ^3> 4`1 3 9 �+d, 9 4/ �
�

+d, A 3/ ;d1 �+3, @ 31 Wkh delolw| ri wkh fklog lv ixoo|

revhuyhg e| wkh sduhqw/ exw qrw rwkhuv +lqfoxglqj wkh jryhuqphqw/ zklfk zh zloo lqwurgxfh lq Vhfwlrq

7,1 �

Wkh deryh lqirupdwlrqdo dvvxpswlrq fdswxuhv wkh lghd wkdw d sduhqw/ e| vshqglqj pruh wlph zlwk

khu fklog wkdq dq|rqh hovh grhv/ lv lq d ehwwhu srvlwlrq wr revhuyh wkh fklog*v delolw|1 Ohw I +�, ghqrwh
wkh glvwulexwlrq ixqfwlrq iru delolw| rq wkh vxssruw ^3> 4`/ dqg i +�, wkh fruuhvsrqglqj ghqvlw| ixqfwlrq1

Wkh glvwulexwlrq lv lghqwlfdo dfurvv w|shv dqg zlwklq sduhqwv ri wkh vdph w|sh1 Doo delolw| gudzv duh

lqghshqghqw ri hdfk rwkhu1 Lq wklv vhfwlrq/ zh dvvxph wkdw wkh frvw ri froohjh hgxfdwlrq lv wkh vdph

iru doo fkloguhq1 Vhqglqj d fklog wr froohjh lqyroyhv d uhdo frvw ri h xqlwv ri frqvxpswlrq1

Dvvxpswlrq 5= D sduhqw fdqqrw eruurz wr �qdqfh khu fklog*v froohjh hgxfdwlrq1< �

Lqfrpsohwhqhvv lq wkh kxpdq fdslwdo pdunhw/ rq dffrxqw ri wkh prudo kd}dug lqkhuhqw lq wkh surfhvv

ri dffxpxodwlrq dqg sureohpv ri hqirufhphqw/ lv d zlgho| dffhswhg dvvxpswlrq1 Vhh/ iru h{dpsoh/ wkh

glvfxvvlrq lq Ehfnhu +4<<4,/ ss1 57:07;1 Krzhyhu/ Khfnpdq dqg Nohqrz +4<<:, flwh hylghqfh iurp

Fdphurq dqg Khfnpdq +4<<;, dv uhdvrq wr eh vnhswlfdo rq wkh suhydohqfh ri oltxlglw| frqvwudlqwv1

Wkhuhiruh/ rxu uhdvrqv iru frqwlqxlqj wr dvvxph wkdw sduhqwv duh oltxlglw| frqvwudlqhg duh zruwk qrwlqj1

Iluvw/ Fdphurq dqg Khfnpdq �qg wkdw wkh dyhudjh ghulydwlyh ri suredelolwlhv ri vfkrrolqj wudqvlwlrq

zlwk uhvshfw wr idplo| lqfrph ghfuhdvhv lq pdjqlwxgh zkhq d sur{| iru delolw|/ wkh DITW vfruh/ lv

frqwuroohg iru1 Edvhg rq wklv hylghqfh/ wkh| vxjjhvw wkdw orqj whup idplo| fkdudfwhulvwlfv wkdw d�hfw

wkh DITW vfruhv duh pruh lpsruwdqw wkdq vkruw whup oltxlglw| frqvwudlqwv1 Lq prvw ri wkh htxloleulxp

rxwfrphv ri rxu prgho zlwk oltxlglw| frqvwudlqwv/ wkh prvw deoh ri wkh srru fkloguhq dwwhqg froohjh/ mxvw

dv wkh prvw deoh ri wkh ulfk fkloguhq1 Lq rwkhu zrugv/ frqglwlrqlqj rq delolw| orzhuv wkh ghshqghqfh

rq lqfrph ri wkh hquroophqw ghflvlrq hyhq lq rxu prgho/ zklfk lv txdolwdwlyho| frqvlvwhqw zlwk wkh

hylghqfh lq Fdphurq dqg Khfnpdq1 Vhfrqg/ lq vslwh ri frqwuroolqj iru DITW vfruhv dqg idplo|

fkdudfwhulvwlfv rwkhu wkdq lqfrph/ wkh| �qg srvlwlyh dqg vljql�fdqw ydoxhv iru wkh deryh0phqwlrqhg

dyhudjh ghulydwlyhv1 Wklug/ lw vhhpv kljko| xqolnho| wkdw wkh idplo| fkdudfwhulvwlfv duh xqfruuhodwhg

zlwk lqfrph1 Dv orqj dv wkhuh lv lqfrpsohwh elrorjlfdo wudqvplvvlrq ri idplo| fkdudfwhulvwlfv/ dqg wkhuh

lv d ghduwk ri vrflr0hfrqrplf prghov lq zklfk idplo| fkdudfwhulvwlfv dqg lqfrph duh mrlqwo| ghwhuplqhg/

;Wkh dvvxpswlrq wkdw qrw doo vwxghqwv zkr hqwhu froohjh frpsohwh lw vxffhvvixoo| lv hpslulfdoo| mxvwl�hg1 RHFG +4<<:,

uhsruwv wkdw whuwldu| qrq0frpsohwlrq udwhv lq RHFG frxqwulhv udqjhg iurp 9( wr 97( ri wkrvh zkr zhuh hquroohg lq

froohjh +ss1 <6,1 Hyhq zkhq wkh kljk ohyhov ri vxevlglhv lq wkhvh frxqwulhv duh wdnhq lqwr dffrxqw/ wkhvh gurs0rxw udwhv

vhhp vljql�fdqw1 Lq idfw/ lq vhfwlrq 7 zh fdoleudwh wkh prgho wr eh eurdgo| frqvlvwhqw zlwk XV gursrxw udwhv1
<Zlwk wklv dvvxpswlrq/ wkh sulydwh lqirupdwlrq dvshfw lq Dvvxpswlrq 4 grhv qrw kdyh dq| elwh lq wkh sulydwh vhfwru

hfrqrp|1 Lw zloo pdwwhu zkhq zh lqwurgxfh wkh jryhuqphqw1

Dovr/ zh gr qrw h{solflwo| prgho wkh prudo kd}dug lqyroyhg lq wkh surfhvv ri kxpdq fdslwdo dffxpxodwlrq wkdw fdxvhv

wkh lqfrpsohwhqhvv ri pdunhwv lq wkh �uvw sodfh1 Wklv kdv wr eh eruqh lq plqg zkloh lqwhusuhwlqj zhoiduh phdvxuhv1 Wkh

surfhvv ri frpsohwlrq ri wkh pdunhw e| wkh jryhuqphqw fdq lqfuhdvh wkh prudo kd}dug dqg ghfuhdvh zhoiduh1
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lw vhhpv suhpdwxuh wr hqwluho| glvplvv prghov zlwk oltxlglw| frqvwudlqwv1 Irxuwk/ lq vslwh ri oltxlglw|

frqvwudlqwv/ rxu prgho uhwdlqv wkh srolf| lpsolfdwlrqv ri Fdphurq dqg Khfnpdq*v vwxg| wkdw srolflhv

wkdw udlvh idplo| lqfrph dwwudfw orzhu delolw| vwxghqwv lqwr froohjh/ dqg ljqrulqj khwhurjhqhlw| lq

delolwlhv lv olnho| wr ryhuvwdwh wkh jdlqv ri vxfk srolflhv143 Ilqdoo|/ dv Khfnpdq dqg Nohqrz qrwh/ �wkh

devhqfh ri dq| frqylqflqj hylghqfh rq oltxlglw| frqvwudlqwv pd| eh d frqvhtxhqfh ri wkh jhqhurvlw| ri

h{lvwlqj surjudpv1� Prgholqj oltxlglw| frqvwudlqwv fdq khos rqh wr vwuxfwxudoo| hydoxdwh wkh irufh ri

wkhvh frqvwudlqwv lq wkh idfh ri vxevlglhv/ wkrxjk/ dgplwwhgo|/ dvvxplqj wkdw wkh| dozd|v dsso| +dv zh

gr, lv d elw h{wuhph1

Wkh jrrgv frvw +�wxlwlrq�, ri h lv wkh rqo| frvw ri kljkhu hgxfdwlrq1 Ljqrulqj wkh rssruwxqlw| frvw

ri iruhjrqh hduqlqjv/ dq lpsruwdqw frpsrqhqw ri wkh frvw ri hgxfdwlrq/ lv qrw olnho| wr eh d vhulrxv

rplvvlrq iru sxusrvhv ri vwxg|lqj wkh h!fdf| ri kljkhu hgxfdwlrq vxevlglhv1 Dv qrwhg e| Khfnpdq

dqg Nohqrz +4<<;,/ wkh jryhuqphqw vxevlgl}hv rqo| wkh gluhfw frvw ri froohjh/ qrw wkh rssruwxqlw| frvw

idfhg e| vwxghqwv144

Ohw wkh iudfwlrq +phdvxuh, ri froohjh hgxfdwhg shrsoh hqwhulqj wkh oderu irufh dw dq| wlph eh ghqrwhg

e| qS1 Wklv lv wkh rqo| djjuhjdwh vwdwh yduldeoh lq wklv hfrqrp|1 Ohw zS +qS, ghqrwh wkh zdjh hduqlqjv

ri d froohjh hgxfdwhg sduhqw dv d ixqfwlrq ri wkh djjuhjdwh vwdwh qS/ dqg ohw zr +qS, ghqrwh wkh zdjh

ri d vfkrro hgxfdwhg sduhqw1 Frqvlghu d sduhqw ri w|sh l/ +l @ f> v,/ zkr kdv wkh jrrg +loo, iruwxqh ri

kdylqj d fklog ri delolw| d1 Wklv oltxlglw| frqvwudlqhg sduhqw fdq ghflgh wr ixuwkhu hgxfdwh wkh +douhdg|

vfkrrohg, fklog lq froohjh e| h{shqglqj h/ ru qrw hgxfdwh wkh fklog dq| ixuwkhu dqg lqfxu qr frvw1 Ohw

Y� +d>qS, eh wkh ydoxh ri wklv sduhqw zkr rswlpdoo| ghflghv zkhwkhu ru qrw wr vhqg khu fklog wr froohjh1

Zh kdyh lqfoxghg wkh djjuhjdwh vwdwh qS/ lq dgglwlrq wr wkh lqglylgxdo vwdwh d/ dv dq dujxphqw ri wkh

ydoxh ixqfwlrq/ wr kljkoljkw wkh uroh lw sod|v lq sduhqwdo ghflvlrqv1 Wklv sduhqw*v Ehoopdq htxdwlrq lv=

Y�+d>qS, @ pd{Scrix+z�+qS,� h, . �
�
�+d,H@�YS+d

�>q�S, . +4� �+d,,H@�Yr+d
�>q�S,

�
>

x+z�+qS,, . �H@�Yr+d
�>q�S,j> l @ f> v= +4,

Khuh/ H@�Y�+d
�>q�S, @

U �
f Y�+d�>q�S,gI

�
d
�

�
/ l @ f> v> lv wkh fklog*v h{shfwhg xwlolw|/ zklfk ghshqgv rq

zkhwkhu wkh fklog hqwhuv dgxowkrrg dv d froohjh hgxfdwhg ru d vfkrro hgxfdwhg zrunhu1 Khqfhiruwk/ zh

zloo ghqrwh wklv txdqwlw| e| HY�
�
q
�

S

�
1 Zh wdnh � wr eh dq lqwhujhqhudwlrqdo glvfrxqw +dowuxlvp, idfwru1

Wkh ghflvlrq lv ehwzhhq vhqglqj wkh fklog wr froohjh +f, dqg ohwwlqj wkh fklog uhpdlq vfkrro hgxfdwhg

+v,1 Wkh djjuhjdwh vwdwh wkdw zloo suhydlo zkhq wkh fklog hqwhuv wkh oderu irufh lv ghqrwhg e| q�S1 Zh

dvvxph wkdw doo sduhqwv srvlw wkdw wkh djjuhjdwh vwdwh iroorzv wkh odz ri prwlrq=

q
�

S @ �+qS, > +5,

zklfk wkh| dvvxph wr eh rxwvlgh wkhlu frqwuro1 Vlqfh wkhuh duh qr djjuhjdwh vkrfnv lq wklv hfrqrp|/

43Vhh wkhlu glvfxvvlrq lq ss1 64506461
44D wuds lv pruh olnho| zkhq e +ru j� lv kljk1 Wkh srruhvw frxqwulhv duh olnho| wr kdyh d kljk frvw ri hgxfdwlrq uhodwlyh

wr lqfrph1 Kljkhu hgxfdwlrq/ hvshfldoo|/ lv d fdslwdo lqwhqvlyh dfwlylw| +lq erwk kxpdq fdslwdo dqg sk|vlfdo fdslwdo vxfk

dv oderudwru| htxlsphqw/ frpsxwhuv/ dqg vwuxfwxuhv,> wkh dydlodelolw| ri fkhds oderu lv wkhuhiruh xqolnho| wr eulqj grzq

wkh frvw ri hgxfdwlrq lq srru frxqwulhv1
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wklv lv d ghwhuplqlvwlf ixqfwlrq1 Sduhqwv wkxv wdnh wkh fxuuhqw dqg ixwxuh zdjhv dv jlyhq lq vroylqj

wkhlu rswlpl}dwlrq sureohp1 Zh dvvxph d vwdqgdug xwlolw| ixqfwlrq/ zlwk x
�

A 3/ dqg x
��

? 31

Ehiruh surfhhglqj wr ghvfuleh surgxfwlrq lq wklv hfrqrp|/ zh qrwh wzr dvshfwv ri lqwhujhqhudwlrqdo

wudqvplvvlrq dv zh kdyh prghohg lw1 Zh kdyh dvvxphg wkdw d fklog*v delolw| lv lqghshqghqw ri khu

sduhqw*v delolw|1 Wklv lv wkh uhdvrq zh fdq zulwh wkh h{ dqwh h{shfwhg xwlolw| dv d ixqfwlrq ri wkh

djjuhjdwh vwdwh dorqh1 Zh duh wkxv irfxvlqj rq wkh lqwulqvlf delolw| wkdw zrxog khos fkloguhq frpsohwh

froohjh dqg duh ljqrulqj dq| elrorjlfdo wudqvplvvlrq ri delolw| iurp sduhqw wr fklog1 Zkhq zh fdoleudwh

wkh prgho dqg frqgxfw srolf| h{shulphqwv/ zh xvh gl�huhqw suredelolw| ixqfwlrqv iru wkh fkloguhq ri

froohjh dqg vfkrro hgxfdwhg sduhqwv/ �S +d, A �r +d,/ ; d � ^3> 4`1 Wklv doorzv xv wr prgho wkh dgydqwdjhv

wkdw fkloguhq ri ulfk sduhqwv kdyh iurp kljkhu txdolw| sulpdu| dqg vhfrqgdu| vfkrrolqj/ dqg fdswxuhv

rqh glphqvlrq ri shuvlvwhqfh1 Vhfrqg/ lq rxu vhwxs rqo| hgxfdwlrqdo ehtxhvwv duh srvvleoh1 Zh vshfxodwh

rq wkh h�hfwv ri dgglqj sk|vlfdo fdslwdo ehtxhvwv lq wkh �qdo vhfwlrq1

516 Surgxfwlrq dqg Zdjhv

Lq wkh hduolhu vxevhfwlrq zh dvvxphg wkdw sduhqwv wrrn fxuuhqw dqg ixwxuh zdjhv ri froohjh dqg vfkrro

hgxfdwhg oderu dv jlyhq1

Dvvxpswlrq 6= Zh dvvxph wkdw zS +qS, lv vwulfwo| ghfuhdvlqj/ zr +qS, lv vwulfwo| lqfuhdvlqj/ dqg

zS +qS, A zr +qS,/ ; qS � ^3> 4`1 �

Wkh uhvxowv gr qrw pdwhuldoo| ghshqg rq zS A zr kroglqj xqlirupo| lq wkh lqwhuydo ^3> 4`> wkh dvvxpswlrq

lv pdgh sxuho| iru frqyhqlhqfh1 Hyhq li wklv lqhtxdolw| grhv qrw krog lq wkh hqwluh lqwhuydo/ htxloleulxp

frqvlghudwlrqv ghpdqg wkdw zh irfxv dwwhqwlrq rq wkh lqwhuydo ^3> qS,> qS ? 4> lq zklfk zS A zr1 Vlqfh

froohjh hgxfdwlrq xvhv uhdo uhvrxufhv/ sduhqwv zloo vhqg wkhlu fkloguhq wr froohjh rqo| li wkh| dqwlflsdwh

froohjh0hgxfdwhg zdjh wr eh kljkhu1 Li dw dq| wlph zS ? zr lv dqwlflsdwhg/ qr rqh zloo eh vhqw wr froohjh/

zklfk zloo pdnh wkh qh{w shulrg froohjh zdjh yhu| kljk dqg lqgxfh froohjh hquroophqw1

Zh qrz prwlydwh rqh surgxfwlrq vwuxfwxuh wkdw |lhogv zdjh ixqfwlrqv zlwk wkh deryh surshuwlhv1

Vxssrvh �upv lq wkh hfrqrp| pdqxidfwxuh d vlqjoh frqvxpswlrq jrrg xvlqj vfkrro dqg froohjh hgxfdwhg

oderu dv glvwlqfw lqsxwv1 Wkh surgxfwlrq ixqfwlrq lv frqvwdqw uhwxuqv wr vfdoh1 Wkhuhiruh/ zh dvvxph d

vlqjoh surgxfwlrq �up wkdw pdqxidfwxuhv wkh jrrg dffruglqj wr wkh FHV vshfl�fdwlrq=

\ @ D ^� +QS . �Qr,
D . +4� �,+Qr . %QS,

D `
�

D > +6,

zkhuh 3 ? %> � ? 4> dqg � � �1 Wkh �uvw whup zlwklq wkh vtxduh eudfnhwv fdq eh wkrxjkw ri dv �eudlq�

dqg wkh vhfrqg whup dv �eudzq�145 QS lv wkh qxpehu ri froohjh hgxfdwhg zrunhuv hpsor|hg e| wkh �up/

zkloh Qr lv wkh qxpehu ri vfkrro hgxfdwhg zrunhuv hpsor|hg1 Froohjh hgxfdwhg zrunhuv duh wkh sulpdu|

vxssolhuv ri �eudlq� +wkh zhljkw ri vfkrro hgxfdwhg zrunhuv lq wklv idfwru/ �/ lv forvh wr }hur/ dqg lv

lqfoxghg pdlqo| iru wkh whfkqlfdo uhdvrq ri nhhslqj zdjhv erxqghg,1 Erwk w|shv ri zrunhuv frqwulexwh

wrzdug �eudzq�1 Vlqfh jrlqj wr froohjh fdq wdnh dzd| wlph wkdw rqh frxog kdyh vshqw ghyhorslqj rqh*v

elfhsv/ hdfk xqlw ri froohjh hgxfdwhg oderu lv dvvxphg wr frqwulexwh ohvv wr �eudzq� wkdq grhv d xqlw ri
45Wkh whuplqrorj| lv lqvsluhg e| Vwrnh| +4<<9,1

:



vfkrro hgxfdwhg oderu � khqfh wkh idfwru % ? 4 wkdw pxowlsolhv QS lq wkh vhfrqg whup ri wkh surgxfwlrq

ixqfwlrq1 Wklv surgxfwlrq ixqfwlrq fdswxuhv wkh qrwlrq wkdw froohjh hgxfdwhg zrunhuv fdq gr +doprvw,

doo wkdw vfkrro hgxfdwhg zrunhuv fdq gr/ dqg pruh1 Qrwh wkdw wkh phuh hpsor|phqw ri QS zrunhuv

frqwulexwhv wr �eudlq� dqg �eudzq� � wkhuh lv qr ghflvlrq lqyroyhg rq wkh sduw ri wkhvh zrunhuv lq

ghyrwlqj wlph wr rqh dfwlylw| yhuvxv wkh rwkhu1 Vlpsoh pdqlsxodwlrq ri wkh pdujlqdo surgxfwv |lhogv

d vx!flhqw frqglwlrq wkdw jxdudqwhhv kljkhu zdjhv iru froohjh0hgxfdwhg zrunhuv lq wkh hqwluh lqwhuydo

^3> 4`= % A
�

�3w
E�3��w

� �

�3v

=46 Wkh frh!flhqw ri vnloohg oderu lq wkh surgxfwlrq ri �eudzq� vkrxog eh kljk

hqrxjk wr jxdudqwhh wkdw vnloohg zdjh lv dozd|v kljkhu1 Vlqfh wkh pdujlqdo surgxfw ri froohjh hgxfdwhg

oderu lv dozd|v kljkhu wkdq wkdw ri vfkrro hgxfdwhg oderu/ rxwsxw lv pd{lpl}hg zkhq qS lv pd{lpl}hg1

Wklv frpsohwhv wkh ghvfulswlrq ri wkh hfrqrp|1

6 Fkdudfwhul}dwlrq ri wkh Prgho

614 Sduhqwv* Ghflvlrq Uxohv

Zh ehjlq e| fkdudfwhul}lqj wkh ehkdylru ri sduhqwv1 Hdfk w|sh ri sduhqw kdv wr pdnh wkh ghflvlrq ri

zkhwkhu ru qrw wr vhqg khu fklog wr froohjh/ jlyhq wkh fklog*v delolw| d +lqglylgxdo vwdwh, dqg qS wkh

djjuhjdwh vwdwh1 Ohw F� +qS, eh wkh vhw ri lqwhuydov vxfk wkdw d sduhqw ri w|sh l vhqgv khu fklog wr froohjh

li d ehorqjv wr dq| ri wkh vhw*v hohphqwv1 Zh dvvxph wkdw li d sduhqw lv lqgl�huhqw ehwzhhq wkh wzr

rswlrqv/ vkh zloo fkrrvh wkh froohjh rswlrq1 Lq wkh dsshqgl{/ zkhuh doo uhvxowv duh ghulyhg ru suryhg/

zh vkrz wkh iroorzlqj uhvxow1

Ohppd 4 Lq dq| htxloleulxp lq zklfk sduhqwv ehkdyh rswlpdoo|/ iru dq| qS 5 ^3> 4`/ HYS +qS, A

HYr +qS,1

Wkh deryh lqwxlwlyh ohppd dvvhuwv wkdw froohjh hgxfdwhg sduhqwv fdqqrw jhw orzhu h{ dqwh xwlolw|

wkdq wkh vfkrro hgxfdwhg sduhqwv rq dyhudjh1 Iurp wkh sduhqwv* sureohp lq +4,/ lw lv fohdu wkdw wkh

rswlrq ri qrw vhqglqj wkh fklog wr froohjh |lhogv d ydoxh wkdw lv lqghshqghqw ri wkh fklog*v delolw|/ d1

Jlyhq dvvxpswlrq 4 dqg wkh deryh ohppd/ lw lv dovr fohdu wkdw wkh ydoxh ri vhqglqj wkh fklog wr froohjh

lv lqfuhdvlqj lq d1 Lw lv wkhuhiruh lqwxlwlyh wr h{shfw wkh sduhqw*v ghflvlrq wr h{klelw d wkuhvkrog +ru

uhvhuydwlrq, delolw| ehkdylru1 Wklv lqwxlwlrq lv irupdol}hg lq wkh iroorzlqj ohppd1

Ohppd 5 Iru dq| jlyhq qS/ wkhuh h{lvw xqltxh dW� +qS, 5 +3> 4`/ l @ f> v/ vxfk wkdw d sduhqw ri w|sh l

vhqgv khu fklog wr froohjh li d A dW� +qS,/ dqg grhv qrw rwkhuzlvh1 Wkdw lv/ F� +qS, lv wkh vlqjohwrq vhw

i^dW� +qS, > 4`j1

Zkhq zh glvfxvv wkh sduhqwv* sureohpv/ zh uhdoo| qhhg wr zulwh dW� +qS> �,1 Vlqfh � lv wkh odz ri

prwlrq iru qS wkdw sduhqwv srvlw/ wkhlu ghflvlrq uxoh zrxog ghshqg rq wklv ixqfwlrq1 Krzhyhu/ iru wkh

46Wkh hduqlqj ixqfwlrq lq Orxu| +4<;4,/ zkhuh hduqlqjv srvlwlyho| ghshqg rq hgxfdwlrqdo lqyhvwphqw dqg delolw|/ fdq

eh ylhzhg dv d uhgxfhg irup ri wkh surgxfwlrq ixqfwlrq zh frqvlghu1

;



vdnh ri qrwdwlrqdo frqyhqlhqfh zh zloo eh h{solflw derxw wklv rqo| zkhq devroxwho| qhfhvvdu|1 Iru d

sduhqw zkrvh fklog lv dw wkh wkuhvkrog delolw|/ zh fdq h{dplqh wkh wzr rswlrqv ri +4, dqg zulwh=

��+dW� +qS,,
�
HYS

�
q
�

S

�
�HYr

�
q
�

S

��
9 x+z�+qS,,� x+z�+qS,� h,> +7,

zlwk htxdolw| li dW� +qS, ? 41 Wklv h{suhvvlrq vd|v wkdw iru wkh pdujlqdoo| deoh fklog/ wkh glvfrxqwhg

ehqh�w ri jrlqj wr froohjh lv h{dfwo| htxdo wr wkh xwlolw| frvw ri froohjh hgxfdwlrq1 Vhqglqj dq| fklog

zkr lv pruh deoh zloo uhvxow lq wkh sduhqw ehqh�wlqj e| pruh wkdq wkh xwlolw| frvw1 Lw lv qrw zruwk wkh

sduhqw*v xwlolw| frvw wr vhqg dq| fklog zkr lv ohvv deoh1 Li wkh deryh krogv dv dq lqhtxdolw| hyhq zkhq

dW� +qS, @ 4/ hyhq wkh prvw deoh fklog zloo qrw eh vhqw wr froohjh1 Wkdw lv/ qr sduhqw ri w|sh l vhqgv khu

fklog wr froohjh1 Lw lv frqyhqlhqw wr lqwurgxfh qhz qrwdwlrq iru d ihz h{suhvvlrqv wkdw zh zloo iuhtxhqwo|

hqfrxqwhu1 Gh�qh=

�+qS, � HYS +qS,�HYr +qS, +8,

j� +qS, � x+z�+qS,,� x+z�+qS,� h,= +9,

�+qS, lv wkh ehqh�w ri vhqglqj d fklog wr froohjh dv d ixqfwlrq ri wkh djjuhjdwh vwdwh +dqg khqfh frpprq

wr erwk sduhqw w|shv,/ dqg j� +qS, > l @ f> v/ lv wkh xwlolw| frvw ri d sduhqw ri w|sh l ri vhqglqj d fklog

wr froohjh147 Iurp wkh surgxfwlrq ixqfwlrq +6, dqg wkh frqfdylw| ri x/ zh rewdlq j
�

S +qS, A 3 dqg

j
�

r +qS, ? 31 H{suhvvlrq +7, fdq qrz eh zulwwhq dv ��+dW� +qS,,� +� +qS,, 9 j� +qS,1

Jlyhq dvvxpswlrq 6/ lw vhhpv uhdvrqdeoh wr h{shfw wkdw wkh ulfkhu froohjh hgxfdwhg sduhqwv fdq

d�rug wr vhqg hyhq fkloguhq ri orzhu delolw| wr froohjh zkloh wkh srruhu vfkrro hgxfdwhg sduhqwv fdq

d�rug wr vhqg rqo| kljkhu delolw| fkloguhq wr froohjh1 Zh wkhuhiruh kdyh wkh iroorzlqj uhvxow1

Ohppd 6 Lq dq| htxloleulxp lq zklfk sduhqwv ehkdyh rswlpdoo| dqg vrph froohjh hgxfdwlrq rffxuv/

dWS +qS, ? dWr +qS,/ iru qS 5 ^3> 4`1 Lw dovr iroorzv wkdw dWS +qS, ? 41

Wklv ohppd fdq eh ylhzhg dv d uhvxow rq shuvlvwhqfh1 Wkdw lv/ fkloguhq zkrvh sduhqwv duh froohjh0

hgxfdwhg duh wkhpvhoyhv pruh olnho| wr eh froohjh hgxfdwhg/ d slhfh ri hylghqfh wkdw lv riwhq phqwlrqhg1

Zh jhw wklv uhvxow hyhq wkrxjk delolw| lv l1l1g1/ rq dffrxqw ri wkh oltxlglw| frqvwudlqw sduhqwv idfh lq

�qdqflqj froohjh hgxfdwlrq dqg fxuydwxuh ri wkh xwlolw| ixqfwlrq148

615 Gh�qlwlrq ri Htxloleulxp

Zh duh qrz lq d srvlwlrq wr gh�qh dq htxloleulxp1

47\ fdq eh wkrxjkw ri dv wkh �frvwdwh� ri wklv g|qdplf v|vwhp1 Jlyhq wkh glvfuhwh qdwxuh ri wkh khwhurjhqhlw|/ lw lv

frqyhqlhqw wr dqdo|}h wkh v|vwhp lq whupv ri wklv �frvwdwh� hyhq wkrxjk wkh sureohp lv vwdwhg lq uhfxuvlyh udwkhu wkdq

vhtxhqwldo irup1
48Wklv uhvxow lv qrw xqh{shfwhg1 Orxu|*v +4<;4, dvvxpswlrq wkdw hgxfdwlrq lv d qrupdo jrrg lpsolhv shuvlvwhqfh lq

lqfrph lq klv prgho1

<



Gh�qlwlrq 4 D frpshwlwlyh htxloleulxp lv d froohfwlrq ri ixqfwlrqv z�+qS,/ dW� +qS,/ l @ f> v/ �+qS,/

dqg �+qS,/ rq ^3> 4`/ vxfk wkdw=

� Jlyhq z�+qS,/ �+qS,/ dqg �+qS,/ dW� +qS, vroyhv wkh froohjh ghflvlrq sureohp ri sduhqw l1 Wkdw lv/

+7, lv vdwlv�hg1

� Jlyhq zdjhv/ wkh �up pd{lpl}hv sur�wv1 Wkdw lv/ erwk w|shv ri zrunhuv duh sdlg wkhlu pdujlqdo

surgxfwv1

� Wkh oderu pdunhw fohduv1 Wkdw lv/ QS @ qS/ dqg Qr @ 4� qS1

� �+qS, lv frqvlvwhqw zlwk sduhqwdo ghflvlrqv1 Wkdw lv/ HYS+qS, dqg HYr+qS, vdwlvi| wkh htxdwlrq

v|vwhp=

HYS+qS, @

] @W
S
E?S�

f

�
x+zS+qS,, . �HYr+q

�

S,
�
gI +d, .] �

@W
S
E?S�

�
x+zS+qS,� h, . ��+d,HYS+q

�

S, . �+4� �+d,,HYr+q
�

S,
�
gI +d, >

HYr+qS, @

] @W
r
E?S�

f

�
x+zr+qS,, . �HYr+q

�

S,
�
gI +d, .] �

@W
r
E?S�

�
x+zr+qS,� h, . ��+d,HYS+q

�

S, . �+4� �+d,,HYr+q
�

S,
�
gI +d, > +:,

zkhuh/ q�S lv jlyhq e| �+qS,1

� �+qS, lv frqvlvwhqw zlwk sduhqwdo ghflvlrqv1 Wkdw lv/ wkh odz ri prwlrq iru qS +wkh wudqvlwlrq

ixqfwlrq, vdwlv�hv=
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Gh�qlwlrq 5 D vwhdg| vwdwh lv d frpshwlwlyh htxloleulxp zlwk qS @ qWS 5 ^3> 4`/ zklfk vdwlv�hv

�+qWS, @ qWS 1

Rq d vwhdg| vwdwh/ wkh zdjhv/ uhvhuydwlrq delolwlhv/ h{shfwhg xwlolwlhv/ dqg wkh iudfwlrq +phdvxuh, ri

froohjh hgxfdwhg sduhqwv duh doo frqvwdqw ryhu wlph1 Dqdo|wlfdoo|/ d vwhdg| vwdwh lv �{hg srlqw ri wkh

wudqvlwlrq ixqfwlrq �1

616 G|qdplfv

Lq wkh dsshqgl{/ zh ghulyh wkh iroorzlqj htxdwlrq e| pdqlsxodwlqj wkh htxdwlrq v|vwhp +:,=
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{+qS, � ^I +dWS+qS,,x+zS+qS,, . +4� I +dWS+qS,,,x+zS+qS,� h,`�
^I +dWr+qS,,x+zr+qS,, . +4� I +dWr+qS,,,x+zr+qS,� h,`= +43,

Htxdwlrq +<, kdv dq htxloleulxp Hxohu htxdwlrq lqwhusuhwdwlrq/ dqg lv wkh fhqwudo uhodwlrqvkls fkdudf0

whul}lqj wkh prgho1 Khuh/ { lv h{wud frqwhpsrudqhrxv +h{ dqwh/ h{shfwhg, xwlolw| d froohjh hgxfdwhg

sduhqw jhwv/ wdnlqj lqwr dffrxqw wkh hqgrjhqrxv uhvsrqvh ri wkh kljkhu zdjh hduqlqj froohjh sduhqw

kdylqj d kljkhu suredelolw| ri vhqglqj d fklog wr froohjh +uhfdoo Ohppd 6,1 Wkh ydoxh ri ehlqj froohjh

hgxfdwhg kdv wzr frpsrqhqwv � d frqwhpsrudqhrxv xwlolw| jdlq dqg d glvfrxqwhg ixwxuh ydoxh1 Li xwlolw|

lv olqhdu/ wkh xwlolw| frvw iru erwk w|shv ri sduhqwv lv wkh vdph1 Htxdwlrq +7, wkhq lpsolhv wkdw dWr @ dWS /

dqg wkh vhfrqg whup rq wkh uljkw kdqg vlgh ri +<, ydqlvkhv1 Wkdw lv/ wkh rqo| dgydqwdjh ri ehlqj froohjh

hgxfdwhg lv wkh juhdwhu xwlolw| uhvxowlqj iurp kljkhu zS1 Exw iru d frqfdyh xwlolw| ixqfwlrq/ wkh vhfrqg

whup lv srvlwlyh � wkhuh lv dq dgglwlrqdo jdlq wkdw uhvxowv iurp wkh sduhqw ehlqj deoh wr vhqg pruh ri

khu fkloguhq wr froohjh/ pruh wkdq d vfkrro hgxfdwhg sduhqw zloo eh deoh wr1 Wkh glvfrxqwhg ydoxh iurp

wkhvh dgglwlrqdo froohjh hgxfdwhg fkloguhq ihhgv lqwr wrgd|*v ydoxh1 Wklv lv zkdw pdnhv wkh sduhqw*v

sureohp wuxo| g|qdplf1

Zh uhshdw wkh htxdwlrqv uhvxowlqj iurp +7,=

��+dWS +qS,,� +� +qS,, @ jS +qS, +44,

��+dWr +qS,,� +� +qS,, 9 jr +qS, > z=h=l dWr +qS, ? 4= +45,

Htxdwlrqv +;, wkurxjk +45, duh irxu ixqfwlrqdo htxdwlrqv lq wkh irxu ixqfwlrqv �/ �/ dWS / dqg dWr1 Zh fdq

fkdudfwhul}h wkh g|qdplfv ri wkh hfrqrp| e| fkdudfwhul}lqj wkhvh irxu ixqfwlrqv1 Zkhq qS lv uhsodfhg

e| qWS >zh jhw irxu htxdwlrqv lq irxu vwhdg| vwdwh txdqwlwlhv1

Wkh htxdwlrq +<, lv dq htxloleulxp h{suhvvlrq/ zlwk wkh delolw| wkuhvkrogv dqg wkh wudqvlwlrq ixqfwlrq

ehlqj hqgrjhqrxv txdqwlwlhv1 Wkhuh lv qr reylrxv uhdvrq zk| wkh ixqfwlrqdo htxdwlrq vkrxog kdyh d

vroxwlrq1 Vlqfh zh fdqqrw uhodwh wklv v|vwhp ri ixqfwlrqdo htxdwlrqv wr dq| h{lvwlqj vhwxs/ zh suryh

+lq wkh dsshqgl{,/ e| surylglqj uhdvrqdeoh frqglwlrqv/ wkdw d xqltxh vroxwlrq h{lvwv wr wklv v|vwhp1

Wr vlpsoli| wkh dojheud lqyroyhg/ zh vshfldol}h wr wkh fdvh ri d olqhdu suredelolw| ixqfwlrq +�+d, @ d,

dqg xqlirup glvwulexwlrq ri delolw| +I +d, @ d,1 Wkhvh vlpsoli|lqj dvvxpswlrqv duh dovr frqvlvwhqw zlwk

djqrvwlflvp uhjduglqj wkhvh gluhfwo| xqrevhuydeoh ixqfwlrqv149

Vlqfh zS+qS, lv d ghfuhdvlqj ixqfwlrq/ lw vhhpv uhdvrqdeoh wr h{shfw wkh h{wud ydoxh rewdlqhg e|

ehlqj froohjh hgxfdwhg/ �/ wr dovr eh d ghfuhdvlqj ixqfwlrq +surylghg �+qS, lv lqfuhdvlqj dqg wkh

hqgrjhqrxv uhvsrqvh ri dWS dqg dWr gr qrw fdxvh shuyhuvh h�hfwv lq wkh frqwhpsrudqhrxv h{wud xwlolw|

{,1 Zh/ wkhuhiruh/ zrun lq wkh vsdfh ri zhdno| ghfuhdvlqj ixqfwlrqv dqg vwxg| wkh pdsslqj W gh�qhg

e|=

W�+qS, @ {+qS, .

%
�

] @W
r
E?S�

@W
S
E?S�

�+d, gI +d,

&
�+�+qS,,>

49Wkhvh dvvxpswlrqv dovr lpso| wkdw wkh iudfwlrq ri froohjh hquroohhv zkr duh vxffhvvixo lv erxqghg e| �*21 +Wklv iroorzv
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lq frqmxqfwlrq zlwk +;,/ +44,/ dqg +45,1

Zkhq qS lqfuhdvhv/ lw fdq eh vhhq iurp +44, wkdw dWS +qS, lqfuhdvhv1 Wkh xwlolw| frvw ri vhqglqj d

fklog wr froohjh +wkh uljkw kdqg vlgh, lqfuhdvhv zlwk qS/ zkloh wkh ehqh�w � ghfuhdvhv +surylghg wkh

dqwlflsdwhg vwdwh wrpruurz/ �+qS, lv lqfuhdvlqj,1 Wklv lq wxuq fdxvhv wkh uhvhuydwlrq delolw| iru wkh

pdujlqdo sduhqw wr lqfuhdvh1 Krzhyhu/ iru wkh vfkrro hgxfdwhg sduhqw/ wkh wzr h�hfwv zrun lq rssrvlwh

gluhfwlrqv1 Zkhq qS lqfuhdvhv/ wkh xwlolw| frvw ghfuhdvhv/ h{huwlqj d grzqzdug suhvvxuh rq dWr +qS, +wkh

lqfrph h�hfw,> � ghfuhdvhv/ zklfk fdxvhv wkh sduhqw wr vkliw dzd| iurp wkh fklog*v froohjh hgxfdwlrq

lqwr shuvrqdo frqvxpswlrq/ h{huwlqj dq xszdug suhvvxuh rq dWr +qS, +wkh vxevwlwxwlrq h�hfw,1 Lq wkh

dsshqgl{/ zh surylgh vx!flhqw frqglwlrqv wr hqvxuh wkdw wkh lqfrph h�hfw lv vwurqj hqrxjk uhodwlyh wr

wkh vxevwlwxwlrq h�hfw/ wkh wudqvlwlrq ixqfwlrq lqfuhdvhv/ dqg wkh deryh0phqwlrqhg shuyhuvh h�hfw lq {

lv dyrlghg1 Wkhvh frqglwlrqv doorz xv wr suryh wkh iroorzlqj wkhruhp1

Wkhruhp 4 Wkh htxloleulxp pdsslqj/ W/ lv d frqwudfwlrq1 D xqltxh vroxwlrq wr wkh ixqfwlrqdo htxd0

wlrqv +;, wkurxjk +45,/ dqg khqfh d xqltxh frpshwlwlyh htxloleulxp h{lvwv1

Wr surylgh d vkdus fkdudfwhul}dwlrq ri wkh g|qdplfv/ zh vshfldol}h wr wkh lvrhodvwlf +FUUD, xwlolw|

ixqfwlrq=

x +f, @
f�3j

4� �
> � A 3>

zlwk wkh � @ 4 fdvh lqwhusuhwhg dv orj +f,1 Zh zdqw wr dujxh wkdw wkh fxuydwxuh sdudphwhu/ �> sod|v

dq lpsruwdqw uroh lq wkh w|shv ri htxloleuld wkdw zh fdq rewdlq1 Lw lv/ wkhuhiruh/ xvhixo wr frqvlghu

wkh olqhdu xwlolw| fdvh/ x +f, @ f> �uvw1 Dv phqwlrqhg deryh/ lq wklv fdvh dWr @ dWS / dqg wkhuh lv qr uhdo

g|qdplfv1

Sursrvlwlrq 4 +Olqhdu Xwlolw|,= Zkhq � @ 3> wkhuh lv d xqltxh vwhdg| vwdwh zklfk lv uhdfkhg lq d

vlqjoh vwhs1

Rqfh zh suryh wkh h{lvwhqfh dqg xqltxhqhvv ri htxloleulxp/ zh uho| rq frpsxwdwlrqv wr fkdudfwhul}h

wkh w|shv ri g|qdplf htxloleuld wkdw rewdlq � wkdw lv/ wkh vkdsh ri wkh wudqvlwlrq ixqfwlrq wkdw uhvxowv1

Wkh h�hfw ri wkh dvvxpswlrqv pdgh rq wkh lqfrph dqg vxevwlwxwlrq h�hfwv lv vxfk wkdw �+�+qS,,

ghfuhdvhv dw d vorzhu udwh wkdq grhv jr +qS,1 Li iru dq| eqS/ dWr + eqS, @ 4/ wkdw lv/ ��+�+ eqS,, ? jr + eqS,/

wkhq lw iroorzv wkdw dWr +qS, @ 4/ ; qS ? eqS1 Lq wkh lqwhuydo zkhuh qr vfkrro0hgxfdwhg sduhqw vhqgv d

fklog wr froohjh/ wkh wudqvlwlrq ixqfwlrq lv=

�+qS, @ qS

] �

@W
S
E?S(x�

�+d,gI +d, ? qS=

Judsklfdoo|/ wkh wudqvlwlrq ixqfwlrq lv d vwudljkw olqh wkdw olhv ehorz wkh 78J olqh1 Dq| hfrqrp| wkdw

vwduwv rxw lq wklv uhjlrq zloo dv|pswrwlfdoo| uhdfk wkh ruljlq1 Wklv idfw lv xvhixo lq glvfxvvlqj wkh

ehkdylru ri wkh hfrqrp| lq wkh qhljkerukrrg ri qS @ 31

Lw lv khosixo wr glvwlqjxlvk dprqj wkuhh fdvhv iru wkh fxuydwxuh sdudphwhu �/ �kljk�/ �orz�/ dqg

�phglxp� zkloh glvfxvvlqj wkh w|shv ri g|qdplf htxloleuld1

45



� �Orz� �= Iru d jlyhq vhw ri surgxfwlrq sdudphwhuv/ zkhq � lv orz wkh xwlolw| frvw ri vfkrro

hgxfdwhg sduhqwv lv orz hyhq zkhq qS @ 3 +qrwh wkdw wkh zdjhv ri vfkrro hgxfdwhg sduhqwv duh

kljkhvw zkhq qS @ 4 dqg orzhvw zkhq qS @ 3,1 Vfkrro hgxfdwhg sduhqwv zloo dozd|v vhqg wkhlu

fkloguhq wr froohjh/ �+qS, lv frqfdyh dqg lqwhuvhfwv wkh 78 ghjuhh olqh rqfh1 D xqltxh vwhdg|

vwdwh zlwk d srvlwlyh qWS rewdlqv1

� �Phglxp� �= Iru lqwhuphgldwh ydoxhv ri �/ dWr +qS, @ 4/ iru orz ydoxhv ri qS1 Rqfh wkh vfkrro

hgxfdwhg sduhqw*v zdjh ehfrphv kljk hqrxjk +wkdw lv/ qS ehfrphv odujh hqrxjk,/ dWr +qS, ? 4/

�+qS, lqfuhdvhv dw d udslg udwh wr furvv wkh 78 ghjuhh olqh/ dqg wkhq ehfrphv frqfdyh djdlq wr

uh0lqwhuvhfw wkh 78 ghjuhh olqh1 Wkhuh duh wkuhh vwhdg| vwdwhv/ }hur dqg wzr srvlwlyh vwhdg| vwdwhv/

zlwk wkh orzhu ri wkh wzr srvlwlyh vwhdg| vwdwhv ehlqj xqvwdeoh1

� �Kljk� �= Zkhq � lv kljk/ wkh xwlolw| frvw ri vfkrro hgxfdwhg sduhqwv lv yhu| kljk1 Vfkrro

hgxfdwhg sduhqwv zloo hlwkhu qhyhu vhqg wkhlu fkloguhq wr froohjh ru vwduw vhqglqj wkhp wr froohjh

rqo| iru kljk zdjhv1 Wkh lqfuhdvh lq wkh iudfwlrq ri froohjh hgxfdwhg oderu lv orz hqrxjk wr fdxvh

�+qS, ? qS lq wkh hqwluh lqwhuydo lq wklv fdvh1 Wkh rqo| srvvleoh vwhdg| vwdwh wkhq lv qWS @ 31

Wkdw lv/ d ghyhorsphqw wuds rewdlqv1

Wkh g|qdplf ehkdylru ri wkh hfrqrp| durxqg wkh ruljlq lv jryhuqhg pdlqo| e| wkh xwlolw| frvw ri

vfkrro hgxfdwhg udwkhu wkdq froohjh hgxfdwhg sduhqwv1 Ulfk sduhqwv dozd|v vhqg d srvlwlyh iudfwlrq ri

wkhlu fkloguhq wr froohjh dqg hvshfldoo| vr zkhq wkhlu zdjhv duh yhu| kljk +qS $ 3,1 Exw jlyhq wkdw wkh|

duh d yhu| vpdoo iudfwlrq ri wkh oderu irufh zkhq qS lv lq wkh ylflqlw| ri 3/ wkhlu ehkdylru pdwwhuv olwwoh

wr wkh g|qdplfv ri wkh hfrqrp|1 Zkhwkhu wkh iudfwlrq ri froohjh hgxfdwhg zrunhuv frqwlqxhv wr jurz

lq wkh ylflqlw| ri qS @ 3/ dqg li vr zkhwkhu lw jurzv dw d udwh wkdw fdq vxvwdlq d orqj uxq htxloleulxp

zlwk d srvlwlyh iudfwlrq ri vxfk zrunhuv/ ghshqg rq wkh ehkdylru ri wkh srru sduhqwv1

Wkhvh wkuhh w|shv ri htxloleuld fdq dovr eh looxvwudwhg zlwk frqvwdqw � exw ydu|lqj frvw h1 Lqfuhdvlqj

hlwkhu zrxog kdyh wkh h�hfw ri lqfuhdvlqj wkh xwlolw| frvw jr +qS, > hvshfldoo| lq wkh ylflqlw| ri qS @ 31 Lw lv

fohdu wkdw wkh �{hg qdwxuh ri wkh jrrgv frvw ri hgxfdwlrq lv uhvsrqvleoh iru wkh wuds1 Rqh frxog hqylvlrq

dq dowhuqdwh vhwxs lq zklfk wkh wlph frvw ri dq rog djhqw +wkh �whdfkhu�, lv wkh frvw ri hgxfdwlrq1 Li

wkh whdfkhu lv wkh sduhqw ri wkh fklog khuvhoi/ wkh frvw ri hgxfdwlqj wkh srru zrxog eh yhu| orz zkhq

wkh zdjhv ri wkh srru duh orz/ dqg d wuds lv ohvv olnho| rewdlq1 Krzhyhu/ li wkh frvw ri hgxfdwlqj wkh

fklog lv wkh wlph frvw ri d vnloohg zrunhu/ zklfk vhhpv d orw pruh uhdolvwlf/ d wuds zrxog frqwlqxh wr

rewdlq1 Lq idfw/ wkh vlwxdwlrq zrxog eh h{dfhuedwhg vlqfh wkh zdjhv ri wkh vnloohg duh kljkhvw zkhq wkh

zdjhv ri wkh xqvnloohg duh dw wkhlu orzhvw1

Lq Vhfwlrq 7/ zh h{soruh zkhwkhu d vlpsoh wd{ dqg vxevlg| srolf| fdq qxgjh dq hfrqrp| rxw ri d

wuds htxloleulxp1

617 Frpsxwdwlrq

Wkh htxdwlrqv wkdw ghvfuleh wkh g|qdplfv ri wkh v|vwhp duh kljko| qrq0olqhdu/ zklfk olplwv wkh h{whqw

ri dqdo|wlfdo fkdudfwhul}dwlrq zh fdq surylgh1 Zh xvh qxphulfdo dojrulwkpv wr frpsxwh dqg pruh
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frpsohwho| fkdudfwhul}h wkh prgho1 D ghwdlohg rxwolqh ri wkh dojrulwkp xvhg iru frpsxwdwlrq lv surylghg

lq wkh dsshqgl{1 Lq wklv vxevhfwlrq zh surylgh rqo| d v|qrsvlv1

Dv phqwlrqhg hduolhu/ htxdwlrqv +;, wkurxjk +45, duh irxu ixqfwlrqdo htxdwlrqv lq wkh irxu ixqfwlrqv

�/ �/ dWS / dqg dWr1 Wkh frpsxwdwlrq lqyroyhv dq lwhudwlrq vfkhph wr �qg wkh �{hg srlqwv ri wkh wudqvlwlrq

ixqfwlrq �> dqg wkh frvwdwh �1 Vxssrvh sduhqwv wdnh dv jlyhq wkhvh ixqfwlrqv1 Wkhq iru dq| jlyhq vwdwh

qS/ wkh| fdq vroyh iru dWr +qS, dqg dWS +qS,1 +Zkhq +45, krogv zlwk lqhtxdolw|/ dWr +qS, lv vhw wr 41, Wkhvh

uhvhuydwlrq delolwlhv fdq eh xvhg lq +;, wr xsgdwh �/ dqg lq +<, wr xsgdwh � wr eh xvhg lq wkh qh{w

lwhudwlrq1 Lq sudfwlfh/ zh xvh Fkhe|vkhy dssur{lpdwlrq dqg lqwhusrodwlrq dqg frpsxwh wkh ixqfwlrqv

� dqg � dw d glvfuhwh vhw ri julg srlqwv lq ^3> 4`14: Vhh Mxgg +4<<;, iru ghwdlov rq wklv phwkrg1

618 Qxphulfdo H{dpsohv

Zh srvwsrqh lvvxhv rq fdoleudwlrq dqg sdudphwhuv fkrvhq xqwlo wkh qh{w vhfwlrq +zkhuh zh glvfxvv wkh

vxevlglhv wkdw duh qhfhvvdu| wr pdwfk XV gdwd,/ dqg suhvhqw qxphulfdo h{dpsohv khuh zlwk wkh vroh

sxusrvh ri looxvwudwlqj wkh wkuhh w|shv ri htxloleulxp phqwlrqhg deryh1 Wkh odfn ri vxevlglhv h{sodlqv

wkh kljkhu wkdq uhdolvwlf vnloo suhplxpv1 Zh nhhs wkh surgxfwlrq dqg suredelolw| ixqfwlrqv �{hg dqg

ydu| rqo| �/ wkh fxuydwxuh ri wkh xwlolw| ixqfwlrq1 Wkh uhvxowlqj vwhdg| vwdwhv duh vkrzq lq wkh iroorzlqj

Wdeoh 41

Wdeoh 4

Vwhdg| vwdwhv zlwk gl�huhqw �

� qWS dWS dWr zW

S@z
W

r \

513 +�Orz�, 1577 137< 1:95 5139 17:7

5198 +�Phglxp�, 143; 1338 1<4< 6178 16<;

5198 1387 1334 1<96 71;< 167;

5198 1333 1333 41333 43155 1597

713 +�Kljk�, 1333 1333 41333 43155 1597

4:Wkhuh duh fdvhv zkhuh @W
r
' � iru dq lqwhuydo ri ?S1 Wklv fdxvhv x dqg \ wr eh nlqnhg dw wkh srlqw zkhuh @W

r
ehfrphv

	 �1 Wkh Fkhe|vkhy phwkrg kdv d whqghqf| wr vprrwk rxw ixqfwlrqv dqg plvv rxw rq vxfk nlqnv1 Vr/ zh xvhg d orw

pruh julg srlqwv wkdq lv qrupdoo| xvhg zlwk wklv phwkrg1 IRUWUDQ surjudpv xvhg wr frpsxwh qxphulfdo vroxwlrqv duh

dydlodeh iurp wkh dxwkruv xsrq uhtxhvw1
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Zkhq � @ 5 +�orz� �,> zh jhw d xqltxh srvlwlyh vwhdg| vwdwh1 Iljxuhv 4 wkurxjk 7 judsk �/ dWS / d
W

r/

zS/ zr dqg �/ dv ixqfwlrqv ri qS iru wklv fdvh1 Khuh/ lq wkh orqj uxq derxw 57( ri wkh oderu irufh lv

froohjh hgxfdwhg/ wkh ulfk vhqg durxqg <8( ri wkhlu fkloguhq wr froohjh dqg wkh srru vhqg forvh wr 57(

ri wkhlu fkloguhq wr froohjh1
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Zkhq � @ 5=98 +�phglxp� �,> zh jhw wkh vhfrqg w|sh ri htxloleulxp/ zlwk d orz +qWS @ 3, dv zhoo

dv d kljk +qWS @ 3=43;, vwhdg| vwdwh1 Wkh plggoh + hqS @ 3=387, vwhdg| vwdwh lv dq xqvwdeoh rqh1 Li dq

hfrqrp| vwduwv zlwk dq qS ? hqS/ wkh orz vwhdg| vwdwh lv uhdfkhg1 Iru dq| rwkhu vwduwlqj ydoxh iru qS/

wkh kljkhu vwhdg| vwdwh lv uhdfkhg1 Qrwh wkdw dWr vwd|v dw 4 iru d eulhi lqwhuydo qhdu wkh ruljlq1 Iljxuhv

8 wkurxjk ; vkrz wkh ixqfwlrqv iru wklv fdvh1
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Ilqdoo|/ zkhq � @ 7 +kljk �,/ zh jhw wkh wklug w|sh ri htxloleulxp1 Wkh rqo| vwhdg| vwdwh lv d

�wuds�/ zlwk qWS @ 3/ wr zklfk wkh hfrqrp| frqyhujhv/ qr pdwwhu zkhuh lw vwduwv +Iljxuhv < wkurxjk

451,1 Wkh lqwhuydo lq zklfk dWr @ 4 lv pxfk zlghu1

7 Wkh Jryhuqphqw dqg Kljkhu Hgxfdwlrq Srolf|

Wkxv idu/ zh kdyh vwxglhg wkh ehkdylru ri dq hfrqrp| zlwk rqo| sulydwh djhqwv1 Wklv fkdudfwhul}dwlrq

lv hvvhqwldo wr xqghuvwdqglqj wkh srolf| dqdo|vlv wkdw lv frqgxfwhg lq wklv vhfwlrq1 Dv phqwlrqhg hduolhu/

wkh dvvxpswlrq rq sulydwh lqirupdwlrq derxw d fklog*v delolw| kdv qr ehdulqj rq wkh sulydwh hfrqrp|/

vlqfh wkh sduhqw lv oltxlglw| frqvwudlqhg dq|zd|1 Qr wudgh ru h{fkdqjh lv d�hfwhg e| wkh sulydwh

lqirupdwlrq1 Exw lw zloo pdwwhu zkhq wkh jryhuqphqw lv lqwurgxfhg1

Lq wklv prgho/ wkh ulfk sduhqwv duh pruh olnho| wr vhqg wkh fklog wr froohjh wkdq wkh srru rqh +vhh

Ohppd 6,1 Wkhuhiruh/ lq d oltxlglw| frqvwudlqhg hfrqrp|/ ohvv deoh ulfk fkloguhq duh vhqw wr froohjh/

4:



zkloh pruh deoh srru fkloguhq gr qrw jhw wkh rssruwxqlw| wr jr wr froohjh1 Iru lqvwdqfh/ lq wkh �uvw urz

ri Wdeoh 4/ wkh pdujlqdo srru fklog kdv d suredelolw| ri vxffhvv ri 83(/ zkloh wkh ulfk fklog kdv rqo| d

44( fkdqfh ri judgxdwlqj1 Wklv zloo fhuwdlqo| eh wkh fdvh iru �S @ �r @ �/ dv dvvxphg lq wkh suhylrxv

vhfwlrq1 Hyhq li �S +d, A �r +d,/ surylghg wkh gl�huhqfh lv qrw wrr odujh/ �S +dWS, ? �r +dWr, zloo rewdlq1
4;

Li djjuhjdwh hgxfdwlrqdo h!flhqf| lv phdvxuhg dv wkh dprxqw ri uhvrxufhv lqyhvwhg shu vwxghqw zkr

vxffhvvixoo| frpsohwhv froohjh/ wkh ixoo| sulydwh hfrqrp| pljkw qrw surylgh dq h!flhqw rxwfrph1 Wkdw

lv/ e| uhgluhfwlqj uhvrxufhv iurp hgxfdwlqj wkh pdujlqdoo| deoh ulfk fkloguhq wr wkh pruh deoh srru

fkloguhq/ lw zrxog vhhp wkdw hgxfdwlrqdo h!flhqf| +wkrxjk qrw qhfhvvdulo|/ djjuhjdwh zhoiduh, zrxog

eh lpsuryhg1 Wklv phdvxuh lv dovr olnho| wr lpsuryh htxdolw| ri rssruwxqlw|1 Wkxv d qdwxudo srolf|

wkdw wkh jryhuqphqw frxog frqvlghu lq wklv vhwxs lv wkh vxevlgl}dwlrq ri wkh srru fkloguhq1

Wklv lv zkhuh wkh lqirupdwlrqdo dvvxpswlrq kdv dq h�hfw1 Vlqfh wkh jryhuqphqw fdqqrw revhuyh wkh

delolw| ri srru fkloguhq/ lw zloo kdyh wr vxevlgl}h doo srru fkloguhq wr wkh vdph h{whqw � lw fdqqrw lqgh{

wkh vxevlg| wr wkh fklog*v delolw|1 Wkdw lv/ doo srru sduhqwv idfh d orzhu frvw ri froohjh/ zklfk pljkw

fdxvh wkhp wr vhqg pruh dv zhoo dv ohvv deoh fkloguhq wr froohjh1 Wklv lv d frxqwhuydlolqj irufh wr wkh

rqh phqwlrqhg deryh/ dqg fdq dfwxdoo| ghfuhdvh hgxfdwlrqdo h!flhqf|1 Lq rxu vhwxs/ jlyhq wkh kljkhu

uhvsrqvh ri wkh vfkrro hgxfdwhg sduhqwv wr srolf|/ wkh frxqwhuydlolqj h�hfw grplqdwhv dqg hgxfdwlrq

h!flhqf| ghfuhdvhv lq prvw fdvhv1 Wkh prqhwdu| udwh ri uhwxuq zrxog olnhzlvh ghfuhdvh1

Vlplodu frqvlghudwlrqv dsso| li wkh jryhuqphqw lv xqghu srolwlfdo ru rwkhu frqvwudlqwv wr surylgh

qhhg0edvhg/ udwkhu wkdq phulw0edvhg dlg14< Iru wkh vdnh ri frpsohwhqhvv/ zh dovr frqvlghu wkh fdvh

zkhuh wkh jryhuqphqw fdq revhuyh delolw| dqg vxevlgl}h vwxghqwv dffruglqj wr wkhlu delolw|1

Oderu lv lqhodvwlfdoo| vxssolhg lq wklv prgho1 Wkhuhiruh/ zh gr qrw kdyh wkh orvv lq surgxfwlyh

h!flhqf| wkdw lv xvxdoo| irxqg lq prghov zkhuh wd{hv glvwruw oderu vxsso| ghflvlrqv1 Vlqfh wkh sruwlrq

ri lqfrph wd{hv wkdw jr wrzdug kljkhu hgxfdwlrq �qdqflqj lv olnho| wr eh yhu| vpdoo/ lw vhhpv wkdw zh

duh qrw plvvlqj rxw rq �uvw rughu h�hfwv e| dvvxplqj lqhodvwlf oderu vxsso|1 Krzhyhu/ wkhuh lv dqrwkhu

glphqvlrq lq zklfk surgxfwlyh h!flhqf| pdwwhuv1 Surgxfwlrq ghshqgv rq vnloohg dqg xqvnloohg oderu/

dqg iru dq duelwudu| surgxfwlrq ixqfwlrq wkhuh lv olnho| wr eh dq rswlpdo pl{ ri wkhvh wzr w|shv ri oderu1

D vrfldo sodqqhu zrxog wkhuhiruh fkrrvh d vxevlg| vfkhph wkdw |lhogv wklv rswlpdo pl{ lq htxloleulxp1

Zlwk dvvxpswlrq 6/ wklv rswlpxp lv d fruqhu vroxwlrq +wkdw lv/ qS @ qS/ wkh kljkhvw srvvleoh htxloleulxp

4;Olnhzlvh/ hyhq li delolw| lv wudqvplwwhg iurp wkh sduhqw wr wkh fklog/ dv orqj dv wkh wudqvplvvlrq lv qrw shuihfw/ wkhuh

zloo eh dq hohphqw ri wklv vlplodulw| lq srwhqwldo wkdw lv lqghshqghqw ri sduhqwdjh1
4<Wkh prgho lq wklv sdshu lv qrw vhw xs wr frqvlghu wkh ghvljq ri dq lqfhqwlyh frpsdwleoh vfkhph wkdw zrxog doorz

shrsoh wr uhyhdo wkhlu wuxh delolwlhv dqg jhw frpphqvxudwh vxevlglhv1 Iru lqvwdqfh/ li wkh jryhuqphqw jlyhv vxgvlgl}hg

ordqv/ lw fdq frqvlghu vfkhphv zkhuh wkh ordq dprxqw dqg wkh lqwhuhvw udwh zhuh vshfl�hg wrjhwkhu1 Krzhyhu/ �olplwhg

oldelolw|� +qr uhsd|phqw lq wkh fdvh ri idloxuh dw froohjh, fdq frqirxqg wkh lqvwlwxwlrq ri vxfk d vfkhph1 Wklv lvvxh ghvhuyhv

dwwhqwlrq lq wkh ixwxuh1

Rq d uhodwhg qrwh/ Ihuqdqgh} dqg Jdol +4<<:, frpsduh wkh rxwfrphv ri pdunhwv dqg wrxuqdphqwv lq dvvljqlqj vwxghqwv

ri gl�huhqw lqfrph dqg delolw| wr vfkrrov ri gl�huhqw txdolw|/ zkhq wkhuh duh shuihfw fuhglw pdunhwv dqg zkhq wkhuh duh qrw1

Pdunhwv dvvljq vwxghqwv edvhg rq wkhlu zloolqjqhvv wr sd|/ dqg wrxuqdphqwv dvvljq vwxghqwv edvhg rq wkhlu shuirupdqfh

lq d frqwhvw1 Zkhq wkhuh duh fuhglw frqvwudlqwv/ wkh| �qg wkdw wrxuqdphqwv grplqdwh pdunhwv lq whupv ri djjuhjdwh

rxwsxw dqg dw wlphv lq whupv ri djjuhjdwh frqvxpswlrq dv zhoo1 Lw zloo eh xvhixo wr h{whqg rxu prgho e| kdylqj froohjhv

ri gl�huhqw txdolwlhv dqg vwxg|lqj wkh dvvljqphqw sureohp wkdw Ihuqdqgh} dqg Jdol vwxg|1
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qS/ pd{lpl}hv rxwsxw,1 Wklv lv h{shqvlyh dqg hyhq sk|vlfdoo| lpsrvvleoh wr dfklhyh/ exw wkh sodqqhu

zrxog zdqw wr vxevlgl}h hgxfdwlrq dqg lqfuhdvh qS li wkh dlp lv wr pd{lpl}h vwhdg| vwdwh surgxfwlrq1

Dv orqj dv wkh uhwxuq wr froohjh hgxfdwlrq lv kljk hqrxjk/ wklv zloo pd{lpl}h dq djjuhjdwh phdvxuh ri

frqvxpswlrq dv zhoo1

Zh fdq dovr vwxg| wkh h�hfw ri vxevlglhv rq d zhljkwhg vxp ri zhoiduh1 Li wkh jryhuqphqw ydoxhv

doo flwl}hqv htxdoo|/ wkh zhoiduh ixqfwlrq dw vwhdg| vwdwh zloo eh jlyhq e|=

qWSHYS+q
W

S, . +4� qWS,HYr+q
W

S, @ HYr+q
W

S, . qWS�+qWS, =

Dq| vxevlgl}dwlrq srolf| wkdw lqfuhdvhv wkh vwhdg| vwdwh iudfwlrq ri vnloohg shrsoh zloo fdxvh d kljkhu

iudfwlrq ri wkh srsxodwlrq wr eh lq wkh kljkhu xwlolw| vwdwh/ exw zloo orzhu wkh h{wud xwlolw| jdlqhg>

wkh zhljkw qWS lqfuhdvhv/ exw �+qWS, ghfuhdvhv1 Vlqfh doo sduhqwv duh wd{hg exw rqo| wkh srru froohjh

dwwhqghhv jhw d vxevlg|/ wkh wd{ exughq zloo dovr kdyh d qhjdwlyh h�hfw rq erwk HYr dqg �1 Vwhdg|

vwdwh zhoiduh fdq wkhuhiruh lqfuhdvh ru ghfuhdvh zlwk dq| srolf| wkdw lqfuhdvhv qWS 1

Wkh srolf| wkdw lv h!flhqw lq wkh orqj uxq lv qrw qhfhvvdulo| rswlpdo zkhq wkh wudqvlwlrq lv dovr

frqvlghuhg1 Wkh vdful�fhv pdgh lq jhwwlqj wr wkh vwhdg| vwdwh wkdw lv ehwwhu lq dq djjuhjdwh vhqvh pljkw

qrw eh zruwk wkh xowlpdwh ehqh�w ri vwd|lqj wkhuh lq wkh orqj uxq/ hvshfldoo| iru wkh fxuuhqwo| ulfk zkr

zloo kdyh wr pdnh prvw ri wkh vdful�fhv1 Iru wklv uhdvrq/ zh vwxg| wudqvlwlrqdo dv zhoo dv vwhdg| vwdwh

h�hfwv rq zhoiduh zkloh frpsdulqj gl�huhqw srolf| uhjlphv1

Rqh uhdvrqdeoh txhvwlrq dw wklv vwdjh lv/ �Zk| gr zh fduh derxw wkh h�hfw ri vxevlglhv rq wkh

srvlwlyh h!flhqf| phdvxuh/ hvshfldoo| lq wkrvh fdvhv zkhuh wkh djjuhjdwh zhoiduh lqfuhdvhvB� Wkhuh duh

dw ohdvw wkuhh uhdvrqv zk| rqh pljkw zdqw wr vwxg| wkh srvlwlyh phdvxuh1 Iluvw/ wkhuh fdq eh olwwoh

frqwuryhuv| rq wkh gh�qlwlrq ri vxfk d phdvxuh1 Zkloh zh fkrvh d v|pphwulfdoo| zhljkwhg zhoiduh

phdvxuh ehfdxvh lw vhhphg ohdvw dg0krf/ wkhuh lv qr uhdvrq wr h{shfw lw wr eh wkh xqlyhuvdoo| dffhswhg

phdvxuh1 Wklv lv hvshfldoo| wuxh zkhq wkhuh duh rssrvlwh h�hfwv rq wkh zhoiduh ri wkh ulfk dqg wkh

srru wkdw dulvh iurp wkh uhglvwulexwlyh srolflhv frqvlghuhg1 Vhfrqg/ lw lv xvhixo wr nqrz li wkh h�hfw rq

wkh srvlwlyh phdvxuh gl�huv iurp wkh rqh rq wkh qrupdwlyh phdvxuh/ zklfk lw grhv lq rxu fdvh1 Li zh

hqylvlrq d �Gluhfwru ri Hgxfdwlrq� zkr pdnhv hgxfdwlrq exgjhwlqj ghflvlrqv/ wklv shuvrq kdv d vwurqjhu

lqfhqwlyh wr eh frqfhuqhg derxw wkh h!flhqf| ri wkh hgxfdwlrq vhfwru wkdq derxw djjuhjdwh zhoiduh1

Ilqdoo|/ zh kdyh qrw h{solflwo| prghohg wkh prudo kd}dug lqyroyhg lq wkh surfhvv ri kxpdq fdslwdo

dffxpxodwlrq wkdw fdxvhv wkh lqfrpsohwhqhvv ri pdunhwv lq wkh �uvw sodfh1 Wkh surfhvv ri frpsohwlrq

ri wkh pdunhw e| wkh jryhuqphqw fdq lqfuhdvh wkh prudo kd}dug dqg ghfuhdvh zhoiduh1

Hyhq wklv suholplqdu| glvfxvvlrq kdv xqfryhuhg vhyhudo lvvxhv uhjduglqj jryhuqphqw vxevlgl}dwlrq

ri srru fkloguhq1 Lq wklv vhfwlrq zh h{soruh vrph ri wkhvh lvvxhv lq juhdwhu ghwdlo1

714 D Vlpsoh Wd{ dqg Vxevlg| Vfkhph

Wkurxjkrxw wklv vhfwlrq/ zh zloo vwxg| rqo| rqh nlqg ri srolf|1 Doo zrunhuv zloo kdyh wkhlu lqfrph

wd{hg dw wkh udwh � 1 Doo vfkrro hgxfdwhg zrunhuv zloo jhw d froohjh vxevlg| ri v/ li wkh| vhqg wkhlu

fkloguhq wr froohjh1 Wkdw lv/ wkh| zloo idfh dq h�hfwlyh froohjh wxlwlrq ri h� v1 Vlqfh wkh srru uhfhlyh
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d pxfk kljkhu ohyho ri vxevlg| lq sudfwlfh/ vxfk d srolf| dvvxpswlrq lv hpslulfdoo| uhohydqw153 Iurp

d fdoleudwlrq srlqw ri ylhz/ wklv zrxog phdq wkdw zh dvvljq doo vxevlglhv vhhq lq sudfwlfh wr wkh srru

fkloguhq1

Wkh vwuxfwxuh ri wkh sureohp uhpdlqv wkh vdph dv lq +4,/ exw wkh fxuuhqw0shulrg xwlolw| whupv

gl�hu1 Froohjh hgxfdwhg sduhqwv jhw x++4 � �,zS+qS,, li wkh| gr qrw vhqg wkhlu fkloguhq wr froohjh/

dqg x++4 � �,zS+qS, � h, rwkhuzlvh1 Wkh fruuhvsrqglqj xwlolwlhv iru wkh vfkrro hgxfdwhg sduhqwv duh

x++4 � �,zr+qS,, dqg x++4 � �,zr+qS, � +h � v,,1 Lq wudqvlwlrqv/ wr lpsrvh vrph glvflsolqh rq wkh

h{shulphqwv/ zh zloo frqvlghu d vxevlg| wkdw lv d frqvwdqw shufhqwdjh ri wrwdo h{shqglwxuh/ exw zloo

ydu| � ryhu wlph wr edodqfh wkh jryhuqphqw*v exgjhw1 Wkhuhiruh/ � � � +qS,1

Vlqfh/ wkh vwuxfwxuh ri wkh sduhqw*v sureohp lv wkh vdph/ zh zloo jhw wkh vdph uhvhuydwlrq delolw|

ehkdylru/ exw uhvhuydwlrq delolwlhv zloo qrz eh ixqfwlrqv ri wkh srolf| sdudphwhuv dv zhoo1 Wkh| fdq

eh zulwwhq dv dWS +qS> � +qS, > v,/ dWr +qS> � +qS, > v,1 Zh uhtxluh wkh jryhuqphqw*v exgjhw wr eh edodqfhg

hyhu| shulrg1 Wkh jryhuqphqw*v exgjhw frqvwudlqw lv=

+4� qS,+4� I +dWr+qS> � +qS, > v,,, v @ +qSzS+qS, . +4� qS,zr+qS,, � +qS, = +46,

Khuh/ +4�qS,+4�I +dWr+qS> � > v,,, lv wkh qxpehu ri fkloguhq ri vfkrro0hgxfdwhg sduhqwv vhqw wr froohjh/

dqg khqfh wkh ohiw kdqg vlgh lv wkh wrwdo dprxqw ri vxevlglhv sdlg e| wkh jryhuqphqw lq htxloleulxp1

Wkhvh h{shqvhv kdyh wr eh eruqh hyhq iru fkloguhq zkr gurs rxw/ dqg khqfh � grhv qrw dsshdu dq|zkhuh

lq wkh h{suhvvlrq1 Wkh uljkw kdqg vlgh lv wkh wrwdo dprxqw ri wd{hv froohfwhg iurp doo sduhqwv1

715 H!flhqf| ri wkh Hgxfdwlrq Vhfwru

Zh surylgh d vlpsoh phdvxuh ri h!flhqf| iru wkh hgxfdwlrq vhfwru � d udwlr ri wkh qxpehu +phdvxuh,

ri vwxghqwv judgxdwlqj iurp froohjh wr wkh wrwdo uhvrxufhv h{shqghg lq hgxfdwlqj wkhp/ luuhvshfwlyh ri

zkr vshqgv wklv/ wkh sduhqw ru wkh jryhuqphqw1 Zh gh�qh=

hii @
q
�

S

^qS+4� I +dWS,, . +4� qS,+4� I +dWr,,` h
=

Dv lq +46,/ � grhv qrw dsshdu dq|zkhuh lq wkh h{suhvvlrq/ vlqfh h{shqvhv kdyh wr eh eruqh hyhq iru

fkloguhq zkr gurs rxw1 Wkh vxffhvv udwh +frqglwlrqdo suredelolw| ri vxffhvv,/ iru wkh ulfk fkloguhq

lv VS �
U
�

@WS
ZSE@�_8 E@�

�38 E@WS�
/ dqg iru wkh srru fkloguhq lv Vr �

U
�

@Wr
ZSE@�_8 E@�

�38 E@Wr�
1 Xvlqj +;, iru q

�

S/ dqg wkh

deryh vxffhvv udwhv/ wkh irupxod iru h!flhqf| fdq eh zulwwhq pruh uhyhdolqjo| +zlwk wkh vwdwh yduldeoh

dujxphqw vxssuhvvhg iru vlpsolflw|, dv=

hii @

�
qS+4� I +dWS,,

qS+4� I +dWS,, . +4� qS,+4� I +dWr,,
VS .

+4� qS,+4� I +dWr,,

qS+4� I +dWS,, . +4� qS,+4� I +dWr,,
Vr

�
4

h
= +47,

Wkh h!flhqf| ghshqgv rq d zhljkwhg vxp ri wkh vxffhvv udwhv ri wkh wzr w|shv/ zkhuh wkh zhljkw lv

wkh vkduh ri hdfk w|sh ri hquroohhv1 Lw lv hdv| wr vkrz wkdw hdfk ri wkh vxffhvv udwhv lv lqfuhdvlqj lq
53 Lq 4<<50<6/ wkh vwxghqwv lq wkh orzhvw lqfrph eudfnhw uhfhlyhg dlg wkdw zdv 7;( ri wrwdo frvwv/ zkloh wkrvh lq wkh

kljkhvw lqfrph eudfnhw uhfhlyhg 45( ri wrwdo frvwv dv dlg1 +Wkh Frqglwlrq ri Hgxfdwlrq/ 4<<9/ Vxssohphqwdo Wdeoh 46041,

Li rqh dgmxvwv iru wkh surjuhvvlylw| ri wd{hv/ wkh h�hfwlyh gl�huhqfh lv olnho| wr eh hyhq kljkhu1
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wkh uhohydqw dW/ vlqfh wkh txdolw| ri wkh hquroolqj srro lv kljkhu1 Vr dq| srolf| wkdw uhglvwulexwhv ixqgv

iurp wkh ulfk wr wkh srru zrxog kdyh wkh h�hfw ri lqfuhdvlqj VS dqg ghfuhdvlqj Vr1 Dv phqwlrqhg lq

wkh lqwurgxfwlrq wr wklv vhfwlrq/ vlqfh wkh srru duh orfdwhg lq wkh pruh uhvsrqvlyh sduw ri wkh xwlolw|

ixqfwlrq wkh lqfuhdvh lq wkhlu hquroophqw fdxvhv wkh qhjdwlyh h�hfw rq wkh h!flhqf| wr grplqdwh154

Dq dowhuqdwh txdqwlw| wr xvh zrxog eh wkh prqhwdu| udwh ri uhwxuq1 Dw dq lqglylgxdo ohyho wklv udwh

ri uhwxuq lv �+d,
�
zS+q

�

S,�zr+q
�

S,
�
@h= Lw lv hdv| wr vkrz wkdw dw wkh djjuhjdwh ohyho/ wklv udwh ri uhwxuq

lv mxvw hii �
�
zS+q

�

S,�zr+q
�

S,
�
= Vlqfh wkh zdjh jds lv ghfuhdvlqj lq q

�

S/ wkh uhwxuq zloo gurs hyhq pruh

vwhhso| zkhq d vxevlgl}dwlrq srolf| ghfuhdvhv h!flhqf| dv gh�qhg deryh> vr/ zh suhvhqw ghwdlov rqo|

rq wkh h!flhqf| yduldeoh lq doo srolf| h{shulphqwv1

716 D Zhoiduh Phdvxuh

Lq dgglwlrq wr wkh deryh0phqwlrqhg h!flhqf| phdvxuh/ zh dovr frqvlghu d v|pphwulf zhoiduh phdvxuh

e| vxpplqj xs zhoiduh ryhu doo sduhqwv lq wkh hfrqrp|1 Vxfk dq htxdo0zhljkwhg phdvxuh vhhpv wr eh

wkh ohdvw dg krf rqh1 Wkxv/ wkh zhoiduh lq hdfk shulrg lv wkh phdvxuh0zhljkwhg vxp ri xwlolwlhv ryhu

froohjh hgxfdwhg sduhqwv zkr vhqg wkhlu fkloguhq wr froohjh dqg wkrvh zkr gr qrw/ dqg vfkrro hgxfdwhg

sduhqwv zkr gr dqg gr qrw=

Z|+qS, @ qS^+4� I +dWS,,x+zS+qS,� hS, . I +dWS,x+zS+qS,,` .

+4� qS,^+4� I +dWr,,x+zr+qS,� hr, . I +dWr,x+zr+qS,,`>

zkhuh hS dqg hr duh wkh wd{ ru vxevlg| dgmxvwhg hgxfdwlrq h{shqglwxuhv1 Wkh zhoiduh dw d vwhdg|

vwdwh lv wkh glvfrxqwhg vxp ri wkh zhoiduh lq hdfk shulrg= Zrr+qWS, @ �
�3q

Z|+qWS,= Li zh zdqw wr

fdofxodwh wkh zhoiduh ri jrlqj iurp rqh vwhdg| vwdwh wr dqrwkhu/ zh fdofxodwh wkh glvfrxqwhg vxp ri

shulrg zhoiduh dorqj wkh wudqvlwlrq dqg wkhq dgg wkh dssursuldwho| glvfrxqwhg vwhdg| vwdwh zhoiduh/

Z|o@?r�|�J? @
SA

�'f �
�Z�+qS, . �An�Zrr+q

W

S,> zkhuh W lv wkh qxpehu ri shulrgv diwhu zklfk zh duh

�yhu| forvh� wr wkh vwhdg| vwdwh1

Zh fdq wudqvodwh wkhvh zhoiduh qxpehuv lqwr d �frpshqvdwlqj htxlydohqfh� frqvxpswlrq phdvxuh1

Vxssrvh zh zdqw wr hydoxdwh d srolf| fkdqjh1 Zh fdq fdofxodwh/ $/ wkh shufhqwdjh e| zklfk frqvxps0

wlrq lq hdfk shulrg qhhgv wr eh lqfuhdvhg +ghfuhdvhg, lq rughu wr eh dv zhoo r� xqghu wkh ehqfkpdun

dv xqghu wkh srolf| fkdqjh1 Lq rwkhu zrugv/ zh fdofxodwh $ vxfk wkdw wkh Z|o@?r�|�J? jlyhq deryh lv

uhodwhg wr wkh ehqfkpdun zhoiduh dffruglqj wr wkh h{suhvvlrq=

Z|o@?r�|�J? @
4

4� �
iqWScK^+4� I +dWScK,,x+$+zS+q

W

ScK,� hScK,, . I +dWScK,x+$zS+q
W

ScK,,`

.+4� qWScK,^+4� I +dWrcK,,x+$+zr+q
W

ScK,� hrcK,, . I +dWrcK,x+$zr+q
W

ScK,,`j>

zkhuh/ wkh vxevfulsw e rq wkh uljkw kdqg vlgh vwhdg|0vwdwh txdqwlwlhv uhihu wr wkh ehqfkpdun fdvh1 Jlyhq

wkh krprjhqhlw| ri wkh xwlolw| ixqfwlrq/ lw lv hdv| wr vhh wkdw/ $ @
�

`|o@?r�|�J?

`Ke?S�6@o&

� �

�3j

= Hyhq wkrxjk wkh|

54Wkh zhljkwv zloo dovr eh dowhuhg e| vxfk uhglvwulexwlyh srolflhv1 Exw li wkh hodvwlflw| ri @WS lv qrw wrr kljk/ wkh zhljkwv

zloo pryh lq wkh vdph gluhfwlrq dv wkh vxffhvv udwhv1
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duh gursshg iru qrwdwlrqdo vlpsolflw|/ wkh uhohydqw wd{ udwhv duh dssolhg wr wkh zdjhv wr jhw wkh zhoiduh

phdvxuh1

717 Fdoleudwlrq

Wkh gl!fxowlhv ri fdoleudwlqj d wzr0shulrg prgho wr wkh dfwxdo hfrqrp| duh reylrxv1 Krzhyhu/ wkhuh

duh vrph plwljdwlqj idfwruv lq wklv vhwxs1 Iluvw/ hyhq li zh zhuh wr h{sdqg rxu prgho wr d vhyhudo0shulrg

ROJ prgho/ iru dq| jlyhq idplo| wkhuh zloo eh olwwoh kdsshqlqj gxulqj prvw ri wkh shulrgv1 Wklv lv

qrw d prgho ri frqwlqxrxv dvvhw wudglqj ru sruwirolr fkrlfh � sduhqwv kdyh d vlqjoh/ glvfuhwh ghflvlrq wr

pdnh1 Vhfrqg/ wkh vwhdg| vwdwh suhglfwlrqv duh lqwhuhvwlqj lq wkhlu rzq uljkw/ dqg lw lv qrw fohdu wkdw d

vhyhudo0shulrg ROJ prgho zloo ohdg wr vljql�fdqwo| gl�huhqw uhvxowv lq wklv uhjdug1 Ilqdoo|/ wkh ydulrxv

h�hfwv lq wkh prgho duh d orw pruh wudqvsduhqw lq wklv vlpsoh vhwxs/ dqg zh fdq wkhuhiruh surylgh vrph

dqdo|wlfdo fkdudfwhul}dwlrq1 Vr/ zh vhw dvlgh wkh wdvn ri frpsxwlqj d pruh uhdolvwlf odujh vfdoh ROJ

prgho iru ixwxuh uhvhdufk/ dqg suhvhqw rxu dwwhpsw dw fdoleudwlqj wkh prgho wr XV gdwd1 Wkh dlp lv

wr jhw d vhw ri ehqfkpdun sdudphwhuv zlwk zklfk lw lv vhqvleoh wr frqgxfw srolf| dqdo|vlv1

Zh vwduw e| dvvxplqj ydoxhv iru fhuwdlq sdudphwhuv wkdw duh frpprqo| xvhg lq wkh olwhudwxuh1 Wkh

jhqhudwlrqdo glvfrxqw idfwru lv vhw dw � @ 3=88/ zklfk fruuhvsrqgv wr d |hduo| glvfrxqw idfwru ri 3=<;

frpsrxqghg ryhu 63 |hduv1 Zh vhw � @ 3=68> zklfk fruuhvsrqgv wr dq hodvwlflw| ri vxevwlwxwlrq ehwzhhq

froohjh dqg kljk vfkrro htxlydohqwv ri 4=87= Dxwru/ Ndw}/ dqg Nuxhjhu +4<<;, uhsruw wkdw wkh hphujlqj

frqvhqvxv rq wklv hodvwlflw| lv dssur{lpdwho| 4=7 wr 4=8= Iurp wkh Frqglwlrq ri Hgxfdwlrq 4<<9 zklfk

kdv gdwd iru wkh 4<<50<6 dfdghplf |hdu/ zh dssur{lpdwh wrwdo froohjh |hduo| h{shqglwxuh ri '48/3331

Iurp wkh Gljhvw ri Hgxfdwlrq Vwdwlvwlfv 4<<;/ zh jhw wkh phgldq idplo| lqfrph lq 4<<5 wr eh '69/8:61

Zh fdofxodwh wkh suhvhqw ydoxh ri hgxfdwlrqdo h{shqvhv ryhu 7 |hduv dqg |hduo| lqfrph ryhu 63 |hduv/ dw

d glvfrxqw udwh ri ;( wr jhw h@\ wr eh durxqg 31451 Xvlqj d \ @ 3=8 iurp suholplqdu| frpsxwdwlrqv

ri wkh prgho/ zh hvwlpdwh wkh h{shqglwxuh sdudphwhu h wr eh 3=39=55 Iurp wkh Frqglwlrq ri Hgxfdwlrq

4<<9/ zh dovr jhw d vxevlg| ri 7;( iru wkh orz lqfrph jurxs +hquroophqw0zhljkwhg wrwdo dlg glylghg e|

wrwdo frvw dw sulydwh dqg sxeolf lqvwlwxwlrqv,1 Wkhuhiruh/ jlyhq wkh h ri 3=39/ zh vhw v wr eh 3=36= Zh xvh

d idluo| vwdqgdug ydoxh iru � ri 51 Wkhvh duh wkh sdudphwhuv iru zklfk zh kdyh lqghshqghqw hylghqfh1

Zh dvvxph d xqlirup delolw| glvwulexwlrq lq ^3> 4` > wkdw lv/ I +d, @ d=Zh wkhq fkrrvh wkh uhpdlqlqj

surgxfwlrq sdudphwhuv +D/ �/ �/ dqg �, dqg wkh suredelolw| ixqfwlrqv +�S +d, > �r +d,, wr eurdgo| pdwfk

hquroophqw dqg gursrxw udwhv/ dv zhoo dv froohjh dwwdlqphqw dqg wkh vnloo suhplxp1

Wkh ehqfkpdun sdudphwhuv xvhg duh vxppdul}hg ehorz=

Surgxfwlrq = D @ 4> � @ 3=8> � @ 3=68> � @ 3=4> � @ 3=35>

Suhihuhqfh = � @ 3=88> � @ 5>

Hgxfdwlrq = h @ 3=39> v @ 3=36> I +d, @ d> �S +d, @ df�.e> �r +d, @ 3=99df�b=

55Qrwh wkdw wklv lv wkh glvfrxqw udwh wkdw lv xvhg zlwklq d shulrg ri wkh prgho wr pds wkh gdwd lqwr wkh prgho*v

iudphzrun/ dv rssrvhg wr wkh lqwhujhqhudwlrqdo udwh lpsolflw lq wkh q wkdw lv exlow lqwr wkh prgho1 Glvfrxqw udwhv lq wkh

udqjh ri DI wr HI doo |lhoghg h2\ phdvxuhv lq wkh udqjh ri f��f wr f��2� Vlqfh wkh \ xvhg lv iurp suholplqdu| frpsxwdwlrqv/

zh yhuli| wkdw wkh e*t wkdw uhvxowv lq wkh ehqfkpdun htxloleulxp Ef���H� lv forvh wr wkdw dvvxphg1

55



Zh frpsduh wkh vwhdg| vwdwh rxwfrph ri wkh prgho wr XV gdwd lq wkh iroorzlqj wdeoh1

Wdeoh 5

Frpsdulvrq ri Prgho Rxwfrphv zlwk XV Gdwd

Hpslulfdo Prgho yduldeoh XV gdwd \hdu Vrxufh Prgho

Txdqwlw| Rxwfrph

( oderu irufh qWS 6;=9( 4<<3 Dxwru/ Ndw}/ 68=:(

froohjh hgxfdwhg +ixoo0wlph htxly1, Nuxhjhu +DNN, +4<<;,

Hquroophqw udwh 4� I +dWS, :9=9( 4<<3 Wkh Frqglwlrq ri ;3=3(

iru ulfk +(, +�kljk� lqfrph, Hgxfdwlrq +4<<;,

Hquroophqw udwh 4� I +dWr, 79=:( 4<<3 Wkh Frqglwlrq ri 83=5(

iru srru +(, +�orz� lqfrph, Hgxfdwlrq +4<<;,

Gursrxw udwh
U
�

@WS
E�3ZSE@��_8 E@�

�38 E@WS�
63=5( wr 76=3( +5 |u, 4<;<0<3 Gljhvw ri Hgxfdwlrq 65=8(

iru ulfk +(, 48=9( wr 4<=9( +7 |u, +vwduwlqj |hdu, Vwdwlvwlfv +4<<;,

Gursrxw udwh
U
�

@Wr
E�3ZSE@��_8 E@�

�38 E@Wr�
76=7( wr 78=4( +5 |u, 4<;<0<3 Gljhvw ri Hgxfdwlrq 7<=5(

iru srru +(, 58=8( wr 5<=6( +7 |u, +vwduwlqj |hdu, Vwdwlvwlfv +4<<;,

Vnloo suhplxp zW

S@z
W

r 4=8; 4<;< +dyj1, Pxusk|/ Zhofk +4<<5, 4=87

4=99� 4=:6 4<<3 DNN +4<<;,

Jryw1 h{s1 dv E�38 E@Wr��r
t

3=88( 4<;< PfSkhuvrq dqg 4=<(

( ri JGS Vfkdslur +4<<4,

Wkh prgho*v rxwfrphv duh eurdgo| frqvlvwhqw zlwk wkh fruuhvsrqglqj txdqwlwlhv vhhq lq XV gdwd1

Wkh shufhqwdjh ri srsxodwlrq wkdw lv froohjh hgxfdwhg lv yhu| forvh wr wkh 6;19( ixoo0wlph froohjh

htxlydohqwv uhsruwhg e| Dxwru/ Ndw}/ Nuxhjhu +4<<;,1 Lw lv dovr lq ehwzhhq wkh udqjh ri 5:16( zkr

kdyh frpsohwhg kljkhu hgxfdwlrq dqg 7815( zkr kdyh vrph kljkhu hgxfdwlrq dv uhsruwhg e| Eduur dqg

Ohh +4<<9,1 Wkh hquroophqw udwhv duh frqvlvwhqw zlwk wkh hquroophqw udwh dw lqfrph eudfnhwv dw hlwkhu

hqg ri wkh glvwulexwlrq dv uhsruwhg e| wkh Frqglwlrq ri Hgxfdwlrq +4<<;,156 Wkh hquroophqw jds ri

derxw 63( lv doprvw wkh vdph dv wkh rqh vhhq lq gdwd1 Wkh prgho gursrxw udwhv duh kljkhu/ hvshfldoo|

li wkh irxu0|hdu udwhv duh frqvlghuhg1 Gdwd lv uhsruwhg e| lqfrph txduwlohv/ dqg wkh orzhu udqjhv jlyhq

lq wkh wdeoh fruuhvsrqg wr wkh kljkhu lqfrph txduwlohv157

56Uhdoorfdwlrq ri wkh 8717( hquroophqw udwh iru wkh �plggoh� lqfrph jurxs uhsruwhg iru wkh XV wr wkh �orz� dqg wkh

�kljk� jurxs lv olnho| wr lqfuhdvh wkh udwh iru wkh iruphu dqg ghfuhdvh lw iru wkh odwwhu1 Wkh prgho*v rxwfrph zrxog wkhq

eh forvhu wr wkh gdwd iru wkh hquroophqw ri wkh srru/ exw kljkhu wkdq zkdw lv irxqg lq wkh gdwd iru wkh ulfk1
57Wkh gdwd vkrzq fruuhvsrqgv wr wkh �qr ghjuhh/ qrw hquroohg� froxpq ri wkh Gljhvw ri Hgxfdwlrq Vwdwlvwlfv wdeoh1

Wkhuh lv d vhsdudwh froxpq wlwohg/ �qr ghjuhh/ vwloo hquroohg/� zklfk fruuhvsrqgv wr vwxghqwv zkr kdyh qrw judgxdwhg rq

wlph1 Jlyhq wkh kljk olnholkrrg wkdw vrph ri wkhvh vwxghqwv zloo dovr hyhqwxdoo| gurs rxw/ wkh prgho rxwfrphv duh olnho|

wr eh forvhu wr wkh gdwd li d sruwlrq ri wkhvh vwxghqwv duh dovr frxqwhg dv gursrxwv1
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Wkh vnloo suhplxp lv yhu| forvh wr wkh Pxusk| dqg Zhofk +4<<5, �jxuh dqg qrw wrr idu iurp wkh

Dxwru/ Ndw}/ dqg Nuxhjhu +4<<;, hvwlpdwhv1 Wkh jryhuqphqw vxevlg| h{shqglwxuh dv d iudfwlrq ri JGS

lv kljkhu wkdq exw lq wkh vdph rughu ri pdjqlwxgh dv wkh rqh fdofxodwhg iru XV gdwd158

Jlyhq wklv forvh pdwfk ehwzhhq wkh prgho rxwfrphv dqg gdwd/ wkh frpsxwdwlrqdo uhvxowv lq wkh

qh{w vhfwlrq fdq eh ylhzhg dv d qxphulfdo looxvwudwlrq ri wkh frqfhswv glvfxvvhg dw wkh lqwurgxfwlrq wr

wklv vhfwlrq dv zhoo dv rxwfrphv ri kljkhu hgxfdwlrq srolf| h{shulphqwv frqgxfwhg rq wkh XV hfrqrp|1

718 Srolf| H{shulphqwv

Lq wklv vhfwlrq zh frqvlghu wkh h�hfwv ri wkh wd{ dqg vxevlg| srolf| rq wkh wudqvlwlrqdo dqg orqj uxq

rxwfrph ri wkh hfrqrp|1 Wkh vrfldo sodqqhu*v sureohpv wkdw zh vroyh duh ri wkh �Udpvh|� w|sh1 Wkdw

lv/ wkh sodqqhu wdnhv dv jlyhq wkh dfwlrqv ri lqglylgxdo djhqwv lq uhvsrqvh wr srolf| sdudphwhuv/ dqg

fkrrvhv wkh srolf| yhfwru wr pd{lpl}h vrph remhfwlyh ixqfwlrq1 Wkh �up*v dfwlrqv duh wdnhq dv jlyhq

wrr/ vlqfh wkh zdjhv duh jlyhq e| wkh PSOv1 Wklv lv lq frqwudvw zlwk d vfkhph lq zklfk wkh sodqqhu

froohfwv doo uhvrxufhv dqg doorfdwhv wkhp dv frqvxpswlrq dqg hgxfdwlrq h{shqglwxuhv ri erwk w|shv ri

sduhqwv/ dqg rujdql}hv surgxfwlrq dv zhoo1 Lq rwkhu zrugv/ wkh sodqqhu*v +jryhuqphqw*v, srolf| lv sxuho|

dq hgxfdwlrqdo rqh dqg qrw xvhg iru jhqhudo sxusrvh uhglvwulexwlrq1 Wkh odwwhu lv fohduo| rxwvlgh wkh

vfrsh ri wklv sdshu1 Zh zloo uhihu wr wkh iroorzlqj Wdeoh 6 zkhq zh glvfxvv wkh rxwfrphv ri wkh srolf|

h{shulphqwv1

Wdeoh 6

Srolf| fkdqjhv zkhq � @ 5

Srolf| qWS dWS dWr 4� VS 4� Vr zW

S@z
W

r \ � v vxe hii $ $rr

Ehqfkpdun 168: 1533 17<; 1658 17<5 4187 183< 134< 1363 3133<: <196: 413333 413333

Htxdo rss1 16;5 1644 1644 15:8 1883 4178 1848 1369 1376 3134;8 <1578 413345 413445

Pd{1 qWS 16;< 16<8 1435 156< 194; 4176 184< 138; 1388 313633 ;158: 31<<64 413384

Holplqdwh vxe1 1585 1387 1:87 16<9 1747 5135 17:: 3 3 3 <1<67 1<:6; 1<3;9

Khuh/ 4 � VS dqg 4 � Vr duh wkh gursrxw udwhv iru wkh wzr w|shv/ dqg vxe lv wkh dprxqw ri vxevlglhv

jlyhq dw wkh vwhdg| vwdwh dqg lv htxdo wr +4� I +dWr,, +4� qWS, v1 Wkh rxwfrph zlwk wkh ehqfkpdun

sdudphwhuv phqwlrqhg lq wkh suhylrxv vxevhfwlrq lv jlyhq lq wkh �uvw urz1 Rxwfrphv ri qhz srolflhv

zloo eh frpsduhg wr wkh ehqfkpdun rxwfrph1

71814 Htxdolw| ri Rssruwxqlw|

Htxdolw| ri hgxfdwlrqdo rssruwxqlw| lq wklv prgho lv dfklhyhg zkhq dWS @ dWr1 D fklog ri delolw| d

zloo hlwkhu dwwhqg ru qrw dwwhqg froohjh edvhg rq d frpprq wkuhvkrog delolw| � wkh w|sh ri khu sduhqw
58Wkh XV �jxuh lv frpsxwhg xvlqj wkh qhduo| '65 Eloolrq uhsruwhg e| PfSkhuvrq dqg Vfkdslur +4<<4, dv wrwdo ihghudo/

vwdwh/ dqg lqvwlwxwlrqdo dlg iru kljkhu hgxfdwlrq lq 4<;;0;< glylghg e| wkh JGS �jxuh ri derxw '8/533 Eloolrq lq 4<;<1 Lq

pdnlqj wklv frpsdulvrq zh duh dvvxplqj wkdw wkh udwlr krogv zlwklq dq| vxe0shulrg ri wkh prgho shulrg1
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zloo qrw pdwwhu1 Vlqfh �S A �r/ dqrwkhu srvvlelolw| lv wr vhdufk iru d srolf| wkdw jlyhv dWS / d
W

r/ vxfk

wkdw wkh olnholkrrg ri vxffhvv ri wkh pdujlqdo hquroohh lv wkh vdph luuhvshfwlyh ri sduhqw w|sh> wkdw lv

�S +d
W

S, @ �r +d
W

r,1 Lq wkh ehqfkpdun hfrqrp| �S +d
W

S, lv 3=6 dqg �r +d
W

r, lv 3=951 Krzhyhu/ glvfxvvlrqv

rq htxdolw| ri rssruwxqlw| duh uduho| iudphg lq whupv ri olnholkrrg ri vxffhvv/ vr zh h{dplqh wkh srolf|

wkdw |lhogv dWS @ dWr1
59 Wkh gurs lq wkh h!flhqf| phdvxuh lv olnho| wr eh pruh surqrxqfhg lq wklv srolf|

h{shulphqw zkhq frpsduhg wr wkh rqh zkhuh wkh suredelolwlhv ri vxffhvv ri wkh pdujlqdo hquroohhv duh

htxdol}hg1

Zh fdq xvh wkh dqdorjxh ri htxdwlrqv +;, wkurxjk +45, iru wkh fdvh zkhuh �S 9@ �rwr ghulyh frqglwlrqv

wkdw zloo kdyh wr eh vdwlv�hg lq d vwhdg| vwdwh zlwk htxdolw| ri rssruwxqlw|1 Zh xvh wkh iroorzlqj

qrwdwlrq wr pdnh wkh uhvxowlqj h{suhvvlrqv pruh vxfflqfw= xS � x++4 � �,zS+q
W

S,,> xS3e � x++4 �
�,zS+q

W

S,� h,> xr � x++4� �,zr+q
W

S,,> dqg xr3e � x++4� �,zr+q
W

S,� h. v,= Wkh frqglwlrqv uhtxluhg wr

kdyh dWS @ dWr @ dW fdq wkhq eh ghulyhg wr eh=

�r +d
W, +xS � xS3e, @ �S +d

W, +xr � xr3e, >

xS � xS3e @ ��S+d
W,
^I +dW,+xS � xr, . +4� I +dW,,+xS3e � xr3e,`k

4� �
U �
@W

+�S+d,� �r+d,, gI +d,
l >

qWS @ qWS

] �

@W
�S+d, gI +d, . +4� qWS,

] �

@W
�r+d, gI +d,>

+4� qWS,+4� I +dW,, v @ � +qWSzS+q
W

S, . +4� qWS,zr+q
W

S,,=

Wkhvh duh irxu htxdwlrqv lq wkh irxu xqnqrzqv qWS / d
W/ v/ dqg � / zklfk zh vroyh qxphulfdoo|1

Dv fdq eh vhhq iurp Wdeoh 6/ vxfk d srolf| lqfuhdvhv wkh phdvxuh ri shrsoh zlwk froohjh dwwdlqphqw

lq wkh orqj uxq/ uhodwlyh wr wkh ehqfkpdun fdvh1 Froohjh hgxfdwhg zrunhuv jhw wd{hg/ exw gr qrw jhw

dq| vxevlglhv � wkh ghfuhdvh lq wkhlu qhw lqfrph dv zhoo dv wkhlu dqwlflsdwlrq wkdw wkh froohjh hgxfdwhg

zrunirufh lv jrlqj wr lqfuhdvh zloo fdxvh wkhp wr vhqg ihzhu ri wkhlu fkloguhq wr froohjh1 Wkh vfkrro

hgxfdwhg sduhqwv duh wd{hg exw dovr jhw hgxfdwlrq vxevlglhv/ dqg dv orqj dv wkh qhw lqfrph h�hfw lv

srvlwlyh/ wkh| zloo vhqg pruh ri wkhlu fkloguhq wr froohjh1 Wkh h�hfw ri vfkrro hgxfdwhg sduhqwv/ zkr duh

odujhu lq phdvxuh/ vhqglqj wkhlu fkloguhq wr froohjh vzdpsv rxw wkh h�hfw ri froohjh hgxfdwhg sduhqwv

vhqglqj ihzhu fkloguhq1 D ghfuhdvh lq froohjh suhplxp +d phdvxuh ri �lqhtxdolw|� lq wklv vhwxs, lv dq

lpphgldwh frqvhtxhqfh � d suhplxp ri 4=78 lq wkh vxevlgl}hg hfrqrp|/ frpsduhg wr wkh 4=87 lq wkh

ehqfkpdun fdvh1

Zkloh lw lv wuxh wkdw rqo| wkh pruh deoh ri wkh ulfk fkloguhq qrz jr wr froohjh/ d odujhu iudfwlrq

ri orzhu delolw| srru fkloguhq jr wr froohjh1 Wkh lqfuhdvh lq h!flhqf| frplqj iurp wkh lqfuhdvhg

judgxdwlrq udwh ri wkh ulfk fkloguhq lv pruh wkdq r�vhw e| wkh ghfuhdvh lq h!flhqf| fdxvhg e| wkh

ghfuhdvlqj judgxdwlrq udwh ri wkh srru1 Lq whupv ri +47,/ wkh h�hfw ri wkh gurs lq Vr grplqdwhv wkh

lqfuhdvh lq VS1 Wkh h!flhqf| jrhv grzq wkurxjkrxw wkh wudqvlwlrq/ vlqfh dWS dqg dWr prqrwrqlfdoo|

dgmxvw iurp wkh rog vwhdg| vwdwh wr wkh qhz rqh1

59 Lq idfw/ wkh xvxdo dujxphqw lv wkdw vwxghqwv zlwk wkh vdph lqwulqvlf delolw| vkrxog jhw wkh vdph rssruwxqlw| luuhvshfwlyh

ri dq| hduo| dgydqwdjh wkdw ehlqj eruq lq d kljk lqfrph idplo| eulqjv +zklfk lv fdswxuhg lq rxu prgho/ e| ZS ehlqj juhdwhu

wkdq Zr,1
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Jlyhq wkh surgxfwlrq ixqfwlrq lq zklfk pruh froohjh hgxfdwhg shrsoh lv ehwwhu/ d kljkhu ohyho ri

rxwsxw \ dovr rewdlqv xqghu wklv srolf|1 Wkh xwlolw| jdlq iru wkh srru rxwzhljkv wkh xwlolw| orvv iru

wkh ulfk � wkhuh duh pruh ri wkh iruphu dqg wkh| duh orfdwhg lq wkh pruh fxuyhg sduw ri wkh xwlolw|

ixqfwlrq1 Wkhuhiruh/ wkh zhoiduh xqghu wkh qhz v|vwhp lv juhdwhu1 Doo krxvhkrogv zrxog qhhg wr eh

jlyhq 4=4(pruh frqvxpswlrq hyhu| shulrg zkhq wkhuh duh ehqfkpdun vxevlglhv/ wr jhw wkh vdph zhoiduh

wkdw rewdlqv lq wkh vwhdg| vwdwh zlwk wkh htxdo rssruwxqlw| vxevlg|1 Rqfh wkh wd{ exughq gxulqj wkh

wudqvlwlrq wr wkh htxdo rssruwxqlw| vxevlg| ohyho lv wdnhq lqwr dffrxqw/ wklv �jxuh ghfuhdvhv wr 3=45(1

Derxw :5( ri wkh froohjh h{shqvhv qhhg wr eh vxevlgl}hg iru wkh srru wr jhw htxdolw| ri rssruwxqlw|1

Dq lqfrph wd{ udwh ri derxw 6=9( qhhgv wr eh ohylhg rq doo zrunhuv lq wkh orqj uxq wr �qdqfh wkhvh

vxevlglhv/ frpsduhg wr wkh 4=<( udwh wkdw qhhgv wr eh ohylhg wr phhw wkh vxevlg| h{shqvhv lq wkh

ehqfkpdun1 Forvh wr 4=<( ri rxwsxw lv jlyhq dv vxevlglhv1
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Transition to equality, σ=2

n
c

y

0 1 2 3 4 5
0.0355

0.036

0.0365

0.037

t

τ
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a
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0.45
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0.55

0.6

0.65

t

Transition to equality, σ=2

w
c

w
s

Iljxuhv 46 wkurxjk 49 vkrz wkh wudqvlwlrq sdwkv iru qS> \> � > dWS > d
W

r> zS> dqg zr lq jrlqj iurp wkh

ehqfkpdun vwhdg| vwdwh wr htxdolw| ri rssruwxqlw| lq wkh orqj uxq1 Dv fdq eh vhhq iurp wkhvh judskv

doo yduldeohv prqrwrqlfdoo| dgmxvw wr wkhlu qhz ohyhov zlwklq d jhqhudwlrq ru wzr1
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71815 Pd{lpl}dwlrq ri wkh Vnloohg Oderu Irufh

Srolwlfldqv riwhq fdoo iru srolflhv wkdw zrxog hqdeoh dv pdq| vwxghqwv wr dwwhqg froohjh dv srvvleoh1

Zkdw zrxog wkh h�hfwv ri vxfk d srolf| ehB Dv phqwlrqhg hduolhu/ htxloleulxp frqglwlrqv ghpdqg

wkdw zh irfxv rq wkh uhjlrq lq zklfk zS A zr1 Wklv frqglwlrq zloo krog lq dq| vwhdg| vwdwh dv zhoo1

Vwhdg| vwdwh rxwsxw wkhuhiruh lqfuhdvhv zlwk wkh vwhdg| vwdwh iudfwlrq ri froohjh hgxfdwhg oderu/ qWS 1 Li

+zS �zr, A h lq wkh vwhdg| vwdwh/ +wkh gl�huhqfhv lq pdujlqdo surgxfwv lv juhdwhu wkdq wkh frqvxpswlrq

frvw ri hgxfdwlrq,/ lw fdq eh vhhq wkdw djjuhjdwh frqvxpswlrq zrxog dovr lqfuhdvh zlwk qWS 1
5: Jlyhq

wkdw h lv d yhu| vpdoo iudfwlrq ri olihwlph zdjhv/ wklv lv d idluo| zhdn frqglwlrq1 Dv phqwlrqhg lq wkh

lqwurgxfwlrq wr wklv vhfwlrq/ djjuhjdwh vwhdg| vwdwh zhoiduh frxog hlwkhu lqfuhdvh ru ghfuhdvh zlwk qWS 1

Zh vwxg| wkh sureohp=

pd{
�cr

qWS >

vxemhfw wr wkh frqvwudlqwv=

qWS

] �

@W
SE?

W

S c� cr�
�S+d, gI +d, . +4� qWS,

] �

@W
rE?

W

S c� cr�
�r+d,gI +d, @ qWS >

� +qWSzS+q
W

S, . +4� qWS,zr+q
W

S,, @ +4� qWS,+4� I +dWr+q
W

S > � > v,,, v>

zkhuh/ wkh sodqqhu wdnhv dv jlyhq/ wkh ehkdylru ri sduhqwv dv fkdudfwhul}hg e| wkh ixqfwlrqv dWS+q
W

S > � > v,

dqg dWr+q
W

S > � > v,1 Wkh sodqqhu zrxog uhdoo| olnh wr vhw srolflhv vxfk wkdw d
W

S @ dWr @ 3 vlqfh wklv pd{lpl}hv

qWS 1 Wklv lv fohduo| lqihdvleoh zkhq wkh rqo| lqvwuxphqw dydlodeoh lv dq hgxfdwlrq wd{ dqg vxevlg| � wkh

zdjhv iru erwk w|shv zrxog kdyh wr eh vlpxowdqhrxvo| kljk wr jhw erwk dWv wr eh }hur1 Vr/ dv fdq eh

vhhq lq Wdeoh 6/ wkh sodqqhu khdylo| vxevlgl}hv wkh srru sduhqwv/ zkr kdyh d kljk uhvsrqvh wr vxevlglhv1

Vlqfh qWS lv wkh kljkhvw lw fdq eh xqghu wkh frqvwudlqwv phqwlrqhg +forvh wr 6<(,/ wkh froohjh suhplxp

lv wkh orzhvw/ dw 4=761 Derxw <4( ri wkh hgxfdwlrq h{shqvhv ri wkh srru lv vxevlgl}hg/ dqg lqfrph wd{

udwh ri 8=;( lv uhtxluhg wr sd| iru lw> 8=;( ri rxwsxw kdv wr eh jlyhq rxw dv vxevlglhv lq wkh vwhdg|

vwdwh1 Rxwsxw lv derxw 5( kljkhu wkdq lq wkh ehqfkpdun1

Wkh gurs lq hgxfdwlrq h!flhqf| lv kljk/ fruuhvsrqglqj wr wkh vwhhs gurs lq dWr1 Wkh gursrxw udwh

iru wkh srru fkloguhq jrhv iurp 7<( lq wkh ehqfkpdun wr qhduo| 95(/ dqg wkh h�hfw ri d ghfuhdvh lq wkh

gursrxw udwh ri ulfk fkloguhq lv frpsohwho| vzdpshg rxw= Zkloh vwhdg| vwdwh zhoiduh lqfuhdvhv uhodwlyh

wr wkh ehqfkpdun fdvh/ wkh lqfuhdvh lv ohvv wkdq wkh rqh zlwk d vxevlg| wkdw jxdudqwhhv htxdolw| ri

rssruwxqlw|1 Wkh kljk wd{ udwh dqg wkh ghfolqh lq � frplqj iurp d kljk qWS duh wkh olnho| uhdvrqv1 Zkhq

wkh wudqvlwlrqdo orvvhv ri wkh ulfk duh idfwruhg lq/ zhoiduh lv orzhu wkdq wkh ehqfkpdun ydoxh1 Djhqwv

lq wkh ehqfkpdun zrxog eh zloolqj wr sd| xs wr 31:( ri wkhlu vwhdg| vwdwh ehqfkpdun frqvxpswlrq wr

dyrlg wkh qhz srolf|1

Wklv h{shulphqw kljkoljkwv wkh gl!fxow| zlwk sursrvdov ri wkh vruw txrwhg lq wkh irrwqrwh lq wkh

lqwurgxfwlrq1 Lqfuhdvhg vxevlglhv gr khos pruh �hqwhu wkh grruv ri froohjh/� exw e| ghfuhdvlqj wkh

5:Djjuhjdwh frqvxpswlrq lv jlyhq e| t 3 d?WS E�3 8 E@WS�� n E�3 ?WS� E�3 8 E@Wr��o e�
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pdujlqdo delolw| ri hqwudqwv fdxvhv d ghfolqh lq wkh h!flhqf| ri wkh hgxfdwlrq vhfwru15; Wkh kljk wd{

udwhv qhfhvvdu| wr vxssruw wkh vxevlglhv fdq dovr ghfuhdvh djjuhjdwh zhoiduh1 Wkhvh orvvhv duh olnho| wr

eh hyhq kljkhu li delolw| dovr pdwwhuv iru surgxfwlrq/ dqg oderu vxsso| ghflvlrqv duh hqgrjhqrxv1

71816 Holplqdwlrq ri Vxevlglhv

Iru vdnh ri frpsohwhqhvv/ zh dovr suhvhqw wkh uhvxowv zkhq vxevlglhv duh holplqdwhg frpsohwho|1 Dwwdlq0

phqw gursv e| 43 shufhqwdjh srlqwv lq wkh orqj uxq/ dqg wkh �hquroophqw jds� lv :3(1 Dv h{shfwhg/ wkh

suhplxp lv kljkhu/ dw 5135 dqg wkh hgxfdwlrq h!flhqf| lv kljkhu1 Lw lv zhoiduh ghfuhdvlqj wr holplqdwh

vxevlglhv1 Djhqwv lq wkh ehqfkpdun zrxog eh zloolqj wr sd| xs wr 519( ri wkhlu vwhdg| vwdwh ehqfkpdun

frqvxpswlrq wr dyrlg holplqdwlrq ri vxevlglhv1

Lq wkh udqjh ri }hur vxevlglhv wr derxw wkh ;3( wkdw lv qhhghg wr jhw hquroophqw htxdol}hg/ zkhwkhu

htxlw| lqfuhdvhv ru ghfuhdvhv wkh h!flhqf| ghshqgv rq wkh phdvxuh frqvlghuhg � wkh srvlwlyh phdvxuh

ghfuhdvhv zlwk wkh vxevlg| ohyho/ zkloh wkh qrupdwlyh phdvxuh lqfuhdvhv zlwk wkh vxevlg| ohyho1 Krzhyhu/

iru wkh kljk ohyho ri vxevlg| uhtxluhg wr pd{lpl}h dwwdlqphqw/ erwk phdvxuhv ghfuhdvh1

71817 Delolw|0edvhg Vxevlglhv

Wkxv idu zh kdyh dvvxphg wkdw lqirupdwlrq rq delolw| d lv xqrevhuyhg e| wkh jryhuqphqw/ dqg wkhuhiruh

doo srru vwxghqwv jhw wkh vdph dprxqw ri vxevlg|1 Dv phqwlrqhg deryh/ e| uhgxflqj wkh h�hfwlyh frvw ri

froohjh dwwhqgdqfh iru doo srru vwxghqwv lqfoxglqj wkh ohvv deoh rqhv/ vxfk d vfkhph uhgxfhv wkh h!flhqf|

ri wkh hgxfdwlrq vhfwru1 Rqh lqwhusuhwdwlrq ri wkh sulydwh lqirupdwlrq dvvxpswlrq lv wkdw froohjh dlg lv

qhhg edvhg/ udwkhu wkdq phulw edvhg1 Lq wkh XV/ qhhg0edvhg dlg frqvwlwxwhv dq ryhuzkhoplqj iudfwlrq

ri wrwdo dlg15< Lw lv qhyhuwkhohvv lqwhuhvwlqj wr h{dplqh d vfkhph zkhuh wkh jryhuqphqw lv deoh wr

revhuyh d dqg edvh wkh vxevlg| rq lw1

Zkhq wkh dlg lv mxvw qhhg edvhg/ wkh ghflvlrq ri zkhwkhu ru qrw wr vhqg wkh fklog wr froohjh ghshqgv

rq wkh fklog*v delolw| rqo| wkurxjk wkh suredelolw| ri frpsohwlrq1 Zkhq wkh dlg lv phulw edvhg/ delolw|

d�hfwv wklv ghflvlrq e| dovr dowhulqj wkh dprxqw ri vxevlg| wkh fklog uhfhlyhv1 Wkh sureohp ri d froohjh

hgxfdwhg sduhqw lv qrw gluhfwo| d�hfwhg> krzhyhu/ dWr iru wkh vfkrro hgxfdwhg sduhqw lv jlyhq lpsolflwo|

qrz e|=

��r +d
W

r+qS,,�+�+qS,, 9 x+zr+qS,,� x+zr+qS,� h. v+dWr+qS,,,>

zkhuh v +�, lv dq lqfuhdvlqj ixqfwlrq/ dqg wkh h{suhvvlrq krogv zlwk htxdolw| zkhq dWr lv lqwhulru1 Iru

vlpsolflw|/ zh dvvxph wkh olqhdu vxevlg| ixqfwlrq v+d, @ vd= Zh nqrz wkdw d vroxwlrq h{lvwv ehfdxvh

wkh ohiw kdqg vlgh ri wkh htxdwlrq lv lqfuhdvlqj lq d/ dqg wkh uljkw kdqg vlgh lv ghfuhdvlqj lq d1 Wkh

Ehoopdq htxdwlrq fkdqjhv lq d vwudljkwiruzdug zd|1 Wkh phulw edvhg vxevlg| vfkhph grhv qrw d�hfw

5;D vlplodu srlqw lv pdgh lq Fdphurq dqg Khfnpdq +4<<;,1
5<Ihghudo dlg lv fxuuhqwo| doprvw hqwluho| qhhg edvhg1 Hyhq li zh dvvxph wkdw doo vwdwh dqg lqvwlwxwlrqdo dlg lv phulw

edvhg/ wkh udwlr ri qhhg edvhg dlg wr wrwdo dlg zdv derxw :8( lq 4<;;0;<1 +Vhh Wdeoh 507 lq PfSkhuvrq dqg Vfkdslur

+4<<4,1,

5;



�/ h{fhsw wkurxjk lw*v h�hfw rq dWr1 Wkh jryhuqphqw exgjhw frqvwudlqw +46, fkdqjhv � wkh dprxqw wkh

jryhuqphqw vshqgv ghshqgv rq wkh delolw| ri wkh fklog1

+4� qS,

] �

@W
r

vd gI +d, @ �+qSzS+qS, . +4� qS,zr+qS,,=

Wkh h{suhvvlrq iru djjuhjdwh zhoiduh zrxog fkdqjh dssursuldwho|1 Wkh iroorzlqj wdeohv looxvwudwh wkh

h�hfw ri delolw| edvhg vxevlglhv1

Wdeoh 7

Iodw yv delolw| edvhg vxevlg|

Srolf| qWS dWS dWr 4� VS 4� Vr zW

S@z
W

r \ � vxe hii $ $rr

v @ 3=36  dw 168: 1533 17<; 1658 17<5 4187 183< 134< 133<: <196: 41333 41333

v @ =36 � d 1645 1563 193; 1645 178; 41:5 17<: 1346 13399 4314:< 31<<3 31<9:

v @ =375 � d 1657 15:5 1893 15<5 17:6 419: 1834 134< 133<: 431446 31<<6 31<:;

Wkh �uvw urz lv wkh ehqfkpdun fdvh/ uhshdwhg khuh iru frqyhqlhqfh1 Wkh vhfrqg urz frqvlghuv wkh fdvh

zkhuh wkh pd{lpxp vxevlg| jlyhq lv wkh vdph dv wkh  dw vxevlg| jlyhq/ 3=361 Wkh uroh ri delolw| edvhg

vxevlglhv lq udlvlqj wkh txdolw| ri srru froohjh hqwudqwv lv fohdu1 Hgxfdwlrq h!flhqf| lpsuryhv uhodwlyh

wr wkh  dw vxevlg| vfkhph1 Krzhyhu/ wkh  dw vxevlg| fdvh uhwdlqv d voljkw hgjh lq whupv ri zhoiduh/

ehfdxvh djjuhjdwh zhoiduh lv lqfuhdvlqj zlwk qWS lq wkdw uhjlrq1 Wkh wudqvlwlrqdo zhoiduh lv juhdwhu wkdq

wkh vwhdg| vwdwh rqh +exw vwloo orzhu wkdq wkh rqh lq wkh ehqfkpdun fdvh,/ vlqfh wkh wd{ udwh lv orzhu lq

wkh qhz vfkhph dqg frqvlghulqj rqo| wkh vwhdg| vwdwh zrxog qrw lqfoxgh wkhvh wudqvlwlrqdo jdlqv1 Lq wkh

djjuhjdwh/ krxvhkrogv zrxog eh zloolqj wr sd| xs wr 4( ri wkhlu vwhdg| vwdwh ehqfkpdun frqvxpswlrq

wr dyrlg delolw| edvhg vxevlglhv1 Wkh vnloo suhplxp lqfuhdvhv wr 4=:51

Dq dowhuqdwh frpsdulvrq ehwzhhq wkh wzr vfkhphv lv zkhq wkh vwhdg| vwdwh djjuhjdwh dprxqw ri

vxevlgl}dwlrq/ vxe/ lv htxdol}hg +d �uhyhqxh qhxwudo� h{shulphqw,1 Wkh wklug urz frqvlghuv wkh fdvh

zkhuh wklv dprxqw 3=33<: lq erwk vxevlg| vfkhphv1 Wkh deryh0phqwlrqhg h�hfwv duh vhhq khuh dv zhoo

� wkh delolw| edvhg vfkhph surylghv ehwwhu hgxfdwlrq h!flhqf|/ zkloh wkh  dw vxevlg| vfkhph surylghv

kljkhu vwhdg| vwdwh zhoiduh1 Rqfh wudqvlwlrq lv wdnhq lqwr dffrxqw/ zhoiduh lv d elw orzhu wkdq wkh

ehqfkpdun rqh1

Wkh uhvxowv ri wklv h{shulphqw lqglfdwh wkdw li wkh jryhuqphqw kdv wkh srolwlfdo zloo wr xvh dq|

dydlodeoh vljqdo rq delolw|/ lw fdq lqfuhdvh hgxfdwlrqdo h!flhqf| zlwk olwwoh fkdqjh lq zhoiduh e| wdujhwlqj

dlg wr wkh pruh deoh vwxghqwv1

71818 Surgxfwlyh H!flhqf|

Wkh surgxfwlrq ixqfwlrq +6, grhv qrw wdnh lqwr dffrxqw delolw| lq surgxfwlrq1 Lw vhhpv xquhdolvwlf wkdw

d shuvrq zkr kdv d kljkhu suredelolw| ri frpsohwlqj froohjh h{ dqwh/ grhv qrw dovr kdyh d kljkhu h{

srvw suredelolw| ri frpsohwlqj d wdvn dw zrun vxffhvvixoo|1 Lq rughu wr vwxg| wkh urexvwqhvv ri wkh

5<



deryh uhvxowv/ dv zhoo dv wr jdlq lqghshqghqw lqvljkw/ zh frqvlghu wkh fdvh zlwk surgxfwlyh h!flhqf|1

Zh pdnh wkh �eudlq� whup ghshqg rq d> wkh dyhudjh delolw| ri froohjh hgxfdwhg zrunhuv1 Zh wkhuhiruh

frqvlghu wkh surgxfwlrq ixqfwlrq=

\ @ D ^�j +d, +QS . �Qr,
v . +4� �,+Qr . %QS,

D `
�

D >

zkhuh j lv dq lqfuhdvlqj ixqfwlrq1 Lq sduwlfxodu/ zh xvh j +d, @ �d/ zkhuh � lv d srvlwlyh frqvwdqw1 Iru

vlpsolflw|/ wkh vdph d pdwwhuv qrw rqo| iru froohjh frpsohwlrq exw dovr iru zrun delolw|163 Wkhuh lv dovr

vrph wkhruhwlfdo suhfhghqfh wr wklv dssurdfk1 Oxfdv +4<;;, xvhv d vshfl�fdwlrq zkhuh wkh dyhudjh ohyho

ri kxpdq fdslwdo srvlwlyho| d�hfwv surgxfwlrq1 Wkh surgxfwlrq vwuxfwxuh lq Nuhphu +4<<6,/ zkhuh dq

dvvruwdwlyh pdwfklqj ri zrunhuv zlwk wkh vdph kxpdq fdslwdo rffxuv/ lv vlplodu lq  dyru wr wkh Oxfdv

+4<;;, vshfl�fdwlrq1

E| pdnlqj wkh h�hfw sxuho| h{whuqdo/ zh gr qrw dgg dq h{wud vwdwh yduldeoh lq wkh lqglylgxdo*v

sureohp1 Krzhyhu/ wkhuh zloo eh dq h{wud djjuhjdwh vwdwh yduldeoh/ d1 Wkh ixqfwlrqv zS> dS/ hwf1 duh

qrz ghshqghqw rq wklv vhfrqg djjuhjdwh vwdwh yduldeoh/ wkrxjk wkh dqdo|vlv ri wkh lqglylgxdo*v sureohp

lv prvwo| xqfkdqjhg1 Wkh odz ri prwlrq iru d/ lv jlyhq e|=

d
�

+qS, @
qS

U �
@W
SE?Sc@�

d�S+d, gI +d, . +4� qS,
U �
@W
rE?Sc@�

d�r+d, gI +d,

qS
U �
@W
SE?Sc@�

�S+d, gI +d, . +4� qS,
U �
@W
rE?Sc@�

�r+d, gI +d,
=

Wklv irupxod vkrzv wkh srvvlelolw| wkdw dq| srolf| wkdw ghfuhdvhv dWr pruh wkdq lw lqfuhdvhv dWS / fdq

ghfuhdvh wkh dyhudjh delolw| dqg wkxv rxwsxw164

Zkhq � lv 4=6/ dqg doo rwkhu sdudphwhuv duh dw wkhlu ehqfkpdun ohyhov/ zh jhw rxwfrphv wkdw duh

qrw wrr gl�huhqw iurp wkh hduolhu ehqfkpdun rxwfrphv1 Zh wkhuhiruh xvh wkdw ydoxh ri �> dqg v @ 3=36

dv rxu ehqfkpdun iru wklv vshfl�fdwlrq1

Wdeoh 8

Delolw| lq wkh surgxfwlrq ixqfwlrq +v@3136 lv ehqfkpdun,

v qWS �d dWS dWr 4� VS 4� Vr zW

S zW

r zW

S@z
W

r \ � hii $ $rr

3=33 156: 1:7; 1385 1::8 16<: 173: 1:83 1698 5138 1789 1333 <1<:7 1<:9 1<66

3=35 163< 1:67 1477 196; 1685 177< 1979 16<3 4199 179< 1344 43134: 1<<: 1<;9

3=36 166: 1:63 1558 1877 1647 17:; 1948 1733 4187 17:5 134< <1<9< 41333 41333

3=37 168: 1:58 1664 173< 1599 1853 18<6 173: 4179 17:6 1365 <1968 1<<9 41335

3=38 1697 1:49 178: 1557 1546 18:< 18:7 1738 4175 1799 1386 ;1:9: 1<:< 1<;3

63Wkh h{whuqdolw| dvvxpswlrq lv sxuho| iru frqyhqlhqfh dqg qrw wr udwlrqdol}h vxevlgl}dwlrq1 Dv zloo eh hylghqw iurp

wkh uhvxowv/ vxevlglhv lq wklv fdvh kdyh wkh srwhqwldo wr uhgxfh qrw rqo| hgxfdwlrq h!flhqf|/ exw dovr rxwsxw dqg zhoiduh1
64 Lq d irrwqrwh/ Dxwru/ Ndw}/ dqg Nuxhjhu +4<<;, qrwh= �Wkh odujh lqfuhdvhv lq hgxfdwlrqdo dwwdlqphqw ri wkh X1V1

zrunirufh vlqfh 4<73 pd| ryhuvwdwh lqfuhdvhv lq wkh uhodwlyh vxsso| ri �pruh0vnloohg� zrunhuv wr wkh h{whqw wkdw wkh

�xqrevhuyhg� txdolw| ri pruh0hgxfdwhg zrunhuv ghfolqhv zlwk wkh �uhodeholqj� ri �orzhu surgxfwlylw|� zrunhuv lqwr kljkhu

hgxfdwlrq fdwhjrulhv1� Wkh ghfuhdvh lq dyhudjh delolw| lq rxu prgho lv forvho| uhodwhg wr wkh srlqw wkh| pdnh1

63



Zh fdq vhh wkdw wkh dyhudjh delolw| ri froohjh hgxfdwhg shrsoh lq wkh zrunirufh ghfuhdvhv zlwk wkh

ohyho ri vxevlg|1 Wkh hgxfdwlrqdo h!flhqf| lqlwldoo| lqfuhdvhv zlwk wkh vxevlg| ohyho gxh wr wkh ghfuhdvh

lq gursrxw udwhv iru wkh ulfk/ exw wkh lqfuhdvh lq gursrxw iru wkh srru hyhqwxdoo| ghfuhdvhv hgxfdwlrq

h!flhqf|1 Dv ehiruh/ dv wkh vxevlg| ohyho lqfuhdvhv/ vwhdg| vwdwh zhoiduh lpsuryhv iru d zkloh exw zlwk

yhu| kljk ohyhov ri vxevlg|/ wkh wd{ udwh lv kljk hqrxjk wr ghfuhdvh zhoiduh1 Zkhq wkh wudqvlwlrq lv

wdnhq lqwr dffrxqw/ zhoiduh lv qhyhu kljkhu wkdq wkh rqh lq wkh ehqfkpdun1

D pdmru gl�huhqfh uhodwlyh wr wkh �jxuhv lq Wdeoh 5 lv wkdw wkhuh lv d ghfuhdvh lq shu fdslwd rxwsxw

zkhq vxevlglhv duh lqfuhdvhg eh|rqg wkh ;3( ohyho1 Dq lqfuhdvh lq froohjh hgxfdwhg shrsoh lv qrw

qhfhvvdulo| d surfhvv wkdw lqfuhdvhv shu fdslwd rxwsxw li wkh qhz judgxdwhv kdyh orzhu delolw| wkdq

ehiruh1 Dw wkhvh kljk ohyhov ri vxevlglhv/ erwk zW

S dqg zW

r idoo/ hyhq wkrxjk qWS lqfuhdvhv/ vlqfh djjuhjdwh

rxwsxw idoov1 Wkh vnloo suhplxp frqwlqxhv wr ghfuhdvh zlwk vxevlglhv1

Lq vxppdu|/ wkh hduolhu frqfoxvlrqv wkdw dq| lqfuhdvh lq vxevlglhv uhodwlyh wr wkh ehqfkpdun zloo

ghfuhdvh hgxfdwlrq h!flhqf| zlwk qr dssuhfldeoh lqfuhdvh lq zhoiduh lv urexvw wr wkh surgxfwlrq vshf0

l�fdwlrq zlwk delolw|1 Lq idfw/ dv frqmhfwxuhg hduolhu/ dq| vwhdg| vwdwh zhoiduh lqfuhdvhv duh orzhu dqg

wudqvlwlrqdo zhoiduh dozd|v ghfuhdvhv1

71819 Uhylylqj d �Wudsshg� Hfrqrp|

Dv zh vdz lq wkh suhylrxv vhfwlrq/ hyhq iru hpslulfdoo| sodxvleoh ydoxhv ri �/ wkh hfrqrp| fdq eh

wudsshg lq d orz rxwsxw htxloleulxp/ zkhuh wkh iudfwlrq ri froohjh hgxfdwhg shrsoh whqgv wr }hur1 Dv

glvfxvvhg wkhuh/ wkh ehkdylru ri wkh srru sduhqwv lv uhvsrqvleoh iru wkh rffxuuhqfh ri wkh wuds1 Li wkh|

irup d odujh iudfwlrq ri wkh srsxodwlrq/ wkhlu zdjhv duh orz dqg wkh| whqg wr vhqg qrqh ri wkhlu fkloguhq

wr froohjh1 Wkh qxpehu ri zrunhuv zkr duh rqo| vfkrrohg ixuwkhu lqfuhdvhv lq wkh qh{w shulrg/ wkhlu

zdjhv ixuwkhu ghfuhdvhv/ dqg wkh deryh ehkdylru jhwv uhlqirufhg1 Lw vhhpv qdwxudo wr dvn li dq hgxfdwlrq

vxevlg| jlyhq wr wkh srru sduhqwv fdq lqgxfh wkhp wr vwduw vhqglqj wkhlu fkloguhq wr froohjh dqg euhdn

wklv g|qdplfdoo| uhlqiruflqj ehkdylru1

Iru wklv h{shulphqw zh ghsduw iurp wkh vwudwhj| ri frpsdulqj wkh qhz srolf| wr wkh XV ehqfkpdun

iru reylrxv uhdvrqv1 Lqvwhdg/ zh frqvlghu wkh � @ 7 fdvh/ zkhuh zlwkrxw d vxevlg|/ d wuds lv wkh rqo|

srvvlelolw|1 Iljxuh 4: vkrzv krz wkh wudqvlwlrq ixqfwlrq � fkdqjhv zlwk vxevlg|1 Zh fdq vhh krz d

vxevlg| ohyho wkdw lv vx!flhqw fdq jhw dq hfrqrp| rxw ri d wuds htxloleulxp dqg pryh lw wr rqh zkhuh d

kljk vwhdg| vwdwh rewdlqv1 Iru lqvwdqfh/ d 4:( ru d 66( vxevlgl}dwlrq +v @ 3=34 ru 3=35, lv qrw hqrxjk

wr uhylyh wkh wudsshg hfrqrp|165 Exw zlwk d 83( vxevlgl}dwlrq +v @ 3=36,/ wkh hfrqrp| hphujhv iurp

d wuds wrzdug d kljkhu vwhdg| vwdwh1 Wkhvh duh wkh vxevlglhv wkdw duh r�huhg/ udwkhu wkdq vshqw > lq wkh

�uvw wzr fdvhv/ wkh htxloleulxp h{shqglwxuh rq vxevlglhv lv }hur jlyhq wkdw qr srru sduhqw wdnhv xs wkh

r�hu1

65D vnloo suhplxp ri derxw 43 grhv qrw vhhp xquhdvrqdeoh iru wkh srruhvw frxqwulhv1
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Wdeoh 9

Uhylylqj d wudsshg hfrqrp| zkhq � @ 7

Srolf| +v, qWS dWS dWr 4� VS 4� Vr zW

S@z
W

r \ � vxe hii $ $rr

3=33> 3=34> 3=35 1333 1333 41333 1758 Q@D 43155 1597 1333 3 Q@D 41333 41333

3=36 163< 137: 198: 1733 1776 41:6 17<: 1347 3133: <19:: 4136: 41944

3=37 169< 146: 17;9 1688 17<9 4183 1845 1358 31346 <1897 413<3 41:38

Iljxuh 4:
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c)

Φ(n
c
) for s=.01,.02,.03, and .04, when σ=4

Wdeoh 9 kljkoljkwv wkh ydulrxv vxevlg| vfkhphv zkhq frpsduhg wr wkh fdvh zlwk qr vxevlg|/ zklfk

fruuhvsrqgv wr d wuds iru wkh hfrqrp|1 Iru v @ 3=36> zklfk lv vx!flhqw wr jhw wkh hfrqrp| rxw ri wkh

wuds/ wkh dprxqw ri vxevlg| jlyhq lq wkh vwhdg| vwdwh lv mxvw 3=:( ri wkh rxwsxw1 Iurp wkh odvw wzr

froxpqv lq wklv wdeoh/ zh fdq vhh wkdw frpsdulqj vwhdg| vwdwh zhoiduh dorqh +$rr, fdq eh plvohdglqj
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� rqfh wkh wudqvlwlrqdo h�hfw ri ghfuhdvlqj zhoiduh gxh wr wd{dwlrq lv wdnhq lqwr dffrxqw/ wkh ryhudoo

zhoiduh jdlq +$, lv orzhu1 Lq vslwh ri wklv/ wkh zhoiduh jdlq iru d wudsshg hfrqrp| lv vxevwdqwldo � zkhq

v @ 3=36/ wkh frpshqvdwlqj frqvxpswlrq lv 6=:( ri wkh ehqfkpdun ydoxh/ dqg zkhq v @ 3=37 lw lv <(1

Wkh gl�huhqfhv lq wkh vshhg ri wudqvlwlrq lv uhvsrqvleoh iru wkh gl�huhqfhv lq zhoiduh ehwzhhq wkh wzr

fdvhv1 Iljxuh 4; vkrzv wkh wudqvlwlrq sdwk wr wkh kljkhu vwhdg| vwdwh xqghu wkh wzr vxevlg| ohyhov1

Wkh wudqvlwlrq lv idvwhu zkhq v @ 3=37/ doorzlqj zhoiduh jdlqv wr eh uhdol}hg lq d �wlpho|� pdqqhu1

Iljxuh 4;
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Iljxuhv 4< wkurxjk 55 sorw wkh wudqvlwlrq ri dq hfrqrp| zkhq d v|vwhp zlwk v @ 3=37 +d 9:(

vxevlg|, lv lqwurgxfhg lq d wudsshg hfrqrp|1 Zh fdq vhh wkdw qS dqg \ lqfuhdvh prqrwrqlfdoo| wr d

�ghyhorshg� vwhdg| vwdwh1 Wkh| duh dffrpsdqlhg e| d gurs lq dWr dqg zS dqg d ulvh lq dWS dqg zr1 Wkh

dgmxvwphqw wdnhv d ihz jhqhudwlrqv/ exw d suhflslwrxv gurs lq zS lv lpphgldwh1 Wkh hgxfdwhg holwh lq

wkh ghyhorslqj frxqwulhv/ zkr riwhq rffxs| nh| srolf| pdnlqj srvlwlrqv/ duh eodphg iru sd|lqj xqgxh

dwwhqwlrq wr kljkhu hgxfdwlrq � wkh vxssrvlwlrq lv wkdw wkh| ehqh�w pruh iurp jryhuqphqw lqyroyhphqw
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lq kljkhu hgxfdwlrq wkdq gr wkh srru1 Wklv prgho looxvwudwhv d frxqwhuydlolqj lqfhqwlyh wkdw vxfk dq

holwh pljkw kdyh wr qrw vxevlgl}h kljkhu hgxfdwlrq li wkh srru dovr ehqh�w/ dqg suhvhuyh wkh prqrsro|

wkh| hqmr| iru wkhlu fkloguhq zkr duh pruh olnho| wr eh froohjh hgxfdwhg1 Li wklv lqfhqwlyh h�hfwlyho|

fdxvhv vxevlgl}dwlrq wr eh eorfnhg/ wkh hfrqrp| zloo uhpdlq lq d wuds1

Iljxuhv 4< 0 55
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8 Frqfoxvlrqv

Lq wklv sdshu zh kdyh ghyhorshg d g|qdplf iudphzrun wr dqdo|}h kljkhu hgxfdwlrq vxevlglhv zkhq wkhuh

lv khwhurjhqhlw| lq sduhqwdo lqfrph dqg vwxghqw delolw|1 Wkh prgho lv fdoleudwhg wr wkh XV hfrqrp| wr

surylgh xv zlwk d vhqvleoh ehqfkpdun iru frpsdulqj rxwfrphv iurp gl�huhqw srolflhv1 Wkh jryhuqphqw

fdq ghvljq d wd{ dqg vxevlg| vfkhph wkdw jxdudqwhhv htxdolw| ri rssruwxqlw|/ exw rqo| dw wkh h{shqvh

ri d ghfuhdvh lq wkh h!flhqf| ri xwlol}dwlrq ri hgxfdwlrq uhvrxufhv1 Wkh zhoiduh jdlq wkdw frphv iurp

lqfuhdvlqj wkh iudfwlrq ri shrsoh zlwk kljkhu pdujlqdo surgxfwlylw| lv plqlpdo1 D srolf| wkdw dlpv
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wr pd{lpl}h wkh iudfwlrq ri froohjh0hgxfdwhg oderu e| vhqglqj dv pdq| fkloguhq dv srvvleoh wr froohjh

uhvxowv lq d elj gurs lq wkh deryh0phqwlrqhg h!flhqf| zlwk olwwoh ru qr zhoiduh jdlq1 Li wkh jryhuqphqw

kdv wkh srolwlfdo zloo wr xvh dq| dydlodeoh vljqdo rq delolw| dqg surylgh phulw0edvhg dlg/ lw fdq lqfuhdvh

wklv h!flhqf| zlwk olwwoh ghfuhdvh lq zhoiduh1 Wkhvh frqfoxvlrqv dsshdu urexvw wr wkh dgglwlrq ri delolw|

lq wkh surgxfwlrq ixqfwlrq1 Wklv dqdo|vlv lqglfdwhv wkdw dq| ixuwkhu lqfuhdvhv lq kljkhu hgxfdwlrq

vxevlglhv wr eulgjh wkh �hquroophqw jds� lq wkh XV pd| qrw eh zduudqwhg1

Krzhyhu/ hgxfdwlrq vxevlglhv pd| eh d srwhqw wrro iru frxqwulhv wkdw duh fdxjkw lq d ghyhorsphqw

wuds1 D vx!flhqw ohyho ri vxevlg| fdq fdxvh wkh hfrqrp| wr hphujh iurp wkh wuds dqg dovr doorz wkh

jdlqv wr eh uhdol}hg lq d wlpho| pdqqhu1 Lw zrxog eh xvhixo wr fdoleudwh wkh prgho wr d srru hfrqrp|

zklfk kdv ehhq vwdjqdqw iru vhyhudo |hduv dqg vwxg| wklv lvvxh lq juhdwhu ghwdlo1

Vlqfh srru sduhqwv duh vlwxdwhg lq wkh pruh fxuyhg sduw ri wkh xwlolw| ixqfwlrq dqg duh pruh

uhvsrqvlyh wr  dw vxevlglhv/ dv zhoo dv iru vlpsolflw|/ zh irfxv rq d vlpsoh srolf| zkhuh hyhu|rqh lv

wd{hg dw wkh vdph udwh dqg rqo| srru fkloguhq jhw vxevlglhv1 Lw zrxog eh xvhixo wr vhh krz urexvw rxu

frqfoxvlrqv duh wr dowhuqdwh srolf| vshfl�fdwlrqv1

Wkh fdvh iru vxevlglhv lv fohduo| ryhuvwdwhg li wuxh froohjh frpsohwlrq delolw| lv qrw l1l1g1 Wklv frxog

eh lpsohphqwhg e| pdnlqj wkh glvwulexwlrq ixqfwlrq I d Pdunry glvwulexwlrq1 Kdylqj d frqwlqxxp

ri delolwlhv zlwk shuvlvwhqfh dfurvv jhqhudwlrqv zloo dgg wr wkh whfkqlfdo frpsoh{lw|/ exw pljkw |lhog

lqwhuhvwlqj lqvljkwv1 Wkh dvvxpswlrq zh kdyh pdgh iru rxu qxphulfdo h{shulphqwv/ wkdw fkloguhq ri

froohjh hgxfdwhg sduhqwv v|vwhpdwlfdoo| rxwshuirup fkloguhq ri vfkrro hgxfdwhg sduhqwv +�S A �r,/ lv

rqo| rqh vwhs lq wklv gluhfwlrq1 D kljk delolw| shuvrq zkr gxh wr edg oxfn idlov wr judgxdwh zloo qrw eh

deoh wr wudqvplw dq| dgydqwdjh lq rxu vhwxs/ exw zloo eh deoh wr lq rqh zkhuh wkhuh lv wuxh shuvlvwhqfh1

Zh gr qrw kdyh sk|vlfdo fdslwdo lq wklv iudphzrun1 Lw zloo dovr eh xvhixo wr vwxg| wkh urexvwqhvv ri

rxu uhvxowv zkhq dq dowhuqdwh irup ri ehtxhvw lv dydlodeoh wr sduhqwv1 Orz delolw| fkloguhq/ hvshfldoo|

wkh ulfk rqhv/ fdq eh ohiw zlwk fdslwdo lqvwhdg ri ehlqj vhqw wr froohjh1 Lw zloo dovr eh lqwhuhvwlqj wr

prgho vwdwh uxq xqlyhuvlwlhv/ zkhuh vxevlgl}dwlrq lv lqgluhfwo| dydlodeoh wr doo vwxghqwv zkr duh dgplwwhg

lqvwhdg ri mxvw wkh srru1

Dv phqwlrqhg lq wkh lqwurgxfwlrq/ zh kdyh devwudfwhg iurp hfrqrplf jurzwk1 Rqh ri wkh prvw

frpprq uhdvrqv phqwlrqhg iru vxevlgl}lqj kljkhu hgxfdwlrq lv wr surprwh jurzwk> li wkhuh duh jurzwk

h{whuqdolwlhv/ vxevlglhv pljkw eh ylhzhg lq d pruh idyrudeoh oljkw wkdq wkh| duh lq rxu prgho1 Lq

ixwxuh zrun/ zh sodq wr lqfrusrudwh jurzwk lq rxu iudphzrun/ erwk zlwk dqg zlwkrxw h{whuqdolwlhv/

dqg frqgxfw wkh h{shulphqwv vlplodu wr wkh rqhv zh kdyh frqgxfwhg khuh1 Wkh jurzwk fdq uhvxow iurp

qhxwudo whfkqlfdo fkdqjh ru d vnloo eldvhg rqh> prgholqj wkh odwwhu w|sh ri fkdqjh zrxog doorz xv wr

dqdo|}h srolflhv wkdw kdyh ehhq vxjjhvwhg wr doohyldwh lqfuhdvlqj lqhtxdolw| lq wkh XV lq uhfhqw wlphv1
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D Dsshqgl{

D14 Ohppd 4= .TS E?S� : .Tr E?S�
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=

Vr/ qr vfkrro0hgxfdwhg sduhqw vhqgv khu fklog wr froohjh1 Olnhzlvh rqh fdq vkrz wkdw qr froohjh0hgxfdwhg sduhqw

vhqgv khu fklog wr froohjh1 Wkhuhiruh/ F>V @ !1 Vlqfh d froohjh hgxfdwhg sduhqw grhv qrw vhqg khu fklog wr

froohjh/
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S
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Vlqfh delolw| d grhv qrw dsshdu rq wkh uljkw vlgh ri wklv h{suhvvlrq/ lw iroorzv wkdw HYS +qS, @ x+zS +qS,, .
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�
= Vlqfh Dvvxpswlrq 6 lpsolhv

zS +qS, A zr +qS,/ lw iroorzv wkdw HYS +qS, A HYr +qS, = Wklv lv wuxh iru dq| qS� ^3> 4` = Lq sduwlfxodu/ lw lv wuxh
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�
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�
lv lqghshqghqw

ri d1 Wkhuhiruh/ zkhq sorwwhg djdlqvw d lw lv d krul}rqwdo olqh1 Wkh froohjh sruwlrq ri wkh Ehoopdq htxdwlrq +4,
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/ +dvvxplqj �+3, @ 3,/ zklfk lv ohvv wkdq wkh vfkrro sruwlrq1 Wkh froohjh sruwlrq lv vwulfwo|

lqfuhdvlqj lq d/ dvvxplqj ��+d, A 3 dqg jlyhq wkh deryh uhvxow wkdw HYS
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�
A HYr
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1 Wkhvh wzr fxuyhv

hlwkhu lqwhuvhfw dw d xqltxh dW� A 3> ru gr qrw lqwhuvhfw dw doo/ lq zklfk fdvh dW� @ 4=

Wkhvh lpso| wkdw wkhuh h{lvw wkuhvkrog +�uhvhuydwlrq�, delolwlhv dW� 5 +3> 4`/ l @ v> f/ vxfk wkdw d sduhqw ri

w|sh l �qgv lw sur�wdeoh wr vhqg khu fklog wr froohjh rqo| li wkh fklog*v delolw| lv A dW� 1 �

D16 Ohppd 6= @WS E?S� 	 @Wr E?S�

Zulwh wkh Hxohu0olnh htxdwlrqv +7, iru wkh pdujlqdo fkloguhq ri erwk sduhqw w|shv/ iru d jlyhq frpelqdwlrq ri

djjuhjdwh vwdwh qS dqg dqwlflsdwhg qh{w0shulrg vwdwh q
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zlwk htxdolw| li wkh uhohydqw wkuhvkrog delolw| lv ? 41 Zh kdyh xvhg wkh qrwdwlrq lqwurgxfhg lq wkh pdlq wh{w/

zkhuh wkh uljkw kdqg vlgh lv wkh xwlolw| frvw ri froohjh hgxfdwlrq/ dqg wkh ohiw kdqg vlgh lv wkh glvfrxqwhg h{shfwhg

ehqh�w ri vhqglqj wkh fklog wr froohjh/ zhljkwhg e| wkh suredelolw| ri froohjh frpsohwlrq1

Wkh nh| wr surylqj wklv ohppd lv wkh idfw wkdw jS +qS, ? jr +qS,/ zklfk iroorzv iurp wkh vwulfw frqfdylw|

ri wkh xwlolw| ixqfwlrq dqg zS +qS, A zr +qS,1 Wkdw lv froohjh0hgxfdwhg sduhqwv dozd|v kdyh d orzhu xwlolw|

frvw ri vhqglqj wkhlu fkloguhq wr froohjh1 Zh �uvw uxoh rxw wkh srvvlelolw| wkdw dWS @ 4/ dqg dWr ? 41 Vxssrvh

wklv zhuh wuxh/ zh kdyh ��+4,�
�
q
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9 jS +qS, dqg ��+dWr +qS,,�

�
q

�

S

�
@ jr +qS,1 Wkhvh lpso| wkh iroorzlqj

lqhtxdolw|=

�+4,

�+dWr +qS,,
?

jS +qS,

jr +qS,
=

Jlyhq wkdw � +�, lv vwulfwo| lqfuhdvlqj dqg wkh deryh idfw rq uhodwlyh xwlolw| frvwv/ wklv fdqqrw eh wuxh � wkh ohiw

vlgh lv A 4 zkloh wkh uljkw vlgh lv ? 41 Vlqfh zh duh frqvlghulqj rqo| htxloleuld lq zklfk vrph froohjh hgxfdwlrq

wdnhv sodfh/ zh gr qrw dqdo|}h wkh fdvh dWS +qS, @ dWr +qS, @ 41 +Dw wklv vwdjh zh duh dqdo|}lqj wkh sduhqwv*

sureohp dqg zh kdyh wr h{solflwo| uxoh rxw dq htxloleulxp ri wklv w|sh1 Rqfh zh frqvlghu wkh zkroh htxloleulxp/

lw zloo ehfrph reylrxv wkdw vxfk d vlwxdwlrq fdqqrw dulvh1 Rqo| q
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sduhqwv wr vhqg wkhlu fkloguhq wr froohjh1,
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Vxewudfw rqh iurp wkh rwkhu wr jhw=
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Xvlqj wkh qrwdwlrqdo gh�qlwlrqv iru { dqg � gh�qhg lq wkh pdlq wh{w/ dqg wkh wudqvlwlrq ixqfwlrq �/ zh jhw

htxdwlrq +<,1 �

D18 Wkhruhp 4 +H{lvwhqfh dqg Xqltxhqhvv,

Zh �uvw zulwh htxdwlrqv +;, wkurxjk +45, iru wkh vshfldol}dwlrq � +d, @ d> I +d, @ d1 Zh gh�qh wkh udwlr ri xwlolw|

frvwv/ M +qS, � }rE?S�
}SE?S�

= Jlyhq wkh frqfdylw| ri wkh xwlolw| ixqfwlrq dqg wkh idfw z
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jhw M +�, wr eh vwulfwo| ghfuhdvlqj dqg erxqghg ehorz e| 41 Lw dovr iroorzv wkdw jS +qS, ? jr +qS,/ j
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S +qS, A 3/
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r +qS, A 31 Zh zloo xvh wkhvh idfwv uhshdwhgo| lq wkh surri1 Wkh uhohydqw htxdwlrqv wkhq duh +qrwh wkdw zh

kdyh gursshg wkh ��� iurp wkh qrwdwlrq iru wkuhvkrog delolwlhv iru wkh vdnh ri frqyhqlhqfh,=

�dS +qS,�
�
q

�

S

�
@ jS +qS, +48,

dr +qS, @ M +qS, dS +qS, +49,

q
�

S @
4

5
� 4

5

k
qSdS +qS,

2 . +4� qS, dr +qS,
2
l

+4:,

�+qS, @ {+qS, .
�

5

k
dr +qS,

2 � dS +qS,
2
l
�+q

�

S, +4;,

{+qS, � ^dS+qS,x+zS+qS,, . +4� dS+qS,,x+zS+qS,� h,`� +4<,

^dr+qS,x+zr+qS,, . +4� dr+qS,,x+zr+qS,� h,`=

zkhuh q
�

S � �+qS,1 Zh zloo ghulyh d vhw ri vx!flhqw frqglwlrqv wkdw zloo jxdudqwhh h{lvwhqfh dqg xqltxhqhvv dv

zh surfhhg wkurxjk wkh ydulrxv vwhsv ri wkh surri/ dqg dovr surylgh dq h{dpsoh ri d vhw ri sdudphwhuv wkdw vdwlvi|

wkh vx!flhqw frqglwlrqv1 Wkh vx!flhqw frqglwlrqv zloo eh vwulqjhqw jlyhq rxu vwudwhj| ri xvlqj wkh frqwudfwlrq

pdsslqj dujxphqw rq d vlqjoh ixqfwlrq/ �/ lq d v|vwhp ri irxu ixqfwlrqdo htxdwlrqv1 Krzhyhu/ dq| rwkhu vwudwhj|/

iru lqvwdqfh xvlqj wkh frqwudfwlrq dujxphqw rq d sdlu ri ixqfwlrqv/ zrxog pdnh wkh surri pxfk pruh frpsolfdwhg1

Wkh dvvxpswlrqv pdgh duh rq wkh xwlolw|0zdjh frpsrvlwh ixqfwlrqv jr/ jS/ M / dqg khqfh dqg duh olnho| wr eh

vdwlv�hg iru d zlgh ydulhw| ri lqglylgxdo xwlolw| dqg surgxfwlrq ixqfwlrqv1 Wkhvh dvvxpswlrqv duh/ wkhuhiruh/ qrw

wrr uhvwulfwlyh1 Wkh pdlq wkuxvw ri wkhvh dvvxpswlrqv duh wr pdnh wkh vwuhqjwk ri wkh lqfrph h�hfw phqwlrqhg

lq wkh pdlq wh{w/ dv fdswxuhg e| a
�

a
> vwurqj hqrxjk1 Htxlydohqwo|/ wkh dvvxpswlrqv vhw d erxqg rq wkh hodvwlflw|

ri dS/ zklfk lv dq lqglfdwlrq ri wkh vwuhqjwk ri wkh vxevwlwxwlrq h�hfw1

Vwhs 4= Frqvlghu wkh pdsslqj W gh�qhg e|=
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l
�+�+qS,,> +53,

lq frqmxqfwlrq zlwk +48,/ +49,/ +4:,/ dqg +4<,1 Ohw F ^3> 4` eh wkh vsdfh ri erxqghg/ frqwlqxrxv/ qrq lqfuhdvlqj

ixqfwlrqv � = ^3> 4` $ U/ zlwk wkh vxs qrup1 W pdsv F ^3> 4` lqwr lwvhoi/ W = F ^3> 4` $ F ^3> 4`1
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Wkh vwudwhj| zloo eh wr vwduw zlwk d zhdno| ghfuhdvlqj �/ dqg �qg vx!flhqw frqglwlrqv rq wkh xwlolw| dqg

surgxfwlrq ixqfwlrq frpsrvlwh iru hdfk ri wkh wkuhh frpsrqhqwv ri wkh uljkw kdqg vlgh ri wkh pdsslqj wr eh

ghfuhdvlqj lq qS1

Vxe0vwhs +l,= dS +qS, lv lqfuhdvlqj1 Wkdw lv/ li qS� ? qS2/ dS +qS�, ? dS +qS2, =

Zh fdq xvh +48, dqg +4:, wr zulwh=

dS +qS, @
jS +qS,

��
q

�
2 � �

2

k
qS . +4� qS,M +qS,

2
l
dS +qS,

2
r =

Iru d jlyhq qS/ zh fdq sorw wkh wzr vlghv ri wklv htxdwlrq dv ixqfwlrqv ri dS1 Wkh ohiw vlgh lv wkh 78J olqh1

Wkh uljkw vlgh lv d zhdno| ghfuhdvlqj ixqfwlrq/ jlyhq wkh k|srwkhvlv ri d zhdno| ghfuhdvlqj �/ wkdw vwduwv dw d

srvlwlyh qxpehu1 Wkhuhiruh d xqltxh dWS +qS, h{lvwv1 Vxssrvh qS lqfuhdvhv/ vd| iurp qS� wr qS21 Wkh ohiw vlgh

lv xqfkdqjhg1 Wkh txdqwlw|
k
qS . +4� qS,M +qS,

2
l
lv d frqyh{ frpelqdwlrq ri 4 dqg M +qS,

2 A 4> M +qS,
2 lv

ghfuhdvlqj lq qS> pruhryhu/ d juhdwhu zhljkw lv sodfhg rq wkh vpdoohu txdqwlw|/ 4/ dv qS lqfuhdvhv1 Wkhuhiruh/ wkh

hqwluh whup zlwklq wkh vtxduh eudfnhwv lv ghfuhdvlqj lq qS1 Xvlqj wklv idfw/ dqg wkh k|srwkhvlv rq �/ zh fdq vhh

wkdw wkh uljkw vlgh vkliwv rxw1 Hyhq zlwk d zhdno| ghfuhdvlqj �/ zh wkhuhiruh jhw dS +qS�, ? dS +qS2,1 �

Vxe0vwhs +ll,= Vxssrvh
�
qSj2S +qS, . +4� qS, j2r +qS,

�
lv vwulfwo| ghfuhdvlqj lq qS1 Wkhq �+qS, +wkdw lv/ q

�

S,

lv lqfuhdvlqj1 Wkdw lv/ li qS� ? qS2/ q
�

S� ? q
�

S2=

Vxssrvh qrw1 Wkdw lv/ q
�

S2 ? q
�

S�1 Wkh k|srwkhvlv rq � lpsolhv �
�
q

�

S2

�
A �

�
q

�

S�

�
= Lw dovr iroorzv iurp

+4:, wkdw
�
qS� . +4� qS�,M2

�

�
d2S� ?

�
qS2 . +4� qS2,M2

2

�
d2S2= Zh zloo xvh vxevfulswv 4 dqg 5 wr ghqrwh wkh

ydoxhv ri d ixqfwlrq hydoxdwhg dw qS� dqg qS2= Xvh +48, wr wkhq jhw=

�
qS� . +4� qS�,M

2
�

�
j2S� 9

�
�
q

�

S�

�
�
�
q

�

S2

� �
qS2 . +4� qS2,M

2
2

�
j2S2

9
�
qS2 . +4� qS2,M

2
2

�
j2S2>

zklfk lpsolhv
�
qS�j

2
S� . +4� qS�, j

2
r�

�
9

�
qS2j

2
S2 . +4� qS2, j

2
r2

�
/ frqwudglfwlqj wkh dvvxpswlrq wkdw wklv

txdqwlw| lv vwulfwo| ghfuhdvlqj1 Wklv txdqwlw| lv d vxp ri wkh vtxduh ri wkh xwlolw| frvwv zhljkwhg e| wkh iudfwlrq

ri shrsoh wkdw frqvwlwxwh hdfk w|sh� wkh �uvw whup lv lqfuhdvlqj dqg wkh vhfrqg ghfuhdvlqj1 Wkh dvvxpswlrq

jxdudqwhhv wkdw wkh ghfuhdvh lq wkh zhljkwhg vtxduh xwlolw| frvwv iru wkh srru sduhqwv grplqdwhv wkh lqfuhdvh iru

wkh ulfk/ d frqglwlrq vdwlv�hg iru dq| uhdvrqdeoh vshfl�fdwlrq ri wkh surgxfwlrq dqg xwlolw| ixqfwlrqv1 �

Vxe0vwhs +lll,= Vxssrvh
�
qSj

2
S +qS, . +4� qS, j

2
r +qS,

�
@
�
j2r +qS,� j2S +qS,

�
lv vwulfwo| lqfuhdvlqj lq qS1 Wkhq�

d2r +qS,� d2S +qS,
�
lv vwulfwo| ghfuhdvlqj=

Xvh +49, wr zulwh d2r � d2S @
�
M2 � 4

�
d2S 1 Wkhuhiruh/ zh qhhg wr vkrz iru qS� ? qS2=

d2S�
d2S2

A
M2
2 � 4

M2
� � 4

= +54,

6<



Zh nqrz iurp wkh suhylrxv vxe0vwhs wkdw=

d2S�
d2S2

A

�
qS2 . +4� qS2,M

2
2

��
qS� . +4� qS�,M2

�

� =
D vx!flhqw frqglwlrq iru +54, wr eh wuxh lv=�

qS2 . +4� qS2,M
2
2

��
qS� . +4� qS�,M2

�

� A
M2
2 � 4

M2
� � 4

>

wkdw lv/ zkhq
�
qS . +4� qS,M2

�
@
�
M2 � 4

�
lv vwulfwo| lqfuhdvlqj/ zklfk lv zkdw lv dvvxphg1 Wkh suhylrxv vxe0

vwhs dvvxphg wkdw wkh qxphudwru lv ghfuhdvlqj1 Vlqfh jS lv lqfuhdvlqj/ dqg jr lv ghfuhdvlqj/ wkh deryh dvvxpswlrq

krogv zkhq wkh gl�huhqfh lq wkh vtxduh ri xwlolw| frvwv lv ghfuhdvlqj idvwhu1 Lw lv hdv| wr yhuli| wkdw wklv frqglwlrq

lv vdwlv�hg zkhq �a
�

a
A �

2

�
a23�
a

�2
/ dqg dv phqwlrqhg hduolhu lv dq dvvxpswlrq rq wkh vwuhqjwk ri wkh lqfrph

h�hfw1 Wkh uhvxow wkdw
�
d2r � d2S

�
lv ghfuhdvlqj lv zhdnhu wkdq fodlplqj wkdw dr lv ghfuhdvlqj/ zklfk zh �qg lq

doo rxu frpsxwdwlrqv1 +Zh nqrz iurp vxe0vwhs +l, wkdw dS lv lqfuhdvlqj,1 Krzhyhu/ lw grhv fdswxuh wkh d  dyru

ri wkh lqwxlwlyh uhvxow wkdw wkh gl�huhqfh lq hgxfdwlrqdo lqyhvwphqw ehwzhhq wkh ulfk dqg wkh srru ghfuhdvhv zlwk

qS= �

Vxe0vwhs +ly,= Vxssrvh x +zS, � x +zr, � M +jr � jS, lv vwulfwo| ghfuhdvlqj lq qS1 Wkhq { +qS, lv vwulfwo|

ghfuhdvlqj=

Xvh +49, dqg wkh gh�qlwlrq ri { lq +43, wr vhh wkdw { +qS2, ? { +qS�, > iru qS2 A qS� li=

^x +zS� � h,� x +zr� � h,`� ^x +zS2 � h,� x +zr2 � h,` A

dS�

�
j2r� � j2S�

jS�

�
� dS2

�
j2r2 � j2S2

jS2

�
=

Vlqfh/ iurp vxe0vwhs +l,/ dS2 A dS�> d vx!flhqw frqglwlrq fdq eh rewdlqhg e| vhhlqj wkdw wkh uljkw kdqg vlgh lv

erxqghg e| dS�

�
}2
r�
3}2

S�

}S�
� }2

r2
3}2

S2

}S2

�
> zklfk lq wxuq lv erxqghg e|

�
}2
r�
3}2

S�

}S�
� }2

r2
3}2

S2

}S2

�
= Wkhuhiruh/ zh qhhg=

^x +zS� � h,� x +zr� � h,`�
�
j2r� � j2S�

jS�

�
A ^x +zS2 � h,� x +zr2 � h,`�

�
j2r2 � j2S2

jS2

�
=

D ihz dojheudlf vwhsv zloo vkrz wkdw wklv lv h{dfwo| wkh vx!flhqw frqglwlrq dvvxphg1 Wkh dvvxpswlrq jxdudqwhhv

wkdw wkh xqzhljkwhg xwlolw| gl�huhqfh ehwzhhq wkh ulfk dqg wkh srru ghfuhdvh idvw hqrxjk zlwk qS/ vr wkdw wkhuh

duh qr shuyhuvh h�hfwv ri d zdjh ghfuhdvh iru wkh ulfk wkdw zrxog fdxvh wkhp wr vhqg idu ihzhu fkloguhq wr froohjh

dqg dfwxdoo| jhw d juhdwhu zhljkwhg xwlolw| {1 Lq rwkhu zrugv/ wklv lv dq dvvxpswlrq rq wkh xsshu erxqg rq wkh

lqfuhdvh lq dS= �

Vxe0vwhs +y,= Li qS� ? qS2/ dqg � lv zhdno| ghfuhdvlqj/ W�+qS2, 9 W�+qS�,= Wkdw lv/ W pdsv F lqwr lwvhoi1

Frqvlghu wkh pdsslqj W gh�qhg lq +53,1 Vxe0vwhs +ll, surylghg frqglwlrqv xqghu zklfk �+qS, lqfuhdvhv1

Jlyhq wkh zhdno| ghfuhdvlqj �/ zh fdq vhh wkdw �+� +qS,, lv zhdno| ghfuhdvlqj1 Vxe0vwhs +lll, surylghg frq0

glwlrqv xqghu zklfk
�
d2r � d2S

�
ghfuhdvhv/ dqg vxe0vwhs +ly, surylghg frqglwlrqv xqghu zklfk { +qS, ghfuhdvhv1
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Wkhuhiruh hyhu| frpsrqhqw lq W ghfuhdvhv/ wzr ri wkhp vwulfwo|1 Wkhuhiruh/ W pdsv F lqwr lwvhoi1 +Lq idfw/ W

pdsv F lqwr wkh vsdfh ri vwulfwo| ghfuhdvlqj frqwlqxrxv ixqfwlrqv1, �

Dq h{dpsoh ri d vhw ri sdudphwhuv wkdw vdwlv�hv wkh wkuhh vx!flhqw frqglwlrqv olvwhg deryh lv= D @ 4> � @

3=858> y @ 3=8> � @ 3=58> � @ 3=35> h @ 3=38> dqg � @ 4 +orj xwlolw|,1

Vwhs 5= W vdwlv�hv wkh prqrwrqlflw| surshuw|1 Wkdw lv/ li �2 +qS, A �� +qS, > ; qS� ^3> 4` > W�2 +qS, A
W�� +qS, =

Il{ qS1 Xvh +48, dqg +4:, wr zulwh=

dS +qS, @
jS +qS,

��
q

�
2 � �

2

k
qS . +4� qS,M +qS,

2
l
dS +qS,

2
r

Wkh ohiw kdqg vlgh lv wkh 78 ghjuhh olqh zkhq sorwwhg djdlqvw dS dqg jlyhq wkh qrqlqfuhdvlqj surshuw| ri �/

wkh uljkw kdqg vlgh lv d ghfuhdvlqj ixqfwlrq ri dS wkdw vwduwv dw d ydoxh juhdwhu wkdq }hur1 Wkhuh lv d xqltxh

lqwhuvhfwlrq wkdw |lhogv dS +qS, =Zkhq wkh hqwluh ixqfwlrq � lqfuhdvhv/ wkh uljkw kdqg fxuyh vkliwv lqzdug/ fdxvlqj

dS +qS, wr ghfuhdvh1 Wkhuhiruh/ dSc2 +qS, ? dSc� +qS,/ zkhuh wkh dgglwlrqdo vxevfulsw qrz uhihuv wr wkh uhohydqw

ixqfwlrq � +dv rssrvhg wr vwhs 4/ zkhuh wkh vxevfulswv uhihuuhg wr gl�huhqw qS*v iru wkh vdph ixqfwlrq,1 Xvh +48,

dqg +4;, wr zulwh=

+W�2 � W��, +qS, @ {2 +qS,� {� +qS,

.

�
M +qS,

2 � 4
�

5
jS +qS, +dSc2 +qS,� dSc� +qS,, =

Xvlqj wkh gh�qlwlrq ri { lq +4<,/ I +d, @ d/ dqg +49, zh fdq zulwh=

{2 +qS,� {� +qS, @ +dSc2 +qS,� dSc� +qS,, +jS +qS,� M +qS, jr +qS,, =

Xvlqj wklv lq wkh deryh htxdwlrq/ zh jhw=

+W�2 � W��, +qS, @ +dSc2 +qS,� dSc� +qS,,

3C
�
M +qS,

2 � 4
�

5
jS +qS,� M +qS, jr +qS,

4D =

Zh vkrzhg wkdw wkh �uvw idfwru rq wkh uljkw vlgh lv qhjdwlyh1 Lw lv hdv| wr vkrz wkdw wkh vhfrqg idfwru lv qhjdwlyh li

jS +qS,
2 ? jr +qS,

2/ zklfk lv wuxh iru dq| qS xqghu wkh dvvxpswlrqv douhdg| pdgh lq wkh pdlq wh{w rq wkh xwlolw|

dqg surgxfwlrq ixqfwlrqv1 Wkhuhiruh/ +W�2 � W��, +qS, A 3= Wkdw lv/ wkh pdsslqj W vdwlv�hv wkh prqrwrqlflw|

surshuw|1 �

Vwhs 6= W vdwlv�hv wkh glvfrxqwlqj surshuw|1 Li zh frqvlghu +� . �, +qS, � �+qS, . �>;qS/ lw iroorzv wkdw
W +� . �, +qS, 9 W�+qS, . ��/ iru vrph 3 ? � ? 4=

Djdlq/ �{ qS1 Ohw wkh �2 frqvlghuhg lq vwhs 5 qrz uhihu wr � . �/ dqg ohw �� uhihu wr �1 Zh vdz lq vwhs

5 wkdw dSc2 +qS, ? dSc� +qS, > exw lq wklv vwhs zh qhhg wr vhw d erxqg rq wklv fkdqjh1 Iurp wklv idfw dqg +4:,/
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zh fdq ghgxfh wkdw q
�

Sc2 A q
�

Sc�> zklfk jlyhq wkh vsdfh F ^3> 4` dvvxphg/ lpsolhv �
�
q

�

Sc2

�
9 �

�
q

�

Sc�

�
>,

� �
\+?�

Sc2,
9 � �

\+?�

Sc�,
1

Xvh wklv idfw/ dqg +48, iru wkh wzr ixqfwlrqv wr jhw=

dSc� +qS,� dSc2 +qS, @
jS +qS,

�

;?= 4

�
�
q

�

Sc�

� � 4

�
�
q

�

Sc2

�
. �

<@>
9 jS +qS,

�

;?= 4

�
�
q

�

Sc�

� � 4

�
�
q

�

Sc�

�
. �

<@>
@

jS +qS,

�

�

�
�
q

�

Sc�

� k
�
�
q

�

Sc�

�
. �

l
@

��dSc� +qS,
2

jS +qS, . ��dSc� +qS,
=

Xvlqj wkh gh�qlwlrq ri M +qS,/ zh fdq jhw=

M +qS, jr +qS,�
�
M +qS,

2 � 4
�

5
@

jr +qS,
2 � jS +qS,

2

5jS +qS,
=

Xvlqj wkh h{suhvvlrq iru W�2 � W�� iurp wkh suhylrxv vwhs/ dqg wkh deryh wzr h{suhvvlrqv/ zh fdq zulwh=

W +� . �, +qS,� W�+qS, 9 �

#
�dSc� +qS,

2

jS +qS, . ��dSc� +qS,

$#
jr +qS,

2 � jS +qS,
2

5jS +qS,

$
=

Zh zrxog olnh wkh surgxfw ri wkh odvw wzr whupv wr eh ? 41 D vx!flhqw frqglwlrq lv�
�=4

jS +qS, . ��=3

�#
jr +qS,

2 � jS +qS,
2

5jS +qS,

$
? 4>

zklfk lv vdwlv�hg zkhq M +qS,
2 ? 4 . 2

q
/ zklfk zh dvvxph krogv1 Wkdw lv/ e| pdnlqj �/ wkh lqwhujhqhudwlrqdo

glvfrxqw idfwru/ vpdoo hqrxjk/ zh fdq hqvxuh wkdw glvfrxqwlqj krogv1 �

Vwhs 7= W wkxv vdwlv�hv Eodfnzhoo*v vx!flhqw frqglwlrqv iru d frqwudfwlrq1 Wkh frqwudfwlrq pdsslqj wkhruhp

+vhh Vwrnh|/ Oxfdv/ dqg Suhvfrww +4<;<,, jxdudqwhhv wkh h{lvwhqfh ri d xqltxh ixqfwlrq �+qS, � F ^3> 4` wkdw

vdwlv�hv wkh v|vwhp ri ixqfwlrqdo htxdwlrqv1 �

Vwhs 8= Iurp vwhs 4 lw lv fohdu wkdw W dfwxdoo| pdsv F ^3> 4` lqwr wkh vsdfh ri vwulfwo| ghfuhdvlqj ixqfwlrqv/

F
�

^3> 4`1 Wkdw lv W +F, � F
� � F1 Xvlqj Fruroodu| 4/ +sdjh 85,/ lq Vwrnh|/ Oxfdv/ dqg Suhvfrww +4<;<,/

zh jhw wkdw wkh �{hg srlqw ri W � F
�

1 Lq rwkhu zrugv/ wkh htxloleulxp �+qS, lv vwulfwo| ghfuhdvlqj1 Iurp +48,

wkurxjk +4;,/ dqg wkh prqrwrqlflw| ri jr +qS, dqg jS +qS,/ zh jhw wkdw wkh rwkhu ixqfwlrqv wkdw duh sduw ri wkh

htxloleulxp/ dS +qS,/ dr +qS,/ dqg �+qS, h{lvw dqg duh xqltxho| ghwhuplqhg rqfh �+qS, lv xqltxho| ghwhuplqhg1

�
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D19 Sursrvlwlrq 4 +Olqhdu Xwlolw|,

Wkh idfw wkdw d xqltxh vwhdg| vwdwh lv uhdfkhg lq d vlqjoh vwhs zlwk olqhdu xwlolw| fdq eh suryhg iru dq| � dqg

I= Zlwk olqhdu xwlolw|/ wkh xwlolw| frvw ri froohjh hgxfdwlrq lv wkh vdph iru erwk w|shv � jr +qS, @ jS +qS, @ h/

; qS� ^3> 4`1 Lw fdq wkhq eh vhhq iurp htxdwlrqv +44, dqg +45, wkdw dWr+qS, @ dWS+qS, � dW+qS,1 Iurp +43,/

{ +qS, @ zS +qS,�zr +qS,1 Lw iroorzv wkdw ��+qS, ? 3= Wkh odz ri prwlrq +;, uhgxfhv wr=

�+qS, @

] �

@WE?S�
�+d, gI +d,=

Zh fdq uhzulwh +45, iru wkh olqhdu xwlolw| fdvh fdq eh zulwwhq dv=

��+dW +qS,, ^zS +� +qS,,�zr +� +qS,,` @ h=

Vxssrvh dW lqfuhdvhv zlwk qS/ zklfk lpsolhv wkdw � ghfuhdvhv zlwk qS1 Wkhvh lpso| wkdw wkh ohiw vlgh lv lqfuhdvlqj

lq qS/ zkloh wkh uljkw vlgh lv frqvwdqw1 Wkxv lw lv qrw srvvleoh wr kdyh dW lqfuhdvlqj lq qS1 Vlploduo|/ li dW ghfuhdvhv

zlwk qS/ � lqfuhdvhv zlwk qS/ dqg wkh ohiw vlgh lv ghfuhdvlqj lq qS/ zkloh wkh uljkw vlgh lv frqvwdqw1 Wkxv wkh

srvvlelolw| ri dW ghfuhdvlqj lq qS lv dovr uxohg rxw1 Wkh rqo| srvvlelolw| lv wkdw dW lv lqghshqghqw ri qS � wkdw lv/

dW +qS, � dW1 Wkh xqltxh dW/ zklfk lv frpprq wr erwk w|shv ri sduhqwv/ lv jlyhq e|=

��+dW,

�
zS

�] �

@W
�+d, gI +d,

�
�zr

�] �

@W
�+d,gI +d,

��
@ h>

zlwk qWS wkhq jlyhq e|
U �
@W

�+d,gI +d,=Wkxv/ zkhq xwlolw| lv olqhdu/ wkh hfrqrp| hqgv xs dw wklv xqltxh vwhdg|

vwdwh lq rqh vwhs1 �

D1: Frpsxwdwlrq

Wkh frpsxwdwlrqdo vwudwhj| wkdw zh xvh lqyroyhv dssur{lpdwlqj wkh wzr ixqfwlrqv � dqg �/ gh�qhg lq htxdwlrqv

+;, dqg +<,1 Wkh ixqfwlrq � ghshqgv rq dW� +qS> �,/ zklfk lq wxuq ghshqgv rq wkh ixqfwlrq � +uhihu wr htxdwlrqv

44 dqg 45,1 Frqvhtxhqwo|/ zh qhhg wr �uvw dssur{lpdwh �1 Zh dssurdfk wklv e| qhvwlqj wkh hvwlpdwlrq ri �

zlwklq wkh hvwlpdwlrq ri �1 Wkh dojrulwkp wkdw zh xvh lv d Fkhe|vkhy lqwhusrodwlrq dojrulwkp1 +Vhh Mxgg +4<<;,

iru ghwdlov rq frqvwuxfwlqj wkh Fkhe|vkhy qrghv dqg frh!flhqwv1,

41 Zh vwduw e| vhohfwlqj Q Fkhe|vkhy lqwhusrodwlrq qrghv/ q&S > n @ 4> ===>Q= Wkhvh qrghv zloo eh xvhg lq

dssur{lpdwlqj erwk � dqg �1 Zh fdq gr wklv ehfdxvh erwk duh ixqfwlrqv ri wkh vdph yduldeoh1

51 Qh{w/ zh fkrrvh dq lqlwldo jxhvv iru �+q&S ,> ;n=

61 Zh fdq wkhq frpsxwh wkh Fkhe|vkhy frh!flhqwv/ es�=Zh fdq wkhq frqvwuxfw dq dssur{lpdwlrq ri � dw

dq| srlqw qS= �+qS, @
S�

� es�W�+qS,=

l1 Wklv lv wkh lqqhu orrs ghyrwhg wr dssur{lpdwlqj �1 Zh vwduw khuh e| fkrrvlqj dq lqlwldo jxhvv iru

�+q&S ,> ;n=
ll1 Zh frqvwuxfw wkh Fkhe|vkhy frh!flhqwv eo� lq wkh vdph pdqqhu dv zh frqvwuxfwhg wkh es�1
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lll1 Zh wkhq dssur{lpdwh � dw �+q&S ,> ;n = �+�+q&S ,, @
S�

� eo�W�+�+q
&
S ,,=

ly1 Jlyhq wkhvh dssur{lpdwlrqv zh fdq frqvwuxfw d&WS ;n dqg d&Wr ;n/ iroorzlqj htxdwlrqv +44, dqg +45,1

Wkhq zh fdq xsgdwh �+q&S ,> ;n iroorzlqj Htxdwlrq +<,1

y1 Odvwo| zh uhfdofxodwh wkh eo� dqg fkhfn iru frqyhujhqfh1 Li wkh eo� kdyh frqyhujhg/ zh frqwlqxh rq wr

vwhs 71 Li wkh eo� kdyh qrw frqyhujhg/ zh uhwxuq wr vwhs lll/ zlwk wkh xsgdwhg eo�1

71 Jlyhq wkh dssur{lpdwlrq ri �/ zh fdq xsgdwh � dw doo n qrghv/ iroorzlqj htxdwlrq +;,1

81 Odvwo| zh uhfdofxodwh wkh es� dqg fkhfn iru frqyhujhqfh1 Li wkh es� kdyh frqyhujhg/ zh duh �qlvkhg1 Li wkh

es� kdyh qrw frqyhujhg/ zh uhwxuq wr vwhs l/ zlwk wkh xsgdwhg �/ dqg uhdssur{lpdwh �1

91 Qhzwrq*v dojrulwkp fdq wkhq eh xvhg rq �+qWS, @ qWS wr frpsxwh wkh vwhdg| vwdwh1
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