
UNIVERSITY OF

ROCHESTER

A Two-Person Dynamic Equilibrium under Ambiguity

Larry G. Epstein and Jianjun Miao 

Working Paper No. 478
January 2001

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/7081048?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


D WZR0SHUVRQ G\QDPLF HTXLOLEULXP

XQGHU DPELJXLW\

Oduu| J1 Hsvwhlq dqg Mldqmxq Pldr�

Ghfhpehu 5333

Devwudfw

Wklv sdshu ghvfulehv d sxuh0h{fkdqjh/ frqwlqxrxv0wlph hfrqrp| zlwk

wzr khwhurjhqhrxv djhqwv dqg frpsohwh pdunhwv1 D qryho ihdwxuh ri wkh

hfrqrp| lv wkdw djhqwv shufhlyh vrph vhfxulw| uhwxuqv dv dpeljxrxv lq wkh

vhqvh riwhq dwwulexwhg wr Iudqn Nqljkw1 Wkh htxloleulxp lv ghvfulehg frp0

sohwho| lq forvhg0irup1 Lq sduwlfxodu/ forvhg0irup vroxwlrqv duh rewdlqhg iru

wkh htxloleulxp surfhvvhv ghvfulelqj lqglylgxdo frqvxpswlrq/ wkh lqwhuhvw

udwh/ wkh pdunhw sulfh ri xqfhuwdlqw|/ vhfxulw| sulfhv dqg wudglqj vwudwhjlhv1

Diwhu lghqwli|lqj djhqwv dv frxqwulhv/ wkh prgho lv dssolhg wr dgguhvv wkh

frqvxpswlrq krph0eldv dqg htxlw| krph0eldv sx}}ohv1

41 LQWURGXFWLRQ

Wklv sdshu ghvfulehv d sxuh0h{fkdqjh/ frqwlqxrxv0wlph hfrqrp| zlwk wzr djhqwv
dqg frpsohwh pdunhwv1 D qryho ihdwxuh ri wkh hfrqrp| lv wkdw djhqwv gr qrw
ylhz doo frqvxpswlrq surfhvvhv ru vhfxulw| uhwxuqv dv sxuho| ulvn| +suredelolvwlf,1
Udwkhu/ wkh| shufhlyh vrph dv dpeljxrxv lq wkh vhqvh riwhq dwwulexwhg wr Iudqn
Nqljkw14 Djhqwv gl�hu qrw rqo| lq hqgrzphqwv/ exw dovr lq zkhuh wkh| shufhlyh

�Ghsduwphqw ri Hfrqrplfv/ X1 Urfkhvwhu/ Urfkhvwhu/ Q\/ 4795:/ ohsqCwurl1ff1urfkhvwhu1hgx/
pldvCwurl1ff1urfkhvwhu1hgx1 Hsvwhlq judwhixoo| dfnqrzohgjhv wkh �qdqfldo vxssruw ri wkh QVI
+judqw VHV0<<:5775,1 Zh kdyh ehqh�wwhg iurp frpphqwv e| Jxu Kxehupdq dqg Pduwlq Vfkqhl0
ghu1 Iluvw yhuvlrq= Pdufk 53331

4Zh ghyldwh iurp Nqljkw*v whuplqrorj| lq xvlqj cxqfhuwdlqw|* dv d frpsuhkhqvlyh whup1 Lq
rxu whuplqrorj|/ hyhu| surfhvv ru hyhqw lv xqfhuwdlq/ dqg hdfk lv hlwkhu ulvn| ru dpeljxrxv +exw
qrw erwk,1



dpeljxlw| dqg lq wkhlu dyhuvlrq wr dpeljxlw|1 Wkh htxloleulxp lv ghvfulehg frp0
sohwho| lq forvhg0irup1 Lq sduwlfxodu/ forvhg0irup vroxwlrqv duh rewdlqhg iru wkh
htxloleulxp surfhvvhv ghvfulelqj lqglylgxdo frqvxpswlrq/ wkh ulvnohvv udwh/ wkh
pdunhw sulfh ri xqfhuwdlqw|/ vhfxulw| sulfhv dqg wudglqj vwudwhjlhv1

4141 Dpeljxlw|

Lw lv lqwxlwlyh wkdw lq pdq| vlwxdwlrqv d ghflvlrq0pdnhu pd| qrw kdyh vx!flhqw
lqirupdwlrq ru h{shulhqfh wr dvvljq suhflvh suredelolwlhv wr doo ixwxuh frqwlqjhq0
flhv ru vwdwhv ri wkh zruog1 Wkh Hoovehuj Sdudgr{ surylghv dq looxvwudwlrq> lq
sduwlfxodu/ lw ghvfulehv lqwxlwlyh ehkdylru wkdw lv lqfrqvlvwhqw zlwk wkh uholdqfh rq
dq| suredelolw| phdvxuh dv d uhsuhvhqwdwlrq ri eholhiv1 Wkh ohvvrq lv wkdw zkloh
d suredelolw| phdvxuh pd| dghtxdwho| uhsuhvhqw vxemhfwlyh cphdq olnholkrrg*/ lw
fdqqrw dw wkh vdph wlph uhsuhvhqw dovr wkh dgghg glphqvlrq ri eholhiv hpskdvl}hg
e| erwk Nqljkw +frq�ghqfh lq olnholkrrgv, dqg Nh|qhv/ zkr vsrnh ri wkh czhljkw*
ri vxssruwlqj hylghqfh ^67`1 Zh uhihu wr wklv vhfrqg glphqvlrq dv dpeljxlw|1 Wkh
lpsruwdqfh ri wkh Hoovehuj Sdudgr{ lv wkdw lw lv vwurqjo| vxjjhvwlyh ri wkh lpsru0
wdqfh ri dpeljxlw| dovr lq qrqh{shulphqwdo vhwwlqjv dqg dvvhw pdunhwv surylgh dq
reylrxv lqvwdqfh1

Wkhuh duh reylrxv txhvwlrqv frqfhuqlqj wkh lqfrusrudwlrq ri dpeljxlw| lq dq
hpslulfdoo| phdqlqjixo idvklrq1 Prvw lpsruwdqwo|/ �suhflvho| zkdw lv dpeljxlw|B�
Rqh dqvzhu pd| eh irxqg lq ^57`/ zklfk surylghv irxqgdwlrqv iru wkh prgholqj
ghvfulehg lq ^43`/ zklfk lq wxuq lv dssolhg ehorz1 Fkhq dqg Hsvwhlq irupxodwh
lqwhuwhpsrudo xwlolw| lq d frqwlqxrxv0wlph vhwwlqj wkdw/ jlyhq wkh irxqgdwlrqv sur0
ylghg lq ^57`/ d�rugv wkh Nqljkwldq glvwlqfwlrq ehwzhhq ulvn dqg dpeljxlw|1 Wklv
lv pdgh srvvleoh wkurxjk uhsodfhphqw ri wkh vlqjoh suredelolw| phdvxuh ri wkh
vwdqgdug prgho zlwk d vhw ri suredelolwlhv ru sulruv dv sursrvhg e| Jloerd dqg
Vfkphlgohu ^59` iru dq dwhpsrudo vhwwlqj1 Ehfdxvh xwlolw| lv dovr uhfxuvlyh/ zh uhihu
wr lw dv uhfxuvlyh pxowlsoh0sulruv xwlolw|15

Dqrwkhu qdwxudo frqfhuq lv zkhwkhu dpeljxlw| vkrxog eh h{shfwhg wr glvdsshdu
ehfdxvh ri ohduqlqj1 Zh gr qrw prgho ohduqlqj1 Udwkhu/ zh lqwhusuhw rxu prgho
dv ghvfulelqj wkh vwhdg| vwdwh ri dq xqprghohg ohduqlqj surfhvv gxulqj zklfk wkh
lqglylgxdo kdv ohduqhg doo vkh fdq derxw wkh hqylurqphqw1 Lw lv lqwxlwlyh wr xv wkdw
hyhq lq wkh orqj uxq d ghflvlrq0pdnhu pd| qrw eh frpsohwho| frq�ghqw wkdw vkh
nqrzv suhflvho| wkh suredelolw| odz ghvfulelqj khu hqylurqphqw1 Djhqwv lq rxu
hfrqrp| wdnh vxfk lpsuhflvlrq lqwr dffrxqw lq pdnlqj frqvxpswlrq2vdylqjv dqg

5Vhh ^54` iru dq d{lrpdwl}dwlrq1
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sruwirolr ghflvlrqv1 +Vhh Vhfwlrq 518 iru ixuwkhu glvfxvvlrq ri ohduqlqj1,

4151 Dssolfdwlrqv

Dqrwkhu prwlydwlrq iru h{sorulqj dpeljxlw| lv wkh zhoo0nqrzq hpslulfdo idloxuhv ri
wkh ulvn0edvhg prgho1 Rqh vxfk idloxuh lv wkh �htxlw| krph eldv� sx}}oh zkhuhe|
lqglylgxdov lqyhvw cwrr olwwoh* lq iruhljq vhfxulwlhv ^6:`1 Qdwxudoo|/ cwrr olwwoh* lv iurp
wkh shuvshfwlyh ri d prgho zkhuh vhfxulwlhv duh gl�huhqwldwhg rqo| yld wkhlu ulvn
fkdudfwhulvwlfv1 Krzhyhu/ li iruhljq vhfxulwlhv duh pruh dpeljxrxv wkdq grphvwlf
rqhv/ wkhq wkh revhuyhg krph eldv pd| eh rswlpdo1 Wkh qrwhg vshfl�fdwlrq
uhjduglqj dpeljxlw| lv wkh rqh zh dgrsw/ zkloh lqwhusuhwlqj wkh djhqwv lq rxu
prgho dv uhsuhvhqwdwlyh frqvxphuv lq hdfk ri wzr frxqwulhv1

Wkxv rxu prgho fdq eh ylhzhg dv d irupdol}dwlrq ri wkh vxjjhvwlrq e| Iuhqfk
dqg Srwhued wkdw htxlw| krph eldv pd| eh gxh wr gl�huhqfhv lq eholhiv1 Wkh| vshf0
xodwh ^58/ s1 558` wkdw lqyhvwruv �pd| lpsxwh h{wud culvn* wr iruhljq lqyhvwphqwv
ehfdxvh wkh| nqrz ohvv derxw iruhljq pdunhwv/ lqvwlwxwlrqv dqg �upv1� Wkh| dovr
flwh hylghqfh lq ^5<` wkdw �krxvhkrogv ehkdyh dv wkrxjk xqidploldu jdpeohv duh
ulvnlhu wkdq idploldu jdpeohv/ hyhq zkhq wkh| dvvljq lghqwlfdo suredelolw| glvwul0
exwlrqv wr wkh wzr jdpeohv1� Wkh zlghvsuhdg whqghqf| wr lqyhvw lq wkh idploldu
kdv ehhq grfxphqwhg uhfhqwo| lq ^63`/ zlwk wkh krph frxqwu| eldv ehlqj mxvw rqh
lqvwdqfh1 +Vhh dovr ^5:`1, Zh lqwhusuhw wkh gl�huhqfh ehwzhhq wkh idploldu dqg ohvv
idploldu dv wkh vhfrqg glphqvlrq uhihuuhg wr e| Nqljkw dqg Nh|qhv dqg zh prgho
lw dv d gl�huhqfh lq dpeljxlw|1

Wkhuh h{lvwv vxuyh| hylghqfh vxssruwlqj v|vwhpdwlf gl�huhqfhv lq uhwxuqv h{0
shfwdwlrqv ehwzhhq grphvwlf dqg iruhljq lqyhvwruv 0 lqyhvwruv whqg wr eh pruh
rswlplvwlf derxw grphvwlf vhfxulwlhv +vhh ^75/ 68/ 76`,1 Zkloh wkhvh vxuyh|v gr qrw
dgguhvv dpeljxlw| dqg wkh| holflw dw ehvw d vlqjoh suredelolw| phdvxuh iurp hdfk
vxemhfw +udwkhu wkdq d vhw ri sulruv,/ wkhlu �qglqjv duh frqvlvwhqw zlwk rxu prgho
li zh lqwhusuhw wkh holflwhg phdvxuhv dv lqfoxglqj dq dgmxvwphqw iru dpeljxlw|1
+Vhh wkh glvfxvvlrq lq Vhfwlrq 717 iru hoderudwlrq1, Wkxv zh wdnh wkhvh vwxglhv dv
surylglqj ixuwkhu lqgluhfw vxssruw iru rxu prgholqj dssurdfk16

D vhfrqg +uhodwhg, dssolfdwlrq ri rxu prgho lv wr fdvw oljkw rq wkh frqvxps0

6Ixuwkhu vxssruwlqj dujxphqwv pd| eh irxqg lq ^:/ s1 4;86` dqg wkh uhihuhqfhv flwhg wkhuhlq1
Wkhvh dujxphqwv duh r�huhg wr vxssruw wkh k|srwkhvlv ri lqirupdwlrq dv|pphwu| ehwzhhq gr0
phvwlf dqg iruhljq lqyhvwruv dqg wkxv xowlpdwho| wr prwlydwh d qrlv| udwlrqdo h{shfwdwlrqv prgho
zkhuh lqglylgxdov kdyh frpprq vlqjoh sulruv exw revhuyh gl�huhqw vljqdov1 Krzhyhu/ wkh| vhuyh
mxvw dv zhoo wr prwlydwh d prgho zlwk khwhurjhqhrxv vhwv ri sulruv1
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wlrq ehkdylru wkdw lv lpsolhg e| h!flhqw vkdulqj ri xqfhuwdlqw|17 Lq wkh vwdqgdug
prgho zkhuh lqglylgxdov pd{lpl}h dgglwlyh h{shfwhg xwlolw| ixqfwlrqv/ zkhuh xwlo0
lw| lqglfhv pd| gl�hu exw wkh suredelolw| phdvxuh lv frpprq/ h!flhqf| lpsolhv
wkdw hyhu| lqglylgxdo*v frqvxpswlrq ohyho lv d ghwhuplqlvwlf ixqfwlrq ri djjuhjdwh
frqvxpswlrq1 Lq dq lqwhuqdwlrqdo vhwwlqj/ wklv lpsolfdwlrq frqwudglfwv hylghqfh
ri d kljk fruuhodwlrq ehwzhhq frxqwu|0vshfl�f frqvxpswlrq jurzwk dqg frxqwu|0
vshfl�f rxwsxw jurzwk/ ohdglqj wr zkdw Ohzlv ^6:/ ss1 8:708` kdv whuphg wkh
�frqvxpswlrq krph eldv1� Krzhyhu/ vxfk fruuhodwlrq lv frqvlvwhqw zlwk h!flhqf|
lq d zruog zlwk dpeljxlw|/ dw ohdvw dv prghohg khuh1

Lw pd| qrw eh vxusulvlqj wr vrph wkdw wkh dvvxpswlrq wkdw iruhljq vhfxulwlhv duh
pruh dpeljxrxv wkdq grphvwlf rqhv ohdgv wr d eldv wrzdugv grphvwlf vhfxulwlhv
dqg wr frqvxpswlrq jurzwk wkdw lv vhqvlwlyh wr grphvwlf vkrfnv1 Krzhyhu/ lw
phulwv hpskdvlv wkdw wkhvh uhvxowv duh dfklhyhg dv sduw ri d g|qdplf jhqhudo
htxloleulxp dqg dorqj zlwk rwkhu +ryhulghqwli|lqj, suhglfwlrqv wkdw fdq eh xvhg
wr hydoxdwh wkh prgho1 Wkhvh lqfoxgh= +l, srvlwlyh fruuhodwlrq ehwzhhq vhfxulw|
uhwxuqv lq wkh wzr frxqwulhv dqg ehwzhhq uhwxuqv dqg frqvxpswlrq jurzwk udwhv
zlwklq hlwkhu frxqwu|> dqg +ll, wkh frxqwu| zlwk wkh odujhu lqvwdqwdqhrxv phdq
jurzwk udwh ri frqvxpswlrq kdv +xqghu d vxlwdeoh dvvxpswlrq rq sdudphwhuv,
wkh kljkhu lqvwdqwdqhrxv yduldqfh iru frqvxpswlrq jurzwk1 D �qdo suhglfwlrq
frqfhuqv dq dgghg slhfh ri wkh htxlw| krph0eldv sx}}oh zkhuhe| zkloh iruhljq
htxlw| kroglqjv e| grphvwlf uhvlghqwv duh vpdoo/ iruhljq htxlw|  rzv duh odujh dqg
yrodwloh ^6:/ ss1 8;80<3`1

4161 Uhodwhg Olwhudwxuh

Zkloh wkhuh duh qxphurxv sdshuv ghdolqj zlwk h{lvwhqfh dqg fkdudfwhul}dwlrq ri
htxloleulxp lq khwhurjhqhrxv0djhqw hfrqrplhv +vhh ^47`/ ^49`/ ^46` dqg ^65`/ iru
h{dpsoh,/ wkhuh duh ihzhu wkdw ghulyh txdolwdwlyh ru txdqwlwdwlyh suhglfwlrqv +lq
d frqwlqxrxv0wlph vhwwlqj,1 Zh glvfxvv vrph ri wkhvh khuh lq rughu wr sodfh rxu
prgho lq shuvshfwlyh dv d wrro iru xqghuvwdqglqj wkh zrunlqjv ri d khwhurjhqhrxv0
djhqw hfrqrp|1

Gxpdv ^4:` dqg Zdqj ^77` frqvlghu wzr0djhqw hfrqrplhv zlwk frpsohwh pdu0
nhwv> wkh iruphu kdv olqhdu surgxfwlrq zkloh Zdqj frqvlghuv d sxuh h{fkdqjh
hfrqrp|1 Erwk dxwkruv dvvxph h{shfwhg dgglwlyh xwlolw| pd{lpl}dwlrq dqg shu0

7Wkh frpprq whuplqrorj| ri h!flhqw ulvn0vkdulqj lv qrw dssursuldwh khuh ehfdxvh frqvxps0
wlrq surfhvvhv w|slfdoo| lqyroyh hohphqwv ri erwk ulvn dqg dpeljxlw|1 Khqfh/ zh uhihu wkurxjkrxw
wr wkh vkdulqj ri xqfhuwdlqw|1
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plw vrph gl�huhqfhv lq xwlolwlhv1 Gxpdv uholhv frpsohwho| rq qxphulfdo whfkqltxhv
wr dqdo|vh klv prgho1 Zdqj surylghv forvhg0irup vroxwlrqv iru htxloleulxp frq0
vxpswlrq/ lqwhuhvw udwhv dqg wkh pdunhw sulfh ri ulvn dqg d SGH ghwhuplqlqj
vhfxulw| sulfhv/ exw rqo| e| dvvxplqj d yhu| vshfldo uhodwlrq ehwzhhq wkh hodvwlf0
lw| sdudphwhuv ri wkh iholflwlhv ri wkh wzr djhqwv ^77`1

Erwk flwhg prghov dgplw d uhsuhvhqwdwlyh djhqw1 Dv d uhvxow/ lpsolfdwlrqv
iru djjuhjdwh yduldeohv dqg sulfhv duh vlplodu wr wkrvh gholyhuhg e| uhsuhvhqwdwlyh
djhqw prghov/ jlyhq d vxlwdeoh vshfl�fdwlrq ri xwlolw| iru wkh uhsuhvhqwdwlyh djhqw1
Ixuwkhu/ wkh vwdqgdug fkdudfwhul}dwlrq ri h!flhqw frqvxpswlrq doorfdwlrqv +shu0
ihfw fruuhodwlrq dfurvv doo lqglylgxdov zlwk wkh djjuhjdwh, lv ydolg iru wkhlu prghov1
Lq frqwudvw/ rxu prgho grhv qrw dgplw d uhsuhvhqwdwlyh djhqw dqg/ dv qrwhg hduolhu/
gholyhuv d txdolwdwlyho| gl�huhqw fkdudfwhul}dwlrq ri h!flhqf|1

Erwk Gxpdv dqg Zdqj uhihu wr wkh khwhurjhqhlw| lq xwlolwlhv dv prgholqj
gl�huhqfhv lq ulvn dyhuvlrq1 Krzhyhu/ ehfdxvh ulvn dyhuvlrq dqg lqwhuwhpsrudo
vxevwlwxwdelolw| duh frqirxqghg lq wkh vwdqgdug xwlolw| vshfl�fdwlrq/ wkh lqwhusuh0
wdwlrq ri wkhlu uhvxowv lv sureohpdwlf1 Iru h{dpsoh/ jlyhq wkh zlgho| xvhg lvrhodv0
wlf zlwklq0shulrg iholflw| ixqfwlrq +�ES|� ' Sk

|
*k,/ d ghfuhdvh lq k lqfuhdvhv ulvn

dyhuvlrq dqg vlpxowdqhrxvo| ghfuhdvhv wkh zloolqjqhvv wr vxevwlwxwh dfurvv wlph1
Wkhuhiruh/ vxfk d prgho grhv qrw shuplw d fohdu xqghuvwdqglqj ri zklfk dvshfw ri
suhihuhqfh ru zklfk vruw ri khwhurjhqhlw| +lq ulvn dyhuvlrq ru lq vxevwlwxwdelolw|,
lv uhvsrqvleoh iru ydulrxv surshuwlhv ri wkh htxloleulxp1 D ghjuhh ri glvhqwdq0
jolqj lv shuplwwhg e| wkh uhfxuvlyh xwlolw| +ru vwrfkdvwlf gl�huhqwldo xwlolw|, prgho
^45`1 Wkdw prgho lv dssolhg lq ^4;`/ zkhuh dqdo|wlfdo vroxwlrqv duh surylghg iru
d vshfl�fdwlrq lq zklfk wkhuh lv khwhurjhqhlw| lq vxevwlwxwdelolw|/ exw qrw lq ulvn
dyhuvlrq18

Rxu vshfl�fdwlrq ri xwlolw| dovr frqirxqgv ulvn dyhuvlrq dqg vxevwlwxwlrq/ exw
lw glvhqwdqjohv wkhvh wzr dvshfwv ri suhihuhqfh iurp dpeljxlw| dyhuvlrq1 Ehfdxvh
zh irfxv rq dpeljxlw| dqg khwhurjhqhlw| lq dwwlwxghv wrzdugv dpeljxlw|/ wklv
ghjuhh ri vhsdudwlrq shuplwv wkh lqwhusuhwdwlrqv vxjjhvwhg ehorz1 Lw lv qrwhzruwk|
wkdw rxu prgho zlwk khwhurjhqhlw| zlwk uhvshfw wr dpeljxlw| shuplwv dqdo|wlfdo
vroxwlrqv zkloh prghov zlwk khwhurjhqhlw| lq ulvn dwwlwxghv w|slfdoo| +zlwk wkh
h{fhswlrq ri wkh vshfldo frqvwuxfwlrq lq ^77`, uhtxluh qxphulfdo dqdo|vlv1

Dv glvfxvvhg lq ^43` dqg ehorz +Vhfwlrq 616,/ wkhuh lv d olplwhg revhuydwlrqdo
htxlydohqfh ehwzhhq rxu prgho zlwk dpeljxlw| dqg d prgho lq zklfk lqglylgxdov
duh h{shfwhg xwlolw| pd{lpl}huv zlwk khwhurjhqhrxv sulruv1 Wkxv rxu prgho lv

8Vhh ^73` iru d glvfuhwh0wlph prgho wkdw dgplwv dovr gl�hulqj ulvn dwwlwxghv exw zkhuh qxphu0
lfdo whfkqltxhv pxvw eh dgrswhg1
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uhodwhg wr prghov zlwk khwhurjhqhrxv sulruv vxfk dv ^44`/ ^78` dqg ^6`/ zkhuh forvhg0
irup vroxwlrqv duh dovr dydlodeoh1 Rqh gl�huhqfh lv wkdw wkhvh prghov dvvxph
lqfrpsohwh lqirupdwlrq dqg Ed|hvldq0udwlrqdo lqihuhqfhv iurp revhuydeohv/ zkloh/
dv phqwlrqhg hduolhu/ zh gr qrw prgho ohduqlqj1 Udwkhu zh irfxv rq d vwdwh zkhuh
lqglylgxdov kdyh ohduqhg doo wkh| fdq derxw wkhlu hqylurqphqw dqg |hw dpeljxlw|
shuvlvwv1 Lq Vhfwlrq 518/ zh dujxh wkdw wkh shuvlvwhqfh ri dpeljxlw| lv dw ohdvw
sodxvleoh1 Zkloh wkh uhdghu pd| zlvk wr uhvhuyh mxgjhphqw rq wkdw dvshfw ri
rxu prgho/ zh hpskdvl}h dw wklv srlqw wkh sduwlfxodu dsshdo ri lqfrusrudwlqj
dpeljxlw| rqfh rqh rshqv wkh grru wr khwhurjhqhrxv eholhiv/ ru krprjhqhrxv exw
zurqj eholhiv dv lq wkh glvfuhwh0wlph prghov ^4` dqg ^<`1 Lq dq hqylurqphqw lq
zklfk wkhuh lv glvdjuhhphqw derxw wkh suredelolw| ri ixwxuh vwdwhv/ dq lqglylgxdo
pd| txhvwlrq wkh uholdelolw| ri khu vlqjoh sulru dqg pd| zlvk wr pdnh ghflvlrqv
wkdw duh urexvw wr huuruv lq wkh sulru1 Vxfk vhoi0dzduhqhvv dqg d ghvluh iru urexvw
ghflvlrqv ohdg qdwxudoo| wr frqvlghudwlrq ri vhwv ri sulruv19

4171 Rxwolqh

Wkh sdshu surfhhgv dv iroorzv= Uhfxuvlyh pxowlsoh0sulruv xwlolw| lv ghvfulehg lq
wkh qh{w vhfwlrq1 Wkh hfrqrp| dqg htxloleulxp duh ghvfulehg lq Vhfwlrq 61 Wkh
qdwxuh ri htxloleulxp dqg wkh prgho*v dssolfdwlrq wr wkh krph eldv sx}}ohv lq
htxlwlhv dqg frqvxpswlrq duh glvfxvvhg lq Vhfwlrq 71 Surriv duh uhohjdwhg wr dq
dsshqgl{1

51 UHFXUVLYH PXOWLSOH0SULRUV XWLOLW\

Lq wklv vhfwlrq zh rxwolqh d vshfldo fdvh ri uhfxuvlyh pxowlsoh0sulruv iru d vlqjoh
lqglylgxdo wkdw zloo eh xvhg odwhu lq wkh htxloleulxp prgho1 Wkh uhdghu lv uhihuuhg
wr ^43` iru ixuwkhu ghwdlov dqg iru mxvwl�fdwlrq iru dvvhuwhg lqwhusuhwdwlrqv1

5141 Frqvxpswlrq Surfhvvhv

Wlph ydulhv ryhu dfc A o dqg xqfhuwdlqw| lv uhsuhvhqwhg e| d suredelolw| vsdfh
ElcI c � �1 Khuh/ xqolnh lq vwdqgdug prghov/ � uhsuhvhqwv qhlwkhu wkh wuxh remhf0

9Prghov ri curexvw ghflvlrq0pdnlqj* duh ghvfulehg lq ^5;` dqg ^5` iru glvfuhwh dqg frqwlqxrxv
wlph vhwwlqjv uhvshfwlyho|1 Dv h{sodlqhg lq ^43`/ wkhvh prghov duh vlplodu lq vslulw exw gl�huhqw lq
irupdo ghwdlov iurp wkh uhfxuvlyh pxowlsoh0sulruv prgho1 Lq sduwlfxodu/ dqg lq vslwh ri wkhlu lqwhu0
suhwdwlrq dv prgholqj curexvw ghflvlrq0pdnlqj */ wklv lqwhusuhwdwlrq lv odfnlqj ghflvlrq0wkhruhwlf
irxqgdwlrqv1

9



wlyh phdvxuh qru wkh vxemhfwlyh phdvxuh xvhg e| wkh lqglylgxdo ehlqj ghvfulehg1
Lwv uroh lv wr gh�qh qxoo hyhqwv> wkhuh zloo eh qr glvdjuhhphqw ru dpeljxlw| derxw
zklfk hyhqwv duh qxoo1 Ohw ` ' E`|� eh d vwdqgdug _0glphqvlrqdo Eurzqldq
prwlrq gh�qhg rq ElcIc � � dqg I ' iI|jf$|$A wkh +dxjphqwhg, �owudwlrq wkdw
lw jhqhudwhv/ uhsuhvhqwlqj wkh lqirupdwlrq dydlodeoh wr wkh lqglylgxdo1 Dvvxph
I ' IA dqg wkdw If lv wulyldo1 Doo surfhvvhv lq wkh vhtxho duh surjuhvvlyho| phd0
vxudeoh zlwk uhvshfw wr I dqg doo htxdolwlhv lqyroylqj udqgrp yduldeohv +surfhvvhv,
duh xqghuvwrrg wr krog _� @�r� +_| _� @�r�,1

Wkhuh lv d vlqjoh frqvxpswlrq jrrg dw hdfk lqvwdqw1 Frqvxpswlrq surfhvvhv
olh lq F/ d vxevhw ri wkh vhw ri srvlwlyh surjuhvvlyho| phdvxudeoh surfhvvhv wkdw duh

dovr vtxduh lqwhjudeoh +.�

kU A

f
S2r _r

l
	 4,1

5151 Wkh Vhw ri Sulruv

Wkh �uvw vwhs lq vshfli|lqj d xwlolw| ixqfwlrq rq F lv wr vshfli| wkh vhw ri sulruv
S rq wkh vwdwh vsdfh ElcIA �1 Ehfdxvh doo sulruv lq S duh wdnhq wr eh pxwxdoo|
devroxwho| frqwlqxrxv zlwk uhvshfw wr � / wkh| fdq eh gh�qhg yld wkhlu ghqvlwlhv1
Wkhvh/ lq wxuq/ pd| eh gh�qhg e| xvh ri ghqvlw| jhqhudwruv/ zklfk lv krz zh uhihu
wr dq| U_0ydoxhg surfhvv w ' Ew|� vdwlvi|lqj

t�T
|

m w�| m � V�/ � ' �c ���c _/

zkhuh V ' EV�c ���c V_�
� lv d yhfwru ri qrq0qhjdwlyh sdudphwhuv1 Ohw X eh wkh vhw

ri doo vxfk surfhvvhv1 Hdfk ghqvlw| jhqhudwru w jhqhudwhv d � 0pduwlqjdoh E5w| � yld
wkh htxdwlrq

_5w| ' � 5w| w| � _`|/ 5wf ' �/ +514,

ru htxlydohqwo|/

5w| ' i T

�
�
�

2

] |

f

n wr n
2 _r �

] |

f

wr � _`r

�
/ f � | � A 1 +515,

Ehfdxvh � ' 5wf ' . d5wA o/ 5
w
A lv d � 0ghqvlw| dqg wkxv ghwhuplqhv d suredelolw|

phdvxuh 'w rq ElcIA � yld
_'w

_�
' 5wA 1 +516,

Ilqdoo|/ wkh vhw ri sulruv lv

S ' i'w G w 5 X dqg 'w lv gh�qhg e| +516,j1 +517,

:



Zkhq V ' f/ wkhq S froodsvhv wr wkh vlqjoh phdvxuh � dv lq d prgho zlwkrxw
dpeljxlw|1 Pruh jhqhudoo|/ S lv d qrqvlqjohwrq wkdw h{sdqgv dv dq| frpsrqhqw
ri V lv lqfuhdvhg1 Wkh qdwxudo lqwhusuhwdwlrq lv wkdw dpeljxlw| lqfuhdvhv zlwk V/
ru dowhuqdwlyho|/ wkdw dpeljxlw| dyhuvlrq lqfuhdvhv zlwk V1:

Iru ixuwkhu fodul�fdwlrq ri rxu frqvwuxfwlrq/ wklqn ri d glvfuhwh0wlph hyhqw wuhh
zkhuh qdwxuh ghwhuplqhv prwlrq wkurxjk wkh wuhh dqg zkhuh IA ghvfulehv wkh vhw
ri whuplqdo vwdwhv ru hyhqwv1 Il{ d uhihuhqfh suredelolw| phdvxuh � rq IA 1 Dw
hdfk wlph dqg vwdwh lq wkh wuhh/ wkh ghflvlrq0pdnhu*v frqglwlrqdo eholhiv derxw wkh
vwdwh wr eh uhdfkhg qh{w shulrg duh uhsuhvhqwhg e| d vhw ri ghqvlwlhv zlwk uhvshfw
wr wkh frqglwlrqdo phdvxuh lqgxfhg e| � 1 Wkh vhw ri ghqvlwlhv ghwhuplqhv d vhw
ri frqglwlrqdo suredelolw| phdvxuhv ryhu wkh vwdwh qh{w shulrg1 Ilqdoo|/ wkh vhwv
ri frqglwlrqdo0rqh0vwhs0dkhdg phdvxuhv iru doo wlph0vwdwh sdluv fdq eh frpelqhg
lq wkh xvxdo suredelolw| fdofxoxv zd| wr gholyhu d vhw ri phdvxuhv rq IA 1 +Lq wklv
frqvwuxfwlrq/ dgplw doo srvvleoh vhohfwlrqv ri d frqglwlrqdo phdvxuh dw hdfk wlph0
vwdwh sdlu1, Wkh gh�qlwlrq +517, lpsohphqwv wklv frqvwuxfwlrq lq frqwlqxrxv0wlph>
d ghqvlw| jhqhudwru w lv d surfhvv wkdw gholyhuv wkh frxqwhusduw ri wkh +orjdulwkp
ri, d frqglwlrqdo0rqh0vwhs0dkhdg ghqvlw|1

Qrwh wkdw e| wkh Jluvdqry Wkhruhp/
�
`| n

U |

f
wr _r

�
lv d Eurzqldq prwlrq

uhodwlyh wr 'w1 Wkxv wkh pxowlsolflw| ri phdvxuhv lq S fdq eh lqwhusuhwhg dv
prgholqj dpeljxlw| derxw wkh guliw ri wkh gulylqj surfhvv1 Wkh guliw pd| eh }hur
+w ' f, exw dqrwkhu srvvlelolw| dffruglqj wr S lv wkdw wkh cwuxh* phdvxuh lv vxfk
wkdw E` �

| n V�|c `
2
| n V2|� lv d Eurzqldq prwlrq/ fruuhvsrqglqj wr w| ' EV�c V2�

�

iru doo |1

5161 Xwlolw|

Gh�qh d xwlolw| surfhvv ET|ES�� iru hdfk frqvxpswlrq surfhvv S lq F dv iroorzv=

T|ES� ' 4�?
'M�

.'

�] A

|

e3qEr3|� �ESr� _r

���� I|

�
1 +518,

:Jlyhq wkh vxemhfwlyh qdwxuh ri dpeljxlw|/ wkhuh lv dq xqdyrlgdeoh frqirxqglqj ehwzhhq wkh
h{whqw ri dpeljxlw| dqg wkh ghjuhh ri dyhuvlrq wr lw1 Iru h{dpsoh/ lw lv lpsrvvleoh wr glvwlqjxlvk
ehwzhhq wkh devhqfh ri dpeljxlw| rq wkh rqh kdqg dqg wkh suhvhqfh ri dpeljxlw| frpelqhg zlwk
lqgl�huhqfh wr lw rq wkh rwkhu1

;



Xqghu vshfl�hg dvvxpswlrqv rq �E��/ wkh xwlolw| surfhvv lv zhoo0gh�qhg dqg lw lv
uhfxuvlyh lq wkh vhqvh wkdw;

T| ' 4�?
'M�

.'

�] �

|

e3qEr3|� �ESr� _rn e3qE�3|�T�

����I|

�
c f � | 	 � � A 1

Ehfdxvh xwlolw| dovr kdv wkh cplq0ryhu sulruv* irup ri wkh pxowlsoh0sulruv prgho
^59`/ zh uhihu wr ET|E��� dv wkh uhfxuvlyh pxowlsoh0sulruv xwlolw| surfhvv1 Deeuhyldwh
TfE�� e| T E�� dqg uhihu wr lw dv uhfxuvlyh pxowlsoh0sulruv xwlolw|1

Uhfxuvlylw| hqvxuhv g|qdplf frqvlvwhqf| mxvw dv lq wkh vwdqgdug prgho zlwk d
vlqjoh sulru/ zklfk lv rewdlqhg dv wkh vshfldo fdvh V ' f1 Uhfxuvlylw| iroorzv iurp
wkh idfw wkdw wkh xwlolw| surfhvv vroyhv +xqltxho|, d edfnzdug vwrfkdvwlf gl�huhqwldo
htxdwlrq +EVGH,/ wkdw lv/ iru hdfk S/ wkhuh h{lvwv d xqltxh surfhvv ET|ES�c j|ES��
vdwlvi|lqj/ iru f � | � A /

_T| ' d��ES|� n qT| n4@ 
wMX

w| � j| o_|n j| � _`|c TA ' f1 +519,

Qrwh wkdw wkh yrodwlolw| ri xwlolw| j|ES� lv ghwhuplqhg dv sduw ri wkh vroxwlrq wr wkh
EVGH> lw sod|v d nh| uroh lq wkh vhtxho1

Dgglwlrqdo frqglwlrqv gholyhu d udqjh ri qdwxudo surshuwlhv iru xwlolw|1 Iru
h{dpsoh/ li � lv lqfuhdvlqj dqg +vwulfwo|, frqfdyh/ wkhq vr lv hdfk T|E��1

Wkh vxshujudglhqwv ri xwlolw| duh lpsruwdqw iru fkdudfwhul}lqj vhfxulw| sulfhv
dqg htxloleulxppruh jhqhudoo|1 D vxshujudglhqw iru T dw wkh frqvxpswlrq surfhvv
S lv d surfhvv EZ|� vdwlvi|lqj

T ES�� � T ES� � .�

�] A

f

Z| ES
�
| � S|� _|

�
/ +51:,

iru doo S� lq F1 Ehfdxvh T +' Tf, lv d orzhu hqyhorsh ri h{shfwhg dgglwlyh xwlolw|
ixqfwlrqv +518,/ wkh zhoo0nqrzq vwuxfwxuh ri vxshujudglhqwv ri wkh vwdqgdug xwlo0
lw| ixqfwlrq lpphgldwho| gholyhuv vxshujudglhqwv iru T ^43/ Vhfwlrq 71:`1 Pruh
suhflvho|/ gh�qh SS wr eh wkh vhw ri phdvxuhv lq S vxfk wkdw

T ES� ' .'W

�] A

f

e3q| �ES|� _|

�
1 +51;,

;Vx!flhqw frqglwlrqv duh wkdw x eh Eruho phdvxudeoh dqg wkdw H
kU

W

3
x5+fw, gw

l
? 4 iru

doo f lq F1 Ehorz/ zkhuh zh wdnh x wr eh wkh orj ixqfwlrq/ wklv vtxduh lqwhjudelolw| frqglwlrq
ghwhuplqhv wkh grpdlq F1 Iruwxqdwho|/ wkh djjuhjdwh hqgrzphqw surfhvv vshfl�hg wkhuh olhv lq
F/ lpso|lqj wkdw zh fdq vdiho| surfhhg lq wkh htxloleulxp dqdo|vlv xqghu wkh dvvxpswlrq wkdw
iru doo lqwhqwv dqg sxusrvhv wkh irxqgdwlrqv iru xwlolw| surylghg lq ^43/ Wkhruhp 516` dsso| wr
rxu prgho1

<



Wkhq dq dssursuldwh hqyhorsh wkhruhp gholyhuv +dvvxplqj wkdw � lv gl�huhqwldeoh,
wkdw dq| surfhvv EZ|ES�� ri wkh iroorzlqj irup lv d vxshujudglhqw iru T dw S=

Z|ES� ' e3q| ��ES|�
_'W

_�

����
5|

/ 'W 5 SS1 +51<,

Krzhyhu/ 'W 5 SS li dqg rqo| li 'W ' 'wW iru vrph wW wkdw vroyhv +iru hyhu| |,
wkh lqvwdqwdqhrxv pd{lpl}dwlrq dsshdulqj lq +519,/ wkdw lv/<

wW 5 XS � i Ew|� G w| ' V  r}?Ej|� doo |j1 +5143,

Frqfoxgh/ xvlqj +516,/ wkdw hdfk EZ|ES�� ri wkh irup

Z|ES� ' e3q| ��ES|� 5
wW

| / wW 5 XS/ +5144,

lv d vxshujudglhqw iru T dw S1 Wkrxjk wkhuh pd| eh rwkhu vxshujudglhqwv dw
vrph surfhvvhv S/ dqg wkhvh zrxog ohdg wr gl�huhqw htxloleuld ehorz/ zh uhvwulfw
dwwhqwlrq wr htxloleuld fruuhvsrqglqj wr +5144,1

Qrwh �qdoo| wkdw wkh EVGH +519, pd| eh vlpsol�hg wr

_T| ' d��ES|� n qT| n V� m j| m o _|n j| � _`|c TA ' f/ +5145,

zkhuh iru dq| _0glphqvlrqdo yhfwru %/ m % m ghqrwhv wkh yhfwru zlwk �|� frpsrqhqw
m %� m1

5171 H{dpsoh

Zh fdq frpsxwh xwlolw| h{solflwo| iru frqvxpswlrq surfhvvhv S ri wkh irup

_S|*S| ' >S _| n rS � _`|/

zkhuh >S dqg rS duh frqvwdqw1 Vxssrvh wkdw �ES|� ' ESk| ���*k/ iru k � �/ zkhuh
k ' f fruuhvsrqgv wr wkh *L} vshfl�fdwlrq1 Wkhq

T|ES� ' �| ES
k
| � �� *k �

�

q4

E4� q�

k
n eqE|3A � �

q4

�
4 � qeE43q�E|3A �

�

k
/

<Iru dq| g0glphqvlrqdo yhfwru {/ vjq+{, lv wkh g0glphqvlrqdo yhfwru zlwk lwk frpsrqhqw htxdo

wr vjq+{l, @ m {l m @ {l li {l 9@ 3 dqg @ 3 li {l @ 31 Iru dq| | 5 Ug/ |  vjq+{, ghqrwhv wkh

yhfwru lq Ug zlwk lwk frpsrqhqw |lvjq+{l, 1
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zkhuh
�| ' 43� d�� i TE4E|� A ��o dqg

E4� q� *k ' � E>S � E� � k�rS � rS*2 � V� m rS m� 1

Wkh dvvrfldwhg yrodwlolw| lv
j| ' �|S

k
| r

S1

Hylghqwo| wkh xwlolw| ri wkh jlyhq frqvxpswlrq surfhvv ghshqgv rq wkh lqlwldo
ohyho ri frqvxpswlrq dqg rq wkh dgmxvwhg phdq jurzwk udwh >S� E��k�rS �rS*2 �
V� m rS m/ zkhuh wkh dgmxvwphqw lv erwk iru ulvn +yld wkh vhfrqg whup, dqg dpeljxlw|
+yld wkh wklug whup,1 Zh wxuq qh{w wr d glvfxvvlrq ri dpeljxlw|1

5181 Dpeljxlw| dqg Ohduqlqj

Wkh htxloleulxp prgho wr iroorz ghdov zlwk dq hfrqrp| lq zklfk wkh Eurzqldq
prwlrq lv 20glphqvlrqdo +_ ' 2, dqg iru zklfk/ iru hdfk lqglylgxdo/ dw ohdvw rqh
frpsrqhqw ri wkh dpeljxlw| sdudphwhu V lv }hur1 Wkxv dgrsw wkhvh vshfldol}dwlrqv
dovr iru wkh suhvhqw glvfxvvlrq/ wdnlqj V ' Efc V��1

Doo phdvxuhv lq S djuhh rq hyhqwv jhqhudwhg e| wkh �uvw frpsrqhqw surfhvv
` � ' E` �

| � dqg wkxv zh lqwhusuhw wkhvh hyhqwv dv ulvn| dqg frqvxpswlrq surfhvvhv
wkdw duh dgdswhg wr j E` �

r G r � |� duh lqwhusuhwhg dv lqyroylqj rqo| ulvn1 Ghqrwh
wkh vhw ri vxfk surfhvvhv dv Fo�r&1 Krzhyhu/ wkhuh lv glvdjuhhphqw zlwklq S derxw
doo rwkhu hyhqwv1 Wklv ohdgv/ lq sduwlfxodu/ wr wkh lqwhusuhwdwlrq ri frqvxpswlrq
surfhvvhv wkdw duh dgdswhg wr j E` 2

r G r � |� dv ehlqj dpeljxrxv1 Dq lqfuhdvh lq
V kdv qr h�hfw rq wkh udqnlqj ri ulvn| surfhvvhv1 Wkhuhiruh/ zh fdq h{suhvv wkh
ehkdylrudo vljql�fdqfh ri d fkdqjh lq V lq wkh iroorzlqj zd|= Ohw VW : V dqg ohw
T WE�� dqg T E�� eh wkh fruuhvsrqglqj xwlolw| ixqfwlrqv1 Wkhq iru doo S lq F dqg So�r&

lq Fo�r&/
T ESo�r&� � E:� T ES� ', T WESo�r&� � E:� T WES�1

Wkdw lv/ zkhqhyhu T uhmhfwv wkh dpeljxrxv surfhvv S lq idyru ri wkh ulvn| dqg
khqfh xqdpeljxrxv So�r&/ wkhq vr grhv T W1 Lq d qdwxudo vhqvh/ wkhuhiruh/ T W lv
pruh dpeljxlw| dyhuvh wkdq T 1 Zh hpskdvl}h wkdw wkh fkdqjh iurp V wr VW grhv
qrw d�hfw dwwlwxghv wrzdugv ulvn| frqvxpswlrq surfhvvhv/ vxssruwlqj rxu hduolhu
dvvhuwlrq wkdw rxu prgho ri suhihuhqfh gholyhuv d ghjuhh ri vhsdudwlrq ehwzhhq
dwwlwxghv wrzdugv ulvn dqg dwwlwxghv wrzdugv dpeljxlw|143

43Wkh ghjuhh ri ulvn dyhuvlrq lv prghohg e| wkh frqfdylw| ri wkh iholflw| x+�,> krzhyhu/ wkh
odwwhu zloo eh khog �{hg lq rxu htxloleulxp prgho zkhuh zh dgrsw wkh orjdulwkplf vshfl�fdwlrq1
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Lq d prgho zlwk dpeljxlw|/ zkhuh lqglylgxdov gr qrw xqghuvwdqg wkh gulylqj
surfhvv zhoo hqrxjk wr dvvljq suhflvh suredelolwlhv wr hyhqwv/ wkh txhvwlrq qrwhg
lq wkh lqwurgxfwlrq dulvhv/ qdpho|/ �zk| grq*w wkh| ohduqB� Zh gr qrw prgho
ohduqlqj> iru h{dpsoh/ wkh sdudphwhu V lv dvvxphg frqvwdqw dqg grhv qrw uhvsrqg
wr gdwd1 Zh lqwhusuhw rxu prgho dv ghvfulelqj wkh vwhdg| vwdwh ri dq xqprghohg
ohduqlqj surfhvv gxulqj zklfk wkh lqglylgxdo kdv ohduqhg doo vkh fdq derxw wkh
hqylurqphqw1 Pruhryhu/ zh dujxh wkdw dpeljxlw| pd| yhu| zhoo shuvlvw lq vxfk
d vwhdg| vwdwh/ jlyhq dq dssursuldwh dvvxpswlrq derxw wkh lqglylgxdo*v h{ dqwh
ylhz1

Ehfdxvh wkh Hoovehuj Sdudgr{ lv wkh fodvvlf looxvwudwlrq ri dpeljxlw|/ zh uhfdvw
wkh vwrfkdvwlf hqylurqphqw lq whupv ri Hoovehuj xuqv lq rughu wr frqvlghu eulh |
wkh txhvwlrq ri ohduqlqj1 Wkxv vxssrvh wkdw `| lv uhdo0ydoxhg +_ ' �, dqg wklqn ri
prwlrq dorqj wkh uhdo olqh rffxuulqj lq glvfuhwh0wlph1 Dw hdfk wlph | dqg dw hdfk
srvlwlrq/ wkhuh lv dq xuq frqwdlqlqj �ff edoov/ hlwkhu uhg ru eodfn1 Qr lqirupdwlrq
lv surylghg wr wkh ghflvlrq0pdnhu derxw wkh froru frpsrvlwlrq> vkh lv wrog rqo|
wkdw wkh wrwdo lv �ff iru hdfk xuq1 D edoo lv gudzq dw udqgrp dqg prwlrq lv rqh
xqlw wr wkh uljkw ru ohiw dffruglqj dv wkh froru ri wkh edoo gudzq lv uhg ru eodfn1
D gl�huhqw xuq lv xvhg dw hdfk | exw wkh ghflvlrq0pdnhu kdv qr uhdvrq wr eholhyh
wkdw wkh froru frpsrvlwlrq lv gl�huhqw iru gl�huhqw xuqv1 Ilqdoo|/ ehfdxvh vkh fduhv
derxw dpeljxlw|/ khu h{ dqwh ylhz lv h{suhvvleoh e| d qrqvlqjohwrq vhw ri phdvxuhv
iru hdfk xuq1

Wkh zd| lq zklfk dpeljxlw| fkdqjhv ryhu wlph ghshqgv erwk rq wkh cwuxwk*
dqg rq krz wkh xuqv duh uhodwhg dffruglqj wr wkh ghflvlrq0pdnhu*v h{ dqwh ylhz1
Iru vlpsolflw|/ vxssrvh wkdw lq idfw wkhuh duh Df edoov ri hdfk froru lq hdfk xuq/ vr
wkdw wkh wuxh odz ri prwlrq fruuhvsrqgv wr d udqgrp zdon1 Dv iru wkh vxemhfwlyh
h{ dqwh ylhz/ vxssrvh �uvw wkdw vkh ylhzv wkh xuqv dv ehlqj sk|vlfdoo| lghqwlfdo
+kdylqj wkh lghqwlfdo froru frpsrvlwlrq,1 Wkhq revhuydwlrqv ri uhdol}hg `|*v duh
ylhzhg dv wkrxjk wkh| zhuh uhshdwhg vdpsohv iurp d vlqjoh xuq dqg lw lv lqwxlwlyh
wkdw dpeljxlw| zloo ydqlvk dqg wkdw wkh wuxwk zloo eh ohduqhg dv|pswrwlfdoo|1

Dw wkh rwkhu h{wuhph/ krzhyhu/ wkdw wkh lqglylgxdo ylhzv wkh xuqv dv clqgh0
shqghqw*/ fruuhvsrqglqj wr d ylhz ri wkh gdwd jhqhudwlqj phfkdqlvp dv fkdqjlqj
wkurxjk wlph lq d zd| wkdw vkh grhv qrw xqghuvwdqg dqg fdqqrw krsh wr ohduq1
Wkhq revhuyhg uhdol}dwlrqv fruuhvsrqg wr gudzv iurp lqghshqghqw xuqv dqg lqwx0
lwlrq grhv qrw vxjjhvw wkdw dpeljxlw| zrxog glvdsshdu dv|pswrwlfdoo|1 Pdulqdffl
^6;` suryhv d irup ri wkh OOQ dssursuldwh iru wklv vhwwlqj lq zklfk wkh frqqhfwlrq
ehwzhhq hpslulfdo iuhtxhqflhv dqg dv|pswrwlf eholhiv lv zhdnhqhg wr d ghjuhh wkdw

ghshqgv rq wkh h{whqw ri dpeljxlw| lq sulru eholhiv1 Dv|pswrwlfdoo|/ wkh ghflvlrq0
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pdnhu eholhyhv wkdw wkh olplw iuhtxhqf| ri dq| jlyhq froru olhv lq dq lqwhuydo/ zkhuh
wkh lqwhuydo froodsvhv wr d srlqw li wkhuh lv qr dpeljxlw| lq sulru eholhiv exw qrw
pruh jhqhudoo|1 Wklv olplwlqj vlwxdwlrq lv wkh rqh wkdw zh prgho144

61 WZR0SHUVRQ HTXLOLEULXP

6141 Wkh Hfrqrp|

Lqirupdwlrq vwuxfwxuh dqg suhihuhqfhv1 Wkh sulplwlyh suredelolw| vsdfh lv ElcIA c � �1
Vxssrvh wkh dvvrfldwhg Eurzqldq prwlrq lv 50glphqvlrqdo/ `| ' E` �

| c `
2
| �1 Zh

dvvxph d srsxodwlrq ri wzr lqglylgxdov1 Wkh| kdyh wkh frpprq lqirupdwlrq
vwuxfwxuh uhsuhvhqwhg e| wkh dxjphqwhg Eurzqldq �owudwlrq I ' iI|jf$|$A 1 Lq
sduwlfxodu/ wkh gl�hulqj eholhiv ri wkh wzr lqglylgxdov ghvfulehg ehorz duh qrw

gxh wr dv|pphwulf lqirupdwlrq> wkh| uh hfw gl�hulqj sulru ylhzv derxw wkh hq0
ylurqphqw145 Qrwh wkdw wkh dvvxpswlrq wkdw frqvxphu � revhuyhv uhdol}dwlrqv ri
erwk ` � dqg ` � grhv qrw frqwudglfw wkh lqwxlwlrq ghvfulehg lq wkh lqwurgxfwlrq
zkhuhe| � lv ohvv idploldu zlwk vhfxulwlhv wkdw duh gulyhq sulpdulo| e|` � wkdq zlwk
wkrvh gulyhq e| ` �1 Iru h{dpsoh/ Fdqdgldq vsruwv idqv kdyh dffhvv wr vfruhv dqg
vdwhoolwh whohfdvwv ri vrffhu pdwfkhv1 Krzhyhu/ w|slfdoo| wkh| gr qrw sd| pxfk
dwwhqwlrq wr wkhp zlwk wkh uhvxow wkdw pdq| ihho pxfk pruh idploldu zlwk krfnh|
dqg suhihu wr ehw rq krfnh| udwkhu wkdq rq vrffhu pdwfkhv1

Wkhuh lv d vlqjoh shulvkdeoh jrrg +wkh qxphudluh,/ ohdglqj wr wkh frqvxpswlrq
vhw F1 Hdfk lqglylgxdo kdv d uhfxuvlyh pxowlsoh0sulruv xwlolw| ixqfwlrq rq F dqg iru
� ' �c 2/ S� dqg ET �

| E��� ghqrwh �*v frqvxpswlrq dqg xwlolw| surfhvvhv1 Hdfk xwlolw|
ixqfwlrq kdv wkh irup +518, zlwk frpprq udwh ri wlph suhihuhqfh q dqg iholflw|
ixqfwlrq

�ES|� ' *L} S|1 +614,

Suhihuhqfhv gl�hu/ krzhyhu/ ehfdxvh lqglylgxdov kdyh gl�huhqw vhwv ri sulruv/ wkdw
lv/ gl�huhqw ljqrudqfh sdudphwhuv V�1 Zh dvvxph wkdw

V� ' Efc V��
� dqg V2 ' EV2c f�

�1 +615,

44Wkh jhqhudo uhfxuvlyh pxowlsoh0sulruv prgho lq ^43` shuplwv ohduqlqj1 Wklv dvshfw ri wkh
prgho lv ehlqj ghyhorshg ixuwkhu lq ^55`> wkh| prgho d ghflvlrq0pdnhu zkr ylhzv vrph dvshfwv
ri khu hqylurqphqw dv ohduqdeoh dqg rwkhuv dv qrw ohduqdeoh1 Vhh ^8` iru wkh dujxphqw wkdw
hfrqrplf wlph vhulhv pd| eh jhqhudwhg e| vwrfkdvwlf surfhvvhv wkdw frxog qhyhu eh glvfryhuhg
iurp wkh gdwd wkdw wkh| jhqhudwh1

45Vhh ^6<` iru d glvfxvvlrq/ lq d Ed|hvldq vhwwlqj/ ri wkh phulwv ri gl�hulqj sulruv/ udwkhu wkdq
dv|pphwulf lqirupdwlrq/ dv d edvlv iru gl�hulqj eholhiv1
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Wkh lqwhusuhwdwlrq lv wkdw � lv pruh idploldu zlwk ckhu rzq* frpsrqhqw surfhvv` �

wkdq zlwk wkh rwkhu frpsrqhqw ` �146 Lq h{wuhph irup wklv ohdgv wr qr dpeljxlw|
iru � derxw ` �/ wkrxjk ` � lv dpeljxrxv iru khu147 D frqfuhwh vhwwlqj zkhuh wklv
vshfl�fdwlrq vhhpv qdwxudo lv zkhuh � lv d uhsuhvhqwdwlyh frqvxphu lq frxqwu| � lq
zklfk ` � lv wkh gulylqj vwdwh surfhvv1 Khqfhiruwk zh dgrsw wklv lqwhusuhwdwlrq
dqg uhihu wr lqglylgxdov dowhuqdwlyho| dv frxqwulhv1

Zh dujxhg lq Vhfwlrq 518 wkdw wkh shuvlvwhqfh ri dpeljxlw| lv sodxvleoh jlyhq
sulruv wkdw uh hfw lqlwldo dpeljxlw|/ hyhq jlyhq revhuydelolw| ri uhdol}dwlrqv ri wkh
+grphvwlf dqg, iruhljq vwdwh surfhvvhv1 Dw d wkhruhwlfdo ohyho/ wklv uhixwhv wkh
vxjjhvwlrq wkdw dpeljxlw| derxw iruhljq pdunhwv vkrxog eh xqlpsruwdqw ehfdxvh
ri lpsuryhg lqirupdwlrq derxw iruhljq vhfxulw| pdunhwv wkdw lv dydlodeoh lq uhfhqw
|hduv1 Dw d ohvv irupdo ohyho/ pdq| kdyh fodlphg wkdw lw lv qrw dw doo fohdu wkdw
lqyhvwruv frxog ohduq wkh wuxh vwdwlvwlfdo prgho gulylqj vhfxulw| uhwxuqv hyhq zkhuh
rqh h{lvwv1 Iru h{dpsoh/ Iuhqfk dqg Srwhued ^58/ s1 558` zulwh wkdw �wkh vwdwlvwlfdo
xqfhuwdlqwlhv dvvrfldwhg zlwk hvwlpdwlqj h{shfwhg uhwxuqv lq htxlw| pdunhwv pdnhv
lw gl!fxow iru lqyhvwruv wr ohduq wkdw h{shfwhg uhwxuqv lq grphvwlf pdunhwv duh qrw
v|vwhpdwlfdoo| kljkhu wkdq wkrvh deurdg1� Lq vxfk dq hqylurqphqw/ zkhuh wkhuh
pd| eh ohvv wkdq frpsohwh frq�ghqfh lq hvwlpdwhg prphqwv ri h{shfwhg uhwxuqv/
wkh lqyhvwru pd| qrw wuhdw wkhvh hvwlpdwhv dv wuxh lq pdnlqj sruwirolr ghflvlrqv148

Udwkhu vkh pd| eh dzduh ri wkh srvvlelolw| wkdw wkh hvwlpdwhv duh zurqj dqg wkxv
vhhn wr pdnh urexvw ghflvlrqv1 Dv vxjjhvwhg lq wkh lqwurgxfwlrq +Vhfwlrq 416,/ wkh
pxowlsoh0sulruv prgho fdq eh lqwhusuhwhg lq wkhvh whupv1

Vhfxulwlhv pdunhwv1 Lqyhvwphqw rssruwxqlwlhv duh uhsuhvhqwhg e| d orfdoo| ulvnohvv
erqg hduqlqj wkh lqvwdqwdqhrxv lqwhuhvw udwh o dqg e| wzr vhfxulwlhv/ zlwk uhvshf0
wlyh +qrq0qhjdwlyh, glylghqg vwuhdpv t �

| dqg t 2
| 1 Wkxv fxpxodwlyh glylghqgv duh

46Zh zulwh wkh vhfrqg frpsrqhqw ri �4 dv �4 wr lqglfdwh wkdw lw lv wkh dpeljxlw| sdudphwhu
iru lqglylgxdo 4/ wkrxjk lw uhodwhv wr dpeljxlw| derxw Z 51 Zkhq uhihuulqj wr lqglylgxdov l dqg
m/ lw lv xqghuvwrrg wkdw l 9@ m1

47Wr ghvfuleh l*v vhw ri sulruv Sl pruh irupdoo|/ zulwh IW @ I4
W
 I5

W
/ zkhuh I l

w
@

�
�
Z l

v
= v � w

�
/ dqg ghqrwh e| S +4, wkh �uvw pdujlqdo ri S 1 Wkhq S4 frqvlvwv ri doo surgxfwv ri

wkh irup S +4,T/ zkhuh T lv d phdvxuh rq I5
W
wkdw lv frqvlvwhqw zlwk 4*v dpeljxlw| derxw Z 5/

dv phdvxuhg e| �4> wkdw lv/ T lv gh�qhg e| wkh rqh0glphqvlrqdo frxqwhusduw ri +516,1 Vlploduo|
iru S51

48Vhh ^6:` iru d glvfxvvlrq ri vrph ri wkh olwhudwxuh rq sruwirolr fkrlfh xqghu hvwlpdwlrq ulvn
zkhuh lw lv dvvxphg wkdw hvwlpdwhv duh wuhdwhg dv wuxh1
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ghvfulehg e|

(�
| '

+
Efc

U |

f
t �
r _rc

U |

f
t 2
r _r�/ li f � | 	 A

E�c
U A

f
t �
r _rc

U A

f
t 2
r _r� li | ' A 1

+616,

Ehfdxvh vrph ri rxu uhvxowv gr qrw uhtxluh wkdw zh vshfli| ixuwkhu wkh qdwxuh ri
wkh lqglylgxdo surfhvvhv Et �

| �/ zh ghihu ixuwkhu dvvxpswlrqv xqwlo wkh| duh qhhghg
+Vhfwlrq 717,1 Lq dqwlflsdwlrq ri wkh pruh ghwdlohg vshfl�fdwlrq/ wkh uhdghu pljkw
wklqn ri Et �

| � ehlqj gulyhq csulpdulo|* e| wkh vwdwh surfhvv E` �
| � dvvrfldwhg zlwk

frxqwu| �1
Dw hdfk |/ vhfxulwlhv duh wudghg lq d frpshwlwlyh pdunhw dw sulfhv 7| ' E7f

| c 7
�
| c 7

2
| �
�

ghqrplqdwhg lq xqlwv ri frqvxpswlrq1 Lq htxloleulxp/ 7 lv dq Lwr surfhvv vr wkdw
wkh jdlq surfhvv 7 n( lv dovr dq Lwr surfhvv/

_E7| n(|� ' >C
| _|n rC| _`|/

zkhuh >C
| lv U�0ydoxhg dqg rC| lv U�f20ydoxhg1 D wudglqj vwudwhj| lv dq U�0ydoxhg

surfhvv � ' E�|�/ vdwlvi|lqj] A

f

m�| � >
C
| m _| n

] A

f

��| r
C
| Er

C
| �
��| _| 	41

Wklv frqglwlrq lqvxuhv wkdw wkh vwrfkdvwlf lqwhjudo
U
�| �_E7|n(|� lv zhoo gh�qhg1

Qrwh wkdw �| '
�
�fc|c ��c|c �2c|

��
/ zkhuh �?c| uhsuhvhqwv wkh qxpehu ri vkduhv ri wkh

erqg +? ' f, dqg vhfxulwlhv � dqg 21 Wkh vhw ri doo wudglqj vwudwhjlhv lv ghqrwhg
K1

Hqgrzphqwv dqg remhfwlyhv1 Wkh djjuhjdwh hqgrzphqw ru rxwsxw surfhvv Et|� lv
dvvxphg wr iroorz wkh jhrphwulf odz

_t| * t| ' >t _|n rt � _`|/ +617,

zkhuh >t dqg rt '
�
rt� c r

t
2

��
duh frqvwdqwv1 Djjuhjdwh glylghqgv gr qrw h{kdxvw

rxwsxw1 Udwkhu zh dvvxph wkdw

t| ' t �
| n t 2

| n x|/

zkhuh Ex|� lv wkh sduw ri djjuhjdwh rxwsxw wkdw lv qrw wudghg149

49Wkh suhvhqfh ri d qrqwudghg hqgrzphqw frpsolfdwhv wkh prgho vrphzkdw1 Zh lqfoxgh lw
qrw iru juhdwhu jhqhudolw| exw sulpdulo| ehfdxvh/ dv h{sodlqhg lq Vhfwlrq 717/ lw lv xqdyrlgdeoh
jlyhq wkh lqwxlwlrq zh duh wu|lqj wr fdswxuh zlwk rxu prgho dqg jlyhq rxu ghvluh wr rewdlq
forvhg0irup vroxwlrqv1
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Hdfk frxqwu| rzqv �*2 ri wkh qrqwudghg hqgrzphqw Ex|�1 Lqlwldo vkduh krog0
lqjv duh jlyhq e|

�� ' Efc ���cfc �
�
2cf�

� dqg �2 ' Efc� � ���cfc �� ��2cf�
�>

wkh dvvxpswlrq ri }hur lqlwldo erqg kroglqjv lv pdgh sxuho| iru vlpsolflw|1
Jlyhq d vhfxulw| sulfh surfhvv 7/ lqglylgxdo � vroyhv

t�T
Ee�c���M�fK

T �Ee�� +618,

vxemhfw wr

7| � �
�
| ' 7f � �

�
f n

] |

f

��r � _E7r n(r��

] |

f

�
e�r �

�
2
xr

�
_r/ | 5 dfc A o/ +619,

dqg d fuhglw frqvwudlqw wkdw lv vshfl�hg lq Dsshqgl{ D +vhh +D148,,1
Wkh suhfhglqj gh�qhv wkh hfrqrp|

H '
�
ElcIcIc � � c E`|�c

�
�c qc V�c ��f

�
�'�c2

c E(|�c Et|�
�
1 +61:,

6151 Htxloleulxp

Zh gh�qh wzr qrwlrqv ri htxloleulxp1 Dq Duurz0Gheuhx htxloleulxp iru wkh hfrq0
rp| H lv d wxsoh EES���'�c2c R� zkhuh R lv d qrq0qhjdwlyh uhdo0ydoxhg +vwdwh, sulfh
surfhvv/ S� vroyhv +iru � ' �c2,

t�T
e�M�

T �Ee�� vxemhfw wr

.

�] A

f

Rr
�
e�r �

�

2
xr

�
_r

�
� ��

�cf.

�] A

f

Rrt
�
r _r

�
n ��

�cf.

�] A

f

Rrt
�
r _r

�
/ +61;,

dqg zkhuh pdunhwv iru frqwlqjhqw frqvxpswlrq fohdu/ wkdw lv/

S� n S2 ' t�

D Udgqhu htxloleulxp iru wkh hfrqrp| H lv d wxsoh E ES�c ����'�c2c 7� vxfk wkdw
jlyhq wkh vhfxulw| sulfh surfhvv 7/ ES�c ��� vroyhv sureohp +618, iru � ' �c 2 dqg
pdunhwv fohdu=

��| n �2| ' Efc�c ��� iru doo | dqg S� n S2 ' t 1 +61<,
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Dffruglqj wr wklv gh�qlwlrq/ lqglylgxdov pdnh frqvxpswlrq dqg sruwirolr sodqv
iru wkh hqwluh krul}rq dw | ' f1 Ehfdxvh ri wkh vhtxhqwldo qdwxuh ri pdunhwv/ rqh
pd| dvn zkhwkhu wkh| kdyh lqfhqwlyhv wr uhylvh sodqv dv wlph surfhhgv1 Krzhyhu/
wkh uhfxuvlylw| ri xwlolw|/ srlqwhg rxw hduolhu/ hqvxuhv wkdw sodqv zloo eh fduulhg
rxw1

Wkh ulvnohvv udwh dqg wkh erqg sulfh duh uhodwhg e|

o| _| ' _7f

| * 7
f

| 1

Ohw wkh uhwxuqv surfhvv iru ulvn| vhfxulwlhv eh

_-?
| '

_7?
| n t ?

| _|

7?
|

/ ? ' �c 2/ +6143,

dqg zulwh -| ' E-�

| c -
2

| �
�
/

_-| ' K| _| n r| _`|/ +6144,

zkhuh K| lv U20ydoxhg dqg hdfk r| lv d 2�2 pdwul{1 Wkh htxloleulxp kdv frpsohwh
pdunhwv +lq wkh xvxdo vhqvh, li r| lv lqyhuwleoh1 Lq wkdw fdvh/ wkh vwdwh sulfh surfhvv
ER|� vdwlv�hv

�_R| * R| ' o| _| n #| � _`|c Rf ' �c +6145,

zkhuh #| � r3�| EK|� o|��1 Wr shuplw odwhu xvh ri wkh pduwlqjdoh dssurdfk/ dvvxph
wkdw o| dqg #| duh xqlirupo| erxqghg1

4: W|slfdoo|/ #| lv uhihuuhg wr dv wkh pdunhw
sulfh ri ulvn1 Zh uhihu wr lw dv wkh pdunhw sulfh ri xqfhuwdlqw| wr uh hfw wkh idfw
wkdw E`|� dqg khqfh dovr vhfxulw| uhwxuqv/ hperg| erwk ulvn dqg dpeljxlw|1

Zh hvwdeolvk h{lvwhqfh ri d frpsohwh pdunhwv htxloleulxp dqg fkdudfwhul}h lw
cdoprvw* frpsohwho| lq forvhg irup/ xqghu wkh dvvxpswlrq wkdw4;

f � V� 	 rt
2

dqg f � V2 	 rt
�
1 +6146,

Ehfdxvh wkhvh uhvwulfwlrqv olplw wkh dpeljxlw| sdudphwhuv wr eh cvpdoo*/ wkh| vhhp
xqfrqwhqwlrxv1 Pruhryhu/ wkh| duh fuxfldo lq gholyhulqj forvhg0irup vroxwlrqv1 Wkh
ghulydwlrq ri hyhq d olplwhg dqdo|wlfdo vroxwlrq pd| vhhp vxusulvlqj/ +lw zdv wr

4:Dv vkrzq lq Wkhruhp 614/ wkh| duh xqlirupo| erxqghg lq htxloleulxp1
4;Wkh srvlwlylw| dvvxpswlrq iru yrodwlolwlhv v\

l
lv zlwkrxw orvv ri jhqhudolw| ehfdxvh wkh qhjdwlyh

ri d S 0Eurzqldq prwlrq lv dovr d S 0Eurzqldq prwlrq1 Lq rwkhu zrugv/ wkh dvvxpswlrq dqg

iroorzlqj wkhruhp fdq eh uhvwdwhg wr dsso| wr dq| sdudphwhuv vdwlvi|lqj 3 � �l ? m v\
l

m1 Wkh

fxuuhqw vwdwhphqw lv dgrswhg iru vlpsolflw|1

4:



xv,/ ehfdxvh vxshujudglhqwv iru uhfxuvlyh pxowlsoh0sulruv xwlolw| ghshqg rq wkh
yrodwlolw| ri wkh xwlolw| surfhvv +vhh +5143, dqg +5144,,/ derxw zklfk rqh pljkw
h{shfw w|slfdoo| wr nqrz yhu| olwwoh1 Krzhyhu/ xqghu +6146,/ zh vkrz wkdw wkh
ghqvlw| jhqhudwruv wkdw vxssruw htxloleulxp frqvxpswlrq surfhvvhv duh

wW�| ' Efc V��
� dqg wW2| ' EV2c f�

� iru doo |/ +6147,

zklfk h{solflw h{suhvvlrqv duh wkh nh| wr wkh dydlodelolw| ri dq dqdo|wlfdo vroxwlrq1
Wkh ghvfulswlrq ri htxloleulxp pdnhv xvh ri wkh surfhvv

�| � i T

�
�

2

�
EV��

2 � EV2�
2
�
| n V�`

2

| � V2`
�

|

�
+6148,

dqg b/ wkh uhodwlyh Sduhwr xwlolw| zhljkw iru frxqwu| 5/ zklfk lv jlyhq e| +6147,/
+515, dqg

b '
.
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f
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l 1 +6149,

Lw lv xvhixo dovr wr lqwurgxfh wkh +vkdgrz, sulfh ri wkh qrqwudghg hqgrzphqw
jlyhq e|

7| '
�

R|
.

�] A

|

Rrxr _r m I|

�
1

Zulwh
_7| ' >| _| n r| � _`|1 +614:,

Gh�qh wkh +wrwdo, zhdowk surfhvv iru � e|

f
�

| ' 7| � �
�
| n

�

2
7|1 +614;,

Wkhruhp 6141 Dvvxph +6146, dqg gh�qh � | dqg b dv deryh1
+l, Wkhuh h{lvwv dq Duurz0Gheuhx htxloleulxp EES���'�c2c R� zkhuh

S�| '
�

� n b� |
t|/ S2| '

b� |
� n b� |

t| dqg +614<,
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e3q| 5w
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Khuh wW� dqg 5w
W�

| duh gh�qhg e| +6147, dqg +515,1
+ll, Gh�qh sulfhv ri wkh wzr ulvn| vhfxulwlhv e|

7?
| '

�

R|
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�] A

|

R�t
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����I|

�
c ? ' �c2/ +6154,

dqg gh�qh wkh erqg sulfh e|

7f
| '

�

R|
.d RA m I| o1 +6155,

Ohw r| eh wkh uhwxuqv yrodwlolw| pdwul{ dv lq +6144,1 Li r| lv lqyhuwleoh/ wkhq wkh
Duurz0Gheuhx htxloleulxp EES���'�c2c R� fdq eh lpsohphqwhg e| wkh Udgqhu htxl0
oleulxp E ES�c ����'�c2c 7� ghvfulehg dv iroorzv=

+d, Wkh lqwhuhvw udwh o| vdwlv�hv

o| ' q n >t � rt � rt �

�
V2r
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wkh pdunhw sulfh ri xqfhuwdlqw| #| lv

#| ' rt n

�
V2S

2
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V�S
�
|*t|

�
+6157,

dqg wkh vwdwh sulfh surfhvv ER|� vdwlv�hv +6145,1
+e, H{fhvv uhwxuqv iru wkh wzr ulvn| dvvhwv duh
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zkhuh r?| lv wkh ?wk urz ri r|c dqg r?6| lv wkh E?c6� hohphqw ri r|�
+f, Zhdowk surfhvvhv vdwlvi|

f
�
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�
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| 1 +615;,

Jlyhq vhfxulw| sulfhv dv lq +6154,/ htxdwlrqv +6143,0+6144, ghwhuplqh wkh htxl0
oleulxp guliw dqg yrodwlolw| ri uhwxuqv K| dqg r|1 Wkxv wkh fkdudfwhul}dwlrq ri
htxloleulxp surylghg e| wkh wkhruhp lv frpsohwh/ dsduw iurp wkh jds uhjduglqj
wkh lqyhuwlelolw| ri r|1 Iru wkh sduwlfxodu vshfl�fdwlrq ri wkh lqglylgxdo surfhvvhv
Et �

| � ghvfulehg ehorz +Vhfwlrq 717,/ zh ghulyh h{solflw vroxwlrqv iru 7| dqg frq�up
wkh lqyhuwlelolw| ri r|/ surylglqj wkhuhe| d frpsohwh fkdudfwhul}dwlrq ri htxlole0
ulxp1 Iluvw/ krzhyhu/ zh glvfxvv ihdwxuhv ri wkh htxloleulxp wkdw duh ydolg dw wkh
jhqhudo ohyho ri wkh wkhruhp1

Frqvlghu eulh | htxloleulxp lq wkh ehqfkpdun prgho V� ' V2 ' f1 Ehfdxvh
wkhuh lv qr dpeljxlw| dqg +uhsuhvhqwdwlyh lqglylgxdov lq, erwk frxqwulhv xvh wkh
vlqjoh dqg frpprq suredelolw| phdvxuh � / htxloleulxp kdv wkh idploldu irup1 Iru
h{dpsoh/ hdfk frxqwu| frqvxphv d �{hg sursruwlrq ri wkh zruog rxwsxw/ lpso|0
lqj htxdo jurzwk udwhv ri frqvxpswlrq1 Wkh ulvnohvv udwh dqg pdunhw sulfh ri
xqfhuwdlqw| duh frqvwdqw dqg ghshqg lq wkh idploldu idvklrq rq surshuwlhv ri wkh
djjuhjdwh hqgrzphqw surfhvv dqg h{fhvv uhwxuqv iru wkh ulvn| vhfxulwlhv duh gh0
whuplqhg dv lq wkh uhsuhvhqwdwlyh0djhqw F0FDSP1 Ilqdoo|/ hdfk frxqwu|*v +ydoxh,
sruwirolr ri ulvn| vhfxulwlhv frqvlvwv ri wzr frpsrqhqwv/ wkh phdq0yduldqfh0h!flhqw

sruwirolr f
�

|Er|r
�

| �
3�EK| � o|�� dqg d frpsrqhqw ��

2
Er�| �

3�r| wkdw khgjhv wkh ulvn
gxh wr wkh qrqwudghg hqgrzphqw1

6161 Revhuydwlrqdo Htxlydohqfh

Ehiruh wxuqlqj wr d ghwdlohg glvfxvvlrq ri htxloleulxp lqfoxglqj/ lq sduwlfxodu/ wkh
uroh ri dpeljxlw|/ frqvlghu dq dowhuqdwlyh lqwhusuhwdwlrq ri wkh htxloleulxp wkdw
grhv qrw lqyroyh dpeljxlw|1

Wkh vxshujudglhqw +5144, lv lghqwlfdo wr wkdw iru dq h{shfwhg dgglwlyh xwlolw|
pd{lpl}hu zkr xvhv wkh vlqjoh sulru 'W +vhh dovr +51;,,1 Lw iroorzv lpphgldwho|/
wkdw rxu prgho*v suhglfwlrqv fdq eh jhqhudwhg dowhuqdwlyho| e| d prgho zlwkrxw
dpeljxlw| dqg lq zklfk eholhiv duh suredelolvwlf/ khwhurjhqhrxv dqg +li � lv wkh
wuxh phdvxuh,/ zurqj1 Pruh suhflvho|/ wkh htxloleulxp ghvfulehg lq wkh wkhruhp
lv dq htxloleulxp dovr iru wkh hfrqrp| lq zklfk wkh vhwv ri sulruv S� dqg S2 duh
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uhsodfhg e| wkh vlqjohwrqv '� dqg '2 uhvshfwlyho|/ zkhuh wkhvh duh gh�qhg e|
wkhlu ghqvlwlhv

_'�

_�
' i T

�
�
�

2
EV��

2 A � V�`
2
A

�
/

_'2

_�
' i T

�
�
�

2
EV2�

2 A � V2`
�
A

�
1

Vrph lqvljkw lqwr wkhvh phdvxuhv dqg wkh gl�huhqfh ehwzhhq wkhp lv surylghg e|
qrwlqj +uhfdoo wkh hqg ri Vhfwlrq 515, wkdw E` �

| c `
2
| n V�|� lv d Eurzqldq prwlrq

xqghu '� dqg E` �
| n V2|c `

2
| � lv d Eurzqldq prwlrq xqghu '21

Zh kdyh douhdg| frpphqwhg lq Vhfwlrq 416 rq wkh uhodwlyh phulwv ri rxu ds0
surdfk edvhg rq dpeljxlw|1 Lw vhhpv wr xv wr eh= +l, ohvv dg krf wkdq edvlqj dq
h{sodqdwlrq ri ehkdylru rq d sduwlfxodu vshfl�fdwlrq ri khwhurjhqhrxv dqg huur0
qhrxv eholhiv> dqg +ll, pruh frkhuhqw lq wkdw lw prghov lqglylgxdov dv ehlqj dzduh
ri wkh srvvlelolw| wkdw dq| vlqjoh suredelolw| phdvxuh wkdw wkh| frqvlghu frxog eh
zurqj dqg vhhnlqj/ wkhuhiruh/ wr dgrsw urexvw ghflvlrqv1

D �qdo srlqw wkdw kdv qrw ehhq pdgh suhylrxvo| +vhh ^43`/ krzhyhu,/ lv wkdw
wkh deryh revhuydwlrqdo htxlydohqfh lv qrw frpsohwh1 Lq wkh frqwh{w ri wkh htxlw|
suhplxp sx}}oh/ iru h{dpsoh/ rqh hpsor|v lqirupdoo| dx{loldu| cgdwd* uhjduglqj
wkh ghjuhh ri ulvn dyhuvlrq1 Rqh dvshfw ri wkh qrwhg sx}}oh lv wkdw wr h{sodlq
klvwrulfdo dyhudjhv ri wkh h{fhvv uhwxuq wr htxlw| rqh qhhgv wr dvvxph d ghjuhh ri
ulvn dyhuvlrq lq h{fhvv ri zkdw vhhpv sodxvleoh jlyhq lqwurvshfwlrq dqg2ru fdvxdo
revhuydwlrq1 Krzhyhu/ li rqo| sduw ri wkh h{fhvv uhwxuq wr htxlw| lv d suhplxp
iru ehdulqj ulvn/ +zlwk wkh uhpdlqghu ehlqj d suhplxp iru ehdulqj dpeljxlw|,/
wkhq rqo| d vpdoohu ghjuhh ri ulvn dyhuvlrq lv uhtxluhg dqg frqvlvwhqf| zlwk rwkhu
hylghqfh pd| eh srvvleoh1 Lq wklv zd|/ wkh +uh,lqwhusuhwdwlrq ri vhfxulw| uhwxuqv
dv lqyroylqj dpeljxlw| lq dgglwlrq wr ulvn fdq pdwwhu iru hpslulfdo shuirupdqfh1

71 WKH QDWXUH RI HTXLOLEULXP

Lq wkh vhtxho/ uhihuhqfhv wr cphdq h{fhvv uhwxuqv*/ fryduldqfhv ru rwkhu prphqwv ri
glvwulexwlrqv lqgxfhg e| vwrfkdvwlf surfhvvhv duh lqwhqghg uhodwlyh wr wkh phdvxuh
� 1 Wkh uhdghu pd| zlvk wr wklqn ri � dv ehlqj wkh wuxh phdvxuh1

7141 Zklfk Frxqwu| Idfhv Pruh Dpeljxlw|B

Qdwxudoo|/ rxu lqwhusuhwdwlrq ri wkh htxloleulxp ghvfulehg lq wkh wkhruhp fhqwhuv
rq wkh suhvhqfh ri dpeljxlw|1 Rqh dvshfw ri wkh suhvhqfh ri dpeljxlw| lv wkh
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txhvwlrq �zklfk frxqwu| idfhv pruh dpeljxlw|B� Zh zloo vhh wkdw wkh dqvzhu
lq xhqfhv vhyhudo surshuwlhv ri htxloleulxp153

Lw lv lpsruwdqw wr xqghuvwdqg krz wkh deryh txhvwlrq gl�huv iurp wkh lvvxhv
dgguhvvhg lq Vhfwlrq 5181 Wkhuh zh vkrzhg wkdw jlyhq d suhihuhqfh rughu ri wkh
vruw hpsor|hg lq rxu htxloleulxp prgho/ zkhuh V ' Efc V��� +ru V ' EV2c f��,/ dq
lqfuhdvh lq V� +ru lq V2, fdq eh lqwhusuhwhg dv dq lqfuhdvh lq dpeljxlw| dyhuvlrq1
Wklv mxvwl�hv lq sduw rxu lqwhusuhwdwlrq ri vrph h{suhvvlrqv lq wkh wkhruhp dv
uh hfwlqj dpeljxlw| dyhuvlrq rq wkh sduw ri hlwkhu � ru ri 21 Lq sduwlfxodu/ vxfk d
fkdqjh lq V� prghov d k|srwkhwlfdo fkdqjh lq wkh vlqjoh frxqwu| �1 Krzhyhu/ lw lv
qrw uhohydqw wr d frpsdulvrqv ri wkh wzr frxqwulhv> iru h{dpsoh/ lw grhv qrw mxvwli|
lqwhusuhwlqj V2 : V� dv �frxqwu| 2 lv pruh dpeljxlw| dyhuvh wkdq ��1 Wkh uhdvrq
lv wkdw wkh wzr frxqwulhv shufhlyh dpeljxlw| lq gl�huhqw sduwv ri wkh vwdwh vsdfh +�
ylhzv rqo|` 2 dv dpeljxrxv/ zkloh 2 ylhzv rqo|` � dv dpeljxrxv,/ zkloh wkh wzr
k|srwkhwlfdo yhuvlrqv ri frxqwu| � ghdow zlwk lq Vhfwlrq 518 djuhh rq wkh lghqwlw|
ri wkh dpeljxrxv hyhqwv1

Rxu dqvzhu wr wkh txhvwlrq srvhg dw wkh vwduw lv wkdw frxqwu| 5 idfhv pruh

dpeljxlw| wkdq grhv frxqwu| � li

V2r
t
� � V�r

t
2 : f1 +714,

Zh xvh wkh djjuhjdwh rxwsxw surfhvv Et|� wr phdvxuh dpeljxlw|1 Wkxv dq lqirupdo
mxvwl�fdwlrq iru wkh vxjjhvwhg lqwhusuhwdwlrq ri +714, lv wkdw lw lv wuxh li rt� lv
vx!flhqwo| odujh uhodwlyh wr rt2 dqg lq wkdw fdvh/ djjuhjdwh rxwsxw lv gulyhq prvwo|
e| ` �/ zklfk lv xqdpeljxrxv iru frxqwu| � exw dpeljxrxv iru 21

Iru d pruh irupdo dujxphqw/ ohw Et W

| � eh wkh cuhihuhqfh* surfhvv vdwlvi|lqj

_t W

| *t
W

| ' >W_| n Ert� n rt2 � _`
�
| / t

W

f ' tf/

zkhuh wkh guliw >W lv fkrvhq vr wkdw frxqwu| � lv lqgl�huhqw ehwzhhq Et W

| � dqg
wkh djjuhjdwh rxwsxw surfhvv Et|�1 Ehfdxvh Et W

| � lqyroyhv qr dpeljxlw| iru �/ lw
vhuyhv dv d culvn| htxlydohqw* surfhvv iru Et|� iurp wkh shuvshfwlyh ri frxqwu| �
dqg >t � >W phdvxuhv wkh cfrvw* ri dpeljxlw| lq Et|� iru frxqwu| �1 Ehfdxvh erwk
surfhvvhv duh jhrphwulf/ zh fdq dsso| wkh looxvwudwlyh fdofxodwlrq lq Vhfwlrq 517
wr frpsxwh +iurp wkh k|srwkhvlv wkdw wkh wzr surfhvvhv lpso| wkh vdph xwlolw| dw
wlph f, wkdw

>t � rt � rt *2 � V�r
t
2 ' >W �

�
rt� n rt2

�2
*21

53Sxw dqrwkhu zd|/ wkh vljq ri �5v
\

4
� �4v

\

5
d�hfwv wkh txdolwdwlyh surshuwlhv ri htxloleulxp

dqg rxu jrdo khuh lv wr vxjjhvw dq lqwhusuhwdwlrq iru wklv vljq1
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Vlploduo| iru frxqwu| 2 xvh wkh culvn| htxlydohqw* surfhvv Et WW

| �/ zkhuh

_t WW

| *t WW

| ' >WW_| n Ert
�
n rt

2
� _` 2

| / t
WW

f
' tf>

dqg fdofxodwh wkdw

>t
� rt � rt *2 � V2r

t
�

' >WW �
�
rt
�
n rt

2

�2
*21

Frqfoxgh wkdw +714, lv htxlydohqw wr >W : >WW1 Ehfdxvh wkh wzr uhihuhqfh ulvn|
surfhvvhv Et W

| � dqg Et WW

| � lqyroyh wkh vdph ulvn iru erwk frxqwulhv/ +wkh phdvxuh
� dssolhv lq erwk fdvhv dqg wkh lghqwlfdo suredelolw| glvwulexwlrqv duh lqgxfhg,/
zh duh mxvwl�hg lq lqwhusuhwlqj >W : >WW/ ru htxlydohqwo|/

>t
� >W 	 >t � >WW/

dv h{suhvvlqj wkdw wkh frvw ri dpeljxlw| iru � lv vpdoohu wkdq wkdw iru 21

7151 Frqvxpswlrq

Htxdwlrq +614<, pdnhv h{solflw wkh lpsolfdwlrqv ri dpeljxlw| iru wkh htxloleulxp
+ru h!flhqw, doorfdwlrq ri frqvxpswlrq1 Lqglylgxdo frqvxpswlrq ohyhov ghshqg
qrw rqo| rq wkh djjuhjdwh hqgrzphqw exw dovr rq frxqwu|0vshfl�f vkrfnv` �

| dqg
` 2

| 1 Wklv ghshqghqfh lv uhdglo| xqghuvwrrg dv zh qrz vkrz1
Ohw wW� dqg wW2 eh wkh ghqvlw| jhqhudwruv jlyhq lq +6147, dqg 'wW� dqg 'wW2 wkh

fruuhvsrqglqj phdvxuhv dv lq +516,1 Jlyhq +51;, dqg wkh glvfxvvlrq lq Vhfwlrq 616/
lw lv qdwxudo wr uhihu wr 'wW� dqg 'wW2 dv dpeljxlw|0dgmxvwhg suredelolvwlf eholhiv ri
wkh wzr lqglylgxdov1 Zh qrwhg deryh wkdw E` �

| c `
2

| n V�|� lv d Eurzqldq prwlrq
xqghu 'wW�1 Lq sduwlfxodu/ xqghu 'wW� wkh xqfrqglwlrqdo glvwulexwlrq iru ` 2

| lv
�E�V�|c |�/ zkloh lw lv �Efc |� xqghu � 1 Wklv ohiwzdug vkliw dv d uhvxow ri frxqwu|
�*v dpeljxlw| derxw ` 2 lv lqwxlwlyh1 Urxjko|/ wkh dvvxpswlrq wkdw djjuhjdwh
rxwsxw frydulhv zlwk ` 2 +rt

2
: f, lpsolhv wkdw kljkhu ydoxhv ri ` 2

| duh ehwwhu
iru erwk frxqwulhv dqg sduwlfxoduo| iru �154 Dv d pxowlsoh0sulruv ghflvlrq0pdnhu/
frxqwu| � hydoxdwhv survshfwv wkurxjk wkh zruvw0fdvh vfhqdulr1 Wkxv vkh lv ohg
wr dwwdfk uhodwlyho| ohvv zhljkw +wkdq xqghu � , wr jrrg uhdol}dwlrqv ri ` 2

| / zklfk

h{sodlqv wkh ohiwzdug vkliw dqg wkh uhodwhg idfw wkdw wkh uhvwulfwhg ghqvlw| _'w
W�

_�

���
5|

lv ghfuhdvlqj lq ` 2

| 1

54Lq suhflvh whupv/ wkh fodlp lv wkdw +xqghu wkh sdudphwhu dvvxpswlrqv lq wkh wkhruhp, wkh
htxloleulxp xwlolw| surfhvv iru frxqwu| 4 kdv srvlwlyh yrodwlolw| zlwk uhvshfw wr Z

5

w
1 Wklv lv

htxlydohqw wr +6147,/ zklfk lv wkh nh| wr wkh wkhruhp1
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Wkh dpeljxlw| dgmxvwhg suredelolwlhv d�hfw frqvxpswlrq ehfdxvh/ dv lq +51<,/
�*v pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq wlph f dqg wlph | frqvxpswlrq lv

�-7�
fc| '

e3q| ��ES�|�

��ES�
f
�

_'wW�

_�

�����
5|

/

zlwk wkh ghqvlw| whup dfwlqj olnh d suhihuhqfh vkrfn wkdw uhglvwulexwhv zhljkw dzd|
iurp vwdwhv zkhuh ` �

| lv odujh1 Wkxv/ li zh gh�qh E�|� dv lq +6148,/ ru htxlydohqwo|
e|55

� | '
_'wW2 * _�

_'wW� * _�

�����
5|

/

wkhq +l, �| lv lqfuhdvlqj lq ` 2

| dqg ghfuhdvlqj lq ` �

| > dqg +ll, d odujhu ydoxh iru
� | lqfuhdvhv �-72

fc| uhodwlyh wr �-7�

fc|/ lqgxflqj d vkliw lq wlph | frqvxpswlrq
wrzdugv lqglylgxdo 21 Jlyhq wkh *L} xwlolw| vshfl�fdwlrq/ wkh odwwhu h�hfw wdnhv wkh
suhflvh irup

� | '
S2| * S

2

f

S�| * S
�

f

/

wkdw lv/ �| htxdov wkh uhodwlyh dyhudjh frqvxpswlrq jurzwk udwhv ri wkh wzr frxq0
wulhv1 Ehfdxvh � | phdvxuhv wkh gl�huhqfh lq dpeljxlw|0dgmxvwhg eholhiv +uhvwulfwhg
wr I|,/ zh uhihu wr E�|� dv wkh glvdjuhhphqw surfhvv +ri 5 uhodwlyh wr 4,156

Wkh deryh vlpsoh lqwxlwlrq h{sodlqv dovr rwkhu qrqvwdqgdug ihdwxuhv ri htxl0
oleulxp frqvxpswlrq surfhvvhv1 Iluvw/ wkh suhvhqfh ri glvdjuhhphqw ohdgv wr wkh
cfurvvlqj* ri lqglylgxdo frqvxpswlrq sdwkv lq vrph uhdol}dwlrqv> wkdw lv/ hyhq li
b 	 � dqg wkxv S�

f
: S2

f
/ frxqwu| 2 frqvxphv pruh wkdq frxqwu| � dw wlphv

dqg vwdwhv zkhuh �| lv vx!flhqwo| odujh1 Dvvxplqj wkdw � lv wkh wuxh phd0
vxuh/ wkhq/ frqglwlrqdo rq I� / wkh +orj, frqvxpswlrq udwlr *L} ES2| * S

�

| � lv qru0
pdoo| glvwulexwhg zlwk phdq

�
*L} ES2� * S

�

�� n �

2
EEV��

2 � EV2�
2� E|� � �

�
dqg ydul0

dqfh dEEV��2 n EV2�2� E|� � �o> lw lv d � 0pduwlqjdoh li V� ' V2157

Xqolnh wkh fdvh lq wkh vwdqgdug prgho/ wkh frqvxpswlrq vkduh S�|*t| ri hdfk
frxqwu| lv vwrfkdvwlf1 Wkh ehkdylru ri wkhvh vkduhv lv uhdglo| ghgxfhg iurp Lwr*v

55Htxlydohqfh iroorzv iurp +515, dqg +516,1
56Qrwh wkdw wklv glvdjuhhphqw lv hqgrjhqrxv dqg lv ghwhuplqhg dv sduw ri wkh htxloleulxp1

Wklv gl�huhqwldwhv lw iurp wkh glvdjuhhphqw surfhvv lq Edvdn*v prgho ^6`1
57Ehfdxvh hdfk lqglylgxdo frqvxphv d ghwhuplqlvwlf dqg frpprq iudfwlrq ri zhdowk lq htxl0

oleulxp +vhh +6159,,/ wkh orj zhdowk udwlr kdv vlplodu surshuwlhv1
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Ohppd 0 _ ES�|*t|� lv srvlwlyho| fruuhodwhg zlwk _t| li dqg rqo| li � idfhv ohvv
dpeljxlw| wkdq grhv 2 lq wkh vhqvh ri +714,1 Wklv lv wuxh/ iru h{dpsoh/ li rt

�
lv

vx!flhqwo| odujhu wkdq rt
2
1 Wkhq djjuhjdwh rxwsxw lv gulyhq prvwo| e|` �/ zklfk

vlwxdwlrq lv idyrudeoh iru frxqwu| � ehfdxvh khu dpeljxlw| frqfhuqv rqo| wkh rwkhu
surfhvv ` 2 dqg frxqwu| �*v frqvxpswlrq lqfuhdvhv pruh wkdq sursruwlrqdwho|
zlwk wrwdo rxwsxw1 Wkh phfkdqlfv xqghuo|lqj wklv h�hfw vwhp iurp wkh iroorzlqj
uhodwlrq ehwzhhq rxwsxw jurzwk dqg wkh glvdjuhhphqw surfhvv=

SJ�|
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_�|
� |
c
_t|
t|

�
' �V2r

t
�

n V�r
t
2
	 f1

Lq oljkw ri wkh frqqhfwlrq ghvfulehg deryh ehwzhhq E�|� dqg pdujlqdo udwhv ri
vxevwlwxwlrq/ wkh lqvwdqwdqhrxv fkdqjh lq wkh udwlr �-7�

fc|*�-72

fc| frydulhv zlwk
_t|> wkxv _t| ehlqj srvlwlyh ohdgv wr dq lqfuhdvh lq wkh vkduh ri frqvxpswlrq jrlqj
wr frxqwu| �1

Wxuq wr lqvwdqwdqhrxv phdq jurzwk udwhv1 Lwr*v Ohppd dssolhg wr +614<, vkrzv
wkdw _S�|*S

�
|/ � ' �c2/ kdyh guliwv

>Sc�| ' >t n
S2|
t|

�
Ert

�
V2 � rt

2
V�� n

�
S2|
t|

EV2�
2
�

S�|
t|

EV��
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/ +715,

>Sc2| ' >t �
S�|
t|

�
Ert

�
V2 � rt

2
V�� n

�
S2|
t|

EV2�
2
�

S�|
t|

EV��
2

��
1

Hylghqwo|/ phdq jurzwk udwhv gl�hu iurp rqh dqrwkhu dqg iurp wkh udwh iru djjuh0
jdwh rxwsxw/ zlwk rqh frxqwu| jurzlqj idvwhu dqg wkh rwkhu vorzhu wkdq djjuhjdwh
rxwsxw1 Wr lghqwli| wkh idvwhu jurzlqj frxqwu|/ dvvxph iru vlpsolflw| wkdw

V� ' V21 +716,

Wkhq

>Sc�| � >Sc2

| ' V�Er
t
�
� rt

2
� n EV��

2

�
S2| � S�|
t|

�
1 +717,

Wkxv rt
�
: rt

2
+zklfk lv khuh htxlydohqw wr +714,/ wkdw lv/ 2 idfhv pruh dpeljxlw|

wkdq �, frqwulexwhv wr d odujhu phdq jurzwk udwh lq frxqwu| � dqg wklv h�hfw lv
odujhu wkh odujhu lv wkh frpprq ghjuhh ri dpeljxlw| dyhuvlrq1 Wkh vhfrqg frp0
srqhqw rq wkh uljkw lv wlph ydu|lqj dqg vwdelol}lqj lq wkdw lw udlvhv wkh uhodwlyh
phdq jurzwk udwh ri wkh frxqwu| zlwk orzhu frqvxpswlrq1 Wkh gl�huhqfh lq phdq
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jurzwk udwhv lv dq lqfuhdvlqj ixqfwlrq ri b +iru jlyhq uhdol}dwlrqv ri ` ,1 Frqvh0
txhqwo|/ wkh qrwhg gl�huhqfh lqfuhdvhv li lqlwldo hqgrzphqwv duh uhglvwulexwhg lq
idyru ri frxqwu| 2158

Vhfrqg0rughu prphqwv ri frqvxpswlrq surfhvvhv duh dovr qrqvwdqgdug1 Rqfh
djdlq/ e| Lwr*v Ohppd/ wkh yrodwlolwlhv ri _S�|*S

�
|/ � ' �c 2/ duh jlyhq e|

rSc�| ' rt n
S2|
t|

�
V2
�V�

�
c +718,

rSc2| ' rt n
S�|
t|

�
�V2
V�

�
�

Wkxv/ iurp +6146,/ frqvxpswlrq jurzwk udwhv lq wkh wzr frxqwulhv duh srvlwlyho|
fruuhodwhg/ dv lq wkh vwdqgdug ulvn0edvhg prgho1 Krzhyhu/ xqolnh wkh vwdqgdug
prgho/ wkh frxqwu|0vshfl�f jurzwk udwh _S�|*S

�

| � _t|*t| lv srvlwlyho| fruuhodwhg
zlwk vkrfnv lq frxqwu| �/ wkdw lv/

SJ�|
�
_S�|*S

�

| � _t|*t|c _`
�

|

�
' V2 r

t
�
S2| * t| : f1

Vxfk srvlwlyh fruuhodwlrq lv hvvhqwldoo| zkdw Ohzlv ^6:/ s1 8:7` gh�qhv dv frqvxps0

wlrq krph eldv1 +Vhh Vhfwlrq 717 iru pruh rq khu gh�qlwlrq dqg wkh suhglfwlrqv ri
rxu prgho1,

Dvvxplqj +716,/ wkhq +718, lpsolhv wkdw

rSc�| � rSc�| ' rt � rt n 2 EV��
2

�
S2|
t|

�2

n 2V�

�
S2|
t|

� �
rt
�
� rt

2
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rSc2| � rSc2| ' rt � rt n 2 EV��
2
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S�|
t|
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� 2V�

�
S�|
t|

� �
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� rt
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�

dqg khqfh wkdw wkh gl�huhqfh lq yduldqfhv lv

rSc�| � rSc�| � rSc2| � rSc2| ' 2 EV��
2

�
S2| � S�|
t|

�
n 2V�

�
rt
�
� rt

2

�
' 2

�
>Sc�

| � >Sc2|
�
1

Wkrxjk erwk phdqv dqg yduldqfhv duh vwrfkdvwlf/ wkh odvw htxdolw| lpsolhv
wkdw dw doo wlphv dqg vwdwhv/ wkh frxqwu| zlwk kljkhu phdq jurzwk udwh dovr kdv

58Lw lv vwudljkwiruzdug wr vkrz wkdw � lqfuhdvhv lq uhvsrqvh wr vxfk d uhglvwulexwlrq ri lqlwldo
hqgrzphqwv1 Zh xvh wklv idfw iuhtxhqwo| lq wkh vhtxho1
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wkh odujhu yduldqfh ri frqvxpswlrq jurzwk1 Wkh forvh frqqhfwlrq ehwzhhq wkh
gl�huhqfh lq yduldqfhv dqg wkh gl�huhqfh lq phdq jurzwk udwhv lpsolhv dovr wkdw
idfwruv xqghuo|lqj erwk duh vlplodu1 Iru h{dpsoh/ +l, rt

�
: rt

2
frqwulexwhv wr d

odujhu yduldqfh iru frqvxpswlrq jurzwk lq frxqwu| � uhodwlyh wr wkdw lq frxqwu| 2
dqg +ll, d uhglvwulexwlrq ri lqlwldo hqgrzphqwv lq idyru ri frxqwu| 2 +wkdw lv/ dq
lqfuhdvh lq b, lqfuhdvhv wkh yduldqfh ri frqvxpswlrq jurzwk iru frxqwu| � uhodwlyh
wr wkdw iru frxqwu| 21 Frqvrolgdwlqj zlwk wkh suhylrxv glvfxvvlrq ri phdq jurzwk
udwhv dqg lqirupdwlrq derxw ohyhov surylghg e| +614<,/ lw iroorzv wkdw dq lqlwldo
uhglvwulexwlrq wrzdugv frxqwu| 2 uhvxowv iru wkdw frxqwu| lq d kljkhu lqlwldo ohyho
ri frqvxpswlrq/ dqg +lq uhodwlyh whupv, d orzhu phdq dqg yduldqfh iru wkh udwh ri
jurzwk ri frqvxpswlrq1

Lq whupv ri devroxwh +udwkhu wkdq uhodwlyh, yduldqfh/ frqvxpswlrq jurzwk kdv
d kljkhu yduldqfh wkdq djjuhjdwh rxwsxw jurzwk iru dw ohdvw rqh frxqwu|/ dqg iru
erwk frxqwulhv li rt

�
' rt

2
1

7161 Ulvnohvv Udwh/ Pdunhw Sulfh ri Xqfhuwdlqw| dqg H{fhvv Uhwxuqv

Htxdwlrq +6156, vkrzv wkdw olnh ulvn/ dpeljxlw| gulyhv grzq wkh ulvnohvv udwh> wkhlu
h�hfwv duh fdswxuhg uhvshfwlyho| e| rt � rt +wkh yduldqfh ri wrwdo rxwsxw jurzwk,
dqg wkh odvw eudfnhwhg h{suhvvlrq rq wkh uljkw1 Wkh ulvnohvv udwh lv vwrfkdvwlf
dqg ydulhv ryhu wlph ehwzhhq wkh h{wuhphv q n >t � rt � rt � rt

2
V� dqg q n

>t � rt � rt � rt
�
V2/ ghshqglqj rq wkh glvwulexwlrq ri djjuhjdwh frqvxpswlrq1

Wr lqwhusuhw wkh odwwhu ghshqghqfh/ dvvxph +714,1 Wkhq o| lv lqfuhdvlqj lq �*v
vkduh ri wrwdo frqvxpswlrq1 Wkh uhdvrq iru wklv ghshqghqfh lv wkdw e| +6159,/ wkh
qrwhg frqvxpswlrq vkduh vhuyhv dv d sur{| iru �*v vkduh ri wrwdo zhdowk1 Pruhryhu/
e| +714, frxqwu| � idfhv ohvv dpeljxlw| wkdq grhv 21 Wkxv dv wkh glvwulexwlrq ri
zhdowk vkliwv lq idyru ri �/ wkh cdjjuhjdwh* dpeljxlw| lq wkh hfrqrp| idoov1 Ehfdxvh
dpeljxlw| ghsuhvvhv wkh ulvnohvv udwh/ wkh odwwhu lv lqgxfhg wr ulvh1

Xqghu +714,/ lw lv dovr wkh fdvh wkdw o| lv lqfuhdvlqj dv d ixqfwlrq ri �*v lqlwldo
hqgrzphqw +ghfuhdvlqj lq b,1 Lq wkh vshfldo fdvh wkdw � dqg 2 idfh wkh lghqwlfdo
dpeljxlw| +V2r

t
�

' V�r
t
2
,/ wkhq o| lv frqvwdqw dqg lqghshqghqw ri wkh lqlwldo

glvwulexwlrq1
Dpeljxlw| dfwv wr lqfuhdvh wkh pdunhw sulfh ri xqfhuwdlqw|/ zlwk wkh txdolwdwlyh

ihdwxuhv ri lwv h�hfw ehlqj vlplodu wr wkrvh glvfxvvhg iru wkh ulvnohvv udwh1 Wkh wlph
yduldwlrq ri #| lv ri sduwlfxodu lqwhuhvw1 Uhihu wr wkh frpsrqhqw #�| dv wkh grphvwlf
pdunhw sulfh ri xqfhuwdlqw| iru frxqwu| �1 Wkh vljql�fdqfh ri #�| / iru h{dpsoh/ lv
wkdw lw ghwhuplqhv htxloleulxp h{fhvv uhwxuqv iru cgrphvwlf vhfxulwlhv* lq frxqwu|
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�1 Wkdw lv/ iru d vhfxulw| zkrvh uhwxuq surfhvv E-W

| � vdwlv�hv _-
W

| ' KW|_| n rW|_`
�

| /
lwv phdq h{fhvv uhwxuq htxdov

KW| � o| ' rW| #
�

| � rW|
�
rt
�

n V2 � V2S
�

|*t|
�
1

Lw lv qrwhzruwk| wkdw hdfk grphvwlf pdunhw sulfh #�| lv d ghfuhdvlqj ixqfwlrq
ri S�|*t|1 Fdpsehoo ^;` dujxhv wkdw dvvhw pdunhw gdwd lq d qxpehu ri frxqwulhv
vxjjhvw wkdw wkh +grphvwlf, pdunhw sulfh ri xqfhuwdlqw| lv qhjdwlyho| fruuhodwhg
zlwk wkh ohyho ri grphvwlf frqvxpswlrq1 Rxu prgho gholyhuv qhjdwlyh fruuhodwlrq/
wkrxjk zlwk wkh vkduh ri djjuhjdwh frqvxpswlrq wkdw rffxuv grphvwlfdoo|1 Dq
lpphgldwh ixuwkhu lpsolfdwlrq lv wkdw wkh pdunhw sulfh ri xqfhuwdlqw| lq frxqwu|
� lv lqfuhdvlqj lq frxqwu| 2*v vkduh ri djjuhjdwh frqvxpswlrq1 Ilqdoo|/ dq lqfuhdvh
lq b lqfuhdvhv wkh grphvwlf pdunhw sulfh ri xqfhuwdlqw| lq frxqwu| � dqg uhgxfhv
wkdw lq frxqwu| 21

Wxuq wr wkh h{fhvv uhwxuqv +6158,1 Uhzulwh wkhp lq yhfwru irup

K| � o|� ' r|r
t n r|

2[
�'�

S�|
t|

wW�| /

zkhuh wW�| vdwlv�hv +6147, iru hdfk �1 D fruuhvsrqglqj ghfrpsrvlwlrq ri h{fhvv
uhwxuqv lv ghulyhg lq ^43` lq d uhsuhvhqwdwlyh djhqw prgho dqg wkh| lqwhusuhw wkh wzr
frpsrqhqwv dv suhpld iru ulvn dqg dpeljxlw| uhvshfwlyho|1 D vlplodu lqwhusuhwdwlrq
dssolhv khuh1 Wkh �uvw ulvn suhplxp whup lv wkh idploldu lqvwdqwdqhrxv fryduldqfh
ri dvvhw uhwxuqv zlwk wkh jurzwk udwh ri djjuhjdwh frqvxpswlrq1 Wkh vhfrqg
frpsrqhqw +zklfk ydqlvkhv li hdfk V� ' f, lv d frqvxpswlrq0vkduh zhljkwhg
vxp ri lqglylgxdo dpeljxlw| suhpld1 Li uhwxuqv wr wkh frxqwu| � vhfxulw| duh
srvlwlyho| fruuhodwhg zlwk vkrfnv lq erwk frxqwulhv +r�6| : f/ iru 6 ' �c 2,/ wkhq
wkh dpeljxlw| suhplxp iru wkh vhfxulw| lv srvlwlyh1 Wklv lv wuxh lq sduwlfxodu iru
hdfk frxqwu| jlyhq wkh vshfl�fdwlrq ri glylghqg surfhvvhv ghvfulehg lq wkh qh{w
vhfwlrq +vhh Fruroodu| 714,1

7171 Frxqwu|0Vshfl�f Vhfxulwlhv dqg Krph Eldv

Wkh surshuwlhv ri htxloleulxp glvfxvvhg wr wklv srlqw ghshqg rq wkh k|srwkhvlv
wkdw djjuhjdwh rxwsxw lv jhrphwulf dv lq +617,/ exw qrw rq krz wkdw rxwsxw lv
glvwulexwhg ehwzhhq wkh glylghqg vwuhdpv Et �

| � ri wkh wzr wudghg vhfxulwlhv dqg
wkh qrqwudghg hqgrzphqw x1 Zh wxuq qrz wr surshuwlhv wkdw ghshqg rq wkh
vshfl�fdwlrq ri Et �

| �1

5;



Khqfhiruwk dvvxph wkdw

t �
| * t| ' �E` �

| �/ � ' �c 2/ +719,

zkhuh wkh cvkduh* ixqfwlrq � G U� �$ Efc �*2� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh
zlwk �� : f1 Dq lpphgldwh frqvhtxhqfh lv wkdw

f 	 t �
| / � ' �c 2/ dqg t �

| n t 2
| 	 t|1

D vhfrqg frqvhtxhqfh lv wkdw/ e| Lwr*v Ohppd/

_t �
| *t

�
| ' @�| _| n

�
rt� n

��E` �
| �

�E` �
| �

�
_` �

| n rt2 _` 2
| +71:,

_t 2
| *t

2
| ' @2| _| n rt� _` �

| n

�
rt2 n

��E` 2
| �

�E` 2
| �

�
_` 2

| /

iru vxlwdeoh guliwv @�| dqg @2| 1 Frqvhtxhqwo|/ _t
�
| *t

�
| � _t|*t| lv srvlwlyho| fruuh0

odwhg zlwk ` �
| dqg xqfruuhodwhg zlwk ` 2

| 1 Wklv mxvwl�hv lqwhusuhwdwlrq ri t �
| dv

wkh grphvwlf vhfxulw| lq frxqwu| � 0 wkh lglrv|qfudwlf sduw ri lwv jurzwk udwh lv
gulyhq e| grphvwlf vkrfnv1 Pruhryhu/ ehfdxvh d vlplodu vwdwhphqw dssolhv wr t 2

|

dqg ehfdxvh wkh uhsuhvhqwdwlyh lqyhvwru lq frxqwu| � ylhzv ` �
| dv xqdpeljxrxv

dqg ` 2
| dv dpeljxrxv/ wkh iruhljq vhfxulw| lv cpruh dpeljxrxv* iru khu1Wkxv wkh

deryh vshfl�fdwlrq ri glylghqg vwuhdpv lv frqvlvwhqw zlwk rxu jxlglqj lqwxlwlrq/
qdpho| wkdw iruhljq vhfxulwlhv duh pruh dpeljxrxv wkdq grphvwlf vhfxulwlhv159

Jlyhq wkh vshfl�fdwlrq iru t �
| / zh fdq hoderudwh rq ru uhirupxodwh wkh frq0

vxpswlrq krph eldv wkdw lv gholyhuhg e| rxu prgho1 Iurp +718, dqg +71:,/ lw
iroorzv wkdw

SJ�|
�
_S�|*S

�
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�
| *t

�
| � _t|*t|

�
' V2

S2|
t|

��E` �
| �

�E` �
| �

: f1

Lq rwkhu zrugv/ wkhuh lv srvlwlyh fruuhodwlrq ehwzhhq frxqwu|0vshfl�f frqvxpswlrq
jurzwk dqg frxqwu|0vshfl�f rxwsxw jurzwk ^6:/ s1 8:7`1

59Wklv glvfxvvlrq lv dgplwwhgo| lqirupdo1 Zh gr qrw |hw kdyh d zhoo0irxqghg irupdo gh�qlwlrq
ri cpruh dpeljxrxv wkdq*1

Frqiruplw| zlwk wkh jxlglqj lqwxlwlrq lv wkh uhdvrq wkdw zh fdqqrw vshfli| glylghqgv vr wkdw
wkh| h{kdxvw wrwdo rxwsxw dqg wkxv reyldwh wkh qhhg iru d qrqwudghg hqgrzphqw1 Iru h{dpsoh/
li zh dgrsw +719, iru frxqwu| 4 dqg wkhq gh�qh \ 5

w
dv \w�\ 4

w
/ wkhq \ 5

w
@\w lv gulyhq e| wkh vkrfn

lq frxqwu| 41
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Wxuq qh{w wr krph eldv lq htxlwlhv1 Wudglqj vwudwhjlhv iru wkh wzr ulvn| vh0
fxulwlhv duh jlyhq e| +615:,1 Vxssrvh wkdw rxu prgho lv fruuhfw/ lqfoxglqj/ lq
sduwlfxodu/ uhjduglqj vhfxulw| sulfhv dqg uhwxuqv yrodwlolwlhv1 Wkhq/ li rqh plvwdn0
hqo| dgrswv wkh vwdqgdug prgho zlwk qr dpeljxlw|/ wkh �uvw wzr h{suhvvlrqv rq
wkh uljkw vlgh ri +615:, zrxog eh xvhg wr suhglfw wkh frpsrqhqwv ri wkh +ydoxh,
sruwirolr ri ulvn| dvvhwv1 Wkh huuru wkdw uhvxowv lv fdswxuhg lq wkh wklug whup rq
wkh uljkw zklfk uhsuhvhqwv wkh h�hfw ri dpeljxlw|1 Li yrodwlolwlhv vdwlvi|

r��| : f/ �c � ' �c 2/ dqg _i|Er|� : f/ +71;,

wkhq dpeljxlw| lqgxfhv frxqwu| � wr lqyhvw pruh lq wkh grphvwlf dvvhw dqg ohvv lq
wkh iruhljq dvvhw1 Wkxv iurp wkh shuvshfwlyh ri d prgho wkdw ljqruhv dpeljxlw|
dqg irfxvhv h{foxvlyho| rq wkh ulvn fkdudfwhulvwlfv ri vhfxulwlhv/ wkhuh lv d vhhplqjo|
luudwlrqdo eldv wrzdugv grphvwlf vhfxulwlhv1 Lq wklv vhqvh/ li +71;, lv vdwlv�hg/ rxu
prgho fdq uhvroyh wkh htxlw| krph eldv sx}}oh/ dw ohdvw lq txdolwdwlyh whupv1

Ilqdoo|/ +71;, lv ydolg/ dv vkrzq lq wkh iroorzlqj fruroodu| ri Wkhruhp 6141

Fruroodu| 7141 Ohw glylghqg surfhvvhv eh jlyhq e| +719, dqg uhihu wr wkh Duurz0
Gheuhx htxloleulxp lq Wkhruhp 6141 Wkhq wkh uhwxuqv yrodwlolw| pdwul{ r| vdwlv�hv
+71;,1 Lq sduwlfxodu/ wkh Udgqhu htxloleulxp ghvfulehg lq wkh Wkhruhp h{lvwv1

Wkh srvlwlylw| ri uhwxuqv yrodwlolwlhv kdv rwkhu qrwhzruwk| lpsolfdwlrqv1 Lq sdu0
wlfxodu/ lw iroorzv lpphgldwho| wkdw vhfxulw| uhwxuqv lq wkh wzr frxqwulhv duh srvl0
wlyho| fruuhodwhg +SJ�|E_-

�
| c _-

2
| � : f, dqg/ iurp +718,/ wkdw uhwxuqv duh srvlwlyho|

fruuhodwhg zlwk frqvxpswlrq jurzwk lq hdfk frxqwu| +SJ�|E_-
�
|c _S

�
|*S

�
|� : f,1

Ilqdoo|/ zlwk uhjdug wr krph eldv lq htxlwlhv/ lq wkh lqwurgxfwlrq zh srlqwhg
wr hylghqfh wkdw lqyhvwruv duh pruh rswlplvwlf derxw grphvwlf vhfxulwlhv1 Vxfk
d eldv lq h{shfwdwlrqv derxw phdq uhwxuqv fdq eh lghqwl�hg lq rxu prgho dv iro0
orzv= Zkloh wkh uhwxuqv surfhvv iru vhfxulw| � lv jlyhq e| +6144,/ lqyhvwruv lq
wkh wzr frxqwulhv ylhz wkh gulylqj surfhvvhv ` � dqg ` 2 gl�huhqwo|1 Lq sduwlf0
xodu/ lq whupv ri wkh dpeljxlw| dgmxvwhg suredelolw| phdvxuhv +Vhfwlrq 715,/ �
ylhzv E` �

| c `
2
| n V�|� dv d Eurzqldq prwlrq zkloh 2 ylhzv E` �

| n V2|c ` 2
| � dv d

Eurzqldq prwlrq1 Uhzulwlqj wkh uhwxuqv surfhvv lq whupv ri wkh Eurzqldq gulylqj
surfhvv wkdw lv dssursuldwh iru hdfk lqyhvwru/ ohdgv wr
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Frqvhtxhqwo|/ diwhu dgmxvwlqj iru dpeljxlw|/ frxqwu| � dwwdfkhv d kljkhu phdq
uhwxuq wr vhfxulw| � wkdq grhv frxqwu| 2 li dqg rqo| li

V2r
��
| : V�r

�2
| 1 +7143,

Iurp wkh h{solflw h{suhvvlrqv iru wkh uhwxuqv yrodwlolwlhv wkdw duh ghulyhg lq Dsshq0
gl{ E/ frqfoxgh wkdw +7143, dqg khqfh wkh qrwhg uhodwlyh rswlplvp duh frq�uphg
iru rxu prgho lq wkh v|pphwulf fdvh5:

V2r
t
� ' V�r

t
2 1

Zh fdq lqwhusuhw wklv suhglfwlrq dv ehlqj frq�uphg e| wkh vxuyh| hylghqfh uh0
jduglqj uhodwlyh rswlplvp derxw grphvwlf vhfxulwlhv flwhg lq Vhfwlrq 415> wr gr vr
lqwhusuhw holflwhg suredelolw| phdvxuhv dv lqfoxglqj dq dgmxvwphqw iru dpeljxlw|1

Lw lv qrwhzruwk| wkdw gl�huhqfhv lq dpeljxlw|0dgmxvwhg h{shfwdwlrqv duh uh0
vwulfwhg wr phdqv1 Djuhhphqw uhjduglqj yrodwlolwlhv lv frqvlvwhqw zlwk wkh zhoo0
nqrzq uhodwlyh hdvh ri hvwlpdwlqj wkh yduldqfh0fryduldqfh pdwul{ ri uhwxuqv1

7181 D Ixuwkhu Sdudphwul}dwlrq dqg Wudglqj Vwudwhjlhv

Wr vwxg| ixuwkhu wkh qdwxuh ri wudglqj vwudwhjlhv/ zh vshfldol}h +719, dqg dvvxph=5;
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Lw lv uhdglo| frpsxwhg wkdw +zlwk uhvshfw wr wkh uhihuhqfh phdvxuh � ,/

.
�
t �
| * t|

�
' �

e
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Dv h{sodlqhg iroorzlqj Wkhruhp 614/ vhfxulw| sulfhv +6154, duh wkh nh| wr wkh
frpsohwh ghvfulswlrq ri htxloleulxp1 Vlqfh +6153, surylghv dq h{solflw fkdudfwhu0
l}dwlrq ri vwdwh sulfhv/ forvhg0irup vroxwlrqv iru doo hqgrjhqrxv yduldeohv fdq eh
rewdlqhg li wkh glylghqg vwuhdpv Et �

| � duh vshfl�hg vr wkdw wkh lqwhjudwlrq lq +6154,
fdq eh fduulhg rxw dqdo|wlfdoo|1 Wkh suhfhglqj vshfl�fdwlrq iru � shuplwv vxfk lq0
whjudwlrq1 Iru h{dpsoh/ wkh irupxodh lq Wkhruhp 614 dqg +719, lpso| wkdw 7�

| fdq
eh zulwwhq lq wkh irup
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5:Vhh Vhfwlrq 714 iru lqwhusuhwdwlrq ri wklv htxdolw|1
5;Frqwudu| wr suhylrxv dvvxpswlrqv/ y idlov wr eh wzlfh frqwlqxrxvo| gl�huhqwldeoh wkrxjk

rqo| dw wkh ruljlq1 Wklv grhv qrw d�hfw suhfhglqj dujxphqwv/ lqfoxglqj +71:,/ iru h{dpsoh1
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dqg wkh frqglwlrqdo h{shfwdwlrqv fdq eh frpsxwhg h{solflwo| lq whupv ri wkh vwdq0
gdug xqlyduldwh qrupdo fgi1 Wkhuhiruh/ 7�

| ' �E|c`|c t|� dqg �E�� lv lq forvhg0irup
xs wr wkh suhvhqfh ri vrph Ulhpdqq lqwhjudov1

Krzhyhu/ wkh uhvxowlqj h{suhvvlrqv duh ohqjwk| dqg qrw hdvlo| lqwhusuhwhg dqg
wkxv zh kdyh vlpxodwhg rxu prgho qxphulfdoo|1 Iru sdudphwhu ydoxhv/ zh wdnh5<

>t ' �f�.bc rt� ' rt2 ' �fefSc q ' �f2 dqg A ' e2�D 1

Wr wuhdw wkh wzr frxqwulhv v|pphwulfdoo|/ zh dvvxph wkdw lqlwldo hqgrzphqwv duh
vxfk wkdw wkh uhodwlyh xwlolw| zhljkw b htxdov � dqg wkdw V� ' V21 Ilqdoo|/ wkh
frpprq ydoxh ri wkh dpeljxlw| sdudphwhu lv vshfl�hg wr eh �f21

Wr foduli| wkh phdqlqj dqg sodxvlelolw| ri wkh ydoxh �f2/ qrwh wkdw mxvw dv zh
ghulyhg +71<,/ zh fdq ghulyh wkh fruuhvsrqglqj cdpeljxlw|0dgmxvwhg* odzv ri prwlrq
iru wkh djjuhjdwh hqgrzphqw surfhvv1 Iru frxqwu| �/ iru h{dpsoh/ lw lv

_t|*t| ' E>t � rt2 V�� _| n rt� _`
�
| n rt2 E_` 2

| n V�|�/

lpso|lqj wkdw wkh dgmxvwphqw iru dpeljxlw| fdoov iru orzhulqj wkh phdq wr �f�.f/
d uhgxfwlrq ri rqo| derxw SI1 Iurp wklv shuvshfwlyh/ d ydoxh ri �f2 iru wkh V�*v
grhv qrw vhhp h{fhvvlyh1

Dv d ehqfkpdun/ qrwh wkdw li V ' f/ wkhq wkh htxloleulxp wudglqj vwudwhjlhv
duh wr ex| dqg krog �*2 vkduh ri hdfk ri wkh grphvwlf dqg iruhljq vhfxulwlhv1 Lq
frqwudvw/ Iljxuh 4 ghvfulehv wkh rswlpdo kroglqj ��

2c| ri wkh iruhljq vhfxulw| lq
rqh uhdol}dwlrq ri wkh Eurzqldq prwlrq1 Wkhuh lv d grzqzdug eldv +��

2c| 	 �*2,
dqg frqwlqxdo uhwudglqj1 Wr looxvwudwh wkh odwwhu/ Iljxuh 5 sorwv wkh fruuhvsrqglqj
wxuqryhu surfhvv m _��

2c| m1

81 FRQFOXGLQJ FRPPHQWV

Zh kdyh h{whqghg wkh vwdqgdug/ orj0xwlolw|/ wzr0frxqwu| jhqhudo htxloleulxpprgho
e| lqfrusrudwlqj d ihdwxuh wkdw vhhpv wr xv wr eh lqwxlwlyh/ qdpho| +juhdwhu, dp0
eljxlw| derxw iruhljq vhfxulwlhv1 Wklv h{whqvlrq pryhv suhglfwlrqv lq wkh uljkw
gluhfwlrq lq whupv ri khoslqj wr uhvroyh wkh sx}}ohv frqfhuqlqj krph eldv lq frq0
vxpswlrq dqg htxlw|1 D pruh wkrurxjk +dqg txdqwlwdwlyh, dvvhvvphqw ri wkh prg0
ho*v xvhixoqhvv iru wklv sxusrvh lv ohiw iru ixwxuh zrun1 D pxowl0frxqwu| h{whqvlrq
zrxog shuplw d idluhu frpsdulvrq zlwk gdwd1

5<Wkh ydoxhv iru �\ dqg v
\ duh edvhg rq wkh glvfuhwl}hg yhuvlrq ri +617, dqg LIV txduwhuo|

frqvxpswlrq gdwd +wudqviruphg lqwr shu fdslwd whupv, iru wkh shulrg 4<8:=4 wr 4<<<=61

65



Rq wkh rwkhu kdqg/ zh krsh wkdw wkh uhdghu lv douhdg| frqylqfhg ri wkh eurdghu
srwhqwldo xvhixoqhvv ri wkh prgho dv d wrro iru h{sorulqj rwkhu txhvwlrqv frqfhuqlqj
g|qdplf vwrfkdvwlf hfrqrplhv1 Wkh idfw wkdw wkh prgho dgplwv d frpsohwh forvhg0
irup vroxwlrq vkrxog pdnh lw xvhixo lq d ydulhw| ri dssolfdwlrqv1

D1 Dsshqgl{ D

Wklv dsshqgl{ suryhv Wkhruhp 6141 Wkh sdudphwulf uhvwulfwlrqv

f � V� 	 rt2 dqg f � V2 	 rt� +D14,

duh dgrswhg wkurxjkrxw1
Jlyhq frqvxpswlrq surfhvvhv S�/ � ' �c 2/ Ej�|� lv wkh yrodwlolw| dvvrfldwhg zlwk

�*v xwlolw| surfhvv ET �
| ES

���1 Zulwh

j�| '
�
j�
�c|c j

�
2c|

��
dqg j2
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�
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�c|c j

2
2c|
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1

Wkxv j�2c| lv wkdw sduw ri wkh yrodwlolw| ri �*v xwlolw| surfhvv wkdw fruuhvsrqgv wr
` 2

| / wkh frpsrqhqw wkdw lv dpeljxrxv iru �1

Ohppd D141 Iru wkh vshfl�f frqvxpswlrq surfhvvhv S� dqg S2 gh�qhg e| +614<,/
wkh yrodwlolwlhv ri xwlolw| vdwlvi|

j�2c| : f dqg j2
�c| : f1 +D15,

Surri1 Frqvlghu lqglylgxdo �*v xwlolw| surfhvv dqg vkrz

j�
2c| : f> +D16,

wkh rwkhu lqhtxdolw| fdq eh suryhq dqdorjrxvo|1
Ohw ' eh wkh phdvxuh gh�qhg dv lq +514,0+516, e| wdnlqj

w| ' Efc V��
� +D17,

iru doo |1 Gh�qh

T| ' .'

�] A

|

e3qE�3|� *L} S�� _�

���� I|

�
1 +D18,

Wkhq ET|� lv dq Lwr surfhvv dqg zh fdq zulwh

_T| ' >T| _| n jT�c|_`
�
| n jT2c|_`

2
| 1
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Fodlp= jT2c| : f1 Li wuxh/ wkhq zh fdq frqfoxgh wkdw T| ' T �
| ES

�� dqg khqfh wkdw
j�
2c| ' jT2c| : f1 Wkh srlqw/ urxjko|/ lv wkdw wkh srvlwlylw| ri wkh yrodwlolw| jT2c|

ydolgdwhv wkh vshfl�fdwlrq +D17, dv wkh rqh wkdw lv frqvlvwhqw zlwk wkh plqlpl}dwlrq
ryhu doo sulruv lq S/ dv ghvfulehg lq +5143,1 Lq pruh irupdo whupv/ Jluvdqry*v
Wkhruhp lpsolhv wkdw ET|� vroyhv wkh EVGH=

_T| ' d� *L} S�| n qT| n V� m j
T
2c| m o _|n jT| � _`|c TA ' f1

Exw jlyhq wkdw V ' Efc V���/ wklv lv wkh EVGH wkdw gh�qhv/ yld dq dssursuldwh
irup ri +5145,/ wkh xwlolw| surfhvv ET �

| ES
���1 E| xqltxhqhvv ri wkh vroxwlrq/ frqfoxgh

wkdw T �
| ES

�� ' T|1

Wxuq wr wkh surri ri wkh fodlp1 Jlyhq wkh h{solflw h{suhvvlrq iru T|/ d gl0
uhfw dssurdfk lv srvvleoh1 Vxevwlwxwh lqwr +D18, iru S�� xvlqj +614<, wr rewdlq
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lv d pduwlqjdoh xqghu '1 Wkxv zh fdq frpsxwh g| dqg/ wr d ohvvhu ghjuhh/ u|1
Ehfdxvh t lv d jhrphwulf surfhvv/ frpsxwh wkdw
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dqg wkh h{shfwdwlrq .�3| uhihuv wr lqwhjudwlrq rq wkh sodqh ri srlqwv E%�c %2� zlwk
uhvshfw wr wkh elyduldwh qrupdo glvwulexwlrq � E6�3|cP�3|� zlwk

6�3| '
�
��c�2 � V�E� � |�

�
dqg P�3| ' E� � |� U2f21

E| Lwr*v Ohppd dqg wkh suhfhglqj/ lw vx!fhv wr suryh wkdw +iru doo E|c ��c �2� 5
dfc A o � U

2,
_|r

t
2 � YM|E�

�c �2� * Y�2 : f1 +D19,
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Gluhfw frpsxwdwlrq dqg uhyhuvlqj wkh rughu ri gl�huhqwldwlrq dqg lqwhjudwlrq +e|
^9/ s1 548`, |lhogv
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	 V�/ zklfk ohdgv wr +D19,1

Ohppd D151 Iru dq| jlyhq b : f/ wkh frqvxpswlrq surfhvvhv gh�qhg lq +614<,
vroyh +xqltxho|,63
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T �Ee�� n b T 2Ee2� G e�c e2 5 Fc e� n e2 � t

�
1 +D1:,

Surri1 Fohduo|/ S� dqg S2 duh ihdvleoh1 Wkhuhiruh/ lw vx!fhv wr yhuli| wkdw wkhuh
h{lvwv d U�

nn0ydoxhg vkdgrz sulfh surfhvv Z ' EZ|� vdwlvi|lqj

Z 5 YT �ES�� _ b YT 2ES2�/ +D1;,

zkhuh YT �ES�� ghqrwhv wkh vhw ri vxshujudglhqwv iru T � dw S�1 Jlyhq vxfk d Z/ wkhq
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Wr hvwdeolvk +D1;,/ uhfdoo +5144, dqg wkxv wkdw Z� 5 YT �ES��/ zkhuh

Z�|ES
�� ' e3q| 5w
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| *S�|/

dqg/ iroorzlqj +5143,/

wW� 5 X�

S � i Ew|� G w| ' Efc V��
�  r}?Ej�| � doo |j/ +D1<,

wW2 5 X2

S � i Ew|� G w| ' EV2c f�
�  r}?Ej2| � doo |j1

63Ehfdxvh f
l ghqrwhv wkh htxloleulxp frqvxpswlrq surfhvv/ zh xvh h

l ehorz wr ghqrwh wkh

jhqhulf surfhvv lq F1
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E| wkh srvlwlylw| ri yrodwlolwlhv lq +D15,/ +D1<, lv htxlydohqw wr

wW�| ' Efc V�� dqg wW2| ' EV2c f� iru doo |1

Wkxv +D1;, lv vdwlv�hg e| Z/ zkhuh

Z| ' e3q| 5w
W�

| *S�| ' b e3q| 5w
W2

| *S2| 1 +D143,

Wxuq wr ghvfulswlrq ri dq htxloleulxp ri wkh irup E ES�c ����'�c2c 7�/ zkhuh wkh
S�*v duh gh�qhg e| +614<, dqg zkhuh b lv gh�qhg e| +6149,1 Ehfdxvh wkhvh frqvxps0
wlrq surfhvvhv duh h!flhqw/ wkh| fdq eh lpsohphqwhg dv sduw ri dq Duurz0Gheuhx
htxloleulxp dqg vxevhtxhqwo| dovr dv sduw ri d Udgqhu htxloleulxp1 Wr vhh wklv/
ohw R ' Z*Zf/ zkhuh Z lv gh�qhg lq +D143,1 Xvh R dv d vwdwh sulfh surfhvv> lq sdu0
wlfxodu/ gh�qh vhfxulw| sulfhv 7?/ ? ' fc �c 2/ e| +6155, dqg +6154, dqg dvvrfldwhg
uhwxuqv dv lq +6144,1 Gh�qh shuvrq �*v �qdqfldo zhdowk e| f �
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sursruwlrq lqyhvwhg lq wkh ulvnohvv dvvhw lv �� ��
| � �� Wkhq �*v lqlwldo wrwdo zhdowk
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Wkhuhiruh wkh vwdwlf exgjhw frqvwudlqw +61;, lv htxlydohqw wr
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f
/ e� 5 F1 +D145,

E| wkh gh�qlwlrq ri b/ wkhvh frqvwudlqwv krog zlwk htxdolw| li e� ' S�1 Ilqdoo|/ dw
S�/ hdfk lqglylgxdo � vdwlv�hv wkh �uvw0rughu frqglwlrqv

e3q|5w
W�

| *S�| ' B�R|/ +D146,

iru vxlwdeoh pxowlsolhuv B� ' � dqg B2 ' b3�1 Frqfoxgh wkdw S� dqg S2 duh xwlolw|
pd{lpl}lqj1 Ehfdxvh wkh| fohdu rxwsxw pdunhwv/ wkh| frqvwlwxwh dq Duurz0Gheuhx
htxloleulxp doorfdwlrq1
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Wkh iroorzlqj wzr Ohppdv vkrz wkdw wkh vwdwlf Duurz0Gheuhx htxloleulxp
fdq eh lpsohphqwhg e| vrph vhfxulw| wudglqj vwudwhjlhv ��c � ' �c 2c wr irup wkh
Udgqhu htxloleulxp ghvfulehg lq Wkhruhp 6141

Iluvw/ qrwlfh wkdw wkh exgjhw frqvwudlqw +619, lv htxlydohqw wr wkh iroorzlqj
idploldu g|qdplf exgjhw frqvwudlqw=
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Lq rughu wr uxoh rxw duelwudjh rssruwxqlwlhv ^4<`/ lpsrvh dovr wkh fuhglw frqvwudlqw
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7|c | 5 dfc A o1 +D148,

Ohppd D161 Ohw 7 ' E7fc 7�c 72�� eh jlyhq e| +6154, dqg +6155, dqg vxssrvh
wkdw r| lv lqyhuwleoh1 Wkhq=

+l, Wkh vwdwh sulfh surfhvv R vdwlv�hv +6145,1
+ll, Li Ee�c ��cf �� vdwlv�hv wkh g|qdplf exgjhw frqvwudlqw +D147, dqg wkh fuhglw

frqvwudlqw +D148,/ wkhq e� vdwlv�hv wkh vwdwlf exgjhw frqvwudlqw +D145,1
+lll, Frqyhuvho|/ li e� vdwlv�hv +D145,/ wkhuh h{lvw d sruwirolr vkduh surfhvv ��

dqg �qdqfldo zhdowk surfhvv f� vxfk wkdw Ee�c ��cf�� vdwlv�hv +D147, dqg +D148,1
Pruhryhu/ li e� ' S�/ wkhq �� lv xqltxh xs wr htxlydohqfh dqg shuvrq �*v �qdqfldo
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Rr_(r n R|7|� lv d �0glphqvlrqdo � 0pduwlqjdoh dqg khqfh lw kdv d }hur guliw1

Wkhq +6145, iroorzv iurp Lwr*v Ohppd dqg wkh gh�qlwlrqv ri ( dqg uhwxuqv1
+ll, Dgdsw dujxphqwv iurp ^64`1 E| +l,/ +D147, dqg Lwr*v Ohppd/
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Wkh ohiw vlgh ri wklv htxdwlrq lv d orfdo pduwlqjdoh1 Ehfdxvh ri wkh fuhglw frqvwudlqw
+D148,/ lw lv erxqghg ehorz e| d pduwlqjdoh dqg khqfh lv d vxshupduwlqjdoh1 E|
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Iurp f�
A � fc ghulyh wkh vwdwlf exgjhw frqvwudlqw +D145,1
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^56` O1J1 Hsvwhlq dqg W1 Zdqj/ Lqwhuwhpsrudo dvvhw sulflqj xqghu Nqljkwldq xq0
fhuwdlqw|/ Hfrqrphwulfd 95 +4<<7,/ 5;606551
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^57` O1J1 Hsvwhlq dqg M1 ]kdqj/ Vxemhfwlyh suredelolwlhv rq vxemhfwlyho| xqdp0
eljxrxv hyhqwv/ Hfrqrphwulfd/ iruwkfrplqj1

^58` N1U1 Iuhqfk dqg M1 P1 Srwhued/ Lqyhvwru glyhuvl�fdwlrq dqg lqwhuqdwlrqdo
htxlw| pdunhwv/ Dphu1 Hf1 Uhy1 ;4 +4<<4,/ 555091

^59` L1 Jloerd dqg G1 Vfkphlgohu/ Pd{plq h{shfwhg xwlolw| zlwk qrqxqltxh sulru/
M1 Pdwk1 Hfrq1 4; +4<;<,/ 47404861

^5:` P1 Julqeodww dqg P1 Nhorkdumx/ Krz glvwdqfh/ odqjxdjh dqg fxowxuh lq xhqfh
vwrfnkroglqjv dqg wudghv/ M1 Ilqdqfh/ iruwkfrplqj1

^5;` O1S1 Kdqvhq/ W1M1 Vdujhqw dqg W1 Wdooldulql/ Urexvw shupdqhqw lqfrph dqg
sulflqj/ Uhy1 Hf1 Vwxg1 99 +4<<<,/ ;:60<3:1

^5<` F1 Khdwk dqg D1 Wyhuvn|/ Suhihuhqfhv dqg eholhiv= dpeljxlw| dqg frpshwhqfh
lq fkrlfh xqghu xqfhuwdlqw|/ M1 Ulvn dqg Xqfhuwdlqw| 7 +4<<4,/ 805;1

^63` J1 Kxehupdq/ Idploldulw| euhhgv lqyhvwphqw/ Froxpeld X1/ uhylvhg 53331

^64` L1 Ndudw}dv/ Rswlpl}dwlrq sureohpv lq wkh wkhru| ri frqwlqxrxv wudglqj/
VLDP M1 Frqwuro dqg Rsw1 5: +4<;<,/ 488:0;91

^65` L1 Ndudw}dv/ S1 Odnqhu/ M1 Ohkrf}n| dqg V1 Vkuhyh/ H{lvwhqfh dqg xqltxhqhvv
ri pxowl0djhqw htxloleulxp lq d vwrfkdvwlf/ g|qdplf frqvxpswlrq2lqyhvwphqw
prgho/ Pdwk1 Rshu1 Uhv1 48 +4<<3,/ ;3045;1

^66` L1 Ndudw}dv dqg V1H1 Vkuhyh/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/
Vsulqjhu0Yhuodj/ 4<;:1

^67` M1P1 Nh|qhv/ D Wuhdwlvh rq Suredelolw|/ Pdfploodq/ 4<541

^68` P1 Nlond dqg P1 Zhehu/ Krph0eldv lq lqwhuqdwlrqdo vwrfn uhwxuq h{shfwd0
wlrqv/ X1 Pdqqkhlp/ 4<<:1

^69` I1K1 Nqljkw/ Ulvn/ Xqfhuwdlqw| dqg Sur�w/ Krxjkwrq Pl"lq/ 4<541

^6:` N1 Ohzlv/ Wu|lqj wr h{sodlq krph eldv lq htxlwlhv dqg frqvxpswlrq/ M1 Hfrq1
Olw1 6: +4<<<,/ 8:4093;1

^6;` P1 Pdulqdffl/ Olplw odzv iru qrq0dgglwlyh suredelolwlhv dqg wkhlu iuhtxhqwlvw
lqwhusuhwdwlrq/ M1 Hfrq1 Wkhru| ;7 +4<<<,/ 47804<81
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^6<` V1 Pruulv/ Wkh frpprq sulru dvvxpswlrq lq hfrqrplf wkhru|/ Hfrqrplfv dqg
Sklorvrsk| 44 +4<<8,/ 55:05861

^73` G1F1 Sludql/ Dvvhw sulfhv dqg dvvhw wudglqj/ X1 Urfkhvwhu/ plphr/ 4<<<1

^74` P1 Vfkurghu dqg F1 Vnldgdv/ Rswlpdo frqvxpswlrq dqg sruwirolr vhohfwlrq
zlwk vwrfkdvwlf gl�huhqwldo xwlolw|/ M1 Hfrq1 Wkhru| ;< +4<<<,/ 9;04591

^75` U1 Vkloohu/ I1 Nrq0\d dqg \1 Wvxwvxl/ Zk| glg wkh Qlnnhl fudvkB H{sdqglqj
wkh vfrsh ri h{shfwdwlrqv gdwd froohfwlrq/ Uhy1 Hfrq1 Vwdwv1 :; +4<<9,/ 4890971

^76` Q1 Vwurqj dqg [1 [x/ Xqghuvwdqglqj wkh htxlw| krph0eldv= hylghqfh iurp
vxuyh| gdwd/ X1 Pdqfkhvwhu/ 4<<<1

^77` M1 Zdqj/ Wkh whup vwuxfwxuh ri lqwhuhvw udwhv lq d sxuh h{fkdqjh hfrqrp|
zlwk khwhurjhqhrxv lqyhvwruv/ M1 Ilq1 Hfrq1 74 +4<<9,/ :804431

^78` I1 ]dsdwhur/ H�hfwv ri �qdqfldo lqqrydwlrq rq pdunhw yrodwlolw| zkhq eholhiv
duh khwhurjhqhrxv/ M1 Hfrq1 G|q1 dqg Frqwuro 55 +4<<;,/ 8<:09591
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