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I.Introd uc tion

A calloptionisthe right to buy the asset at a strike price,P.It has
b eenw ellknow nat least since M erton(1973) that the value ofa c alloption
increasesw ith the riskinessofthe und erlyingasset.Ifextra riskincreases
the prob ab ilitythat the market pric e exceed sP,thenthe value ofthe option
increases.A stand ard ¯nance text says

\ T heholderofacalloptionwillprefermorevarianceinthepriceof
thestocktoless.T hegreaterthevariance,thegreatertheprobability
thatthestockpricewillexceedtheexerciseprice,andthis isofvalue
tothecallholder."(Copeland& W eston,3rdedition,p.243)

B ut thisisnot quite c orrec t, d espite b eingthe sort ofthingthat even
expertssayinconversationand intextb ooks.AsIam sure T homasCopeland
and Fred W estonknew asthey w rote thispassage,it quite possible for the
riskand variance ofthe und erlyingasset to increase w hile the value ofthe
optionremainsd oesnot increase.T he value w illnot fall,but it might remain
unchanged .Suppose the strike pric e is$ 50 and the current price ofthe asset
is$ 4 0 .Ifthe prob ab ility ofthe pric e b eingb etw een$ 10 and $ 15 or $ 4 5 and
$ 4 9 increases,w hile the prob ab ilityit isb etw een$ 38 and $ 4 2 falls,the asset
hasb ec ome riskier, but there isno e®ec t onthe optionvalue, b ec ause the
prob ab ilitiesofasset valuesab ove the strike price of$ 50 have not changed .

T his,too,isw ell-know n,but it leavesopenthe questionofw hat kind of
riskd oesac tuallyincrease the value ofoptions.It isfalse,stric tlyspeaking,to
saythat ad d itionalriskincreasesthe value.O nthe other hand it istrue but
uninterestingto say that ad d itionalriskd oesnot red uc e the value.A great
many variablesd o not red uce the value ofanoption,usually b ec ause they
never a®ec t the value either w ay.For introd uc tory textb ooksno great harm
isd one instatinga risk-value propositionloosely, but it isw orth thinking
ab out how w e c ancome up w ith a propositionfor thisb asic intuitionthat is
b oth interestingand true.

O ne w ay out isto surrend er generality inthe kind sofasset d istribu-
tionsthat w e d escrib e.B liss(2 0 0 1),notingthe problem ofcomingup w ith
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a rigorousproposition,pointsout that a su± c ient c ond itionfor optionvalue
to increase w ith riskisthat the und erlyingasset value have a tw o-parameter
d istributionsuch asthe normalor lognormal. T he relationshipsb etw een
optionvalue and risk,how ever, clearly hold sfor much more generald istri-
butions.(B liss'sattentioninthat article isab out a d i®erent problem,also
triviallysolved by restric tingattentionto normald istributions{ w hat to d o
w henthe und erlyingassetscannot b e ord ered usingthe stand ard d e¯nition
ofrisk.)

T he optionsliterature hastravelled d ow nthe route ofstud ying par-
ticular stochastic proc essesfor asset returns{ d i®usionor jump processes{
rather thanlookingat generald istributionsfor end -statesasM erton(1973)
d id . T hisb eganw ith the log-normald i®usionprocessesofFischer B lack
and M yronScholes(1973) and continued w ith such generalizationsasJ ohn
Cox& StephenR oss(1976) and M erton(1976) M ore recent entriesinthe
literature includ e Y aacov B ergman,B ruce G rund y& ZviW iener (1996) and
M asaaki K ijima (2 0 0 2 ). O ther paperslook at other consid erationsabsent
inthe simplest mod elofone und erlying asset, risk-neutralinvestors, and
zero transactioncosts.R avi J agannathan(1984 ),for example,looksat val-
uesw heninvestorsare not riskneutral,and value w ealth more inparticular
statesofthe w orld . Insuch a situation, a riskier asset might not have a
higher optionvalue b ec ause the optionmight yield itshighest returnsina
state ofthe w orld w heninvestorsare w ealthier anyw ayand hence value the
returnless.W hile the \extreme value theory"of,e.g.,Chavez-Demoulin&
E mb rechts(2 0 0 4 ) hasturned to lookingat the e®ec tsofunusualeventson
¯nancialvaluation,it isoriented tow ard sestimationofthe value ofparticular
assets.

Inthisarticle Iw illreturnto the originalproblem ofhow riska®ec ts
optionvalue,but from a d i®erent d irec tion.First,w e w illsee that ifthe un-
d erlyingasset b ec omesriskier,thenw e canat least say that for some strike
pricesa calloptionw illb ec ome more valuable{ a very simple result, but
w orth noting.(Iw illuse c alloptionsrather thanput optionsthroughout,
but the proofseasily extend to puts.) Sec ond ,Iw illshow that only ifthe
und erlyingasset b ec omesriskier inthe specialw ayIcall\extremum riskier"
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w illevery c alloptionw illrise invalue regard lessofthe strike pric e- a nec es-
sary cond itionfor a rise invalue.T hird ,Iw illshow that ifthe und erlying
asset b ecomesriskier inthe spec ialw ay Icall\pointw ise riskier" thenev-
ery c alloptionw illrise invalue regard lessofthe strike pric e{ a su± c ient
c ond itionfor a rise invalue.

T hispaper'smaincontributionisasa tid yingup ofone ofthe fund a-
mentalid easin¯nance theory. In¯nance mod elling, it may b e usefulfor
those analystsw ho d o not w ish to assume normality ofasset returns,par-
ticularly inrealoptiontheory, w here optionvalue entersonly aspart ofa
larger mod elofbusinessd ec isionmaking(see, e.g.Dixit & P ind yck [199 4 ]
or sec tion2 5.6 ofG ollier [2 0 0 1]).T he d e¯nitionshere{ and , inparticular,
the d e¯nitionof\pointw ise risk,"may also b e usefulinother areasofec o-
nomics. T he paper'sinspirationw asanapplicationinauc tiontheory, to
b e able to d erive a propositionthat a b id d er w ould b e more w illingto pay
to acquire informationifhisinitialuncertainty over the value ofthe ob jec t
b eingauctioned w asgreater (see R asmusen[2 0 0 4 ]).O ptionvalue entersas
a component w ith interestingcomparative staticsinother applic ationstoo.
Aslongago asArrow & Fischer (1974 ) the id ea w asapplied to c ost-b ene¯t
analysisinenvironmentalprojec tsw ith irreversib ility.Search theory isan-
other applic ation;see Weitzman(1979)for a classic mod elinw hich the value
ofsearchesincreasesw ith uncertainty,or Varian(1999) for a more rec ent ar-
ticle.For such mod elsit may b e usefulto id entify assumptionsonchanges
ind istributionsso that propositionscanb e found that say w hena change
inuncertainty stric tly increasesthe payo® from the option-creatingac tion
rather thanjust not red uc ingthe payo®.

II.T he M od el

Let there b e anasset w hich hasterminalvalue xiw ith prob ab ilityf(xi),
w here the valuesofxi w ith positive prob ab ility are x1 < x2 < :::< xm .
Denote by Vcall(f;p) the current value ofa c alloptiononthat asset w ith
strike pric e p such that x1 < p < xm :T hisrulesout strike pric esofx1 or
b elow and xm and ab ove,b ec ause they w ould lead to risklessoptionsw hich
w ould b e exerc ised alw aysor never.It d oesallow a strike pric e that d oes
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not happento equalany ofthe xi. T he calloptionentitlesitsow ner to
buy the asset at price p at the terminaltime ifhe w ishes.We w illassume
the d isc ount rate iszero and use only tw o d ates, the current d ate and the
terminald ate,to avoid d istrac tionby the manyissuesthat w ould otherw ise
arise (the d ate ofexercise, d i®usionversusjump processes, the time value
ofmoney,d ivid end payments,and so forth).Instead ,our focusisonseeing
how the optionvalue w ould change ifthe und erlyingasset follow ed a d i®erent
d istributiong(x) w hich hasthe same meanasf(x),so

Ex =
mX

i= 1

f(xi)xi=
mX

i= 1

g(xi)xi+
nX

i= m + 1

g(xi)xi; (1)

w here xm + 1 < xm + 2 < :::< xn are pointsinthe support ofg but not f.T his
allow s,for example,xm + 1 < x1,w hich saysthat g c anhave positive prob a-
b ility onx valueslessthanor greater thanthe support off(x),or onvalues
b etw eenx'sinf(x)'ssupport.Let usd enote the cumulative d istributionsby
F(x) and G (x).

T he value ofa c alloptionw ith strike pric e p is

Vcall(f;p) =
mX

i= 1

f(xi)M axf0 ;(xi¡p)g

=
mX

i= j

f(xi)(xi¡p) w h ere j:xj¡1 < p < xj

(2 )

De¯ningR isk

T he stand ard d e¯nitionofriskisb ased onthe id ea ofthe \mean- pre-
servingspread ,"w hich w e c and e¯ne asfollow s.

De¯nition1a: A mean-preserving spread consistsofthree numbers
s(y1), s(y2 ), and s(y3)for y1 < y2 < y3 such that

s(y1)y1 + s(y2 )y2 + s(y3)y3 = 0 ; (the meanispreserved ) (3)
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s(y1)+ s(y2 )+ s(y3) = 0 ; (the new prob ab ilitiessum to zero) (4 )

and

s(y1) > 0 ; s(y2 ) < 0 ; s(y3) > 0 (the prob ab ilityisspread ) (5)

De¯nition1a isspec ialized to d isc rete prob ab ility d istributions,and it
usesthe id ea ofthe \3-point mean-preservingspread ,"d eveloped inP etrakis
& R asmusen(1994 ) rather thanthe c onventional\4 -point mean-preserving
spread " ofR othschild & Stiglitz (1970 ), w hich hasnegative prob ab ility at
tw o mid d le pointsrather thanone. T he tw o d e¯nitionsofspread lead to
equivalent d e¯nitionsofrisk. De¯nition1b b elow ord ersd istributionsby
riskid entic allyw hichever d e¯nitionofspread isused .T he 3-point d e¯nition
issimpler and w illlead to lessclutter inproofs(asw ellasallow inganeasy
¯xofthe error inthe mainproofinRothschild & Stiglitz [1970 ]).Note that
De¯nition1a d oesnot require that the yi equalany xi: the spread canput
positive prob ab ility onasset valuesw hich originally have zero prob ab ility.
Formally,a spread ad d ed to f(x) also c ould result inprob ab ilitiesthat are
negative or greater thanone,but nob od y w ould w ant to use such a spread .

T hus, w e arrive at De¯nition1b , the d e¯nitionofrisk originated in
R othschild & Stiglitz (1970 ) (w ith earlier suggestionsinHad ar & Russell
[1969]and Hanoch & Levy [1969]).

De¯nition1b :Distributiong(x) isriskier thanf(x) i® g(x) canbe reached
from f(x) bya sequence ofmean-preservingspread s.

T hisd e¯nitionofriskhaslongb eenconventional,since it isequivalent
to saying that the asset b ec omeslessattrac tive to a risk- averse investor
(one w ith a c oncave utility function) or that f islike g w ith noise ad d ed ,
althoughDe¯nition1b isonlya partialord ering,and manypairsofd istribu-
tionscannot b e ranked by it.Inthe optioncontext,B liss(2 0 0 1) show sthe
importance ofusingDe¯nition1b instead ofd e¯ningriskassimply higher
variance,w hich isnot anequivalent d e¯nition.Variance c anincrease w ithout
makinganasset lessattrac tive to a risk-averse investor, and optionvalues
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d o not change ina uniform d irec tionw ith changesinvariance.1

It isperhapsw orth remind ingthe read er ofanother statement ofrisk:in
termsofstochastic d ominance.DistributionF(x) \¯rst-ord er stochastic ally
d ominates" d istributionF(x) ifF(t) · G (t) for allt, i.e., ifG putsmore
prob ab ility onlow er valuesofx thanF d oes.Distrib utionF \sec ond -ord er
stochastic ally d ominates"d istrib utionG if

Rt
0 F(x)d x·

Rt
0 G (x)d x for allt,

w ith the inequality stric t for at least one value oft.2 A d e¯nitionofrisk
that isequivalent to De¯nition1b isthat d istributionG (x) isriskier than
F(x) ifF(x) sec ond -ord er stochastic ally d ominatesG (x).We w illuse d en-
sitiesrather thancumulative d istributionsinthisarticle,how ever, b ecause
d ensitiesare easier to visualize and und erstand .

O ptionValue DoesNot Decline w ith R isk

T he fund amentalpropositioninthe theory ofrisk and optionsisthe
w ell- know nP roposition1: optionvalue isw eaklyincreasinginrisk.

P roposition1 (M erton[1970 ]T heorem 8,p.14 9):Ifg isriskier than
f, thenVcall(f;p)·Vcall(g;p)for any p.

1 A nexampletoshowthatincreasedvariancecanincreaseutilityforarisk-averseperson
is thefollowing.L ettheutilitybeU =xforx· 1 0 U = 1 0 + x=2 forx¸ 1 0 ,which is
weaklyconcave.Supposewealthisinitiallydistributedasf:(.8-7,.2-1 2),whichhasmean
8,variance4(=:8¤1 2+ :2¤42),andutility7:8(=:8¤7+ :2¤1 1 ).Ifthedistributionischanged
tog:(.2- 0 ,.8-1 0 ),themean is still8,thevariance increasesto1 6(= :2¤82 + :8 ¤22),
andutilityrisesto8(=:2¤0 + :8¤1 0 ).Kurtosis,whichincreaseswhenmovingweightto
thetailsofthedistribution,isequallyunreliableforrankingtheriskinessofdistributions;
itstarts as 52(= :8 ¤1 4 + :2¤44)inthis exampleandrises to832(= :2¤84 + :8 ¤24):
N ote,too,thatoptionvaluecanrisewithvariancebutdoesnotnecessarilydoso:inthis
example,VCall(f;1 1 )=:2(1 2¡1 1 )=:2 butVCall(g;1 1 )=0 .

2 T hereissomescopeforambiguityhereinwhethertheinequalitiesareweakorstrong.
T hreelevelsthatmightbedē nedare\weakstochasticdominance,"inwhichitispossible
thattheinequalityisanequalityforallt,soF andG areidentical;\ semiweakstochastic
dominance,"inwhichtheinequalitymustbestrictforatleastonevalueoft;and\ strict
stochasticdominance,"inwhichthe inequalitymustbestrictforallvalues oft.W eak
andsemiweakstochasticdominancearewhatarestandardlyusedineconomictheorems.
See,too,footnote4 below.
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P roof: From (2 ),the value ofthe callonthe lessriskyasset,f,is

Vcall(f;p) =
mX

i= j

f(xi)(xi¡p) w h ere j:xj¡1 < p < xj (6)

and the value ofthe c allonthe riskier asset,g,is

Vcall(g;p) = f(xi)(xi¡p)+ s(y1)M ax(y1¡p;0 )+ s(y2 )M ax(y2 ¡p;0 )+ s(y3)M ax(y3¡p;0 ):
(7)

If

0 ·s(y1)M ax(y1¡p;0 )+ s(y2 )M ax(y2 ¡p;0 )+ s(y3)M ax(y3¡p;0 ):
(8)

thenP roposition1 iscorrec t.

From d e¯nitionequation(3),the spread ismean-preserving,so s(y1)y1+
s(y2 )y2 + s(y3)y3 = 0 ,and by equation(4 ) the spread 'sprob ab ilitiesad d to
zero,so [s(y1)+ s(y2 )+ s(y3)]= 0 .Together,these imply that

s(y1)(y1¡p)+ s(y2 )(y2 ¡p)+ s(y3)(y3¡p) = s(y1)(y1)+ s(y2 )(y2 )+ s(y3)(y3)
¡[s(y1)+ s(y2 )+ s(y3)]p = 0 ;

(9)

a result that w illb e used b elow .

(i) Suppose p ·y1,so inequality (8) b ec omes

0 ·s(y1)(y1¡p)+ s(y2 )(y2 ¡p)+ s(y3)(y3¡p): (10 )

E quation(9) tellsusthat thisistrue asanequality.

(ii) Suppose p ¸y3,so inequality (8) b ecomes

0 ·s(y1)(0 )+ s(y2 )(0 )+ s(y3)(0 ): (11)

T hisisobviously true asanequality.
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(iii)Suppose that p 2 (y1;y3).T hen,since M ax(y1¡p;0 ) = 0 and M ax(y3¡
p;0 ) = y3¡p,w e canrew rite expression(7) as

0 ·0 + s(y2 )M ax(y2 ¡p;0 )+ s(y3)(y3¡p) (12 )

(a) IfM ax(y2 ¡p;0 ) = 0 ,theninequality (12 ) istrue asa stric t inequality,
since s(y3) > 0 and y3 > p.

(b ) IfM ax(y2 ¡p;0 ) = y2 ¡p,theninequality (12 ) istrue if

s(y2 )(y2 ¡p)+ s(y3)(y3¡p)¸0 (13)

E quation(9) tellsusthat s(y1)(y1¡p)+ s(y2 )(y2 ¡p)+ s(y3)(y3¡p) = 0 ,
so since s(y1) > 0 and ,incase (iii),(y1¡p) < 0 ,it follow sthat (12 ) istrue
asa stric t inequality.Q.E .D.

Compare P roposition1 w ith P roposition1a,w hich d i®ersonlyinthestrength
ofthe inequality.

P roposition1a (false): Ifg isriskier thanf, thenVcall(f;p) < Vcall(g;p)
for anystrike price p.

Disproof. Consid er a calloptionw ith anexerc ise price of4.5and the asset
price d istributionshow ninFigure 1.Vcall(f;4:5) = Vcall(g;4:5),eventhough
g isriskier thanf.T he increase inriskhasno e®ec t b ec ause only changes
inthe prob ab ilitiesofterminalvaluesgreater than4.5 w ould matter to the
value ofthe c all,and there are no such changesinthe example.
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Figure 1:A Counterexample:R iskDoesNot Increase O ption
Value

P ropositions1 and 1a d i®er onlyinthe w eaknessofthe inequality.T hat
isenough,how ever,for \P roposition1a:O ptionvalue increasesw ith risk"to
b e false.Instead ,w e are left w ith \P roposition1: O ptionvalue d oesnot fall
w ith risk,"w hich although true,isvery w eak.T hat kind ofstatement can
b e mad e ofanyvariable outsid e the mod el:\O ptionvalue d oesnot fallw ith
w ealth," or \O ptionvalue d oesnot fallw ith unemployment," or \O ption
value d oesnot fallw ith the temperature inB loomington."

T he statement \O ptionvalue d oesnot fallw ith risk,"how ever,though
it d oestranslate the mathematic alnotationofP roposition1,isunnecessarily
w eak.We caninstead saythat \O ptionvalue d oesnot fallw ith risk,and for
at least one value ofthe strike price it increases." P ropostion1b expresses
thisinmathematic alnotation.

P roposition1b :Ifg isriskier thanf, thenthere existssome exerc ise price
p0such that the associated calloptionismore valuable und er g thanund er f
but no exerc ise price p00such that a calloptionismore valuable und er f:
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9p0:Vcall(f;p0) < Vcall(g;p0);
but
69p00:Vcall(f;p00) > Vcall(g;p00).

P roof:
T he proofofP roposition1 show ed that ifp 2 (y1;y3),thenthe value ofthe
c allstric tly increases.T hus,simply pickp0in(y1;y3) for one ofthe spread s
that makesg riskier thanf.

T hat there existsno value p00for w hich optionvalue d eclinesisa d irec t
c orollaryofP roposition1.QE D.

IIb.New De¯nitionsofR isk

Another approach isto ¯nd a d e¯nitionofriskund er w hich something
like P roposition1b istrue, and the value ofthe optiond oesincrease w ith
\risk"regard lessofthe strike pric e.

De¯nition2 (new ):Distributiong(x) ispointw ise riskier thanf(x) i® f
and g have the same meanand there exist pointsx and x in(x1;xm )such that

(a) ifx < x, theng(x)¸f(x) and iff(x) > 0 theng(x) > f(x);

(b) ifx2 [x;x], theng(x)·f(x) and iff(x) > 0 theng(x) < f(x);

(c) ifx > x, theng(x)¸f(x) and iff(x) > 0 theng(x) > f(x).

De¯nition2 saysthat g(x) ispointw ise riskier thanf(x) ifit takes
prob ab ility aw ayfrom each point inthe mid d le ofthe d istributionand ad d s
prob ab ility to each point at the tw o end s,w hile preservingthe mean.Dis-
tributiong1(x) inFigure 2 isanexample.De¯nition2 also allow sg(x) to
ad d prob ab ility to pointsoutsid e the interval[x1;xm ]{ that is,b eyond the
tw o extremesofthe support off(x).P ointw ise riskinesscapturessomething
ofthe same intuitionasthe id ea ofthe mean-preservingspread { that prob -
ab ility isto b e moved from the mid d le to the end softhe d istribution.Ifg
ispointw ise riskier thanf,it isalso riskier inthe conventionalsense.Note
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that the change from f to g need not b e symmetric around the meanofthe
d istribution,nor uniform evenw ithinthe xieach ofthe three regions[¡1 ;x]
[x;x],[x;1 ].T he pointw ise riskier d istributiong might,for example,b egin
w ith a uniform f and thenad d .0 5 to f(x1),:0 1 to f(x2 ),and .2 0 to f(x3),
red uce prob ab ilityonf over [x4 ;x9],and thenincrease prob ab ilityagainover
[x10 ;x2 0],so longasit preservesthe meanoff.E very point onthe \sid es"
must gainprob ab ility, but not nec essarily the same amount ofprob ab ility,
nor must more extreme pointsgainmore prob ab ilitythanlessextreme ones.3

Figure 2 : P ointw ise and E xtremum R iskiness

P ointw ise riskinessw illb e su± c ient but not necessaryfor optionvalue to
increase w ith riskfor allstrike pric es,asw e w illsee inP roposition5once w e
have d erived other resultsusefulinprovingsu± ciency.4 Distributiong2 (x)

3T hedē nitionofpointwiseriskinesscanbemodī edeasilyforcontinuousdensitiesf
andgwithconvexandboundedsupport{ thatis,withan intervalasasupportwithno
gapsatwhichthedē nitionwouldrequiregtohavenegativedensity.

4 Sincepointwiseriskinessandsecond-orderstochasticdominancebothcanbedē ned
in terms offunctions thatcross alimited numberoftimes,the readermaywonderif
pointwiseriskinessisthesameasthestrictsecond-orderstochasticdominanceoffootnote
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inFigure 2 isanexample inw hich g isnot pointw ise riskier thanf, but
Vcall(f;p) < Vcall(g;p) nonethelessfor allp.

Ifp is¯xed ,g(x) d oesnot evenhave to b e a mean- preservingspread to
increase the value ofthe c all.But w e are askingw hat changesto the asset
d istributionw illincrease the value ofany c allw rittenonthe asset.

O ur other new d e¯nitionofriskisone w hich isnecessaryfor extra risk
to increase optionvalue:extremum risk.T he d e¯nitionofextremum riskiness
w ould need mod ī c ationfor b ound ed continuousd istributions.A d e¯nition
intermsofcumulative d istributionsisthenmore c onvenient,iflessintuitive:
g isextremum-riskier thanf ifG (x1 + ²) > F(x1 + ²) and 1¡G (xm ¡²) <
1 ¡F(xm ¡²) for arb itrarily small². Cumulative d istributionsmust b e
used b ec ause iff isa c ontinuousd ensity theneach ofthe extrema haszero
prob ab ility,evenifpositive d ensity,and to change the value ofanoptionit is
necessaryto change prob ab ilitiesover anintervaloff'ssupport,not just over
one point.T hus,g must put more prob ab ility onthe intervals[¡1 ;x1 + ²]
and [xm ¡²;1 ].

De¯nition3(new ): Distributiong(x) isextremum riskier thanf(x)
i®
(a) either f(x1) < g(x1), or g(x) > 0 for some x < x1;
and
(b)either f(xm ) < g(xm ), or g(x) > 0 for some x > xm .

T he d istributioninpart (c ) ofFigure 2 isextremum-riskier thanthe
d istributionsinparts(a) and (b ).T he d istributioninpart (b ) ofFigure 3is
extremum-riskier thanthe d istributioninpart (a).

2.Itisnot.D istributionF strictlysecond-orderstochasticallydominatesG if
Rt
0 G(x)dx>Rt

0 F (x)dxforallvaluesoftsuchthatG(t)> 0 andG(t)< 1 .Itcouldbe,however,that
G is pointwiseriskierthan F withoutF strictlysecond-orderdominatingG.Suppose,
forexample,thatF is uniform,with F (1 )= :25;F (2)= :5;F (3)= :75;F (4)= 1 andG
movesweightfrom themiddletothetailsandispointwiseriskiersoG(1 )= :30 ;G(2)=
:5;F (3)= :7;F (4)= 1. Ifwe dē neDF (t)´

Rt
0 F (x)dx(and similarly forG)then

DF (1 )=:25;DF (2)= :75;DF (3)=1 :5 andDG(1)= :30 ;DG(2)=:8;DG(3)=1 :5.Since
DF (3)=DG(3),F doesnotstrictlydominateG.F doesweaklydominateG,aswewould
expectsinceG isriskierintheconventionalsense.
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Figure 3: E xtremum R iskversusR isk

P roposition2 :Consid er two d istributionsf and g.A necessary cond ition
for it to be true that Vcall(g;p) > Vcall(f;p)for anystrike price p isthat g be
extremum-riskier thanf.

P roof:
Hold p ¯xed .Iff(x) and g(x) are id entic alfor allx > p or for allx < p,
thenVcall(g;p) = Vcall(f;p).

(i) We w illstart w ith cond ition(b ) inDe¯nition3. Iff and g are
id entic alfor allx > p, thenclearly the callvalue ofequation(2 ) must b e
equalfor f and g,since thenf and g are id entic alfor x¸xj,and onlysuch
valuesofx enter into equation(2 ),reprod uced b elow .

Vcall(f;p) =
mX

i= j

f(xi)(xi¡p) w h ere j:xj¡1 < p < xj (14 )

T hus,for Vcall(g;p) > Vcall(f;p) to b e true,it isnecessary that g(x) >
f(x) for some x > p.
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Since thisistrue for every p, it must b e true for p = xm ¡²,for any
smallvalue ².T hus,for some x¸xm ,g(x) > f(x).B ut thiscanb e true only
ifeither g(xm ) > f(xm ),or ifg(x) > 0 for some x > xm .T hat isc ond ition
(b ) inDe¯nition3.

(ii) We need

Vcall(g;p) =
mX

i= j

g(xi)(xi¡p)+
nX

i= k

g(xi)(xi¡p) >

mX

i= j

f(xi)(xi¡p) = Vcall(f;p)

w h ere j:xj¡1 < p < xj; k:xk¡1 < p < xk

(15)

T he d istributionsf and g have equalmeans,so

Eg(x)¡p =
mX

i= 1

g(xi)(xi¡p)+
nX

i= m + 1

g(xi)(xi¡p) =

mX

i= 1

f(xi)(xi¡p) = Ef(x)¡p

w h ere j:xj¡1 < p < xj; k:xk¡1 < p < xk

(16)

Sub trac ting,w e know that

Eg(x)¡p¡Vcall(g;p) < Ef(x)¡p¡Vcall(f;p) (17)

so

j¡1X

i= 1

g(xi)(xi¡p)+
k¡1X

i= m + 1

g(xi)(xi¡p) <
j¡1X

i= 1

f(xi)(xi¡p)

w h ere j:xj¡1 < p < xj; k:xk¡1 < p < xk

(18)
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Now set set p = x1 + ²for some smallnumb er ².Inequality (18) b ec omes

g(x1)(x1¡p)+
k¡1X

i= m + 1

g(xi)(xi¡p) < f(x1)(x1¡p)

w h ere j:xj¡1 < p < xj; k:xk¡1 < p < xk:

(19)

B oth sid esofthisinequality are negative,since x < p over the range ofxiit
includ es,so the inequalityimpliesthat either g(x1) > f(x1) or that g(x) > 0
for some x < x1.T hat iscond ition(a) inDe¯nition3.

T hus,for the value ofthe c allto b e greater und er g(x) for allp, it is
necessary that g satisfy the c ond itionsfor b eingextremum riskier thanf.
QE D.

We c annow b etter d iscussone part ofthe d e¯nitionofextremum risk-
inessthat may have puz zled the read er: w hy d oesit require that g ad d
prob ab ilityat both extremes,not just the maximum?T he answ er isnot that
the d e¯nitionhasb eencrafted for applic ationto putsasw ellasto calls;it
turnsout that evenasa necessarycond itionfor callsto b ec omemore valuable
w ith extremum riskiness,w e need proab ility to increase at b oth extremes.
T hisw as,ofcourse,need ed inthe proofofP roposition2 , but a numeric al
example w illaid intuition.

T he example,show nininFigure 4 ,inw hich g ismad e riskier thanf by
shiftingprob ab ility aw ayfrom x = 2 ,the mean,to x = 1:33and x = 4:67.
So d oingmakesg put more prob ab ility thanf onthe upper extremum of
x = 4 :67,but no more prob ab ility onthe low er extremum ofx = 0:

A callw ith a strike pric e ab ove 1.33w illincrease invalue asa result of
changingthe d istributionfrom f to g.B ut thinkab out a c allw ith a strike
price of1. It w illhave equalvalue und er f and g, b ec ause the meanof
the d istrib utioncond itionalonx b einggreater than1 hasnot changed .O r,
looked at a b it d i®erently,the prob ab ility ofthe state ofthe w orld (x = 0 )
inw hich the c allisnot exercised hasnot changed at all.
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Figure 4 :W hy E xtremum R iskNeed sSpread at B oth E xtrema

T he generalproblem isthat unlessb oth extrema are increased ing,it
ispossible to ¯nd a strike price such that the totalamount ofprob ab ility
onpric esab ove the strike price isunchanged .Ifthe low er extremum d oes
not increase, asinFigure 4 'sexample, thenchoose the strike price to b e
verylow ,just ab ove the extremum.T he c allisthenlike a b et that the pric e
w illexceed the low er extremum,and the prob ab ility ofw inningthat b et is
the same inf and g.If,onthe other hand ,the upper extremum d oesnot
increase,choose the strike pric e to b e veryhigh,just b elow the extremum.

W hy isthisjust a necessary c ond ition,and not su± cient? Look b ack
at Figure 3.InFigure 3, g(x) hasmore prob ab ility at the extremesthan
f(x) d oes{ the prob ab ility ofeach extreme is.2 5 instead of.2 0 | but it is
not riskier inthe conventionalsense,b ec ause it cannot b e reached from f(x)
by a sequence ofmean-preservingspread s. Ifthe strike pric e is4 .5, then
the call'svalue ishigher und er d istributiong(x),b ec ause the outcome x = 5
oc cursw ith prob ab ility.2 5instead off(x)'s.2 0.Vcall(f;4 :5)= :2 0 (5¡4:5) =
:10 < Vcall(g;4:5) = :2 5(5¡4:5) = :12 5.Ifthe strike price is3.5,how ever,
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the call'svalue ishigher und er d istributionf(x), b ecause und er g(x) the
outc omesx = 4 and x = 5 together oc cur w ith prob ab ility .2 5 instead of
.4 0 and Vcall(f;3:5) = :2 0 (4 ¡3:5) + :2 0 (5¡3:5) = :4 0 > Vcall(g;3:5) =
:0 0 (4 ¡3:5)+ :2 5(5¡3:5) = :375.

E xtremum riskinessalread yimpliesthat g isnot lessriskythanf,since
more w eight isinthe far tailofthe d istributioning,but it might b e that f
and g are not ord ered by risk.Althoughneither c onventionalnor extremum
riskinessisby itselfsu± cient to make callsmore valuable, incomb ination
they d o yield a su± c ient cond ition,asstated inP roposition3.

P roposition3: Consid er two d istributionsf and g.A su± cient cond ition
for it to be true that Vcall(g;p) > Vcall(f;p)for anystrike price p isthat
(a) g isextremum-riskier thanf; and
(b) g isriskier thanf.

P roof:
From P roposition1 w e know that ifcond ition(b ) istrue,thenVcall(g;p)¸
Vcall(f;p), that is,P roposition3'sinequality istrue at least w eakly.T hus,
allthat w e need show isthat cond ition(a) makesthe inequalitystric t.

T he proofofP roposition1 show ed that ifa mean-preservingspread that
mad e g riskier thanf changed prob ab ilityonthree pointsy1 < y2 < y3,then
ifthe option'sstrike pric e w ere p ·y1 or p ¸y3,the option'svalue w ould b e
the same und er f asund er g.

Since g may b e d erived from f by a seriesofmean-preservingspread s,
let y¤1 b e the low est x value that ischanged , and y¤3 the highest. Ifthe
option'sstrike pric e w ere p ·y¤1 or p ¸y¤3,the option'svalue w ould b e the
same und er f asund er g.T hat isthe possib ility w e are tryingto rule out.
B ut c ond ition(a) saysthat g isextremum riskier. T hat impliesthat the
prob ab ility ofxilessthanor equalto x1 increases,so y¤1 ·x1,and that the
prob ab ility ofxigreater thanor equalto xm increases,so y¤3¸xm .T hus,it
isimpossible (since w e rule out the risklessoptionsw ith p = x1 or p = xm )
that p ·y¤1 or p ¸y¤3.Asa result,the optionvaluescannot b e equalfor any
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p and it must b e that Vcall(f;p) < Vcall(g;p).Q.E .D.

Y oumight askw hyId id not w rite P roposition3to say that cond itions
(a) and (b ) are jointlynecessary and su± cient, rather thanjust su± cient.
Ifoptionsong are to b e alw aysmore valuable thanoptionsonf, isn't it
necessary that g b e b oth riskier and extremum- riskier thanf?No.

P roposition4 : Consid er two d istributionsf and g. T he followingtwo
cond itionsare not necessaryand su± cient for it to be true that Vcall(f;p) <
Vcall(g;p)for anystrike price p:
(a) g isextremum-riskier thanf; and
(b) g isriskier thanf.

P roof: Cond itions(a) and (b ) are jointly su± cient, asP roposition3
says.Cond ition(a) by itselfisnecessary,asP roposition2 says.T hus,w hat
w eneed to show to prove P roposition4 isthat there exist d istrib utionsf and
g such that Cond ition(b ) isviolated b ut nonethelessVcall(f;p) < Vcall(g;p)
for any p.T hat is,w e must show that g'soptionsare alw aysmore valuable,
but g isnot riskier thanf.

Consid er the example inFigure 5.Distrib utiong isextremum-riskier
thand istributionf,but it isnot riskier,b ec ause it hasmore prob ab ility at
the mean,x = 5 (infact,f(5) = 0 ).T he d istributionsf and g c annot b e
ord ered by risk.

T he value ofa calloptiononanasset w ith d ensity f and strike pric e
p 2 (2 ;8) is,from equation(2 ),

Vcall(f;p) = M axf0 ;:2 5(2 ¡p)g+ M axf0 ;:2 5(4 ¡p)g+ M axf0 ;:2 5(6¡p)g
+ M axf0 ;:2 5(8¡p)g

(2 0 )

and the value ofa c alloptiononanasset w ith d ensityg and strike pric e p is

Vcall(g;p) = M axf0 ;:2 5(1¡p)g+ M axf0 ;:4 0 (5¡p)g+ M axf0 ;:30 (9 ¡p)g
(2 1)
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T he possible valuesofp go from p = 2 to p = 8,w here the end pointsare not
possible (asthe optionw ould thenb e alw aysor never exerc ised ).We w ill
split thisup into four intervalsand examine each inturn.

Lemma 1: Vcall(f;p) < Vcall(g;p) for p 2 (2 ;4 ]:

P roof:T henVcall(f;p) = :2 5(4 ¡p)+ :2 5(6¡p)+ :2 5(8¡p) = :2 5(18¡p) =
4:5¡:75p:O nthe other hand ,Vcall(g;p) = :4 0 (5¡p)+ :30 (9¡p) = 4 :7¡:70 p;
w hich isgreater than4:5¡:75p:.T hus,g hasthe more valuable options.

Lemma 2 : Vcall(f;p) < Vcall(g;p) for p 2 (4 ;5]:

P roof: T henVcall(f;p) = :2 5(6¡p)+ :2 5(8¡p) = 3:5¡:50 p:O nthe other
hand , Vcall(g;p) = :4 0 (5¡p) + :30 (9 ¡p) = 4:7¡:70 p. It istrue that
3:5¡:50 p < 4 :7¡:70 p if:2 0 p < 1:2 ,w hich istrue ifp < 6,and inparticular
ifp 2 [4 ;5].T hus,g hasthe more valuable options.

Lemma 3: Vcall(f;p) < Vcall(g;p) for p 2 [5;6]:

P roof: T henVcall(f;p) = :2 5(6¡ p) = :3:5¡:5p: O nthe other hand ,
Vcall(g;p) = :30 (9 ¡p) = 2 :7¡:30 p:It istrue that 3:5¡:5p < 2 :7¡:30 p if
:8 < :2 p,w hich istrue ifp > 4 , and inparticular ifp 2 [5;6].T hus,g has
the more valuable options.

Lemma 4 : Vcall(f;p) < Vcall(g;p) for p 2 [6;8):

P roof:T henVcall(f;p) = :2 5(8¡p) = 2¡:2 5p O nthe other hand ,Vcall(g;p) =
:30 (9 ¡p) = 2 :7¡:30 p:It istrue that 2 ¡:2 5p < 2 :7¡:3p ififp < 14 ,and
inparticular istrue ifp 2 [6;8].T hus,g hasthe more valuable options.

Comb iningallfour c ases, w e see that for any p 2 (2 ;8), g hasmore
valuable options.Q.E .D.

To und erstand P roposition4 ,start w ith the simpler id ea that anop-
tionw ith pric e p c anb e more valuable und er d istributiong evenifg isnot
riskier thanf.T hat istrue b ecause for some particular p, the c all'svalue
is

P m
i= jf(xi)(xi¡p) for j:xj¡1 < p < xj, w hich d epend sonallofthe f
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d istributionfor every xi > p but not onevery xi ind ivid ually.T hus,it is
possible that g(xk) < f(xk)for some particular value ofxk > p ina w aythat
makesit impossible to rankf and g byrisk,but for that to b e outw eighed by
g'sgreater w eight onmost high valuesofxi.P roposition4 generalizesthisto
the id ea that anoptioncanb e more valuable for anypric e p eventhough risk
d oesnot rise.T he reasonisthat w e c an¯nd a g that putsenough w eight on
itsextrema c ompared to f that g expec ted valuesover xi> p w illb e greater
evenifit putsmore w eight onthe meanofx too.

Figure 5:W hyR iskinessand E xtremum R iskinessAre Not
Necessaryfor AllO ptionsTo Increase inValue

Finally,let usleave extremum riskinessand lookb ackto the sec ond new
d e¯nitionof\riskier": pointw ise riskiness.P ointw ise riskiness

For manyapplic ations,it isconvenient to spec ifya simple su± cient c on-
d itionfor one optionto b e riskier thananother.Ind eed ,my¯rst motivation
for thispaper w asto id entify such a su± cient c ond itioninthe context of
informationacquisitiond uringanauc tion(see R asmusen[2 0 0 4 ]).P ointw ise
riskinessisa su± cient cond itionthat issimple and oftenplausible.Having
alread y proved P roposition3,it iseasy to prove this.
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P roposition5:Ifg ispointw ise riskier thanf, thenfor anyp, Vcall(f;p) <
Vcall(g;p).

P roof: Ifg ispointw ise riskier thanf,thenit isalso riskier and extremum
riskier.It isriskier b ecause w e c anmove from f to g by a seriesofmean-
preservingspread sthat take prob ab ilityaw ayfrom the mid d le interval[x;x]
and move it to the extremes. It isextremum riskier b ec ause x1 < x and
xm > x,so g putsmore prob ab ility onx1 and xm thanf d oes.It follow s
from P roposition3,proved ab ove,that callsong w illb e more valuable than
callsonf.Q.E .D.

We have,ofcourse,alread yfound one su± cient c ond itionfor optionson
g to b e more valuable thanoptionsonf.P roposition3said that riskiness
plusextremum riskinessprovid esa su± cient c ond ition.P roposition3,infact,
isa tighter su± c ient c ond ition.Ifg ispointw ise riskier thanf it isalw ays
b oth riskier and extremum riskier{ but g c anb e riskier and extremum riskier
thanf w ithout b eingpointw ise riskier.Nonetheless,pointw ise riskinessisa
usefulconcept, b ecause it issimpler and more intuitive thanstand ard plus
extremum riskiness.

P ropositionssimilar to P ropositions2 ,3,4 ,and 5are easyto d erive for
put optionsasw ellasfor c alloptions.T he propositionsd o not extend to
exotic optionsthat c onvey purchase or sale rightsover rangesofpric esthat
d o not slic e the realline intw o (e.g.,the right to buy ifthe price iseither
inthe interval[3,5.6] or in[7, 2 6]).Neither the intuitionnor the rigorous
propositionsextend to that kind ofoption,since anexotic optionsuch asin
my parenthetic example c anincrease invalue w henprob ab ility shiftsfrom
the extremesto the mid d le,a red uc tioninrisk.

IV.Conclud ingR emarks

Ifd istributiong isriskier thand istributionf, thenany calloptionon
anasset w hose value hasd istributiong w illb e at least asvaluable asthe
equivalent optiononanasset w ith d istributionf.B ut the optionong might
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not b e more valuable, b ec ause the valuesmight b e equal. T hispaper has
d eveloped a nec essary c ond itionfor allcalloptionsonanasset w hose value
hasd istributiong to b e stric tlymore valuable thanthe equivalent optionon
anasset w ith d istributionf,and tw o su± c ient c ond itionsfor it,d i®eringin
strength and convenience.T he necessary c ond itionisthat g b e \extremum
riskier": it must put more prob ab ility onthe extreme valuesofthe asset.
O ne su± cient c ond itionisthat g b e not only extremum riskier, but also
riskier und er the c onventionald e¯nitionofrisk{ that g c anb e reached from
f bya seriesofmean-preservingspread s.A second su± cient cond ition,more
restric tive but simpler,isthat g b e \pointw ise riskier": asset valuesinthe
mid d le ofg have higher prob ab ility thanund er f,and asset valuesoutsid e
the mid d le have low er prob ab ility.
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