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Devwudfw

Wkh sdshu ghyhorsv d jhqhudo iudphzrun iru lghqwl�fdwlrq/ hvwlpdwlrq/ dqg k|srwk0

hvlv whvwlqj lq frlqwhjudwhg v|vwhpv zkhq wkh frlqwhjudwlqj frh�flhqwv duh vxemhfw wr

+srvvleo|, qrq0olqhdu dqg furvv0htxdwlrq uhvwulfwlrqv/ rewdlqhg iurp hfrqrplf wkhru| ru

rwkhu uhohydqw d sulrul lqirupdwlrq1 Lw surylghv d surri ri wkh frqvlvwhqf| ri wkh txdvl

pd{lpxp olnholkrrg hvwlpdwruv +TPOH,/ hvwdeolvkhv wkh uhodwlyh udwhv ri frqyhujhqfh

ri wkh TPOH ri wkh vkruw0uxq dqg wkh orqj0uxq sdudphwhuv/ dqg ghulyhv wkhlu dv|ps0

wrwlf glvwulexwlrq> wkxv jhqhudol}lqj wkh uhvxowv douhdg| dydlodeoh lq wkh olwhudwxuh iru wkh

olqhdu fdvh1 Wkh sdshu dovr ghyhorsv whvwv ri wkh ryhu0lghqwli|lqj +srvvleo|, qrq0olqhdu

uhvwulfwlrqv rq wkh frlqwhjudwlqj yhfwruv1 Wkh hvwlpdwlrq dqg k|srwkhvlv whvwlqj sur0

fhgxuhv duh dssolhg wr dq Doprvw Lghdo Ghpdqg V|vwhp hvwlpdwhg rq X1N1 txduwhuo|

revhuydwlrqv1 Xqolnh pdq| rwkhu vwxglhv ri frqvxphu ghpdqg wklv dssolfdwlrq grhv qrw

wuhdw uhodwlyh sulfhv dqg uhdo shu fdslwd h{shqglwxuhv dv h{rjhqrxvo| jlyhq1

MHO Fodvvl�fdwlrqv= F4/ F6/ G4/ H41

Nh| Zrugv= Frlqwhjudwlrq> lghqwl�fdwlrq> TPOH> frqvlvwhqf|> dv|pswrwlf glvwulexwlrq/ whvwlqj

qrq0olqhdu uhvwulfwlrqv> Doprvw Lghdo Ghpdqg V|vwhpv1

�Zh duh judwhixo wr wkh Hglwru dqg wzr dqrq|prxv uhihuhhv iru wkhlu xvhixo frpphqwv dqg vxjjhvwlrqv1

Zh zrxog dovr olnh wr wkdqn Plfkdho Elqghu/ Fkhqj Kvldr/ Nhhv Mdq ydq Jdughuhq/ Vruhq Mrkdqvhq/ Nhylq

Ohh/ Dguldq Sdjdq/ Edkudp Shvdudq/ dqg lq sduwlfxodu wr Shwhu Ervzlmn dqg Ulfkdug Vplwk iru khosixo

frpphqwv1 Sduwldo �qdqfldo vxssruw iurp wkh HVUF +judqw Qr1 U33356693;, dqg wkh Lvddf Qhzwrq Wuxvw

ri Wulqlw| Froohjh/ Fdpeulgjh/ duh judwhixoo| dfnqrzohgjhg1
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vkduhv/ dqg lv hvwlpdwhg dvvxplqj h{rjhqrxvo| jlyhq sulfhv dqg shu fdslwd uhdo h{shqglwxuhv1
5;Frqvxphu h{shqglwxuhv dw fxuuhqw dqg frqvwdqw 4<<3 sulfhv iru wkh wkuhh frpprglw| jurxsv zhuh wdnhq

iurp Fhqwudo Vwdwlvwlfdo R�fh*v +FVR, txduwhuo| Pdfurhfrqrplf Gdwdedvh1 Txduwhuo| revhuydwlrqv rq srs0

xodwlrq zhuh rewdlqhg e| lqwhusrodwlrq ri dqqxdo srsxodwlrq �jxuhv wdnhq iurp wkh FVR Dqqxdo Gdwdedvh1
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63Zh rewdlqhg vlplodu uhvxowv zkhq zh hvwlpdwhg orzhu rughu YDU prghov1 Zh glg qrw frqvlghu prghov

ri rughu kljkhu wkdq 7 rq jurxqgv ri gdwd olplwdwlrqv1
64Wklv fkrlfh ri h{dfw0lghqwli|lqj uhvwulfwlrqv uxohv rxw wkh srvvlelolw| ri sodflqj +whvwlqj, }hur uhvwulfwlrqv

rq �44 dqg �551 Wklv vhhpv sodxvleoh frqvlghulqj wkdw wkh sulpdu| remhfwlyh khuh lv wr whvw wkh krprjhqhlw|

dqg v|pphwu| uhvwulfwlrqv ri frqvxphu ghpdqg ixqfwlrqv1 Ghpdqg ixqfwlrqv zloo qrw eh gh�qhg li �44+ru
�55, lv vhw wr }hur/ dqg wkh krprjhqhlw| dqg v|pphwu| uhvwulfwlrqv fdq qr orqjhu eh phdqlqjixoo| irupxodwhg1

65Iru ghwdlov ri wkh frpsxwdwlrqdo dojrulwkpv vhh Shvdudq dqg Shvdudq +4<<:/ Vhfwlrq 4<1;,
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66Dv vkrzq lq Vhfwlrq 814/ whvwv ri wkh ryhu0lghqwli|lqj uhvwulfwlrqv duh lqyduldqw wr wkh fkrlfh ri wkh h{dfw

lghqwli|lqj uhvwulfwlrqv1 Dv dq looxvwudwlrq zh whvwhg wkh krprjhqhlw| uhvwulfwlrqv frqglwlrqdo rq wkh iroorzlqj

dowhuqdwlyh vhw ri h{dfwo| lghqwli|lqj uhvwulfwlrqv=

�
�44 @ �4> �45 @ 3

�54 @ 3> �95 @ �4

�
> dqg rewdlqhg lghqwlfdo whvw

uhvxowv1
67Lq wkh fdvh zkhuh �44 ru �55 duh qrw qrupdol}hg wr �4/ wkh v|pphwu| uhvwulfwlrq qhhgv wr eh h{suhvvhg

dv �74@�44 @ �65@�55/ zklfk lv phdqlqjixo rqo| li �44 9@ 3 dqg �55 9@ 31 Dovr vhh irrwqrwh 641
68Xvlqj wkh dgglqj0xs frqglwlrq wkh wklug +frlqwhjudwlqj, vkduh htxdwlrq lv jlyhq e|

ez6w @ 3=53;3� =3748 oqS4w . 3=44:6 oqS5w � =3:8; oqS6w � 3=4399 oq+\w@Sw,=
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Wdeoh 4= Xqlw Urrw Whvw Uhvxowv ryhu 4<89+4,04<<6+5,

DGI+s,
�

SS+c,
.

Yduldeohv 3 4 5 6 7 4 5 6 7 8

z4 0514; 041<4 041;6 041<3 041;8 041;4 0419< 041:6 041;5 05133

z5 04157 04143 04158 04159 04155 04138 04149 04154 04164 0416:

z6 041:9 04154 0413: 031<< 04136 04134 013:: 03198 03193 03169

oqS4 0519; 05145 05143 0514; 05166 0518; 0518: 05193 05198 051:3

oqS5 041<6 041:4 041:7 041:8 0513< 041<: 0513: 05148 05159 05168

oqS6 041<4 041:< 041<9 05149 05136 05135 05148 0515: 0516: 05179

oq+\@S , 04193 04187 041;< 041<7 05178 04186 041;8 041<< 05156 05174

�
Wkh DGI +dxjphqwhg Glfnh|0Ixoohu, vwdwlvwlfv duh frpsxwhg xvlqj wkh DGI+s,> +s @ 3> 4> 5> 6> 7, uhjuhvvlrqv

frqwdlqlqj lqwhufhswv dqg olqhdu wuhqgv1
.
Wkh SS +Skloolsv0Shuurq, vwdwlvwlfv duh frpsxwhg xvlqj dq DU+4,

uhjuhvvlrq frqwdlqlqj dq lqwhufhsw dqg d olqhdu wuhqg/ zkhuh wkh Eduwohww zlqgrz lv xvhg lq frpsxwlqj wkh

orqj0uxq yduldqfh ri wkh uhvlgxdo/ dqg c ghqrwhv wkh odj wuxqfdwlrq sdudphwhu/ c @ 4> 5> 6> 7> 81 Wkh <8(

fulwlfdo ydoxh iru erwk vwdwlvwlfv lv 061771

Wdeoh 5= Mrkdqvhq*v Frlqwhjudwlrq Udqn Whvw Vwdwlvwlfv iru wkh DLG V|vwhp Dssolhg wr

XN Qrq0Gxudeoh Frqvxpswlrq H{shqglwxuhv ryhu 4<89+4,04<<6+5,�

K3 Hljhqydoxhv �wudfh �pd{

u @ 3 15737 44<194 ^435189` 74157 ^73186`

u @ 4 14<6; :;16; ^:81<;` 65164 ^67173`

u @ 5 143:7 79139 ^8617;` 4:137 ^5;15:`

u @ 6 13;<5 5<136 ^671;:` 47134 ^55137`

u @ 7 13948 48135 ^5314;` <185 ^481;:`

u @ 8 13693 8183 ^<149` 8183 ^<149`

� �wudfh dqg �pd{ duh wkh wudfh dqg wkh pd{lpxp hljhqydoxh vwdwlvwlfv/ uhvshfwlyho|1 u lv wkh qxpehu ri

frlqwhjudwlqj uhodwlrqv1 Wkhvh ydoxhv duh hvwlpdwhg xvlqj wkh YDU+7, prgho zlwk uhvwulfwhg lqwhufhswv dqg

qr wuhqgv lq wkh vl{ yduldeohv/ z4> z5> oqS4> oqS5> oqS6> dqg oq+\@S ,1 Wkh ydoxhv lq ^�` duh wkh <8( fulwlfdo

ydoxhv1

Wdeoh 6= Rzq dqg Furvv Sulfh Hodvwlflwlhv dqg Lqfrph Hodvwlflwlhv ri

Pdlq Wkuhh Qrq0Gxudeoh H{shglwxuh Fdwhjrulhv lq wkh XN ryhu 4<89+4,04<<6+5,�

Sulfh Hodvwlflwlhv Lqfrph Hodvwlflwlhv

Irrg Vhuylfhv Rwkhuv

Irrg
=3746

+=46;7,

�=755;

+=4588,

�=3549

+3=4633,

=7375

+=3:78,

Vhuylfhv
�=8<65

+=3<;3,

�4=3<35

+=6377,

=4544

+=5597,

4=8956

+=4;<5,

Rwkhuv
�=37<8

+=6554,

=;96;

+=<353,

�4=5:93

+=9:99,

=794:

+=893<,

� Hodvwlflwlhv duh hvwlpdwhg xvlqj wkh YDU+7, prgho zlwk uhvwulfwhg lqwhufhswv dqg qr wuhqgv/ lpsrvlqj

krprjhqhlw| dqg v|pphwu| uhvwulfwlrqv/ dw wkh 4<<3 exgjhw vkduhv1 Dv|pswrwlf vwdqgdug huuruv duh jlyhq

lq eudfnhwv1
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4S
l@3

F
�

3lH
3

�l�4PV
�4F

3

3+4, .

4S
l@3

4S
m@3

F
�

3lH
3

�l�4PH
�m�4F

�3

3m >

zkhuh P @ LW � ]+]
3

],
�4
]
3

+vhh dovr +614,,1 Wkhq/ lw lv hdvlo| vhhq wkdw

W�5
[
3

�4P[
�4 @ W�5

F3+4,V
3

�4PV
�4F

3

3+4, .Rs+W
�4

,> +D17,

W�4
[
3

�4PH @ W�4
F3+4,V

3

�4PH. rs+4,=

Gh�qlqj G] @ gldj

k
W�

4

5 > W�
6

5

l
/ dqg xvlqj +D16, dqg +D17,/ dv W $4/

W�4
V
3

�4]G] ,

�]
4

3

z+d,gd>

] 4

3

dz+d,gd

�
>

W
�5
V
3

�4]+]
3

],�4]3V
�4 ,

�] 4

3

z+d,gd>

] 4

3

dz+d,gd

��
7 �9
�9 45

� % U 4
3
z
3+d,gdU 4

3
dz

3+d,gd

&
>

W
�4
V
3

�4PH,

] 4

3

z
�+d,gz3+d,> W

�5
V
3

�4PV�4 , TVV > +D18,

zkhuh

TVV @

] 4

3

z
�+d,z�3+d,gd +D19,

lv d srvlwlyh gh�qlwh udqgrp pdwul{ zlwk suredelolw| 4 +vhh Skloolsv/ 4<<4,/ dqg

z
�+d, @ z+d, . +9d� 7,

] 4

3

z+d,gd. +�45d. 9,

] 4

3

dz+d,gd +D1:,
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lv dq p� 4 yhfwru ri ghphdqhg dqg ghwuhqghg Eurzqldq prwlrq zlwk wkh fryduldqfh pdwul{/ 31 Xvlqj wkh
deryh uhvxowv lq +D17, / dv W $4>

W
�4
[
3

�4PH, F3+4,

�] 4

3

z
�+d,gz3+d,

�
> +D1;,

W
�5
[
3

�4P[�4 , F3+4,TVVF
3

3+4,= +D1<,

Ilqdoo|/ qrwlqj wkdw \ @+�[
�4>�[�5/ = = = /�[�s.4, dqg �

3

3[�4 duh vwdwlrqdu| surfhvvhv dqg dv|ps0
wrwlfdoo| xqfruuhodwhg zlwk H/ lw lv dovr hdvlo| yhul�hg +vhh dovr Skloolsv dqg Gxuodxi/ 4<;9, wkdw

W
�4
\
3

PH @ rs+4,> W
�4�33[

3

�4PH @ rs+4,> W
�4
\
3

P[
�4 @ Rs+4,> W

�4�33[
3

�4P[�4 @ Rs+4,=
+D143,

Ixuwkhupruh/ wkh iroorzlqj suredelolw| olplwv fdq eh vkrzq wr h{lvw=

T|| @ solpW$4

\
3

P\

W
> T|�3

@ solpW$4

\3P[
�4�3

W
> T�3�3 @ solpW$4

�33[
3

�4P[�4�3

W
=

+D144,

��( 0��	����
	 ,A�
	���
��
�5 �! �W )
,

Ohw � @ +�3>�3>$3,3 dqg gh�qh wkh rshq edoo/ E+�> �, @ i�
�
5 
� = n�� � �n ? �j> zlwk 
� @ 
��
��
$/

dqg wkh rshq vkulqnlqj edoo/ QW +!> �, @ i!
�
5 
! = W 4@5n!

�
�!n ? �j/ zkhuh � lv d srvlwlyh uhdo qxpehu1

69

Wkh vdpsoh lqirupdwlrq pdwul{/ .W +*,> lv jlyhq e|

.W +*, @ GW
�C5cW +*,

C*C*3
GW >

zkhuh GW @ W�
4

5gldj

�
Lp5+s�4,> Lpu>W

�

4

5 Lv> Lp+p.4,@5

�
dqg �C

5
cW +*,@C*C*

3

lv gh�qhg e| +D15,1 .W +*,

vdwlv�hv Vdlnnrqhq*v +4<<8, vwrfkdvwlf htxlfrqwlqxlw| frqglwlrq VH3 li

vxs
*
�
5E+�

3
>�,�QW +!3>�,

n.W +*
�
,� .W +*3,n @ Rs+4,= +D145,

Lq wkh fdvh zkhuh wkh orqj0uxq frh�flhqwv !3 +ru �3 @ �+!3,, duh nqrzq wkh vdpsoh lqirupdwlrq

pdwul{ ri wkh vkruw0uxq frh�flhqwv � lqyroyh rqo| vwdwlrqdu| yduldeohv dqg wkh vwdqgdug dv|pswrwlf wkhru| lv

dssolfdeoh1 Wkhuhiruh/ lq zkdw iroorzv zh vkdoo irfxv rq hvwdeolvklqj wkh frqglwlrq VH3 iru wkrvh frpsrqhqwv

ri .W +*, wkdw lqyroyh wkh orqj0uxq frh�flhqwv/ !1 Wkhvh duh W
�4
\
3

P[
�4�/ W

�4
�
3

[
3

�4P[�4�/ +
�4
�

W
�6@5

�
3

[
3

�4P[�4,I+!, dqg I
3

+!,+�
3


�4
�  W

�5
[
3

�4P[�4,I+!,1 Frqvlghu wkh �uvw whup1 Ghqrwlqj

�+!
�
, dqg �+!3, e| �� dqg �3> uhvshfwlyho|/ dqg xvlqj wkh Olsvfklw} frqglwlrq +7165, zh kdyh

vxs
!
�
5QW +!3>�,

nW�4\3P[�4���W
�4\3P[�4�3n ? f��nW

�6@5\3P[�4n=

Exw xvlqj +D143,/ W�6@5\3P[�4 @ rs+4,> dqg khqfh W�4\3P[�4� fohduo| vdwlv�hv wkh VH3 frqglwlrq1

Wr suryh wkh vwrfkdvwlf htxlfrqwlqxlw| ri W�4�3[3

�4P[�4�/ ohw TW>[[ @ W�5[3

�4P[�4 dqg qrwh

wkdw

W +�3
�
TW>[[����

3

3TW>[[�3, @ W +�
�
��3,

3TW>[[�3.W�
3

3TW>[[+����3,.W +����3,
3TW>[[+����3,=

Khqfh/

vxs
!
�
5QW +!3

>�,

nW�
�
TW>[[���W�3TW>[[�3n ? 5f��nW

�6@5[3

�4P[�4�3n. f5��
5nW�5[3

�4P[�4n=

69Qrwlfh wkdw lq wkh frqvwuxfwlrq ri E+�> �, dqg QW +!> �, wkh vdph � lv xvhg dv uhtxluhg e| Vdlnnrqhq*v

+4<<8/ s1 ;<7, vwrfkdvwlf htxlfrqwlqxlw| frqglwlrq/ VH3=
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Djdlq xvlqj +D143,/ W�6@5[3

�4P[�4�3 @ rs+4,/ dqg TW>[[ @ W�5[3

�4P[�4 @ Rs+4,1 Wkhuhiruh/

W�4�3[3

�4P[�4� vdwlv�hv wkh VH3/ lq wkh vhqvh wkdw wkh deryh vxsuhpxp fdq eh pdgh dv vpdoo dv ghvluhg

e| fkrrvlqj d vpdoo hqrxjk ydoxh iru �1

Ohw �� @ +�4�W 4@5�3
�
TW>[[,/ �3 @ +�4�W 4@5�33TW>[[,/ I� @ I+!�,/ dqg I3 @ I+!3,1 Wkhq

n��I� ��3I3n � n�� ��3n � nI� �I3n. n�� ��3n � nI3n. n�3n � nI� �I3n>

n�� ��3n @ n�4�n � nW 4@5+�
�
� �3,

3TW>[[n>

dqg

n�3n @ n�4�n � nW 4@5�33TW>[[n=

Khqfh

vxs
!
�
5QW +!3

>�,

n�� ��3n ? f��n
�4�n � nTW>[[n=

Vlploduo|/ xvlqj +7166,

vxs
!
�
5QW +!3>�,

nI� �I3n ? W�4@5fI �=

Khqfh/ xqghu Dvvxpswlrq 716 zh kdyh

vxs
!
�
5QW +!3

>�,

n��I���3I3n ? �n�4�n
q
f�nTW>[[n � nI3n. fInW

�5[3

�4P[�4�3n. W
�4@5

f�fI �nTW>[[n
r
=

Qrz xvlqj +D143,/ dqg uhfdoolqj wkdw xqghu rxu dvvxpswlrqv n�4�n dqg nI3n duh erxqghg/ lw iroorzv wkdw

vxs
!
�
5QW +!3>�,

n+�4� W
4@5�3

�
TW>[[,I+!�,� +�4� W

4@5�33TW>[[,I+!3,n

lv erxqghg e| dq Rs+4, yduldeoh dqg wkhuhiruh +�4� W
4@5�3TW>[[,I+!, vdwlv�hv wkh VH3 frqglwlrq1

Ilqdoo|/ iru wkh whup I3+!,+�3�4� W
�5[3

�4P[�4,I+!,>zh �uvw qrwh wkdw

I3+!
�
,+DTW>[[,I+!�,�I

3+!3,+DTW>[[,I+!3,

@ ^I+!
�
,�I+!3,`

3

+DTW>[[,I+!3, .I+!3,
3+DTW>[[, ^I+!�,�I+!3,`

. ^I+!
�
,�I+!3,`

3

+DTW>[[, ^I+!�,�I+!3,` >

zkhuh D @ �3

�4� ehorqjv wr d frpsdfw vhw1 Khqfh

vxs
!
�
5QW +!3

>�,

nI3+!
�
,+DTW>[[,I+!�,�I

3+!3,+DTW>[[,I+!3,n

? 5W�4@5
fI �nDTW>[[n � nI+!3,n. W

�4
f
5
I �

5nDTW>[[n=

Lw wkhq uhdglo| iroorzv wkdw I3+!,+�3�4� W
�5[3

�4P[�4,I+!, dovr vdwlv�hv wkh VH3 frqglwlrq1

��4 ����! �! ������� =��

Xvlqj wkh Odjudqjhdq ixqfwlrq/

�+#>�, @ cW +#,� W�3k+�,> +D146,

zkhuh � lv d n � 4 yhfwru ri wkh Odjudqjh pxowlsolhuv/ wkh frqvwudlqhg PO hvwlpdwruv/ a� dqg a�/ vdwlvi| wkh

iroorzlqj �uvw rughu0frqglwlrqv=

CcW +a#,

C�
@ 3>

CcW +a#,

C�
� WK3+a�,a� @ 3> k+a�, @ 3= +D147,
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Xvlqj wkh phdq0ydoxh h{sdqvlrq ri CcW +a#,@C# durxqg #3/ zh kdyh

�
CcW +a#,@C�

CcW +a#,@C�

�
@

�
CcW +#3,@C�

CcW +#3,@C�

�
�
�
�C5cW +�#,@C�C�3 �C5cW +�#,@C�C�3

�C5cW +�#,@C�C�3 �C5cW +�#,@C�C�3

��
+a�� �3,
+a� � �3,

�
>

+D148,

zkhuh wkh +l> m, hohphqw ri +�C5cW +�#,@C#C#3, lv hydoxdwhg dw + �#l> �#m,/ dqg �#l lv d frqyh{ frpelqdwlrq ri a#l
dqg #l31 Lq ylhz ri wkh frqvlvwhqf| uhvxowv lq Wkhruhp 714 dqg wkh vwrfkdvwlf htxlfrqwlqxlw| iru wkh vdpsoh

lqirupdwlrq pdwul{ suryhg lq Vhfwlrq D16 deryh/ zh kdyh

.W +�#, @G#W

�C5cW +�#,
C#C#3

G#W , .+#3,> +D149,

zkhuh .+#3, lv gh�qhg e| +817,1 Vlploduo|/

K+�3,+a� � �3, @ k+a�,� k+�3, . rs+4,= +D14:,

Qrwlfh wkdw xqghu wkh qxoo k|srwkhvlv k+�3, @ 31 Xvlqj wkh �uvw0rughu frqglwlrqv +D147, lq +D148, dqg

+D14:,/ dqg wkhq xvlqj +D149, zh rewdlq +diwhu vrph dojheud,

5
7 .��+#3, 3 3

3 .��+#3, K
3+�3,

3 K+�3, 3

6
8
5
7
s
W +a�� �3,
W +a� � �3,

a�

6
8 @

5
7 g+�3,

g+�3,

3

6
8. rs+4,> +D14;,

Ehfdxvh .��+#3, lv vlqjxodu/ d gluhfw pdqlsxodwlrq ri +D14;, lv qrw srvvleoh1 Krzhyhu/ wklv sureohp fdq eh

ryhufrph iroorzlqj Vloyh|*v +4<8<, dssurdfk1 Vlqfh K+�3,W +a� � �3, @ rs+4,/ dqg wkhuhiruh KD+�3,W +a� �
�3, @ rs+4,/ zh fdq uhzulwh +D14;, dv

5
7 .��+#3

, 3 3

3 M��+#3, K
3+�3,

3 K+�3, 3

6
8
5
7
s
W +a�� �

3
,

W +a� � �3,
a�

6
8 @

5
7 g+�

3
,

g+�3,

3

6
8. rs+4,> +D14<,

zkhuh M��+#3, @ .��+#3, . K
3

D+�3,KD+�3, lv d srvlwlyh gh�qlwh pdwul{ zlwk suredelolw| 41 Qrwh wkdw

KD+�3, kdv udqn u
5/ dqg wkh udqn ri .��+#3

, lv htxdo wr pu � u
5
> zlwk suredelolw| 41 Wkhuhiruh/

5
7
s
W +a�� �

3
,

W +a� � �3,
a�

6
8 @

5
7

.
�4
�� +#3, 3 3

3 Y��+#3, Y��+#3,

3 Y
3

��+#3, Y��+#3,

6
8
5
7
g+�

3
,

g+�3,

3

6
8. rs+4,> +D153,

zkhuh Y��+#3, lv gh�qhg e| +81;, dqg

Y��+#3, @ M
�4

�� +#3,K
3+�3,

�
K+�3,M

�4

�� +#3,K
3+�3,

�
�4

> Y��+#3, @ �
�
K+�3,M

�4

�� +#3,K
3+�3,

�
�4

=

+D154,

Wkhq/ +81:, uhdglo| iroorzv iurp +816, dqg +817,1 Wkh h{suhvvlrq iru wkh fryduldqfh pdwul{ lq +81;, fdq

dovr eh hdvlo| rewdlqhg xvlqj wkh iroorzlqj uhvxowv=

Y��+#3,K
3+�

3
, @ 3> Y��+#3,.��+#3,Y��+#3, @ Y��+#3,

�
Lpu�K3+�

3
,Y��+#3,

�
@ Y��+#3,>

zklfk fdq eh ghulyhg iurp lqyhuvlrq ri wkh erughuhg pdwul{ lq +D14<,1

��= ����! �! ������� =�

Xvlqj d vlplodu surfhgxuh dv lq wkh surri ri Wkhruhp 814/ zh kdyh

s
W +��� �3,

d� Q

�
3>.

�4

�� +#3,
�

dqg W +�� � �3,
d�PQ

�
3>Y

D
��+#3,

�
> +D155,
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zkhuh

Y
D
��+#3

, @ M
�4

�� +#3
,� M

�4

�� +#3
,K

3

D+�3,iKD+�3,M
�4

�� +#3
,K

3

D+�3,j
�4
KD+�3,M

�4

�� +#3
,>

+D156,

lv d udqgrp pdwul{/ kdylqj udqn pu � u
5
zlwk suredelolw| 41

Dovr lq ylhz ri wkh frqvlvwhqf| uhvxowv lq Wkhruhp 714 dqg wkh vwrfkdvwlf htxlfrqwlqxlw| uhvxowv hvwdeolvkhg

lq Vhfwlrq D16/ zh duh mxvwl�hg wr zulwh grzq wkh iroorzlqj Wd|oru vhulhv dssur{lpdwlrqv ri cW +
a#, dqg cW +

�#,

durxqg #3=

cW +
a#, @ cW +#3, . g

3

+�3,
s
W +a�� �3, . g

3

+�3,W +a� � �3, +D157,

�
4

5

qs
W +a�� �3,

3

.��+#3,

s
W +a�� �3, . W +a� � �3,

3

.��+#3,W +
a� � �3,

r
. rs+4,>

dqg

cW +
�#, @ cW +#3

, . g
3

+�
3
,

s
W +��� �

3
, . g

3

+�3,W +�� � �3, +D158,

�
4

5

qs
W +��� �

3
,
3

.��+#3
,

s
W +��� �

3
, . W +�� � �3,

3

.��+#3
,W +�� � �3,

r
. rs+4,=

Xvlqj +81:, lq +D157,/ dqg +D155, lq +D158,/ vxevwlwxwlqj wkh uhvxowv lq +819,/ qrz |lhogv

OUW @ g
3

+�3,
�
Y
D
��+#3

,�Y��+#3
,
�
g+�3, . rs+4,= +D159,

Qh{w/ ohw S @ Ln �K
�
+K

3

�

K
�
,
�4
K

3

�

dqg SD @ Ln �KD�+K
3

D�KD�,
�4
K

3

D�/ zkhuh K�
@ M

�

4

5

�� +#3,K
3

+�3,

dqg KD� @ M
�

4

5

�� +#3,K
3

D+�3,1 Wkhq/ xvlqj +81;, dqg +D156,/ zh kdyh

Y��+#3, @ M
�

4

5

�� +#3,SM
�

4

5

�� +#3, dqg Y
D
��+#3, @ M

�

4

5

�� +#3,SDM
�

4

5

�� +#3,=

Vxevwlwxwlqj wkhvh uhvxowv lq +D159, zh kdyh

OU @ x
3

+SD �S,x.rs+4,> +D15:,

zkhuh x @ M
�

4

5

�� +#
3
,g+�3,1 Xvlqj +816, dqg +7164, lw lv wkhq hdvlo| vhhq wkdw x

d� Q +3>	x,/ zkhuh 	x @

M
�

4

5

�� +#
3
,.��+#3

,M
�

4

5

�� +#
3
, @ Lpu � K

3

D+�3,KD+�3,1 Qrwlfh wkdw 	x lv d qrq0vwrfkdvwlf pdwul{ zlwk udqn

pu � u
5
1 Wkhq/ e| Wkhruhp <154 ri Udr dqg Plwud +4<:4/ s1 4:4,/ lw iroorzv wkdw wkh txdgudwlf irup/

x
3
+SD � S,x/ lv "

5
glvwulexwhg zlwk ghjuhhv ri iuhhgrp htxdo wr Wu^+SD � S,	x` li dqg rqo| li 	x+SD �

S,	x+SD �S,	x @ 	x+SD �S,	x/ ru ^	x+SD �S,`
6
@ ^	x+SD �S,`

5
1 Qrz qrwh wkdw

	x+SD �S, @ iLpu �K
3

D+�3,KD+�3,j +SD �S,

@ SD �S�K
3

D+�3,KD+�3,SD .K
3

D+�3,KD+�3,S @ SD �S=

Vlqfh SD �S lv dq lghpsrwhqw pdwul{/ zh dovr kdyh

^	x+S�SD,`
5
@ ^	x+S�SD,`

6
@ S�SD=

Wkhuhiruh/ wkh txdgudwlf whup lq +D15:, lv dv|pswrwlfdoo| "
5
glvwulexwhg zlwk ghjuhhv ri iuhhgrp htxdo wr

Wu^+SD �S,	x` @ Wu+SD �S, @ n � u
5
1
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