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Abstract

We distinguish two comporents of self-confidence in a financial market: private
confidence measures the self-confidence level of speaulators, while pullic confidence
measures the nfidence level they attribute to their competitors. We then study how
independent changes in these comporents affed the eguili brium trading strategies. We
condwct the analysis in a financial market with imperfed competition where investors
submit limit orders. We cdculate the unique linea symmetric equili brium aswell asthe
major indicators of the market. In addition to providing a partial explanation for the
excessvolatility of asset prices as well as for trading volume unexplained by the arival
of new information, ou model highlights the diff erences between the dfeds of pubic
versus private onfidence
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1. Introduction

Investor sentiment, that is, changes in trading strategies nat fully based onthe arival of
hard information abou the fundamentals, is known to affed the performance of
financial markets (seg for example, Black, 1986. An important classof such na fully
rational behavior is that of overconfident traders. This paper provides aformal analysis
of a financial market with such speaulators. Our main contribution to the literature is
that we ae dle to separate the dfeds of “private overconfidence” —traders being
overconfident—, from those of “pubic overconfidence” —the traders believing that the
market (that is, the rest of the traders) is overconfident. This distinctionis relevant since
these two indicaors —while positively correlated— need na vary together: just becaise
there is the perception d a “bull” market, a given trader need nad become more
confident.

We have anple eperimental and empiricd evidence documenting that
overconfidence pervades everyday life, and therefore its analysis is pertinent. For
instance, Svenson (1981) considers overconfidence @ncerning the aility to drive a ca
and he estimates that over 80% believe they rank among the best 30%. Focusing on
pre-arbitration regotiation, Nede and Bazerman (1983 find that 68% of negotiators
believe the abitrator will favor their offer. Ancther typicd setting refers to the
entrepreneurs dedsion abou entering into a market. Here, Camerer and Lovall o (1999
find that excess entry leads to negative industry profits in more than 70% of the
experiments they perform, while Dunre d@ a. (1988 estimate that 60% of red
businesesfail i n thefirst five yeas.1

Most of the evidence in a competitive setting is consistent with a hypothesis
slightly different from the presence of overconfident traders. For example, the
entrepreneurs dedsion to enter a market in the presence of excessentry may be rational
even if they have the right amournt of self-confidence, if they believe (in this case,
mistakenly) that their competitors are overconfident. Note that the very evidence that
there ae many overconfident people substantiates a generalized belief that on average
the market participants are overconfident. This belief neals not vary together with the

adual redizations of the agents' self-confidence

1 For further evidence see 4so Alpert and Raiffa (1982, Griffin and Tversky (1992, Heah and Tversky
(1991, Lichtenstein et al. (1982, Oskamp (1965, and Wagenaa and Keren (1986).



Recettly, there has been a boan of papers that study the dfeds of
overconfidence in a financial market. Most of these aldress the issle using as a
benchmark the model of Kyle (1985 and Admati and Pfleiderer (1988 with informed
traders and nase traders submitting market orders to afair-pricing market maker. Benos
(1998 asuumes an extreme form of overconfidence, where traders believe that their
signal is void of noise. He dso shows that overconfident traders can survive in an
evolutionary modd.2 Kyle and Wang (1997 do perametrize the level of
overconfidence a the st of considering two traders only. Odean (1998 asuumes a
single insider who is overconfident. He dso analyzes the dfeds of overconfidence in
competitive markets. All these aithors obtain that trading volume, price volatility and
price informativeness increase with overconfidence Daniel et al. (1998 and Gervais
and Odean (1997 present dynamic models with an endogenous level of trader self-
confidence They asuume that the updating process of these beliefs is asymmetric:
traders attribute good results to their own ability and their self-confidence rises, while
they blame bad results on external fadors and kerely corred their self-confidence

Our analysis differs from the previous ones in two main respeds. First, we do
not impose wmmon knavledge of the investors' level of self-confidence and this
allows usto dfferentiate between the dfeds of changes in the traders' beliefs abou the
level of self-confidence of the others and the dfeds of changesin the level of their own
self-confidence Therefore, our analysis can show how the perception abou the self-
confidence of the others affeds both the behavior of investors and the crrespondng
equili brium.3

Seoond, our analysis considers aricher spaceof strategies, sincewe dlow price
dependent demands. This modeling choice dso simplifies the belief structure, since we
nead na be mncened abou the market maker’s beli efs, which are aucial in the market
order setting. We thus gudy overconfidencein the framework of Kyle's (1989 model of
an imperfealy competitive financial market with informed speaulators submitting limit

orders and nase traders. The noncompetitiveness of the market has a spedal

2 Wang (1997 finds smilar resultsin the context of overconfident fund managers.

3 Note that Kyle and Wang (1997 aso model a version of public and private confidence Since, in their
model the first order beliefs are common knowledge, they do this by varying the traders' beli efs about the
predsion of the other's sgnal. However, in the market order setting they use, this parameter does not
affed the euili brium strategies, since the traders cannot condition on the price But this is the only
avenue throughwhich those beli efs could matter.



importance in ou case, since one of the main concerns of a speaulator that is affeded
by her overconfidence is how to conced her information from her competitors. To
obtain explicit solutions for the equili brium strategies, we asume that traders are risk
neutral, just as in Caballé (1992. In the dsence of risk aversion the caculations
bewmme tradable and with imperfed competition we still have existence of equili brium.
A standard consequence of overconfidence is that traders bea more risk than they
would if they were not overconfident (see Odean, 1999. Thus, in ou analysis we
asume avay this effed and concentrate on additional patterns of the resulting behavior
instead.

A straightforward way to model overconfidence muld be to hypothesize biased
prior beliefs.4 However, in the cae of informed speaulation, there is a more innocuous
assumption. Since investors receve private information before they ad, overconfidence
can be aresult of overvaluing this information a the aility in interpreting it and,
hence, there is no real to assume aty biased predictor. This way, the bias appeas
endagenowsly in the posteriors. We thus model overconfidence via aroneous,
optimistic beliefs abou the predsion d the private signa receved. An overconfident
trader recaeves an independent draw from the underlying distribution, just as a “normal”
speaulator would. However, he mistakenly thinks that the draw comes from a
distribution with the same mean bu with lower variancethan the true distribution.

Now, the others do nd necessrily know an individua’s degree of self-
confidence, that is, his belief abou the predsion d his sgnal. This leals us to buld a
model where the individual confidence levels are private information and traders have
subjedive beliefs abou eat aher's level of self-confidence We do nd impose avy
correlation between atrader’s confidence and the beli efs he entertains about the others'.
In fad, we @nsider that one of the most important charaderistics of an overconfident
trader is that he thinks that he is not overconfident even when he believes that
everybody elseis. Of course, the belief hierarchies do nd stop at this level. The traders
also form beliefs abou what the others think they think abou the others' level of self-
confidence, and so on.In order to maintain tradability, we ait short the description o
this hierarchy by assuming that the seand ader beliefs (formed abou the self-
confidence level of the other traders) are cmmmon knavledge. The strategies used by

4 Thisisthe gpproach taken, for example, by De Longet a. (1990 and Palomino (1996.



the agents will thus depend ontheir own self-confidence and ontheir beliefs abou the
self-confidence of the others.

We ompute the equilibrium in two steps. First we derive the hypothetica
equili brium that would result if the traders beliefs abou public confidence were
corred. This would be the final result, if we followed the standard literature. Instead,
we asame that ead trader uses this equili brium only to anticipate the strategies of the
competitors he thinks that he is faang, and he plays the best resporse (based on hstrue
beli efs) to these. For reasons of tradability, we assume that traders entertain degenerate
beliefs, that is, they will assgn probability one to a single type (which, in fad, may be
nortexistent). Moreover, in order to obtain closed form analyticd solutions, we assume
that the beli efs are symmetric agossindividuals.

After finding the equilibrium strategies of the model, we cdculate several
market indicaors. We @nsider our results on rice volatility and trading volume the
most empiricaly relevant. Based on an empiricd study of the orange juice futures
market, Roll (1984 was thefirst to pdnt out one of the most puzzling charaderistics of
financial markets: they exhibit patterns of trading volumes and price volatiliti es that
canna be fully explained by the information flow abou the fundamenta values of the
asEts. As expeded, through higher sensitivity to private information and greder
disparity of posterior beliefs, overconfidence does partialy justify these phenomena.
However, we show that price volatility may be deaeasing in the level of self-
confidence when traders are not very self-confident. On the other hand, the relationship
between price volatility and public confidence is also nonmonaonic. However, price
volatility is deaeasing in puldic confidence when traders believe that the market is very
self-confident.

In principle, ore @uld think that both private and public confidence have
gualitatively the same dfed onindividual trading behavior. After all, the best resporse
to aggressve trading is aggressve trading. We show, however, that the similarity is far
from total. In fad, the speaulators' trading intensity as a function d public confidence
changes in a nonrmonaonic way: for low values of pullic confidence level, trading
intensity deaeases with pubic confidence As a @nsequence, the weight of the two
types of biased beliefs in the aggregate dfed of overconfidenceis not constant. Public
confidence dominates at its extreme values, whil e private confidenceis more relevant at

intermediate values to explain the trading volume.



A further consequence of the distinct effeds of private and pulblic confidenceis
that they aso dffer from those of the standard treagment, where public and pivate
confidence is assumed to coincide (since private confidenceis assumed to be common
knowledge). As a result, we identify three different definitions of self-confidencein a
market, ead of which leads to somewhat diff erent comparative statics.

The rest of the paper continues as foll ows: We give adetailed description o our
model in Sedion 2.In Sedion 3we find the equili brium. In Sedion 4we discuss ®me
properties of the market equili brium. Finaly, Sedion 5 concludes. The proofs of our
results are presented in the Appendix.

2. The Model

As mentioned above, we use Kyle's (1989 model as our basic framework. However, for
the sake of tradability we make the simplifying assumptions that: (i) there ae no
uninformed speaulators, and (ii) traders are risk neutral. That is, we consider a market
where asingle risky asst is traded between two types of investors: liquidity (or noise)
traders and informed speaulators who submit limit orders (or demand schedules). The
randam payoff of the as<t is denoted by V. The aygregate trading quantity of liquidity
traders is described by the exogenous randam variable Z . There ae N speaulators, eah
of whom is in the possesson d a private signal, i,, for spealator n, which is the

redization d the randaom variable f].5 We make the following standard assumption

abou the true distributions of the exogenous randam variables of the model:

Assumption DA The aggegate demand d noise traders is normally
distributed with mean zero andvariance o2, that is, Z~N(O,azz). Smilarly,
\7~N(0, llrv), so that 1, isthe predsion d V. The signd that speailators
recave @n ke written as the sum of the randam payoff and some noise:
i =V+8&,, where & ~N(0,1/1,), n=1,...,N. That is, all the spealators
recaeveinformation d the same qudity. Finaly, v, Z andthe €, n=1,...,N,

are distributed independently.

S Throughout this paper, we will omit the tilde when we refer to the redization of arandom variable.



Except for the predsion d €, n=1..,N, al the &owe distributiona
charaderistics are coommon knowledge. The vedor of private predsions, on the other
hand, is nat only not common knavledge but it is not even known to any of the traders.
Consequently, the beliefs of the agents abou the reliability of their own and d eath
other’s information are crucia in determining their behavior. First of all, agents
entertain first-order beliefs, that is, beliefs about the predsions of the private signals in
the eonamy. We do nd impose @mmon knawvledge of all these first order beliefs.
This leads us to the explicit consideration d the second-order beliefs: the beliefs the
players had abou the others' first-order beliefs.6 To keep the analysis tractable, we
asuume symmetry and that the seaondorder beliefs (and therefore dl the remaining
levels of the belief hierarchies) are mmmon knavledge anong the speaulators. Given
symmetry, the latter assumption simply amourts to saying that the general opinion
about investor confidence in the market is common knawvledge. We next describe our

spedfic assumptions onthe adua beliefs held by the players:

(i) The first order beliefs of the investors abou the predsion d the randam

vedor of signd noises {§} _,  are described as follows: it is comnon

knowledge that each trader believes that the predsion of each o his competitors'
noise is 7,. Moreover, each trader puts probahlity one on his own predasion
being qr, (instead d the true predsion 1.), where g, the wefficient multiplying
the true predsion 7., isthe private confidenceleva of the traders. A speaulator is
then said to be overconfident if and ony if q>1. Reall that g is not comnon
knowledge.

(i) The second ader beliefs are the beliefs of each investor abou the first
order beliefs of the others. Each trader believes almost surely that the pulic
confidence leve is s that is, she believes that her opporents think that the

predsion d the noise of their own signdsis st,. Moreover, as a consequence of

the asaumed first order beliefs, each trader puts probaklity one on dl the other

6 Note that the second order beliefs should be defined in general as ajoint distribution over the vedor of
predsions and the first order beliefs. However, we sssume that the vedor of predsions and the first order
beli efs are statisticdly independent, and so second order beliefs are fully described by the mrresponding
marginal distributions.



traders believng that the predsion d her noise termis 7,. These second ader

beliefs are comnon knowledge. Note that a trader thinks that the rest are

overconfident if and oy if s>1.

Since semnd ader beliefs are cmmmon knowvledge, the types of investors are
compaosed o the signals and the first and second ader beliefs about the wefficient of

the signal predsion. Given the ébove assumptions, the profil e of relevant investor types
is {(,.c.c?)} .  O@x{gsx{s)". The folowing table summarizes the

correspondng hierarchy of beliefs:
(INSERT TABLE 1)

Ead investor n submits a demand schedule (or generalized limit order) X, ,
which is a mapping from the a<t price p into the number X, of shares he desires to
trade & this price Let the set of such mappings be . The strategy of ead trader n, ¢,

is a mapping from the threedimensional space of types into demand schedules,

¢.: Ox{q,s}x{s} -~ O. For smplicity, we @wume that &l traders use the same

strategy, so we can drop the sub-index of ¢ .

The price of the as<t isformed acmrding to market cleaing, that is,
N
ZXn(p)+z:O. (1)

Note that equation (1) implicitly defines the eguili brium price p as a function d the
profile of the speaulators strategies and nase trading. Thus, we can write
p= p(¢(il,cl,cz),...,¢(iN,cl,cz),z). Obvioudy, the quantity x, of asst traded by
speaulator nisaso afunction d the speaulators' strategies and nase trading, and so we
write x_ = xn(¢(il, c, cz),...,fp(iN ,ch, cz), z).

The speaulators are assumed to be risk neutral and to maximize expeded profits.

The randam profits of speaulator n for a given vedor of private and public confidence

arethus given by
. :(\7— p(¢(ﬂ,c1,cz),...,¢(ﬂ,cl,cz),i))Ekn(fp(i:,cl,cz),...,¢(i~N,cl, cz),i) :

We look for a symmetric Bayesian Nash equili brium. As in Kyle (1989, for

reasons of tradability we restrict attention to strategies that are linea in the signal, and



to demand schedules that are linea in the price’ Then strategies take the foll owing

functional form:
¢(in,cl,cz)5 a(cl,02)+ ,B(cl,cz)in - y(cl,cz) p. 2
Given ou asaumption that beliefs are point beliefs, the eguilibrium has an
unwual feaure, which allows us to oltain the eplicit solution, bu nevertheless is
perfedly compatible with Harsanyi’s original definition. Note that, by assumption, ¢* =
q and thus there eists no type with ¢ = s. However, just as in the cae of non
degenerate beliefs, we need to model the behavior of ead type, which is attached
pasitive probability in the beli efs of someone. The differenceisthat in ou model, some
types only exist in the beliefs of others. The operational advantage of our approach
comes from the fad that we can easily separate the cdculation d equili brium strategies
into two steps. In the first step, we cdculate the equili brium strategies of the imaginary
types. A profile of these strategies could be interpreted as an equili brium of the market
that traders believe the rest of the traders believe to trade in. This equili brium would

also be the one obtained in our model under the standard assumption that the first order
beliefs are wmmon knovledge ad equal to s. Therefore, the profile of

E,f[(\7—p(¢(i:,s,s),...,¢(ﬂ,s,s),...,¢(m,s,s),Z))D<n(¢(E,s,s),...,¢(ﬂ,,s,s),...,¢(i~N,s,s),i)]z
E,f[(\7—p(¢(i~l,s,s) ..... cﬁ(f],s,s) ..... ¢(i~N,s,s),E))D<n(¢(i~l,s,s) ..... cﬁ(f],s,s) ..... ¢(i~N,s,s),'i)],

for al n=1,...N and for every aternative strategy ¢ , where the operator E;; (0l is the
expedation computed using the distributional assumption DA, except that the predsion
of thenadise €, is st,, wheressthepredsion d € (foral j#n)is re.8

In ou case, just as in the usual Bayesian equili brium, players must play a best
resporse to the strategies they attribute to their competitors, weighted by their beliefs.
Since in ou model these beliefs are mncentrated, a speaulator simply plays a best
resporse ayainst a market where the rest of the players play acording to the strategies
of the imaginary market. Therefore, the profile of strategies {¢ }._, ,, must also satisfy

..... N

7 Rochet and Vila (1994 analyzethe existence of non-linea equili briain the mntext of Kyle games.

8 On the other hand, the standard expedation and variance operators E() and Var(D) will be computed



E,?[(\7— p(qb(fiss)</J(E]qs)¢(ﬂq .S, s), Z))D(n(¢(ﬂ,s,s),...,¢(ﬁ,q,s),...,qb(i] ,s,s),i)]z
Ed [(\7— p(¢(ﬂ,s, s,),...,tﬁ(f],q,s),...,¢(i~N .S, s), E))D(n(fp(ﬂ,s, s),...,tﬁ(f],q,s),...,<;>(i~N .S, s), E)] ,

for all n=1,...N and for every alternative strategy @, where the operator EJ (I is the

expedation computed using the distributional assumption DA, except that the predsion

of thendse €, is qr,,, wheressthe predsion d & (foral j#n)ist,.

Finaly, naethat if g = s # 1 we recover the equili brium concept discussed in
other papers on overconfidence, which assumed common knawledge of the private self-
confidence levels. On the other hand, if g = s = 1 we recver the standard concept of
noisy rational expedations equili brium with imperfed competition introduced in Kyle
(1989.

3. The Equilibrium

The following propasition provides the explicit equations describing the eguili brium

defined in the previous edion:

2(N -1)

Proposition 3.1 Let N > 2 and s< . Then the following is the unique

symrretric linear equili brium strategy:
¢(..a.5)=B(a.s)i, -v(a.s)p,

where

B(a.s) (3)

_ (2r, +sNr,)q (N-D(N -2’1,
T 2N-D71, +(q+s(N-2)IN7, | (N +(N-2)(1-9))s

and

vlas)= o e @

Note that the equili brium strategy can be rewritten as

using the true distributions given in assumption DA.
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NqrT,

That is, the traders strategy can be described by the parameter of trading intensity,

: . e 2r, + Nqr :
B(q,s), and the parameter of relative price sensitivity, o(q) :N—e. The first
qr

e

thing to nae is that the relative weight a trader attades to the information reveded
through price @& compared to weight he &tadies to her private signal, 6(q), is
independent of the level of puldic confidence This is not surprising. Recdl that eath
trader believes that she knows the self-corfidence level of the other traders and
therefore, in equili brium, she knows their strategies. Consequently, independently of
their level of pulic confidence, she can invert these to infer their information, the

quality of which iscommon knowvledge.

Let us now investigate how do the eguili brium coefficients change & a function d the
different confidencelevels. There ae threerelevant cases to study: a @mmon changein
bath the pulic and the private confidence (correspondng to the standard models on

overconfidence), or avariation in either one of these, hdding the other constant.

Proposition 3.2

(i) d,B(q,s)>0’ dy(q,s)>0 and M<O.Moreover,

aq aq aq

Iimoﬁ(q,s):o, lim B(g,s)= lim y(g,s)=y(s) <, and
q"

qg,oo qaoo

Iimoy(q,s) =y(s)>0 forall s>0.
. y

2(N -1)
N-2

(ii) There exst a value of the leve of puldic confidence SO E’)

that dﬁd(z,s)>(<)o and %‘ls‘)ﬂqo for all s>(<)S. Moreover,

E such
C

Liinoﬁ(q,S)=Sﬁlzim_l)ﬁ(q,S)=Li[rg)y(q,S)= leim_l)y(q, )= foral gq>0.

N-2 N-2

10



(i) Let B(x) = B(x,x) and §(x) = y(x %) for xOD, 2N "YE then
0 N-2 ¢

_d,[;(x) >0, whereas there exsts a value X[ %b 2AN-1) ESUCh that d);_(xx) >(<)0 for
X

all x>(<)X. Moreover,
limp(x)= lim p(x)= Iizm_l),é(x):oo and lim B(x)=0.

X0 >(ﬁZ(N—l) -
N-2 N-2

Figures 1 and 2 give an exhaustive qudlitative picture of these comparative
statics exercises for the functions B(x,1), B(L x) and ﬁ(x), and y(x,1)), y(L,x) and
y(X), respedively.

(INSERT FIGURES 1 AND 2)

Part (i) of the previous propasition tell s us that, as the level of private confidence
increases, the sengitivity of trades both to information and to price increases, while the
relative sengitivity to price deaeases. The fad that, as q increases, speaulators put more
weight (both in absolute and in relative terms) on their information is an obvious
manifestation d their incressed confidence Note however, that the trading intensity
does not increase without bound even if a trader believes that she knows the value of
the a<t, she aits badk on rer order in order nat to make the price move too much
against her. This is a standard consequence of the market power associated with
imperfed competition. Finally, the higher absolute sensitivity to priceis due to the fad
that they want to increase market depth (which is propational to y) so as to reduce the
amourt of their information reveded through the price Note that as q changes, our
trader thinks that the strategies of the rest of the traders gay constant, since she believes
that they depend ons, na on g. Therefore, since eab speadlator can influence the
quality of the price & asignal of his private information, an investor who thinks that he
owns better information increases his coefficient y so as to reduce the informativeness
of the price by making it less nsitive to private information. The limiti ng values of y

are finite & both extreme values of private confidence As g increases withou bound,

11



the relative sensitivity to price J, deaeases to ore® and thus y converges to the same
value & B. On the other hand, as the level of private anfidence vanishes, ytill remains
pasitive. This means that the possesgon d the puldic signal makes it possble that the
gains from trading against the noise traders compensate the losses from trading against
the informed traders.

Turning to the level of pulic confidence mnsidered in part (ii) of the previous
propasition, ofserve that the trading intensity [ is a U-shaped function d s. First, let
us look at what happens when sis snall. In this case, ead trader thinks that the market
is under-confident and, as we have seen abowe, this results in a high y, making the
market very deeg. In this enario ou trader thinks that the information leskage
through pricesis very we, so he will behave dmost competitively, that is, choasing a
high B. As we have seen before, this automaticdly implies that ywill be high also, since
he will want to provide more depth to hide histrade. If sislarge, ou trader thinks that
the market is behaving in an owerconfident way, reveding alot of information through
the price Consequently he believes that the priceis very informative and, therefore, he
will choose ahigh yso asto capture the information emboded in the price Again, since
he beli eves the market to be deg, this leals to a high 3 as well.10 Note dso that an
unbounad limit i s readed for afinite level of pulic overconfidence If it is common
knowledge that al the speaulators think that the others have alevel of confidence ejual

2(N -1)
N -2

to

, prices become fully reveding.1l That is why the &ove ayuili brium only

N-2

. 2
exists for s<

. In the interim region he believes the market to be thin, so he

restricts his gengitivity to information leading to lower values of both S and y.
Finaly, let us e how does the equili brium strategy vary as we cange puldic
and private confidence d the same time (part (iii ) of Propasition 3.2. Thisisthe type of

comparative stetics that has been dore in the literature. The behavior of ,@’(x) is

9 Note that the relative price sensitivity is bounded from below by one, since in the limiting case of
perfed information it is equal to one.

10 Recdl that disindependent of s.

11 Note that, substituting s in the formula for 1,, (seeCorollary 4.7) by its upper bound, we obtain that

the information reveded by prices is the total predsion of private information as perceived by ead
speadlator, qr, +(N -1) 7,.

12



straightforward: the better information traders believe that they have & their disposal,
the more they use it. In this case, however, the trading intensity is not bounded: since dl
traders trade more and more they need nd worry as much abou hiding ther
information. On the other hand, even if a trader believes that the market has as bad
information as he does, as the preasion d information vanishes, he still prefers not to
trade.

The behavior of absolute price sensitivity y(x) is smilar for high values of
confidence it is monaonicdly increasing, withou bound.However, urlike in the cae
where we only moved the private confidence level, for low values of confidence the
investors increase their y(x) as well. This has a straightforward explanation. As x
deaeases, the weight they put ontheir private information ceaeasesto zero, while even
with urinformative prices they want to sell when the priceis positive and by when the

priceis negative, and this leads to extreme price sensiti vity.

4. Properties of the Equilibrium

Next, we cdculate the magjor indicators of our market and pay speda attention to price

volatility and expeded vdume of trade. We start by computing pricevolatility:

Corollary 4.1 V(q,s) =Var(p) =m%&+ Nlr EJr Nz[;(fl Sl

The first term describes the anourt of variance of the pubdic and private signals
that is transmitted to the price through the speaulators' trading. It is increasing in g,
since speaulators put higher weight on their information as their confidence increeses.
At the same time it is independent of the level of pulic confidence, since that only
aff eds the trading intensity, bu not the relative weights on price and information. The
seoond term describes the dfed of noise trade. It is deaeasing in g, since & the
speaulators confidence increases, market depth also increases, making noise trade less
influential in the determination d the market price Thus, there is atrade-off, depending
on the parameters. Price volatility may either increase or deaease with the speaulators

level of private cnfidence When the level of private mnfidenceis initialy very low,
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and thus the market is very thin, an increase in q is not tranglated into a much more
aggressve trading by the informed speaulators, since the priceis going to reved much
of the percaved improvement in private predasion. Therefore, in such a arcumstance,
the negative dfed on vdatility due to the increase in the depth will outweigh the
pasitive dfed due to theincrease in the size of informed trading. However, when g, and
therefore the depth of the market, is high, the cnverse agument applies and we obtain
higher volatility as the level of private cnfidence increases. In fad, the following can

be shown:

Corollary 4.2
(i) There exsts a threshold levé of private crfidence q such that

w > (<)0 wheneve q> (<)q' .

(i) Inthe limit, as N tends to infinity, g convergesto @

2(N -1)

(iii) There exsts a threshold leve of pubdic corfidence s [ @), E such

<(>)0 wheneve s> (<)s .

tha V(@9
fJs

aV ()
dx

>0.

(iv) Let V(x) =V(x, X) for xO0 %), 2AN-1) E then

N-2

si for al s>0, an implicaion d part (ii) of the previous

Since 5(22_ 9

corollary is that the volatility of pricesisincreasing in g in alarge market whenever the
speaulators do nd undervalue their information by more than afador of 2. Infad, even
if the previous explicit result is found omy for large markets, we have nat been able to
find any example for which vadatility drops as aready overconfident speaulators (that
is, speaulators having q > 1) become more overconfident.12 As we have seen, pubic

confidence only affeds the behavior of volatility through the &solute price sensitivity

12 we have simulated the threshold level g using an exhaustive grid for the values of the parameters
appeaing in the model. In particular, for the number of investors we have mnsidered al the integer
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and, thus, it isinversely U-shaped. As a consequence, the dfeds of puldic and pivate
confidence on vdatility appea as oppased.

The combined effed of moving the puldic and pivate wnfidence level together
is markedly different. As dhown in part (iv) of the previous propasition, vdatility is
strictly increasing in the level of confidence, just as it is predicted by the literature.
Figure 3 depicts the three dorementioned vadatility curves.

(INSERT FIGURE 3)

We can also evauate the quantitative cntribution o the different types of
overconfidence on price volatility. To this end we @nsider three caes. (i) when s=1
and q varies, (ii) when q=1 and s varies, and (iii) when q=s. The first case
corresponds to a situation in which the investors believe that their competitors are
rational, while eab investor is possbly wrong abou his own preasion. The seand
case corresponds to a situation where every investor has corred beliefs abou the
predsion d his own signal, whereas the perceived degree of confidence of the their
competitors differs from the true one. Finaly, the third case is homomorphic to a cae
where the levels of self-confidence ae common knavledge. The following coroll ary

provides the exad comparison:

Corollary 4.3

(i) There exstsavalue X' [ Ebw

Esuch that
C

. . 2(N-1)
V(x1) >V (x) >V(L X) for all XDE£<, - E

(i) There exstsavalue X~ O QDM

E such that
L

V(x1) >V(Lx) >V(x) for al xO(0,x").
(iii ) There exstsan openinterval (x,,x,) with x, > x" and x, < x” such that

V(LX) >V(x1) for all xO(x,x,).

numbers from 3 to 100.
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(iv) I|mV(Lx)— Ilm V(Lx) EZT N+TNr EfleerTeE

N—2
I|m V(x D= and
Y N |y(1)|

2
limV(x,l):E%+%E+m<oo_

Note that parts (i), (ii) and (iii) of the previous corollary imply that private
confidence @ntributes more to total pricevolatility for extreme values of x, whereas the
contribution d pulic confidence is more relevant for intermediate values. Note dso
that part (v) implies that pricevolatility is aways bounced.

Finally, we can cdculate the expeded trading volume of a speaulator, which is

defined as the mathematicd expedation d the ebsolute value of his demand EQ%HD:

Coroallary 4.4 The exeded volume traded by a speaulator is

Qa9 =E(x,))= \/ErH N3N - 2B ) _H

N?T, N2

In the expresson for trading volume we can seehow the volume is divided into
transadions among speaulators and transadions of speaulators with ndse traders. Since
the expeded trading volume is monaonicdly increasing in 3(q,s) , the behavior of the
expeded vdume & afunction d both private and pubic confidence mimic the one of

the function . Therefore, we get the foll owing coroll ary:

Corollary 4.5
) %38)>0 Moreover, IlmQ s s /B—H%Eand
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q_.oo

imQla.9)= \/&H@‘N DN - 2)[y(s)] NZEQO_

2(N -1)

(i) There exst a value of the levé of public confidence 500 @3, E such

that dQ;q, S) > (<)0 wheneve s> (<)S. Moreover,
S

ISi[rcl)Q(q,s): lim Q(g,s)=, foral q>0.

o 2N-D)
N-2

(iii) Let O(x)=Q(x %) for xméb,%é then O(x) is independent of both

4 o

T, andrt, . Moreover, q
X

iMmQ(x)=0 and lim Q(x)=c.

Not surprisingly, since the volume of liquidity trading is exogenouwsly given, all
the increase in vdume & private overconfidence increases, comes from transadions
among the speaulators, and it is explained by the greaer dispersion in their posterior
beli efs. Note however that private overconfidence can increase only up to afinite limit
the expeded trading volume.

The equili brium volume's dependence on pullic confidence is charaderized by
the fad that, when speaulators think that the rest are mistaken (s is far from one), they
try to exploit this faa by trading harder. In this case, the expeded trading volume can
becwme abitrarily large. As aresult, high vdumes canna be explained exclusively by
the presence of overconfident traders. It is also necessary that they believe that the
public confidenceis either very high o very low.

It is aso worth nding, that, when second-order beliefs are mrred (s=q), the
expeded vdume traded is independent of the qualities of pubdic and pivate
information (see part (iii)). This means, for example, that if the predsion d pubic

information T, isincreased, the equili brium price distribution will adjust in such a way
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that the anourt of trading does not change. Finally, we can perform an exercise similar
to the one mntained in Corollary 4.3 to evaluate the contribution d the diff erent types
of self-confidence onthe expeded vdume of trade.

Corollary 4.6
(i) There exstsa value x'[ %b A N__ Y E such that
A . 2(N-1)
X) > X) > Q(x,1) for all xOX', )
G0 > Q%) > QY e
(i) There exsts avalue X' E&)ME such that

Q@ x) > Q(X) > Q(x,1) for all xO(0,x").

(iii) There exstsan openinterval (x3,x4) with x; > x' and x, < X' such that

Q(x1) > QL x) for all xO(x,,x,).

The previous corollary reinforces our previous argument. We see that for
extreme values of x, puldic confidence is more relevant to explain a high vdume of
trading since traders believe that their competitors have very erroneous beliefs, and they
read to this by trading very intensively so as to exploit the others' misperception.
However, for intermediate values of x, the contribution d private mnfidence to trading
volume bemmes more important.

We onclude this dion with a brief discusson d two addtiona market
indicators. price informativenessand expeded profits of speaulators. In arder to chedk

the informational efficiency of this market, let us define the information content of
prices as 1,(q, ) :B/ar(\7| B ~[Var(@)]™, that is, the increase in predsion o the

beli efs of an ouside observer (who knaws bath the true predsion d private signals and

the equilibrium strategies) abou the redization d the randam return, dwe to the
observation o the equili brium price. Similarly, 7, (q,s) = [\/arn“ (\7|r>,i”;)]'l - var@)]™

isthe increase in predsion d the beliefs abou the redization d the random return that

a speaulator expeds (wrongly, unessq = s=1) from the observation d the equili brium
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price and hs private signa .13

Corollary 4.7

(i) The information content of prices for an olserver who knows both the true

predsion d the private signds andthe beli efs of the playersis

N?[B(a.s)"z.
N2[B(a,s)) + o1,

T,(a,8) =

which is increasing in the levé of private @nfidence and it is nonmonaone (U-
shaped) in the leve of pulic confidence

(i) Let T,(X) =7,(x X), then T,(X) is grictly increasing.

(iii) Theincreasein the predsion d his estimate of the randam return perceved

by a speaulator upon olserving the priceand hisprivate signd is

r. (9 =M+ NZASH
] 2 ]

whichisincreasingin bah parameters.

(iv)Let T.(X) =T,(x,X), then T (x) is grictly increasing.

As the level of private mnfidence increases, speaulators will overread to their
information. As a @mnsequence, overconfident speaulators acually reved more of their
private information than it would be optimal for them and thus make prices more
informative. As we have seen before, when the level of puldic confidenceis either low
or high, speaulators exped a deg market and therefore they read strongly to their
private information. Of course, the speaulators perceive it differently, since when sis
low, they exped the rest to pu small weight on their information, making prices littl e
reveding.

Turning to profits, nae first that in the arrent scenario there ae two kinds to

consider: the profits expeded by an owerconfident — and therefore mistaken —

13 obviously, the variance operator Var, () is defined as Var®(y) = E? (V -E’ (Y))2 . Note dso that
Var(V) =Var (V) .
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speaulator, and the average profits sich a speaulator adualy makes in this market. The
first quantity, despite the complexity of its cdculation, daes nat provide any additional

insight so we restrict our attention to the second ore.

Corollary 4.8

2
z

——, which is
N“y(q,s)

(i) The average profit of speaulators is T(q,s) = E(7T,) =

deaeasing in the leve of private mnfidence and it is nhonmonaone (inverted U-
shaped) in the leve of pulic confidence

(i) Let M1(X) =M(x, x), then M1(x) isinverted U-shaped.

Sincein a model such as ours, the profits of informed speaulators are financed
by the losses of noise traders, speallators profits are increasing in the amount
(variance) of liquidity trading and deaeasing in the number of speaulators. Note that the
coefficient yis propational to the depth of the market, and liquidity traders are better
off trading in deg markets. Therefore, as it is easily seen through y, private under-
confidence in the market increases, while private overconfidence deaeases, average
profits of speaulators. The first of theseresultsisat first blush surprising. How can sub-
optimal behavior increase expeded profits? Does this mean that in a standard context,
speaulators could gain by under-reading to their information? The aswer is,
obviously, na. What happens in ou modd is that, when speaulators are under-
confident, nase traders are exploited more and this aurplusis distributed evenly among
speaulators. However, in the standard case with common knowledge of the first order
beliefs, this would na be a equili brium, since by reading more to his information, a
speaulator would deaease the surplus only by a little, while he @uld change its
distribution in his favor. In ou case, if we had orly one overconfident trader, by the
same agument, he would lose on the modified sharing of the surplus more than he
would gain by increasing the losses of liquidity traders. Finally, observe that, agreeng
with intuition, average profits plunge when the level of pullic confidencetakes extreme
values and they pe&k when the speaulators perception d the market is close to the
truth.
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5. Conclusion

In this paper we have presented a model of trading where the underlying beli efs are not
only different but also nd common knaowvledge. This environment seans to be most
adeguate to analyze the mnsequences of speaulator overconfidence We believe that in
addition to its intrinsic theoreticd interest, it shoud be mnsidered as ancther step
towards a better description and understanding of human behavior in the eonamic
sphere.

Our benchmark results generaize to the wntext of limit-order markets the
consensus of the literature: when ower/under confidence is common knowledge, it
increases/deaeases bath price volatility and trading volume. At the same time, we show
that if the traders perception d the level of confidence in the market and their own
level of confidence may vary independently, these results become significantly
different.

The first interesting conclusion we can draw is that generadized private
overconfidence of the speaulators can increase only up to a finite limit both trading
volume and the depth of the market. That is, to explain very high vdume or liquidity
with owerconfidence it is necessary that pullic overconfidence be high. In addition,
pubic under-confidence dso leads to high vdume. Thus, to explain very low volume
with pubic under-confidenceit is necessary that private confidencebe very low.

The dfeds of overconfidence on the volatility of prices are less s$raightforward.
In ou model, the variance of priceis deaeasing in the level of private confidenceup to
athreshald value, and from then onit isincreasing in it. In large markets the value of
private @mnfidence & which price volatility reades its minimum is grictly below one
though, and thus we can say that private overconfidence does increase the variance of
price. On the other hand, pullic confidence has the oppasite d@fed on vdatility: for low
values of pubic confidence vdatility is increasing, while for high values it is
deaeasing.

We have thus arrived at the — testable — conclusion, that the dfeds of private
versus puldic overconfidence ae markedly different, which shoud make amore in

depth empiricd analysis possble. We leave that for the experts.
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Appendix

Proof of Propasition 3.1

We prove Propasition 3.1in two steps. First, we compute the eguili brium

strategy of the type (i,,s,s) having the functional form given in (2). Second, we
compute the strategy adually played by the existing type (i,,,q,S) as a best resporse to

the strategies played by the non-existing types {(l S s)}j

#n'

2(N -1)

Clam 1 Let N > 2 and s< . There exsts a urique symnetric linear

equili brium where type (in, s, s) follows the strategy with the functiond form given in

equaion (2). The equili brium values of the parameters defining the strategies are

a(s,s) =0, (A1)
N s(N-2)a’t,
pes= \/(N -D(N+(N-2)(L-9)) ' #2

y(s,S) = W%&(a S) . (A.3)
STE‘

Proof: According to the conjedured lineaity of the demand schedules, the market

N
cleaing condtion, Z X,(p)+z=0, takes the form of
=1

N
Na(s,s) +8(s,s) Zin -Ny(s,s)p+z=0.
Thisimplies that the randam equili brium price satisfies
N
Na(s,s)+B(ss) i, +Z
n=1

Ny(s,s)

Since eab informed trader n considers the others' strategies as given and consistent

(A.4)

p=

with equation (2), he is fadng the following residual demand:
(N-Da(s,s)+B(ss) Ti +z
J#n + n )
(N-1)y(s9) (N-1)y(s9)

Therefore, speaulators lve the following maximization poblem (recdl that E;

p= (A5
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denotes the expedation taken acwrding to the distributional assumption DA, except

that the predsion d the ndse €, is cr,, wheress the predsion d €; is assumed to be

1., foral j#n):

% (N -Da(s,s) + jénij- +7

- X
MaxEZ((V - p)x.li., p)= MaxE?> -
x,00 ”(( P) ”|” p) x, 00 ”%/

- H
(N-Dy(s9) (N-Dy(s9) g

The first order condtion for this problem is

AN -Da(s,;9)+B(s.9) Zij. +7 A
S J£Nn

~ 2X
E>(V|i,, p) - L -E; G i,,p=0. (A.6
A (Vlin, p) (N-Dy(s.9) nﬁ (N=Dy(5.9) lin, P (A.6)
Because of (A.5), (A.6) may be written as
- X
E Vi, p)-7—F——-—-p=0,
e ) (N-Dy(s9 "
and this impli es that
X, = (N =Dy(s, 9)[Eg (V]in, P) — P1= X, (P)- (A7)
The seoond oder sufficient condtion for the maximization poblem s
-2 : . .
— <0, that is, y(s,s) must be strictly positive.
(N-1)y(s9) (59 yP

Next, nate that to okserve the randam variables P and i, is informationally

equivaent to okserving i, and the foll owing randam variable:

Ny(s,s) p- Na(s,s) - B(s,9) in

=V + y,
(N-D)B(s,s)
where the randam variable
2 & .
~ _ j#n
= , A.8
YTN-T (N-1)B(s,9) (A.8)
is clealy independent of f;] Thepredsion d y is
__(N-1P[ps9fr
y = R (A9

(N-2)B(s 9] +o 7
since trader n corredly believes that the noises of the signals of the other traders have

predsion 7.. Applying the projedion theorem for normally distributed randam
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variables, we can compute the foll owing expedation:

Ny(s,s)p—Na(s,s) - B(s,9)i, E

N ”yE (N-DB(s.9)
ExWlin P)= e , (A.10)

y

since eab trader of type (i,,,S,S) believesthat the noise of her own signal has predsion
ST, . Substituting (A.10) in (A.7), making the cnjedure that

Xn(p) =a(s,s) + B(s,9)in ~y(s:9) P,
and equating coefficients, we obtain the foll owing system of equations:

Nor(ss)S %
(N-1) (s,s)D N -1)5(s.9) (A.11)

T, +ST, +T

a(s,s) =

E
E

Eﬁr _(NTyl
B(s.s) =(N-1y(s, S)WE (A.12
D

TE Ny(s,s) %
N - 1B(ss) (A13

T, +ST, +T

~—
1

,_|

U
U
/(59 =(N-1)y(s.93-
g
g E

The solution fora(s,s) is clealy zero. We then substitute (A.9) in (A.12) and (A.13).

Under the assumptions of this Claim, we ca find the unique solution d this two-
equation system which satisfies the second ader condtion, yielding the values of
B(s,s) and y(s,9 givenin the statement of the Claim. Q.E.D.

2(N -1)

Clam 2 Let N > 2 and s<

. There exsts a unique symnetric linear

equili brium where the type (in, q, S) foll ows the strategy with the functiond form given
in equaion (2). The auili brium values of the parameters defining the strategies are

given in the statement of Propasition 3.1.

Proof: Since investor n of type (in, g, S) believes that her opporents have alevel of
confidence eual to s, we must compute the best resporse to the strategies obtained in
Clam 1. The residud demand as percaved by indvidua n is (A.5), where
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a(s,s), B(s,s)and y(s,s)are given by Clam 1. As in the proof of Claim 1, and after
changing the expedation orerator, we arive & the following optima quantity X,
demanded by trader n:

Xy = (N =y{[EJ (T]in, P) = P1= X, (P)- (A.14)
The equili brium price as perceived by atrader n of type(in, 9,9), iS
a(a.9)+B(s.9) ij + Ba. i, +2

J#n
(N-Dy(s,9) +y(a,s)

where we have used the fad that a(s,s) = 0 asfollows from Claim 1. Thus, we seethat

p=

to observe p and i, is observationaly equivalent to okserving i, and the following

randam variable:

(h-Ly(s9+y(@9)p-a(@s) - @I, o, ;
(N-1)B(s.9) !

where the randam variable y isdefined in (A.8). Foll owing again the steps of the proof

of Claim 1, we arive & the formulafor the condtional expedation,

o +Ty%((N -1)y(s,9) +y(a.))p-a(a.9) - B(a.9in E
(@i, p)= (N-1)(s 9 . (A15

Ty +QTe +T

where 7, is given in (A.9), since speaulator n corredly believes that the predsion o
the others’ noisetermsis 7.
Substituting (A.15) in (A.14), making the conjedure that
Xn(P)=a(q,s)+ B(a,9) i, ~y(a.9) p,
and equating coefficients, we get the foll owing system of equations:

Er E a(q,s) %
YHN -1)8(s,9)
E, (A.16)

[
a(a,s) = (N-1y(s s)E L rar T,

u E
O T,B(a,s) E

B@9=(N -9 (NqT 116(3 £l (A.17)

rr

U
U
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B Ty%(N ~1)y(s.9) +y(q.9)

y@9)=(N-2)y(s 94~ T(I:l-_l)li.(& 9) :
0 viQle tT,
: E

L
From (A.16), a(q,s) is clealy equal to zero. Substituting in the values of

(A.18)

B(s,s), y(s,;s) and 1, foundin Claim 1, and after some tedious algebra to solve the

system (A.17)-(A.18), we obtain the equili brium values of £(q,s) and y(q,s) givenin
the statement of Propasition 3.1. Q.E.D.

Proof of Propasition 3.2
The sign o the derivative of d(q)is graightforward.

Concerning the properties of B(q,s) in parts (i) and (ii), we just have to ndice

(2r, +sNr,)q

aing in the function ,S) (see
2(N -1, +(q+S(N - 2))NT, appeaind Blas) (

that the term

(3)) is grictly increasing in bah q and s, and it converges to a strictly positive limit as s

(N-1(N -2,

(N (N —2)(1—5))5 isafunction

tendsto zero for g > 0. On the other hand, the term \/

of sthat has a unique aiticd poaint and it tends to infinity as s tends to either zero o to
2(N -1)

. Itisalso obviousthat lim B(q,s) =0,
q-

. _2t,+sNr, [(N-D)(N-2)0lt, __ o
am Blas)= NT, \/(N +(N-2)(1-9))s ASARE
and lim B(a.s)= lim , Bla.s)= .

For the properties of y(g,s) in perts (i) and (i), we see from (4) that the
behavior of y(q,s) as a function d s replicates the one of B(g,s) since the term

2t,+ Nqr,

N is independent of s, and it convergesto 1as g tendsto infinity. The sign of
qr

e

the partial derivative of y(q,s) with resped to g comes from straightforward

differentiation. We dso havethat lim y(g,s)=y(s) <« and
g-
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imy(a,s)= For o (2r, +snr,) \/(N (N -2)0%r

H HZ(N -Dr, + q+S(N 2)) (N +(N _2)(1_5))88 EZ(S) >0,

Finally, for the properties of ﬁ(x) and y(x), we can evaluate

dB(x) _ | (N-H(N-2)r,0?
dx x[2(N-1) - x(N-2)J°

which is grictly positive for all x[ ET)ME and N >2. After some dgebra, it can

be chedked that y(x) hasaunique aiticd point at

= 2(N-Dr,
2(N-2)1, + N(N -1,
The limiti ng behavior of y(x) can be eaily cheded. Q.ED

Proof of Corollary 4.1

The equili brium randam priceisgiven by

B(q, S) i +Z
D . A.20
b= Ny(q s) (A.20

Then, after substituting the equili brium values of B(g,s) and y(g,s), we obtain that

E@(q ,9) g%r E’ . Bas_ 1
V . h |
ar(p y(Q,s) N7, H N [y(q s)J? y(q 9 4.9’ e et

follows. Q.E.D.

Proof of Corollary 4.2

Parts (i) and (ii) are the result of some omitted tedious computations. Part (iii )
comes diredly from part (ii) of Propacsition 3.2.Finally, for part (iv) we can explicitly

compute

AV (x) _ 204|Nsto (N2 - 2N -1)+ 21, (N2 + (s - 2) +1)

>0,
dx (N -2)(2r, + Nsr,)?
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2(N -1)

where the inequality follows snce s < <2 and N isaninteger greder than 2.

Q.ED.

Proof of Corollary 4.3

(i) To seethat V(x.1)) >V(x) in the proposed interval we only have to ndice
that the first summand in the expresson for Var(p(q,s)) in the statement of Corollary

4.1 is independent of s whereas the seaond is deaeasing in s for a value of puldic

confidence sufficiently close to % as dictated by part (i) of Propasition 3.2.

2(N -1)

Therefore, V(x1) >V (x,x) for x close enough to 5 For the inequality

\7(x)) >V (1, x) inthe proposed interval we use the fad that the seaond summand in the
2(N -1)

expresson for Var(g,s) tendsto zero as s approadches , Whereas the first term

is drictly increasing in g as follows from part (i) of Propasition 3.2.

(i) For the first inequality we just evaluate the finite values

0.2

NT 1 1
V(0] = z and V(@0)= e + and make the
o N2[yopf 40 rv+Nre§%T NreE

correspondng straightforward comparison. For the second inequality just natice that

V(0) =0.

(i) Since V(x) =V (L, x) a x=1, the result immediately follows from the
properties of the functions y(x,1) and y(1, x).

(iv) and (v) The proofs are immediate. Q.E.D.

Proof of Corollary 4.4

Since the randam quantity of asset X, demanded by trader n is normally
- . ~ or1? ~ \\V2
distributed with zero mean, we have that E(|xn|) = E% (Var(xn)) , and we only

nead to compute Var(X,). To this end, we replace p in the demand
X, =X, (P) = B(a,9)i. —y(q,5)p by the formula given in (A.20), and then perform

the computation d the variance of the individual demand Yn’ that turns out to be equal
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(-1 -2[p@ ST, oF

to
N, N?

Q.E.D.

Proof of Corollary 4.5

From inspedion, we seethat the qualitative behavior of Q(q,s) replicates that
of B(q,s). Therefore, all the properties appeaing in the statement of this corollary
follow diredly from the charaderization of the functions 3(q,s) and /§(x) given in

Propasition 3.2and from dired computation. In particular,

A, 1 |mno (N -2)2 O,
Q(X)_N\/EEQ%W +(N—2)(1—x))x%pz ’

that is independent of both 7, and 7. Q.E.D.

Prodf of Corollary 4.6
(i) The first inequality is a mnsequence of the faa that B(x,x) > B(1,x) for

x %%E since B(q,s) isincreasing in itsfirst argument as foll ows from part (i)

of Propasition 3.2.The secondinequality follows snce Iizm_l) B x) = (seepart (ii)
TNz

of Propasition 3.2 while B%JE isfinite (seepart (i) of Propasition 3.9.

(if) For the first inequality observe that lim B(1, ) = o, whereas lim B(X) =0 as
follows from parts (ii) and (iii) of Propasition 3.2. Finally, the second inequality holds
since B(q,s) is deaeasing for low values of the puldic confidence s (see part (ii) of
Propasition 3.2 and, thus, B(x,x) > B(x,1) for x sufficiently close to zero.

(i) Since Q(xD) =Q(L,x) a x=1, the result immediately follows from the
properties of the functions B(x,1) and B(1, x). Q.E.D.

Proof of Corollary 4.7
(i) Note that the randam variable p is informationally equivalent to

Mz

_ _ 3§ _
5(q,9)=p=V+&, where & =ML+ . Since the predsion o ¢ is
N NB(qs)
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N?[B(a,9)] 7.
N[B(a,9)) +o 21,

, weobtain

VA N2[B(q.9)]’1,
Var(7[p)]* =1, + Baol i (A.19

The result immediately foll ows after subtrading [\/ar(\7)]_l =71,. Since 1, dependson

g and s ony through B(q,s), it diredly follows that it is increasing in the level of
private @nfidence, while its dependence on the level of puldic confidence is non
monaone, just asin Figure 1.

(i) Obvious from part (iii ) of Propasition 3.2.

(i) Similarly, we must note that to okserve i, and p (as defined in (A.4)) is
informationally equivalent to okserve i, and ¥, where y is defined in (A.8).
Therefore, [\/arnq (\7||T] r))]_l = [\/arr? (\7||:] 37)]_1 =1, +0T, +T,, where 7, is given in
(A.9). Substituting the equili brium value [B(s,s) given in the proof of Propasition 3.1,
and subtrading 7, , we immediately obtain 7,,.

(iv) It isaso obvious from part (iii) of Propasition 3.2. Q.E.D.

Prodf of Corollary 4.8
Since the epeded total cost of trading for the noise traders is

2

~E(@-5)2)=—22, we only ned to dvide by the number N of insiders © as to
Ny(q, s)

obtain the average profits of an insider. The rest of the arollary foll ows direaly from
Propasition 3.2.
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Predsion d the Noise
of the Signals

& (j%n)

First Order Beliefs

Belief of trader n abou the
predson d €,:
L
(Not Common Knowledge)

Belief of trader n abou the
predsond §;:
Te

(Common Knowledge)

SeoondOrder Beliefs
(Common Knowledge)

Belief of trader j abou the
belief of trader n abou the
predsiond §€,:

ST,

Belief of trader j abou the
beli ef of trader n abou the
predsion d €;:

Te
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Tablel: BeliefsStructurefor all nand j # n)
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Figure 1. Thefunction (8(q,s) of trading intensity.
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y(@

Figure 2: Thefunction y(q,S) of absolute price sensiti vity.
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V(x,2)

Var(p) R
/
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. b d
_ 2(N-1)
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V(x)
1 2(N-1)

Figure 3: The varianceof price
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