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Abstract
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Our main finding is that adding noise can improve welfare. With quadratic preferences
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introducing a sufficiently small amount of noise. Furthermore, there exists a level of
noise that makes it possible to achieve the best payoff that can be obtained by means
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1 Introduction

In many situations of economic interest, decision makers seek advice from better-informed
experts. Examples include lobbying, management consulting, and financial advice. In these
situations frequently the interests of experts and decision makers do not coincide. This
creates an incentive for the expert to use her information strategically, and for the decision
maker to interpret advice in light of the sender’s bias. The seminal analysis of strategic
information transmission between a biased expert and an uninformed decision maker was
provided by Crawford and Sobel [4] (henceforth CS). In their model a privately informed
sender sends a costless message to a receiver who takes an action that affects the payoff of
both parties.

In this paper we investigate strategic information transmission when there is communi-
cation error, which we refer to as noise. With some probability, independent of the message
sent, observed messages are drawn from a fixed error distribution; otherwise messages go
through as sent. Our main finding is that adding noise can improve welfare. In the uniform-
quadratic model, i.e. with quadratic preferences and a uniform type distribution, welfare can
be raised for almost every bias level by introducing a sufficiently small amount of noise. In
addition there exists a level of noise that makes it possible to achieve the best possible payoff
that can be obtained by means of any communication device.

As is the case with the CS model, all equilibria of the noise model are interval partitional:
The sender’s message reveals only in which of a number of intervals of the state space the
true state lies. But unlike in the CS model, in the noise model there may be infinitely many
actions (countable or uncountable) induced in equilibrium. Even restricting to equilibria
with a fixed number of intervals, once noise is introduced there is generally a continuum
of equilibria, each of which induces a different equilibrium outcome. This multiplicity is a
consequence of the fact that, unlike in the CS model, coding, the measure of the message
space used by each interval of the equilibrium partition of the type space, matters when there
is noise. Our welfare results are achieved with equilibria that induce a finite partition and
with a front-loading coding scheme: Types in the lowest interval of the equilibrium partition
randomize over almost all of the available messages; each other interval is identified with a
single distinct message, sent by all types in that interval. This front-loading construction
and consequently our welfare results extend to an environment in which noise levels are
correlated with messages, provided the function that maps messages into noise levels has
a sufficiently large range. Interestingly, in this environment the best payoff that can be
obtained by means of any communication device can be approximated to any desired degree
without manipulating the noise level, which is determined endogenously in equilibrium.

Communication errors have been studied in information theory, pioneered by Shannon

[18]. There the problem is faithful transmission of messages in the presence of some funda-

1



mental source of noise, abstracting away from strategic considerations. In Shannon’s original
model, the only source of noise is in the channel through which signals (translated messages)
are passed from sender to receiver, but in a broader context we may think of errors as arising
also in the translation process. Suppose, for example, that Alice is trying to pass on some
information to Bob by means of verbal communication. Three sources of error are possible:
she may fail to choose appropriate words to express her thoughts; he may not hear correctly
what she says; or he may misunderstand the meaning of her words.!

The paper is structured as follows. In section 2, we describe the formal details of the
model and provide a partial characterization of the equilibrium set. Section 3 provides
a closer examination of the set of equilibria in the uniform-quadratic case. In section 4
we consider the welfare properties of noise equilibria, again in the uniform-quadratic case.

Section 5 examines some extensions of the model, and section 6 concludes.

1.1 Related literature

To our knowledge, the idea that noisy communication channels can improve information
transmission is first discussed by Myerson [16] (pages 285-288). He considers a two-state,
three-action cheap talk game; if player 1 is able to send a message to player 2 by means of
a carrier pigeon which arrives only half the time, then communication is possible when it
would have been impossible with direct, reliable messages. In the communicative equilibrium,
player 1 sends a message only in one of the two states. If the pigeon arrives, player 2 knows
that he is in that state; if not, he cannot determine whether the pigeon got lost or was never
sent. In this way, an outcome is achieved that is better for both players than would have
been possible in the absence of noise.

Also related to the current project is the extensive literature on general communication
devices (see e.g. Forges [6] and Myerson [15]). Such a device (often thought of as an impartial
mediator) receives inputs (messages) from each player, and transmits outputs according
to some matrix of transition probabilities. Forges and Myerson show that allowing the
players to use these devices can expand the set of equilibrium outcomes in games. Clearly,
a communication device could be used to replicate the noise mechanism considered here, or
to reproduce the effects of Myerson’s unreliable carrier pigeon. But communications devices
are much more general than noise mechanisms.

More recently, Goltsman et al. [8] investigate optimal communication devices (which they
call mediators) in the context of the uniform-quadratic version of the CS model. They derive
an upper bound on the receiver’s payoff in any equilibrium; we show in section 4.2.1 that

if the level of noise can be chosen appropriately, our front-loading equilibrium construction

! This final source of potential error is particularly important when the words used are vague. Vagueness is
a pervasive phenomenon in natural language — consider the use of terms such as “tall”, “red”, and “good”.



achieves this upper bound. They also show that if the receiver is able to commit to using an
arbitrator to make decisions for him on the basis of messages received from the sender, he can
obtain a strictly higher expected payoff. (In a related paper, Kova¢ and Mylovanov [12] study
arbitration in a more general framework.) Ganguly and Ray [7] also analyze communication
devices in the uniform-quadratic version of the CS model. Their main result concerns devices
that are N-simple: They receive N messages and submit N recommendations. Such devices
cannot improve on the N-step CS equilibrium if the bias lies below some bound which
depends on V.

A paper by Krishna and Morgan [13] shows that allowing multiple rounds of (two-way)
communication in the CS framework can also result in equilibria that Pareto dominate those
of the original model.? They consider a first round of communication, a meeting, in which
the sender and receiver exchange messages simultaneously, followed by a single transmission
from sender to receiver. During the meeting, the sender reveals in which of two elements
of the state space the true state lies, and the two agents also send random messages to
determine whether the meeting should be deemed a “success” or a “failure”. These random
messages effectively induce a lottery over outcomes such that neither agent can affect the
probability of success or failure. If the meeting was a success, then the sender reveals more
information about the true state during the second round of communication; otherwise no
more information is revealed. (Clearly this kind of communication could also be replicated
using a communication device: Ganguly and Ray show this formally.) Krishna and Morgan
establish the remarkable result that it is almost always possible to construct equilibria in
which, relative to the best CS equilibrium, the information gain when the meeting is a success
outweighs the information loss when it is a failure, leading to a Pareto improvement. This
kind of equilibrium is able to improve on the CS equilibria by leveraging the risk aversion of
the sender; in the face of risk about whether or not additional information will be conveyed
in the second round, she is willing to give up more information in the first round. In the
uniform quadratic case most commonly used in applications of the CS model, the welfare
results of Krishna and Morgan are similar to our own, although we show that the probability
of error can lead to welfare improvements for more extreme values of the sender’s bias. But
the underlying source of the welfare gain is very different.

Three recent papers introduce different kinds of perturbations into the CS model, and
should be discussed next. First, Kartik, Ottaviani and Squintani [11] (henceforth KOS) study
strategic information transmission when messages directly affect payoffs, either because the
sender faces a cost of lying or receivers are credulous. They show that with an unbounded

state space there are fully revealing equilibria. Unlike in their environment, in the noise

2 Aumann and Hart [1] also examine games with multiple rounds of pre-play communication, and provide
a complete characterization of the set of equilibrium outcomes. Since they consider games with a finite set
of states, their results do not apply to the CS model.



model analyzed here messages do not have an intrinsic meaning and therefore the notions
of deception and language inflation that play an important role in KOS have no content.
On the other hand, the issue of coding, i.e. how the message space is used by the various
sender types, that plays a crucial role in our analysis does not arise for KOS. Further, in
our model there are no fully revealing equilibria, regardless of whether we choose the state
space to be bounded or not. One parallel between the two papers is that in both there is a
sense in which sender types who separate themselves achieve their ideal points, on average
in the KOS model with heterogeneously sophisticated receivers and in the no-noise event in
the noise model.

Next, Kartik [10] looks at a perturbation of the CS model in which the sender has an
explicit convex cost of misreporting. He finds that only the most informative CS equilibria
can arise as limits of monotonic equilibria as the cost of misreporting converges to zero.
Finally, in a closely related paper, Chen [3] modifies the CS model by including a small
proportion of behavioral types, honest senders and naive receivers. Using an additional
monotonicity restriction, she shows that there is a unique equilibrium. This equilibrium
approaches the maximally-informative CS equilibrium in the limit as the proportions of
honest senders and naive receivers converge to zero. In contrast, in the noise model messages
have no exogenous meaning and so it is hard to make sense of the notion of honesty. From
a technical standpoint, in the noise model we obtain welfare results for a range of strictly
positive noise levels, not only in the limit as noise tends to zero; monotonicity of equilibrium
is not a significant constraint on the equilibrium set; and, monotonicity in conjunction with
the message space being a continuum does not pose existence problems (unlike in Chen’s
model).

We conclude this review section by mentioning two more variants of the CS model.
Olszewski [17] examines a model in which the receiver has private information, there is
positive probability that the sender is a behavioral type who always tells the truth rather
than being strategic, and the strategic sender prefers to be perceived as the honest type. If
the latter concern is sufficiently strong, there is a unique equilibrium which is fully revealing.
In Olsweski’s model the receiver can ask for more or less information; when the sender
cares about the receiver’s action, in addition to being perceived as honest, asking for more
information may create an incentive for lying. Both of these results are predicated on having
behavioral types and messages with intrinsic meanings. In our model, as already discussed,
messages acquire meaning only endogenously from the sender’s equilibrium strategy, and
there are no behavioral types. In Morgan and Stocken’s [14] variation of the CS model
the receiver is uncertain about the sender’s bias. They find equilibria in which there is
full separation on a portion of the type space: sender types whose preferences are perfectly

aligned with those of the receiver are able to perfectly reveal sufficiently low states of the



world. In contrast, in the noise model the possibility of an error in information transmission
ensures that the receiver never learns the sender’s type for certain, even in equilibria that

involve separation on a portion of the type space.

2 The Model

2.1 Setup

We investigate communication between a privately informed sender, S, and a receiver, R.
The agents’ payoffs depend on the sender’s information or type, 6 € T = [0,1], and the
receiver’s action, a € R. We assume that 6 is drawn from a common-knowledge distribution
F with an everywhere positive density f on the support T. The payoff of a sender of type
0 when the receiver takes action a is U°(a,#,b), where b is a parameter measuring her
bias relative to the receiver. The payoff of a receiver who takes action a is U%(a, ) when
the sender’s type is §. The functions U® and U” are assumed to be a twice continuously
differentiable. We assume that U%(a,0) = U%(a,0,0) for all (a,0).> We use subscripts to
denote partial derivatives; e.g., U (a, 0, ) stands for the cross-partial derivative of U with
respect to its first and second argument, evaluated at (a,,b). We assume that for each
realization of § and each value of b there exist an action a such that UP(a,0,b) = 0 and
for each 6 there exists an action a’' such that UF(da’,0) = 0; Ui (a,0,b) < 0 < U(a,,b)
for all a,0, and b; and Uf(a,0) < 0 < Uf(a,0) for all @ and 6. Thus, given the sender’s
private information # and her bias b, a unique action, called her “ideal action" and denoted
a®(0,b), maximizes her payoff; similarly, given @, the receiver has a unique ideal action,
denoted a*(f).* Note that each player’s ideal action is increasing in . Finally, we assume
that Usy(a, 0,b) > 0 everywhere, so that an increase in b shifts the sender’s preferences further
away from the receiver’s. Henceforth we disregard the case where sender and receiver have
identical preferences, assuming without loss of generality that b > 0, so that af* () < a® (6, )
for all 6.

The timing of the game is as follows. The sender observes the value of 6, and then sends
a message m € M = [0,1]. The sender’s message is subject to error: with probability €, the
receiver observes a message m’ that is a draw from the error distribution GG on the message
space M ; otherwise, the receiver observes the message m sent by the sender. We assume that
he cannot distinguish between received messages that are the result of an error and messages
that were sent intentionally. The error distribution G is independent of the sender’s type

and of the message sent, and has a density g that is everywhere positive on M. Finally, the

3We make this assumption to maintain consistency with the Crawford and Sobel framework. Since we
are interested only in values of b # 0, there is no loss of generality.
4That is, a® (9,b) = arg max, U” (a, 0,b) and af* (§) = arg max, U (a,0) .



receiver takes some action a € R. We consider values of € € (0,1), and refer to this game as

the noise model. In the degenerate case when ¢ = 0, the game collapses to that of Crawford
and Sobel — the CS model.

2.2 Equilibrium

A behavior strategy for the sender o : T — A (M) specifies the distribution of messages
she sends for each value of 6; for the receiver, given the strict concavity of U in a, it is
without loss of generality to restrict attention to pure strategies p : M — R that describe
what action he chooses for each message he might receive.

In a perfect Bayesian equilibrium (henceforth equilibrium) strategies are optimal given
players’ beliefs and beliefs are derived from Bayes’s rule whenever possible. For a sender of
type 6, this means that every message m that she sends must maximize the weighted average
of her expected utility if the message is received as intended and her expected utility if there

is an error, i.e.

m € argn}gx((l—e)US(p(m/),H,b)—i-e/0 Us(p(m"),H,b)g(m”)dm">

= argmaxU”(p(m’),6,b)

(The simplification is possible because the probability of an error, €, and the error dis-
tribution, g, are independent of the message actually sent.’) Now consider the receiver. Let
i (0 | m) denote his beliefs about 6 conditional on receiving message m. Since € > 0 and g is

everywhere positive, Bayes’ rule is always well-defined and gives us

(A—e)o(m|0)+eg(m)) f(O)
T = o (m | )+ eg(m)) £ (') de/

p(0[m) =

On receiving message m, the receiver chooses the (unique) action which maximizes his ex-

pected utility given these beliefs:
1
p(m)= argmax/ UBR(d,0)dp (6 | m).
a’ 0

Definition 1 A perfect Bayesian equilibrium of the noise model is a strategy for the sender,
o:T — A(M); a strategy for the receiver, p : M — R; and a set of beliefs for the receiver,
w: M — A(T), such that

1. for all € T : m € argmax,,, U%(p (m’),0,b), for all m € supp (o (- | 0)),

5We relax the first assumption in section 5.1.



2. for all m € M : p(m) = argmax, fol UR(a',0)du (0 | m), and

3 10 17) = S ot A

For given parameter values, the set of equilibria is very large, and it is difficult to provide
a complete characterization. In this section we derive a number of results about the nature
of the equilibrium set; in the next section, we provide more results in the context of a specific
example (an extension of the well-known uniform-quadratic case of Crawford and Sobel).

We start by introducing some new notation and terminology. Since the sender can only
influence the receiver’s actions in the no-noise event, it is useful to define w(o, p, ) as the
distribution of actions that is induced by type 6 in the no-noise event when the sender uses
strategy o and the receiver uses strategy p. We call two equilibria with corresponding strategy
pairs (o, p) and (o', p') outcome equivalent if for every sender type 0, w(o, p,0) = w(d’, p/, 0);
and essentially outcome equivalent if w (o, p,0) = w (o', ', 0) for all but an at most countable

set of types 6. We can now state our first result.

Proposition 1 In every equilibrium with strategy pair (o, p), the set of types 0 for whom
action a is in the support of w(o, p,8) is an interval (possibly the empty set); if the interior of
that interval is nonempty, all types in the interior induce the same action, a. Furthermore,
every equilibrium is essentially outcome equivalent to an equilibrium in which each type 0
induces a single action.

The proof of all results in this section can be found in the appendix. According to
Proposition 1 almost every type induces precisely one action, and the set of types which
induce any given action is an interval of the type space. The types in this interval may,
however, be using different strategies. If we are concerned only with outcomes, Proposition
2 shows that it is without loss of generality to confine attention to equilibria in which these
types behave identically.

Proposition 2 Consider an equilibrium in which the type space is partitioned into intervals,
with types in any given interval inducing the same action and types in distinct intervals
inducing distinct actions. There is an outcome equivalent equiltbrium in which for any non-
degenerate intervals I and I' (I # I') that are elements of this partition

1. all types in I use the same distribution over messages, and

2. this distribution is equal to the error distribution, G, restricted to a subset My of the

message space, with My N Mp = ().



We say that a message is unused if it is not in the support of any type’s distribution over
messages. Our next result shows that we can, without loss of generality, assume that the

entire message space is used.

Proposition 3 Fvery equilibrium is outcome equivalent to an equilibrium in which there are

no unused messages.

There is a close connection between Propositions 1 — 3 above and Theorem 1 of Crawford
and Sobel [4]; but there are also several differences between their results and ours. Their The-
orem 1 states that every equilibrium of the CS model is outcome equivalent to an equilibrium
in which types in the interior of a given element I of the equilibrium partition, (6;_1,6;),
randomize uniformly over messages in [0;_1, 6;]; but the mixing distribution used is not im-
portant, nor is the set of messages used, as long as each partition element uses a distinct set
of messages. More precisely, one could construct an outcome equivalent equilibrium in which
types in (0;_1, 0;) randomize over messages in some arbitrary set M; C M, according to some
arbitrary distribution hy, as long as the message sets used by each interval are disjoint. On
the other hand, Proposition 2 describes an equilibrium in which types in a given partition
element I randomize according to the error distribution restricted to message set M;; in
this case (as is evident from the proof) it is crucial that this particular distribution is used.
Intuitively, if a different distribution is used, then the receiver’s posterior probability of an
error, and hence his action, will depend on which message in M is observed. Additionally,
the size of the set M; is important, in a sense that is made precise in Proposition 4 below.

Let M denote a finite ordered N-tuple (M, ..., My) of measurable sets that partition the
message space and let A\g be the measure that the error distribution GG induces on M. Define
Ac(M) = (Ag(My), ..., \g(My)) as the ordered N-tuple of probabilities of the components
of M. We refer to M as a message-set vector and say that two message-set vectors M and
M are G-distinguished if Ag(M) # Ag(M'). An equilibrium is adapted to M if there is a
partition of the type space into N intervals 77, ..., Ty such that for s = 1,..., N the mixed
strategy of each type in T; is G restricted to M;. Denote by O (M) the set of equilibrium
outcomes (joint distributions over types and actions) of equilibria that are adapted to M.
The following result highlights the importance of coding, which determines the measures of
the sets of messages M; used by each element T; of the equilibrium partition of the type

space.

Proposition 4 If M and M’ are G—distinguished, then O (M) N O (M) = (). Otherwise,
OM)=0(M).

Our next result concerns the relationship between the set of equilibria of the CS model

and the set of equilibria of the noise model when the level of noise is low. This proposition
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requires an additional assumption, Crawford and Sobel’s monotonicity condition (M) (see
page 1444 of their paper).® This condition is satisfied by all standard versions of their model
used in applications, such as the uniform-quadratic case; a precise definition can be found
in the appendix. We will call an equilibrium in which N actions are induced an N -step
equilibrium; if each action is induced by a set of types with positive measure, we refer to a
non-degenerate N -step equilibrium. For any non-degenerate N-step equilibrium with sender
strategy o, P(o) denotes the boundary points between the intervals of the corresponding

partition viewed as a point in RV~

Proposition 5 Assume, in the CS model, that condition (M) holds and that there exists a
non-degenerate N-step equilibrium with sender strategy o. Then for all 6 > 0 there exists
€ > 0 such that for all noise levels € € (0,€) and for any N-element partition M of the

message space, there exists an equilibrium of the noise model with sender strategy o. that is
adapted to M and satisfies |P(o.) — P(0)| < 6.

Proposition 4 tells us that, for fixed ¢, if M and M’ are distinct, they cannot produce
the same equilibrium outcome. Together with Proposition 5, this implies that near any
non-degenerate N-step CS equilibrium there is an N — 1-dimensional set of equilibria of the
noise model all of which induce different equilibrium outcomes.

The final result of this section says that full separation of types is not possible in a
noise equilibrium. More precisely, consider a given noise equilibrium in which each type
induces precisely one action (by Proposition 1, every noise equilibrium is essentially outcome
equivalent to an equilibrium of this kind). Slightly abusing notation, let w : 7" — R be
the outcome function, where w (0) is the action induced by type 6. Then we say that this

equilibrium is separating if w is one-to-one.
Proposition 6 There is no separating equilibrium of the noise model.

It is worth noting that this result holds even if the state space is not bounded.

3 Equilibria in the uniform quadratic case

As noted earlier, it is difficult to give a complete characterization of the equilibrium set. In
this section we take a small step in that direction, concentrating on the well-known uniform-

quadratic case introduced by Crawford and Sobel [4]. The remainder of the paper focuses

6In the CS model, the boundary types that separate elements of the equilibrium partition solve a difference
equation with appropriate initial conditions. Condition (M) ensures that the solutions of this difference
equation vary monotonically with initial conditions. The proof strategy is to use condition (M) to find one
solution to the CS-difference equation in which the length of the first interval [0, 61) is too small and another
where it is too large for an equilibrium. By continuity, the same will be true for the corresponding difference
equation in the noise model. The intermediate-value theorem then ensures that the noise model has a nearby
equilibrium.



on this case, except where explicitly indicated otherwise. In the uniform quadratic case, the
sender’s type 6 is drawn from the uniform distribution on the unit interval; the sender’s and

receiver’s utility functions are given by

US = —(0+b—a)® and
U = —(0—a)

Notice that the ideal actions of the sender and the receiver are 6 + b and 0 respectively. We
also assume that the message space M = [0, 1], and the error distribution G is uniform on
[0,1].

In this section, we restrict attention to values of bias 0 < b < %, since for larger values no
communication is possible and every equilibrium is therefore outcome equivalent to pooling.
There are two key differences between the equilibria of the models with and without noise.
First, in the noisy case there can be a continuum of equilibrium outcomes of a given number
of steps (see section 3.1 below), while in the CS case, Crawford and Sobel show that every
N-step equilibrium (if any exist) yields the same outcome. Second, we show in sections
3.2 and 3.3 that, as long as the level of noise is high enough, there are equilibria with an
infinite and even an uncountable number of steps; in the CS case, on the other hand, every

equilibrium has a finite number of steps.

3.1 Two-step equilibria

As a starting point, we provide a characterization of the set of two-step equilibrium outcomes.
In a two-step equilibrium, two distinct actions a; and a, are induced; assume without loss of
generality that a; < as. By Proposition 1, the set of types inducing action a; is an interval
the state space, I; (i = 1,2). Let 6, € (0,1) denote the boundary type between the two
intervals”, so I; = [0,6;) and Iy = [01,1].® Since we are interested only in outcomes, it follows
from Proposition 2 that we can restrict attention to equilibria in which types I; randomize
uniformly over messages in M; and types in [; randomize uniformly over messages in M,
for some M, My C [0, 1] with M; N My = &; further, by Proposition 3 we can assume that
M; U My = [0,1]. Finally, Proposition 4 tells us that the outcome is affected only by the
measure of M; and M, (with respect to the error distribution), and not the exact composition

of these sets. Let \; denote the measure of M;, and therefore 1 — \; the measure of M.

"If §; = 0 or §; = 1, then each interval induces the same action (see expressions for a; and ay below),
and we have a one-step equilibrium.

80r I = [0,61] and I = (01,1]; or I; = [0,61] and I = [0;,1]. The boundary type could belong to
either or both intervals, though by Proposition 1 all types in the interior of each interval induce only one
action. Henceforth we assume that the boundary type belongs only to the second interval; this assumption
does not affect the outcome for any other type.
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Then the actions chosen by the receiver on receiving messages in M7 and Ms are respectively

o (1—6)91%4—6)\1%
N e TN
(l—e(1—-0) 8 +e(1—N)1

L= (I—01)+e(l— )

a9 =

Since a1 < as, a necessary and sufficient condition for equilibrium is that the sender of type

0, is indifferent between a; and as, or

o+b="10"2 (1)

Let 07 (b, ¢, A1) denote the relevant solution” to this equation (and therefore the equilib-

rium boundary type), when it exists.

Case 1: b < ;11. A two-step equilibrium exists for all A\; € [0,1]. The lower and upper

bounds on &5 (b, €, A1) are realized when A\; = 0 and \; = 1 respectively, and are given by'’

3—dbtdbe— /(3 db+dbe)® —8(1—4b)(1—c)

. 1—4b<1—e>—4e+%14+(186_<§)b<1—€>—1><1‘€>+8€:9;@,6,1)

(Notice that when e = 0, both of these expressions are equal to 1_74”, the unique boundary
value for a two-step equilibrium in the CS model.) It can be shown that 67 (b,€,0) <
07 (b,€,1), and furthermore, 67 (b, €, A1) is continuous and strictly increasing in ;. Thus any
value between these two bounds is attainable as an equilibrium boundary type for appropriate
choice of A\, and allowing the first step of the equilibrium partition to use a larger proportion
of the message space shifts the boundary between the two steps to the right.

Figure 1 below illustrates the lower bound (dotted line) and upper bound (solid line) as

a function of the noise level when b = %.

9That is, 7 (b, €, A1) denotes the solution to equation (1) that lies strictly between 0 and 1.
10The deriviation of this and all other results in this section can be found in the appendix.
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Figure 1: Two-step equilibrium partitions, b = %.

Case 2: b > %. A two-step equilibrium exists as long as A\; # 0. In this case the lower
bound on the set of equilibrium boundary values is 0, and 07 (b, €, A1) approaches this value
as A\; tends to 0. The upper bound on 67 (b, €, A1) is given by the same expression as before,
and is again attained when \; = 1. As before, 67 (b, ¢, \;) (when defined) is continuous and

strictly increasing in A;.

3.2 An infinite partition

We now show that, unlike in the CS model, there are equilibria of the noise model with

infinitely many steps.!! Such equilibria exist as long as the level of noise is high enough.

Proposition 7 If ¢ > (1+2—x/b%)2’ then there exists an equilibrium of the moise model with

infinitely many steps.

Note that the level of noise required is increasing in b, and tends to 0 as b tends to

0. The proof of Proposition 7 (in the appendix) is constructive. To give some flavor of

A recent paper by Gordon [9] also demonstrates the existence of equilibria with infinitely many steps in
a framework that is based on the CS model. Gordon adopts a reduced-form approach in which the receiver’s
preferences are represented indirectly by a mapping from sets of types to actions; intuitively, this mapping
gives the receiver’s ideal action if the sender’s message indicates that her type is in a given set. (Note that
in the noise model (unlike the CS model), this mapping would depend on the coding of messages, and thus
could not be treated as exogenous.) Gordon’s Theorem 4 states that equilibria with infinitely many steps
exist as long as preference satisfy a moderate audience condition, which says that the lowest sender type
has a negative bias while the highest sender type has a positive bias. To establish their finiteness result,
Crawford and Sobel impose restrictions on preferences that rule out the moderate audience condition.
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the construction, here we describe the sender’s strategy. Consider the following (infinite)

partition of the type space:

{{0},...,[0_3,0_2),[0_2,0_1),[0-1,1]},

where boundary types 6 1,0 5, ... form a (descending) geometric progression; since §; — 0
as i — —oo, the set does indeed partition [0, 1]). Types in each partition element, except the
final one [f_1, 1], randomize uniformly over a set of messages that is proportional to the size

of the element, while types in [#_1, 1] randomize uniformly over the leftover messages.

3.3 Uncountable partitions

Proposition 7 states that, as long as the level of noise is at least some threshold value, there
is an equilibrium of the noise model with a countably infinite number of steps. If € is strictly
larger than this value, we can find an equilibrium of the noise model with uncountably many
steps. This can be shown using a construction similar to that used to prove Proposition
7, except that at the left hand end of the type space (i.e. for low values of #) the sender
adopts a fully-revealing strategy, with every type sending a distinct message. For the sake of
exposition, however, we here present a weaker result (with a tigher constraint on the value

€) that can be proved by means of a simpler construction.

Proposition 8 If € > 2b, then there exists an equilibrium of the noise model with uncount-

ably many steps.

Again we relegate the details of the equilibrium construction to the appendix, describing
only the sender’s strategy here. Consider the following (uncountably infinite) partition of
the type space:

{{{0}}06[0,9*] A (‘9*37 ‘9*2] ) (‘9*27 ‘9*1] ) (‘9*17 1]} )

where boundary types 6_1,60_», ... form a descending sequence that tends to 6*. The sender

strategy is given by:

e if 0 € [0,0"], send message m = s(f) where s(-) is a strictly increasing differentiable
function with s (0) = 0;

e if ) € (0;_1,0;] (i <0), randomize uniformly over messages in ( (0;,_1 — 0%) + s (6%),
C(0; —0")+s(0")], where ¢ (1 —6") +s(6%) = 1.

Each of the singleton elements of the partition, then, sends a single message, while each

nondegenerate-interval element randomizes over some nondegenerate interval of the message

13



space. It is worth noting that each sender type in the fully revealing region, [0, 6], induces

her ideal action.

4 Welfare results in the uniform quadratic case

The results of the previous section suggest a sense in which, if the information transmission
process is noisy, more communication is possible — we found noise equilibria in which the
sender’s messages partition the state space more evenly and into more elements than is
possible in any equilibrium of the CS model; furthermore, introducing noise allows us to
construct communicative equilibria for values of b that are so high that the only equilibrium
11

—) in the uniform quadratic

of the CS model is totally uninformative (specifically, b € [Z’ 5

case).

We call any changes in the agents’ utility resulting from changes in the equilibrium
partition the strategic effect of noise. What is the source of this effect? Recall that in a
equilibrium of the CS model communication is imperfect because the sender and the receiver
do not agree on what action should be chosen for any type. In the presence of noise, the
receiver has to take into account the possibility that a given message was received in error;
his expectation of the sender’s type is a weighted average of the expectation given that
the message was transmitted faithfully and the expectation given that there was an error.
Compared with the noiseless case, the receiver’s expectations are distorted towards the ex
ante mean. In particular, the meaning of a message that signals a low type is distorted
upwards; this implies that the receiver’s action will also be distorted upwards, and hence
closer to the ideal action of the sender (given positive bias). For low types, then, noise brings
the effective preferences of the sender and receiver into closer alignment. Even though the
opposite is true for high types, this allows us to construct more informative equilibrium
partitions — either with more elements or with elements that are more evenly spaced —
than is possible in the CS model.

We are some way from concluding that noise facilitates information transmission, how-
ever. There are two negative effects of noise, which mitigate the strategic effect. First, when
errors actually occur, there is a clear loss of information (the direct effect); second, since the
receiver does not observe whether or not a given message was sent in error, he has to trade
off the losses in each contingency (the distortion effect).

To analyze the trade-off between these three effects, we need a precise measure of the
informativeness of an equilibrium: we follow Crawford and Sobel in using the (ex ante)
expected utility of the receiver for this purpose. In the uniform quadratic case, which we
continue to focus on in this section, this is equal to the negative of the residual variance

of 6 that the receiver expects to face after receiving his message. Further, it can be shown
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that (in equilibrium) EU® = EU® — b%, so this measure also gives us a Pareto ranking
of equilibria — one equilibrium is more informative than another if and only if it Pareto
dominates it. In example 1 below, we show how much of the receiver’s change in utility once
noise is introduced is due to each of the three effects described above.

Two questions naturally arise regarding the welfare properties of noise equilibria. First,
what does the most informative equilibrium of the noise model look like? And second, does
noise increase or reduce informativeness? We consider the second question first, and prove
two key results: (1) a small amount of noise is (almost) always a good thing; and (2) if the
bias is large, any amount of noise is a good thing. The first result is expressed formally in

Proposition 9.

4.1 The welfare effects of noise

4.1.1 Low noise

Proposition 9 If b < % and b # # for all integers N > 1, there exists an € > 0 such
that for all € € (0,€) there is an equilibrium of the noise model that is Pareto superior to all

equilibria of the CS model.

The proof of this proposition can be found in the appendix. We construct an equilibrium
of the noise model and show that it is more informative than every equilibrium of the CS
model for small values of €. In this equilibrium, the sender adopts a front-loading strategy,
using up almost all of the messages in the first partition element.'?. The following example

provides an illustration.

Example 1
Suppose that b = %0' We compare the receiver’s expected utility in the Pareto optimal

equilibrium of the CS model and a three-step equilibrium of the noise model, with noise

1

Ezm.

CS model
The Pareto optimal equilibrium of the CS model has two steps, with partition elements
[0,2) and [,1], and resulting EU" = — 3L = —0.0308

110 10° 1200 —

; — 1
Noise model, € = 135

12The reader may recall from the characterization of two-step equilibrium in section 3.1 above that front-
loading (i.e. setting m; = 1) maximizes the size of the first partition element. As long as the level of
noise is small, the first partition element is the smallest; increasing its size thus makes the equilibrium more
informative, ceteris paribus.

15



Consider the partition {[0,%), [%,2), [=
following strategy:

55 }} Suppose that the sender obeys the

1
Ifo e —5) randomize uniformly on [0, 1] \ {msg, ms}

1 8

It
b€ 1555

) , send message mo

8
Ifo e %5 11 , send message mg

Given the sender’s strategy, if there is an error in message transmission, then with probability
one the message received coincides with one of the messages sent by that first partition

element. The receiver’s best response is to choose actions according to the following strategy:

1
Ifm € [0,1]\ {ma,ms} is received, choose a; = i

If m = msy is received, choose ay = 50
. . 33
If m = mg is received, choose ag = 50

In each case, the action chosen is equal to the receiver’s expectation of 6 given his information.
Notice that, for the second and third partitions elements, this is simply the midpoint of the
interval. This is because messages my and m3 are sent by error with probability zero, so the
receiver can be certain that the sender’s type is in the relevant interval. This eliminates the
distortion effect except for the first (and smallest) partition element.

To check that we have an equilibrium, we need to verify that the sender’s strategy is also

a best response. This amounts to checking that the boundary types 6; = 2— and 0y = 25
satisfy the indifference conditions:
1 a1 + as L + =5 1 1
9 e — b = 10 0 - — = — \/
o5 2 2 10 25
9 | 33
b, S _te , mtwm 1 8
25 2 2 10 25
The resulting expected utility for the receiver is EUT = —%go (see the appendix for the

calculation). As we can see, the additional information conveyed by the sender more than
compensates for the loss of information through noise, resulting in a Pareto improvement
compared to the equilibrium of the CS model.

Figure 3 provides a graphical illustration of these equilibria. The boundary points are

shown above the unit interval, and the actions chosen in each case are given below.
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CS equilibrium
0 0.3 1 37

a; =0.15 a;=0.65

00.04 0.32 1 36
| EUR =———
LA A~ _ 1200

N~ —~—

a;=0.18 az = 0.66

Figure 2: Equilibria with b = %

How much of this overall change in EU” is due to the three effects discussed above?
To calculate the strategic effect, we compute the receiver’s expected utility if there were no
noise, but his information partition is the same as in the equilibrium of the noise model
{[0, 2—15) , [2—15, 2%) , [2%, 1}} (of course, this is not an equilibrium). For the direct effect, we
take this value from his utility if he had this information partition in the no-noise event, and
no information in the noise event (so we are effectively assuming that he knows whether a
given message was sent in error or not). The remaining change is due to the distortionary
effect, which isolates the utility loss resulting because the receiver cannot in fact distinguish

messages sent in error from correct ones. Table 1 shows the size of each of these effects.

Table 1: Decomposition of change in EU® when noise is introduced

—0.0308 — —0.0280 o —0.0285 — —0.0300
strategic effect direct effect distortionary effect
(+0.0028) (—0.0004) (—0.0015)

The threshold level of noise, €, below which the front-loading equilibrium generates a
Pareto improvement over the best equilibrium of the CS model is shown in the diagram

below. High values of b are omitted for the sake of clarity; € rises from 0 to 1 as b goes from %
to i, ande=1forb e [4—11, %) (see also Proposition ?? below). Clearly, € is a non-monotonic
function of b. It turns out that whenever b = ﬁ

equilibrium of the CS model is Pareto optimal in a very general class of communication

(N = 2,3,...), the most informative
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protocols'?, which includes noisy talk. When the bias is equal to these values, then, noise
cannot generate a Pareto improvement, and € = 0. For other values of b, however, a small
amount of noise can be beneficial. The further b is from these critical values, the more
potential there is for a Pareto improvement, and hence the larger the value of €. The peaks

of the graph are at b = m (N=2,3,...).

0.05

0.04 |-

0.03 -

0.02 -

0.01

h . . . . . . . . 1 . . . b
0.025 0.05 0.075 0.1 0.125 0.15

Figure 3: Maximum level of noise for a Pareto improvement

As already mentioned, the technique used to construct the equilibrium of the noise model
in example 1 is to have the sender employ a front-loading strategy, where the first partition
element uses almost all of the message space (a generalization of this construction is used in
the proof of Proposition 9 in the appendix). This strategy is effective because if the sender’s
type lies in any of the other partition elements, and her message is relayed faithfully, the
receiver can be certain that there was no error. An identical result could be achieved in
a framework where messages are simply lost (rather than garbled) with small probability.
To see how, suppose that types in the lowest partition element do not send any messages,
and all types in the other partition elements send distinct message. If the receiver observes
a message, he can be certain which partition element it came from, just as if he receives

message ms or mg in example 1; on the other hand, if he receives no message, he has to

13This result is implied by Lemma 1 of Goltsman et al. [8], discussed in more detail in section 4.2.1 below.
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balance the probability that no message was sent (and therefore the sender’s type is in the
lowest partition element) against the probability that a message was sent but it got lost (and

so her type is higher).

The role of risk aversion We have just seen that the introduction of a small amount
of noise into the information transmission process can result in welfare improvements. The
source of this welfare gain is the strategic effect: the presence of noise induces the sender
to reveal more information than she otherwise would. When ¢ is low, this effect dominates
the direct effect of lost messages. This result is perhaps even more surprising when we
consider that our agents are risk averse: utility is a concave function of distance from their
ideal actions. In fact, risk aversion helps as well as hinders. Consider the position of the
receiver, faced with a message that may have been sent in error. To minimize his expected
loss, he adjusts his action toward the ex ante expectation of §. The size of this adjustment
depends, of course, on the amount of noise, but also on the degree of risk aversion. Very
risk averse agents are more concerned about the small probability of being far from the
ideal action, and will therefore make a larger adjustment. This implies that the receiver’s
actions are less responsive to the different messages sent by the sender, who thus has less
incentive to exaggerate, so that more informative partitions are possible. It is easy to show,
however, that noise can generate a Pareto improvement even when the utility loss is a linear
function of distance from the ideal action (the risk neutral case). This contrasts with the
results of Krishna and Morgan [13]: they construct equilibria in which multiple rounds of

communication can be beneficial by leveraging the risk aversion of the sender.

4.1.2 High bias

While Proposition 9 states that a small amount of noise can generate a Pareto improvement
for almost any bias, the following observation notes that a Pareto improvement is possible

for any amount of noise if the bias is high.

11

Observation 1 For all b € [Z’ 5) and all € € (0,1) there is an equilibrium of the noise

model that is Pareto superior to all equilibria of the CS model.

To prove this result, we refer back to the characterization of the set of two-step equilibrium
outcomes in section 3.1 above. There we show that as long as m; > 0, a two-step equilibrium
exists for all b < % and € € (0,1). On the other hand, for b € [%, %) the unique equilibrium
outcome of the CS model is completely uninformative. Since the receiver is strictly better
off with some information rather than none, the result follows.

In the more general framework of section 2, the link between sender’s and receiver’s

utility is broken and equilibria cannot always be Pareto ranked. The finding that noise
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enables communication when it would otherwise not have been possible, however, seems
fairly robust. Suppose that Crawford and Sobel’s monotonicity condition (M) holds'*, and
let b* be the lowest bias level for which the unique equilibrium outcome of the CS model is
pooling (i.e. b* is the level of bias that is just too high for communication to be possible).
Then we can show that there is some b** > b* such that, for b € [b*,b**), there exists a
two-step equilibrium of the noise model, for any level of noise.!®> This equilibrium is better
for the receiver, but not necessarily for the sender, than the equilibrium of the CS model.'®

A related result is obtained by Austen-Smith [2] in a rather different context. In his
model, the sender may or may not know the value of her type; the receiver is unable to
determine whether she is informed or not (there is receiver uncertainty), and the sender is
allowed to send a message if and only if she is informed. He shows that, for a given set-up, if
there is an informative equilibrium of the CS model then there is an informative equilibrium
of the receiver-uncertainty model; but there is a range of values of sender bias for which there
is an informative equilibrium of the receiver-uncertainty model only. In this sense, receiver
uncertainty, like noise, facilitates communication. From a formal standpoint, the equilibrium
construction used by Austen-Smith to prove this result resembles a two-step front-loading
noise equilibrium of our model: Informed sender types in the first partition element pool
with uninformed sender types, sending no message, in the same way that in a front-loading
equilibrium of the noise model sender types in the first partition element can be thought of as
pooling with types who suffered from the error event; on the other hand, types in the second
partition element guarantee self-identification by sending some message (for Austen-Smith)
or by sender a specific message that is received with zero probability in the error event (in

our equilibrium of the noise model).

4.2 Optimal noise equilibria

Proposition 9 and Observation 1 describe circumstances under which we can find noise
equilibria that Pareto dominate the best equilibrium of the CS model. But we would also
like to know, for given parameter values (b and €), what is the optimal equilibrium of the
noise model. We are able to provide only a very partial answer to this question. Specifically,
for given b, we are able to find the optimal equilibrium of the noise model if € is a choice

variable (section 4.2.1). For arbitrary b and arbitrary e, however, we do not know what

14See page 1444 of Crawford and Sobel [4], or the discussion preceding the proof of Proposition 5 in the
appendix below.

5 Details are available from the authors upon request.

16 Crawford and Sobel’s Theorem 5 states that (under condition (M)) the sender strictly prefers equilibria
with more steps to equilibria with fewer steps. This need not be true in the noise model: in a two-step
equilibrium, some sender types face the risk (in the noise event) of actions that are further away from their
ideal than can occur in an uninformative (one-step) equilibrium.
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optimal equilibria look like. We have been unable to solve this problem even if attention
is restriced to equilibria with a given number of steps. Further, unlike in the CS model'7,
equilibria with more steps do not necessarily Pareto dominate equilibria with fewer steps.
First, equilibrium partitions of the noise model with more steps may nevertheless divide the
state space less evenly than equilibrium partitions with fewer steps, and hence provide less
information. Second, the coding of messages is also important: in general, the more messages
that are used by a given partition element, the more distortion is created, since it is harder
to distinguish whether such messages were sent by error or not. For a given partition, then,
a particular coding will minimize the distortion effect (perhaps having all of the messages
sent by the smallest partition element). But changing the coding changes the equilibrium
partition, and there might be a trade-off between the kind of coding which minimizes the
distortion effect and the kind of coding which generates the finest partition (i.e. maximizes

the strategic effect).

4.2.1 The optimal level of noise

Proposition 9 says that as long as the level of noise is low enough, we can find an equilibrium
of the noise model that Pareto dominates the best equilibrium of the CS model. We proved
this proposition by constructing a front-loading equilibrium in which the sender types in
the first element of the equilibrium partition used almost all of the message space. Now
suppose that we are free to choose the level of noise. Within this class of equilibria, it is
easy to compute the optimal level of noise, i.e. the level which maximize the receiver’s (and
sender’s) expected utility.

We show in the proof of Proposition 9 that the receiver’s expected utility in this kind of

equilibrium is given by

AP (N =2) (N =1 N+4b(N =1’ 2N = 1) 6, + (2N — 1) 6, — 1)°

EUR = 2
12(N —1)

Y

where N = [X/—B—J is the number of steps in the equilibrium, and #; is the boundary type
between the first and second partition elements (see page 43 below). The value of 6, of
course, depends on the level of noise, €, and is given by equation 10 (page 42). Maximizing

EU! with respect to §; we obtain

1—2b(N —1)°
2N —1
(1—2b(N —1)*) (1 - 2bN?)

4(N-1)NOD+02(N-1)N—1)

01 , and hence

17 Again, restricting attention to the uniform quadratic case.
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Figure 7 below shows ¢* as a function of b. Values of b above 1 are omitted for the sake of

6
clarity. The function continues to rise for b > %, and €* (b) — % as b — % Note that for
b= # (N = 2,3,4,...), the optimal level of noise ¢* = 0 — as Proposition 1 states, for

these values of b there is no equilibrium of the noise model that Pareto dominates the best

equilibrium of the CS model.

€

0.025 |
0.02 -
0.015 |
0.01 |

0.005 |

! ! ! b
0.025 0.05 0.075 0.1 0.125 0.15

Figure 4: €* as a function of b

Substituting the optimal value of #; into the the expression for the receiver’s expected
utility, we get
1
EUR = —55(1 —b).

This value of the expected utility is exactly the same as can be achieved by the very different
equilibrium construction considered by Krishna and Morgan [13], although their construction
is valid only for values of b < §. More significantly, Goltsman et al. [8] show that —3b (1 — b)
is an upper bound on the utility that the receiver can obtain in any mediated equilibrium®®
(see their Lemma 1). A fortiori, it follows that the front-loading construction with noise

level e*gives us the optimal equilibrium of the noise model.

18That is, in any equilibrium in which the sender can submit her message to an impartial mediator, who
then passes on a recommendation to the receiver according to some pre-determined and possibly stochastic
rule. Clearly such a mediator could reproduce the effect of noise in our model, so a noise equilibrium is a
special case of a mediated equilibrium.
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5 Comments and Extensions

5.1 Error probabilities that are correlated with messages

In this paper we have explored the impact of noise on communication, where the noise
mechanism takes a very specific form: both the probability of error and what happens in the
event of error are independent of the original message sent. We now consider what happens
if we relax the first assumption, allowing the probability of error to vary across messages;
relaxing the second assumption is left for future research.

Consider the uniform-quadratic model introduced in section 3, except that the probability
of error is a continuous function of the message, ¢ : [0, 1] — (0,1), so that when the sender
sends message m, with probability 1 — ¢ (m) the message is faithfully transmitted and with
probability e (m) the received message is a draw from the uniform distribution on M. Call
the resulting model the correlated-noise model. It turns out that in this framework, it is
possible to establish a result that is analogous to Proposition 9. First we show (Lemma 1)
that if there is an N-step front loading equilibrium of the noise model with noise level e,
then there is a N-step equilibrium of the correlated-noise model that is arbitrarily close to
it, as long as € is in the range of ¢. The welfare result (Proposition 10) follows easily from

this lemma.

Lemma 1 Consider the noise model with noise level €, and the correlated-noise model with
error function e, where ¢ is continuous and includes € in its range. Suppose that there is an
N-step front-loading equilibrium of the noise model which yields expected utility EU® for the
recetver. Then for any n > 0, there is an N-step equilibrium of the correlated-noise model
that yields expected utility EU'? for the receiver, where ‘E UR - EU 'R| <.

The proof of Lemma 1 can be found in the appendix. We show that it is possible
to construct an N-step front-loading equilibrium of the correlated noise model where each
interval 2,..., N of the equilibrium partition uses a single message with noise level very
close to €, while the first interval randomizes over all remaining messages in such a way that
whichever of these messages is received, the receiver’s posterior probability of an error is
the same. It turns out that this probability depends only on the errors associated with the
messages sent by intervals 2, ..., N, and is also very close to the corresponding probability in
the N-step equilibrium of the noise model. Hence the indifference conditions for boundary
types are very similar across the two models, and we can therefore find an equilibrium of
the correlated noise model with almost the same equilibrium partition, and almost the same
actions induced, as in the equilibrium of the noise model. Furthermore, it is easy to see
that this equilibrium induces an outcome (joint distribution over types and actions) that

is very close to that of the N-step noise equilibrium: Although types in the first interval
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send a range of messages associated with different noise levels, they induce some action a,
(where a; is close to the corresponding value in the equilibrium of the noise model) with
probability one whether there is an error or not; and types in each other interval ¢ induce
some action a; (again close to the corresponding value in the equilibrium of the noise model)
with probability close to 1 — ¢, and action a; otherwise. This gives the required result.

Proposition 10 follows immediately from Lemma 1.

Proposition 10 If b < % and b # ﬁ for all integers N > 1, then there exists an € > 0
such that if e (m) < € for some m, there is an equilibrium of the correlated-noise model that

1s Pareto superior to all equilibria of the CS model.

As long as there are some messages associated with low enough error, then, we can find
“good” equilibria of the correlated noise model even if the error is very high for almost all
other messages. All of these unreliable messages will be sent by the first interval of types.

Finally, it is worth noting that if the range of the error function includes €*, the optimal
level of noise derived in section 4.2.1 above, the same construction can be used to find an
equilibrium of the correlated-noise model that yields expected payoff for the receiver that is

arbitrarily close to its upper bound in any mediated equilibrium, —%b (1-0).

Proposition 11 Consider the correlated-noise model with error function e, where ¢ is con-
tinuous and includes €* in its range, and let EUT denote the set of equilibrium payoffs that

are attainable for the receiver in this model. Then sup EUT = —3b(1—0).

5.2 Noisy talk with common interest

Although the focus of this paper is on the interaction between noise and divergent interests,
it is instructive to consider the effects of noise in the common interest case, where b = 0.
Recall that an equilibrium is separating if every sender type induces a different outcome.
Without noise, there is a separating equilibrium where the sender follows the “natural”
strategy of sending message m = 6 when her type is 6, and the receiver chooses action
a = m. But this is not an equilibrium when there is noise. The reason is that under this
sender strategy, the posterior probability of an error having occurred equals the prior, .
Thus, following each message the receiver will attribute this probability to the event that
this message was the result of noise and therefore distort his response toward the pooling
response, choosing action a = (1 —¢€)m + e%. A rational sender would try to offset this
distortion by deviating from the rule m = . This illustrates nicely the distortionary effect
of introducing noise: Even in the common-interest game sender and receiver cannot simply
continue to use the strategies that “work” in the absence of noise. Our next result shows that

nevertheless a separating equilibrium does exist for any value of the error probability e. The
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fundamental idea underlying the construction of such an equilibrium is to have the sender
use only a small subset of the message space. Then whenever a message from this subset is
received, the posterior probability that it was not sent by error is high. As the size of the
set of used messages converges to zero, this posterior probability converges to one. Denote
the common expected payoff in a separating equilibrium of the common-interest game with
error probability € by II (¢). Note that the pooling payoff, II,, is independent of the error
probability (in the uniform quadratic case considered here, I1(0) = 0 and II, = —%, but
it is easy to see that the proof is easily extended to the more general model introduced in

section 2.1).

Proposition 12 The common interest game has a separating equilibrium. In this equilib-
rium the recewer learns with probability one whether or not a received message was sent in
error. Equilibria of this form are efficient in the common interest game and have a common
expected payoff

II(e) = (1 —€) I1(0) + €I,

Proof. Take any set M° C [0, 1] that has the same cardinality as the set [0,1] and at the
same time has (Lebesgue) measure zero (for example, M° can be the Cantor set). Since M°
has the same cardinality as [0, 1], there exists a sender strategy that is a bijection from the
type space [0,1] in to M°. At the same time, since the the error distribution has a density,
sets of (Lebesgue) measure zero have probability zero; it follows from Bayes’ rule that the
probability of an error following a message m € MY equals zero. Therefore, whenever he
receives a message in M° the receiver knows that with probability one the message was
not sent in error. In that case, given that the sender’s strategy is a bijection, the receiver
correctly infers the sender’s type. Similarly, whenever he receives a message in [0, 1]\ M?, the
receiver knows that with probability one the message was sent in error. Regarding efficiency,
it suffices to consider receiver payoffs. Conditional on each event, noise or no-noise, the
receiver maximizes his payoff. Therefore he maximizes his ex ante expected payoff. The fact
that the expected payoff II (¢) has the indicated form is a simple consequence of the receiver
taking the separating action in the no-noise event, and the pooling action in the noise event.
Finally, note that since all sender types receive their ideal action in the no-noise event and

cannot affect the action taken in the noise event, the sender has no incentive to deviate. m

As an aside, we observe that Theorem 4 of Gordon [9] can be used to show that there
is an alternative, proportional-coding equilibrium (see example 2 in section 4.2 above) with
an infinite partition, in which types in partition element [#;_;,#;) randomize uniformly over
the interval [f,_1,6;) . These equilibria have the the intuitive property that types in a given
element of the equilibrium partition use only messages in the same set. Since these equilibria

do not make optimal use of the available information, however, unlike equilibria in which the
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set of used messages has measure zero, they are not Pareto optimal. Therefore, we have the
additional observation that in the common-interest game there are multiple Pareto-ranked
infinite-interval partition equilibria.

Returning to the construction used to prove Proposition 12, a referee has observed that it
relies on the message space being a continuum, so we can find an uncountable set of messages
that nevertheless has measure zero. In the finite case, separating equilibria may not exist
if the cardinality of the message space is close to the cardinality of the type space and the
level of noise is sufficiently high. But we now show that, as long as the message space is
large enough, separation can be achieved through a construction analogous to that used in
the infinite case.

Let K be a positive integer and consider the finite set of types 7' (K) = {6 € [0,1] |
0=mnx % for some n € NO} , each of which is equally likely. First, to show why separating
may be impossible, let the message space be identical to the type space!?, and suppose the
error distribution is uniform. In a candidate separating equilibrium, the receiver’s response
to the message sent by the lowest type (# = 0) would be the action ag = (1 — €) 0+ €3, while
his best response to the message sent by the second lowest type would be a; = (1 — €) % + e%.

For incentive compatibility, type 0 = % must prefer a; to ag, i.e.

1 ? 1 ?
(o) = (o
=€ < ;
- K-1
If € is above this threshold, then, no separating equilibrium exists (in fact, this condition is
a necessary and sufficient condition for the existence of a separating equilibrium).

If we fix K and €, however, but increase the size of the message space, we can always
find a message space large enough that a separating equilibrium exists. Suppose that each
sender type sends exactly one (distinct) message. Then as the message space grows, the
receiver’s response to a message sent by type 6 converges to 6 for all § € T'(K). Formally,
if the receiver observes the message sent by type 6, his best response is given by

1

CL9:<1—M)9+M§>

where )

E_
|M]

=g

1 1
K1 T €T

19Tf the message space is smaller than the type space, separation is impossible for a trivial reason.
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is the receiver’s posterior probability that the message was sent in error. As |[M| — oo,
1 — 0 and so ay — 6. Hence, for a sufficiently large message space, each sender type strictly
prefers to send the message assigned to her then any message sent by the other types, or one

of the unsent messages (to which the receiver’s best response is action a = %)

6 Conclusion

In this paper we have examined two principal barriers to communication, misaligned pref-
erences and the possibility of misunderstandings, and their interaction. We find that while
each of these factors limits communication on its own, the possibility of misunderstandings
may help partially overcome the limitations due to divergent preferences. We have shown
that introducing a small amount of noise into information transmission can almost always
benefit communication. When noise levels continuously vary across a sufficiently large range
of messages, there are equilibria that approximate optimal mediated communication. In the
case of extreme biases, introducing noise may enable communication when it would otherwise

not have been possible.

A Proofs and calculations

Before proving Proposition 1, we start with two lemmas:

Lemma 2 If type 0 induces actions a1 and as with a; < as, then there exists n > 0 such

that types in (0 —n,0) induce action a; and types in (0,0 + n) induce action as.

Proof. Concavity of the sender’s payoff function in a implies that a; < a® (0,b) < ay
(where a® (0,b) denotes type 0’s ideal action). Continuity of the sender’s payoff function
and the single crossing condition (U, > 0) imply that there is a nonempty open set of
types (0,0 +n,) such that for all &' € (0,0 +n,) we have a® (0,b) < a® (0',b) < ay. Type
0"’s payoff is decreasing to the right of ay and by single crossing, 6 prefers a, to all actions
a € (—oo,a1). No action a € (ay,az) is induced in equilibrium because otherwise type 6
would have an incentive to deviate. This shows that all types in (0,0 + n;) must induce
action as. An analogous argument shows that we can find a nonempty open set (6 — 7, 0)

such all types in that set induce action a;. Choose n = min{7n;,7,}. ®

Lemma 3 In every equilibrium of the noise model, for every action a, the set of sender
types who induce action a is an interval. If this interval has a nonempty interior, then all

types in the interior induce only action a.
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Proof. If a is induced by only one type, the result holds trivially. If types 6 and §’ with 6 < ¢’
both induce action a, then types 6" € (6, 6') never induce an action a; > a, because otherwise,
since Uih(a, 0,b) > 0, type 0 would strictly prefer a; to a; similarly, types 6" € (0, 6') never
induce an action ag < a, because otherwise by single crossing type 6 would strictly prefer ag

to a. Hence types in the interval (0,6") induce only action a. ™

Proof of Proposition 1. The main result now follows easily: Lemma 2 implies immedi-
ately that there is at most a countable number of types who induce two actions and that the
receiver’s response is not altered if we have all such types switch to induce only one these
actions. With each type inducing exactly one action, Lemma 3 implies that each of these

actions is induced by an interval of types. m

Proof of Proposition 2. For any interval I in the partition of types induced by the sender
strategy o, let M be the union of the supports of the distributions o(-|f) over all § € I.
Since types in distinct intervals induce distinct actions, I # I’ implies M; N My = (). The
receiver’s payoff from choosing action a conditional on observing message m € M is given
by

/0 U (a, 0)p(0|m)do.

Maximizing this expression with respect to a is equivalent to maximizing

ACWW®Wfdde+wwmﬂWw

Since a(m) is a common maximizer for all m € M, it also maximizes

/M /O U%(a,0)((1 — €)a(m|0) + eg(m)) f(0)dbdm
_ / U™(a,0)(1 — €) £(0)d6 + / VP (. 0)e / o (010

I 0 My
Maximizing the latter expression, however, is equivalent to maximizing
[0 - 92 0yan + [ 0% 0)eqtm) 00,
I Jar, 9(m/)dm 0

which is exactly the problem that the receiver solves after receiving a message m € M; when

all types in I use the common distribution fLm?, on M;. m
ay 9(m)dm

Proof of Proposition 3. First, assume that there is a type 6y whose ideal action is the

pooling action, a,. Suppose there is a set M, of unused messages that has positive measure.
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Whenever the receiver observes a message mg € My, the receiver’s optimal reply a(myg)

satisfies

a(mg) = argmax/o UR(a,0)f(6)do.

a

By assumption a(myg) is the ideal action for type 6y. Since this type could induce this action
by sending one of the unused messages, he induces it in equilibrium. Consider first any
equilibrium in which the set of types, Oy, who induce the same action a(mg) as 6y has

positive probability. Using M (0,) to denote the set of messages used by ©y, we have

= arg max RCL — € g(m) 1 RCL €eglm
otmo) = argms || 0% 01 = LR 100+ [ U 0 0)eq(m) )00

Since a(my) maximizes the second term of this expression, it must also maximize the first

term. Therefore, we also have

= arg max RCL — € g(m) 1 RCL €egLm
alme) = argms | U%(0.0)(1 = ) p—E @t + [ UM Oealm 01,

which is the receivers best response if we change the sender’s strategy so that types in ©g
randomize over My U M (6y) according to the error distribution restricted to that set. Next
consider any equilibrium in which the set of types ©( has probability zero. Having all these
types randomize uniformly over MU M (0,) does not alter the receiver’s posterior after any
message and thus preserves equilibrium.

Now we deal with the case where there is no type whose ideal action is the pooling
action. Since b > 0 and U is continuous, every type’s ideal action must be larger than
a, (a®(0,b) > a, for all @ € T). If the equilibrium under consideration is pooling, the
conclusion follows immediately. If not, then we can find two actions, a; and as, induced in
equilibrium with the property that a; < a, < as. It follows easily that there cannot be any
unused messages: sending an unused message would induce action a,, which is preferred by

every type to action a;. B

Proof of Proposition 4. The result is immediate if M and M’ have a different number
of elements; therefore let both have NV elements. Consider an equilibrium of the noise model

that is adapted to M, where T, ..., Ty are the elements of the equilibrium partition. Define

o (T}, M;) = arg max /T U (a,6)(1- ) £ (6) d6 + /O U™ (a,0) des (M) £(6)d6.

a
T

Since types in T; randomize with the error distribution over messages in M;, the receiver’s

equilibrium response a; to a message m € M; satisfies a; = a (T;, M;) . If \g(M]) # Aa(M;),
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then a (T3, M!) # a (T}, M;) , unless we have

1
arg max/ Uf (a,0) f (0)df = arg ma,x/ UR (a,0) f () do.
e Jr @ Jo
This condition, however, can be satisfied for at most one T;, while for any M’ that is G-
distinguished from M, there must be at least two partition elements 7} and T}, such that
the corresponding message sets satisfy X (M;) # A (M) and X (M) # A (M]). It follows
immediately that O(M)NO(M’) = (), as required. In contrast, for any two M and M’ that
are not G-distinguished, we have a (T;, M]) = a (T;, M;) for all i, and therefore any outcome
of an equilibrium that is adapted to M can be reproduced as an outcome of an equilibrium

that is adapted to M’ and vice versa. m

Before proving Proposition 5, we provide a formal restatement of Crawford and Sobel’s
monotonicity condition (M). In the CS model, let acs (0;—1.0;) denote the receiver’s best

response to a message that indicates only that the sender’s type lies in (0;-1 0;) , i.e.

0;
acs (0i—1.0;) = arg mal\,x/ Ut (a,0) f (0)do.

a
0i—1

Consider the second-order difference equation
U* (ags (0i-1,0:) ,05,0) = U (acs (0, 0i41) , 6:,b) . (2)
Then condition (M) says:

(M) Suppose (Ao, 01, ...,0y) and (6,0, ... ,0%) are two solutions to equation 2, and 6, = 6;,
and 0; > 0}. Then 6; > 0’ for all i > 2.

Proof of Proposition 5. Denote the boundary types of the N-step CS partition by
0r, i =1,...,N — 1. Let a(0;_1,6;, M,e) = a(T;, M;), where T; = (0;_1,6;), M; is the
ith component of M and a(T;, M;) is as defined in the proof of Proposition 4 above (so
a(0;—1,0;, M, ¢€) is the receiver’s best response to messages in M; when types in (6;_1,0;)
randomize over messages in that set according to the error distribution and when ¢ is the
level of noise). We can view M as a point in the N —1 simplex AV, Then, a is a continuous
function on the set {(0;_1,6;) | 6;-1 < 0;} x AN~ x [0,1] (where in this instance (6;_1,6;)
denotes an ordered pair rather than an open interval); this follows from continuity of U, the
theorem of the maximum and the fact a(0;_1,0;, M, €) is a singleton for all (6;_1,0;, M, ¢€). It
follows from the singe-crossing condition, U{f > 0, that a (0;, 0,1, M, €) is strictly increasing

in its first two arguments.
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Next, define

V (gi—la gia 9i+17 M7 €, b) = US (CAL (0% 6i+17M7 6) 701'7 b) - US (CAL (Qi—179i7M7 6) 70i7 b) .

Continuity of a and of U® implies that V is continuous on the compact set
{(0;21,0:,0541) | 0,21 < 0; < 001} x AN=1 % [0,1] x {b} (whatever the value of b). Therefore
V' is uniformly continuous on this set.

Vv (9’-‘ 07, Tiy1, M, 0, b) is a strictly decreasing function of 7,4 in a neighborhood of 07 ;.

i—1: Y5,
This follows from V' (0;_,, 67,07, M,0,b) > 0,V (0;_y, 67,07, M,0,b) =0, a(0;,0;11,M,0)
strictly increasing in ;,; and strict concavity of U (a,f) in a. This implies that there
exist 7/, and 7/, with 7}, < 67, < 7/ such that V (6;_,60;,7},,,M,0,b) > 0 >
V(0;,,0;,7/,,,M,0,b). This and the uniform continuity of V  on
{(0;21,0:,0;41) | 0,21 < 0; <01} x AV x [0,1] x {b} implies that there exists 7, > 0
such that for all 7,y € [0;_; —ny,0;_ +n,], for all 7; € (0] —ny, 0 +n,], for all € € [0,7,]
and for all M, we have V' (Ti,l,Ti,T;H,M,e, b) >0>V (Ti,l,n,ﬁ;l,/\/l,e, b). Hence,
the intermediate value theorem implies that for all 7,_; € [«9;‘71 -y, 07, +77J , for all
Ti € |07 —ny, 07 +n,], for all € € [0,n,] and for all M, there exists 7,41 (7;_1, 7;, M, €) such
that V (751,74, Tix1 (Tiz1, 75, M, €) , M, €,b) = 0.

Furthermore, from V(Ti,l,Ti,T;H,M,e, b) >0>V (Ti,l,Ti,Tg’Jrl,./\/l,e, b), the fact
that a (7;,7i41, M, €) is strictly increasing in 7,,; and strict concavity of U® in its first
argument, it follows that 7,1 (7,_1, 7;, M, €) is unique. In conjunction with the continuity
of V, this implies that 7,1 (7;_1, 7;, M, €) is continuous for all 7;_; € [9:_1 —ny, 07, + 7]1} ,
for all 7; € [0; —ny,0; +n,], for all € € [0,7n,] and for all M.

Iterating on ¢, this implies that there exists » > 0 such that for all M, for all 8, with
|01 — 07] < n and € that satisfy e < ), there exists a solution 6; (61, M, ¢€) fori =0,...,N—1

to the difference equation
US (d (Qi—h gia M7 6) ) eiv b) = US (d (017 0i+17 Ma 6) ) Hia b)

with initial values 6y = 0 and 6, and that the solution is continuous on this domain.
Define

W(é’l,/\/l,e) = US (& (QN—l (01,/\/1, 6) , 1,M, E) ,QN_;[ (91,./\/1, 6) ,b)
_US (d (QN—Q (917/\/‘7 6) 79]\/—1 (glyMa 6) aM7€) 70N—1 (017M7€) 7b)

The continuity of 6; (61, M, €) implies that W (61, M, ¢) is continuous on the compact set
07 — 1,07 +n] x [0,1] x AN=! and therefore uniformly continuous on that set. This implies
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that for all ¢ > 0 we can find € > 0 such that ¢ < € implies |W (61, M, €) — W (61, M,0)] < ¢
for all M and all 0, € [0] —n, 07 + n]. Since W (61, M, 0) does not depend on M, we have
that for all ¢ > 0 there exists € > 0 such that € < € implies |W (6,, M', ) — W (61, M,0)| < ¢
for all M, M’ and all 0; € [0] —n,0] + 1] .

Consider 6] € (07 —n,07), and 0] € (01,07 +n) such that Oy_; (#7, M,0) < 1. Then
condition (M) implies that

W (07, M,0) <0< W (0], M,0)

for all M. Then it follows from our earlier argument that we can find €¢ > 0 such that € < €
implies that
W (07, M,e) <0< W (6], M,e)

for all M. Hence, by the intermediate value theorem, for all € < € and for all M there exists
@, for which
W(@l, M, 6) = 0.

It is easy to see, for this 1, that the boundary values 01,605 (61, M,€),...,0n_1 (01, M,¢€)
describe an equilibrium partition that is adapted to M.

Finally, if we denote the corresponding sender strategy by o., uniform continuity of
0; (01, M, €) on the set [0] —n,0] +n] x [0,1] x AN=! implies that for any § > 0 we can
choose € such that for any ¢ < € we have |P(o.) —P(0)] < J. m

Proof of Proposition 6. Suppose that there is a separating noise equilibrium. Then by the
single-crossing condition (U{}(a, ) > 0), w is strictly monotonic. Therefore w is continuous
except at a countable number of types. Let 6 be a point of continuity of w and suppose that
w (0) # argmax, U° (a,0,b) . Then we can find a type ¢ near 6 such that both types either
prefer w (0) to w (#') or prefer w (6') to w (A), violating incentive compatibility. It follows
that w (0) = argmax, U® (a, 0,b) at all  at which w is continuous. For any n > 0 we can find
f such that 1 — 0 < n and w is continuous at . Furthermore, we can choose 7 small enough
to ensure that the receiver’s optimal response to the message sent by type 6 is less than
arg max, U (a,0) . This implies w (f) < argmax, U? (a,0) < argmax, U* (a,0,b) = w (0),

establishing a contradiction. m

Derivation of two-step equilibria. Recall that we impose the following restrictions on
parameters: 0 < b < %; 0 <e<1;0< A\ < 1. We are interested in two-step equilibria
where types in the first interval, denoted [0, 0;) , randomize uniformly over messages in Mj,
and types in the second interval, [0, 1], randomize uniformly over messages in Ms, where
MyN My =@ and M; UM, = [0,1]. Let \; denote the mesaure of M; according to the error

distribution, and therefore 1 — m; the measure of M. The actions chosen by the receiver on
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receiving messages in M; and M, are respectively

(1—€) 012 + eXr3
(1—6)91+6)\1
(I—e)(1—0) 2L +e(1—N)
(1—€)(1—0)) +e(l—\)

a; =

1
2

o =

Equilibrium requires the sender to be indifferent between a; and ay when 0 = 64, i.e.

a1 + as

0, +b= : (3)

Furthermore, since a; < ay for #; € (0,1), equation (3) along with the condition that
0 < 0y < 1 is sufficient for equilibrium. We use 67 (b, €, A1) to denote such a solution, when
it exists.

Rather than analyzing the set of equilibria for various values of b, as we did in section
3.1, it is more convenient to consider different values of \;. The results below establish all

of the claims made in section section 3.1.

A1 = 0:  Substituting A\; = 0 into the expressions for a; and ay and simplifying, we obtain:

a1 + as . 1—|—61—2(1—€)9?
2 4(1-(1—¢b)

We can then solve equation (3):

2
N e
= (0 D)A1—(1—)0) =140, —2(1— )62
= 2(1—€) 0] —(3—4b+4be)0, +1—4b=0
3—db+ dbet /(3 — b+ dbe)® — 8 (1 — ) (1 - 4b)
4(1—c¢)

=

It can be shown that the relevant solution is the smaller one, which lies strictly between 0
and 1 if and only if b < i. Thus a two-step equilibrium exists for b € (0, i), with boundary
type

3 — b+ dbe — /(3 — 4b+ 4be)? — 8 (1 — ) (1 — 4b)

67 (b,€,0) = YT

Ifbe [i, %] , there is no two-step equilibrium.
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A1 = 1:  Substituting A; = 1 into the expressions for a; and ay and solving equation (3), we

obtain:
ai+as  2e+0;+2(1—¢€)06;

2 N 4(€+(1—€)61)

We can then solve equation (3):

2
brb= 264+(f :212516) 961))91
= (O +b)d(e+(1—€)0)=2e+0,+2(1—¢€)6?
= 2(1—€)07 — (1 —4b(1 —¢) —4€)0; —2¢(1 —2b) =0
1—4b(1— ) —de /1 +85(1— ) + 1662 (1 - o)° + 8¢
4(1—c¢)

:>6)1

It can be shown that the relevant solution is the larger one, which lies strictly between 0 and

lallbe (0, %) . Thus a two-step equilibrium exists for b € (0, %), with boundary type

1—4b(1—6)—46—|—\/l+8b(1—e)+16b2(1—6)2+86

07 (b,e,1) = =0

A1 € (0,1): When A\ € (0,1), equation (3) reduces to a cubic and finding an analytic
solution is cumbersome . However, we can show that the equation has exactly one solution

that lies (strictly) between 0 and 1 for all b € (O, %) . To see why, notice that at #; = 0,
01 +b < 852 = %, while at 0; = 1, 6 +b > 432 = % Since both 0y + b and 4322

are continuous in ¢, equation (3) is satisfied for at least one value of #; € (0,1). To show

uniqueness, notice that

d :
d_91 (91 + b) = 1, while

0 <a1+a2> _ 1 e(I1—=X)(1—€e\) e(l—e(l=X)) N\

1
_ — < —.
00, \ 2 2 (I—e(M—0)—0)" (e —6)+6) 2

Further, since 4392 is continuous in A\; € (0,1), the equilibrium boundary type 6; (b, €, A1)

is also continuous in \;. To show that 07 (b, €, A1) is strictly increasing in A;, note that (for

given 6,)
Ou _ U=9ell=0)0 o g
a/\1 2 (6 ()\1 — 91) + 91)
3(12 (1—6)6(1—91)01

8/\1 2(1 —6(/\1 —01) +01)2
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SO

0 ay + as

Thus when we increase A, the left hand side of equation (3) is unchanged, while the right
hand side shifts up, for every value of 6;; since the right hand side intersects the left hand side
from above, the (unique) point of intersection must also increase. Intuitively, this means that
allowing the first step of the equilibrium partition to use a larger proportion of the message
space shifts the boundary between the two steps to the right.

Finally, we show that all boundary values between the lower bound of 6, (b, ¢,0) (if b < 1)
or 0 (if b > 1) and the upper bound of 6, (b,€,1) can be achieved by appropriate choice of
A1. First note that %% = @ (), 6,) is continuous in Ay € [0,1] for all #; € (0,1). So
limy, 0@ (A1,601) =@ (0,6;) and limy, 1@ (A\,61) =a(1,6;), for all #; € (0,1), and hence
limy, o 61 (b, €, A1) = 01 (b, €,0) if b < 7 and limy, ., 0 (b€, \y) = 0y (b,¢,1). Tt remains to
show that limy, .90 (b,e,\;) = 0 if b > i. To see this, fix some 6; > 0, and notice that
limy, 0@ ()\1, 91) = (A1, 0). Further,

<
< (91+

It follows that for \; sufficiently close to 0, the (unique) relevant solution to equation (3),

01 (b, €, A1), must be less than 0;. Since 6; was chosen arbitrarily, we have the desired result.

Proof of Proposition 7. The proof is constructive. Consider an (infinite) partition of

the type space of the following form:

{{0} PR {0—37 6—2) ) {0—27 6—1) ) {0—17 1]} )

where 0; 1 < 6; and 0 < 0; < 1 for i < —1, and lim; , o 60; = 0 (so the set does indeed
partition [0, 1]). Suppose that type 0 = 0 sends message m = 0; all types 6 € [0;_1,0;)
(i < —1) randomize uniformly over messages in [(0;_1, (6;) ; and types 0 € [0_;, 1] randomize
uniformly over messages in [(0_1,1] (C is a constant whose value will be determined later).

Consider the receiver’s best response to this strategy of the sender. Conditional on receiving
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a message m € [(0;_1,(0;), the receiver’s posterior belief that the message was received in
error is given by

€C (Qi - Qi—l) €C

= (1—6) (Qi—gz‘_l)—f—EC (01‘—01‘_1) (1—6)*}‘6{‘

Thus the receiver’s optimal action, a;, solves

0; 1 1
mgx(l—n)/ —(0—@)20A_0_1d9+77/0 —(0 — a)?do

0;_1
0, +0;,_1

1
—1—775 (for i < —1).

On receiving a message m € [(0_1, 1], on the other hand, it is easy to verify that the receiver’s

optimal response is to choose action

1—e)(1—0_1) 2 4 e(1—¢o-1)1
(1—€)(1—0_1)+e(l—COy)

ag —

Turning now to the sender’s strategy, we need each sender boundary type 6; to be indifferent
between inducing action a; and action a;1, i.e.

9i+b:M(

for i < —1).
Notice that each of these indifference conditions (except for 6_;) involves 0;.1, 6; and 6;_;.

Solving for #;,,, we obtain the second-order difference equation

2+

2 4b — 2
Oip1 = 1 7791' — 0,1 + !

- IL—n

(for 1 < —2).

We have said nothing yet about the value of (. Let

_2b(1—¢)

C_eﬂ—Z@’

so that n = 2b (Notice that ( > 0 as long as 0 < b < %) Then a solution to this difference

equation is '
1-V2b\
0;i1=0_ —b (1=...,-2,—1,0).
14++v2b

As long as we choose a value of _; € (0,1), we have §;,_; < #; and 0 < 0; < 1 for i < —1,

and lim;_,_, 0; = 0, as required.
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The remaining indifference condition fixes the value of 6_1:

0, +b = alT—HlO
1—v2b
=0_,

1+ /e

For this construction to work, we need to make sure that the sender’s strategy described at
the beginning of this section is well-defined, i.e. there are some messages left over for the

final interval of sender types to send. This requires

A

=€ 2>

IA
—

2b

(1+\/2_b>2

Note that a very similar construction can be used to demonstrate the existence of an
N-step equilibrium for any finite N > 3 (section 3.1 above deals with the case where N = 2)

To see how, consider the N-step partition
{{07 91,]\[) ) [017N7 92*]\7) Yty [9*27 971) ) [9*17 1]} :

Suppose that the sender adopts the same strategy as before, with types 6 € [0;,_1,0;)
(1 < —1) randomizing uniformly over messages in [(0;_1,(0;) and types 6 € [0_;, 1] ran-
domizing uniformly over messages in [(f_1,1]. The indifference conditions for boundary
types 01_n,...,0_5 yield the same second-order difference equation as above. Solving this
equation, with the boundary condition #_n5 = 0 and treating 6_; as a parameter, we can
compute a_; (the action corresponding to the penultimate step) as a function of 6_;. For
any given #_q, the value of a_; will be lower than in the infinite case, since the steps are
more spaced out. The final indifference condition, therefore, gives a lower value of #_1, so

the threshold value of € required for this construction to work is strictly lower than before.

Proof of Proposition 8. Consider the following partition:

{{{e}}ee[oﬁ*] v (0-3,0-5], (00,0_1], (61, 1]} :

where 0, 1 < 0; and 0 < 0" < 0; < 0y = 1 for i < —1, and lim;_,_,, 0; = 6*. Suppose the
sender adopts the following strategy:

e if 0 € [0,0"], send message m = s (6) where s () is a strictly increasing differentiable
function with s (0) = 0;
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e if ) € (0;_1,0;] (i <0), randomize uniformly over messages in ( (0;,_1 — 0%) + s (6%),
C(0; —0")+s(0")], where ¢ (1 —6") +s(6%) = 1.

(Note that we use intervals that are open on the left rather than on the right here merely
to simplify notation.) Now consider the receiver’s best response. Suppose he receives a
message m € [0, s (6%)]; the distribution of sent messages in this continuous portion of the
message space is given by s (m) with density

s'(s7 (m))’

Hence, conditional on receiving a message m € [0, s (6*)], the posterior probability that m

was received by error is given by*’

€

e
€T TG 1m)

p(m)

The receiver then chooses the action a that maximizes
2 ! 2
(=) (=7 ) = jalm) [ (a—0)*ab.

0

The maximum is achieved at

A = (L= p(m)) s~ (m) + p1.(m)

N —

Let 6 = s71(m). Clearly, if the receiver’s optimal response matches the sender’s ideal point
(0 +b), the sender will have no incentive to deviate from the specified strategy (for 6 €

WLet m € [m/,m"] C [0, s(6%)] and recall that the error distribution is G (m) = m. Then the probability
that a message was received in error, E, conditional on knowing that the message is in [m’', m”] equals

P([m’,m"]|E)) €
P ([m/',m"]|E)e+ P ([m/,m"]|-FE) (1 —¢)
(m” —m/)e
(m"” —m/) e+ (s=1 (m/) — s~ (m/)) (1 —¢)
e+ Sil(m”)—sfll(m’) (1—¢)

m'’ —m

P(E[[m/,m"]) =

Now consider the limit as m”" —m’ — 0
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0,60%]).2! Formally:

am =0+
1
= (1—u(m))9+u(m)§:6—|—b
2b
which can be solved for
2b(1 —¢)

1) —
SO = a-w =20
Using the boundary condition s(0) = 0, we obtain the sender’s strategy for types ¢ € [0, 6%]:

s@%=—bu;€Mn(lz%g;w)

Next, suppose that the message received is in the interval ((0;—1 + s (0%),(0; + s (0)] (i < 0);
then the receiver’s optimal action is given by
97; + 91’—1 1

2 —’_7757

a; = (1—n)
where 7 is as defined in the previous section. As before, it follows that boundary types must
satisfy the difference equation
2+ 2n 4b — 2n

+1 11— 1+ =7

(for i < —1).

We need a solution of this difference equation that converges to #* — this ensures that the

required indifference condition for the boundary type at 6* will be satisfied. Hence, 8* must

satisfy
1—mn 1—mn
—2b
1 b(1-e(1-0)
0 = — —
= 2 €C

2Tn fact, it follows from the proof of Proposition 6 that, in any equilibrium, almost all types that fully
reveal themselves must induce their ideal actions; thus there is no equilibrium in which the highest types
adopt a separating strategy.
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Solving for ¢, we obtain

2b(1 —¢)

C = tazw—m)®
B 2b
T T o
The difference equation becomes:
2 —40" + 4b 80*b
Oiy1 — 0; +0;_1 =

1— 20" —2b 1-20F— 2

With the boundary constraint 6y = 1, the solution is

(12w vom— B _a)) .
m:(m-&)( e ) e

Finally, recall that we require that
CA=0)+s(07) =1,

so all messages are used in equilibrium. Can we find a 0" which solves this equation? Notice

that s(0) = 0, and s’ (6*) is strictly increasing for 6* € [0, T - b) with limg*_)%_b = o0.

Further, ¢ (1 — ") is increasing in 6 (as long as b < 1). So, by continuity, we can find a
solution to this equation if and only if ¢ (1 — 6*) < 1 when 0" = 0. This implies that € > 20.

Example 1, Three-step equilibrium, calculation of EUR

1

With an error of € = we showed that there is an equilibrium partition with elements

126
[0, 2—15) , [2—15, 2%) , and[%, 1] . In the event of no error, these elements induce actions a; = 1—10,
as = %, and az = % respectively. The expected utility of the receiver is given by:

EUR::(1—@(4%—%9—mfd0+/f—%@—@fd0+/:—W—agﬁ
+e (/01—(9—a1)2d6>

_ 36
1200
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Proof of Proposition 9. Suppose that

L<b<—
N2 2(N —1)?

for some integer N > 1. We show there exists an € > 0 such that for all € € (0,€), there is an
N-step equilibrium of the noide model that Pareto dominates the Pareto optimal equilibrium
of the CS model.?

Let the probability of error be e. Consider the partition {[0,6;),...,[0y_1,1]}, and suppose
the sender obeys the following strategy:

If0 € [0,60,], randomize uniformly on [0,1]\ {ma,...,mn}
If0 € (01,05], send message mo
If0 € (Oy_1,1], send message my

The actions chosen in each step are, respectively

(1—€) 6012 + €k

Ifm € [0,1]\ {mg, m3} is received, choose a; =

(1—€)0;+e¢
01+ 0
If m = my is received, choose ay = — ;— 2
On_1+1
If m = my is received, choose ay = %
Solving the indifference conditions
0, +p — Lt
2
b1 b = 2T
2
aN-1+a

22 As an aside, it is worth noting that as e tends to 0, the equilibrium constructed here tends to the most
informative equilibrium of the CS model.
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gives

6(01-1)4-91
O3 —0y = 0y—0,+4b

(92:

1—0n_1 = On_1—0On_o+4b

Now observe that

=

1
(i1 —0:) =1—10,

i=1

and combining (5)—(6) we obtain

> (i —0;) = (V= 1)2(N — 2)4b+ (N —1) (6, — 6,)
(7) and (8) give us
10, - wszﬂzvq)(ez—el)
= 92 —01 = A]].V_—ei —2b(N—2)

Finally, solving (4) and (9) for 6, we find

1+ 20N — 2eN — 2beN — 2bN? + 2be N*

b = 21— N

Ve (e — 1) (=1 +2b(N — 1)) N2 + (1 - 2eN + 2b(c — 1) (N — 1) N)?
_|_

2(1—¢€) N

(10)

(4) gives us the position of the first boundary point, ¢;, in an N step equilibrium of the

noise model. Solving for €, we can find the level of noise required to sustain a particular

equilibrium value of 6;:
0y (=1 — 2bN + 20N? + Nb,)

T N(@—0,)(1+2b— 20N —6y)
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The expected utility of receiver is given by

EUR (1—6)(/091—(9—@1)2d9+/02—(9—a2)2d9+-~+/1 —<e—aN)2>

61 eN—l
1
+€ (/ — (60— a1)2 d«9>
0

01 (—2¢ (0, — 1) 03 + 0% + €2 (6, — 1)* (3 + 67 al
(o (22O DRA OO BE0) L gy
12 (e + 0, — €f)y) 12 £
N @ =2(e—Deth +4(e— 10 —6(c— 1’6} +3(e— 1?6}
12 (e + 01 — €6y)”

Solving and substituting for € using (11), we can re-write the expected utility of the receiver

in terms of 0;:

BUR AP (N=2) (N -1’ N+4b(N 1)’ (2N = 1)61 + (2N — 1), — 1)°
noise ~ 12 (N— 1)2

To see that this equilibrium Pareto dominates the Pareto optimal equilibrium of the CS

model for small €, we consider two cases.

Case 1:
1 1

2N (N —1) 2(N —1)?
The Pareto optimal equilibrium of the CS model has N — 1 steps, with resulting expected
utility
1 > (N —1)*-1)

EUEy = — -
@ 12(N—1)? 3

Notice that this equilibrium coincides precisely with the construction above when € = 0 =
0, = 0. By introducing a small amount of noise, we are able to squeeze an extra step into

the equilibrium partition. We now compute the difference in the receiver’s expected utility

43



in the two types of equilibrium.

EUrﬁnse EUgS
AP (N=2) (N -1’ N+4b(N —1)> (2N = 1) 61 + (2N — 1), — 1)°

12(N — 1)

(. 1 (V-1 -1)
12(N —1)? 3

2N -6 (4b(N—1)° -2+ (2N - 1))

12(N —1)°
2 —4b(N — 1)
f
> 0 0r91€<0, N 1 )

Substituting for ;, we obtain EUE.  — EUE, > 0 if

noise

. 2(1-2b(N—1)*) (1+2b(N —1)N)
€< "((2N = 3)> +2b(2N —3)* (N — 1) — 852 (N —1)>) N

To see that the upper bound of this interval is strictly positive, we show that both nu-
merator and denominator are strictly positive. Consider first the numerator. Clearly

(142b(N —1)N) > 0, and since b < m, we also have (1—2b(N — 1)2) > 0 as re-

quired. For the denominator, suppose first that NV = 2 (recall that N is an integer greater
than 1). Then the denominator simplifies to 2 (1 — 2b(4b — 1)) > 0 since b < 3. Now suppose

N > 3. We can rewrite the denominator as follows:

N (2N -3)%+20(2N -3)*(N—1)—4
> N (2N -3)*+2b(2N —3)*(N — 1)
= N((2N —=3)*+2b((2N —3)* —2) (N - 1))

> 0 as required.

|
—~ —

Case 2:

N A
oNz “ VSN (N 1)

In this case, the most informative equilibrium of the CS model has N steps, with resulting

expected utility
1 b* (N? - 1)

EUfs = — —
©5 7 12N2 3
This equilibrium coincides precisely with the construction above when ¢ = 0 and #; =
w. By introducing a small amount of noise, we increase the size of the first (and
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smallest) element of the equilibrium partition. As before, we compute EUR, = — FUL,.

EU?foise - EUgS

AP (N=2) (N =1’ N+4b(N -1’ 2N = 1) + (2N — 1), — 1)°

L ey 12(N —1)°
(12N2 3 )

(2N — 1) (=1 +4b* (N — 1)> N2 — 4b (N — 1)> N0, — 2N30 + N26, (2 + 0,))

12(N —1)* N2
1-2bN (N —1) 1+2bN (N —1)
0 for ¢
- e 16( N "TNEN 1)
Substituting for 6;, we obtain EUE.  — EUE, > 0 if

o 20BN = 1)N) (2N — 1)
€< ( ’(N—1)(1+2(1—b)N)(1+2N—4bN2)>'

It is easy to see that the upper bound is strictly positive, completing the proof.l

Proof of Lemma 1. Suppose that the N-step equilibrium of the noise model has equi-

librium partition given by {[0,60,),[01,02),...,[0i-1,0:),...,[0n-1,1]}. In the model with
correlated noise, consider an N-step partition {[0,67),[67,65) ..., [0;_1,0}) ..., [0y_1,1]}-
Let mg,mg3, ..., my be a sequence of messages, with m; # my for all i # i’ and e (m;) >

¢(miy1) for alli = 2,..., N — 1. Define M* = UY,{m;}. The sender adopts the following
strategy:

If0 € [0,0}), randomize over M \ M* with a distribution that has density ¢

If0 € [6),0,), send message my

If0 € [0y_y,1], send message my

(We define ¢ shortly.) The receiver’s posterior probability that the sender’s type is in [0, 6})
conditional on receiving a message m € M \ M* equals

(A=em)o(m)+ fy e o dr) 6}

P(0€[0,0))|m)= .
vetmm (L= e(m)o(m)+ fy eV o () aX) b + SN, e (my) (8 — 0))

And the receiver’s posterior probability that the sender’s type is in [0;»_1, 0;) conditional on
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receiving a message m € M \ M* equals

P(6 € [0,,67) | m) = e (my) (0 — 0i1) |
(= em)o(m)+ [ eN oM dN) 0 + Ty (m)) (6~ 0,)

Notice that if we can ensure that these posteriors do not vary with m € M \ M*, then the
sender is indifferent among all messages in this set. This condition in turn is satisfied if there

is a constant ¢ such that

<1—e<m>>¢<m>+/0 (N b(N)dA = o (12)

for all m € M\ M*. Integrating equation (12) with respect to m shows that we must have
¢ = 1. The resulting integral equation is solved by the function ¢ that is defined by

1
—e(m)
fO 1—e(v) dv

This implies that the receiver’s posteriors do not depend on the entire shape of the error

function e, but only on the specific values e (m;) for i = 2,..., N. (The resulting posteriors
are in fact the same as in a model where messages may get lost with probabilities e (m;),
i =2,..., N that depend on the messages sent, and the lowest interval of types refrains from
sending a message.)

For all m € M \ M* the receiver’s best response is given by

0/ N 9;7 +6;
dy = P(0€[0,6))] m)§+;P(ee 0,1,07) | m) ===
- % Oy ) Bt) e

N N )
(where 6y, = 1), and for m; € M* the receiver’s best response is

o 0;_, +0;
) 2 :

Then type €’s payoff from sending message m; € M* equals

EUS (0,m;) = —(1—e¢(m)) (0+b—a)? —e(m;) (0+b—d))>.
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The payoff from sending some message m; € M \ M* equals
EUS (0,m) = — (0 +b—d))>.

(Henceforth, we use m; to denote a generic message in M \ M*.) Suppose that a, > a}
(it follows from the expression for a above that a, , > a} for i = 2,..., N —1). Since we
have assumed €(m;) > €(m;41), if any type 6 is indifferent between sending messages m; and
mis1, then any type 6 > 0 strictly prefers m;,; to m; and any type 0" < @ strictly prefers
m; to m;; 1. Intuitively, sending message m; increases the risk of the “bad” action af, so for
type 6 to be indifferent between m; and m; 1, she must prefer action a; to action a;, ; for
a higher type ' this preference is weaker (and is reversed eventually), while the utility loss
from action a} is higher, so m;; is strictly preferred. For lower types 6", on the other hand,
the preference for a; over a; , is stronger, while the utility loss from a) is lower, so m; is
strictly preferred.

Therefore, if our partition is chosen such that a}, > a) and each boundary type 6; is indifferent
between messages m; and m; 41 (i = 1,..., N — 1), we have an equilibrium. The indifference

conditions for these boundary types are given by

EUS(0,,my) = EU® (0, m,)

EU® (0y_y,mn—1) = EU® (0y_y,my)

In the case where there are at least NV — 1 messages that yield equal error probabilities of
exactly €, the result follows easily. Substituting e for e (m;), i = 2,..., N, we see that these
indifference conditions are identical to the corresponding conditions in the noise model; thus
{10,61),,...,[0n-1,1]} is also an equilibrium of the correlated noise model, with the same
induced actions aq,...,ay.

If we cannot find N — 1 such messages, a more intricate argument is needed.

Redefine @ for arbitrary (es,...,en) as
N
a = N h, p— Oiz0iy) 046
9/1 T 2j=2 € (9; B ‘93‘*1) 2 i=2 ‘9/1 + Zj:Q € (9; - ;‘71) 2

Define

US(O;€q,...,en305, ..., 0) =—(1—¢)(0+b—a)?—e (0 +b—d))>.
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Define

Sai—li/pn! . .0 / _ Si—1/pn/ . .0l /
V (gi—17€2’"‘7€N’917"'70N) = U (g’i—17€2’"‘7€N7917"'70N)

Si/n! . .0 ’
_U (91‘71,62,...76N, 1779N)

Note that for N > 2, V3N=LN i5 a continuously differentiable function in an open neigh-
borhood of ¢ = ... = ey =cand 0, =60;, i = 1,...,N. Also, at ¢ = ... = ey = € and
0;=0;, i=1,..., N, the derivative with respect to 6y equals —(1—¢)(On_1 +b— M),

which is strictly positive. Therefore, by the implicit function theorem, the equation

SN-1,N/p/ . Y N
V (N—17627"'7€N7 17’9N)_0
has a local solution
/ .l /
NZfN(€2,-~-;€Na917-~a Nfl)

where fy is continuously differentiable.

For N — 1 > 2, substitute this solution into V>¥=2N=1 The resulting function is con-
tinuously differentiable in an open neighborhood of ¢ = ... = ey = € and 0, = 0;, i =
1,...,N — 1. Its derivative at ¢ = ... = ey = cand 0, = 0;, i = 1,..., N — 1 with re-
spect to 0y, is strictly positive and once again the implicit function theorem guarantees

the existence of a local solution

/N—l = fN*1(627"'76N;9/17"'7 /N—2>

where the function fy_; is continuously differentiable.

As long as i > 2, we can recursively continue this procedure with V=1 The case of

i = 2 requires slightly more attention. Let € denote (e, ..., €). We need to determine
9 L s12
80/ | (91, €; 917 927 f3(€7 917 92)7 f4(€7 917 927 f3(€7 917 92))7 .- )
2
8 / !/
= 3 (1—¢) {—(91 +b—ah)?+ (0, +b— a2)2}
2

= —(1—€{—-2(6 +b—a’1)a—a} + (6, +b— o +62)2
o0, 2

The boundary values 07,65, ..., 0y (notice that 6 is excluded) satisfy the difference equation
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With 6] and 65 as parameters, the solution becomes
0, = 20, — 0, + 4b + (0, — 0, — 6b)i + 2bi*.

Hence, 2% = N — 1. Therefore,

» 90}
day  day 90  Od}
= = (N —1).
06, ~ 00 06, _ 0y
Finally,
da) 1 { —ef? 2e(01 +¢e(1 —6y)) — (1 — 9%))} -0
A0y 2 | (01 +€(1—06y))2 (01 + €(1 —04))?
Therefore
9 12
WV 7 (015 €01, 0, f3(€,01,02), fa(€, 01,02, f3(€,01,02)),...) > 0.
2
This means that our recursion extends to V312, Let € = (ey,...,€x). We have shown that
we can generate a series of function f, ..., fiy that are locally continuously differentiable in

their arguments and which have the property that for §] in an open neighborhood of #; and

"€ in an open neighborhood O (€) of € the values

0

0y = fo(€;0Y)

0y = f3(€;04, f(€56Y))

(9/N = fN (?7 (9/17 f2 (?7 0,1) A 7fN71 (?7 0,17 s 7fN72 (?7 (9/17 . )))
solve the system of equations

VoL e, 0) =0,i=2,...,N.

Notice that since e is continuous, regardless of how small we choose O (€), we can find
messages m;, i = 2,..., N with m; # m; for i # j, (e(ma),...,e(my) € O (€), and e(m;) >
¢(m;41). In the sequel consider values of € with € = (e (my),...,¢(my)).

Then, for equilibrium it remains to find a value of #] such that

IN(E 00 f2(€300) oo v (Cibh o fya (€50,.)) = L.
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To see that such a 6] exists, first note that, evaluated at €, the indifference conditions for

boundary types 6, . .

fo(&01)
f3 (€ 01,02)
fN (6;91,. .. ,91\7)
Furthermore,
d
d—”gzl (€;61)
d
B 01
dfn .. _
d_el (6791,...,9]\]) =

., 0 are solved by

20, (2b+61) +€(01 — 1) (4b+20, — 1)
6(91 — 1) +01

= 205 —0,+4b

= 291\7_1 — HN_Q + 4b

€
+

(e + 01 —€0y)”
fs dfz  0fs ( € )
Ss%2 25 994 1
00y df, 00, (e + 0, — €by)

2e

(e + 601 — €hy)”

3+

€

N+ (N -1 .
( )<E+91—691)2

In particular, observe that %QLZY (€;01,...,0xn) > 0. It follows that for sufficiently small 5 > 0

and € in a sufficiently small open neighborhood of ¢,

fN(?;Ql—ﬁaf2<?;91—5)a~
fN(?;91+57f2(?;91+5)w-

'afN—l(?;gl_67"'7fN—2(?;01_57"
'7fN71(?;91+67”'7f]\/'72<?;91+57”

) < 1land
) > L

The existence of the required value of ] follows from the intermediate value theorem.

To complete the proof, observe that fs(€;01) = 0s, f35(€;01,05) = 03, ...

, and each

fi(€';---) converges to fi(€;---)as € — €.
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