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Performance Analysis of ARQ-based RF-FSO

Links

Behrooz Makki, Tommy Svensson, Thomas Eriksson and Mohamed-Slim

Alouini, Fellow, IEEE

Abstract

In this letter, we study the performance of hybrid radio-frequency (RF) and free-space optical

(FSO) links using automatic repeat request (ARQ). We deriveclosed-form expressions for the message

decoding probabilities, throughput, and outage probability with different relative coherence times of

the RF and FSO links. We also evaluate the effect of adaptive power allocation between the ARQ

retransmissions on the system performance. The results show that joint implementation of the RF and

FSO links leads to substantial performance improvement, compared to the cases with only the RF or

the FSO link.

I. INTRODUCTION

Free-space optical (FSO) systems provide fiber-like data rates through the atmosphere using

lasers or light emitting diodes and, consequently, are verypromising to provide high-rate com-

munication for the next generation of wireless networks [1]–[4]. However, such links are highly

susceptible to atmospheric effects and, therefore, are unreliable. For this reason, the FSO link

is sometimes combined with an additional radio-frequency (RF) link to create a hybrid RF-FSO

setup.

To achieve data rates comparable to those in the FSO link, a millimeter wavelength carrier is

typically selected for the RF link. As a result, the RF link isalso subject to atmospheric effects

such as rain. However, the good point is that these links are complementary because the RF

(resp. the FSO) signal is severely attenuated by the rain (resp. the fog/cloud) while the FSO (resp.
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the RF) signal is not. Therefore, the link reliability and the service availability are considerably

improved via joint RF-FSO based data transmission. On the other hand, automatic repeat request

(ARQ) is a well-established approach to increase the link reliability. In this perspective, it is

interesting to analyze the performance of RF-FSO systems using ARQ.

There are different works on the performance of RF-FSO links. In, e.g., [5], [6], the RF

and the FSO links work separately and the RF link acts as a backup for the FSO link. On the

other hand, [7]–[10] consider the case where the links work simultaneously. Finally, ARQ in RF

(resp. FSO) systems is studied in, e.g., [11]–[13] (resp. [1]–[4]), while the ARQ-based RF-FSO

systems have been rarely studied [10], [14].

This letter studies the RF-FSO links using ARQ. With different relative coherence times of the

RF and FSO links, we derive closed-form expressions for the message decoding probabilities,

throughput and outage probability. Also, we analyze the effect of adaptive temporal power

allocation between the ARQ retransmissions on the system performance.

As opposed to [5], [6], we consider joint data transmission/reception in the RF and FSO

links. Also, this letter is different from [1]–[4], [7]–[13] because we study the performance of

ARQ in joint RF-FSO links and derive new analytical/numerical results on the message decoding

probabilities, power allocation, outage probability, andthroughput which, to our best knowledge,

have not been presented before. Finally, compared to our work [14], this letter considers different

ARQ protocol and channel models, and evaluates the effect oftemporal power allocation on the

system performance.

Our results show that depending on the relative coherence times of the links there are different

suitable methods for the analysis of RF-FSO systems. Also, the joint implementation of the RF

and FSO links leads to substantial performance improvement, compared to the cases with only

the RF or the FSO link, particularly if adaptive power allocation is used.

II. SYSTEM MODEL

We consider a joint RF-FSO system where the data sequence is encoded into parallel FSO and

RF bit streams. The FSO link employs intensity modulation and direct detection while the RF

link modulates the encoded bits and up-converts the baseband signal to a millimeter wavelength

RF carrier frequency. Then, the FSO and the RF signals are simultaneously sent to the receiver.

At the receiver, the received RF (resp. FSO) signal is down-converted to baseband (resp. collected
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by an aperture and converted to an electrical signal via photo-detection) and the signals are sent

to the decoder which decodes the received signals jointly.

The channel coefficients are assumed to be known by the receiver, in harmony with [1], [2],

[8], [11]–[13]. However, there is no feedback to the transmitter, except for the ARQ feedback

bits. As the most practical ARQ approach [11], we consider basic ARQ with a maximum of

M retransmissions. Using basic ARQ, the scaled versions of the same codeword are sent in the

successive retransmissions and the receiver disregards the previous messages, if received in error.

The retransmission continues until the message is correctly decoded or the maximum permitted

retransmission round is reached. Note that settingM = 1 represents the cases without ARQ.

III. A NALYTICAL RESULTS

As shown in [11], [12], for different channel models the throughput of ARQ protocols is given

by

η =
R (1− ΦM )
∑M

m=1 Φm−1

, (1)

whereR (in nats per channel use (npcu)) is the code rate,Φm represents the probability that

the data is not decoded correctly by the receiver in roundsn = 1, . . . , m andΦ0
.
= 1. Also, the

outage probability is given byPr(Outage) = ΦM . Thus, to analyze the throughput and outage

probability, the key point is to determine the probabilities Φm, m = 1, . . . ,M . Then, having the

probabilities, the considered performance metrics are obtained. For basic ARQ, in particular, we

have

Φm =







∏m

j=1 φj if m 6= 0,

1 if m = 0,
(2)

whereφj is the probability that the data is not decoded in roundj. Here, (2) is based on the fact

that 1) independent channel realizations are experienced in each round, and 2) in each round,

the receiver decodes the data only based on the received signal in that round.

To find φj, we note that, as demonstrated by, e.g., [8], [15], in RF-FSOsystems the RF

link experiences very slow variations and the coherence time of the RF link is in the order of

102 − 103 times larger than the coherence time of the FSO link. Here, weconsider the setup

where the RF link remains constant during each round of ARQ [11], [12] while N different

channel realizations are experienced in the FSO link. Then,we study two district cases with small

(resp. large) values ofN which correspond to the scenarios with comparable (resp. considerably
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different) coherence times of the RF and FSO links. Also, it is straightforward to extend the

results to the cases with shorter coherence time of the RF link, compared to the coherence time

of the FSO link.

With the considered setup, we can use the results of [16, Chapter 15] to find the probability

φj as

φj = Pr
(
log(1 + PRF,jGRF,j) + Y(j,N) < R

)
,Y(j,N)

.
=

1

N

N∑

i=1

log(1 + PFSO,jGFSO,1+(j−1)i). (3)

Here,PRF,j andPFSO,j are, respectively, the transmission powers of the RF and FSOlinks in

the j-th round. Also,GRF,j and GFSO,j ’s denote the channel gains of the RF and FSO links,

respectively.

A. Performance Analysis in the Cases with Considerably Different Coherence Times for the RF

and FSO Links

With the conventional channel conditions of the RF and FSO links and different values of

N , there is no closed-form expression for (3). Thus, we use central limit theorem (CLT) to

approximateY(j,N) by the Gaussian random variableZj ∼ N (µj,
1
N
σ2
j ) whereµj and σ2

j are

the mean and variance derived based on the FSO channel condition. For the Gamma-Gamma

distribution of the FSO link [1], [8], the channel gain follows the probability distribution function

(PDF)

fGFSO(x) =
2(ab)

a+b
2

Γ(a)Γ(b)
x

a+b
2

−1Ka−b

(

2
√
abx
)

, (4)

with Kn(·) denoting the modified Bessel function of the second kind of order n andΓ(x) =
∫∞
0

tx−1e−tdt being the Gamma function. Moreover,a andb are distribution shaping parameters.

In this way, denoting the expectation operator byE{·}, the mean and variance ofZj are found

as

µj = E{log(1 + PFSO,jGFSO)} =
2(ab)

a+b
2

Γ(a)Γ(b)

∫ ∞

0

x
a+b
2

−1Ka−b

(

2
√
abx
)

log(1 + PFSO,jx)dx (5)

andσ2
j = ρ2j − µ2

j with

ρ2j = E{log(1 + PFSO,jGFSO)
2} =

2(ab)
a+b
2

Γ(a)Γ(b)

∫ ∞

0

x
a+b
2

−1Ka−b

(

2
√
abx
)

(log(1 + PFSO,jx))
2dx,

(6)

which can be found numerically, because they are one-dimensional integrations.
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Havingµj andσ2
j , the probabilitiesφj can be found for different RF channel models. Consider

Rayleigh conditions for the RF link wherefGRF(x) = e−x. Using (3) andµj andσ2
j in (5)-(6),

the probabilitiesφj, ∀j, are given by

φj =

∫ eR−1
PRF,j

0

fGRF(x) Pr(Y(j,N) ≤ R − log(1 + PRF,jx))dx

(a)
=

∫ eR−1
PRF,j

0

e−xQ

(√
N(log(1 + PRF,jx) + µj −R)

σj

)

dx, ∀N, (7)

where(a) comes from the cumulative distribution function (CDF) of Gaussian distributions and

CLT. In this way, the final step to derive the throughput and the outage probability is to find

(7). Therefore, we implement the approximationQ
(√

N(log(1+PRF,jx)+µj−R)

σj

)

≃ Vαj ,βj
(x) where

Vαj ,βj
(x) =







1 x < αj − 1
2βj

,

1
2
− βj(x− αj) x ∈

[

αj − 1
2βj

, αj +
1

2βj

]

,

0 x > αj +
1

2βj
,

(8)

with βj
.
= −

√
NPRF,je

µj−R

σj

√
2π

andαj
.
= e

R−µj−1
PRF,j

, leading to

φj ≃
∫ rj

0

e−xVαj ,βj
(x)dx =

∫ c1,j

0

e−xdx+

∫ c2,j

c1,j

e−x

(
1

2
− βj(x− αj)

)

dx

= 1− e−c1,j + e−c2,j

(

βjc2,j + βj − βjαj −
1

2

)

− e−c1,j

(

βjc1,j + βj − βjαj −
1

2

)

. (9)

Here,rj
.
= eR−1

PRF,j
, c1,j

.
= max

(

0, αj − 1
2βj

)

, c2,j
.
= min

(

αj +
1

2βj
, rj

)

andVαj ,βj
(x) is obtained

by applying Taylor expansion on theQ function of (7) at pointx = αj . Note that (9) is a tight

approximation for moderate/largeN ’s for which CLT and (8) provide tight approximations.

On the other hand, for Rician channel model of the RF link, which is of interest in line-of-sight

conditions, the channel amplitude
√
GRF and gainGRF, respectively, follow the PDFs

f̃RF(x) =
x

ω
e−

(x2+ν2)

2ω2 I0

(xν

ω2

)

, (10)

andfGRF(x) =
1

2
√
x
f̃RF(

√
x), whereν andω denote the fading parameters andI0 is the zero-th

order modified Bessel function of the first kind. In this way,φj is rephrased as

φj =

∫ rj

0

f̃RF(
√
x)

2
√
x

Q

(√
N(log(1 + PRF,jx) + µj − R)

σj

)

dx

=

∫ r2j

0

f̃RF(u)Q

(√
N(log(1 + PRF,ju

2) + µj −R)

σj

)

du
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(b)≃
∫ r2j

0

f̃RF(u)Vα̃j ,β̃j
(u)du =

∫ c̃1

0

f̃RF(u)du+

∫ c̃2

c̃1

f̃RF(u)(
1

2
− β̃j(u− α̃j))du

(c)≃ F̃RF(c̃1) +

(
1

2
+ β̃jα̃j

)(

F̃RF(c̃2)− F̃RF(c̃1)
)

− β̃j

(

c̃2F̃RF(c̃2)− c̃1F̃RF(c̃1)− (c̃2 − c̃1) F̃RF

(
c̃1 + c̃2

2

))

, (11)

whereα̃j
.
=
√

e
R−µj−1
PRF,j

, β̃j
.
=

√
2NPRF,je

µj−R

π
, c̃1,j

.
= max

(

0, α̃j − 1
2β̃j

)

, c̃2,j
.
= min

(

α̃j +
1

2β̃j
, rj

)

.

Also, F̃RF(x) = 1−QM
(
ν
ω
, x
ω

)
is the CDF of the Rician variable (10) withQM(·, ·) being the

MarcumQ function,(b) is based on the Taylor expansion of theQ function and(c) comes from

the first order Riemann integral approximation
∫ x2

x1
f(x)dx ≃ (x2 − x1)f(

x1+x2

2
).

B. Performance Analysis in the Cases with Comparable Coherence Times of the RF and FSO

Links

Considering the cases with comparable coherence times of the RF and FSO links, i.e., with

small values ofN in (3), we use Minkowski inequality [17, Theorem 7.8.8]


1 +

(
n∏

i=1

xi

) 1
n





n

≤
n∏

i=1

(1 + xi), (12)

to write

Pr
(
Y(j,N) ≤ x

)
= Pr

(
N∏

i=1

(1 + PFSO,jGFSO,1+(j−1)i) ≤ eNx

)

≤ Pr



1 + PFSO,j

(
N∏

i=1

GFSO,1+(j−1)i

) 1
N

≤ ex



 = FQ

((
ex − 1

PFSO,j

)N
)

, (13)

where using the results of [1, Lemma 3] and for the Gamma-Gamma distribution of the variables

GFSO,1+(j−1)i, Q =
∏m

j=1

∏N

i=1GFSO,1+(j−1)i follows the CDF

FQ(x) =
1

ΓN(a)ΓN(b)
G2N,1
1,2N+1

(

(ab)Nx

∣
∣
∣
∣
∣

1

a, a, . . . , a
︸ ︷︷ ︸

N times

,b, b, . . . , b
︸ ︷︷ ︸

N times

,0

)

, (14)

with G(.) denoting the Meijer G-function.
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In this way, from (3) and (14), the probabilitiesφj , are tightly bounded by

φj ≤
1

ΓN(a)ΓN(b)

∫ rj

0

e−xG2N,1
1,2N+1

((
ab(eR−log(1+PRF,jx) − 1)

PFSO,j

)N
∣
∣
∣
∣
∣

1

a, a, . . . , a
︸ ︷︷ ︸

N times

,b, b, . . . , b
︸ ︷︷ ︸

N times

,0

)

dx

(15)

which can be calculated numerically (see Section IV for the tightness of approximations). Also,

we can replacefGRF(x) = 1
2
√
x
f̃RF(

√
x), (f̃RF(x) given in (10)) into (15) to derive the results

for the Rician RF links. Finally, note that the results of (15) is mathematically applicable for

every value ofN . However, for, sayN ≥ 6, the implementation of the Meijer G-function in

MATLAB is very time-consuming. As a result, (15) is useful for the performance analysis in the

cases with smallN ’s, while the CLT-based approach provides accurate performance evaluation

asN increases.

C. On the Effect of Adaptive Power Allocation

As shown in, e.g. [12], adaptive power allocation between the ARQ retransmissions leads to

marginal throughput increment, while the outage probability indeed benefits substantially from

optimal power allocation. If the data retransmission stopsat the end of them-th round, the

total consumed energy isξ(m) = L
∑m

j=1 Pj , Pj = PRF,j + PFSO,j whereL is the length of the

codewords. Thus, following the same procedure as in [13], the normalized expected consumed

energy (normalized by the length of the codewords) is found as

Ξ =

M∑

m=1

PmΦm−1. (16)

To optimize the power allocation, in terms of outage probability, we need to use (2), (16),

Pr(Outage) = ΦM and a Lagrange multiplier criteria to optimize the power terms by setting

the derivatives of the criteria equal to zero. However, due to the complex expressions of the

probabilitiesφj, ∀j, it is difficult to follow the derivative-based approach. Instead, we propose

a suboptimal scheme where the expected consumed energy in each retransmission is set to be

the same, i.e.,PmΦm−1 = PnΦn−1, ∀m,n. The intuition behind the considered power allocation

is to weight the energy in each round by its consumption probability, such that more energy is

assigned to the last retransmissions, which are rarely used.
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With no loss of generality, let us assumePRF,j = PFSO,j, ∀j, while the same discussions hold

for other relations betweenPRF,j, PFSO,j. UsingPmΦm−1 = PnΦn−1, ∀m,n, (16) and an energy-

per-codeword budgetΞ = P̄ we haveP1 =
P̄
M

and the other power terms are expressed only as

a function ofP1 via

Pn = c

( n−2∏

j0=1

(

F
(

c

( j0−1
∏

j1=1

F
(

c

( j1−1
∏

j2=1

F
(

c
∏j2−1

j3=1 . . .

))))−1))−1)

, n ≥ 2, c =
P1

F(P1)
,

(17)

whereF(P ) denotes evaluation ofφj for powerP = PRF + PFSO.

IV. NUMERICAL RESULTS AND CONCLUSIONS

In all figures, we setα = 4.3939, β = 2.5636 which correspond to Rytov variance 1 of the

FSO link [1]. Also, the parameters of Rician RF PDF in (10) areset toω = 0.7036, ν = 0.0995,

leading to unit mean and variance of the channel gain distribution fGRF(x). In Figs. 1a-c, we

consider a peak power constraintPRF,j = PFSO,j = P, ∀j, for the RF and FSO links. In Fig.

1d, however, we present the results for the cases with a normalized expected energy constraint

Ξ = P̄ .

Figures 1a-b study the outage probability for Rayleigh and Rician channel models of the RF

link, respectively, and investigate the tightness of the proposed approximation schemes. Then,

Fig. 1c evaluates the throughput in the cases with Rician RF link and different numbers of

channel realizations in the FSO linkN . Note that, with non-adaptive power allocation, we have

φi = φj, ∀i, j > 0 (see (7)), leading toη = R(1 − φ1) in (1). Thus, the results of Fig. 1c

are independent of the number of retransmissionsM . Finally, Fig. 1d studies the effect of the

proposed suboptimal and optimal (optimized by exhaustive search) power allocation between the

retransmissions, and compares the system performance withthe cases using only the RF or the

FSO link. In the meantime, we have checked the results for other parameter settings which, due

to space limits, are not reported in the figures. According tothe figures, the following conclusions

can be drawn:

1) The approximation approaches of Sections III. A and B are very tight for a broad range of

parameter settings, and depending on the relative coherence times of the links there are different

methods for the performance analysis of RF-FSO systems. (Figs. 1a-b).
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Figure 1. (a)-(b): Outage probability vs peak power constraint PRF,j = PFSO,j = P,∀j, in Rayleigh and Rician RF links. (c):

Throughput vs the code rateR, Rician RF link. (d): Outage probability vs the normalized expected consumed energy constraint

Ξ = P̄ , Rayleigh RF link.

2) The use of ARQ reduces the outage probability remarkably,compared to the cases without

ARQ, i.e.,M = 1 (Fig. 1b). However, the throughput is not affected, if the power terms are not

adapted in the retransmissions (Fig. 1c).

3) For small values ofR, the throughput increases with the rate (almost) linearly,because

with high probability the data is correctly decoded in the first round. On the other hand, the

outage probability increases and the throughput goes to zero for large values ofR.

4) The RF-FSO link leads to substantially less outage probability, compared to the cases with

only the RF or the FSO link. Intuitively, this is because withthe joint RF-FSO setup the diversity

increases and the RF (resp. the FSO) link compensates the effect of the FSO (resp. RF) link, if
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it experiences poor channel conditions (Fig. 1d).

5) Finally, adaptive power between the retransmissions reduces the outage probability sig-

nificantly, and the proposed suboptimal power allocation scheme mimics the optimal power

allocation very tightly (Fig. 1d).
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