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Zero-mode dynamics in supersymmetric Yang-Mills-Chern-Simons theory
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We consider minimally supersymmetric Yang-Mills theory with a Chern-Simons term on a flat spatial

two-torus in the limit when the torus becomes small. The zero modes of the fields then decouple from the
nonzero modes and give rise to a spectrum of states with energies that are given by multiples of the square
of the coupling constant. We discuss the determination of this low-energy spectrum, both for simply
connected gauge groups and for gauge groups of adjoint type, with a few examples worked out in detail.
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I. INTRODUCTION

In three space-time dimensions, the Yang-Mills coupling
constant e has the dimension of (mass)!/2. Such theories
are thus trivial in the ultraviolet but can be expected to have
nontrivial infrared dynamics. In this paper, we will study
them on a flat spatial two-torus

T? = C/(LZ + 7LZ), (1.1)

where the modular parameter 7 = 7, + i7, is valued in the
complex upper half-plane and L is a length [of dimension
(mass)~!]. Most of the quantum states involve the nonzero
modes of the fields. Their energy eigenvalues depend on e,
L and 7 (presumably in a quite complicated way) and
diverge in L — 0 limit. However, some states involve
only the zero modes of the fields, and their energies will
be given by finite multiples of e in this limit. Computing
this weak coupling (or equivalently small volume) spec-
trum is the aim of the present paper.

More specifically, we will be considering a supersym-
metric Yang-Mills-Chern-Simons theory with action

S = Sym T Scs T Skermions (1.2)
where the usual pure Yang-Mills action
1
e

is complemented by a Chern-Simons term [1]
k 2
SCS=—[Tr(A/\dA+—A/\A/\A) (1.4)
41 3
and fermionic terms
1 - k -
Skermion = 75 [d3xTr()t¢)\) +— /TI'()lA). (1.5)
4e 4

Here the fermionic field A is a Majorana spinor in the
adjoint representation of the gauge group G. For topologi-
cal reasons, the level k is quantized. This is best expressed
in terms of a shifted level [2,3]
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k'=k—h/2, (1.6)

where £ is the dual Coxeter number of G. For a simply
connected gauge group

k=0 modZ, 1.7)

and for a gauge group of adjoint type (i.e., a simply
connected group divided by its center)

k=0 mod hZ. (1.8)

This theory has a mass gap which is visible already in
perturbation theory, which makes many general problems
of quantum field theory more accessible. By supersymme-
try, the energy spectrum is non-negative, and a very basic
question is to understand the structure of zero-energy
states.

The number of such states (i.e., the Witten index of the
theory [4]) was elegantly determined for simply connected
gauge groups in [5] by algebro-geometric means. In short,
the computation was done in the large volume limit, where
the dynamics is dominated by the Chern-Simons term. The
ground state wave functions localize on the moduli space
of flat connections, the geometric structure of which
has been described in the earlier mathematical literature
in terms of (weighted) complex projective spaces. Similar
results were obtained in [6] by rather different means. Here
the computation was carried out in a Born-Oppenheimer
approximation in the small volume limit, rather like in [4].
An important subtlety in this approach is how to correctly
take bosonic and fermionic loop corrections into account.

In [7], the computation is redone in a third, arguably
more pedestrian and straightforward fashion. This method
has the advantage of also allowing for a determination of
the actual wave functions of the states. In the cases with
gauge groups of adjoint type, it allows for a refinement
where the states can be further classified by their discrete
electric and magnetic "t Hooft fluxes. For convenience, the
main results of [7] will be reviewed in the present paper,
but we will not repeat all the details. Our main focus here
is instead to go further in this direction by determining
the complete spectrum of low-energy states (i.e., states the
energies of which remain finite in the L — 0 limit).

© 2013 American Physical Society
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A natural next step would be to determine the complete
spectrum in the weak coupling limit (i.e., the e — 0 limit
with L fixed). We note that somewhat similar questions for
Yang-Mills-Chern-Simons theory in noncompact space
have been considered in e.g., [8].

In the next section, we will describe the low-energy
theory. The determination of the low-energy spectrum for
a simply connected gauge group is discussed in Sec. III and
performed in full detail in the SU(2) and SU(3) cases. In
Sec. IV, we consider the refinement with discrete electric
and magnetic 't Hooft fluxes that is possible with a gauge
group of adjoint form [9] and exemplify with SU(2)/Z,.

II. THE LOW-ENERGY THEORY

Starting with the bosonic degrees of freedom, we note
that the Hamiltonian of the theory contains a magnetic
contribution proportional to e%L*Z and the square of the
magnetic field strength. This term diverges as L — 0 un-
less it vanishes, so in this limit, the low-energy theory
localizes on gauge field configurations of zero magnetic
field strength. Such spatially flat connections are com-
pletely determined by their commuting holonomies around
the two cycles of T2. By a gauge transformation (acting by
conjugation) these can be taken to lie in a maximal torus
subgroup of G. Furthermore, the complex structure of T2
induces a complex structure on the space of such pairs of
holonomies. They can thus be assembled into an element Z
of the complex torus

X=CoV/(I'®A). (2.1)

Here V is the root space and A the root lattice of the gauge
group G so that V/A is a maximal torus, and I' is the lattice
Z + 77 so that C/T is a torus “dual” to the spatial 72. The
bosonic low-energy degrees of freedom Z can be viewed as
the zero modes of the gauge field A restricted from the non-
Abelian Lie algebra of G to a Cartan subalgebra. Finally,
we must identify elements of X that are related by the
residual gauge symmetry, so the moduli space of spatially
flat connections is really

M =X/W, (2.2)
where W is the Weyl group of G.

The vector space underlying the torus X has a metric C,,,
a,b=1,..., rank G given by the Killing form of G
restricted to the maximal torus, and the bosonic variable
Z should in more detail be written as a multicomponent
vector Z¢. We will suppress this from the notation, though,
and just denote the scalar product between such vectors
with a raised dot. Hopefully, this will not cause any
confusion.

We continue with the fermionic degrees of freedom. At a
generic point of the moduli space M, the gauge group G is
spontaneously broken by the holonomies to the Abelian
subgroup V. Some components of the spinor field A are
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then massive and can be integrated out. This procedure is
responsible for the shift of the Chern-Simons level from k
to k' = k — h/2 as mentioned in the introduction [2,3].
We denote the remaining fermionic degrees of freedom,
which consist of spatially constant V-valued modes, as
7+ and n_."

The dynamics of the low-energy degrees of freedom Z,
Z, n, and n_ is governed by the action

1 dz dZ dn_ dn+)
S=— [di|\— —+ —ty_
4¢? f (a’t -+ K

dt dt dt
k! dZ . dz
+ all\Zz-——-72-—+ cm_ ). 2.3
7—7_'/ t( dt dt M+ T’) (23)

The conserved supercharges are

1 dz 1 d_Z

O =-—mn4-

_ 1.4z .4
Or=22" "4 2 e @Y

By a standard canonical analysis and quantization in a
Schrédinger representation, they correspond to operators

. D
0 =em. i

=en_-i— 2.5
Qi =en i o5 @9
Here the covariant derivatives are given by
ad ik’ - D a9 jk’
b Tz ="+ 7 (e

D_Zzﬁ_T—f DZ_aZ T—T

and fulfill the commutation relations

[D D]_O [D D]_O [D D]_Wk’
DZ' DZ DZ' DZ DZ'DZ| 1
Q2.7)

i.e., the different components of % commute with one
another, whereas the commutators between the compo-
nents £ and £ are given by a multiple of the Killing

metric. Analogously, the fermionic operators fulfil the
canonical anticommutation relations

;
(e m-}==2C
a

(2.8)

nemib=0  {n_,n_}=0

As usual in a supersymmetric theory, the Hamiltonian can
be written in a manifestly positive definite way as

+» X — 5 -7+ )

The operators % and 7, can now be interpreted as bosonic
and fermionic creation operators respectively in the sense
that

'The subscript indicates the spatial chirality.
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D D
[H,—] = 2k — [H n.]=ekn.;  (2.10)

DZ DZ

i.e., they raise the energy by an amount e?k’. The corre-
sponding annihilation operators % and n_ obey

D D
(1. 55] = —ex s

Dz DZ
and lower the energy by e2k’. The supercharges Q. and
QO _ of course commute with the Hamiltonian H:

[H: Q+] = [Hr Q—] =0.

[Hn_]=—-ekn_  (2.11)

2.12)

The bosonic Hilbert space consists of square integrable
“wave sections” W(Z, Z) of a certain line bundle £* over
the complex torus X [7]. The fermionic Hilbert space is
spanned by states obtained by acting with components of
the creation operators 7, on a fermionic vacuum state |0)
which is annihilated by all components of n_. The ground
states of the theory (which are annihilated by Q. and Q_
and thus have zero energy) are then precisely given by the
states of the form

W (Z 7) ®|0), (2.13)
where ¥ obeys the holomorphicity condition
D -
—V¥(Z, 72)=0. 2.14
5 V2.2) 2.14)

A distinguished solution to this condition is given by

- ik -
W(z,7) = exp( (Z-2)- z)l,//(z) 2.15)
T—T
with the holomorphic theta function
$(Z) =Y exp(imk'tA - A +2mik'A - Z).  (2.16)
AEA
A basis of solutions is then given by
_ imk' _
(T 022) = exp (2222~ D) 2)(T)(2),
(2.17)

for € € ;; A*/A. Here A* is the weight lattice of G which
is dual to the root lattice A, and T,,¢ is obtained by
translating ¢ on X:

(Te:9)(2)

+exp(imk'te - € + 2mik'e - Z)Y(Z + €7)

Z exp (imk'T(A + €) - (A + €)
AEA

+ 27ik'(A + €) - 2).

(2.18)

The prefactor is included to give the quasiperiodicity con-
ditions appropriate for a section of L¥'. The Weyl group W
of G leaves i invariant and acts on the sections T, via
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its permutation action on € € %A* /A. See [7] for more
details on this construction.

It appears that the complete set of states can be obtained
by acting on the ground states (T, V)(Z, Z) ® |0) with the
bosonic and fermionic creation operators 2% and 7. The
Weyl group W acts not only on the ground states as
described in the previous paragraph, but also on these
excitations. The space of gauge invariant physical states
is obtained by projecting the complete set of states onto
its Weyl invariant subspace.

III. SIMPLY CONNECTED GAUGE GROUPS

Rather than describing the procedure to determine the
spectrum in general, we will discuss two concrete ex-
amples with gauge groups G = SU(2) and G = SU(3) in
detail. Other groups should be amenable to an analogous
analysis, but the computations would get more involved.
We do not expect any striking new phenomena to occur,
though.

A.G = SU(Q2)

With gauge group G = SU(2), the Weyl group W is
isomorphic to the permutation group S, on two objects.
It has two irreducible unitary representations, both of
dimension one: the trivial representation 1, and another
representation 1’ in which the nontrivial element acts as
—1. The tensor products of these are of course given by the
multiplication table

1 v
11 v 3.1
1 1

The ground state label e takes its values in

1 . 1
oA /A—{(a,b) = (z—k,

X <%Z/Z)

Z/Z)

a+b= 0}. (3.2)

The Weyl group W acts by permutation on (a, b), so there
are two Weyl invariants

o ()

and k' — 1 Weyl pairs

I 2K — 1 U —1 1
e, | KZP DY fori=1.. k-1
<2k' 2% ) ( 2% 2k’) o

(3.3)

(3.4)

This gives k' + 1 ground states that transform in the 1
representation
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T ® |0)

v, = i) ;¥ ®|0)

T(T( L2k =1 lyr

24" 2/<’

+ T(M
2k

and k' — 1 ground states in the 1’ representation

Tzk’ I

T2k 2K

1
"P/:— T 2!
! \/—( 21’c' l;k’])

forli=1,...,

)\If ® |0)

K —1. (3.6)

[Here W is the distinguished Weyl invariant solution (2.15).]
All these ground states have bosonic statistics, and the
gauge invariant states are those that transform in the
1 representation, so we get the physical ground state
spectrum

k' +1 bosonic states with E = 0. (3.7

The bosonic and fermionic creation operators 1> and i
both transform in the 1’ representation under W Gauge
invariant excited states can now be obtained in two differ-
ent ways: either by acting on a ground state in the 1
representation with an even number of creation operators

2n
D22n

D1
D22n—1

or by acting on a ground state in the 1’ representation with
an odd number of operators

T, ® [0) bosonic

¥, ® ,.]0) fermionic, (3.8)

D2n+1

Dz2n+l
2n

Dz2n

So the spectrum of excited states is

¥, ®|0) bosonic

Ty ® 9,|0) fermionic. (3.9)

k' + 1 bosonic and fermionic states with E = 2ne2k’
k' — 1 bosonic and fermionic states with E= (2n + 1)e%k’.
(3.10)

The second formula is valid for n = 0, 1, ..., and the first

formula only forn = 1,2, ....

B.G = SUQ3)

With gauge group G = SU(3), the Weyl group W is
isomorphic to the permutation group S; on three objects.
It has three irreducible unitary representations 1, 1/, and 2

|

L)T)\If®|0) forl=1,...,
"2k!
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(3.5)
K -1,

of the indicated dimensions. The tensor products of these
are given by the multiplication table

1 v 2
1|11 1 2 (3.11)
11 1 2
212 2 [1e2je[l].
The ground state label e takes its values in
1 *
SAY/A = {(a, bo) € (3k,2/z) (3k,2/z)
7/7 +b+c =04 12
<3k’ / ) a+b+c 0} (3.12)

The Weyl group acts by permutation on (a, b, ¢), so there
are three Weyl invariants

(%,%,#) for [ = 0, k', 2k, (3.13)
3k’ — 3 Weyl triplets
(L. %3 (1o iy
vt — ) 1 — 57 )
;/zl _3/(21 l3k l 3k 3k 3k (3.14)
(Tﬁﬁ) for I # 0, k', 2k’
and § (k' — 1)(k" — 2) Weyl sextets
(a,b,c), (b, c a)lcab),(cb,a), (b arc)lacb)
(3.15)
with a, b, c € 3k, Z/7 all differentbut a = b = cmod

The Weyl invariant elements give rise to ground states 1n
the 1 representation

3173k 3K

Each Weyl triplet gives rise to a 1 state

1
\P1=_(TL 13k~ 20y, +T 1 3k—21 L)y +T(W—21LL)T)W®|O>

\/§ 33K 3K 3K 3K 3K 3k 73k 3k

(3.17)

and two states in the 2 representation

%(T L3k -y, + e2m/ T | sy L)y + €4ﬂi/ T(zk’ 214/%) )\If@ |0>

373k 3K/ 3K

\I,z:

4
wvz +e7”/T13k/211

L(T
B\ G 30

73k

- 3k 3k (318)
+ e2m/ T L Ly )\If@ |0>

%k/) v 3K 73Kk
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Each Weyl sextet gives rise to a 1 state

1
\Irl = \/_E(T(a,b,c)T + T(b,c,a)r + T(c,a,b)r + T(c,b,a)T

+ Tha00r + Taen)r)V @ 10), (3.19)
a1’ state
Wy = L(T(aybw)f + Twcarr T Ticabyr — Tiepayr

V6

~ Twaor ~ Taen) ¥ @10), (3.20)

and four states transforming as two copies of 2

%(T(a,b,c)r + eZaTi/3 T(b, c,a)T + 647”/3 T(c,a,b)r)\lf ® |O>

= FTenayr+ €™ P T00: TP T 00),) Y ®10)
(3.21)
and
_— FTapor TP T cae+ €™ T, ¥ 810)
=

%(T(c,b,a)r + e477'i/3 T(b,a,c)T + 627”/3 T(a,c,b)r)\lj ® |O>

(3.22)

Altogether, the ground states transform in the representation

1 1
Rground states E(k/ + 2)(kl + 1) X1e E(kl - 1)(k/ - 2)

X1 @ (k2 —1)x2 (3.23)

[By this we mean a direct sum of % (k' + 2)(k' + 1) copies
of 1, 1 (k' — 1)(k' — 2) copies of 1/, and k"> — 1 copies of
2.] All these ground states have bosonic statistics, and the
gauge invariant states are those in the 1 representation, so
we get the physical ground state spectrum

1
E(k/ +2)(k' + 1) bosonic states with E =0. (3.24)

3k?n  bosonic and fermionic

3k2n + k2 — 1
3k2n + 2k? + 1

The second and third formulas are valid forn =0, 1, ...,
and the first formula only forn = 1,2, ....

IV. GAUGE GROUPS OF ADJOINT TYPE

A gauge group of the form G = G/C, where G is a
simply connected group with center subgroup C = A*/A,
is said to be of adjoint type. It imposes the requirement
k' = 0mod hZ on the shifted level &/, where 4 is the dual
Coxeter number of G. The theory is then invariant under

bosonic and fermionic

bosonic and fermionic

PHYSICAL REVIEW D 87, 105016 (2013)

The bosonic and fermionic creation operators Dﬂz and i
both transform in the 2 representation under W. Multiple
bosonic excitations give rise to the symmetric product
representations

212" = (n+ 1) X 1@n X1 ®2n X2
212" =y x1enx1e@2n+1)x2
RIECD =+ 1) x1enX1 e @2n+1) X2
RECS) =+ 1) x10m+1) X1 e @2n+1) X2
RIEC =+ 1) x1enX1 e 2n+2) X2
212 = (n+ 1) x 1@+ 1) X 1@ (2n +2) X2
(3.25)

whereas zero, one or two fermionic excitations give the
antisymmetric products

[2]3°=1 [2]8! =2 [2]%2 =1. (3.26)

At energy level E = me2k! for m=1,2,..., we have
bosonic excitations transforming in the representation

R, =[P e[2]0 022" P e[2]52.  (3.27)

By supersymmetry, this has to agree with the fermionic
representation

R, =212V @ [2]2". (3.28)
It is given by
Ry, =nXl1lenX1&2nX2
=nXloenX1T&R2n+1)X2
m+D)X1len+1) X1'e2n+1) X2
(3.29)

Gauge invariant excited states correspond to 1 terms in
the tensor product of these excitation representations with
the ground state representation Ry oung state- 1 he spectrum of
excited states is thus

R34

R3n+2 =

states with E = 3ne?k’
states with E = (3n + 1)e2k’

states with E = (3n + 2)e2k’. (3.30)

I

translations 7, ,,, on the complex torus X with u, v €
A*/A. Physical states can be characterized by the phase
factor exp2wi(u - e; + v - e;) picked up under such a
transformation. This defines the discrete electric ’t Hooft
fluxes e;, e; € A*/A. In our case, these transformations
act on the ground states as

(Tyrv: T, ¥NZ) = exp(imk'p - p + imwk'v - v

105016-5
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and commute with the creation operators > and 7. . The
phase factor in the transformation law of the ground states
thus determines e;, whereas state of definite e, are ob-
tained by taking appropriate linear combinations of the
states T, +¢), ¥ for v € A*/A. There is also a magnetic
"t Hooft flux m;, which measures the obstruction to lifting
the structure group of the gauge bundle from G = G/C to
its universal covering group G.

Here we will only consider the simplest case of G =
SUQ)/Z,. The case of G = SU(3)/Z; can be easily
worked out by extending the ground state analysis of
Sec. III B of the present paper and Sec. 3.2 of [7]. Other
groups would involve more work.

A.G = SUQ2)/Z,

The nontrivial element (3,1) of the center subgroup

C=A*/A =17, has norm (— (.3 =4%. The dual
|

715(T(o or + Ty 1), )‘I’

H(Tap: + Tap)¥
%( (oo =507 + T we

24! oK 2

=
||
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Coxeter number of SU(2) is & = 2, so the shifted level k’
has to be an even integer. In fact, it is convenient to
consider the two cases when &’ is divisible by four or not
separately.

1. k' = Omod 4
The transformation law (4.1) now simplifies to

(T,LL+V’TTET\I,)(Z) = exXp (27lel€ ’ /'L)(T(V+€)T\I,)(Z) (42)

The ground states in the 1 representation can be further
classified by their electric "t Hooft flux components e; and
e, which determine the phases under translations by (2, 5

and (}, )7 on X. There are k'/4 + 1 states with both e; and
e, trivial:
4.3)
+ TU+1_k’+1 + Tk/ I _K— 1) )
267 24! ST AT

where [ = 2,4, ...,k'/2 — 2 in the last line. There are also k’/4 states for each remaining combination of e¢; and e;:
(T v
(Mo 7 )
vi=1" T (4.4)
T * Tt ~ Tt ~ Tt
where [ = 2,4,...,k'/2 — 2 in the last line, have e, trivial and e, nontrivial.
1
q’l - _<T( )7 +T P ) + T Kl K1y +T =1 k-1 T)‘P, (45)
7A’ W TR ST AT ST AN
where [ = 1,3,...,k'/2 — 1, have ¢ nontrivial and e, trivial.
1
q’] - _<T( ) + Tzk’ 2k —1 A/+1 k’+1 Tk —1 _ K- 1) ) (46)
W2 TN ST AN STANETY
where I = 1,3,...,k'/2 — 1, have both ¢; and e, nontrivial. Acting on these states with an even number of creation

operators gives excited states as described in the previous section.
The ground states in the 1’ representation can be treated analogously. There are k’/4 — 1 states with both ¢; and e, trivial:

1
lI,1/ - _(T( T 2k'—1 _ 2k~ ) +T Kl K1y, T T K=l _K—1 T)\P, (47)
24" 21/ T ST ANTY 22k
where [ = 2,4, ...,k'/2 — 2. There are also k’/4 states for each remaining combination of ¢, and e,:
(T - T W
75( G—r (5,—3)7)
v, = v v , (4.8)
won. =T won. + T o )
( (Zk’ Zk’)T zg/k/ ST Azzf/ ,(2_;]’721:/[ kz/A/l kzt«/l)
where [ = 2,4, ..., k'/2 — 2 in the last line, have e, trivial and e, nontrivial.
1
\Ifl’ - _(T( =T 2k —1 22U~ + T@ M - A’ -1 _k I) ) (49)
2k’ 2k’ ok’ ok! Y4 2% 2!
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where [ =1,3,...,k'/2 — 1, have e; nontrivial and e,
trivial.
4 1(T T T
== VA I PR G ) (i \ W YRS N R
1 2 (2k” W) SRy )T z_Z’ ﬁ T

(4.10)

* Tt
where [ =1,3,...,k'/2 — 1, have both ¢, and e, non-
trivial. These states should be acted on by an odd number
of creation operators to obtain physical excited states.

The states described above all have trivial magnetic ’t
Hooft flux; i.e., the gauge bundle can be lifted to an SU(2)
bundle over T2. There is also an additional gauge invariant
ground state with nontrivial magnetic 't Hooft flux. Like
the other ground states, this state has bosonic statistics [7].
There are however no excitations with energies of order e”
above this ground state.

2. k'=2mod4

The transformation law now acquires additional signs
for nontrivial u or v as compared to (4.2). The analysis is
otherwise precisely analogous, and we give only the results

PHYSICAL REVIEW D 87, 105016 (2013)

for the number of ground states of different quantum
numbers:

There are (k' + 2)/4 — 1 ground states in the 1 repre-
sentation with both e; and e, trivial, and (k" + 2)/4 ground
states for each of the three remaining combinations of e;
and e,.

There are (k' + 2)/4 ground states in the 1’ representa-
tion with both e, and e, trivial, and (k' + 2)/4 — 1 ground
states for each of the tree remaining combinations of ¢,
and e,.

Excited states are obtained by acting on these ground
states with an even or odd number of creation operators
respectively.

Finally, there is a single ground state with nontrivial
magnetic 't Hooft flux. An interesting feature of this state
is that it has fermionic statistics [7]. There are no low-
energy excitations above this ground state either.
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