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Signal Shaping for BICM at Low SNR

Erik Agrell and Alex Alvarado

Abstract—The generalized mutual information (GMI) of bit- average bit energy-to-noise ratio needed to transmit informa-
itﬂtefll;?:v&d COdedt deu_latiOFtl_ (BtlcijM)tS)l’Stem_S, S?Tetimes Ca{!Ed tion reliably when the signal-to-noise ratio (SNR) tends to

e capacity, is investigated at low signal-to-noise ratio ; ; ; ; ;
(SNR). The combinations of input alphabet, input distribution, ;ero (15], [18], i.e., in th.e wideband reglme..When discrete
and binary labeling that achieve the Shannon limit —-1.59 dB are Input alphabets are Cons'de_red at the tr_ansm'tter and a E_’ICM
completely characterized. The main conclusion is that a BICM decoder is used at the receiver, the SL is not always achieved
system with probabilistic shaping achieves the Shannon limit at as first noticed in[[17]. This was later shown to be caused
low SNRif and only if it can be represented as a zero-mean linear py the selection of the binary labeling J18]. The behavior of
projection of a hypercube. Hence, probabilistic shaping offers no BICM in the wideband regime was studied [ [17[=[21] as a

extra degrees of freedom to optimize the low-SNR BICM-GMI, . . .
in addition to what is provided by geometrical shaping. The function of the alphabet¥) and the binary labelingL(), as-

analytical conclusions are confirmed by numerical results, which SUming a uniform input distributiorFirst-order optimal (FOO)
also show that for a fixed input alphabet, probabilistic shaping constellations were defined in[21] as the tripl&t P, L] that

can improve the BICM-GMI in the low and medium SNR range. make a BICM system achieve the SL, wh@eepresents the
input distribution.

Index Terms—Binary labeling, bit-interleaved coded modu- In this paper, the results df [21] are generalized to nonuni-
lation, generalized mutual information, Hadamard transform,  form input distributions and give a complete characterization
probabilistic shaping, Shannon limit, wideband regime. of FOO constellations for BICM in terms dK, P, L]. More

particularly, the geometrical and/or probabilistic shaping rules
I. INTRODUCTION that should be applied to a constellation to make it FOO are

] _found. The main conclusion is that probabilistic shaping offers
The most important breakthrough for coded modulatiofy, extra degrees of freedom in addition to what is provided

(CM) in fading channels came in 1992, when Zehavi intrgsy geometrical shaping for BICM in the wideband regime.
duced the so-called bit-interleaved coded modulation (BICM)y

[, usual!y referred_ to as a pragmatic approach for CM [2], Il. PRELIMINARIES
[3]. Despite not being fully understood theoretically, BICM .
has been rapidly adopted in commercial systems such as W@e_Notatlon
less and wired broadband access networks, 3G/4G telephonyBold italic lettersz denote row vectors. Block letters
and digital video broadcasting, making it the de facto standa#gnote matrices or sometimes column vectors. The identity
for current telecommunications systerns [3, Ch. 1]. matrix is I. The inner product between two row vectats
Signal shaping refers to the use of non-equally spac@fdb is denoted bya, b) and their element-wise product by
and/or non-equally likely symbols, i.egeometrical shaping @ ° b. The Euclidean norm of the vectaris denoted by|al|.
and probabilistic shaping resp. Signal shaping has beefR@ndom variables are denoted by capital letférand random
studied during many years, cf[4].][5] and references thereifgctors by boldface capital vecta’. The probability density
In the context of BICM, geometrical shaping was studied if¢nction (pdf) of the random vectdr” is denoted bypy (y)
[B]-[8], and probabilistic shaping, i.e., varying the probabi@nd the conditional pdf byy|x (y|z). A similar notation
ities of the bit streams, was first proposed fin [9].1[10] and@pplies to probability mass functions of a random variable,
developed further in[[11]=[14]. Probabilistic shaping offer¢hich are denoted by’y (y) and Py x (y[x). Expectations
another degree of freedom in the BICM design, which cai€ denoted byE.
be used to make the discrete input distribution more similar to The empty set is denoted by and the binary set b3 £
the optimal distribution (which is in general unknown). Thid0, 1}. The negation of a bit is denoted by = 1 —b. Binary
is particu|ar|y advantageous at low and medium SNR. addition (eXCIUSive'OR) of two bits andb is denoted byl@b
For the additive white Gaussian noise (AWGN) channeT,h? same n_ote}tion@b dgnotes the in?eger that results from
the so-called Shannon Limit (SL}1.59 dB represents the taking the bitwise exclusive-or of two integersandb.

Research supported by The British Academy and The Royal Society (g System Model
the Newton International Fellowship scheme), U.K., and by the European . o . .
Community’s Seventh's Framework Programme (FP7/2007-2013) under grantWWe consider transmissions over a discrete-time memoryless
agreement No. 271986. This work was presented in part at the Informatigactorial fast fading channel. The received vector at any
Theory and Applications (ITA) Workshop, San Diego, CA, February 201 iscrete time instant is
and at the IEEE International Symposium on Information Theory, Cambrid ' ' ! !
MA, July 2012. o

E. Agrell is with the Dept. of Signals and Systems, Chalmers Univ. of Y=HoX+Z (1)
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varado is with the Dept. of Engineering, University of Cambridge, Cambridd@(hereX is the channel Input and is Gaussian noise with

CB2 1PZ, United Kingdom (email: alex.alvarado@ieee.org). zero mean and varianc&,/2 in each dimension[]1],[]3,
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BICM encoder _ _ _ _ ______ ___________ BICM decoder
: der(e) Co ! H z | Lo !
; ; i encoder(s . ] I : decoder(s) |ij i i
information bits eney : o X © @ Y o1 | der(s) ! information bits
I interleaver(s) | Crn—1_ I I Lm—1_| deinterleaver(s)
| L I | L I

] e e ————

Fig. 1. A generic BICM system, consisting of a BICM transmnittthe channel, and a BICM receiver.

App. 2.A]. The channel is represented by tNedimensional 0,1,...,M — 1. It follows from Definition[1 that

vector H. It contains the real fading coefficienfg;, which
are random, possibly dependent, with the sameppdf). We N 1, k=1 ()
assume thaH and N, are perfectly known at the receiver or ’ 0, k#1
can be perfectly estimated, and that the technical reqeinésn _ _ - _
on X and H in [21, Sec. I-D] are satisfied. fork=0,...,m—landl=0,...,m—1,and
The conditional transition pdf of the channel [d (1) is Nigjk = Nik D Nk %)

) — ly —hoz|? 2 fori=0,....M—1,7=0,...,.M—1andk=0,...,m—1.
PY\X,H(?A% )—WGXP —T - (2

C. Probabilistic Shaping in BICM
. Assuming independent, but possibly nonuniformly dis-
E — Rcﬂ (3) tributed, bits Cy,...,C,,—1 at the input of the modulator
No No (cf. Fig.[), the symbol probabilities are given by [21, eq.
(30)] [13, eq. (8)]1122, eq. (9)]

The SNR is defined as
p = E[H?

where E, 2 TE[|X]?] is the averageransmitted symbol

energy, R. is the transmission rate in information bits per m-l
symbol, andEf £ E[H?FE/R. is the averagereceived b= H Foy(cir)
energy per information bit. k=0

The generic BICM scheme in Fi@] 1 is considered. Thier i = 0,...,M — 1, where Pg, (u) for v € B is the
transmitter is, in the simplest case, a single binary encodsobability of Cj, = u. Since P¢, (1) = 1 — P¢, (0), the dis-
concatenated with an interleaver and a memoryless mapfrdution P is fully specified by the vector of bit probabilities
®. Multiple encoders and/or interleavers may be needed 46 [P, (0),..., Po,,_, (0)].
achieve probabilistic shaping [10]=[13]. At the receiugsing Throughout this paper, we assume thak P, (0) < 1
the channel outpt”, the demappeb —' computes metricg, for all k¥ = 0,...,m — 1; i.e., all constellation points are
for the individual coded bit€’, with k = 0, ..., m—1, usually used with a nonzero probability. This can be done without
in the form of logarithmic likelihood ratios. These metras loss of generality, because Hq, (0) = 0 or P¢, (0) = 1 for
then passed to the deinterleaver(s) and decoder(s) tonadotai some &, then half of the constellation points will never be

estimate of the information bits. transmitted. If this is the case, the corresponding brasahe
The mapper® is defined via the input alphabéf = Fig.[l are removedy is reduced by one, and the mapger
[xf,..., 2%, ]T € RM*N, wherem bits are used to index is redefined accordinglyThe result is another BICM scheme

the M = 2™ symbols vectors:; € RY fori =0,..., M —1. with identical performance, which satisfies< P¢, (0) < 1
We associate with each symbal; the codeword (binary for all k.

labeling) ¢; = [cio,...,cim_1] € B™ and the probability  For any constellatiodX, P, L], a set of equivalent constel-

0 < P, < 1, where P, £ Px(x;). The binary labeling is lations can be constructed by permuting the rowXopf., and
denoted byL = [¢},...,ci, ;]T € BM*™ and the input P, provided that the same permutation is applied to all three
distribution byP = [Py, ..., Py—1]T € [0, 1]M. matrices. Specifically, denote the permutation that maps th

In the following, the labeling used throughout this paper RIBC into the desired labeling by II, i.e., TI(N,,) = L. The
defined. This can be done without loss of generality, as wilICM system defined by the alphabE(X), the distribution
be explained in Se€_IAC. II(P), and the labelindlI(N,,) = L is entirely equivalent

Definition 1 (Natural binary code)The natural binary 0 the system with alphabeé, distributionP, and labeling
code (NBC) is the binary labeliny,,, £ [n(0)T,...,n(M — Nm. Without loss of generality, the analysis in this paper is

1)T)T, wheren(i) = [nio,...,nim_1] € B™ denotes the therefore restricted to the latter case.
base-2 representation of the integer< i < M — 1, with Based on the previous discussion, from now on we use the
ni.m—1 being the most significant bit. nameconstellationto denote the paifX, P], where the NBC

This definition of the NBC is different from the one inl@beling is implicit. ThusL. = N,, and¢; . = n, for all i

[21]. The difference lies only in the bit ordering, i.e., imig | _ _ _ o

ider the last col 5, t tain th t Constellations withPc, = 0 for somek can yield counter-intuitive
paper we anSI er the last column O contain ! € MOSL regults, such as Gray-labeled constellations being FO® [(E8, [14] and
significant bits of the base-2 representation of the integjer ExampleY.)
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and k, which simplifies the analysis. Note th&tcannot be whereP; is given by [6). The coefficients,; ; are defined as
chosen arbitrarily in BICM; only distributions that satisf

m—1

m—1 i é —1 N kM k P, . O + -1 ni kN K P R 1
P =[] Pe,(nix) (6) 9 kl;IO {( ) cu(0)+(=1) e )}
k=0 (13)

for some vector of bit probabilitied will be considered

forall i = 0,.
in the paper. An important special case is th@aform dis-
tribution, for which b = [1/2,...,1/2] andP = U,, =
[1/M,...,1/M]".

,M—1andj =0,...,M — 1, where the
bars represent negatioﬁ{: 1 — b, see Sed_I-A).

Remark 1:For equally likely symbols, i.elP = U,,, the
transform becomes the identity operatifén: X, because then
gii=+vMfori=1,...,M andg; ; = 0 for i # j.

D. The Hadamard Transform The transform coefficientg; ; are nonsymmetric in the

The Hadamard transform (HT), or Walsh—Hadamard transense that in generg} ; # g;;. They have some appealing
form, is a discrete, linear, orthogonal transform, whoseffco properties given by the following lemma, which will be used
cients take values is-1. It is popular in image processirig [23]in the proofs of Theorenid 8] 4, ahd 8.

and can be used to analyze various aspects of binary labeling,emma 1:For anyj =0,...,M—-1andl =0,..., M —1,
in digital communications and source coding![21],][24]}[26 B
Definition 2: The HT X = [&],..., &}, ,]T of a matrix M, j=I,
’ . i1Gi = 14
(or vectonX = [zf,...,x3, |]T with M — 27 rows is Z Jildid 0, j#I, (14)
| M-
x; £ M Z :th,i_’j, 1= O, ey M—-1 (7) Z hl,igi,j = th,l Pj@l (15)
J=0 =
where foralli =0,.... M —1andj =0,...,M —1 where P; is given by [6) and:; ; is defined in[(B).
m—1 Proof: See the Appendix. O
h;, i = H (—1)mikmik (8) We pay particular attention to two important special cases
2, . .
k=0 of (15). First, ifl = 0, thenh;; = hj; = 1 and Pjg; = P,

for j = 0,...,M — 1. Second, ifl = 2* for any integer
k=0,...,m—1, then by [8),h;; = h;; = (—1)"* for any
i=0,...,M —1 and by [6)

Becausenp, = 0 for k = 0,...,m — 1, settingi = 0 in
(@)—(8) shows that the first HT vector

1 M—1
=72 ©)
j=0

can be interpreted as the uniformly weighted mean of the
alphabet. This is a property that the HT shares with, e.g., thlsing first [$) and ther[14), we obtain
discrete Fourier transform.

g@l H Pck Njgpak, k'

It can be shown from({8) that N\ Lo ®1)
M1 Fe = (H Feutrsu ) Pey (nr)
M, =1, 0 .
highi; =
R (Y ( - p7elus),
=0 cr (Nik)

forall j=0,..., M—1andl =0,..., M — 1. Therefore, the

inverse transform is identical to the forward transformarap Substituting these two cases £ 0 and/ = 2%) into (15)

from a scale factor: proves the following corollary.
M1 Corollary 2: For anyj =0,...,M — 1,
xj= Y @ihij, j=0,....M—1 (11) M-1
' > 91 =M/P; (16)
E. A New Transform M—1 ' é ‘ Pc ()
In this section, we define a linear transform between vectors Z (=1)"*gi; = M(—1)"" m (7)

or matrices, which depends on the input distribufibria the =0

bit probabilitiesb. Its usage will become clear in SectionT1l-C.
L . The fact that th i 1Gi aa
Definition 3: Given the bit probab|I|t|es b = e fact that the sum§_Z," g;g.,; in (L) are zero

. whenever j [, independently of the input distribution,
£, (0),. ., Pe,,, (0)], the tr:%nsfomiigr [‘50 @yl implies thgt tﬁe coeﬁicilzntg,j fo)r/m an orthogonal basis. As
of a matrix (or vectorX = [xg ..., &y 4] IS a consequence, the transform is invertible, as shown in the
M-1 next theorem.
x; = Z z;9:.\/ P, i=0,...,M—1 (12) Theorem 3:The inverse transfornX = [zg,...,z1, |]|T
= of a matrix (or vectorX = [, ..., &}, ,]T is, given the bit
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Def.[3 ) Theorem 4:If S = X, then their HTsS andX satisfy
X — S =X =GDY?X et
Theore - -
i si=viy_ & [ (Pou(0) = Poy(nix),
HTﬂ HTﬂ :
nj,k#"i,k
~ Theorenlh B =0 M -1 20
X=LHX =  S=LHS=TX e - (20)
M—1 3 m—1
Fig. 2. The relations between the alphabBgtits transforms, and their — (Pc, (nik) — P, (0))
respective Hadamard transforritsandS. The transform matrice&, D, H, i—0 Vi k=0
andT are defined in Exampldd 1 ah#l 2. N K FENG K
j=0,...,M—1 (21)
i here
probabilitiesb = [P, (0),. .., Pc,,_, (0)], W )
M i 2 1 2vVPe(0Po, (1),  i=0,....M—1 (22)
T = Tigi i, i=0,...,M —1. 18 =
J M\/__] Z Gi,j J ( ) nﬁ;gl
Proof: Forj =0,..., M — 1, and a product ovew is defined as 1.
M1 Me1  M-1 Proof: See the Appendix. O
Z Eigi, = Z i Z x19:.1\/ P, I]Ee_rpark 2:The summatlpn in [(20) can be confined to
— =0 =0 j—i » because whenever < i, there exists at least one
M—1 M—1 bit position & for which nir # njr = 0. Analogously, the
=Y VP Y giugi;- summation in[(21) can be confined ¥5, "
1=0 i=0 ~ Example 2:Expression[(20) can be written 8s= TX, or
X = T~'S. The element at row, columnj of T andT~!
Applying (I4) and dividing both sides by/./P;, which by
Sec[TI-Q is nonzero, completes the proof. are given by [(20}£(21) as, respl; [ ;. AN . (Pc, (0) —
Example 1:If the bit probabilies are b = Feu(nik)) and (1/¢5) 1k ) 20, (P (nj.) — Pe,(0)).

[0.35,0.50], then the symbol probabilities [J(6) areWith b, X andX from Exampld:ll we obtaifv, ..., 93] =
P = [0.175,0.325,0.175,0.325]™. The transform coefficients [1,0.954, 1,0.954] and
gi.; in (I3) are the elements at roiy column; of

1 —0.300 0 0 10350 0
1.977 0304 0 0 T |0 0954 0 0 o1 |0 10480 0
o |-0304 L9770 0 a9 |0 0 1 -03000" “lo 0 10315
0 0 1977 0.304 0 0 0 0.954 0 0 0 1048
0 0 —0.304 1.977 (23)

It is readily verified thatG™G = MI, which is [I#) in which, as predicted by Remalk 2, are upper triangular.
matrix notation. The mean values in each column[of (19) areAnother relation betweeX and S can be deduced from
[0.418,0.570,0.418,0.570]T, which in agreement with[{16) Fig.[2. Defining the Hadamard matriX as the matrix with
are the square roots of the elementginSimilarly, it can be elementsy; ; fori,j = 0,..., M —1, the HT relations[(7) and
shown thatG in ([I9) satisfies[(15) and_(IL7). @i yleIdS (1/M)HS andX = HX. Since from Examplgl1

If the Gray-labeled4-ary pulse amplitude modulationS = X = GD'/2X, we conclude tha$ = (1/M)HGD'/2HX,
(PAM) constellationX, P] is consideredX = [-3, —1,3,1]T.  which implies thatT = (1/M)HGD'/?H. BecauseH ! =
Rewriting [ﬂ) in matrix notation, the transform can be ca(l/M)H (seel@D)) ands—! = (1/M)GT, the inverse relation
culated asX = GDY2X = [~2.654, —0.746,2.654,0.746], is T~ = (1/M?)HD~/2GTH. It is straightforward to verify
whereD £ diag(P). This nonequally spaced 4-PAM alphabethatT andT~' calculated in this manner, using the numerical
will be illustrated and analyzed in Examgdlé 3. The inversealues ofG andD in Example[1, indeed yield (23).
transform [IB) can be written 86 = (1/M)D~/2GTX. For
a uniform distribution,G = D~/2 = /MI, which agrees lIl. BICM AT Low SNR
with Remark1. .

In Sec.[TV-B, we will need to apply the HT and the new Mutual Information
transform after each other to the same alphabet. Howewer, th The mutual information(MI) in bits per channel use be-
two transforms do not commute, and the result will therefofeeen the random vectoX andY for an arbitrary channel
depend on in which order the transforms are applied. @&rametetH perfectly known at the receiver is defined as
particular interest for our analysis is the setpp in Elg. Beve _ . pyix.a(Y|X, H)

X and S are related via the transform defined above. Their I(X;Y|H) = E |log,

HTs X andS are however not related via the same transform. pyia(Y|H)

Instead, a relation betweéhandS can be established via thewhere the expectation is taken over the joint psfy g, and
following theorem. Py |x,H IS given by [2).
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The MI betweenX andY conditioned on the value of the The main contributions of this paper are to characterize

kth bit at the input of the modulator is defined as the low-GMI parameters for arbitrary constellations, it
Y|X,H.C ?ng those with nonuniform Qistributions (Sd_Q.__I]]-C)., Qrm:l t

I(X;Y|H,C,) 2 E [1og2 pY\XvH,ck(YJ = ) identify the set of constellations for BICM that maximiae

pyimc,(YH,Cy) i.e., minimize E¥ /Ny in the wideband regime (Selc.TVB).

where the expectation is taken over the joint p&f v rr,c, -
Definition 4 (BICM Generalized Mutual Information):

The BICM generalized mutual information (BICM-GMI) isB' Low-GMI Parameters for Uniform Distributions

defined as[[2],[[17],[118],[127] The low-GMI parameter$u, Es, o] have been analyzed in
i detail for arbitrary input alphabets under the assumption of
I(p) 2 I(CoYIH uniform probabilities[[2L]. Under this assumption, they &
(o) 1;) (G YH) expressed as given by the following theorem.
- m—1 Theorem 5:For a constellationX, U,,], the low-GMI pa-
=mI(X;Y|H)- > I(X;Y|H,Cy)  (24) rametersare
k= 1 M—1
where the second line follows by the chain rule. We will K= Z Lis (27)
analyze the right-hand side df_{24) as a function poffor i=0
a given pdfpy. According to [(8),p can be varied in two B — 1 9 o8
ways, either by varyingV, for a fixed constellatioriX, P] or, ST M Z lacs 1%, (28)
equivalently, by rescaling the alphal3&tinearly for fixed Ny =0 9
and input distributioriP. ~ log, e iy Yok, 29
Martinezet al. [27] recognized the BICM decoder in Fig. 1 “ = MPE, 2 ; (=1)"ra; (29)

as a mismatched decoder and showed that the BICM-GMI in
(34) corresponds to an achievable rate of such a decoder. Thi Proof: Expressions[{27) and_(P8) follow directly from
means that reliable transmission using a BICM system at rdefinition[3, while [29) was proved in_[21, eq. (50)]. [

R. is possible ifR, < I (p). Since from[B)E} /Ny = p/R., The low-GMI parameters can be conveniently expressed as
the inequalityR. < I(p) gived functions of the HTX of the alphabeiX, as shown in the
Er 0 following theorem.
FZ > m (25) Theorem 6:The low-GMI parameters can be expressed as
for any p. Focusing on the wideband regime, i.e., asymptoti- H = o, (30)
cally low SNR, we make the following definition. M-1
Definition 5 (Low-GMI Parameters)Thelow-GMI param- Eo= > &> (31)
etersof a constellatior{X, P| are defined a§u, Es, «], where =0 )
2 BX] o= B8N a2 (32
B, 2 B[ X7 k=0
» dI(p) Proof: The expression[(30) is obtained frofl (9L.1(31)
a= “dp o from [21, eq. (16)], and(32) from [21, Th. 11]. O

In the wideband regime, the average bit energy-to-noise ) o
ratio needed for reliable transmission is, usifgl (25) arel - LOW-GMI Parameters for Nonuniform Distributions

definition of «, lower-bounded by The next theorem is analogous to Theotdm 5 but applies to
v p 1 an arbitrary input distribution.
~— > lim - = —. (26)  Theorem 7:For a constellationiX, P, the low-GMI param-
No ~ p=ot I(p) «
eters are
Furthermore, since in the wideband regifg/ Ny > log,2 = M1
] —1
~1.59 dB [15], o' > ~1.59 dB. . _ p=3" P, (33)
The first-order behavior of the BICM-GMI i (24) is fully P

determined by, which, as we shall see later (e.g.,[inl(36)), in M1
turn depends op and E;. This is why we designate this triplet E, = Z Pi||z:||?, (34)
as low-GMI parameters. The same definitions can be applied =0

to other MI functionsI (p) such as the coded modulation Ml log. @ M=l M-l
(CM-MI) [21]. In this paper, however, we are only interested o= 282 Z P Z Pj (x;,x;)
in the BICM-GMI. B = =

J

m—

—_

2The definition of the related functiofi( R.) in [21), eq. (37)] is erroneous 1)kt Pck (ﬁz‘,k) (35)
and should read E}, /Ny is bounded from below by (R.)/IE g [H?], where ’ (=1) Pe,(njr)
f(Rc) £ CH(Re)/Re” k=0 k15,
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TABLE |
Low-GMI PARAMETERS ANDFOO CONDITIONS FORBICM USING UNIFORM AND NONUNIFORM INPUT DISTRIBUTIONS THE RESULTS FORX, Uy, |
ARE FROM [21]] (cF. THEOREMIB|AND[A) AND THE ONES FOR[X, ] OR [X, U,,,] ARE FROM THEOREMI7,[8, AND [I.

[X, Uni] [X,P] or [X, Un]
M—1
© o) Z Pix;
M—1 M—1
B Z [l > Pl
i=0
10g2 em 1 log2 e]% 1 M—-1 1 T PCk (ﬁi,k)
a ZH‘EQkH Z P; Z Pj (x4, ;) Z(—l) i s y -
k—0 k=0 Ch ("],k)

FOO Conditon &; =0, Vj ¢ {1,2,4,...,M/2}

/,L—Oandwj =0,V ¢ {0}U{1,2,4,..., M/2}

Proof: Again, (33) and [(34) follow from Definitioii]5, Proof: Let the low-GMI parameters ofX, U,,] be de-
while (38) requires some analysis. It was showriid [21, Th. 1@oted by[u’, ES', o/]. First, [2T) and[(IR) yield

2
1og2em71 - n; Pix; Z Z LjYi,j
S ol hoETa 5
S k=0 i=0 Pe,, (ni k) M—1

M1 2

e 9 IEN) STC
VFoi (nik) Applying (I8) to the inner sum uﬂ};?) reveals that

Substituting [(3B) and writing the squared norms as the inner

= 2|ul?|. (36)

M-1
products of two identical vectors yields — Z Pz, = p
1og m 1M—-1M-1 =0
2
Z Z Z FiPj (@i, z;) Second,[(Z8) and(12) yield

k=0 =0 j7=0
(~1)res (1) B =
\/‘PC;c nz,k Pck(n];k)

S

2=
T I
§

=

M— 7l M—1
1
+ ! —2]. = Z <Z x;9i;\ P, szgi,l\/Pz>

VP, (nik)Po, (njk) i=0 \ j=0 =

The expression in brackets can be simplified as 1 Ml M-1
P, (1) =37 2 2 @im) VER Y gisgir
(=D)restrae 41 9 _ 2ty Tk = Mk =0 1=0 i=0
/Pe,, (n; 1) Po, (k) -2, Nk 7 Nik Evaluating the inner sum using{14) gives
Po, (1i.k) M-l

_ 1\ kK
a 2( 1) Pck(nj_’k) Eb/ = Z ‘Pj||a"j||2 = E
which completes the proof of (B5). 0 -

Theoren¥ shows that the low-GMI parameters depend onfor the third and Iast part of the theorefn.](29) yields

the input alphabefX, the binary labeling (vian;; in the log. @ =L |[M=1 2
expression for), and the input distribution (vi&c, (v) and o = Og22 Z Z (—1)"rx; (38)
P) While the Iow GMI parameters of an alphab‘)étwith M=E, k=0 || i=0

its HT X (cf. Theoren{B), no similar expressions are known

M—1 M—1 —
for the low-GMI parameters of a general constellation in S n /P,
’ ’ o — 1)k = — 1)k Qi i P:
(33)-[35%). This has so far prevented the analytic optimiza- ;( yre iz;( ) Z TGV

tion of such constellations. The new transform introduaed i
Section[TI-E, however, solves this problem by establishing
an equivalence between an arbitrary constellation, plyssib
with nonuniform probabilities, and another constellatiith
uniform probabilities.

Theorem 8:The low-GMI parametergu, Es, o] of any M-1 M-1 7
constellation[X, P] are equal to the low-GMI parameters of > (=1)"*d; = M Y a; P;(—1)"* M
Dog U ] i=0 i Pck (n.],k)

—Zwa\/_z )*irtg

Applying (I7) to the inner sum, we obtain
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2 6 T14 T 14 ar
3 e - - @ - R 2 : AR
o) 0 o o 35l
2.
I 7 151 3
reg O @0 S 25
: £
of : Z 2
o O o o S,
-l @1+ @5 - @13 - ®9] 0 1.5¢ —
~ CAW
ol v == CM [Xoam, U4]
------- BICM [Xoam, Us]
o o = o o
-3 @0 @4 @12 g 05 ~ — ~ BICM [Xoaw, 1]
. . . . . . . BICM [Xoam, Ud] |-
3 -2 -1 0 1 2 3 0 : ' : :
-2 0 2 4 6 8
EX /N, [dB]

Fig. 3. 16-QAM constellatiorfXgam, P1] (black circles) with bit probabili-
ties by = [0.35,0.50, 0.35,0.50]. Each symboke; is marked with its index o ]
4, and its probabilityP; is proportional to the area of the corresponding circleFig. 4. BICM-GMI for probabilistically shaped 16-QAM andsitransform.

White circles represent the transformed constellafiigay, Us], which has  The CM-MI and BICM-GMI for uniform input distributions arelsm shown,
the same low-GMI parameters. as is the AWGN capacityC”W. The white circle and square indicafe(26)

with « given by [41) and by[[21, eq. (55)], resp.

We take the inner product of this vector with itself andjven by [6) isPy = P, = Px = Py = 0.031, P, =
substitute the obtained expression for the squared nof88n ( P, = Py = Ps = Py = Py = Pj» = Py = 0.057, and

This yields, after rearranging terms, Py = P, = Pj3 = Pi5 = 0.106. These symbol probabilities
o, QM1 M1 M- are.indicated_in Fid.13, where the area of the circ_le reptasgn
o = (xi, ;) x; is proportional to the corresponding probability.
B i3 i3 §=0 Another alphabeKqam is obtained by applying the trans-
— — form in (I2) to the constellatiofXgam., P1]. The white circles
.pipj(_l)m,wnj,k\/Pck(”i=k)Pck(”j=k> (39) in Fig. [3 represent the symbols ﬁQAM using a uniform
Po, (i) Po, () distributionU,. The alphabengAM is still a rectangular 16-
=a. (40) QAM constellation, but a nonuniformly spaced one. Every row

) , B , in Fig.[3 can be regarded as a probabilistically shaped Kblac

The square root irL(39) i8c, (71;,x)/ Po, (nik) if nk =ik or a geometrically shaped (white) 4-PAM constellation:antf

or 1if nj, = niy. In both cases, it can be expressed e same 4-PAM constellations as in Exanfle 1.

Fe, (nir)/ P, (n),) (or, equivalentlyPo, (nj i)/ Fo, (nik))-  The low-GMI parameters of the two constellations

Comparing this result witH (35) glveﬂ40).. O [Xoaw, P1] and[Xoaw, Ud], given by Theoren(@ 7 aid 5, resp.,
Theorem[B shows that the constellatig,P] can be e 'igentical, as predicted by TheorE 8. These are

mapped to another constellatigi, U,,] with the same low-

GMI parameters, wherX is related toX via (I2) and [(IB). pn=0, E, = 7.60, a = 1.10. (41)
This relation betweeriX, P|] and [X, U,,,] will be applied in i

Sec.[IV-B to prove Theorein 10, which is the main result of. The BICM-GMI for. thg ConSte""’.‘t'o'f‘S[XQAMPl] and
the paper. To summarize, TaBe | lists the low-GMI paranseterieau; Us] are shown in Figl14. In th/:\,sv figure, we also show
for BICM given by Theoremgl6 arid 7. The equivalence of tHB€ capacity of the AWGN channé”™ [21, eq. (22)] and

parameters fofX, P| or [X, U,,] comes from Theorefg. ~ the CM-MI and BICM-GMI for 16-QAM using a uniform
input distribution, i.e.,[Xqam, U4]. The results show that the

BICM-GMIs of the original constellatiofXqam, P1] and the
transformed constellatio[ngAM,M] are in general different;

In this Section, we show examples of how the transforfmowever, they converge in the low-SNR regime. The endpoints
defined in Sec[[Il-E works and we also present equivaleoft the BICM-GMI curves for[Xqam, P1] and [Xqawm, Us] are
constellations[X,P] and [X,U,,]. All results are for the shown with a white circle, whose value follows frof{41)
AWGN channel. The (G)MIs are numerically evaluated usingnd [26). The endpoint for the BICM-GMI curve for the

D. Numerical Examples

Gauss—Hermite quadratures following[28, Sec. IlI]. constellation[Xoam, U] is shown with a white squaré 17,
Example 3:Consider the equally spaced 16-ary squamy. (18)].
guadrature amplitude modulation (16-QAM) alphabet= Example 4:Consider the NBC-labeled/-ary phase-shift

Xoam labeled by the binary reflected Gray code (BRGQReying (PSK) alphabeX = Xpsk, wherex; = [cos(27j /M +
[29] with bit probabilitiesb; = [0.35,0.5,0.35,0.5], shown =/M),sin(2xj/M + w/M)] with j = 0,...,M — 1. The
with black circles in Fig[13. The input distributioB = P; constellation forM = 8 for two input distributionsP are
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] S
‘ ‘ ‘ ‘ P
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1 e ~- a7 Y
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< | 2N N 0
05F i Nk T s =
‘o N \76 4 ’O/ - S
- IS
of ! 5
. . )
0.5' . ©
&= CAW
-1} 2 ® T Y AT A I CM [Xpsk, Us]
------- BICM [Xpsk, Us]
150 — — —BICM [Xps, P
S I S S S T S BICM [Xpsk, Us]
-15 -1 -05 O 0.5 1 1.5 . : : : g

6 8 10 12 14
B{ /N, [dB]
Fig. 5. 8-PSK constellatior{Xpsk, P2] with bit probabilities ba (black
circles) and the transformed constellatififiosk, Us] (white circles), which  Fig. 7. BICM-GMI of the two probabilistically shaped 8-PSknstellations
have the same low-GMI parameters. The circle areas is ptiopaf to the in Figs[§ andb and thelrtransforrﬁ?sPSK, Us]. The CM-MI and BICM-GMI
symbol probabilitiesP;. Dashed lines join symbols whose labels differ in ongor uniform input distributions are also shown. The whiteckeis and square

bit only. show the endpoints—1.
1.5¢ : : : : : : : : 1 : : L]
1 [ ] . 2 | /V Q
: L \
0.5} 2. T| SERRRRRRRE “Cop ERY Y
. q—’?; 2 [ oy =~ t)
ol . | -~ 5 O i SN
4 == b Ofe A / oy e
0.5f - g NG f I \'\ Q{)\ -~ o~
\o_/_\_ _ 7 -1 . < .é‘ .
. . N k=9 \ -
-1t . - CON - 7 :
. V . _2- U
1.5( ' ‘.
. . . . . . °
15 -1 - -3 : : : : ;
15 1 05 O 0.5 1 15 23 ) 1 0 1 2 3
Fig. 6. 8-PSK constellatioriXpsk, 3] with bit probabilities b5 (black Fig. 8. Star-shaped 8-QAM constellatlc[)KgQAM,M} with bit probabilities

circles) and its transfornfiXpsk, Us] (white circles). b4 (black circles) and its transforijSQAng] (white circles).

shown in Figs[6 and16, where again the circle areas a@tthe BICM-GMI curves are obtained frori {26).
proportional to the symbol probabilitieB;. We denote these Example 5:Consider the eight-level star-shaped QAM al-
input distributions byP, and Ps, which are generated byphabet shown in Fid18 (black circles), which we denote by
by = [0.5,0.7,0.9] and b3 = [0.9,0.7,0.3], resp. The trans- Xgoam. This alphabet is used with bit probabilitids, =
forms Xpsk are irregular, not resembllng a PSK alphabet0.5, 0.5,0.85], giving an input symbol probabilitfs. In this
Nevertheless, the low-GMI parameters for pairs of constélgure we also show the transformed COﬂSte”amgbAM,Ug]
lations [Xpsk, P;] and [XPSK, Us] are again equal. Particularly,which according to Theoreil 8 has the same low-GMI pa-
a = 0.67 for [Xpsk, P2] anda = 0.76 for [Xpsk, Ps]. rameters agXgoam, P4]. This can be appreciated in Figl 9,
The BICM-GMI for the two 8PSK constellations in Figs. Swhere the corresponding BICM-GMlIs are shown. [Flg. 9 also
and[® is shown in Fig]7. Also shown are the BICM-GMBhows how probabilistic shaping improves the BICM-GMI
and CM-MI for 8-PSK with uniform input distributions, for considerably over a wide range of SNRs.
which o = 0.62 [21], eq. (56)] anda = log, e, resp., and  The results in Figd14]17, ad 9 also show other interesting
the capacity of the AWGN channel. Again, the results shoproperties of probabilistic shaping for BICM. In the high-
that the BICM-GMIs of the or|g|nal constellatioiXpsk, P;] SNR regime, the use of a nonuniform distribution results in
and the transformed constellaUQKPSK, Us] are in general a loss in GMI, i.e., the curves flatten out at a value below
different but converge in the low-SNR regime. The endpoints [bit/symbol], but for a wide range of moderately high SNR,
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3 S p ST which gives [4R). O
: : : : : This theorem was given in_[21, Th. 12], where it was
o5l S o - = = used to find FOO constellations for BICM whéh = U,,.
It offers an appealing intuitive geometrical interpretati An
input alphabet is FOO for a uniform input distribution if and
§ 2r only if it is a zero-mean linear projection of a hypercubeisTh
E behavior is illustrated in Exampld 6 and also(inl[21, Fig. 4].
& 150
% B. FOO Constellations for Nonuniform Distributions
=1 In this section, we derive necessary and sufficient conuitio
oA ) for a BICM system, with an arbitrary input alphabet and
osr /-, /| BICM-Mi-Uniform probability distribution, to achieve the SL, i.e., we find 8O
— — —BICM-MI-P 4 . .
BICM=MI-P—Trans| constellations for BICM. The conditions are derived by &an

L . . . j forming an arbitrary constellation into another constaiia
-2 0 2 4 6 8 10  with uniform probabilities using Theoreml 8 and applying
E/No [dB] Theorenid to this transformed constellation. Since The@lem
Fig. 8. BICM-GMI for [X Usl, [ P] and [ Us]. The is exprgs;ed in terms of thg H.T, a relation between the HTs of
AWGN capacity is also shosv%A.MI"he vdhitei?i?é?é and squarngthgmnd.points X a'_qu is needed, Whl(:h_ 1S Illus_trated by the bottom arrO\_N
a1 with o = 1.14 and 1.18. in Fig.[2. Such a relation is provided by Theoreim 4 and will
be applied in the proofs of Theorems| 10 11.
Theorem 10:The constellationX, P is FOO if and only if

16-QAM alphabet in Examplg 3, in the medium SNR regime,

the use of nonequally likely symbols even gives a larger GMI
than the CM-MI obtained with and a uniform distribution.

N

m—1
0 Z Tk (PCk(l) - PCk (O)) (43)
k=0
07

IV. FIRST-ORDEROPTIMAL CONSTELLATIONS Tj= Vi ¢ {0pU{1.2,4,... M/2}. (44)
Having characterized the low-SNR behavior of the BICM-  Proof: We will prove the theorem in two steps. First, we
GMI of an arbitrary constellation, the next step is to sedech prove the “if” part by showing tha{{43) anfl_(44) imply that
optimal constellations in terms of the BICM-GMI at low SNR/[X, P] is FOO. Second, we prove the “only if” part by showing
The following definition formally defines BICM systems thathat if X, P] is FOO, then[(43) and_(#4) hold.
achieve the SL. For the “if” part, suppose that (#3) arld{44) hold for a given
Definition 6 (FOO constellation)The constellationX,P] constellation[X, P]. Applying (44) in [20) yields for the HT
is said to be first-order optimal (FOQO) if a BICM system usin§ of S = X
[X,P] achieves the SI=1.59 dB, i.e.,a = log, €. m—1
As discussed in SeC. TIC, we have fixed the labeling to bez; = v, [5;0 H (Pc, (0) — Pe, (no))
the NBC, and thus, an FOO constellation is fully characéstiz

by only two parameters, the input alphab&tand its input "“vf;g”vk
distribution P, where the latter satisfieg](6). The analysis el
is nevertheless, without loss of generality, applicableato + Lot H (Per(0) = Pey (na 1)) |
arbitrary labeling by permuting the constellation, see. [HeCl 1=0 wijégzj,k
j=0,...,M—1. (45)

A. FOO Constellations for Uniform Distributions

In this section we review results on FOO constellations fosrmce the bitsz, =0 for k = 0,...,m—1, the first product

BICM for uniform input distributions. The next theorem giwe'n @3) is alwqys Zero, exc;ept when = 0. (Recall that a
o " . product overs in (20) is defined as 1.) Furthermore, because
necessary and sufficient conditions for an input alphabbeto

: . o . .. of (4), the second product i 5) is zero whenej 0, 2!
FOO if the binary labeling is the NBC and input dlsmbu“o'}or@ome integet. ?Ne can Eagre)fore identify the?/e%{casei for

is uniform. @3). First
Theorem 9:The constellatiorX, U,,] is FOO if and only ' '
if 5,=0, j¢{0tu{1,2,....2m 1 (46)
‘,ij :07 v.] ¢ {1327433M/2} (42) SeCOﬂdJ =0 erIdS
Proof: From [31) and[(32)q = log, e if and only if m—1

30 =0 | &0+ &o1 (Pc,(0) — Pey(na )
0

M-—1 m—1
SolE)? = [l =
1=0 k=0

—0 (47)
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because 0ofi{43). And third, letting= 2 for an integer, Combining the three casds {51).152), and (54) yields
m—1 m—1 m—1 ~ PCl(l)_PCL(O) s
Soi = o Z To H (Pck (0) — P(),c (n217k)) , R Zl o Sz 2y , J=0,
1=0 k=0 T; = w] je{1,2,....2m 1}

n2i,k7&n2l,k

0 otherwise

i=0,...,m—1. (48) ’
When # i, the product in[{Z8) includes two factors,— [ which satisfies[{43) and(#4). This completes the proof of the

. . . “only if” part. O
andk = i. Fork = i, ny , = 0 and the whole product i8. ; . N
Therefore, onlyl = i contributes to the sum i _(#8). When Remark 3:Only {43) depends on the input distribution, not

o . . . (44). In view of Theorerfi]9, the only difference between FOO
t =1, the product in[{48) is again over and [48) becomes constellations with uniform and nonuniform distributioliess

Soi = YoiToi. (49) in &q. The final theorem gives this statement a more intuitive
Combining the three casds (46),1(47), and (49) yields interpretation. . : . .
' Theorem 11:The constellationX, P] is FOO if and only if
~ vz, je{1,2,...,2m7 1} both the following conditions hold:
S, =
7o, otherwise 4= 0 (55)
Using Theorenil9, we conclude that the constellafiénU,,,] z; =0, Vj¢{0}u{l,2,4,....,M/2}.  (56)

is FOO. Finally, Theoreril8 implies th&X, P] is also FOO,
which completes the proof of the “if” part.

For the “only if” part, assume thafX,P] is FOO. By
Theoren{B,X, U,,] is also FOO, and by Theorehh 8; = 0
for any i that is not a power of two, wher8 is the HT of
S = X. We will now use Theorerfl4 to translate the conditio

Proof: We wish to prove that if{44) (or equivalently {56))
holds, then[(43) and (55) are equivalent.
For any constellatiofiX, ], the meary = 34, whereS is
the HT ofS = X. This follows from Theorerfil8 an@{B0). The
freanu can be calculated by letting= 0 in (20) and [2P) as

on S into conditions oriX. m
If 3, = 0 fori ¢ {1,2,...,2™"'}, then the summation = o Z x; H (P, (0) — Pc, (1)) (57)
overi =0,...,M —1in (21) can be reduced to a summation ) k=0
overi =2 fori =0,...,m —1, e
1 1 whereyy = 1.
Z Sa1 H (Pck (nat 1) — Pe, (O)) 7 Ip this theorem, we are only interested in constellaponas; th
=0 satisfy [4%) or equivalently{ (56). For such constellatioihe
nj,k¢n2z,k sum in [&T) includes at most + 1 nonzero terms, namely,
j=0,....,.M —1. (50) m—
Due to [4), the product if{%0) is nonzero only if the product Z t (Pey(0) = Pey (1))
is overk € @ or over the single-element sgte {I}, i.e., if =0
j =0 orj =2 for some integel, resp. Again, three casesThis expression makeﬂ43) and](55) equivalent. O

can be identified. First, ifi ¢ {0} U {1,2,...,2m~ 1}, then Based on Theorerm] 9, the result in TheorEmh 11 can be
the product in[(BD) includes at least ohe# [ for everyl and understood as follows. If a constellation with a uniformuip
~ . _ distribution is FOO, it will still be FOO for any other input
J— m—1
zj =0, JE0ULL2, 27 (51) distribution b provided that the input alphabet is translated
Second, forj = 0, the product comprises only one factorfo be zero mean. In view of the geometrical interpretation of

k=1, and Theorem® given in[[21, Th. 12], the result in TheorEm 11
m—1 . also states that a constellation is FOO if and only if its inpu
Z _2 (Po, (1) — P, (0)). (52) alphabet is a linear projection of a hypercudel it has zero
= Y mean.

We also note that the zero-mean condition in Thedreim 11

And third, setting;j = 2¢,
nd third, settingy is the same that guarantees FOO for the CM-MIl [21, Foot-

N [ S note 12§. This implies that the only difference between FOO
Lot = Z Dot H (Por(n2k) = Poy (0)) constellations for the CM-MI and the BICM-GMI lies on the
=0 Ny ’:;9121 N extra constraint on the input alphabet to be a linear prigject

1=0,....,m—1. (53) of a hypercube.
As explained after[{48), the product ii{53) Isif I = ¢

(product over@) and 0 otherwise. Thus, the summation in _ _ _ _ _
(3) can be reduced to just one teri; i, and In this subsection we give numerical examples to illustrate

the analytical results presented in this paper.

C. Numerical Examples

, 1=0,...,m—1. (54)
o 3The parametet: for the CM-Ml is [21, Th. 7]ac = log, €(1— || p||2/ Es).
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CAW

[Z%AMPM"]P)E)}
L /
- - - 0.5 [Xgampm: Us]
3 2 1 0 1 2 3 _ [3§8AMPM-,]P’6}
Fig. 10. The FOO constellationgXgaypm: Ps] (black circles) and 0 : : ._ — _. [XsAMP'Y"US :
(Xgampm Us] (white circles). -2 0 2 4 6 8 10 12

Ey/No [dB]

Fig. 12. BICM-GMI for the four FOO constellations in Fids.]Bhd[I1.
The SL is shown with a white circle.

with an arbitrary nonuniform distribution, if it is transéa to
zero mean. Furthermora@]l nonuniform FOO constellations
can be constructed in this manner.

For certain distributions, the meah_[59) is zero without
translation. Specificallyy = 0 if and only if

Pcy(0) = Py (0) = Pey (0)/2 4 1/4. (60)
. . . . . , , Clearly, the uniform caseic, (0) = Pc, (0) = P, (0) = 1/2)
-3 -2 -1 0 1 2 3 analyzed in [[211] fulfills [ED). More interestingly, when any

) other vector of bit probabilities fulfilling[{80) is used, eh
Fig. 11.  The constellationfXgampwm, Ps] (black circles) andXgawem, Us]  resulting constellation will be FOO. This is the case for in-
gx’;’t;g;ﬂfg)i:gg}’ both have zero mean and look like cumeéich indicates — gan e withhg = [0.70, 0.90, 0.70]. The obtained constellation,
denoted by[Xgawpwm, Pg] is illustrated in Fig[IlL along with
its transform[Xgamem, Us]. Graphically, both alphabets look
Example 6:Consider the so-called 8-AMPM alphabet|[30]ike cubes, although viewed from different angles, which is
T precisely what Theorenig 9 ahd]11 predict.
Xsampm = [_1 =3 -113-l 1} (58) In Fig. [12, we show the BICM-GMI for the zero-mean
0 -2 0 -220 20 constellations[XéAMEMJP{r)] and [XgAMPL\m]P)G] as well as for
which corresponds to a projected hypercube. The constellatthe constellationsXgaypm, Us] and [Xgampm, Us]. As ex-
[Xsampm, P] was shown to be FOO foP = Uz in [21, pected, all the GMIs converge at the SL for low SNR. For
Example 4]. In view of Theoreri 11, it is FOO for afiy these two cases, the transformed alphabets with uniforuot inp
if it has zero mean. Usind (58) arld (6) [n(33), we find (aftedistributions give larger GMI for all SNRs compared to the
some algebra) that corresponding nonuniform ones. This is however not always
T the case, cf. Fid7 witfPs.
w= [1 T2 (1;0}3(0) 0 P_COP(O) o Fe, (O))] : (59)  Example 7: M-PAM alphabets have been shown to be FOO
(P (0) = P, (0)) if the NBC is used with a uniform input distribution, i.e, the
For example, the bit probabilitieds = [0.40,0.55,0.60] constellation[Xpam, U,,] With Xpam = [-(M — 1), —(M —
give an input distributionP; for which the mean[(39) is 3),...,M — 1] is FOO [18] [21, Th. 14]. In this example,
p = [0.10, —0.40]. We define another alphab&t,,,s, by we study the first-order behavior of the 8-PAM alphabet
subtractingu from each element iiXgampm- Fig.I_:.ID shows the Xpoy = [-7,7,—1,1,-5,5,-3, 3], where the order of the
translated constellatigiXgaypw, Ps] along with[Xgauem, Us],  points represents the BRGC. The constellatiii,y,, P] is
whereX},upy i the transform ofj,py for the distribution  known not to be FOO folJs [17, Th. 3].
P5. They are both zero-mean projected hypercubes and thuFhe BICM-GMI of Xp,,, is shown in Fig.[IB for the
FOO according to Theorem 111. This can be observed fragat of bit probabilitiesb; = [0.5,p,p| for different values
the BICM-GMI curve for[Xgaypm: Ps] in Fig. [12. of p. For p = 0.5, the uniform distribution is obtained.
The exemplified method holds in full generality: Any alphaAs p decreases, the Gray-labeled constellation approaches a
bet that is FOO with a uniform input distribution is FOO als@ero-mean binary alphabet, which is FOO1[13, Fig. [2] [21,
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3r A. The Sum-Product Lemma
Many properties of NBC-labeled constellations and their
2.5t

transforms can be expressed as the sum of products of certain

functions, where each function depends on one bit position.

Such expressions, which occur frequently in the two subse-

guent sections, can be resolved using this general lemma.
Lemma 12:Let f;, for k =0,...,m —1 andu € B be

any real numbers. Then

N

R, [bit/symbol]
=
a1

1k M—-1m-—1 m—1
ST fenee = I (Feo + fr).
05 oy @ ap @ o 7 2 7)) =0 k=0 h=0
. [J [ ] ] L[] () [ [ . ) . .
000 001 011010110 111 101 100 Proof: A summation ovei = 0, ...,2™ —1 is equivalent
. ; ; ; ; . to m sums overi, € B, wherek = 0,...,m — 1 andi =
92 0 2 4 6 ) 10 12 io+2i1 +---+2m" 1, _,. With this notation; j, = i, and

Ey,/No [dB]

M—-1m-—1 m—1
Fig. 13. The BICM-GMI for the 8-PAM alphabéf},,, labeled by the BRGC Z H S = Z Z Z H Tk,ix
with uniform input distribution and bit probabilited; = [0.5,p,p] for =0 k=0 WEBIIEB  im_1EB k=0
different values ofp. The constellations approach a binary FOO constellation
asp — 0. The NBC-labeled 8-PAM alphabétpay, although FOO with a =3 > fouofra e fn v
uniform distribution, is considerably weaker thi,,, for a wide range of i0EBI1EB  im_1EB
SNRs.

= Z Jo,io Z S Z Jm—1im 1
10EB i1€EB im—1€8
Fig. 3 (b)]. Fig[IB illustrates the tradeoff between thedand m—1
high-SNR regimes: The SL can be approached by decreasing = H Z Trin - 0
p, but this causes a decrease in GMI in the high-SNR regime. k=0 i,e€B
Alternatively, the SL can be attained by switching from the
BRGC to the NBC, but this also comes with a heavy penalty
at higher SNRs. B. The Transform Coefficients
V. CONCLUSIONS Lemmald, which lists two fundamental properties of the
There exists a closed-form mapping between any probabilf@nsform coefficients; ;, was given in Section IIE. .

tically shaped constellation and a constellation with omif Proof of Lemm4l1:The two parts of Lemmal 1 will now

input distribution, such that the two systems have the safi@ Proved separately. First, the definitiongof; in (13) yields
low-SNR first-order behavior (Definitionl 3 and Theoréin 8).

Thus, the combination of probabilistic and geometric shgpi r—1 M—1m—1

is equivalent to pure geometric shaping at low SNR. Z gingij = Z H |:(_1)ﬁ12,k7ll,k Pc, (0)
We are particularly interested in BICM systems that attain ;= i=0 k=0

the SL —1.59 dB at asymptotically low SNR, i.e., in FOO \nikfie BT

constellations. Somewhat disappointingly, the set of arob +(=1) Pck(l)}

bilistically shaped FOO constellation is no larger than ské . {(_1)ﬁi,km,km

of FOO constellations with uniform distributions, disredjag

translations of the whole input alphabet. Both sets can by fu + (1) / Po, (1)}

characterized as the set of linear projections of a hypercub ;.1
translated to have zero mean for the considered inputldistri _ Z H |:(_1)ﬁi,k("l,k+njyk)Pck (0)
tion (Theorem§19 and10; cf. Fids.]10 11). Although non- =5 =,
FOO constellations for BICM can be improved by probabitisti

shaping (FiglIB), it is impossible to make them FOO except in * (_1)711‘1]67,11'”7,%”]"]6 P, (0P, (1)
degenerate cases (by setting some probabilities equatd. ze + (=reEmeEELsn k[P, (0) Pey (1)
APPENDIX +(-1 ni’k(ﬁl‘k+ﬁj'k)Pck(1)}
PROPERTIES OF THETRANSFORM _ = nﬁl(_l)m,k(nz,w"j,k)
In this Appendix, some theoretical properties of the new =i

transform defined in SectionIIlE are proved. In the first —
section, the “sum-product lemma” is established, whicH wil : {(_1) LRTR Poy (0) + Poy (1)

be used extensively throughout the appendix. In the folgwi Ve T 1\ L 1\ Tk
two sections, Lemm@l 1 and Theor&in 4 are proved. +(EDmEED) + (D)M ]V Py (O)Pck(l)}
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where the last equality follows by repeatedly using the ideifhe coefficient in front of,/P¢, (0) is 2 if n;, = n;; and
titesa = 1 —w and(—1)" = (—1)7* for u € B. LemmaI2 0 otherwise. Similarly, the coefficient in front of/Pc, (1)

now yields is 0 if nj, = n,x and2 otherwise. Thus, for every, the
M-1 m—1 expression depends on eithg, (0) or Pc, (1) but not both,
Z 9i19i,5 = H |:(_1)nl,k+’ﬂj,kpck (O) 4 PCk(l) namely,
=0 k=0

, Do + Pk = (=1)moknek - 24/ P, (0), njg = nuk
+[(=1)"* + (=1)"*] /P, (0) P, (1) ROTERLT A (cymiwnin 2 /P (1), myg # u

()t (1) P (0) + P (1)

(=)™ + (=1)"54] /P, (0)Pe, (1))

=2(=1)"rmky [ Poy (ng g @ nu k)

=2(=1)""04 [ P, (njel k) (63)
m—1
_ |:((_1)nl,k+nj,k +1) P, (0) according to[(b).
o Using [63), we are now ready to apply Lemma 12[tqal (62),
+ (1 + (_1)nl,k+nj,k) PCk(l) which yields
+[(=1)™k 4 (=1)Mk — (=1)™k — (—1)"9k M-1 m—1 ‘
V/Pe, (0)Pe, (1)) = k=0
m—1 Applying (6) and [(8), we obtain finally
= H (14 (—1)mrtnar) (61) M-1 m—1 m—1
k=0 Z hingi; =M H (=1)rannnk. H \/ Per, (njetrk)
where the last step follows becausgg, (0) + Pc, (1) = 1. =0 k=0 k=0
The factors in[(611) are either or 0, depending on whether = Mhji\/ Pjg
nE = Nk OF nyy # nj e for the particular bit positiork. which completes the proof of {1L5). n

Thus,zizalgi7[gi7j is either2™ = M or 0, depending on
whetherl and;j haveall bits equal or not. This completes thec  T,0 Consecutive Transforms
proof of (13).

. Theorem[#, which characterizes the vectors obtained by
To prove the second part of Lemrha 1, which[is](15), we ' ; .
observe from[{B) and{13) that applying the new transform and the HT sequentially to a given

alphabet, was given in Sectién I-E.

M-1 M—1m—1 Proof of Theorerfi]4:To prove [2D), we first writ& as a
Z hiigi; = Z H (=1)mnrmin function of X using [7) and[{12), as illustrated in FIg. 2. For
i=0 i=0 k=0 1=0,....,.M—1,
mot _ _ M—1
L [0 VB @) + (-1 /B ) = Y sihiy
k=0 ? M / VARSIV
M—1m—1 151:01 Mt
- d’k,ni (62) 1 - -
; kl;IO " =7 hi ; x50V P
j=0 1=0
where | M-1 M—1
in; = /P hy g
B 2 (—1) 55\ [P, (0) W 2 TV 2 s
4 (—1)Ematunie [Po (). M1

Intending to apply LemmB_12 t¢_(62), we first calculate the

. =
quantity _ 0 ) N )
using [I5) for the last equality. To obtafhas a function of

D0 + b1 = (—1)"* /P, (0) + /Pc, (1) X, we express; in terms of its inverse HT i (11), to obtain

(=15 Po (0) + (1)t /Pe (1)

5 = hii/ PiPig zihj
for k = 0,...,m — 1. For reasons that will soon become ; jz:% Y
clear, we extract a common factpr1)"-+"..+ from all terms, M—1
obtaining = Z Zini (64)
n; En =0
G0 + Pra = (1) ’
B B where
' [((_1)nj’knl’k + (=1)"rner) /P, (0) M—-1

S . )
(1) 4 (<1)mm) o, (1)) s l; fuihjav PiFier
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The coefficient); ; can be expressed usirld (8) afidl (5) as which together with[(64) completes the proof bf](20).
M1 To prove the reverse relationship{21), we first multiplytbot

Mg = Z H Y (i g+ sides of [(64) withk; pr—1m1.:/(¥i¢) and sum ovet:

1=0 k=0 M-1 " M—-1 M-1 771
~ z M—-1"l,i z M—171i
. \/Pck (nl,k)PCk (nlk D nl,k) (65) ; Si———— 1/) 1/” Z iB_] ZZ . (70)
m—1 -
— H [ Pe, (0)Pe, (nik) The Hadamaid coeff|C|enltL-7M,1 can be factorized usingl(8)
k=0 W|th 7’111\4,17]c = 1,\V/k as
m—1
+ (_1)nqz,k+nj,k PCk(l)PCk (’I_INQ)] (66) hionr—1 = H (_1)711',1@. (71)
k=0

here t from{65) td_(b6 dL 12 th
vnere 1o pass 1o ) 1.{56) we used Lemima W Using [72) in [70) and replacing the ratigs; /v andn; ; /v,

fow = (— )u(n1 k1K) P Pe (nzk @ u). Depending
on the value ofi; 1, thls\/proéuct cakn be partitioned into tWOW|th their factorizations according t6 (69), we obtain foet
inner sum on the right-hand side 6f{70)

subproducts
M—-1m-—1
m—1 ,'7
m = T1 1P 0) + (1) Pey (1) Z roar gt = 2 Mo @2
ni0 where
m—1
Pc, (0)Pc, (1) + (—=1)"*\/Pg, (1) P, (0) (=1, U =njx =Nk,
n’?ljol { . . 0 : } (=1)"(Pc, (0) = Pey (u)), U =njx # Nk,
o Ohu 2 { (“1)"(Pe, (0) - Poy(nyn)), w=1ux #
=Y H [Pck (0) + (—=1)"* P, (1)] (_1)U(Pck (O) — P, (nj, ) (Fe, (0) — Pe, (u))7
kzo u 75 TLJ'JC = nng.

mel (1) The fourth case is al\_/vafs because eithePc, (0)—Pc, (1) _
. H {7} (67) or Pg,(0) — Pc,(u) is 0. Furthermore, the second and third

k=0, 2 cases can be combined into
N k=
making use of); defined in[(2R). Since the two factors [n [67) A (_1)u’ U= ok = ks
depend om; ;, as Pru = § (=1)" (P, (0) = Poy(nj k), njk # Mk,
1 0 O, u;énj_,k :nl_,k.
. ) k=Y,
P, (0) + (=1)"* Pey (1) = {P 0) - Po(l), mee—1 )
. (0) = Po, (1), nye =1, We wish to apply LemmB12 to the right-hand side[ofl (72).
1+ (=1)7 0, njx=0, In order to do so, we first calculate from {73)

2 1, nje=1, 1+0, njke =ik =0,
they can be expanded into four factors as S0+ brr = (Pc,, (0) = Py ()

m-1  m-1 " " = (P, (0) = Poy (njik)),  mjk # nuk,

Nij = Vi L (Pe, (0) = Pe, (1)) 0—-1, Njk =Nk =1
nﬁfgo nﬁfgo (—1)"1'*’“, Njk = Nk,
nj,k_O nj,kzl = (74)
m—1 m—1 07 Tk # N k-
0- H 1. (68) Now by LemmdIR,[(A2) can be expressed as
k=0 k=0 M—1 m—1
ni =1 ng =1 771 j nl 0
nj,e=0  njp=1 Z hinvp—1—= . = H (Pr,0 + dr,1) -
k=0

The two products of ones can be omitted. The product of
zeros may look strange but is perfectly legitimate; its eati By (74), thls product will be nonzero only jf and! match in
by definition 1 if the sef{k : [n;x,n;k] = [1,0]} is empty all bit positionsk =0,...,m —1, i.e., if j = [. Thus, again
and 0 otherwise. Furthermore, singe, (0) — Pc, (n; ) = 0  utilizing (ZT),

for all £ in this set, the second and third factors [of](68) can /4 o1 i
be merged into Z By dei i ) im0 (=1)mer, =1,
m—1 wl U)l 0, J 7£ la
mig=vi ] (Pe.(0) = Po,(njx)) (69) v, J=1 (75)
i 0, j£L
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Finally, we combine[{70) and(¥5) into
MZ_I 5. hi M—171i
= Vi
Dividing both sides byh; »;—; Yyields on the left-hand side
the coefficenti; pr—171.:/(hi,a—1101), which can be expressedI[13]
using [8) and[(69) as

[11]

= h, -1 (76) [12

h n m—1 [14]
i, M—17]l,3 R
s L _1)n1,k nik
=11«
LMy 115

[16]

m—1
I (Po.(0) = Poy(nig))
k=0
nl,k#"i,k
m—1

[T =1 (@Po(0) = Po,(nig)).
k=0
ni,k#"ll,k

This expression, substituted info{76), completes the fppbo (1)
22). O

[17]

(18]

20
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