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WEAK CONVERGENCE FOR A SPATIAL APPROXIMATION OF THE
NONLINEAR STOCHASTIC HEAT EQUATION

ADAM ANDERSSON AND STIG LARSSON

ABsTRACT. We find the weak rate of convergence of approximate solutions of the nonlinear
stochastic heat equation, when discretized in space by a standard finite element method. Both
multiplicative and additive noise is considered under different assumptions.

This extends an earlier result of Debussche in which time discretization is considered for
the stochastic heat equation perturbed by white noise. It is known that this equation only
has a solution in one space dimension. In order to get results for higher dimensions, colored
noise is considered here, besides the white noise case where considerably weaker assumptions
on the noise term is needed. Integration by parts in the Malliavin sense is used in the proof.
The rate of weak convergence is, as expected, essentially twice the rate of strong convergence.

1. INTRODUCTION AND MAIN RESULT

Let D ¢ R? be a bounded, convex and polygonal domain. We consider, for 7' > 0, the sto-
chastic heat equation with Dirichlet boundary condition, written in abstract form as a stochastic
evolution equation in H = Ls(D):

(1.1) dX (t) 4+ [AX () — f(X(t))]dt = g(X(t))dW (), t € (0,T]; X (0) = Xo.

This equation is driven by a cylindrical Q-Wiener process (W (t))¢cjo,7] in a filtered probability
space (Q,F, (Ft)tejo,r], P). The covariance operator @ is selfadjoint and positive semidefinite,
not necessarily of finite trace. For technical reasons we consider a deterministic initial value
Xy € H.

The leading linear operator A is, for simplicity, taken to be —A with domain dom(A) =
H?(D) N H}(D), where A = EZ:1 0?/0z% is the Laplace operator. It is well known that —A
generates an analytic semigroup of bounded linear operators on H. We denote it by (E(t)):>0.
The spaces H? = dom(Ag), defined by fractional powers of A, are used to measure the spatial
regularity. We denote the norm and inner product in H = Ly(D) by || - || and (-, -).

Let U,V be separable Hilbert spaces and let £(U, V) denote the Banach space of all linear
bounded operators. We denote by £1(U,V) C Lo(U,V) C L(U,V) the subspaces consisting
of trace class operators and Hilbert-Schmidt operators, respectively. We use the abbreviations
LU) = LU, U), L =L(H) when H = Ly(D), and similarly for £,, p = 1,2. Central in the
theory of stochastic integration is the space Uy = Q'/?(H). We write Ly = Lo(Ug, H). By
CF(U, V) we denote the space of not necessarily bounded functions from a Banach space U to a
Banach space V' that have continuous and bounded Fréchet derivatives of orders 1,...,k. For
more precise definitions, see Section [2] below.

We use a “regularity parameter”  such that ||A% ey = ||A%Q% ||z, < oo. If @ =1, then
||A%||Lg = ||A%||L2 < 00, if and only if d = 1 and 8 < 3, see ([ZT). We consider two sets of
assumptions according to the type of noise term.

A. Additive noise in multiple dimensions. Assume that f € CZ(H,H), g(z) = I for all
z € H,and [|[AF | zg = | A= Q3 |z, < oo for some § € [L,1].
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B. Multiplicative noise in one dimension. Assume that f € C2(H, H), g(z) = B+Cx+g(x),
where B e L, C € L(H,L), and g € Cg(H’%,ﬁ). Moreover, assume that d =1, Q = I,
and select any 8 € (0, 3).

Under either of these assumptions we have a unique mild solution to () satisfying the
stochastic fixed point equation

(1.2) X(t):E(t)X0+/O E(t—s)f(X(s))ds+/O Bt — s)g(X(s))dW(s), te[0,T].

One can also show that the solution has spatial regularity of order S, i.e., it is of the form
X:[0,7T] x Q — HP, P-almost surely, see Theorem 23 below and the discussion preceding it.

In this paper we consider space discretization of equation () by means of a standard
finite element method. Let (Sh)ne(o,1) be the family of spaces of continuous piecewise linear
functions corresponding to a quasi-uniform family of triangulations of D with S, C HJ (D). The
parameter h specifies the maximal diameter in the triangulation. Let P : H — Sj denote the
orthogonal projection. We define the discrete Laplacian as the operator Aj: S, — S, satisfying
the variational equality

The finite element approximation of the elliptic problem Au = f is the unique solution of the
equation Apup = Py f. Tt is known that [|up — u| = ||A; ' Puf — A7 f|| = O(h?) as h — 0, if
f € La(D). The semigroup generated by —Ay, is denoted (E},(t));>0. The spatially semidiscrete
analogue of ([LT)) is to find a process (X (t))se(0,7) With values in S such that

(1.4)  dXp(t) + [AnXn(t) — Pof(X(1)]dt = Pag(Xn(t))dW (t), t € (0,T); X5 (0) = Py Xo,

or in mild form

Xh(t) = En(t)PrXo + /t Eh(t — S)th(Xh(S)) ds
(1.5) 0

+ /t Eh(t — S)Phg(Xh(S)) dW(S), t e [O,T]
0

The existence of a unique mild solution can be proved in a similar way as for ([L2). It is also
known that we have strong convergence of order § under Assumptions A or B, see ([Z20). Our
goal is to prove weak convergence in the form

E[G(X(T)) - G(Xa(T))] = O(h**~°),

for any € > 0 and any testfunction G € CZ.

For an exhaustive list of references for approximations of stochastic partial differential equa-
tions, see, e.g., [5]. We mention some works related to the situation studied here. Weak conver-
gence of numerical schemes for linear equations with additive noise is treated in [6], [14], [I3],
and [19]. In the first paper full discretization of the stochastic heat equation is considered for
colored noise in multiple dimension, i.e., our Assumption A with f = 0. Papers [14] and [I3]
deal with semidiscretization in space and full discretization, respectively, for the linear stochas-
tic heat, Cahn-Hilliard, and wave equations, also with additive colored noise. The fourth paper
provides an extension to impulsive noise.

The only results on weak convergence for nonlinear equations are those of [9], [10], [, [5], [1]
and [24]. In the work [9], discretization in time with implicit Euler and Crank-Nicolson schemes
is considered for semilinear parabolic equations with additive noise. Paper [10] treats the wave
equation with additive white noise, discretized by a leap-frog scheme. This case is a bit different
from the others, due to the lack of analyticity of the semigroup for the wave equation in contrast
to the heat equation. In [4] semidiscretization in time for the nonlinear stochastic Schrodinger
equation with multiplicative white noise is considered.

The papers [4], [6], [14], [13], and [I9] express the weak error by means of a Kolmogorov
equation after removing the linear term AX(¢) by a transformation of variables. This trans-
formation does not work for the nonlinear heat equation. This difficulty is handled in [5] by
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means of an integration by parts from the Malliavin calculus. This paper proves weak conver-
gence of temporal semidiscretizations for the nonlinear heat equation with multiplicative noise
in one space dimension, i.e, our Assumption B. Under the same assumptions, except for an extra
boundedness condition on the nonlinearity, in [I] the method of [5] is exploited to prove weak
convergence for the invariant measure of temporally discrete approximations. In [24] the same
proof technique is used to study time discretization for the heat equation with additive noise in
multiple dimensions, i.e., our Assumption A.

In the present paper we extend the results of [24] and [5] to spatial discretization. Our
Assumptions A and B coincide with the ones in these two papers, respectively. Therefore we
may quote some moment estimates from these papers. One difficulty that arises in connection
with the spatial discretization is that the projector P, does not commute with the projector
onto eigenspaces of A.

In all these works the rate of weak convergence is, up to an arbitrary € > 0, twice that of
strong convergence. The Malliavin calculus is a useful tool in the study of weak convergence of
semilinear equations. It has been utilized in [9], [5], and [I5] in completely different ways. It
plays a central role in the proof of our Theorem [[T] following the method of [5]. In the papers
[1] and [24] the technique of [5] is also used.

The result of this paper actually concerns the convergence of the law L(X,(T)) = P o
(Xn(T))~" of the random variables (Xp,(T'))ne(0,1), as the mesh size parameter b — 0. We say
that the law of X, (T') converges weakly to that of X (7T, if E[G(Xx(T))] — E[G(X(T))] as
h — 0, for all test functions G € C,(H, R), the space of all bounded continuous functions on H.
This convergence follows from the strong convergence E[|| X, (T) — X (T)||?] = O(h?), see [16]
and the discussion below, and the weak rate obtained is thus § under mild assumptions. For
G € C3(H,R), we obtain in this paper the rate of weak convergence 23 — €, for an arbitrary
e > 0.

Theorem 1.1. Assume either Assumption A or Assumption B and let X and X}, be the solu-
tions of the equations (L2) and (LX), respectively. Then, for every test function G € CZ(H,R)
and v € [0, 8), we have the convergence

|E[G(X(T)) — G(Xn(T))]| = O(h*"), as h— 0.

The weak error is interesting by various reasons. It measures the error made by sampling
from an approximate probability law of X (T'), rather than the deviation from the trajectory
of an exact solution, as for the strong error. The result tells us that the weak error, when
approximating the quantity E[G(X (T"))] by E[G(X(T))], is decreasing fast as h — 0 for smooth
G.

Section2is devoted to preliminaries. In SubsectionZIlcompact operators and tensor products
are introduced. We need Schatten classes more general than the trace class and Hilbert-Schmidt
operators. In Subsection some notation for Fréchet derivatives is fixed. The semigroup
framework and basic material on the finite element method are presented in Subsection 2.3} In
Subsection 2.4] the Malliavin calculus and stochastic integration is introduced. Subsection
is about the stochastic equations ([2) and (LH). In Section Bl two moment estimates for the
Malliavin derivative of X}, (t) are proved. Section[lcontains regularity results for the Kolmogorov
equation, adapting results from [5] and [24] to our setting. The proof of Theorem [[1] is given
in Section

2. PRELIMINARIES

2.1. Compact operators and tensor products. Given two separable real Hilbert spaces
(U, (-,v) and (V, (-,-)v), let L(U,V) denote the Banach space of all bounded and linear
operators U — V endowed with the uniform norm. We write L(U) = L(U,U). Let (0;)iez be
the collection of singular values of a compact operator T' € L£(U). These are the eigenvalues of
the operator |T'| = (T'T*)'/2. The index set Z is finite or countable. Let, for 1 < p < oo, the
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Schatten class £, = L,(U) be all T' € L£(U) for which

1

(21) ITle, = (3 o7)" <o

i€l

We set by definition Lo, = L. The Schatten classes are Banach spaces equipped with the
norms (ZI). The class £; is the space of trace class operators. Take an arbitrary ON-basis
(en)nen C U. We define the trace of an operator T' € £1(U) as the quantity

Tl“(T) = Z<T€i, ei>U'
i€N

It is independent of the particular choice of ON-basis. If T € £ and T' > 0, then Tr(T) = || T 2, -
In general, the relation

(2.2) [T (D) < ||z

holds for T € £y. Tt follows directly from the definition that Tr(T) = Tr(T*) for T € L;.
Moreover,

(2.3) Tr(ST) = Tr(TS),

whenever S € L(U,V) and T € L(V,U) satisfies ST € £,(V) and T'S € L1(U).
More generally, the class Lo(U, V) is the space of Hilbert-Schmidt operators from U to V. Tt
is defined as the Hilbert space with the scalar product and norm

(2.4) (S,T) vy = D _(Sei, Tes)y = Te(T*S) = Te(ST*),
€N
(2:5) 1T ey = (3o ITeil} ) = VI(TT?).
€N

The choice of ON-basis (e, )nen C U is arbitrary. For U = V the class Lo = L5(U) is alone to
enjoy this property. For £, with p # 2, only an eigenbasis of |T'| can be used.
The following Holder type inequality for Schatten classes holds:

(2.6) 15T, < 1512, 1Tz,

for r=t=p~l4+q71, p,q,7 € [1,00]. The border case

(2.7) IST e, < ISNelTle.

is included, meaning that £, (U) is an ideal of the Banach algebra £(U). Also
(2.8) (S, T) | = | Te(ST™)| < ST ||y < SNl T2

For more about the Schatten classes see [T].

The tensor product space U ® V' of two Hilbert spaces U and V' is a Hilbert space together
with a bilinear mapping U x V. — U ® V, (u,v) — u ® v with dense range and with the inner
product

(U1 ® v1,u2 @ V2)uev = (U1, u2)y (v, v2)v, Ui, u2 €U, vi,v9 € V.

If (un)nen C U and (vp)nen C V are ON-bases, then (tm @ vn)mnen C U ® V is an ON-basis.
The space U ® V' can be realized in several isomorphic ways. If the tensor product u ® v realizes
a rank one operator (u ® v)¢ = (v,¢)yu, for ¢ € V, then U @ V = Lo(V,U). If U and V are
spaces of functions of independent variables x € Dy and y € Ds, then (u®v)(z,y) = u(x)v(y) is
also a realization of U ® V. For instance, if U = Lo(D) and V = L2(2), where D is our spatial
domain and € the sample space, then U @ V = Ly(Q x D) = Ly(Q, L2(D)), i.e., L2(D)-valued
square integrable random variables. For a detailed introduction to tensor products, see [11
Appendix E].
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2.2. Fréchet derivatives. Let (U, | - ||v) and (V,| - ||v) be Banach spaces. By C["(U, V) we
denote the space of not necessarily bounded mappings g: U — V having m continuous and
bounded Fréchet derivatives Dg, D%g, ..., D™g. We endow it with the seminorm | - |an(U7V),
determined as the smallest constant C' > 0 such that

Sgg ||Dmg(:17) ' (¢15 <. a¢m)||V < OH¢1”U e H(bmHU; V¢1a <. 'a¢m e U

It will be convenient to write C* = C{*(U, V). From the context it will be clear what we mean.

Let us consider the important case when U is a Hilbert space and V = R. The Fréchet
derivative Dg(x) of a function g: U — R is a bounded linear functional on U for fixed z €
H and it can thus be identified by its gradient using the Riesz representation theorem, i.e.,
Dg(z) - ¢ = (Dg(x),¢). In the same way the second derivative enjoys a representation as a
bounded linear operator by the identity D?g(x) - (¢,) = (D%*g(z)¢,v). We will use both
representations and it will lead to no confusion.

2.3. The functional analytic framework. We will now introduce the semigroup framework
on which our analysis of equations (L2) and (LI relies. Recall from Section 1 that A = —A
with dom(A) = H?(D) N H(D) and H = Ls(D) with D C R? a convex polygonal domain.
We denote || - || = || - ||z and (-,-) = {(-,-). The operator A is closed, selfadjoint and positive
definite.

There is an orthonormal eigenbasis (¢;);en C H with corresponding eigenvalues 0 < A; <
Ay < - < A\ = 00, as i — 00, for which Ap; = A\ip;, i € N. The asymptotics \; ~ i%/%, as
1 — 00, is well known. When the space dimension d = 1, as in Assumption B, we have

1 1
2.9 Tr(A"27) = |[A"27||p, = [|[A" 1|2, < 00, Yy >1, ifd=1.
1 Lo Y

This means that 8 € (0,1) under Assumption B.
We define norms of fractional orders by

1
lollgs = Aol = (3 N (w,0%)", BeR.
ieN
The spaces HP? are then, for 8 > 0, defined as dom(Ag) and for 8 < 0 as the closure of H with
respect to the H?-norm. The space H~7 of negative order can be identified with the dual space
of H". Clearly H® = H, and it is also well known that H' = H} (D) and H? = H?(D) N H} (D),
see [22, Ch. 3].

Let (Sh)ne(o,1) denote a family of standard finite element spaces of continuous piecewise
linear functions corresponding to a quasi-uniform family of triangulations, for which h denotes
the largest diameter in the triangulation. Then S;, C H*. By P, we denote the orthogonal
projector of H onto Sj. Let Ap: Sp — Si be the unique operator satisfying

(An,x) = (V¥, VX), Vi, X € Sh.
This is the discrete Laplacian. By definition

i 1
(2.10) [A; enll = IVl = [A2 nll = llenll g, on € S
Therefore, P, can be extended to H™!, so that for all p € H1,
-1 P, © Y @, Y -1

1) Pl = sup B s LBy LBy

vesu |AZy|  wesn |AZYl  yer [[AZY]|
Moreover,

L .
(2.12) |AZ Prel| < C|lA%¢||, e H', uiformly in h.
This follows from (2.I0) and the well-known fact that P}, is bounded with respect to || - || ;1 =
|AZ - ||, when we use a quasi-uniform mesh family. Interpolation between this and (ZII) yields

(2.13) 143 Pagll < CllA @, e HY, v € [—3,3].



6 ADAM ANDERSSON AND STIG LARSSON

Furthermore, (Z12) means that IIA;% PpA™% |z < 0. Hence,
1 1 3
|AF AT Pl = |(AT3 AT P e = [ AF PiA~E |l < .
so that A3 A, 2 Pygl| < Cllg|| or

lA~3oull < CIlAE oull, on € Sh.

Interpolating between this and (2.10) yields
Aol < CllAjenll, on € S, v € [=3. 3]
Using also (ZI3) yields the norm equivalence
(2.14) cllAfenll < 1A7%nll < CllAG@nll,  on € Sn, 7 € [=3, 3]-
The interpolations above are valid since (H 6)56[,171] and (H ;(f )se]—1,1] are real interpolation
spaces, where H = S}, with norm HU’LHHf = ||A§ vp||. For positive order this is standard, see
for instance [20]. For negative order, let 8 € [0, 1] and notice that
[ H g 2 = [(H), (H") 2 = [H®, H'] , = (H7) = H 7.

We define the Ritz projector Rp: H' — S), to be the orthogonal projection with respect to
the H'-scalar product. Since D is convex and polygonal it is well known that

(2.15) |AZ(I — R)A Z || <Ch™™°, 0<s<1<r<2
For P, the following error estimate holds
(2.16) |AZ(I — P)A || <Ch"™%, 0<s<1, 0<s<r<2

For more about the finite element method, see [2] for elliptic equations and [22] for parabolic.

Denote by Nj, the dimension of Sj,. There is an orthonormal eigenbasis ()" C Sj, cor-
responding to A; with eigenvalues 0 < A < M\ < ... < A;{,h. The operators —A and —Ay
generate analytic semigroups (E(t))i>0 and (Ej(t))¢>0, respectively. They are spectrally given
by

(2.17) Bt =Y e v, @i)pi, veH, t>0,
i€EN
and
Nh N
En(tyon =Y e on, @f)pl, wn € Sp, t >0,
1=1

The semigroup (E},(t))i>0 solves the parabolic equation + Apup = 0, ¢ > 0, with u,(0) = Py,
in the sense that uy(t) = Ep(t)Pyo.

Important for our analysis is the estimate
(2.18) N|AYE@)| z + [|A}Er(t) Pyl < Cyt™Y, ~ >0, ¢ >0, uniformly in h.

It is standard and is enjoyed by all analytic semigroups.
Let P,, denote the spectral projection onto the space spanned by the m first eigenvectors
(pi)™, of A. An easy calculation shows that

(2.19) I = P)A e < A7, 720,

In our analysis we will use the notation a < b, to mean that there exists a constant C' > 0
such that a < Cb. The constant will never depend on the mesh size h.
We will frequently use the following Gronwall lemma:

Lemma 2.1 (Generalized Gronwall lemma). Let ¢(t) > 0 be a continuous function on [0,T)].
If, for some A,B >0 and «, 8 € [0, 1), the inequality

p(t) < A7 + B/o (t— s)_'@go(s) ds
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holds, then there is C' = C(B, T, «, ) such that
o(t) <CAt™, te(0,T].

2.4. The stochastic integral and Malliavin calculus. Since we use the Malliavin calculus
in the proof of our main result, we outline a framework for the stochastic integral in which this
calculus has a natural role. This is an alternative to the more classical procedure, presented
in [3]. Our presentation of the Wiener integral relies on [23], and the Malliavin calculus on [§]
and [I8], where a natural extension of the framework of [21I] to Hilbert space valued stochastic
integrals using tensor products is presented.

The covariance operator Q € L(H) is self adjoint and positive semidefinite. Let Q'/? denote
the unique positive square root. Let Q~'/2 be its inverse, restricted to (ker Q)*. Define the
Hilbert space Uy = Q/?(H), equipped with the scalar product (u,v)y, = (Q~"/%u, Q~Y?v). If
Tr(Q) < oo, then the triple i: Uy — H is an abstract Wiener space, where 4 is the inclusion
mapping ¢: * — x. This triple induces a Gaussian probability measure on H with mean 0
and covariance @). It is referred to as an abstract Wiener measure. The space Uy is called the
Cameron-Martin space in this context.

Let I: L2([0,T],Up) — L2(2) be an isonormal process: For every ¢ € Lo([0,T],Up) the
random variable I(¢) is centered Gaussian and I has the covariance structure

E[L(¢)I(4)] = (¢, V) La(o,11,00), &% € La2([0,T], Up).

The existence of I follows by an application of the Kolmogorov Extension Theorem.
Define, for u € Uy, the cylindrical Q-Wiener process W: [0,T] x Uy — L2(Q2) by

W (t)u = I(xj0,y ®u), ue€Uy, tecl0,T]
For u € Uy the process W (t)u, t € [0,T] is a Brownian motion and given u,v € Uy
E[W (t)uW (s)v] = min(s, t)(u, v)y,-

The space of Hilbert-Schmidt operators £ = L2(Uy, H) can be identified with H ® Uy, and
h®u e L3 for h € H, u € Uy being the operator (h ® u)v = (u,v)y,h, v € Up.

We now define the H-valued Wiener integral for the simplest possible integrands. Let & =
X[a,p) @ (h @ u) € Ly([0,T],£9), for a,b € [0,T], h € H and u € Up. Then the Wiener integral
of @ is defined as the H-valued random variable

T
/0 P(s) AW (s) = I(X[ap @ u) ® h = (W(b)u — W(a)u) @ h € Lo(, H).

It is not difficult to show that for such integrands the following property, known as Wiener’s
isometry, holds:

5| [ ewawe|] = [ 1o

The integral extends directly to linear combinations of such integrands by linearity of I. By the
Wiener isometry, completeness of L ([0, T, £3) and classical approximation results for L ([0, T7)-
functions and for compact operators, it extends to all ® € L ([0, T], £3).

Let Cp°(R™) denote the space of all C**-functions over R" with polynomial growth. We define
the family of smooth cylindrical random variables

S:{X:f(‘[((bl)v7I(¢N))f€CSO(RN)7 ¢17'-'7¢N €L2([07T]7U0)7 NZ 1}

and the corresponding family with values in H as

M
S(H) = {F:ZXZ-@)hi:Xl,...,XM €8, hi,....,has € H, M > 1}.
i=1
The Malliavin derivative of a random variable in S with representation X = f(I(¢1),...,I(énN))
is defined as the Lo([0, T], Up)-valued random variable DX = sz\il Oif(I(h1),-.-, I(dN)) ® ¢;.
Clearly this is a Up-valued stochastic process. We write D; X = Zﬁl OifI(d1),...,I(dN)) ®
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¢;(t) for t € [0,T]. The Malliavin derivative of a random variable F' € S(H) with the represen-
tation F =S f;(I(¢1), ..., I(¢n)) @ hi is given by

M N
DF = Zzajfi(1(¢1), o I(on)) @ (hy @ ¢5(1)).

i=1 j=1

Thus (D¢ F')iejo,7) is an L9-valued stochastic process. By D#F we denote the derivative of F' in
the direction u € Uy at time ¢, i.e., D F' = Dy F'u, where

M N
DiFu=>Y Y (u, (), 0ifi(1(¢1), ... I(¢n)) ® hi.

i=1 j=1

At the very heart of Malliavin calculus is the following integration by parts formula. It tells
that, for all F € S(H) and ® € L([0,T], £3),

T
(2.20) E(DF,<I>>L2([O7T])L3):E<F,/O @(t)dW(t)>H

Thus the Wiener integral is the adjoint of D: S(H) C L2(Q, H) — L2(Q x [0,T],L£3) for de-
terministic integrands. Formula (220) follows from the corresponding formula for real-valued
smooth stochastic variables. The derivative operator D is known to be closable. We define the
Watanabe Sobolev space DV2(H) as the closure of S(H) with respect to the norm

T 1
Floseun = (BIFIE] + B[ [ D12y ae)”.
0

Denote by dom(§) the elements ® € Lo(Q2 x [0,7], £Y) for which E[(DF, D) L, (j0,17,29)] de-
fines a bounded linear functional for F € D%?(H). For any such ® the functional ls(F) =
E[(DF, ®)L,(jo,17,c9) can be extended by continuity to all F' € Lo($2, H). The Riesz repre-
sentation theorem guarantees the existence of an adjoint operator to D, namely §: dom(d) C
Lo(Q2 % [0,T],£Y) — La(, H) that satisfies
(2.21) E[(DF, ®)p,(0.11,c9)] = E[(F.6(®))n], VF € DV?(H).

This is a natural extension of (Z20) to a much larger class of integrands. In [8] Lemme 2.10] it
is proved that for any predictable process ® € La(Q2 x [0, T, £3) the action of § on ® coincides
with that of the It6 integral, i.e.,

T
5(®) = /0 O(t) AW (1).

Instead of relying on It6 theory we take this as the definition of the Ito integral. We remark
that dom(d) contains processes that are not predictable and thus ¢ is an extension of the Ito
integral to such integrands. In this context § is called the Skorohod integral.

The following lemma [5, Lemma 2.1] has a central role in the proof of our main result.

Lemma 2.2. For any random variable F € DY2(H) and any predictable process ® € Ly([0,T] x
0, LY) the following integration by parts formula is valid.

T

T
EK/O o(1) dW(t),F>H} :E[/O (®(t), DiF) g dt]
Proof. This is just a restatement of (2.21]) for ® predictable. O

A corollary of Lemma 22 is the 1td isometry. It reads
T 9 T
(2.22) E[H/ o(t) dW(t)HH} :E[/ 12(1)]1% dt}, Vo € Ly([0,T] x ©, £9), predictable.
0 0

The Malliavin derivative acts on its adjoint by D%§(®) = §(D¥®) + ®(s)u or in terms of the
It6 integral d(x[o,y®P) = fg ®(r)dW (r) with a predictable ® € Lo([0,T] x Q, L£9) satisfying
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(t) € DV2(LY) for all t € [0,77:
t t
(2.23) Dg/ B(r) dW (1) :/ DUO(r) dW () + B(s)u, 0<s<t<T.
0 0

If s > t, then DY fg@(r) dW(r) = 0, since the integral is F;-measurable. The class of
F € DY2(H) that are Fy-measurable coincides with the class of constant deterministic ran-
dom variables. Let V be another separable real Hilbert space and o € CL(H,V). Then
o(F) € DY2(V) and

(2.24) D{(c(F)) = Do(F) - D'F, wue€ Uy, FecD"(H),

(2.25) Dy(o(F)) = Do(F)D,F, F e DY*(H).

2.5. Existence and uniqueness. Existence and uniqueness of a solution to (L2]), under As-
sumption A with 8 = 1, is stated as [3, Theorem 7.4]. This is the case when Tr(Q) < oo. The
extension to f € [%, 1) is straight-forward. For Assumption B existence and uniqueness is given
as [3, Theorem 7.6]. By using the methods of [I2] and [I7] one can show that the regularity in
space is of order f, i.e., the solution X is of the form [0,7] x Q — H”, P-a.s.. Recall here that
[ is some number [ € [%, 1] under Assumption A and any number 5 € (0, %) under Assumption
B. The family (X3 )ne(0,1) of solution processes of the discrete equation (L3), corresponding to
the family of triangulations, is treated analogously and clearly X, (t) € S, C H', P-as.. The
estimate B[ A2 X, (t)|? < C(1 + || Xo|?), v € [0,1] is uniform in h, only for v € [0,8]. The
strong convergence

(2.26) (EI|IX (T) — X,(T)[)? < CRP,

is proved in [16] under the assumption of trace class noise. The proof is easier under Assumptions
A and B. We formulate a qualitative bound for the solution processes in the following theorem.

Theorem 2.3. Under either Assumption A or Assumption B there exists unique predictable
solutions X € C([0,T],L2(2, H)) and Xp, € C([0,T], L2(82,Sh)) to equation (I.2) and (L3
respectively. We refer to these solutions as the unique mild solutions of (I1) and ([L3). There
exists a constant C, such that the following moment estimate holds

(2.27) sup E|X ()| + sup E[IX5(t)]* < C(1+ [ Xol?).
te[0,T] te[0,T]

3. ESTIMATES OF THE MALLIAVIN DERIVATIVE OF THE SOLUTION

We consider the Malliavin derivative of the discrete solution process and prove some estimates
needed later. Differentiating the equation (LT formally in direction u € Uy, using ([223), (224)),
and the fact that we have a deterministic initial value, yields

Dth(t) = Eh(t — s)Phg(Xh(s))u + / Eh(t — T)Pth(Xh(’r’)) . Dth(T) dr
(3.1) . s
—|—/ Ep(t — )Py (Dg(Xp(r)) - DEXp(r)) dW(r), 0<s<t<T.

This equation is treated much like (LA itself. It has a unique solution.

Before we proceed to the estimate of the Malliavin derivative we notice that, by the linear
growth of f and g, implied by their bounded first derivative, and the moment estimate (Z27)
for X and X}, yields

B-1

2) s BIAYOIP+ sw BIAT (V@) S 1+ Xol? ¥ = X or X,
te[0,T] te[0,T]

Lemma 3.1. Consider equation (L3) under Assumption A. Then the Malliavin derivative of

Xhn, given as the solution DsX}, to equation (31)), satisfies for some constant C = C(T) > 0

the bound:

B—1
E[|A,” DsXn(t)|Zy] <C, 0<s<t<T.
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Proof. We make use of equation B.1l) with g(x) = I, Dg(x) = 0, for the proof and recall that
B —1¢€[-3%,0]. Fix u € Uy. Thanks to the Cauchy-Schwarz inequality we get that

BIDIX O S 1Bt )47 4,7 Bl + [ BIEL @~ nPDI (X)) - DX ar
In view of (ZI3]) and the boundedness of Df and E},(t) we have
u 2 52 2 4552 2 e u 2
(3-3) E[|D{Xn@)[ S 14,7 En(t —s)Pullz [A77 ull +/S /12 BIIDE XA ()] dr.
The analyticity of the semigroup (ZI8) yields

t
E[DYXL(0)]2 S (¢ - )77 AT ul + /EHDquh(T)H2dT

S

and applying Gronwall’s Lemma [ZT], for fixed s € [0,t), gives
(3.4) E|| DYX (1)1 < (¢ — 5)° Y| AT ul|2.

Proceeding as in the proof of ([B3]), we obtain also

t
B4 DE XL ()2 < A% a2 + / EJ| DX ()2 dr

S

Estimate (3 is applicable. Thus

t t
[ BP0 S [ -9 T AT 0l S (- 9%
and hence
B-1
(35) BA,T DX £ 4%l

Notice that this is uniform with respect to u € Uy. We take an ON-basis (u;);en C Up and
compute the £3-norm according to (Z4). Using Tonelli’s Theorem and ([B.5) we get that

-1
E[A,” DoXn(t)ll7g = EZIIA DE XA ()] = ZEI\A DI X (1)
€N €N

B—1 B-1
S AT P = A7 .

i€N

O

For the white noise case we will need the following lemma that is a space discrete analogue
of [5, Lemma 4.3]. Recall that in this case Q = I, Uy = H, L = L5

Lemma 3.2. Consider equation (L3) under Assumption B. Then, for~ € [0, 3), the Malliavin
derivative satisfies the following estimate:

E|A?D.X,()|2 <Ct—s), 0<s<t<T.
Proof. Let w € H, and take norms in (B using the Cauchy-Schwarz inequality and the It
isometry ([222]) to get
2 ol
E|A; DXn(t)|? S E|A7 Ep(t — s)Prg(Xn(s))ul®

t a4
+/ E| A2 Ep(t — 8)PyDf(Xn(s)) - DEXp(r)||* dr

S

¢ 1ie 2 _1_,
+/ E|Aj “AZ Ey(t — 5)A, T “PyDg(Xn(s)) - DX5(r)|2, dr.

S



WEAK CONVERGENCE FOR THE NONLINEAR STOCHASTIC HEAT EQUATION 11

For € > 0 small enough we have by (Z7) and 2I8)

E|A; DiXn(t)* S (t =) sup Elg(Xn(s)lIZ]ul?

s€(o,

t ol
+ [ =07 111 BT D) P ar

t VIS B P 2 2 3 Hu 2
# [e=n A R, lo BIAT DX 0 dr

By 29), 1) and [2I3) we have
-1_¢ —1_e ++e —+—€ — 5 —€
A, " Palle, S A, " PRAT| AT 2, S AT |z, < 00
and by Gronwall’s Lemma 2.1l and (8:2)

2 _
E[|AZ DXL (017 < (8 —5) 77 (1 4[| Xol*) ]l

4. REGULARITY RESULTS FOR THE KOLMOGOROV EQUATION

In [B], [I] and [24], in the case of discretization in time, the proofs of the weak convergence is
performed for finite-dimensional spectral Galerkin approximations. The use of the It6 formula
and the Kolmogorov equation is in this way justified. The estimates are uniform in the dimension
m € N of the approximation space and they thus hold in the limit. The approximation is not
made explicit in the proof. For the discretization in space some more care need to be taken.
This is due to the fact that the operators A and A; do not commute.

Recall that P, is the projection onto the subspace of H,, C H spanned by the first m € N
eigenvectors (p;), of A. Let A,, = P,,AP,, = AP,, = P,A. By (En(t))t>0 we denote the
semigroup generated by —A,,, i.e., it is given by the m first terms in the spectral representation
BID) of (E(t))r0.

We denote by X the solution of equation

X7 (t) = Em(t)me—i—/O E,(t—s)Pnf(X5(s)) ds—l—/o En(t—8)Png(Xy () dW (s), t € [0,T].

Define the function wu,,(t,z) = E[G(XZE (t))] for t € [0,T] and = € H. Note that u(t, P,x) =
u(t,z) for ¢ € H. It is well known, see e.g. [3| Theorem 9.16], that u,,: [0,7] x H — R is a
solution to the Kolmogorov equation

U (t, ) 4+ Lot (t, ) = 0, (t,x) € (0,T] x H,
m(0,) = G(Pou2), e,

where the Markov generator L,, is given by
1
(Limv)(z) = (Apa — P f(z), Do(z)) — 5 Tr (Ppg(z)Qg* (2) P D*v(z)), = € H.

The proof of Theorem [ ] relies heavily on estimates of the derivatives Du,, and D?u,, of up,
of the form: for some o > 0 we have

(4.1) Isgg | A* Dy, (t, ) || < Ct_’\|G|Cé, te (0, 7], A€ 0,a),

(4.2) sup || A*Du, (t, 2) A% || < Ct~ PN |Glea, t€(0,T], \,pe(0,a), A+p<1.
rcH
In the case of colored noise it turns out that we need a@ > (1 + /3)/2 to obtain convergence
of the right rate. So far, to our knowledge, there is no satisfactory result in this direction for
multiplicative noise. But for additive colored noise, case A, the situation is much easier and
the estimates hold for o = 1, see Lemma 3.3 in [24]. For the white noise case the estimates are
1

stated as Lemma 4.4 and Lemma 4.5 in [5] with o = 5. Thus, in case A we have § € [%, 1],

(1) and @2) with o = 1, and in case B we have 8 € [0,1) and @) and [@2) with o = 3.
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Since we have the operator A in (L) and [{2) instead of the more natural choice A,, we
outline their proofs. We will use that Du(t,z) - ¢ = E[DG(XZ (1)) - n%:*(t)], where

HEE(8) = Ea(t)Pras + / Bt — 5)PnDf(X2(s)) - 12:%(s) ds

4 [ Bt = )P (Dg(X5(5)) 5" () AW ).
0

In the proofs of Lemma 3.3 in [24] for case A with & = 1 and Lemma 4.4 in [5] for the case B
with o = % it is proved that

1
(4.3) (sup Bllnge)2) " St 4, Pudll, € (0,T], A€ [0,a),
r€H

Therefore
(A*Dup (t, ), 1) = (D, (t, ), AMp) = BIDG(XE () - d = (1) < |Glex (Bllns *(1)]1?)*
< |Glert ™M A P AM|| = [Gleat M| Pt < [Glent™ M9,

implying (&1]).
For ([@2]) we notice that

(44)  D’un(t,z) - (¢,9) = E[D*G(X}, (1) - (0" (8), i (1) + DG(X, (1)) - G (1),

where
() :/ Ep(t = 8) P (D F(X55(5)) - (0 (), min ™ (5)) + DF (X3 (9)) - ¢ (s)) ds

0
+ ] En(t = 5)Pn (D*g(X75,(5)) - (03" (5), min® (8)) + Dg(X7,(5)) - " (5)) AW (s).

In the proof of Lemma 3.3 in [24] for case A with @ = 1 and Lemma 4.5 in [5] for the case B
with o = % it is shown that

@5)  ( sup swBICEOI)" < 1A Padll A Pl Ap€0.0), A+p< L.
te[0,T] z€H
Since D?uy, - (¢,v) = (D*u, ¢, 1) and by [@4) and the Cauchy-Schwarz inequality
(AND?u,, (t, £) AP G, ) = (D> (t, 2) AP ¢, AM))
= E[D?G(X5,() - (¥ (1), " 92 (1)) + DG(XE(1)) - ¢ A" (1)]
< [Glez (Blln > (1)]1%)* (Bl ¥+ (0)]12)* + [Gley (BIGA A= (1)]2)?

Applying (£3) and [{3H) yields

(A2 Dy (1, 2) 476, 0) S (1Gleat =" + Glen 1A P A6 457 Py 47|
Sl
Thus (£2) is valid.

5. PROOF OF THEOREM [1]

The error will split into several terms, some of which are common to Assumptions A and
B and some are not. We will first present the proof under Assumption A. When doing so we
write it as if the noise were multiplicative, i.e., with the operator g included. This will ease the
presentation of the white noise case B.
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5.1. The case of colored noise. For an Fp-measurable, H,,-valued random variable &, the
law of iterated expectation and Proposition 1.12 in [3] yields

(5.1) E[G(¢)] = E[E[G(¢)|F7]] = E[E[G(X*(0))|Fr]] = E[un(0,6)].
Thus, the weak error splits into four terms:
E[G(X(T)) - G(Xn(T))]
~ B[G(X(T)) - G(Xu(T
=E[G(X(T)) - G(Xn(T
+ Efun (T, X3(0)) = um (0, Xn(T))] + E[G(Pn X0 (T)) — G(Xn(T))]
=e"(T) +e3'(T) + e5"(T) + ey’ (T).
Our intention is to let m — oo and see that the remaining terms is of the right order. The
first one is easy to treat since when we let m — oo the term e*(T)) — 0 by the low order of
weak convergence implied by the strong convergence. The second term e3*(T) is still easy but
needs computations. These holds under both of our assumptions. Using the Cauchy-Schwarz

inequality, estimate (L)) with 0 < A = 8 — e < a = 1, and the error estimate (ZI0]), we obtain
for small € > 0

|+ E[G(Xm(t)) = G(Pn Xn(T))] + E[G(Prn X (T)) — G(Xa(T))]

)
D]+ um(T, Xo) = um(T, X5(0))

1
d
(T = tpn (T, Xo) — (T, PrXo) = /O St (T, Py Xo + AL = P)Xo) dA
1
_ / (AP~ Dup (T, PuXo + AT = Pi) Xo), Pu A™*H(I  P) X)) d
0

1
S/ | AP~ Dy (T, PuXo + AL = Pu) Xo)l| 2| Pra | | A (1 = Pu)l| ]| Xol| A
0

< h2ﬁ72€T*5|G|cé||X0H < R2B=2¢, uniformly in m.
Here we used that A and P,, commute and that
JA(1 = Pa)lle < (A2 = Po)lle < (1 — PA?c.

Notice here that we could have got a sharp result with ¢ = 0 under Assumption A, in the
case B < 1. However, e3(T") does not allow a sharp rate.

We now turn to the third error term e4'(T). For this we need the Markov generator Lj of
the finite element solution Xj,. It is given by

1
(Lpv)(z) = (Apz — Py f(z), Do(z)) — 5 Tr (Pog(z)Qg* (z) P, D*v(z)), = € Sp.
It6’s formula and the Kolmogorov equation gives that

5 (T) = ~Efun(T — 1, X4(t)) = (T = 0, Xa(0)]| __

_ _E[/OT (T~ 1, X0 (1)) + Lt (7 — £, X3(1)) ]

- E/T(Lm — Ly)um (T — t, Xn(t)) dt.
0

The error e§*(7) now naturally divides into three terms:
T
lem(T)| < ’E/ <(Am — AW X (1), D (T — t, Xn(t >dt’
0
T
B [ ((Po = PO FX0), D (T — 8. X0 |
0

+[3E / m { [Prng(X0 () Q0" (X0(1) Prr = Prg(Xn(1))Qg" (Xn(8)) Pr]

% D2up (T — t, Xn(t }dt’
—I+J+K.
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The Ritz projection Ry can be expressed in the form Rj, = A,:lPhA. Observing this we can
write

(A, — Ap) X, Dup) = ((Am Pr — PoAp)Xp, Dup) = (Xn, (PhAm — AnPr)Duy,)
= (Xp, Ay Py (A} ' Py Ay — I)Duyy) = (Xn, ApPi(A;, ' Py APy, — I)Du,y)
= <Xh,AhPh(Rh — I)PmDum> + <Xh,AhPh(Pm — I)Dum>

This enables us to rewrite the term I so that we can apply the error estimates (Z10) and
@I9) for Ry, and P, respectively. We substitute for X} the mild equation (ILZ) and treat the
terms separately and estimate

I< ‘E/T <Eh(t)PhX0, AnPy(Ry — I) Py Dun (T — t, X (¢ >dt’
+ / / En(t — 8)Pu f(Xn(s)) ds, Ap Py (Rpy — I) P Dt (T — t, X (t >dt‘

n E/OT</Ot En(t — 8)Pug(Xn(s)) AW (5), Ap Pa(Rpy — I) P Dt (T — t, X (¢ >dt’

T
+ E/ <AhXh,(Pm — 1) Dum (T — t, Xp(t >dt‘
0
=1+ I+ 1+ 1.
We now estimate I7. Let € > 0 be small. Using 2.15), ZI3), 2I8), and @) yields

T
:‘E / <A,1;6Eh(t)PhX0,A;Ph(Rh—I)A—B+6PmAB—EDum(T t, Xn(t >dt‘
0

T
< E/O 1AL Bu () Pal el Xo |45 Pa (R — T) A7+ 2| Pl

x sup || AP~ Du, (T —t,z)|| dt
reH

S KPP /OT (T — )P At |G| Xo | S B
The term I} is easily estimated as follows:
“e [ o [ Ak B - s s
AS Py(Ry — D) A=5+¢ Py, AP~ Duuy (T — t, X (t > dt‘
T t
< [ [ 14 B = P11}
X ||AS Py (R, — DAY 2| Pl 2 sup | AP~ Dy, (T — ¢, 2)|| ds dt.
Using (Z13), 213), (ZI8) and B2) yields
Iy < PP /T /t(T — 1) Pt —s) "M T dsdt S R

For I3 we use the Malliavin integration by parts formula from Lemma together with the
chain rule (228]) to obtain the error representation

‘E/ / En(t — 8)Pog(Xn(s)) AW (), ApPy(Rp — I) P Dum (T — t, Xp(t >dt‘

\E// Eu(t — 5)Pug(Xu(s)),

ApPu(Rpy — I) Py D (T — t, X (t ))PmDSXh(t)>LO ds dt}.
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Here we treat Assumptions A and B separately and start with A; B is postponed to the next
subsection. Distributing powers of A and A}, carefully and setting g(z) = I, we write

1+8

e 1-8 p-1
(EnPu, AnPu(Ry — I) P D*tpy P Do X1) oo = (A7 “EnA,2 A7 P,
2
1-6 . B B - -
A, T PRy — AT P, AT D0, AT Py ATT DXy .
2

Using the Cauchy-Schwarz inequality for £3 and 27 yields

T t B—1 1-8 ¢ 148
I'<E / / JALEn(t — $)Pallc| Ay Pullgll 437+ Pa(Rn — DA™ 54¢| o|[ P
0 0

X sup | A3 " D2up (T — t,2) A" ||| A"% DoXn(t)] o ds dt.
xeH

B-1 -
We use 2.I3) to get |4, Pallzg < ||A% | 9. The norm equivalence (2I4) and the fact that
DY X (t) € Sy, P-a.s., for every u € Uy yields

B-1 £
AT DXn(t)l o S 14,7 DXn(t)]lzg-

The analyticity of the semigroup (ZI8), the error estimate (2ZI5]) together with ([2I3]), the
gradient estimate (2], Tonelli’s theorem and the Cauchy-Schwarz inequality now imply that

T t
—4e 81 g1 3 —1+4e€ —14e€
I3 < p2ht |Glez||A ||£r2>/0 /0 (E||A4,2 DSXh(t)H%g)Z(T—t) et — s)~ e dsdt.

Applying Lemma BT we finally get

T

JEES hzﬁ—‘*f/ / (T — )1t — s) "M dsdt < h?P%,
o Jo

Using (Z19), @), the Cauchy-Schwarz inequality and (227 yields

T
Im < E/ A X0 ()|l 2]l (P — A~ 2 sup |AZ = Dy (T — t,2)|| 2 dt
0 TE

1 T
SN Nl (s BIOF)T [ @ - b
t€[0,T] 0

Letting m — oo for fixed h yields I"™ — 0 and lim,, o, I < h2A%€,
The term J is considered next. Writing P, — P, = (P, — I) + (I — P) we get the natural
decomposition J < J™ + J". Using the Cauchy-Schwarz inequality, the error estimate (Z10),

@1), and B2) yields for i € {h,m}

T
5=l / ((I = B)Dupn(T ~ 1, P X (1)), f(Xn(1))) s
T 1
< [ 1= P)A e sup 47 Dun (T~ b)) (BIFCGHE)]?) e
0 xeH™

T
< (I = PYA™5+)|[Gl / (T — 1) F*ear.

‘We have
JP <R and J™ < N PTE
For K we write
PpgQg*Pp, — PhgQqg*Pn
= PngQg* (I — Py) + (I — Py)9Qg" Py + (P + Pr)9Qg" (P — 1),
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and hence we get the following decomposition:

T
2K = [E /0 T ([Prg(Xa(6) Q9" (X0 (1) P = Pag(Xn(1))Qg" (Xa (1)) Pr]

% D2 (T — t, Py X (t )dt‘
T
< ‘E/O Tr (Phg(Xh(t))Qg*(Xh(t))(I — P)D2up (T —t, Py X (t )dt‘
¥ ’E/OT Tr ((1— P)g(Xn(£)Qg* (Xn(£)) P D?um (T — t, P X (1 )dt‘

+ ‘E/OTTI‘ (P + PL)g(Xn(0)Qg" (Xn (1) (P = 1) D?upn(T ~ t, P Xi(1))) dt‘
=K+ Ky + K™
Assumption A is treated first; B is postponed. By (Z3), (Z2) and (271, we have
Te(PoQ(I — Pr)D*uy,)
= Tr(PoQ(I — Py)D*um A" A" ) = Te(A™2" P,Q(I — P,)D2u, A2

)
:T&(A%PhA#A?QA?A¥(I—P,L)A*#“A#*ED% A=)
B—1 1-8 a1 _148 148
<A P AT |AT H,coHA (1= P AT AT D2, AT

where we used the fact that

IA QA ¢, = Tr((AF Q3)(A™F Q4)") = | AT QF|I2, = A" |2

By (I?EZI) and m HA PhA Hg = HA PhA ”L < HA A ”L = 1. Using
2I6), B2) and [@2) gives us

T
KIS h2P2 A 2, |G|C2/ (T — 1)1 dt < 22

For K% we compute similarly
Tr((I — Pp)QPyD?u) = Tr(A‘#“(I - Ph)A# A?QA?A¥D% Ao
<A™ = P)AT ]| AT |2 A D2 ATF £,
where
A5 4(1 — P)AT | S (AT FF (I = PAT ) |lo = |4 (I - P)A 2|,

so that ([2.I0) applies. Hence,
T
K} S W2 A% 2, |G|Cz/ (T — 1)t dr < h292

Term K™ is treated analogously as K. We have K™ < A8+,
Finally, by the Lipschitz continuity of G, the Dominated Convergence Theorem and the strong
convergence of P,, — I we get

el (T) < |G|CéE||(Pm —DXL@®)|| =0, asm — oco.

We conclude that e(T) = O(h?7) for any v < 3, which completes the proof in case A.
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5.2. The case of white noise. Now consider the case of Assumption B. All estimates above,
except those for I}, K7, K} and K™, hold under B by setting Q = I and 8 = % and recalling
that Up = H and £ = £5. We now complete the proof with the remaining estimates.

Using Holder’s inequality (28] yields

- ‘E/OT /Ot <Eh(t — 8)Prg(Xn(s)), AnPr(Rp — 1)

% Py D% (T — t, Pth(t))PmDsXh(t)>£ ds dt}
2

T rt
<E [ [ A B - 9P elg(Xn(s)le |43 PRy — DA
0 0

X sup [|AZ " D?u (T — t,2) A%~ || A2 A 2Py || 2, | A2 D X (1) || 2 s dit.
rxEH™

First, using (ZI3) and 29), we have
Cliea- . 1 _ 1 1
|AT= A2 Pz, = A, PoA™ 27|y S A PhA® | ]| A™= 7y S IIATZ 7z,

Now we apply Z15), ZI8), @2) with p=A=1 —e <a =1, to get
enicle [ [ Bloe)IR) BIADXOR) 07 g as
Finally using Lemma B2] together with (B:2)) finishes the estimate of IE},}. Indeed,
Iy S WG /OT(T — )72 (t — s) "I dsdt < R
For K7 we use Holder’s inequality (2.6]), 2.16]), and Lemma [£.2] to get
2K < /OTEIIA = Phg(Xn(1)g" (Xn() A, [ AT = P)A™ 7" | ¢

% sup | AT D%up (T — t,2) A= || dt
rxeH

T

—3e —ie * —€ —1+4e€

Shi? tS[IéI}]EHA 7 Prg(Xn(8)g" (Xn(t)l £2) (20 |14 ||£2/35|G|c§/0 (T — )=t
S

1= e
Shi7 sup Ellg(Xn)IZIA™ 2 lleyeoa0 4

t€[0,T]

||£2/3e G|C§'

We compute and use (29) to conclude

3e/2 _ 2 _2
A =S or9E =S —mah) <o

i€eN i€N

650 (e ZAJ% = (41 055)) < oo

i€EN i€N

The terms K5 and K™ admits the same treatment, so that
KF<h=3 and K™ <A
_ 2 1
We have e(T') = O(h*7) for any v < 5.
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