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Dispersion Free Wave Splittings for Structural
Elements

M.Johansson, P.D. Folkow *, P. Olsson.

Department of Applied mechanics, Chalmers University of Technology,
SE-412 96 Goteborg, Sweden.

Abstract

Wave splittings are derived for three types of structural elements: membranes, Ti-
moshenko beams, and Mindlin plates. The Timoshenko beam equation and the
Mindlin plate equation are inherently dispersive, as is each Fourier component of
the membrane equation in an angular decomposition of the field. The distinctive
feature of the wave splittings derived in the present paper is that, in homogeneous
regions, they transform the dispersive wave equations into simple one-way wave
equations without dispersion. Such splittings have uses both for radial scattering
problems in the 2D cases and for scattering problems in dispersive media. As an
example of how the splittings may be applied, a direct scattering problem is solved
for a membrane with radially varying density. The imbedding method is utilised,
and agreement is obtained with an FE simulation.

Key words: wave splitting, time domain methods, Green’s operator, imbedding,
membrane, Timoshenko beam, Mindlin plate

1 Introduction

During the last decades, time domain methods such as invariant imbedding,
Green’s function techniques and propagator methods, have successfully been
applied to a number of scattering and wave propagation problems. A survey
of these methods is contained in [1]. Both direct and inverse scattering pro-
blems have been considered, as well as problems concerning, i.e., wave guides
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and slender structural elements. Much of the work has been concerned with
electromagnetics, but acoustics and structural mechanics have also benefited
from the time domain approaches, see e.g. [2-6]. One basic building block in
such time domain methods is the wave splitting; i.e., a transformation that
achieves a decomposition of the wave fields into one-way waves. A number of
such splittings have been derived, with different properties and applications.
For some purposes, the decomposition need only diagonalise the principal part
of the operator matrix of the relevant differential equation. Often it is advanta-
geous to have a transformation that exactly splits the PDE into one-way wave
equations in the homogeneous region. If the original wave equation is disper-
sive, the split wave equations in general are so too even in the homogeneous
regions. In regions where the original wave equations model inhomogeneities,
the one-way wave equations couple, and the coupling may often be utilised for
the reconstruction of the inhomogeneities. We refer to [1,7] for how this may
be done numerically.

Much of the work on wave splitting has been concerned with 1D wave propaga-
tion, or situations which may naturally be reduced to 1D propagation. Weston
and collaborators have, however, done much to extend the wave splittings to
more general situations, see e.g. [8,9]. Moreover, Karlsson and Kristensson [10]
have treated a 3D radially symmetric scattering problem, and Kreider [11,12]
has solved an inverse 2D radially symmetric scattering problem.

In the present paper we consider 1D and 2D wave propagation in some structu-
ral elements. In all 2D cases considered, a distinguished radial direction allows
us to reduce the problem to 1D propagation. However, common to both the
1D and 2D wave propagation for the structural elements considered is that
the wave equations exhibit dispersion, either directly geometrical or indirectly
geometrical. By directly geometrical dispersion we here denote dispersion due
to space dependent coefficients of the wave equations, as in the case of radial
wave equations. By indirectly geometrical dispersion we denote such dispersion
that arises from the modeling of the structural elements as lower dimensional
objects, reducing the wave equation from 3D to 1D or 2D in space variables.

Preliminary considerations on the radial membrane showed that equations
exhibiting directly geometrical dispersion can not be split by means of the
standard methods utilised for indirectly geometrically dispersive equations.
The method which is presented in this paper, not only achieves an exact wave
splitting in homogeneous regions, but also provides some freedom to choose
the split wave equations. Here, we may choose dispersion free one-way wave
equations in a straightforward way. This method can also be utilised to obtain
wave splittings for equations that are not directly geometrically dispersive,
such as the Timoshenko beam equation. The same result may also be achieved
by extending the standard wave splitting by means of Green’s operators, which
is demonstrated in Section 2. It should be stressed, though, that this latter



approach is not an option for the radial cases.

A key feature of the dispersion free wave splittings is that the Green’s operators
are incorporated into the wave splitting transformation. The computational
difficulties involved when wave fields are propagated are thus not eliminated
entirely by the dispersion free wave splitting. All information about the dis-
persion of the physical fields is contained in the wave splitting transformation,
which of course must be computed.

In Section 3 we derive the dispersion free wave splitting on the radial mem-
brane. The derivation can be generalised and incorporated into the analysis
of the radial Mindlin plate in Section 4. The plate problem is in a sense a
combination of the beam and the membrane problems, as it contains both the
indirectly geometrical dispersion of the beam, and the directly geometrical
dispersion of the radial membrane In Section 5 we apply the wave splitting
to an inhomogeneous membrane. The imbedding equations is discussed and
implemented numerically for some direct problems. The results are compared
to FE solutions. Some concluding remarks are found in Section 6.

Our goal is then to construct wave splittings that not only diagonalise the
original wave equations, but also remove both the directly and the indirectly
geometrical dispersion.

2 The Timoshenko Beam

This section first presents a brief review of the original wave splitting trans-
formation together with new results on how to transform to dispersion free
fields. Then follows an alternative method of obtaining dispersion free fields,
which has the advantage of being more easily extended to the cases of the
membrane and the plate.

The Timoshenko beam equation may be written [13]

Opy = 01_28t2wa (1)
O — [y = ¢y 207, (2)
Y= axw + 1/)7 (3)

where w(x,t), ¥ (z,t) and y(x,t) are the mean transverse deflection, the mean
rotation and the mean shear angle of the cross section, respectively. Note that
in [13-15] ¢ is defined in the opposite direction.

The quotient of the shearing and bending stiffnesses f, the velocities ¢; (ef-



fective shear velocity) and ¢, (rod velocity) are defined as

[ =+\/KGA/IE, c1 =/K'G/p, o =/E/p,

Here, A and I are the area and the moment of inertia of the cross section,
while p is the density of the beam. E is the modulus of elasticity, G is the
shear modulus and £’ is the shear coefficient.

2.1 Standard wave splitting

The original wave splitting for the Timoshenko beam was presented by Ols-
son and Kristensson [14], with an amendment given by Folkow et al. [15]. It
takes its starting point from (1)-(3), written as a spatially first order system
according to

0 -1 10 w
0 0 01 0
o,w=Dw, D= , w= : (4)
;202 0 00 v
0 202 f0 Oyt

An operator P and its formal inverse P~" are introduced and chosen so as to
diagonalise D,

u® =Pw, w=P 'u°, PDP '=dag(—A;, A, N\), ()

where u® = (uf,u;,uj,uy )T is the vector of the split fields and the ); are
eigenoperators of D. The transformation operators are normalised so that
w = uf + uy +ug + u;. Hence, the Timoshenko beam equation (4) may be
written as dispersive one-way wave equations for the split fields as

1
Opui + Nui =0, Ni= =0+ Fi(+) % (6)
Ci
In [14] explicit representations in the time domain for the \;, the F; and the
elements of P and P~! are given.

For homogeneous beams, the left and right moving fields at a position x are
related to the left and right moving fields at a position z’ respectively, through
linear operators called wave propagators or Green’s operators. These are de-
fined by the following mapping properties [15]

ui (2, t £ (2 = 2')/e;) = G (@', 2)u (2, 1), (7)
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Note that there are no restrictions on the relative magnitudes of z, and 2’
in the Green’s operators. Due to the symmetry of the homogeneous beam
G: (z1,z) = G (z,71) = Gi(x, — x). The inverse operator may then be written
G, (z1 — 2) = Gi(z — x1). So, (7) may be summarised as

up (vt £ (v =) [e;) = G (£(a — 2") w (2, 1). (8)
The functional form of the Green’s operators is obtained by applying Laplace
transform techniques to (6) and solving the ordinary differential equations,
which gives

~+

iz, s) = 0 (', S)e¥f/{i(5)($*m’) = (7, S)ﬁ(sc{#ﬁ(s))(w*m’)_ (9)

[ )

By defining the kernel

Gi(z —a',s) = e Ti@=1) _q (10)

the Green’s operator may be represented by G;(x — z') = 1 4+ G;(z — 2/, -)*.
The kernels G; are Green’s functions (in the sense of Krueger and Ochs [16])
and can be obtained from (10) in terms of Volterra equations of the second
kind, see [15],

z—a
t

Gilz — 1) = — /Ot PR Gl — 2/t — 1) — (& — &) Ey(1). (1)

Dispersion free fields v are obtained by using (9)

~+

v (x, 8) = U5 (x, s)eiﬁi(s)(’”_‘”') = (2, s)eqc“i_l(’”_‘”'), (12)

i i
which gives
v (2, ) = ui (2t F (v — 2')/ci) .

3

This means that the fields v satisfy the dispersion free one-way equations
+, Loy
Ci

so that the fields v;" and v; propagate in opposite directions at speeds c;
without dispersion. The fields u: and v are seen to be related through

Vi, t) = Gi (F(w — ) ui (1), ui(2,1) = G (£(z — 2) v (2, 1) (14)

Introducing v = (v, v, vy, v5)" and G = diag(G; ', G5 ', G1, Go), where G; =
Gi(xz — '), the dispersion free wave splitting transformation become

v =GPw, w=P'G . (15)



The combined transformation may now be used even in nonhomogeneous parts
of the beam, where coupling occurs between the fields. All the usual appro-
aches of imbedding, Green’s functions and propagators may then be utilised.
However, in the present context we leave that aside and move on to another
way of approaching the dispersion free wave splitting transformation.

2.2 Reduction to second order equations

As in the previous section we will derive the dispersion free wave splitting in
two steps, thus obtaining a different factorization of the transform than (15).

Consider again (1)-(3). Eliminating ¢» and 7, one obtains the other familiar
form of the Timoshenko beam equation

(0 — (72 4 ¢32)0207 + 1523207 + ¢35 20 )w = 0, (16)

where ry = \/I/FE is the radius of gyration. Equation (16) may be factorised
and written in terms of the eigenoperators defined in (6),

(22 =A%) (22— M) w=0. (17)

The differential operators in (17) could of course be factorised further, giving
rise to relations such as (6). However, we refrain from doing so since we later
want to treat other cases in an analogous way, where the factorization is less
obvious. The operators A? can be represented by [15]

1 1 2
N=S%FY, V= (1 + =Ta(-/7)%), (18)

27"0027'

)

where 7 = cyro(ci? — ¢3°)/2 is a characteristic time and I, is the modified
Bessel function of the first kind and order two. Introduce the fields u;(z,t)
and uy(x,t) such that

(02 = X}) ui =0, i=1,2, w = uy + us. (19)

In analogy with Mindlin [17] and Vemula and Norris [18] we express the rota-
tion as

Y, = AiOyuy, 1=1,2, =11 + Py, (20)

where the (time domain) operators A; are independent of the spatial coor-
dinate. Since wu; are solutions to (1)-(3) as well, use of (1),(3), (6) and (19)
gives

A=V 2 As = (6,2 — e D)0 N 2 — VA2 (21)



Their time domain expressions are given in Appendix A. The physical fields
w = (w, 1,7, 0,1)T may now be expressed in terms of w = (uy, Oy, g, Optig)
using (1)-(3) and (19)-(21),

w = uy + U, v = (14 A1)0ur + (14 Az)0zus,

(22)
'Q/) == Alamul + AQaIUQ, 8mw = Al)\%ul + AZ)\%U/Q.

Denoting this first transform operator by S, u = Sw and w = 8™ 'u, where

1 0 1 0 1-M 0 0 -\
0 A 0 A 0 —-1—-ANy1—-MN5 0
S — 1 2 L S= 2 3
0 1+4, 0 1+ A, M 0 0 N,
AN 0 AN 0 0 Ny N; 0

The operators N are given in Appendix A. The elements of S and 8™ may
of course be derived using (5), since u; = uj +u; and d,u; = \i(—u; +u; ).

The Timoshenko equation is thus reduced to two wave equations with different
wave front speeds corresponding to the shear and bending modes respectively.
At this point we have not yet performed the wave splitting operation but only
decoupled the components of the wave field whose wave fronts propagate with
different speeds.

2.3  Transformation to dispersion free fields

We now derive the second transformation, which will split the fields u; into
dispersion free left and right moving components. The two wave equations in
(19) are treated simultaneously by considering the system

+ —

Introduce the operator B;, its inverse B; ' and dispersion free fields v; = (v;",

such that

v, = BZ"U,Z', u; = Bi_l'vi, 81;’02' = Aivia (24)



where A; = ¢; 'diag{—0,,9,}. Now, as v;" and v; satisfy first order one-way
wave equations they may be expressed as

U;t(l‘,t) = Uz;t(xlvt + ($ - xl)/ci)v
where z' is some reference position. Using u; = Biflllv;“ + BZ-’,IIQU; in (23) and
adopting Laplace transform techniques, the ordinary differential equations are
solved as

B = al(S)e(sci_lJrXi(s))(I*m’) + bl(S)G(SC;LM(S))(I%I%
B, = 2(8)6_(50f1+xi(s))(5’3—’”’) + b2(S)e_(sci_l—xi(s))(’”_‘”').

Q

As v propagates in the positive z-direction while v; propagate in the negative
z-direction, we should have a,(s) = aa(s) = 0. If we set by(s) = ba(s) = 1, the
same normalization is used as in Section 2.1. It is straightforward to calculate
li‘;l and BVJQIQ using (6). Then,

In the time domain, we have

+ = -\l
B! = o  Bi=-: oA : (27)
—\G" NG 2\g" A'GH

where G = G;(z — 2') and G; = G;(2' — z). This is in line with the results
in (14) using u; = u;” +u; and dyu; = \;(—u; + u; ). The operators \; ! are
found in Appendix A. By defining v = (v1,v,)" and B = diag(B;, B,) we
obtain

v =BSw, w=8"'B v (28)

The connection between (15) and (28) is readily seen if B; ' and B; are facto-
rised as

si_| T I} O 5 _ Gt o)1 (-
’ ua) \ogt) S loog)2lz A

Hence, the Green’s operator matrices carry the spatial dependences that deal
with the dispersion, while the eigenoperator matrices are involved in the actual



wave splitting. This is the reason why the original wave splitting transforma-
tion for the Timoshenko beam is found by means of a diagonalization, as the
beam is left-right isotropic. A membrane or a plate with rotational symmetry
lack the corresponding inward-outward symmetry.

3 The Membrane

In this section the dispersion free transformation is derived for radial waves
in a homogeneous membrane. The objective is to obtain radially in- and out-
going waves that are uncoupled and propagate without dispersion. Since we
have cylindrical geometry we will encounter geometrical dispersion. So, the
transformation is performed in line with the methods presented in Section 2.3

The wave equation for the membrane is
V2w(r,0,t) — ¢ 20 w(r,0,t) = 0, (29)

where w(r, 0, t) is the deflection, V? is the two-dimensional Laplace operator,

¢ =/T/p is the wave speed and p, T' are mass per unit area and tension per
unit length respectively. In order to make comparisons to the plate in Section
4 more apparent, the membrane equation is written

(V2= 2w =0, N =207, (30)

As the aim is to find a transformation for radial waves, w is expanded according
to

w(r,0,t) = ws(r,t) + io: (wy, (1, t) cos(mb) + w?, (r, t) sin(m)) . (31)

m=1

For each Fourier component of the physical variables we may write (30) as

0 1 ws°
o,w,, = D,w,,, D, = , , W, = . (32)
A2 s —% Orwe

The parity index e, o is dropped hereafter, since the even and odd variables
satisfy the same equations. Introduce the transformation operator B,,, its

inverse B! and dispersion free fields v,, = (v;>,v)", such that

—1
v, = BLhw,,, W, = B, Uy, 0,v,, = Av,,,

where A = ¢ 'diag{—0;, d;}. Since v, and v,, satisfy first order one-way wave
equations they may be expressed as

vE(r,t) = vE (' tF (r — 1) /c), (33)



where 7’ is some reference radius. Inserting w,, = B,;}Hv;’ﬂLB,;’lmv;l in (32) and
using Laplace transform techniques, the solutions of the ordinary differential
equations are obtained as

B,

(34)

1y = a1 (5) (M)l 0 by (5) K (Rl ),
Boly = ag(s)Ly(Ar)e= 6 =) 4y (s)K,, (Ar)e= (e =)

where 1, and K,, are the modified Bessel functions of the first and second
kind respectively. Reasonable physical properties of w are that the incoming
fields, due to v,,, are regular at the origin, while the outgoing fields, due to
v, are regular at infinity. This is accomplished by setting a;(s) = ba(s) = 0.
If we choose as(s) = bi(s) = 1 and set r' = 0 for all the fields, the Laplace

transforms of the operators B,' and B,, are

- Kn(Ar)ee Ln(Or)e e \ . A (r)e e —Ln(Ar)e e
S\K;n(j\r)e% S\I;n(j\r)e*% , —S\K;n(j\r)e% K (Ar)ee

In the time domain B,' = B,'x and B,, = B,,*. The kernel matrices may
be written as [19,20]

S L A L, -2,
B, = , B, =r , (36)
Lo Lo, Lo o
where L* = 9, + ¢ 19,. Using ¢’ = ct/r, ®E are given by [19,20]
eTnltil) g <y ~pmednl Dy (o2
o+ = { TVEEH) e TR P02 g
0 # <0 0 # ¢ (0,2)

where T,, are the Chebyshev polynomials of the first kind. Note that the
kernels ®% are singular at ¢ = 0 and that the ®,, are singular at ¢ = 2 and
have compact support.

There are reasons to comment on the fields v=. Suppose a line source is located
at a radius r = rq, say. The transformations from the physical fields are such
that this source will solely cause fields v,, in r < r; and v, in r > r;. Hence,
reflections from the origin are part of v, for r < r;. Hence, the fields v
are not in- and outgoing fields in the usual sense. Moreover, vy (0,¢) may be
interpreted as the magnitude of a point force at the origin, as Ko(*") is seen
to be the Green’s function for the modified Helmholtz equation. The present
normalization of the transformation is such that v, (0,¢) = w,,(0,%), in the
case of no sources at the origin.

10



There are of course other normalization alternatives that may be a better
choice when considering numerical implementation. For the calculations in
Section 5.4 we make the choice ay(s) = bi(s) = /s.

4 The Mindlin Plate

As for the Timoshenko beam, the derivation of the dispersion free transfor-
mation will take place in steps. The first step is to decouple the equations
obtaining three second order partial differential equations, which is in line
with Section 2.2. Up to this point, we do not specify any particular coordinate
system in the plane of the plate. However, for the wave splitting operation,
the cylindrical geometry is chosen in order to obtain dispersion free radial
waves. Hence, the dependent variables are expanded in the angular direction.
From here, the derivation of the dispersion free fields is performed in a similar
manner as for the membrane, Section 3.

The Mindlin plate equation for a plate of thickness h and with density p may
be written [17]

D h3

SHL=V) VY + (1+0) VY - ¢} = Gy = ’)1—23311;, (38)
K’GhY -y = phd}w, (39)
v =Vuw+1p, (40)

where D = Eh?/(12(1 — %)), E is Young’s modulus, G is the shear modulus,
v is Poisson’s ratio and k? is the shear coefficient. w is the displacement
transverse to the central plane of the plate, that is, in the z-direction. ¥ is
the two-dimensional vector of rotations and < is the two-dimensional vector
of shearing angles.

4.1  Reduction to second order equations.

In analogy with [17] and [18], we make the ansatz
P = AVw — e, x Vus, (41)

where A is an operator which is independent of the spatial coordinates. To
separate w and usz, we first take the curl of (38), using (38)-(41), which reduces
to

(V2 - )\g) uz =0, A3 = c3 207 + K27} (42)

11



where ry = h/v/12 is the radius of gyration of the plate cross section and
c3 = /G/p is the wave front speed.

The equation for w is obtained by taking the divergence of (38), using (38)-
(41), which turns into the often used equation for the plate

(V2V2 —(e7? + 20PNV + ¢3°ry 2 0F + ¢ ¢; 284) w = 0. (43)

Hence, (43) is the two-dimensional counterpart of the beam equation (16),

where ¢; = ke and ¢ = /E/(p(1 — v2)) are the velocities of the shearing
and bending modes respectively. In analogy with (17), (43) can be factorised
as

(V2= 1) (V2= M) w =0, (44)

where the operators A\? are obtained from (18), but with ¢, ¢, and 7 for the
plate. Introduce new fields u; and us which, in accordance with (19), gives the
set of equations

(V2= X})ui =0, i=1,2,3. (45)

By using (40)-(42) and (45) the new fields are related to the physical fields
through relations similar to (22)

w=1up + Uy,
Y=A,Vu, + Ay Vuy — e, x Vus,
v =14+ A)Vu; + (1 + A3)Vuy — e, x Vug, (46)
V- = A\ fuy + A \us,
V X ’(b:—)\gu?,ez-

4.2 Reduction of dependent variables.

The aim is to reduce the equation system of nine dependent variables to a one-
dimensional problem. Folkow [21] expressed the state of a plate in a Cartesian
coordinate system where the number of dependent variables was reduced to
six after performing a Fourier transform in one spatial direction. In the present
case, the fields are expanded in the angular direction. For n® = w, uy, us, ¥, v

and 770 = 1/)97 Yo, U3,

n(r,0,t) =ng(r,t) + io:l (ne(r, t) cos(mB) + np, (1, t) sin(mf)) , (47)
n(r,0,t) =ng(r,t) + ij: (ne (r,t) cos(mb) — n, (r, ) sin(md)) . (48)

12



The even and odd components decouple, so the parity index e, o will be supp-
ressed in the following. Expansions (47)-(48) enable us to eliminate, from the
nine first order variables, the ones which are differentiated with respect to the
angle 6. Thus, all in all we have six dependent variables for each m and parity.

Define the vectors of the physical variables w,,

and the new variables u,,

(wma ¢r,ma Yroms aﬂ/}r,ma ¢0,m7 arz/)ﬂ,m)T

T
(ul,ma arul,ma u2,m7 ar“?,ma u3,ma a7"u3,m) . By (46)7

these fields are related through

Uy = SpWo, Wy =8, MUy, (49)
where
1 0 1 0 0 0
0 A 0 Ay —m 0
s 0 1+ A 0 1+A4, - 0 |
WAV LA BA RV Ll 2 2
m A, 0 m A, 0 0 1
mAL DA —n A A —(N+ ) -1
1-M —IN, 0 N N 0
0 —1-M+ZM1-Ng 0 —Z2M; —2M,
s _ M LN, 0 Ni  —N, 0
" 0 M-ZM, Ny 0 mMy M,
M 0 0 —IMy  —M;
m M, 1M, 0 —2My1+™M, 0

The operators N; and A; are obtained from the beam case in Section 2.2
but with ¢, ¢ and rq for the plate. The M; are given in Appendix A. Note
that ugo decouples from u, o and sy, as found also in [21]. The same kind of
decoupling also occurs when r — oo, in which case u, ,, and usy,, transform
as in the Timoshenko case.

So far we have derived a transformation that takes the Fourier components of
the physical fields, w,, and gives a new set of variables u,,, which obey three
decoupled second order wave equations, with different wave front speeds. We
now perform the wave splitting on each of these wave equations, giving six
one-way wave equations, with the additional condition that the one-way wave
equations shall be free of dispersion.

13



4.3 Transformation to dispersion free fields.

The transformation to dispersion free fields is performed in the same manner
as for the membrane in Section 3. For each Fourier component, equation (45)
may be written

0 1 Us,m
a7"'u'i,m = Di,mui,ma Di,m = 5 ) Uim = : (50)
Nymo 1 O
i > r rUim

Introduce the transformation operator B;,,, its inverse B! and dispersion

im
free fields v;, = (v;,, vi,,)" such that

— _ 1r1 —
'vi,m - Bi,mui,ma ui,m - Bi,m'vi,ma a7"'01',m - Ai'vi,ma (51)

where A; = c{ldiag{—at, 0¢}. The following steps are identical to the mem-
brane case and equations (33)-(36) holds for the the fields u;, i = 1,2, 3, by
adding the index i to ¢, A, ay, az, by, by, By, B,,', ®E. The coefficients a; ;...b; o
are chosen on the same basis as for the membrane noting that the leading terms
of the \; are of the same order as in the membrane case. Hence, a;; = b;2 =0
and a;o = b;; = 1.

The inverse Laplace transforms of these elements are not as easy as in the
case of the membrane. There is, however, at least one case where an explicit
expression for the elements of the matrices exist, namely when ¢ = 3 and
m = 0 [20]. Then,

cz cos(arn/t(2+t')) 0<¢ c3 cosh(ay/t'(2—t")) t e (0 2)
o5, = N , Dy = rry/t(2-t) T (52)
0 <0 0 "¢ (0,2)

where o = kr/ry and t' = ¢3t/r. In conformity with the membrane case, the
kernels (I>3i,0 are singular at ' = 0 and ®;, is singular at # = 2 and has
compact support. Note that @3, grows exponentially with increasing radius,
in contradistinction to the case of the uz-mode in Cartesian coordinates [21].
For the other cases, the behaviour in the time domain for small times can be
obtained approximately by studying the asymptotics of the elements of Bi,m

~ 1 . .

and B, for large values of the Laplace variable, see Appendix B. From the
asymptotic expansions it is indicated that all the kernels ®; have compact
support.

- N T i T YA —
With v, = (V1 0, V1 ms Uams Voms V3ims Vam) ' and B = diag(Bym, Bam, Bam),
the combined transform is

vy = BoS,w,,, w, =8B v, (53)
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5 Application to an inhomogeneous membrane
5.1 The dynamic equations

We now consider the case when the mass per unit area of the membrane varies
as a function of the radius. Hence, the wave speed will be a function of . We
use the same transformation matrices B,, and B as in Section 3, however
with a varying velocity c(r). Insertion of w,, = B, 'v,,, into (32), gives

v, = (BD,B,' — BI.B, v,

In order to use the results from the homogeneous membrane in Section 3, we
introduce the following decomposition

0,B 1 =0, B+ (ro.mB. L. 54
m m (r)

m

¢(r)=const.

Hence, the dynamics of the split fields becomes

OVm = (A+ L)V, A=c(r)'odiag(—1,1), L, =—¢(r)Bn0nB,, "
(55)

Thus, at each point we perform the wave splitting with respect to the local
wave speed. In the Laplace domain, the operator elements of L,, are

L1 =S In(Q) = 1, () (Km(Q) + K1, () = m* L (Q)Kim (€), (56)
Lz =% () (Inm1 (Omar () = I2,(¢))e ™™, (57)
Lzt =% () (K1 (OKmr1(C) + K5, (€))e™, (58)
Loz =— Ly (59)

where ¢ = ¢(r), ¢ = (r) and ( = sr/c. These elements can be obtained in
the time domain by taking the inverse Laplace transformation of each modi-
fied Bessel function separately, applying the convolution theorem and finally
differentiate twice with respect to time. They then have the form

t+

Lonwv™ =L *vi = [ Lypu(rtvi(rt—t)dt', kil1=1,2. (60)
o

So the dynamics for the split fields, (55), become

1 _
vt = —c 7 Ot 4+ Ly i1 * v, + Lo x v,

_ 1 _ _
v, = ¢ 0w, + Lo * v, — Lypy1 % v,,.

(61)

Thus, for an inhomogeneous region the split fields satisfy coupled partial
integro-differential equations. From here, one can exploit various time domain
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methods, such as the imbedding method, Green’s functions and the propaga-
tor technique, to solve direct and inverse problems. In the example considered
here we utilise the imbedding method. In Section 5.3 explicit expressions for
the L,,;;-kernels are given in the case m = 0.

5.2 The imbedding equation

We seek an equation for the operator that, for a certain r in the inhomogeneous
region, relates the internal fields to each other. Due to linearity, causality and
time translation invariance this relation has the form

t+

vt (r,t) = / Ron(r, )0 (7, £ — ')At (62)

The kernel R,,(r,t) will be referred to as the reflection kernel as usual, alt-
hough v are not physical wave fields traveling inwards and outwards in the
usual sense. To obtain an equation for R,,(r,t), v, is eliminated from (61)

by insertion of (62). After use of both equations, partial integration and the
causality of R,,(r,t) and v,,, the equation for R is obtained as

2
(@ + —3t> Rm — 2Lm,11 * Rm + Rm * Lm,Zl *x Rm — Lm712 =0. (63)
C

In the following the analysis will be restricted to the case m = 0, so the index
m is suppressed hereafter. It is also assumed that ¢(r) is continuous, while
¢'(r) is piecewise continuous.

5.3  Certain known components of the reflection kernel for the case m=0

In the time domain the kernels elements of £, become, after lengthy calcula-
tions,

E(d? K(d?
L, =C b”{d%x(lii)%l) - g%il)’} E<
H _; b11 E(d1_12) o
a1 t> =
du 1—df; c?
o [ @b - ) (d) + 202 - K (d4)), <2,
12 =7 ir _
¢ | =222+ H (L — ) bio{etE (di) +2(2r — K (dia)}, t> 2,

Lo :%{—gé(t) — b {(4r + )E (dy)') = 2(2r + ct)K (dy') }},
(64)
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where H is the Heavyside step function and K, E are the complete elliptic
integrals of the first and second kind respectively. The by; and dj; are given by

o C b — 472 b 472
o T T m2(et — Ar) (et — 27)2° 7N t(ct + Ar)(ct + 2r)2
ct r r
di =50 diz =(1 — %)2, dor =(1+ %)2-

The kernels of the coupling operator are defined in terms of E and K, with
algebraic coefficients and arguments, which are singular. In addition, K has a
logarithmic singularity when the argument approaches unity. The kernels also
contain step functions and Dirac’s delta functions. It implies that R(r,¢) may
contain these types of singularities as well.

Equation (63) thus contains terms of these kinds. Billger and Folkow [2] give
a proof, which, in effect, states that multiplicative and convolutional parts
of (62) must satisfy (62) independently. The coefficients for collected Dirac’s
delta functions in (63) having the same characteristic then must be zero. It may
also be shown that coefficients for power and logarithmic singularities must
be zero. This allows for analytical determination of some of the singularities
and distributions of the reflection kernel.

For continuous ¢(r), R(r,t) contains no Dirac’s delta functions. Hence, the
reflection kernel is decomposed according to

R(r,t) =R (r,t) + Y_[R] t—ﬂl +Zgl ()~
+>_ filr) In( It—% )+ hir t—% ))ln(lt—%(rﬂ),
where R;(r,t) is the bounded and smooth part of R(r,t). The jump disconti-

nuities give rise to Dirac’s delta functions when inserted into (63), but so does
convolutions of power singularities, consider for instance [22]

(65)

—20(t —t, — to),
(66)

' at’ I BN )
/0 (' —t) n| |

(t—t' —ty) t—ty—t toty

where y,%; > 0. There is however one jump discontinuity that can be deter-
mined at this point, since these latter contributions propagate along "later”
characteristics. The kernel L5 contains ——05 (t). Cancellation is only possible
if R has a jump discontinuity [R]y according to (65), given by

[R]O = —01/477', 50(7") = 0 (67)

Now, consider the power singularities. By studying Ly, k,l = 1,2, in the
neighbourhood of the singularities, i.e. by examining expansions about singu-
lar points, the coefficients of the singular parts can be identified. After inser-
tion of R into (63), singular terms of the same order propagating along the
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same characteristics are collected. The coefficients for these must vanish inde-

pendently, which makes it possible to determine the necessary singularities of
R.

For power singularities of order one the convolution integral (62) is interpret
as a CPV integral since it is valid for all ¢. The same holds for convolutions
n (63). A power singularity of order two is found in L;5. The only term that
can cancel this term comes from the principal part of (63). Thus,

—go(t —70) *(2/c — ) — (—20'7"7r’2(ct — 27")*2) =0,

which gives (1) = 2r/c(r) and go(r) = go = 7~ 2. Investigation of the other
terms in (63) shows that there are no further singularities in R(r,¢) along that
characteristic, fo(r) = ho(r) = 0, but from inspection of the principal part it
is seen that there may be power singularities propagating along t = ~;50(r),
where

r 9y’
To determine these, consider a case where ¢ is constant for r < r’ and a
function of r on the outside. Then R(r < r',t) = 0. From continuity consi-
derations for v* and (62) it follows that there must be a power singularity
g1(r'") = —go, that propagates from the point (r,t) = (r',v(r")) along the
characteristic ¢ = ,(r), where ~;(r) is given by (68) with C] = 0, see II in
Figure 1. For continuous ¢, there are no further power singularities. From the
other terms in (63) we may conclude also that ¢;(r) = —go and that fi(r)
satisfy (2m)%0,f1 = (¢)?/c—/r.

Since (63) is non-linear in R and the coupling kernels, as well as R, are singular
there are Dirac’s delta functions propagating also along ¢t = 2vq, 2v1, 70 + V1.
It turns out that, when each of these terms in (63) are collected, including
—%65( — 41} from Ly, the only one with a non-vanishing coefficient propaga-
tes along t = 27, (r) and has the coefficient ¢’ /(27¢). This necessitates another
jump discontinuity in R along ¢t = (1) = 2(r), which is given by

[R]1 (2/c = 2v1) + ¢ /(2me) = 0.

Thus, [R]; = —[R]o. There may be additional jump discontinuities [R];~; pro-
pagating along t = [3;~1(r), where [3;~1(r) is given by the right hand side of
(68). These are initiated where ¢’ has jump discontinuities, see I and III in Fi-
gure 1. From considerations based on the continuity of v* and equation (63),
initial values and differential equations for these additional jump discontinui-
ties may be derived. The additional logarithmic singularities that these jump
discontinuities lead to cancel out in (63). Hence, they do not imply further sin-
gularities in R. There are, however, additional singularities in individual terms
in (63) and they run along characteristics such as t = vy + fi>0, 72 + Biso-
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Finally, we note that ~;(r) is the true travel time from radius r to the origin
and back, while ,(r) is the travel time with the constant wave speed ¢(r)
everywhere, i.e. the travel time for the homogeneous case.

t

Co

I

Fig. 1. Characteristics for an inhomogeneous ring with ¢'(r) discontinuous at the
boundaries. Note that [R]y runs along ¢ = 0 for ' < r < 7r”.

5.4 Numerical example

In this section we present numerical results from simulated direct scattering
problems for inhomogeneous membranes. All results concern the case with
circular symmetry; w(r,0,t) = wq(r,t), see Section 3. We will first give an
outline of the numerical implementation of the radial wave splitting and the
computation of the reflection kernel. The direct problem is then considered
for three wave speed profiles, where the result is compared to a FE solution.

5.4.1 Numerical implementation of the wave splitting and the reflection ker-
nel

As was mentioned at the end of Section 3, one may consider other norma-
lizations of the transforms than the one presented there. Here, we make the
choice ay(s) = bi(s) = /s. This makes the transform operators more sui-
ted for numerical implementation in the time domain, see Appendix A. The
kernels are still singular but integrable, interpreted as CPV integrals. This re-
normalization does not influence the coupling terms (64), and hence not the
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dynamics of the split fields, (61). As a consequence, the reflection operator is
not altered.

In Section 5.2 it was demonstrated how parts of the reflection kernel could
be determined analytically. The remaining part of R may then be calculated
numerically with simple methods, taking into consideration the known singu-
larities. Here, only a subset of the analytical information in Section 5.2 has
been utilised, namely the information about the power singularities traveling
along t = vy and t = v and the jump discontinuity [R]y. The rest of the jumps
and singularities are being part of the numerical solution, and have thus been
handled with less accuracy. The reason for this is, that in many scattering
situations, the main objective is to be able to determine the fields up to and
past one travel time through the inhomogeneous medium and back. This is for
example the case when studying inverse problems, where information about
the varying media is to be recovered from reflection data. The reflection kernel
is therefore divided into a regular part, R"™®, and a singular part, whereby we
mean that the regular part does not contain power singularities and the jump
discontinuity [R]o. The regular part is then calculated numerically by means
of finite differences.

Since all terms in the imbedding equation contain singularities it is inevitable
to have to perform convolutions with singular kernels numerically. This pro-
blem has been solved by replacing all singularities with discrete functions that
give an approximate result when being integrated, see Appendix C.

Travel time coordinates are introduced to simplify the calculations. If the
membrane is homogeneous outside a radius r = r; say, the non-dimensional
travel time coordinates are

—

1 dr o dr!
=z ) oy =m0 == @)

= Jo ¢(r')’ ¢

This makes the characteristic equation ¢ = ~;(r) become n = £ in non-
dimensional space. By introducing L'°? as L, without the power singularity
of order two and the first Dirac’s delta function at ¢ = 0, (63) may be written

(0 + 0y)R™® — 2Ly, * R+ R * Ly x R — Li¥% = 0. (70)

Then, (70) does not contain the power singularity of order two and no Dirac’s
delta functions for ¢ < 2min(vp, 71). The inhomogeneous region is then divided
into N subintervals and R"™8(1, s) is solved numerically from knowledge of the
coupling terms and R(z,0), which is known from the jump condition (67). The
integrals are all approximated with the trapezoidal rule, where the logarithmic
singularities and the power singularities of order one are represented according
to Appendix C.
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5.4.2  Comparisons with FE solutions.

Solutions obtained by means of the commercial software FEMLAB are used
for comparisons. The membranes that are considered are of radius r = ry,
with a possible region of inhomogeneity from the origin to r = r; < ry. In all
the examples discussed below, the outer radii 75 are large enough so that no
reflections from these boundaries have to be considered. The membranes are
initially at rest, and waves are generated at the boundaries according to

_Jsin*(5t), te(0,7/5),
w(rs?) = {0, t ¢ (0,7/5). ()

We start by noting that the properties of the wave splitting are such that no
vT-waves are generated when boundary condition (71) is applied to a homoge-
neous membrane. The v~-waves may then be computed solely from knowledge
of w. As v~ propagates without dispersion, it is straightforward to obtain
w(r,t) and d,w(r,t) everywhere in the membrane using the transformations.
When compared to the solutions using the FE solver, the fields w and wgg
agree very well. However, the w-solutions were obtained much quicker.

For the inhomogeneous membranes, the objective is to obtain the fields at the
outer boundaries of the inhomogeneous regions, r = r;. Using the FE solu-
tion, vl (r1,t) and vpg(ry,t) are transformed from wpg(rq,t) and its spatial
derivative. v (r1,t) may also be computed from vgy(rq,t) by means of (62)
and is denoted v} (ry,t). Comparisons of v}, and v are made, where the time
is measured from when the incoming waves reach r = ry.

Note that it is possible to calculate v (r,t) over a finite time interval from
knowledge of only w(rq,t), using v*(re,t) = 0 as in the homogeneous case.
This solution, which is valid up until the reflected fields from the inhomoge-
neity reach r = ry, may then be used at r = r; instead of vpg(ri,t). So, the
fields v~ (ry,t) are the same no matter the inhomogeneity, over a finite time
interval. This means that v~ for the homogeneous case can be used in the
inhomogeneous cases over this finite time interval.

5.4.2.1 Interior with a lower speed of propagation. Here the wave
speed profile has a linear variation, where ¢ = 0.5 for r < 0.5 and ¢ = 1 for
r>0.7= 1.

We first take a look at the different components of the wave field in Figure 2.
By setting vz = 0 and using the wave splitting transformation we obtain the
wave field for a homogeneous membrane, wgg. Similarly, by setting vpp = 0 we
obtain the wave field w;y,, which is the difference between the physical fields
for a homogeneous membrane and an inhomogeneous membrane. As is seen in
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Figure 2, wpr = wiy + wpg, as expected. A rough estimation of the wave field
in an inhomogeneous membrane is obtained by approximating the reflection
kernel with the known power singularities. The compensation for the reflection
at the origin is then taken care of while the reflections at the inhomogeneities,
which are small in comparison to the total field, are neglected. In Figure 2
this field is denoted by wsing, and it is seen to agree remarkably well.

ofF

Fig. 2. Different components of w at r = 1. (dash-dotted) wsing, (dashed) wpp,
(solid) wrg, (dotted) wip.

We now turn to the comparisons. For this wave speed profile we have that
7(0.7) = 1.4 and 7,(0.7) ~ 2.55. As is seen in Figure 3(a), the error is
small up to approximately ¢t = 2.8, where the solution is first affected by the
distributions propagating along ¢ = 2vy(r). The deviation between ¢ ~ 0.6
and t &~ 1.1 is due to the jump discontinuity, which propagates along t = f3.
The convergence is not that clear in this region since it depends on both the
location of the jump discontinuity as well as the approximation of it. It is
rather the absolute value of the differences between successive approximations
that converges to zero. The structure of the error for other times is due to
convolutions with power singularities and the transformation from the physical
fields to the split fields. Note that we compare with 1% of vgg.

5.4.2.2 Interior with a higher speed of propagation Here, the wave
speed profile has a linear variation where ¢ = 2 for r < 0.5 and ¢ = 1 for
r > 0.7 = r;. We then have that v,(0.7) = 1.4 and ,(0.7) =~ 0.77. As is
seen in Figure 3(b), the error is small up to approximately ¢ = 1.3. The
time of the first influence from distributions propagating along ¢ = 27;(r) and
t =70(r) + v1(r) is, in this case, t ~ 1.27.

5.4.2.3 Stratified interior In this case r; = 1 and inside there are se-
veral layers where the wave speed is linearly varying between the radii r =
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(a) Slow interior. (b) Fast interior.

Fig. 3. The difference vj, — v}, for slow and fast interior at r = ry. (dash-dotted)
N=100, (dashed) N=200, (solid) N=400, (dotted) 1% of vjp.

0, 0.2, 0.5, 0.7, 1. The wave speeds at these radii are ¢ = 1.25, 1.25, 1.2, 1.1, 1
respectively. At the boundary of the inhomogeneous region 7,(1) = 2 and
v1(1) ~ 1.73. From Figure 4(a) it is seen that the error is small for times up to

approximately ¢t = 2. The first influence from the ”later” characteristics occur
for t =~ 2.05.

-5 1 1 1 I ~0.08 I I I I I
0 0.5 1 t 15 2 25 0 1 2 t 3 4 5 6

(a) Stratified interior. (b) The regular part of R.

Fig. 4. The difference U;:E — UE and the regular part of R for stratified interior at
r =r1. In (a), (dash-dotted) N=100, (dashed) N=200, (solid) N=400, (dotted) 1%
of v;rE.

The regular part of the reflection kernel, including the logarithmic singularity,
propagating along ¢ = =, is shown in Figure 4(b) for the stratified case. Here,
some of the numerical difficulties are apparent around time t = 2.5.
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6 Conclusions

This paper deals with wave splittings that transform to one-way wave equa-
tions. For the radial membrane and the radial Mindlin plate, which both
exhibit directly geometric dispersion, the splitting was obtained using non-
standard methods. This resulted in dispersion free split fields in a straight-
forward way. This feature could also be exploited for other structures that
do not require the presented method to obtain a wave splitting, such as the
Timoshenko beam. The main advantage of deriving dispersion free wave split-
tings is that when the split fields at some point are determined, translation
through homogeneous regions is trivial. This property can be utilised when
solving inverse problems since one then do not want to waste computational
resources on homogeneous regions, especially when the fields are measured far
from the inhomogeneous region. But, as is demonstrated in the case of the
Timoshenko beam, this is done to the price of a wave splitting transformation
that is more resource demanding than the original one.

The method agrees with the extension of a previous wave splitting for the
Timoshenko beam. For the radial membrane the transformation is a decom-
position into the field from a source at the origin and the regular part of the
physical field at the origin. (This decomposition is in analogy with, for in-
stance, the T matrix method. See, e.g., Ref. [23] which incidentally gives the
first time domain formulation of the T matrix method.) By combining these
two cases, it is indicated how the wave splitting transformation for the Mindlin
plate may be obtained.

To validate the method for inhomogeneous media the inhomogeneous mem-
brane has been investigated by means of the invariant imbedding technique
for a direct problem. The results from a numerical implementation has been
compared to solutions from FE computations, and agreement was obtained
within time intervals relevant for solving inverse problems.

The corresponding problem for the Mindlin plate can be expected to be more
complex due to the existence of several wave front speeds and lack of analytical
representations of certain operators. Note, however, that the major difficulties
in the case of the inhomogeneous membrane were due to the the varying wave
speed resulting from the type of inhomogeneity. A thickness variation in the
Mindlin plate, for instance, would not change the wave front speeds. Note also,
that the difficulties of having several wave front speeds have successfully been
handled for the case of Timoshenko beams [2-4,7].

24



7 Acknowledgement

This work has been supported by the Swedish Research Council for Enginee-
ring Sciences (TFR) and the Swedish Research Council (VR). This is gratefully
acknowledged.

A Operators

The explicit representation of the operators A; are

= (5 2t s e

c2 C 02 2 .
Ae= (G- 1) = 52 (G4 2ntyms sinte o+

ci
The operators N; can be given explicitly using the operators
Cl :Cl(')*, CZ :Cl(l — Cl)il = CQ(')*,

1 1, (§)dE _i
- 7o Ol =5/

Then, with ¢ = (3 + ¢1)/(c3 — ¢3) > 1, the N are

Ci(t)

-1
N = —Cs, Ngqu—l—qu,

q—1 2 20— 1, o
N = C C1Co, Ny =c5—0°(1+2C,).
3 o 2+q+112 4 =Cy 5 (14 2Cs)

The operators \;' are

M =aQr x +Fy * Qox, A =eQr x +F * Qox,
Q1(t) =Jo(c1t/ro), Q2(t) 201023{1Q1(t)-

The M; are given by M; = M;(-)*, where

K2cy
3 )

S o

To

My(t) = ;—;H(t) sin(ert /7o),

[ ey

2¢y K2

The multiplication by s*'/? to the wave splitting transformation kernels By ;

and go_llj is equivalent to a F1/2 order time integral [24]. After some simpli-

fications, the transform kernels B;;, where B;; = B;;*, are given for the case
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m = 0 by
_ { 26(t) + 32 (a7 E(t/0) + (B(t/70) = K(t/%))) st <0,
st (= B/t + 2(B(h0/t) — K(10/t)) t >,

B, — cﬂ.3/2 K(t/fYO)a t < Yo,
12 —
7r:’,c/,)zlo\/_I,<(f)/0/t)7 t> Yo,

Bll

By = /220(t) + m(E(t/(H%)) + 51 (B(/(t+ 7)) — K(t/(t+ 7)),

Byy = ——L—FE(t/(t + ")),

ERVACED)
By' = /20(t) — = (K(/(t + 7)) — Bt/ (t + 7)),
B = {\/%5(’5) — iz CRE®R/70) = K(t/7)) + K(t/0)) <%,

i E (/1) t> .

The remaining two elements, By, and By, of the inverse transformation have
not been explicitly written, but due to the re-normalization, they are essenti-
ally obtained by differentiating By, and Bj; with respect to t, respectively.

B Inverse Laplace Transform by use of Asymptotics

The time domain behaviour of the wave splitting transformation kernels, di-
scussed at the end of Section 4, can be be obtained approximately for small
values of the time variable by studying the asymptotics for large values of the
Laplace variable. The starting point is the uniform asymptotic expressions for
large arguments for the modified Bessel functions I,,, [25]

er(;\k*S/Ck) 0 (—1)jAj,m _mﬁiefr(;\kJrS/Ck) o Aj,m

= Z i . —1 — Z i
V2rAr =0 AT V2 Ar =0 AT

(72)

L (Agr)e ™"/ ~

for —7 < arg S\k <0,k=1, 2,3. For 0 < arg S\k < 7, one uses the connection
formula I,,,(A\x7) = €™, (e ™ \7).

The \; are replaced by their asymptotic expansions for large s. (72) may then
be written as an asymptotic series in inverse powers of s. Each term is then
transformed back to the time domain analytically, giving a series representa-
tion in the time domain for small values of the time variable. To know how to
close the contours, the analyticity properties of the A, must be investigated.
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The analyticity of the \;, [ = 1,2 for the Timoshenko beam, which are essen-
tially the same, has been studied before by several authors, among them [26].
They have however presented sets of branch cuts that are not suitable for our
purposes since we may expect to integrate also in the left half plane. In the
Laplace domain the \j, are given by

2 2 _ ~—2\1/2 1/2 2 27 9\1/2
- qs® £ s(s°—T -
5, = ( ( ) ) A, = (8° 4+ ¢i/75) | (73)

' co(q — 1)1/2 ’ C3

where ¢ = (& + &2)/(&3 — &) > 1. Consider first As. It has the branch
points s = =icy /1. \; is analytic for |s| > ¢1/ro and the branch cut may
be chosen in such a way that 035\3/3 — 1 for s — oo. Similarly, the in-
ner square root of )\; is analytic for |s| > 7! and the branch cut may be
chosen so that (s2 — 772)Y/2/s — 1 for s — oco. Then, )\, are analytic for
|s| > 77'max(1,1/v/¢Z — 1) and the cuts may be chosen so that ¢\;/s — 1,

when s — oo. For 5\,16/2, the principal branch is used.

Noting that the leading terms of ), are s/c, the leading terms of the ex-
ponentials of the exponential functions in (72) for large s are, for the first
factor, at most a constant, and for the second factor, at most a constant af-
ter extraction of a factor e=2"/¢ . These factors may then too be expanded
in negative powers of s. Combining the formulas (72) for the two half pla-
nes and using the asymptotic expansions of the \i, a power series, valid for

selU ={s:|s|>7 tmax(1,1/v/¢% —1,7¢;/r)}, is obtained as

L (Apr)e 7/ ~ Y2 hijms UF1/2)

+ (—i)e_mﬂ'ie_er/CkSign(Im(s)) E‘;’;O h2kjm8_(j+1/2),

where the hygj,, and the hyj, are coefficients, not specified here. The expo-
nential factor e~2"/% will just give a time shift by 2r/c; in the time domain
so the first sum will give an expansion for values of ¢ near 0 while the second
sum gives an expansion for values of ¢ near 2r/c. The first sum is analytic in
s € UN{s : Res > 0}. The terms in the first sum may then formally be in-
tegrated along a path to the right of the imaginary axis. Similarly, the second
sum is analytic in s € U N{s : Res < 0}. The powers of the second sum may
then formally be integrated along a path to the left of the imaginary axis. By
a change in variable according to s = we "/2 the corresponding Fourier trans-
forms are obtained and are identified as the distributions (w=i0)~U*'/2) which
inverse Fourier transforms are given by [27]. So, by means of the formulas

L s

S (j+1/2)] — t{'rfl/?/r(j + 1/2),
L [sign(Tm(s))s ¢

SO = (1) T (G 4 1)2), (74
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expansions for ¢ near 0 and 2r /¢y respectively, are found as

= hakgm 2 i o (1) agm j=1/2
E _ t , e MM E : t—2r/c,)” 7.
ST(G+1/2) RS VAL

It turns out, though we do not prove it, that hsgjm = (—1)7higjm. Then,
L7, (A\er)e™"/] is an even function about ¢ = r/¢; for even m and an odd
function for odd m, which simplifies the computation of the functions in the
time domain somewhat.

The time domain representation of K,,(\yr)e*/% for small £ may be computed
in an analogous way. The asymptotic expression for large arguments is

N e—zk—l—sr/ck o A.
Km()\kr)esr/ck ~ J,m

V2 =0 A

From the analysis for the S\k it is seen this series is analytic for s € U N{s :
Res > 0}. Expansion into powers of s and use of (74) gives

i h3ijm 1172
=L +1/2)

where hg;;p, are coefficients similar to hijjm, hoijm.

C Discretization of singularities in the numerical computation

The convolution of power singularities with smooth functions are interpreted
as CPV integrals. In (63), some kernels contain power singularities, which
propagate along known characteristics. When the computational region is di-
scretised, the characteristic lines will pass through discrete points, as well as
between them. We thus want to be able to treat both cases within the frame of
the trapezoidal rule. The numerical implementation of these integrals has been
done by modifying the discretization of the singular function in the neighbour-
hood of the singular point.

Consider the singular function g(t) = (¢t — ¢')~'. At a certain discrete point in
space, t' = kh £ ¢, where h is the time step, k is an integer and 0 < § < h/2.
Then, g(t) has been approximated by

Gapp(t) = (t — kh £ 8)™" ~ wy (t — kh) ™" +wa(t — kh £ h/2)7, (75)

where w; = (h — 20)/h and wy = 2§/h. The absolute error is then large for
t ~ kh £ 0, but the interated error is small. When g,,,(¢) is convolved with
some smooth function f, use of the CPV definition, Taylor expansion and the
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trapezoidal rule will give the result I, say. The modified function g;‘;)%d is then

defined as the discrete function that give the result I, when convolved with f,
using only the trapezoidal rule and the same discretization. ¢g™°? is then given

app
by

—wW1 n —Wy
2h ' h(1F1/2)

,g((k+2)h),...| (76)

gmed = 1g(0), g(h), ... g((k — 2)h),
wg wy Wy
+h’2h  h(141/2)

Logarithmic singularities have been represented in terms of the integral of a
discretised and modified power singularity. The reason for this is to obtain a
uniform representation of logarithmic singularities in the imbedding equation.
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