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Abstract

In a “fixed-effect” panel data model with a nonparametric regression funpfien),
the usual first-differencing yields a nonparametric regression funm(mn,xi7t+l) with
the restrictionu (X, X, 1) = P(X 1) — P (Xy). Althoughp (X, % ¢, 1) can be easily esti-
mated nonparametrically with a kernel method, it is not clear that how to identify and esti-
mated p(x;) /0%, (andp(x;)) using a kernel method, and this task becomes more difficult
when a time-invariant variablg entersp(x;,). In this paper, we propose a kernel estima-
tor thatis a linear combination of partial derivative estimator&fo(x;, X, 1,6;) /0% 1
andd (X, % 4,1:Ci) /9%, prove its consistency fa?p(x;) /0%, and derive the asymp-
totic distribution. An extensive Monte Carlo study is presented. Also multiple periods
longer than two and mixed continuous/discrete regressor cases are considered to enhance

the applicability.

KEY WORDS nonparametrics, partial derivatives, panel data, related-effect.



1. Introduction

Consider a nonparametric “related-effect” panel data model:
Yit = Po(Xit- Gj) + O + Uy, i=1,..,N, t=12 (1.1)

wherey,, is a response variablg, is akx x 1 time-variant regressor vectay,is ak; x 1 time-
invariant regressor vectqo,(x;;, ;) is an unknown function at; andc;, a; is an unobserved

time-invariant term possibly related xq or ¢;, u;; is a time-variant error term such that
E(u;| %, X0 G, 0; ) = a time invariant function of; anda;, t=1,2, 1.2)

i indexes individuals antlindexes time periods; assume iid acrasfl.2) includes the usual

zero mean as a special case. The model (1.1) is relevant, e.g., for nonparametric growth curve
estimation (see Miler (1988) and references therein) whetean capture the genetic factors
which are unobservable and time-invariant.

The expression “related-effect” refers éo being possibly related to regressors. In the
panel data literature, related-effect is often called “fixed-effect,” which is however also used
for cases where, is estimated (along with the model parameters) regardless of its relation-
ship with regressors. In (1.2), all period regressors are in the conditioning set (“strict exogene-
ity”), which is typically invoked in the panel related-effect literature (Manski (1987), Henor”
(1992), Kyriazidou (1997) and Lee (1999)) with some exceptions in Holtz-Eakin et al. (1988),
Chamberlain (1992) and Wooldridge (1997).

A standard way to deal with the “unit-specific term is first-differencing across the two

periods. For instance, K; andky are both 1 withp,(x;;,¢;) specified as
Po(Xit: Gi) = By + By + BeC; + BreXy G + Bookt (1.3)
then first-differencing yields

Yio = Yia = Bx(%z — %i1) + Bre (X2 = X1)G + Bex (2 —X1) + Uiy — Uy (1.4)



From this, we can estimafg, Bxc andpx, and effect ofk; ony, can be measured by, e.g.,

D1 E(Vie | Xt G, O ) = Bx 4 BxcC; + 2BxxXit (1.5)

or by its averaged version

E{DE(Y; |%¢:Ci» ;) } = Bx+ BxcE(G) + 2B«E (%), (1.6)

whereD j is the partial differentiation operator with respect to (wrt) flieargument.

While first-differencing is straightforward with a parameterized regression function as in
(1.3), a misspecified parametric function in general leads to inconsistent estimators. The
goal of this paper is to explore first-difference estimation for the nonparametric related-effect
model using kernel methods. (1.3) suggests that, if a series-approximation is used for the
nonparametric model, then we may not need a set-up fancier than the usual linear model to
handle the related-effect. But series approximation, as a global nonparametric method, has
properties different from kernel methods which are local. Some of the difficulties with se-
ries approximation are: (i) the convergence rate is not known, (ii) if the regression function
is high-dimensional only in a small area, then a series approximation will force this feature
into the whole support of the regression function, (iii) while choosing the order of series
approximation can be done automatically, say with cross validation (CV), the order taking
integers is too rough a measure for the degrees of smoothing, while the degree of smooth-
ing can be chosen as finely as desired in kernel methods, and (iv) most importantly, series-
approximatingo,(x;,¢;) would not be the same as series-approximating the first differenced
versionpy (%2, C;) — Po(Xi1,G)-

Write the first differenced model as

Yiz = Yir = Ho(X1:%2: G) + Uiy — Uyy, 1.7)

where

Ho(%i1,%i2: Gi) = Po(%i2:Gi) — Py (%1, Gi)-



The regression function is an additive nonparametric function. We can obviously get an esti-
mator forD ppy,, for an integemp such that 1< p < ky, using the fact thaDqp(X, -, -) = Dppy
for anyx with g = ky + p. Call this the “naive” estimator.

If ¢; is not present, we may follow Linton and Nielsen (1995) to estinpgtéand subse-

quentlyDpp,) as follows. Observe

/uo(f,xiz)wx(f)df = Po(%2) _/p()(E)Wx(E)dE = po(%,) +a constant, (1.8)

wherew(-) is a weighting function with/ wy(¢)dé = 1. We can obtain an estimator pf
by estimatingu, with a kernel method and then integrating out the #gsarguments. Note
thatp, is identified up to a constant, which however does not pose any problem for estimating
Dpp, by differentiating the integral estimator for (1.8).

A disadvantage of the above two estimators is that only the additive structyrg isf
used. In other words, it is ignored theg(x,, ;) andpy(%4,¢;) are values of theommon

functionp,. Observe the two restrictions: with= ky + p,

Dako(X1,Xi2: ) = DpPp(Xi2,C) and  — Dpplg(X1,%i2,€) = DpPo(X1,Ci)-

Thus, we can estimate the two partial derivatives, and linearly combine them to come up
with one estimator foD ppy (X, C;) under x.; = x;,; the estimator will be shown to be twice

as efficient as the naive estimator. This “differentiation-first” idea is opposite to Linton and
Nielsen’s (1995) “integration-first.”

In Section 2, we present our main result on estimating partial derivabygg(x;,C;),
assuming that all regressors are absolutely continuous and only two waves are available. In
Section 3, we consider mixed cases with continuous and discrete regressors, and allow more
than two periods using minimum distance estimation; also discuss in this section is an as-
sumption that can simplify the estimator of Section 2. In Section 4, a simulation study is
provided. In Section 5, conclusions are drawn. Details of proofs are gathered in Appendix.

Throughout the paper, sometimes we will drop the indiexview of the iid assumption, and



a conditional mean, say(y|z= 7 ), will be denoted simply a&(y|z); “=" will be used

for convergence in law.

2. Estimator
Define
P (%> C) = Po(%it>C) — Po(0,6)

to rewrite (1.1) as

Yir = P(%¢t,G) + Po(0, G) + O + Ui, (2.1)
which implies
p(0,¢) =0 and Dpp(%;,C) =Dppy(X;,C) forp=1,... Kk« (2.2)
First differencing yields
= P(%2,G) — P(Xi1,C) + DU = U (X1, %2, G) + AU, (2.3)

wheredy, =y, —Viq, Ay = U, — U;q, and

H (X1, %2 G) = P(%2,C) — P (%1, Ci)-
Subtraction by, (0,¢;) in p(X,,C;) is a normalization, fop, is identified only up to a function
of ¢,
Define
z = (%1,%2,¢)  and k= 2kc+k.
Let the density function for; be f(z). For ak-dimensional kerneli(-), a bandwidtth, and
an evaluation pointy = (z,;,...,7y) = (X1, %, Co)’, define

fn(20) = Ty (%15 Xo2: Co) = Nhk ZLM< )

In(Z0) = gy (Xo1: %02 Co) = (Nh¥)~ ZM( )Ay” (2.4)

My(Z0) = My (Ko Xop: o) = Oy () Ty (20)  When fy(2o) > 0.
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For an integemp with 1 < p < kyx andq = p+ ky, two “naive” estimators foDpp(Xo, Co) iS

defined as
Dy 1 (%: Co) = ~Dipimy (20) 25)
= [Nfy(zo)h<+1}- ZleM(Z' 2){ay-my@)}  (26)
Dary2(%0; Co) = Dqmy (2) (2.7)

N _
= —{NfN<zo>hk+1}—1;DqM(¥){Ayi —my()}. (28)

For a constantv,, an integerp with 1 < p < kg, andq = p+ kx, our estimator for

DpP (X, Co) iS: With X, = X = Xo i Zo,
Dpr'y (%o, Co) = WoDgMy (20) — (1—Wo)meN(zo)
= —Wo{ Nfy(zo)hk+1 11 ZlD M(22) {y,— my (20)}
+ (1 Wo) { Nfy (z0) 1}~ ;me(‘ A2 (ay - my(20)}
— NfN(zo)hk“}_lZl{ weDgM (1)
— (1-wo)DpM( 22 Moy, —my(20) 1 (2.9)

This is a linear combination of two partial derivativesw(zo) wrt Zog = Xy, aNdZop = X5y

Unless otherwise mentioned, includes the restrictiox; = X, in the rest of the paper.

Under some conditions specified beldr (%o, Co) is consistent for
WoDgH (Z0) — (1 —Wo)DpH(20) = Dpp (%o, Co) (2.10)

owing toDqk(2o0) = Dpp(Xo, Co) = —Dpht ().
With “under-smoothing,” we get

(Nhk+2)l/2{ Dprn(Xo, Co) — DpP (X0, Co) }
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— (NN2)Y2{ Dpry (%o, Co) — E(Dpry (%o, Co) ) } = 0p(1); (2.11)

i.e., the asymptotic distribution fdD pry (X, Co) — Dpp (X0, Co) Can be obtained from that of
Dpry (X0, Co) — E(Dpr'y (X0, Co) )- Also, the multiplicative factorgy (z,) ! andmy () appear-

ing in Dpry (%o, Co) can be replaced for the asymptotic distribution by their probability limits
f(z) ! andu(z), respectively, because they converge faster than the partial derivative esti-
mators. Hence the asymptotic distribution can be obtained by applying the Lindeberg CLT to

(NPK2)1/2 times
— {Nf (zo)hk“}‘l_%l [ { woDgM(22)
— (1-wo)DpM( 2 L Ay — (20 }
_E<{WquM(Z' hz°) (1—Wo)Dp M(Z' 20) Hay—p )})]. (2.12)

The resulting asymptotic distribution is, again under some conditions given below including
DpM(2) = DgM(2),

(NR<H2)2/20 D pry (%o, Co) — Dpp (%o, Co) }

— N (o, W2+ (1—Wo)2}f(zo)_1V(Au\zo)/{DpM(E)}ZdE). (2.13)

Choosingw, = 1/2 gives the smallest asymptotic variance

31(20) V(8] %) [{DM(€)}ce,

which is one half the asymptotic variance of the naive estimator;dbugstimator is twice
as efficient as the naive estimator. From now orw, = 1/2 unless otherwise noted.

If u;; andu;, are iid, then the asymptotic variance becomes
f(20) 2V (4 12) [ {DoM(&)) . (2.19

which is analogous to the single equation nonparametric derivative asymptotic variance in
Vinod and Ullah (1988). In the following we list our assumptions and state the consistency

and asymptotic distribution in a theorem.



Assumption 1. Thekernel M(z) isbounded and differentiable with bounded support, M(z) =
M(—z), [{DpM(2)}dz =0 for all p, [z,DsM(z)dz = —1 for p = s and O otherwise, and
/' DpM(2)DsM(z)dz=0for p#s.

Assumption 2. The bandwidth h is a function of N such that Nhk*2 — o0 and Nh*+4 — 0 as

N — oo,

Assumption 3. The density f(z) for zis twice continuously differentiable with bounded sec-
ond derivatives. p(X;,¢C;) is twice continuously differentiable with bounded second deriva-

tives, and Ep(x,,¢,)2 < oo for t = 1,2,

Assumption 4. (1.2) holds, E(Au)? < o, and E{ (Au,)?|z} is twice continuously differen-
tiablewrt z

Assumption 5. (X;,X,¢l,Yi;,Yip)s 1=1,...,N, are observed, and iid acrossi.

For our simulation, we will use a product keré(z) = |‘|'j‘:1 K(z;) whereK is bounded
and differentiable with bounded support, éfth) = K(—a); the product kernel satisfies As-
sumption 1. In Assumption 2, the ralihk*2 — o is to make the asymptotic variance of the
estimator go to zero, and the raakt4 — 0 is to make the asymptotic bias go to zero, which
is under-smoothing. Although the latter is analogous to the usual kernel estimator zero-bias

rate, the former is slower by’ due to the differentiation of the kernel regression estimator.

Theorem 1. Under Assumptions 1-5, Dyry(Xo, Co) P, Dpp (%o, Co), and the asymptotic nor-
mality (2.13)holds, where X, = X, = Xo iN Z, (the proof isin Appendix).

The asymptotic variance can be estimated consistently by
1 _ 2
5 (%) 1VN(Auyzo)/{DpM(f)} dé (2.15)

where N
Vi (Bu|20) = { NHfy (20) }_1.21'\"(%) (D)2 — my(20)2



3. Discussion on the estimator

In this section, we examine further aspects of the estimator. First, the so-called mixed
cases with continuous and discrete regressors are studied. Second, more than two waves are
allowed under the framework of minimum distance estimation (MDE). Third, a simplifying

assumption for the estimator is introduced. Fourth, other remaining issues are discussed.

3.1. Continuous/discrete regressors

It is helpful to start with the usual kernel regression for a cross-section nonparametric
modely, = p(x) +u; with E(u; | X, ) = 0. Suppose; consists of & x 1 continuous random
vectorx;. and ak , x 1 discrete random vectot,, andk = kg +K 4. Consider estimating
E(y|X) = E(Y]|Xoc, %4 ); let f(xc|X4) denote the conditional density frg| x,, andN , the

number of observations witk, = x 4. A “cell-based” estimator foE(y|Xo) is

pN<X0)EiiKC<XiC;IXOC)1[Xid:XOd]yi /iiKC<Xic;]XOC)1[Xid:Xod]

N
- «— o
= { Noghe iy (Xoc | Xoq ) } 1iZch(X'° P C)l[xid = Xog I¥i

whereKc is a kernel forxe, 1]A] = 1 if A holds and 0 otherwise, and

N L
iy (Xoc | Xoq) = (Nodhkm)_l_Zch(X'c hxoc)l[xid = Xod)-

Under some conditions analogous to those in the preceding section, we get

(Nyghe)2{ oy (%) — P(¥0) } = N(O, f(XOC|Xod)_1V(U’X0)/KC(E)de)

An alternative estimator to the cell-based estimator is obtained by applying smoothing

indiscriminately with a kernel, e.gK (Xo) = Kc(Xoc)K(X,q) WhereK (0) = 1 and|K | < 1:
< (KXo < (XX
rN(X"):iZlK( h )yi/iZlK< ")
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Doing analogously to Bierens (1987, p. 116), we get

(NRS)Y2{ 1y (%0) — p(%0) }

— (0, { e ) POty =)} V(0 [ e ).

Multiplying both sides by(N,,/N)Y/2 <= {P(x, = x,4) }/2, we get the same asymptotic
variance and the convergence remgdhkm)l/ 2 as in the cell-based estimator. In essence, this
shows that applying smoothing to all regressors, continuous or discrete, gives the same result
as the cell-based estimator. If we differentigi€x,) wrt a component, say thgh component
Xojs h—! appears regardless of whether the component is continuous or discrete. Thus the
convergence rate idNh<2)1/2 for D;ry (%) (and(Nyghke2)1/2 for Do (%)); again, there
is no difference for the asymptotic inference whether weligg, (o) or D;py (Xo).

Going back to our estimatdd pry (X0, Co), SUPPOSE, consists of &, x 1 continuous ran-
dom vectorz,, and ak, x 1 discrete random vectar,. It holds analogously that, applying

smoothing to all regressors,

(N 2)22{ Dy (%o, Co) — Dpp (X0, Co) }

(0 3 1212 P2y = 20) | V(80120 [ {DM(E) 20 ).

3.2. More than two waves

Consider the three period case first; we will deal only with the equal nukhbéobserva-

tions across all periods. Using two pairs of period 1 and 2, and 2 and 3, we get two estimators,

respectively:
Dpf 1 (%o, Co) = {Nhk“le 2)}
xi{wﬁ%) owi(%5%) Hon o))
Dprnz (%, Co) = {Nhk+lfN2 )}_1

11



N

* .Zl{ DqM<$) B %M(%) }{Ain —My(2) },

where the subscripts 1 and 2 denote the first and the second pairs, respectively; rezall that

includes the restrictior,; = x,, = X. Define 3, = (1,1)’ and

DpRy (X0, Co) = ( Dpry; (%o, Co), DpFya(%o, Co) ) -
For a weighting matrixV, an MDE is

Dpry (%o, Co) = (15W11,) "MW D pRy (%o, Co),
which implies

(Nhk+2)l/2{ Dpry (X0, Co) — Dpp(Xo, Co) }
= (LW 11y) MWt x (N2 2L DRy (%0, Co) — Dpp (%0, Co) 1, }
= (1QW 1) W x (N2 Y2 { DRy (%o, Co) — E{ DpRy (%0, Co) } } +0p(1).
The (efficient) MDE is obtained by settingy equal to the asymptotic variance matrix
for (NhKt2)1/2D jRy (%o, Co). We already know the diagonal elementd/diand how to esti-
mate them). The off-diagonal term\df is the covariance betwe@nyry; (Xo, Co) andDpr 5 (Xo, Co),

which is shown to be zero in the Appendix. Hence, the MDE can be written as a variance-

weighted average:
{ v/ (v1+Vy,) }Dpryy (Xo, Co) + {4/ (Vg +V5) }Dpr o (%o, Co)
with W = diag(v,V,). If V(Au, | z0) =V (Au,| %), then

Vo /(v +V,) = f1(20) /{ f1(20) + f5(20) }

wheref, is the density for(x(;, X, c/)’, andf, is the density fofx,, x(5,¢{)’. Furthermore, if
f1(z0) = f,(20) holds additionally, theiV = diag(1/2,1/2).

12



In general, if there ar@ waves, there will bél — 1 pairs (1 and 2,.., T —1 andT).
Defining 1, as(T —1) x 1-vector of 1's, the MDE is

Dpry(Xo,Co) = ( /T—1W|\|_11T_1)_11/T—1W|\71DpRN(Xo,Co),

whereDpRy (X0, Co) = (Dply;(Xo,Co); - - -, Dpry 1_1(%,Co))’s Wy is a diagonal matrix of di-
mensionT — 1 with its jth element being

1

5 (%) Wy (841 20) [{DM(0) e

which is (2.15) estimated using th#h pair. As for the asymptotic distribution,
(Nhk+2)l/2{ Dpry (%o, o) — Dpp(Xo, Co) } = N(0, (1£|'—1W_11T—1)_1)7

whereW, w.

3.3. A simplifying assumption
Going back to the two-wave case, suppose
Dy f(z) = Dgf(2); (3.1)

recall thatg =k« + p, i.e.,Dpf andDg are the derivatives of wrt the pth components ot

andx,, respectively. Note thdd,f(z) = Dqyf(2) is implied by
f(X17X2|C) = f(X27X1|C)a

where f(x;,%,|c) denotes the conditional density fOx,,x,|c); this condition is the “ex-

changeability” of;; andx;, givenc;. Under this condition, we may use only a halffry (o, Co):

Dyt (o) = ~5{Nf@H 5 {oa(22) ~o(372) oy,

whichiis a linear combination of two partial derivativesRf(zo) Wrt Zog = Xy, @aNdZop = X

divided by fy,(20); recall (2.4). Asty(20) — 0(20) = f(20)U(20), Dpfy (%, Co) is consistent

for

2 {Dag(2) ~ Dpg(z) }/1(2)
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= 2 { (20)Dqf () + 1(20)Dat(20) ~ H(20)Dip (20) — f (20)Dp(z0) } /1 20)
= %{DQU(ZO)_DpU(Zo)}
:Dpp()(o,Co).

Although D pfy (X, Co) is simpler tharDpry(Xo,Co), it is less efficient unlesE(Ay|z) = 0,

for it can be shown that
(NN2)Y2{ D (X, Co) — Dpp (X0, Co) }
— N(0.510) E((0y? | z) [ {DoM(E)} 0 )

note thatE ((Ay)? | z0) > V(Ay|2) =V (Au|z).

3.4. Averaging

As is the “integration” idea proposed by Linton and Nielsen (1995) and Porter (1997,
unpublished paper), averaging,(x;,Xo, Co) over alli results in an estimator fqr(Xo, Co) +
C,, whereC, is an unknown constant. Similarly, averagirgny (Xo,%;,,Co) results in an
estimator forp(xo, Co) +C,, whereC, is an unknown constant. Note that unknown constants
C, andC, disappear if these estimators ffxo, Co) are differentiated wrko. That is, we can

obtain other estimators f@ 0 (%o, Co) as
N
Dq{ N~ ;mle,Xo,co) }
i=
1 N
=N~ _ZqumNo(il?XOvCO)
1=

N
— N_lz[_{ N fN <)(i17X07 CO)hk+l}_1

C— (X, X0, cL)
(ZJ (X:lhxo )){ij_mN(Xil,Xo,Co)}

N
X Z DgM
=1
N
= —N‘ZZ{ fiu (%2 %o, Co)N 1} 7
i=

14



j 7C€))/
x Y DgM(T—= ) (A - my (¢, %, o) }
N
Dp{ _N_l_ZlmN(XvaivaO)}
N
= _N_l_ZlemN(XmXiZ’CO)

N
= —N‘?Z[—{ Ny (%o, %2 Co) T4}

(Zj - (Xé)l;xllw CE))/)

N
X Z DpM {Ay; — my(Xo, X5, Co) }
=1

N
=N 3 ok o)

(Zj - (Xé)l;xllw CE))/)

N
X Z DpM {Ay; — my(Xo, X5, Co) }
=1

3.5. Other issues

Instead ofDpp(Xo,Co), ONE May wish to estimate the average derivaiyBpp(Xo, Co)),
hoping to achieve the usugiN-rate. But the restrictior; = X,, = Xo in Zo makes designing
an averaged version f@ ry (X, Co) and then deriving the asymptotic distribution far from
straightforward. Even if this is done, the convergence rate does not seemwtdl pbut
(Nhk)Y/2 pecause the restrictioy, = x, makes the averaging onlfx + k¢)-dimensional;
the intuition for this conjecture may be gained in the proof in Appendix for the above MDE.

Instead ofDpp(Xo,Co), ONE May wish to recovep(xo,Co) by integratingD pry (Xo, Co)
for Xo. But this will run into the problem of integrating back a partial derivative, with functions
of non-differentiated components lost.

In practice, choosing the bandwidttis a critical problem. For derivative estimation, there
is no automatic selection rule as CV, because there is no “prediction target” which would be

the dependent variable in the usual CV for kernel regression function estimation. A suggestion

15



is to get the naive estimator CV bandwidth, and use the bandwidth as an upper bound.
The three issues mentioned ahead are important, but studying them in this paper to some
degree of satisfaction will take us too far apart as well as being technically challenging to say

the least. We leave these for future research.

4. A ssimulation study

In order to investigate the small sample properties of our estimator, we perform Monte
Carlo experiments. In our DGP for the experimentg;s independently follow a chi-square

distribution with 3 degrees of freedorxl%, centered at zero,

1] 1o
G = ft;(xitﬁfxitz) +vy and g = ft;(xitﬁfxits) Vs

with v;; andv,; being also independe-variables centered at zero, aagis an indepen-
dent N0, 1)-variable. The unit-specific term; is correlated withx;, that is, our model is a
related-effect model; the time-invariant regresspis also correlated witlx;;. All data are

independently generated acrossdt. Defining

kx
St = S(%t,G) = leitj +G
i=

we investigate the following DGPs: Response varialeare generated as in (1.1) with
DGP1  py(%,¢) =105, and
DGP2 py(%t,C) = S¢/4+ @(S)
whereg is the standard normal density. Thus, the parameters to estimate are
DGP1 Dpp(%0,Co) =10 and
DGP2  Dpp(X,Co) =1/4—S0(S0),

respectively, where, = s(xo,Co). Throughout our experiments, we concentrate on estimat-
ing Dpp(Xo,Co) With p=1:x; is =2, -1, 0 or+1, whilexoj = E(xitj) =0forj=2,...,ky,

andco = E(c;) = 0; the number of evaluation points is 4.
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In our Monte Carlo designs, we try 3 smple siZ¢s= 200, 500 and 1000, 3 different
numbers of time-variant regressdss= 1, 2 and 3 whereak, = 1 is fixed, and 3 different
numbers of time period$ = 2, 3 and 4; that is, 27 cases in total. We also consider how
sensitive our estimator is to bandwidth choice: bandwidths are choser-dgN~Y/ (k+3)
with hy=1.0, 1.5, 2.0, 2.5, 3.0, 3.5 and 4.0 ane- 2k + ke. Note that the bandwidths satisfy
Assumption 2. We compare our estimaliyr, (X0, Co) to the naive estimatddqmy (z) with
g= kx+ 1. The number of Monte Carlo replications is 1000. All calculations were done with
MATLAB version 5.3.

The results are shown in Tables 1-7. Tables 1-3 are for DGP1Twitt2: Tables 1, 2
and 3 show, respectively, mean squared error (MSE), bias and standard deviation (SD). Tables
4—6 are for DGP2 witdh = 2: Tables 4, 5 and 6 show, respectively, MSE, bias and SD. The
details for cases witfl = 3 or 4 are not provided (available from the second author upon
request); instead, some summary measures are shown in Table 7 alofig=witltases. Out
of the seven bandwidths we tried, only three of them are reported: the smhjjesti(0), the
optimal one i, = 2.0, 2.5 or 3.0) minimizing the sum of MSE’s at the four evaluation points,
and the largesthj; = 4.0). In a given table, AVG is of our estimator (e.g., AVG in Table 1
is our estimator’s MSE) whereas A/N denotes 100 times the ratio of our estimator’s and the
naive estimator’s. AVG in the last column “SUM” shows the sum of the four MSE’s in Tables
1 and 4, the sum of the four squared biases in Tables 2 and 5, and the square root of the sum
of the four variances (squared SD's) in Tables 3 and 6. A/N in the SUM column is similarly
100 times the ratio of our estimator’s and the naive estimator’s.

In the first panel fokyx = 1 in Table 1, A/N ranges from 58.4 to 99.6, and the smallest
bandwidth gives the smallest A/N. This can be understood looking at the corresponding parts
of Tables 2 and 3: als goes up, bias dominates SD (recall that our and the naive estimators
have the same order of bias), leading to no advantage of ours over the naive estimator. This
pattern persists for the whole Monte Carlo designs. In the second pakgH®&, A/N ranges

over 29.7 to 242.9, but the numbers greater than 100 occurred only twice when the smallest
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bandwidth were too small. Judging from the SUM column, the outcome ugder2 is
similar to that undekyx = 1, except that there is a notable improvement in A/N nearing 50
with the smallest bandwidth; undersmoothing seems to matter much indeed. This point is
further corroborated by the third panel wikh = 3 where A/N of the SUM column ranges
over 38.5 to 48.5 with the smallest bandwidth.

Turning to Table 2, the theory predicted basically the same magnitude of bias for our
estimator and the naive one. A/N of the SUM column supports this finding except two cases
with numbers 55.9 and 39.1. Ag goes up from one to two and then three, one can see that
the smallest bandwidth becomes too small, resulting in bias being the smallest for the middle
optimal bandwidth. Except two entries, all A/N are positive, indicating that the sign of bias of
the naive estimator and ours agrees most of times, which was also expected.

In Table 3, the theory predics A/N to be about7& 100x /1/2. In the first panel with
ke = 1, A/N ranges over 74.9 to 89.6, bigger than the predicted 70.7. But in the third panel,
as the estimation problem gets harder with more regressors, the range of A/N widens, and
smaller numbers, in the range of 59.1 to 75.8, appear in A/N in the SUM column, confirming
the prediction around 70.7.

Tables 4—6 show more or less the same points made for Tables 1-3, although there are
some differences due to the nonlinear DGP and different densities around the evaluation
points.

Turning to Table 7 for the summary of A/N, there is not much change for bias adrdss
andT. As N goes up, both MSE and SD become smaller, where as they become lafger as
goes up. This is odd, for a highBror T means more data. We found that the MDE with the
optimal weighting did not work well. But it is well known that small sample behavior of the
so-called optimally weighted estimators in MDE and generalized methods of moments does
not match well its asymptotic distribution; see Hansen et al. (1996), Koenker et al. (1994) and
the references therein. In practice, it may be a good idea to use the equally-weighted version

with the identity weighting matrix along with the optimal version.
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5. Conclusion

We have studied nonparametric derivative estimation for related-effect panel data models.
The estimator proposed in this paper is a weighted average of the two naive kernel derivative
estimators. Its consistency and asymptotic normality was shown. The estimator is twice as
efficient as the naive estimator and the order of bias is the same. These theoretical findings
were supported by Monte Carlo experiments. We leave the problem of bandwidth choice for

future research, which is practically important but hard to find satisfactory answers for.

Appendix
Proof of Theorem 1.

Before we get into derivative estimation, we quickly review the usual kernel estimation
because the proofs for derivatives are analogous; the line of review follows Vinod and Ullah
(1988). Recall notations in (2.4). Observe, using change-of-variables, Taylor’'s expansion of
second order td(z), and [ {M({)d{ =0,

Efy(z) =h ™ [ M (‘f ) t(&)de = [M(Q)f(z+h0)dZ = F(z) +O(H),

Vin(z) =N~ [ {h_ZkM(Z' hZo) }_{EfN(ZO)}Z}
— (NH~1f(z /M )2dZ + o( (NH)~L).

Doing analogously,

Eou(z) = [M(*T2) () f(8)dE = (o)t (2) +O(),

VgN(ZO) = (Nhk)_lll Zo f /M d(_|_0 Nhk)_l);

note thatEp (X, ;) < e andE (Au,)? < o assure

E(AY,)2 = E{p(Xp,C) — P(%1.C) + DY } < o,
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UnderNhk+4 — 0,
(NNYY2{ £ (20) — F(20) } — (NRYY2{ y (20) — Ef(20) } = 0p(D),
and using the Lindeberg CLT,

(NN)Y2{ f\(20) — Efy(20) }
N2 (A e () )]
— N(o,f<zo> / M<z>2dz);

h=*/2E{M((z —2)/h) } is negligible for the asymptotic variance, because it is of o@ak/?).
Analogously, withg(z,) = t(z) f(2),

(NH)Y2{ gy (20) — 9(20) }
= (NN)Y2{ g (20) — Egy(2) } +0p(1)

— N (0 f@IE(@y2 1) [ M2 ).
These lead to the asymptotic distribution foth)Y/2{ my(z,) — 1 (2) } as follows:
(NHY2{my (20) — 9(20) /T (20) }
=<Nhk>1/2{mN<zo>—g<zo>/f< ) +9(2)/ fy(20) —9(20)/ f(20) }
= (NN (20)*{ Oy (20) —9(20) } — (2 {f )H(2) }H{ fy(20) = f(20) }]

=(Nh")l/z[f(Zo)‘l{QN(Zo)—EQN )} = 1(20) F(20) ™ fiy(20) — Efy(20) }] +0p(2)
= 25 1) oo (3 2y - h‘k/zE( (7))}
() (o) MR - (M(352) ) } |
Applying the CLT to this, the first and second term in the sum yield the variance, respectively,
(Y220} (20 /M 247 and p(z /M
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while the covariance igi(2,)?f(z) "t /M({)?d{. Putting these variances and covariance

together renders
(NH)2(m, 20) )} — N (0. E{ (0P 20} 2 [ W02 ).
Turning to derivatives, observe, for sorzjg
E{Dafu(2)} = [ogM(452) 1(6) e
h2
= =0t [ DgM(0) { f(20) +hDT ()¢ + 2 LD ()¢ } ¢
= ~Dyf(z) [ DaM(¢)¢qdC +O(N)

whereDf andD?f are the (row) gradient vector and the Hessian matriX,afespectively,

and Assumption 1 is used. Doing analogously,
V{Dafy(z) } = N[ E{ - pgm(A 2 hz")} ~{E(Dqly(20)) }]
( hk+2 1f /{ Dq }de—I—O(( hk+2)_1).
As for Dqgy (%), notingDq9(2) = (20)Dgk (20) + H(20)Dqf (20),

E{Dqdn (%) } = Dqg(2) +O(h),
V{Dagn(2) } = (NN2) 7 () E{ (Ay)? | Zo}/{ DM () 2 d¢ + o( (NP2) ™).

UnderNhkt4 — 0,
(Nhk+2)l/2{ Dq fN (Zo) . qu(zo) } . (Nhk+2)l/2{ Dq fN (Zo) — EDq fN (Zo) } = 0p<1>.

The same rat&lh¥t* — 0 appeared for the regression function estimation, because the or-
der of the bias for the derivative estimation@gh), and we get the same asymptotic bias

rate (Nh<t4)1/2 whenh is multiplied into the convergence ratidh*2)%/2, Now
(NN“"2)Y/2{ Dqgfy(2) — EDgfy(2) }
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ont S o) e (3 ) |

e [ o) ke o(1.2) )|

Hence
(NH12)1/2{ Dy ()~ Daf (20)) — N (0.1(2) [ (DgM(2))7 ).
Likewise, we get
(NHF 2712 Dagi ()~ Daglz) ) — N 0.E{ (8y7]2) () [ {DM() )2 ).

Analogously to the steps deriving the asymptotic distribution for the regression function

estimator,
(NRF2)2{ D r (%0, Co) — Dp (X0, Co) }
:N—l/zii[wo{ /2D (222 { a1 (20) 2 — a2 1(20) )
+h %2 (DgM(A2) {ay f (2 1—u<zo>f<zo>—1})}
~ (1-wo){ ~h™?Dgm (—){Ayi (o) f(2) )

+hK2E (DgM(A2) {2y f(20) L - u 1})}}+op

Applying the CLT, the asymptotic variance of the first (second) terwgi§(1 — wp)?) times

E{(BU2 |20} F(20) " [ {DaM(§) 2.

The leading-order term in the asymptotic covariance is

~2n0(L—wo) ™1 (z0)2E [ DgM (3 2) Do (32 {ay— (@) }7].

Applying change-of-variables and Taylor’'s expansion, the expectation becomes

2
[ [PaM(@) DM (@)] E( (a2 20) + HDE( (8 20)2 + 5 ¢ DE( (8 7)2 |
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h? .
- Zu(zo){ K (20) +hDp(20)¢ + 5D ()¢ H
2
X { f(Z0) +hDf(z) + %Z’sz(zg**)i }d( for somezy, z;*, andzS™".
The leading term with né is zero, for [ D4M({) DpM({) d{ = O for p # g, while the other
terms areo(1). Hence the asymptotic covariance is zero. O
Minimum distance estimation zero covariance

Consider the product of the following two terms:

B %(f(zo)hk/Z)—lN—l/Z

x_i[DqM(“;%){Am H(z) } - DpM( L2 { Ay, — (o)}, and

B %(f(zo)hk/Z)—lN—l/Z

xi[Dq (322) {8y, n(zo) } - DeM(322) {8y, — (o)} -

i=
Taking the expectation of the product, all cross-product terms involving different individuals

disappear, leaving only

3@ 20"
<E( [DaM(%, ) (s — iz} DGM( 572 (B, — (2}

 [OaM(%2,%) {2y, - (2} - DaM( %2, ) {2y, - (20} )

The variables involved in the smoothing agg, X, X3, andc.. Thus, change-of-variables

takes the form of
(X% —Xo)/h=¢, fort=1,2,3, and (¢ —Co)/h="1,

which yieldshkt*« cancelingh—¥ and making the covariance tewfil).
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Table 1: DGP1, MSET =2

X1 = —2 X1 =1 X1 =0 X1 =1 SUM
N hO AVG A/N AVG A/N AVG A/N AVG A/N AVG A/N

ke =1
200 1.0 3300 717 5099 787 12879 797 16633 629 37910 706
2.0 2065 940 5.09 749 556 700 1125 764 4254 827
4.0 3903 994 2905 992 1428 968 356 847 8592 982
500 1.0 1981 738 2236 774 4389 584 13333 684 21888 673
2.0 1512 955 2.63 7Q7 327 661 6.61 681 2763 808
4.0 3428 996 2152 991 6.25 960 135 797 6339 985
1000 1.0 1312 702 1414 649 2883 684 6541 797 12150 737
2.0 1135 9261 165 701 218 685 4.22 651 1939 814
4.0 3068 996 1582 996 250 952 0.79 809 4978 990

ke = 2
200 1.0 11386 2429 209655 297 34460 543 28961 725 386262 451
2.5 3291 951 1848 933 6.25 699 7.13 611 6477 864
4.0 4639 999 3975 997 2886 986 1444 938 12945 988
500 1.0 4091 1370 44611 616 64008 991 446042 850 595162 861
2.5 2879 963 1265 926 358 717 4.55 6Q0 4957 883
4.0 4198 998 3386 998 2097 992 6.86 938 10368 992
1000 1.0 20161 586 73714 386 171231 453 49570 460 314676 443
2.5 2603 969 879 928 236 672 349 622 4066 895
4.0 3914 998 2947 996 1504 984 305 912 8670 992

ky =3
200 1.0 21393 574 59010 464 100205 302 15214 1231 195822 385
2.5 3839 948 2595 936 1168 791 874 574 8475 863
4.0 5088 999 4595 996 3754 991 24.85 971 15922 992
500 1.0 18166 871 51542 1083 26972 548 101014 300 197694 435
2.5 3329 951 1952 929 6.29 752 540 582 6450 875
4.0 4712 995 4124 994 3131 995 17.19 986 13686 994
1000 1.0 3287 931 67698 379 53166 451 19969 757 173680 485
2.5 3097 970 1595 945 391 708 4.29 630 5512 902
4.0 4478 997 3790 997 2647 993 1160 979 12074 995

26



Table 2: DGP1, BiasT =2

X1 = —2 X1 =1 X1 =0 Xo1 = SUM
N AVG A/N AVG A/N AVG A/N AVG A/N AVG A/N

ke =1
200 1.0 —-1.478 1009 -0.230 564 0220 -1611 -2.010 1082 6.326 1095
—4.295 993 -1.313 989 -0.442 1153 -0.134 478 20.387 985
—6.228 999 -5361 1000 -—-3.701 999 -1.581 988 83720 998
500 —0.803 742 -0.187 547 -—-0.255 1546 —0.300 712 0.835 559
—-3.730 992 -0.799 1014 -0.261 967 -—-0.138 693 14637 985
—-5.843 999 -4618 998 -—-2.420 998 -0.852 999 62045 997
1000 —0.492 923 -0.141 935 -0.107 -1204 -0.425 463 0.455 391
—3.229 1003 -0.576 944 -0.168 1047 -0.239 868 10843 1001
-5.529 999 -3960 1001 -—-1.504 1002 -0.600 977 48873 999

ke =2
200 —4.803 819 -2577 3177 -5.127 1032 -7.266 1053 108782 1014
-5579 995 -—-4.071 1006 —1.690 1018 -0.713 1004 51062 1000
—6.791 1002 -6.280 1002 —-5.326 1000 -3.667 994 127361 1001
500 —3.354 925 -0.744 626 —3.221 870 —-3969 1049 37929 891
-5.259 995 -—-3.342 995 -1.092 998 -0.570 972 40345 989
—6.466 1000 -—-5.803 1001 —4.545 1000 -2.505 995 102418 1000
1000 —2.774 1008 -—-0.919 553 0.642 1006 —4.440 1197 28663 1170
-5.015 996 -—2.782 1001 -0.789 1010 -0.381 884 33660 993
—6.248 1000 -5.418 999 -3.853 997 -1.641 995 85935 998

ke =3
200 —-8533 1016 -—-7.562 914 —-7.930 1075 -9.477 965 282689 975
—6.008 1000 -—-4.823 998 -2.712 1006 —-0.958 1041 67627 1001
—-7.111 1002 -6.754 1001 —-6.089 1000 —-4.904 998 157307 1001
500 -9.012 1019 -6.350 807 -8.510 1036 —-7.768 1087 254307 983
-5.625 996 —4.222 987 -1.873 959 -0.646 1185 53390 983
—6.852 999 -6.407 999 5573 1000 —4.091 1003 135799 1000
1000 ~7131 936 -5705 1181 6215 1199 -9221 994 207053 1066
5471 1002 -3843 1003 -1342 1008 -0447 962 46698 1005
—-6.684 1000 -—-6.147 999 5129 999 -3.362 999 120083 999
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Table 3: DGP1, Standard Deviatioh= 2

X1 = —2 X1 =1 X1 =0 X1 =1 SUM
N hO AVG A/N AVG A/N AVG A/N AVG A/N AVG A/N

ke =1
200 1.0 5554 838 7.140 888 11352 892 12745 789 19317 838
2.0 1482 821 1835 817 2317 830 3353 875 4710 849
4.0 0493 797 0.558 765 0.767 749 1.028 804 1483 782
500 1.0 4322 864 4727 881 6.623 764 11549 827 14774 821
2.0 1100 842 1413 802 1790 811 2569 825 3607 819
4.0 Q372 815 0442 720 0627 790 0788 803 1161 798
1000 1.0 Ho1l 836 3759 805 5371 827 8081 896 11008 860
2.0 0961 796 1.148 816 1468 826 2040 806 2925 811
4.0 0325 830 0373 788 0491 797 0.653 847 0955 822

ky =2
200 1.0 3315 1603 45738 544 17850 722 15397 820 61299 666
2.5 1336 753 1381 745 1843 740 2575 770 3704 757
4.0 0524 739 0.567 743 0.707 746 0.997 745 1445 744
500 1.0 19853 1180 21119 785 25106 998 66702 921 76939 928
2.5 1066 761 1216 7920 1545 793 2.056 764 3038 775
4.0 0411 758 0.439 791 0557 801 0.767 774 1123 781
1000 1.0 1332 759 27148 621 41396 673 21828 669 55868 663
2.5 0937 768 1024 775 1319 774 1.829 785 2648 779
4.0 0314 727 0335 753 0439 755 0.602 759 0875 753

ky =3
200 1.0 11885 684 23097 666 30661 537 7.899 1514 40954 591
2.5 1517 722 1639 786 2080 759 2.798 738 4141 748
4.0 Q567 748 0582 752 0.676 756 0.890 747 1382 750
500 1.0 10027 878 21808 1071 14053 682 30834 535 41525 634
2.5 1284 727 1304 791 1669 782 2233 745 3335 758
4.0 Q420 732 0431 760 0.497 767 0.674 756 1031 755
1000 1.0 1&70 971 25398 604 22215 654 10714 803 39132 672
2.5 1020 699 1.087 734 1454 750 2023 788 2903 758
4.0 Q317 723 0329 750 0.397 761 0.539 743 0810 745
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Table 4: DGP2, MSET =2

X1 = —2 X1 =1 X1 =0 X1 =1 SUM
N hO AVG A/N AVG A/N AVG A/N AVG A/N AVG A/N

ke =1
200 1.0 1072 429 1.096 502 1695 474 6.189 424 10052 440
3.0 0052 934 0.099 973 0.007 561 0.060 881 0.218 916
40 0063 986 0.132 990 0.008 825 0.044 978 0.247 980
500 1.0 0734 611 0.859 531 1513 571 2911 505 6.016 535
2.5 0035 805 0.049 880 0014 517 0.059 686 0.158 740
40 0053 987 0111 996 0.003 709 0.050 941 0.218 975
1000 1.0 B97 504 0.672 483 1306 446 2433 494 5007 480
2.5 0028 782 0.037 820 0.012 536 0.048 690 0125 725
4.0 0047 976 0.095 986 0.001 533 0049 961 0193 971

ke =2
200 1.0 1657 932 4.054 744 7.088 2205 2858 1417 15657 1257
3.0 Q063 953 0.126 973 0.008 637 0.059 895 0.256 935
40 0074 986 0.154 992 0.017 934 0.026 943 0271 982
500 1.0 2082 416 5351 1050 2.265 547 26110 2541 35808 1460
2.5 0052 862 0.092 934 0009 496 0.071 820 0.225 850
40 0068 988 0.143 996 0.011 956 0.037 961 0.259 987
1000 1.0 3B68 492 12179 1160 16456 381 52927 6554 84930 1238
2.5 0047 852 0.077 894  0.009 515 0.071 790 0.205 820
40 0064 985 0.133 994  0.007 925 0.046 982 0.250 987

ke =3
200 1.0 0507 500 6.379 424 1070 369 7539 236 15493 304
3.0 0068 958 0.141 987 0.012 830 0.047 861 0.268 948
40 0079 992 0.165 1000 0.022 987 0.017 918 0283 991
500 1.0 2987 3763 46651 327 15945 277 0.741 414 66325 327
25 0059 904 0114 969 0.008 521 0.071 815 0.253 883
40 0076 997 0.158 1000 0.018 987 0.022 959 0.274 995
1000 1.0 1218 416 9.058 1097 4423 723 0.432 525 15131 835
25 0056 922 0.104 965 0.007 512 0.069 879 0235 906
4.0 0072 995 0.152 999 0.015 984 0.027 984 0.266 995
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Table 5: DGP2, Bias] =2

Xop = —2 Xq=—1 X1 =0 Xo1 = SUM
N hO AVG A/N AVG A/N AVG A/N AVG A/N AVG A/N

kx - 1
200 1.0 -0.054 -17171 -0.111 845 -0.031 965 0.189 804 0052 705
3.0 -0.218 1007 -0.307 1003 -0.011 794 0219 1045 0190 1028
4.0 -0.248 1002 -0.361 999 -0.081 975 0203 1025 0.240 1007

500 1.0 —-0.047 977 -0.060 862 0007 -—-104 0.078 687 0012 495
25 -0.164 1004 -0.202 1010 0.028 955 0.188 986 0103 999
40 -0.228 1003 -0.332 1002 -—-0.040 1032 0.218 997 0212 1002

1000 1.0 0002 —-102 -0.083 1234 -0.044 1111 0.049 419 0011 556
25 -0.147 999 -0.174 985 0026 1059 0.170 975 0081 971
40 -0.215 997 -0.307 997 -0.010 863 0218 1000 0188 995

ke =2

200 1.0 -—-0.288 924 -0315 891 -0.022 239 0.002 198 0183 792
3.0 —-0.245 1004 -0.351 998 —-0.060 968 0226 1013 0238 1005
40 -0.270 999 -0.391 999 -0.126 994 0157 1005 0266 998

500 1.0 -0.191 1828 -0.151 566 —0.049 437 —-0.067 —-958 0066 666
25 -0212 1000 —-0.293 1000 0.003 1344 0232 1024 0185 1013

4.0 -0.260 997 -0377 999 -0.103 1003 0.188 995 0256 997
1000 1.0 -0.057 —-780 -0.186 449 -0.123 353 0374 9820 0193 644
25 -0.202 985 -0.267 980 0.018 1011 0.236 979 0168 963
4.0 -0251 996 -0.364 998 -0.083 995 0212 1001 0248 996
kX:3
200 1.0 -0.307 907 -0.292 999 -0.191 991 -0.054 793 0219 906
3.0 -0.257 1001 -0.372 1002 -0.094 1028 0.201 974 0254 996
4.0 -0.280 1000 -0.406 1002 -0.148 1008 0.124 985 0.280 1001
500 1.0 —0.218 792 —0.151 1094 -0.046 -885 0017 586 0073 739

25 -0.233 998 -0.331 1007 -0.027 1196 0242 1001 0223 1007
40 -0.275 1001 -0.397 1001 —-0.134 1005 0.146 995 0272 1001

1000 1.0 —-0.255 1164 -0.373 894 —-0.138 975 0.018 -538 0224 918
25 -0.227 998 -0.316 1000 -—-0.011 1069 0238 1014 0208 1007
40 -0.268 999 -0.389 1000 -0.122 1001 0.164 1000 0265 1000
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Table 6: DGP2, Standard Deviatioh= 2

X1 = —2 X1 =1 X1 =0 X1 =1 SUM
N hO AVG A/N AVG A/N AVG A/N AVG A/N AVG A/N

ke =1
200 1.0 1035 654 1041 707 1302 688 2482 651 3164 663
3.0 0068 716 0.068 765 0.083 748 0.110 705 0.168 726
4.0 Q036 721 0.036 757 0.042 745 0.056 714 0.086 729
500 1.0 0856 781 0.925 728 1231 756 1705 711 2452 732
2.5 0092 699 0.093 731 0116 710 0.154 690 0.233 703
4.0 0031 706 0.032 741 0.039 725 0.051 694 0.078 710
1000 1.0 0773 710 0.816 692 1143 667 1560 704 2236 693
2.5 0081 677 0.086 708 0104 721 0137 696 0.209 701
4.0 Q029 695 0.029 723 0.035 721 0.045 704 0.070 710

ke = 2
200 1.0 1255 968 1.990 862 2664 1487 1692 1190 3936 1125
3.0 0055 676 0054 699 0.066 709 0.088 696 0134 696
4.0 Q028 674 0.028 704 0.032 713 0.042 701 0.066 699
500 1.0 1431 640 2309 1029 1505 740 5112 1594 5981 1210
2.5 0085 680 0.080 702 0.096 704 0.133 701 0.201 698
4.0 0022 698 0.021 725 0.025 716 0.033 695 0.052 706
1000 1.0 1835 701 3487 1085 4057 618 7.269 2557 9210 1114
2.5 0076 678 0.077 697 0.096 711 0126 699 0.192 698
4.0 Q019 684 0.019 701 0.023 710 0.031 701 0.047 700

ky =3
200 1.0 0643 677 2510 648 1017 601 2747 486 3910 549
3.0 0050 664 0.049 699 0.058 727 0.078 730 0.119 711
4.0 Q025 687 0.025 716 0.027 739 0.035 737 0.056 723
500 1.0 1715 2024 6.832 571 3995 526 0.861 644 8144 571
25 0071 674 0.070 700 0.085 700 0.113 664 0.173 680
4.0 Q018 680 0.018 702 0.021 718 0.027 703 0.043 702
1000 1.0 1074 633 2988 1050 2099 850 0.657 725 3.863 913
2.5 0068 709 0.065 724 0.081 712 0.108 716 0.165 715
4.0 Q015 699 0.016 720 0.018 733 0.023 731 0.036 723
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Table 7: Summary of Relative Performance (A/N)

DGP1 DGP2
Xo1 -2 -1 0 1 SUM -2 -1 0 SUM

N=200 970 914 812 722 904 936 964 66.7 872 914
500 974 888 773 695 89.7 89.3 926 56.7 811 852
1000 96.3 86.0 732 686 87.0 88.2 911 535 811 837
ke=1 96.0 80.7 756 749 86.2 854 889 573 766 80.1

2 972 898 743 685 89.0 90.6 939 552 831 87.2

3 974 0957 818 669 919 95.1 972 645 89.7 931

T=2 956 862 709 635 859 886 933 569 813 858

3 975 892 795 713 90.0 939 96.2 612 892 915

4 975 908 813 755 91.2 88.6 90.6 588 789 831
N=200 99.8 99.1 100.7 95.8 995 100.0 99.9 94.0 100.7 100.2
500 99.8 99.2 994 98.0 99.3 100.0 99.8 102.1 100.1 99.9
1000 99.8 99.7 1035 974 100.1 99.8 99.7 94.8 100.3 99.7
k=1 99.5 989 1021 90.3 99.2 100.0 99.9 100.6 100.9 100.4

2 100.0 99.2 1011 985 99.8 99.7 996 89.5 100.0 994

3 999 999 1005 1024 99.9 100.2 99.9 100.8 100.3 100.1

T=2 99.7 99.3 101.8 899 994 100.0 99.8 104.7 100.1 99.9
3 100.0 99.2 100.1 100.3 999 100.1 99.9 89.7 101.3 100.6

4 99.7 99,5 101.8 101.0 99.6 99.8 99.7 965 998 995

Standard Deviation

N=200 80.0 833 829 816 820 724 758 758 740 744
500 80.0 826 824 809 814 722 743 739 716 727
1000 79.3 815 805 809 80.7 716 738 725 728 727
kk=1 854 86.1 856 852 855 729 760 748 73.1 739

2 783 812 811 803 804 71.4 735 728 717 722

3 75.6 80.2 79.1 77.9 78.2 720 744 74.6 73.7 73.7

T=2 76.5 78.4 78.5 78.8 78.4 68.6 71.4 71.6 70.0 70.3

3 81.1 83.8 82.9 81.9 82.3 735 76.4 75.8 74.4 74.9

4 81.7 85.3 84.4 82.7 83.4 74.2 76.1 74.9 74.0 74.6

32



