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 Raju Jan Singh
 

Swiss Federal Administration of Finance, Berne 
 
 
 
 

       This paper presents a general equilibrium endogenous growth model, in which 
financial intermediaries evaluate the quality of projects, mobilize savings to finance the 
most promising ones and diversify risk.  Information technology available to banks is 
linked to geographic proximity.  This valuation capacity increases the proportion of 
high-return projects being financed, and thereby accelerates economic growth.  This 
positive effect does not depend on the degree of individuals' risk aversion. 

 
 
 
 
 
 
INTRODUCTION 

 

The importance of financial markets in fostering economic growth has long been stressed by 

economists.  Early contributions by Goldsmith (1969), McKinnon (1973) and Shaw (1973) mentioned the 

empirical correlation between financial and economic development.  They argued that financial 

intermediation promoted growth through greater accumulation of capital, improved mobilization of savings 

and enhanced efficiency in resource allocation.  Theoretically, however, links between financial 

intermediation and growth were difficult to formalize.  In traditional growth theory, financial development 

could only have an influence on the level of economic activity, but not on its long-run growth rate. 

The development of endogenous growth models, which show that growth rates can be related to 

institutional arrangements, has made it possible to formalize the presentation of the interactions between 

financial markets and economic growth.  In these models, financial intermediation fosters economic growth 

basically in two ways.  First, by providing an opportunity to hold a diversified portfolio, a financial 

intermediary enables risk-averse individuals to invest in riskier but more productive assets or technologies 

(see, for instance, Bencivenga and Smith, 1991; Levine, 1991; Saint-Paul, 1992).  Second, by gathering 

information, a financial intermediary is able to improve the quality of projects being financed (Greenwood 

and Jovanovic, 1990; King and Levine, 1993b).  In this last group of models, the information technology 

available to financial intermediaries is assumed to be given. 

It has been claimed that banks are able to gather this additional information at a lower cost than 

other financial intermediaries, through the process of taking deposits and through close contacts with 

customers (Fama, 1985).  Frequent contacts with potential borrowers provide banks with a better knowledge 

of their clients and help them to evaluate less tangible but nevertheless important "assets", such as 

managerial skills or dynamism. 

This view  that a link could exist between proximity and more efficient lending has been pointed out 

by historians.  Cameron (1967) in his study on banking in the early stages of industrialization stressed that 
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proximity enabled banks to better identify the potentialities of local communities.  In order to use personal 

contact and detailed knowledge of local conditions, he mentioned for instance that the successful Scottish 

bankers of the 18th and 19th centuries used to hire businessmen of the communities in which they located 

branches.  He suggested furthermore that the slow progress of industrialization in France during the 19th 

century could be linked to the underdevelopment of its banking system, characterized, among other things, 

by one of the lowest banking densities of any developed country. 

The existence of such a link is also confirmed by more recent empirical studies.  Jayaratne and 

Strahan (1996), for instance, studied the growth effects of the relaxation of bank branch restrictions in the 

United States.  They show that improvements in the quality of bank-lending, not increased volume of 

bank-lending, has been responsible for the faster growth experienced after deregulation. 

Based on these empirical observations, this paper presents a model explicitly linking the 

information technology available to banks to geographic proximity and thereby introduces the notion of 

geography into the interaction of financial intermediation and growth.  The paper will proceed as follows.  

A model without financial intermediaries will be discussed first in chapter I.  Chapter II will introduce 

financial intermediation in the form of banks, modelled as institutions providing both portfolio 

diversification and asset valuation, and discuss its effects on growth.  Finally, chapter III will provide some 

insights into the influence of financial intermediation on economic growth when taking geography into 

account.  Following Cameron (1967), McKinnon (1973) and Shaw (1973), the stage of development of the 

financial sector will be assumed to be exogenous1. 

 

 

 I.   MODEL WITHOUT FINANCIAL INTERMEDIATION 

 

 

A. The environment 

 

 
These authors argued that differences in the development of financial markets across countries depended primarily on 

government regulation. 

The economy is described by a simple overlapping generations model.  As its name suggests, the 

structure of this model allows at any one time individuals of different generations to coexist and trade with 

one another.  The aggregate implications of life-cycle savings by individuals can therefore be easily and 

explicitly studied.  Another feature that makes this model attractive is that it is entirely built from 

microeconomic fundamentals.  The preferences of individuals, the resources they have and the technology 

they can use are all explicitly taken into account, allowing one to derive endogenously important variables 

such as the rate of savings or capital accumulation. 
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As with all recent models dealing with growth, the overlapping generations model is set in a general 

equilibrium framework.  Individuals own the inputs of the economy and choose the fractions of their income 

to consume and save.  Firms hire inputs and use them to produce goods that they then sell to individuals.  

Finally, markets exist on which firms exchange their goods and individuals sell their inputs.  The quantities 

demanded and supplied determine the relative price of inputs and produced goods.  As such models tend to 

become quickly complicated, simplifications are necessary.  In order to focus here on financial 

intermediation and on its contribution to real growth, a real economy will be considered.  There will be, 

therefore, no money and all exchanges will be barter ones. 

Within this general structure, the model used here has the following characteristics. Each generation 

lives two periods and is composed of risk-averse individuals.  The number of individuals born at any time is 

constant and is normalized to one.  An individual h born at time t consumes ct
h(t) during period t and ct

h(t+1) 

in period t+1 and has a utility function of the form: 

 

(1)  
U c c it

h
t
h

i

( ) ln ( )=
=
∑

1

2

Individuals work only when young, supplying inelastically one unit of labour and earning a real 

wage of wt
h(t).  When they are old, they become entrepreneurs.  Therefore they consume only part of their 

first-period income and save the rest to finance their second-period business and consumption. 

There is only one good that can be either consumed or invested, and which is produced by the older 

generation by combining the capital stock it has saved with labour supplied by the young.  In order to start 

production, however, entrepreneurs need to finance a project.  Entrepreneurs have to choose from a pool 

composed of two types of projects.  A proportion π are high-return projects and yield a positive return F.  

The remaining (1-π) provide zero returns.  Of course, all individuals would prefer a high-return project, but 

unfortunately they cannot distinguish them ex ante.  The production process is therefore stochastic, and may 

be described by the following production function for each firm: 

 

(2) 
~( , , )F k k L k k Lt t t t t t− − − −

−=1 1 1 1
1Θ β α α

  with β+α=1 

where  
Θ =

−
⎧
⎨
⎩

1
0 1

probability
probability

π
π

kt-1 is the capital stock per firm, saved by generation t-1, and Lt is the labour force employed by an 

entrepreneur.   kt-1 is the average capital stock per firm at date t and represents a technological spillover in the  
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spirit of Romer (1986).  From an individual’s viewpoint, kt-1 is given and the production function he faces 

has the traditional characteristics of decreasing returns to scale.  For the economy as a whole, however, the 

returns to accumulate capital do not diminish.  For simplicity, it is assumed that the capital stock depreciates 

completely during one period. 

 

B. Factor markets 

 

The labour market is competitive.  Labour will thus be priced at its marginal productivity.  However, 

entrepreneurs whose projects fail do not pay wages.  As workers may be employed by one entrepreneur only, 

individual wage income will be stochastic.  Following van Ees and van den Heuvel (1994), a perfect 

insurance market will be assumed, where individuals can find full insurance against this individual labour 

income risk.  With full labour income insurance, individual labour income becomes certain and equal to 

expected labour income: 

(3) E w t k L w tt
h

t t t
h( ~ ( )) ( ) ( )= − =−

−1 1α π α
 

where (1-α) kt-1 Lt
-α is the marginal productivity of labour and π is the probability for the entrepreneur to have 

chosen a high-return project, and thus for his workers to be paid. 

In the absence of a rental market for capital, entrepreneurs use only their own capital in production. 

 As production is stochastic, the return on capital will be uncertain too.  Subtracting the wage bill from the 

firm's output and dividing by the stock of capital yields, the following return on capital: 

 

(4) 

~( )r t
k k L probability

probabilityt
t t t+ =

−
⎧
⎨
⎩

−
+

−

1
0 1

1
1
1α π

π

β α α

 

which amounts to the marginal productivity of capital. 

 

C. Goods market 

 

The goods market equilibrium requires that the demand for goods in each period be equal to the 

supply, or equivalently that investment be equal to savings: 

(5)  S t K tt t( ) ( )= + 1

where St(t) denotes savings and Kt (t+1) the investment made by generation t, yielding a return in period t+1. 

 Taking the average yields: 

(6) s t k tt
h

t( ) ( )= + 1  
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D. Steady states 

 

As individuals do not know the quality of the project they are financing, their second period income 

and, therefore consumption, is stochastic: 

(7)  

~ ( ) ~( ) ( )
( ) ( )

c t r t k t
r t k t probability

probabilityt
h

t t
h t t

h

+ = + + =
+ +

−

⎧
⎨
⎩

1 1 1
1 1

0 1
π

π

where r t k k Lt t t t( )+ = −
+

−1 1
1

1α β α α
. 

Their second period utility function will therefore also be stochastic : 

(8)  

[ ]ln ~ ( ) ln ( ) ( )c t r t k t probability
probabilityt

h t t
h

+ =
+ +

−

⎧
⎨
⎪

⎩⎪
1 1 1

0 1
π

π

An individual h in period t will thus maximize an expected utility function of the following form : 

(9)  MaxEU c c t c tt
h

t
h

t
h( ) ln ( ) ln ( )= + π 1+

under his intertemporal budget constraint : 

(10) 
c t

c t
r t

w tt
h t

h

t

t
h( )

( )
( )

( )+
+
+

=
1

1  

where his wage earned in period t is equal to his consumption in period t and the discounted consumption in 

period t+1. 

Solving this problem yields the following time paths for consumption and savings (a detailed 

solution is presented in the mathematical appendix) : 

(11) 
c t w t

t
h t

h

( ) ( )
=

+1 π  

(12) 
s t w tt

h
t
h( ) ( )=

+
⎛
⎝⎜

⎞
⎠⎟

π
π1  

The long-run growth rate of this economy is determined by the evolution of the technological 

spillover factor, kt.  The growth rate of this variable is obtained using (3), (6) and (12): 

(13) 

k t
k t

Lt

t

t( )
( )

( )+
=

−
+

=
−

−1 1
11

2α π
π

µ
α

 

Differentiating partially µ with respect to π yields : 

(14) 

∂µ
∂π

π α π
π

α

=
− +

+
>

−( ) ( )
( )

1 2
1

02

Lt

 

The long-run growth rate of this economy will thus depend positively on the proportion π of high-return 

projects being undertaken. 
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II.   MODEL WITH FINANCIAL INTERMEDIATION 

 

A. Portfolio diversification 

 

Let us now assume the existence of banks.  This allows us to dissociate the savings activity from the 

investment decision.  An entrepreneur will not need to use his own capital to set up his business, but will be 

able to borrow the needed amount from a bank.  If his project succeeds, he will earn a return rt(t+1) per unit 

of capital invested minus the servicing of his loan, it(t+1).  If the project fails, he will not have enough 

resources to pay off his debt and will be forced to declare bankruptcy.  An entrepreneur h born at time t will 

therefore have an expected pay-off function, vt
h(t+1), of the following form: 

(15)  v t k t r t i tt
h

t
h

t t( ) ( )[ ( ) ( )+ = + + − +1 1 1π

To attract the savings of individuals, banks offer deposits yielding a return dt(t+1).  By granting 

loans to a number of entrepreneurs, they are able to diversify individual risk away.  The return on deposits 

therefore becomes certain, as well as individuals' second-period income and consumption: 

(16)  c t d t s tt
h

t t
h( ) ( ) (+ = +1 1

Second-period consumption being fixed, the utility function of individuals and the intertemporal budget 

constraint become: 

(17)  U c c t c tt
h

t
h

t
h( ) ln ( ) ln ( )= + 1

(18) 
c t

c t
d t

w tt
h t

h

t

t
h( )

( )
( )

( )+
+
+

=
1
1  

 

B. Asset valuation 

 

If banks were only offering a diversification facility, they could be replaced by an insurance 

company.  Here, the specificity of banks is that, in addition to offering a diversified portfolio, a bank also 

performs the function of asset valuation.  This evaluation, however, is costly and will be a function of the 

distance between the entrepreneur and the bank.  The further away the entrepreneur, the higher this cost will 

be. 

Entrepreneurs will be assumed to be uniformally distributed along δ0 [0,1] δ being the distance 

between a bank branch, or the credit department, and its client.  By paying a cost κ per unit of δ 2 κ>0, a bank 

will gather information enabling it to evaluate the true quality of the project that an entrepreneur is facing.  

Let us assume that in this case, with the help of the bank, the entrepreneur will always be able to choose a 

high-return project.  However, as this activity is costly, the bank will not evaluate all its potential borrowers, 

but only a proportion δ* of them.  At this point, the improvement in the performance of its loan portfolio 

achieved by gathering information will equal the cost of collecting this information. 
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κδ

If an entrepreneur succeeds, the lender receives the interest on the loan and the principal, it(t+1).  If 

the project fails and the borrower defaults, the bank looses its claim.  The bank's profit function, ρt(t+1), on 

loans granted at period t may thus be written as: 

(19)  ρ δ δ πt t t t t tt K t i t K t d t S t( ) ( ) [ * ( *) ] ( ) ( ) ( ) ( ) *+ + = + − + + − + −1 1 1 1 1 1 2

where (δ*+(1-δ*)π) is the proportion of high-return projects being financed by the bank and 

(20) 
δ

π
κ

*
( ) ( ) ( )

=
− + +1 1i t K tt t 1

 

The share of projects being evaluated, δ*, is thus positively related to the proportion of zero return projects 

in the pool, (1-π), to the interest rate the bank charges on its loans, it(t+1), and to the amount of these loans, 

Kt(t+1).  By contrast, the cost of gathering information, κ , will influence this share negatively (for a 

derivation of equation 20, please refer to the mathematical appendix). 

 

C. Steady states 

 

Following Bencivenga and Smith (1991), the bank is viewed here as a cooperative entity, 

maximizing its depositors' utility under its own and the entrepreneurs' zero profit constraints given by 

equations (15) and (19).  As previously noted, the proportion of projects being evaluated, δ*, will increase 

as the amount lent by the bank increases.  This process will take place until δ* reaches the value of one.  In 

the steady state, therefore, all the projects will be evaluated. 

The solutions for the time paths for consumption and savings, for the long-run growth rate and for 
the deposit and lending rates are presented in table 1.  For the sake of comparison, the solutions for the case 
where the bank would only provide a diversification facility are also presented. 
 
 
 
 
 Table 1
  
 

 
 

Portfolio diversification 
without asset valuation 

 
 

Portfolio diversification 
and asset valuation  

 
ct

h(t) 

 
 

w tt
h ( )
2  

 
 

w tt
h ( )
2  
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st
h(t) w tt

h ( )
2  

w tt
h ( )
2  
 
 

k t
k t
t

t

( )
( )

'
+

−

1

1  
( )1

2
− −α π αLt

 
( )1

2
− −α αLt

 
 
 

dt(t+1) πit(t+1) i t
K tt

t

( )
( )

+ −
+

1
1

κ

 
 

it(t+1) 
 

rt(t+1) rt(t+1) 

 
 
 
 

Comparing first of all the steady states in the absence of financial intermediation to those where 

banks would only provide the economy with a diversified portfolio, one notices that the deposit rate an 

individual receives on his bank account is identical to the expected rate of return expressed in equation (4). 

 But while equation (4) describes a random variable, the deposit rate is fixed.  As individuals are assumed 

here to be risk averse, they will always prefer receiving this fixed rate of interest on their deposit account to 

a random rate of return on their projects.  In this model, they will therefore always prefer to deposit their 

savings in a bank account and to borrow the needed capital for their project rather than to self-finance it. 

This sure return on savings leads to an increase in the savings rate and promotes faster growth, as it 

can be seen by subtracting the savings rate in the absence of financial intermediation, given by equation (12), 

from the expression in table 1.  As Pagano (1993) points out, this result stems from the utility function 

assumed in this paper. 

The effects of risk diversification on savings and growth rates are generally ambiguous.  On the one 

hand, risk diversification allows a secure return on savings.  The incentive for postponing consumption is 

thus increased.  On the other hand, reduced risk also implies a reduced need for precautionary savings.  Risk 

diversification therefore leads to an ambiguous response of savings.  This response is negative for utility 

functions with a constant coefficient of relative risk aversion higher than one, and positive otherwise.  By 

assuming a logarithmic utility function in this paper, the risk-aversion coefficient was set to one. 

Asset valuation, by contrast, does not result in any influence on the savings rate.  This activity 

influences the growth rate by increasing the proportion of high-return projects being financed.  In the steady 

state all projects undertaken are high-return ones.  This evaluation leads to a more efficient resource 

allocation and to a faster growth rate.  Unlike risk-sharing, the growth effect of asset valuation is not 

ambiguous and does not depend on the individuals' risk-aversion. 

As shown by the solutions for deposit rates, the cost of undertaking evaluations is covered by the 

spread between the lending rate net of defaults and the deposit rate.  As long as δ*≤ 1, the deposit rate 

offered by a bank providing only risk diversification is identical to the rate it would offer if it undertook in 

addition asset valuation.  Information costs are entirely covered by improvements in the performance of the 

loan portfolio.  Once all projects are being evaluated, however, the relative cost of this activity decreases as 
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the amount of capital lent to the economy increases.  As this amount grows, the spread between the deposit 

rate and the lending rate will narrow. 

 

 

 III.   GROWTH AND THE STRUCTURE OF THE FINANCIAL SECTOR 

 

 

The previous section showed that in the steady state, by evaluating all the projects being financed, 

the bank is able to improve the efficiency of its lending.  Inefficiencies remain, however, in the transition to 

this steady state, since during this phase the amount of capital lent to the economy would not be enough to 

induce the bank to evaluate all the projects.  In this case, the model presented in this paper assumes that the 

bank should also deal with the (1-δ*) borrowers whose projects could not be evaluated. 

Further improvement could be achieved in the quality of lending if the bank could open branches 

further away to deal with these borrowers.  In total, 1/δ* bank branches could operate, each catering for only 

a proportion δ* of entrepreneurs.  In this case, all their lending would be used to finance high-return projects 

and the optimal resource allocation would be achieved.  Government regulations placing constraints on bank 

branches and therefore forcing banks to operate beyond their δ* threshold would depress growth.  As 

observed by Jayaratne and Strahan (1996), relaxing such rules would lead to more efficient bank-lending 

and faster growth. 

This observation implies that the structure of the financial sector matters.  Risk-sharing requires 

pooling large amounts of savings and spreading lending across a number of projects and depends mainly on 

the size of the financial sector.  Asset valuation, by contrast, requires proximity.  An expansion of the 

financial sector led by large banks, present in the capital city but with only few branches in the country, 

while improving risk diversification would have little influence on the efficiency of lending.  By contrast, 

the development of a large number of unit banks could have a beneficial effect on efficiency, but would end 

up with poorly diversified loan portfolios if risks were not uniformly distributed across the country.  Large 

banks with a wide network of branches endowed with some autonomy in their lending decisions could 

represent some intermediate solution, combining both the ability to share risk and to collect information. 

In addition, taking geography into account while discussing the influence of finance on economic 

growth implies that not only the overall amount of mobilized savings matters, but also its distribution within 

the financial sector.  The model presented in this paper would suggest that the contribution to growth of this 

sector will be different, according to whether deposits are fairly spread across the country or heavily 

concentrated in banks having few branches or contacts outside the capital city.  Similarly, the shifts in this 

distribution from banks with wide branch networks to banks only present in some big cities would imply a 

negative effect on economic growth, even if the total amount of savings mobilized remains unchanged. 
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 IV.   CONCLUSIONS 

 

 

Recent developments in growth theory have stimulated renewed interest in the interactions of 

financial intermediation and growth.  While most of the existing literature analyses the risk- sharing function 

of financial intermediaries, this paper focuses on the asset-valuation activity of banks.  Following the early 

contributions of Goldsmith (1969), McKinnon (1973) and Shaw (1973), a general equilibrium endogenous 

growth model is presented here in which financial intermediaries increase the amount of accumulated capital, 

improve the mobilization of savings and enhance the efficiency of resource allocation. 

As in Greenwood and Jovanovic (1990) and King and Levine (1993b), banks are shown to be able 

to improve their lending efficiency by evaluating projects.  Unlike the models presented by these authors, the 

banks' evaluation capacity is not assumed to be exogenous.  The ability of banks to gather the information 

needed to undertake this evaluation is linked here to proximity, and the notion of geography may thereby be 

introduced.  A link between proximity and faster growth rates can thus be shown, consistent with the 

observations of historians such as Cameron (1967). 

Furthermore, this paper shows that a bank can improve the efficiency of its lending by opening 

branches.  A poor branch network would thus affect negatively the economic growth rate, as Cameron (1967) 

suggests in the case of France in the 19th century.  By contrast, relaxing regulations limiting the setting up 

of branches would promote faster growth, as Jayaratne and Strahan (1996) observe in the case of the United 

States.  The size of the financial sector is therefore not the only important variable; its structure and the 

distribution of its deposits matter likewise. 

Finally, the model also shows that the positive effect of asset valuation on economic growth does 

not require any constraint on the utility function of individuals.  The positive effect is unambiguous.  This 

result stands in contrast to that obtained when limiting the role of banks to risk diversification.  In the latter 

case, the effect of financial development on growth is ambiguous, depending on the degree of the risk 

aversion of individuals. 

The model presented in this paper could be extended in various ways.  The contract offered by the 

bank to its potential borrowers could be enriched by the inclusion of other variables besides the interest rate. 

 For instance, collateral requirements might be considered.  Cash-flow or corporate net wealth could also be 

introduced as additional sources of information for banks.  In this context, the proportion of entrepreneurs 

being evaluated might appear to be dependent on the size of the latter only, and not only on the proximity 

of a bank branch.  Another possible extension could be to set the analysis within a business-cycle 

framework. 

Recent literature linking capital market imperfections to macroeconomic models has emphasized the 

role the financial sector can play in triggering or deepening economic crises.  Runs or adverse shocks 

affecting corporate cash flow or net worth (Bernanke and Gertler, 1989) have attracted considerable interest. 

 Extending the model presented here would suggest that, by increasing the proportion of borrowers whose 

projects will not be evaluated, restructuring and bank branch closures taking place in the aftermath of a 

recession may reduce lending efficiency, deepen the downturn, and thus exacerbate economic fluctuations. 
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Finally, greater attention could be paid in empirical studies to the structure of the financial sector.  

Following King and Levine (1993a and 1993b), investigations of the factors explaining international 

differences in long-run growth rates could probably gain by not only considering the size of the banking 

sector, but also proxies for the quality of its lending.  In this respect, cross-country discrepancies in bank 

density, for instance, could be an interesting variable to examine. 

This paper has, however, only looked at corporate lending, and its conclusions should be interpreted 

within these limits.  The effects of financial development in other markets may be significantly different.  

Improved conditions for household credit, for instance, may reduce the need to save first in order to purchase 

durable goods, and would therefore lead to lower savings and associated lower growth rates.  Not all forms 

of financial developments are necessarily conducive to faster growth. 
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 MATHEMATICAL APPENDIX 

 

 

 

1. Steady states without financial intermediation 

 

Problem : 

Max U c t c tt
h

t
h= +ln ( ) ln ( )π 1  

s.t. 
c t

c t
r t

w tt
h t

h

t

t
h( )

( )
( )

( )+
+
+

=
1

1  

The Lagrangian is therefore : 

L c t c t c t
c t
r t

w tt
h

t
h

t
h t

h

t

t
h= + + + +

+
+

−
⎡

⎣
⎢

⎤

⎦
⎥ln ( ) ln ( ) ( )

( )
( )

( )π λ1
1

1  
and the first order conditions are : 

∂
∂

λL
c t c tt

h
t
h( ) ( )

= =
1

−
 (A1) 

∂
∂

π λL
c t c t r tt

h
t
h

t( ) ( ) (+
=

+
= −

+1 1 )1  (A2) 

⇒ 
− =

+
+

λ
πr t
c t

t

t
h

( )
( )

1
1  

∂
∂λ

L c t
c t
r t

w tt
h t

h

t

t
h= +

+
+

− =( )
( )

( )
( )

1
1

0
 (A3) 

Equating (A1) and (A2) yields : 

1 1
1c t

r t
c tt

h
t

t
h( )
( )
( )

=
+
+

π

 

⇒ 

c t
c t

r tt
h

t
h t

( )
( )

( )
+

= +
1

1
π  (A4) 
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From (A3), : 

[ ]c t w t c t r tt
h

t
h

t
h

t( ) ( ) ( ) (+ = − +1 )1
 (A5) 

Substituting (A5) into (A4) yields : 

[ ]w t c t c tt
h

t
h

t
h( ) ( ) ( )− = π

 

⇒ w t c tt
h

t
h( ) ( ) ( )= +1 π  

⇒ 
c t w t

t
h t

h

( ) ( )
=

+1 π  

To obtain savings, one subtracts consumption from income : 

s t w t c tt
h

t
h

t
h( ) ( ) ( )= −  

⇒ 
s t w t w t

t
h

t
h t

h

( ) ( ) ( )
( )

= −
+1 π  

⇒ 
s t w tt

h
t
h( ) ( )=

+
⎛
⎝⎜

⎞
⎠⎟

π
π1  

The growth rate of kt is obtained with the following equations : 

w t k t Lt
h

t t
( ) ( ) ( )= − −

−1 1α π α

 (A6) 

s t k tt
h

t( ) ( )= +1  (A7) 

s t w tt
h

t
h( ) ( )=

+
⎛
⎝⎜

⎞
⎠⎟

π
π1  (A8) 

Substituting (A6) into (A8) yields : 

s t k t Lt
h

t t
( ) ( ) ( )= −

+
⎛
⎝⎜

⎞
⎠⎟−

−1
11α π π

π
α

 
Using (A7) : 

k t k t Lt t t
( ) ( ) ( )+ = −

+
⎛
⎝⎜

⎞
⎠⎟−

−1 1
11α π π

π
α

 

⇒ 

k t
k t

L
t

t

t( )
( )

( )+
=

−

+
=

−

−1 1
11

2α π
π

µ
α

 



 -14- 
 
 

+

2. Steady states with portfolio diversification 

 

Problem : 

Max U c  t c tt
h

t
h= +ln ( ) ln ( )1

s.t. 
c t

c t
d t

w tt
h t

h

t

t
h( )

( )
( )

( )+
+
+

=
1
1  

[ ]v t k t r t i tt
h

t
h

t t( ) ( ) ( ) ( )+ = + + − +1 1 1π 1  
ρ πt t t t t tt K t i t K t d t S t( ) ( ) ( ) ( ) ( ) (+ + = + )+ − +1 1 1 1 1  

The Lagrangian is therefore : 

( )[ ]

[ ]

L c t c t c t
c t
d t

w t k t r t i t

i t K t d t S t

t
h

t
h

t
h t

h

t

t t
h

t t

t t t t

= + + + +
+
+

−
⎡

⎣
⎢

⎤

⎦
⎥ + + + − +

+ + + − +

ln ( ) ln ( ) ( )
( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1
1

1 1 1

1 1 1

1 2

3

λ λ π

λ π  
and the first order conditions are : 

∂
∂

λL
c t c tt

h
t
h( ) ( )

= + =
1 01

 (A9) 

∂
∂

λL
c t c t d tt

h
t
h

t( ) ( ) ( )+
=

+
+

+
=

1
1

1 1
01

 (A10) 

( )∂
∂λ

L c t w t d t c tt
h

t
h

t t
h

1

1 1= − + + + =( ) ( ) ( ) ( ) 0
 (A11) 

( )∂
∂λ

πL k t r t i tt
h

t t
2

1 1 1= + + − + =( ) ( ) ( ) 0
 (A12) 

∂
∂λ

πL i t K t d t S tt t t t
3

1 1 1= + + − + =( ) ( ) ( ) ( ) 0
 (A13) 

Combining equations (A9) and (A10) yields : 

c t
c t

d tt
h

t
h t
( )

( )
( )

+
= +

1
1

 (A14) 

From (A11) : 

⇒ [ ]c t w t c t d tt
h

t
h

t
h

t( ) ( ) ( ) ( )+ = − +1 1
 (A15) 

Substituting (A15) into (A14) yields : 

c t w t
t
h t

h

( ) ( )
=

2  
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To obtain savings, one subtracts consumption from income : 

s t w t c tt
h

t
h

t
h( ) ( ) ( )= −  

⇒ 
s t w t w t w t

t
h

t
h t

h
t
h

( ) ( ) ( ) ( )
= − =

2 2  

The lending rate is obtained from (A12) : 

⇒ r t i tt t( ) ( )+ = +1 1  

Using Kt(t+1)=St(t), the deposit rate is obtained from (A13) : 

⇒ d t i tt t( ) ( )+ = +1 1π  

The growth rate of kt is obtained with the following equations : 

w t k t Lt
h

t t
( ) ( ) ( )= − −

−1 1α π α

 (A16) 

s t k tt
h

t( ) ( )= +1  (A17) 

s t w t
t
h t

h

( ) ( )
=

2  (A18) 

Substituting (A16) into (A18) yields : 

s t
k t L

t
h t t( )

( ) ( )
=

− −
−1

2
1α π α

 
Using (A17) : 

k t
k t L

t
t t( )

( ) ( )
+ =

− −
−

1
1

2
1α π α

 

⇒ 

k t
k t

L
t

t

t( )
( )

( )+
=

−

−

−1 1
21

α π α
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3. Steady states with portfolio diversification and asset valuation 

 

Calculation of δ* 

[ ]δ δ π+ − + +( ) ( ) (1 1i t K tt t )1  return with asset valuation 

πi t K tt t( ) ( )+ +1 1    return without asset valuation 

δ2κ     cost of evaluation 

At δ*, the cost of evaluation should be equal to the difference in returns with and without asset 

valuation i.e. : 

[ ]δ κ δ δ π π* * ( *) ( ) ( ) ( ) ( )2 1 1 1 1= + − + + − + +i t K t i t K tt t t t 1  

⇒ 
δ

π
κ

*
( ) ( ) ( )

=
− + +1 1i t K tt t 1

+

 

As the economy grows, Kt(t+1), the amount of capital lent will grow, pushing δ* to its upper 

bound, i.e. 1.   In the  steady state, δ* will thus equal 1 and the problem therefore becomes : 

Max U c  t c tt
h

t
h= +ln ( ) ln ( )1

s.t. 
c t

c t
d t

w tt
h t

h

t

t
h( )

( )
( )

( )+
+
+

=
1
1  

[ ]v t k t r t i tt
h

t
h

t t( ) ( ) ( ) ( )+ = + + − +1 1 1 1  
ρ κt t t t t tt K t i t K t d t S t( ) ( ) ( ) ( ) ( ) ( )+ + = + + − + −1 1 1 1 1  

The Lagrangian is therefore : 

( )[ ]

[ ]

L c t c t c t
c t
d t

w t k t r t i t

i t K t d t S t

t
h

t
h

t
h t

h

t

t t
h

t t

t t t t

= + + + +
+
+

−
⎡

⎣
⎢

⎤

⎦
⎥ + + + − +

+ + + − + −

ln ( ) ln ( ) ( )
( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1
1

1 1 1

1 1 1

1 2

3

λ λ

λ κ  
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