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Extensive Form Reasoning 1n Normal Form Games
by

George J. Mailath, Larry Samuelson, and Jeroen Swinkels

Different extensive form games with the same reduced normal form can
have different information sets and subgames. This generates a tension
between a belief in the strategic relevance of information sets and
subgames and a belief in the sufficiency of the reduced normal form.
We identify a property of extensive form information sets and subgames
which we term strategic independence. We show that strategic
independence is captured by the reduced normal form, and can be used
to define normal form information sets and subgames. We prove a close
relationship between these normal form structures and their extensive
form namesakes. Using these structures, we are able to motivate and
implemenr solution concepts corresponding to subgame perfection,
sequential equilibrium, and forward induction entirely in the reduced
normal form.



I. Introduction

Different extensive form games with the same (reduced) normal form can have entirely different
information sets and subgames. This suggests that if information sets and subgames are important
features of a strategic situation, then the (reduced) normal form is an inadequate representation. This is
very disturbing, because at the same time that extensive form reasoning has become pervasive in game
theory, forceful arguments have been .-madﬁ;_.-_(by, in particular, Kohlberg and Mertens {1986]) that only
the reduced normal form of a game should.maﬁer_._or, more precisely, that all extensive form games with
the same reduced normal form should be viewed as strategically equivalent by rational players.! The
transformations that relate different-exg__énsiv"e form games with the same reduced normal form create and
destroy information sets and :mbgmm::s.2 Thus, if these transformations are truly "innocuous,” then we
appear to be led to the conclusion mat-information sets and subgames are not strategically relevant aspects
of a game! '

This paper suggests a resolution to-the dilemma just posed: strategically relevant aspects of
information sets and subgames are reflected in the reduced normal form. The choice of an action at an
information set {or in & subgame) can'.f;:;dﬁ!y-affect".se-:_the outcome of the game if the remaining players’
strategy profile is consistent with the information set (subgame) being reached. Thus, a player can make
this choice as if such a contingency. hzifd occurred. - 'We call this ability to restrict attention to a subset of
the remaining players’ possible strategy profiles when making particular strategic decisions strategic
independence. We show that strategic independence has a natural description in the reduced normal form..
This allows us to motivate and define analogues to extensive form structures and solution ideas entirely
in the reduced normal form.

We begin by using strategic indépendence to define two reduced normal form structures, called
the normal form information set and normal form subgame. Every extensive form information set and
subgame generates a corresponding normal form information set and subgame. Thus, the reduced normal
form captures the strategic independence.s.!implied.by any information set or subgame. Conversely, we

show that every normal form information set and subgame is the image (in a sense to be made precise)

'The reduced normal form of a game is obtained by deleting, for each player, all pure strategies that are convex
combinations of other pure strategies (so that no pure strategy has the same payoff implication as 2 mixed strategy
for all plays by the other players).

YThese transformations are developed in Dalkey [1953), Thompson [1952]), and Eimes and Reny [1989]. They
are also discussed by Kohlberg and Mertens {1986, p. 1011] who °"...believe that [these] clementary
transformations,..are irrelevant for correct decision making.”



of an extensive form information set and subgame. Thus, strategic independence 18 the strongest property
of extensive form information sets and subgames which can be captured in the reduced normal form,

We then turn to normal form analogues of various extensive form solution concepts. We view
this as interesting in its own right, and as a good test of how successfully the normal form information
set and subgame capture the important properties of their extensive form namesakes.

An&logous to subgame perfectmn we cembme a: reqmrement of optama] play on nurmaﬁ form

S:m:e our s&lutmn concept is

in every extensive form with that pure strategy reduced-narmal f{}rm

weaker than properness (Myerson [1978]), this extends the result:that properness in the normal form
implies sequentiality in the extensive form.* * An-appealing feature of the solution concept is that it is
phrased in terms that have intuitive content. It'may be easier to judge the relative merits of the beliefs
supporting different normat form sequential equilibria than'to*judge whether one sequence of e—proper
equilibria is more reasonable than another. "This p&ral!els a“distinction between sequential equilibrium

We also show that ideas of extensive form forward induction can be naturally motivated and
formulated in the normal form.

It is interesting that the relations we find between extensive and normal form solution concepts
hold only for the pure strategy reduced normal form, which ignores equivalence with mixed strategies
(our results relating extensive and normal form structures hold without this qualification). The difficulties
encountered in attempting to extend these results to the reduced normal form, in which equivalence 1o
mixed strategies is also considered, supports the view that there is some fundamental difference between

pure and mixed strategies,

3The pure strategy reduced normal form of a game is obtained by deleting, for each player, any pure strategy

that 1s a duplicate of another pure strategy (so that no two pure strategies have the same payoff umplications for all
plays of the other players). __

4See van Damme [1984], and proposition 0 of Kohlberg and Mertens [1986).
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The ability to motivate and implement these ideas in the normal form is exciting given the
productive role they have had in the extensive form. It is also gratifying in light of a seeming tension
in Kohlberg and Mertens® {1986] discussion of desirable properties of a normal form sotution concept.
Several of these properties, such as backward induction and forward induction, have a purely extensive
form motivation.” For example, the key step in Koh!berg and Mertens’ discussion of forward induction
explicitly uses the extensive form structure of the game (p. 1013, reproduced in Section VIII of this
paper). This is disturbing, as Kohlberg and Mertens also explicitly endorse the strategic sufficiency of
the reduced normal form, and thus the strategic irrelevance of a game’s temporal structure. Our work
suggests that much of the appeal of such arguments is retained when they are recast in an atemporal way

in the reduced normal form.

We do not claim that strategic independence is the only important property of an information set
or subgame. In particular, extensive form information sets capture not only the circumstances under
which a decision will matter, but also the last moment in the play of the game at which the decision can
be changed. If the latter consideration is important (as, for example, when it influences the types of
‘mistake’ that might be made), then strategic independence is not the only strategically relevant propenty
of an information set. In this case, the normal form is an inappropriate representation of the situation.
Similarly, when the extensive form affects the ways in which relevant non-modeled aspects of a strategic
situation (such as communication passibili{"ié&) ‘can-enter, then it is unlikely that the normal form is
sufficient.

However, it is common to analyze situations with players who are fully rational and who make
all their decisions before the game begins. 'KmWing that their decision of how to act at an information
set will matter only if the information set is reached, these players make their ex ante decision ‘as if' this
has occurred. ‘This does not seem very different from a general requirement that decisions should be
made ‘as if’ they matter, suggesting that rational players should exploit strategic independence in their
decision making, even if the strategic independence is not due to an extensive form information set or
subgame (we expand on this argument in Section VI).

Finally, the relative ease with which some important extensive form intuitions and solution
concepts can be interpreted in the normal form does suggest that at least in so much as rhese ideas are

concerned, strategic independence is a key feature of an information set or subgame.

*Note that, even though a strong form of backward induction is implied by properness, the motivation and
definition of backward induction remain extensive form ones.
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II. Preliminaries

We denote the set of players by N = {1,..,n}, and player i's (pure) strategy space by §;, i =
1,...n. The set of strategy profiles is given by § = 5, X..XS. Player i's payoff function is written 7S
—~ . A set of strategy profiles S and a payoff function = determine the normal form game (5,m). A
subset of player i’s strategy space will often be written X;. Denote the set of probability mixtures over
a set X; by A(X;). Typical strategies for player i are r;, s;, and t;. As usual, a subscript —idenotes N\{i}

and a subscript —1I denotes N\l

Definition 1: Two strategies s, t; agree on X _; if x(s;,5_;) = w{;,s ) vs ;&€ X _;. The normal form
game (S,%) is a pure strategy reduced normal form game (PRNF) if vi, no strategy s €§; agrees
with any element of S\{s;} on S_;. The normal form game (S,7) is a pixed sirategy reduced
normal form game (MRNF) if vi no strategy s, €S, agrees with any element of A(S\{s;}) on S_..

The phrase "reduced normal form™ is commonly used (for instance by Kohlberg and Mertens [1986]) to
refer to the MRNF; we add the mixed strategy prefix to emphasize eguivalence with mixed strategies.
van Damme {1987] uses "semi-reduced normal form” to refer to the PRNE,

The PRNF of a normal form game (§°,%’) is that PRNF {§,7) in which each equivalence class
of strategies in S} that agree on S_; is represented by a single strategy 5;€S8,. Thus, s} Es, for s]€S;}.
and 5, €8S, is a well defined (although slightly awkward) way of denoting that s} is one of the strategies
in the equivalence class denoted by 5. We do not distinguish between PRNFs that differ only in the
strategy labels. The PRNF of (§7,%’) is written P(S’,7x’). For X€S§’, define the image of X in P(S",7")
by Im(X) = {s€5:3s’E€X s.t. 5 €s, vi}. Analogous definitions hold for the MRNF.

A typical extensive form game will be denoted I'. The normal form of I" is denoted (ST,#%).
As a convenience, we will write (8,) for P(ST,=1).5

If T has a nature player, then, following Kreps and Wilson [1982], we assume that nature moves
only at the beginning of the game. For any node in ', w_ is the initial node preceding x, and p(w,) is
the probability with which nature chooses w,. The set of terminal nodes of I is denoted Z.

For an information set h of I, denote the set of strategies in ST consistent with reaching h by

Sr(h). For games without nature, h will be reached if and only if an element of St s played; for games

®It will be clear from the context whether {§,%) is to be interpreted as an arbitrary PRNF or the PRNF of a
particular extensive form game.



with .a. nature player,-an appropriate first move by nature will also be necessary. Define S(h) =
Im(S" (). The functions ST(Y) and S(Y) are defined analogously for arbitrary subsets Y of nodes of T

every information set.. .All.games are assumed to have a finite. PRNF and a player with at least two
. For most of the paper, we restrict attention to games without a nature player. We also largely

restrict ourselves:to the PRNF, rather than the mixed strategy reduced normal form. For the purpose

g the normal form information set and subgame, and proving the theorems relating them to their

extensive form: namasakes,theseresmcnons are entirely a convenience. We will outline how these
structures generalize to cover these cases. .  As mentioned in the introduction, when studying solution
concepts and proving relations to existing extensive form solution concepts, the restriction to PRNFs is

Consider an extensive form game and an information set'h for some player i. While a similar

discussion would apply to any extensive form game, for definiteness, consider the extensive form game

I' of Figure 1 andthemfcrmatmnsethforp}ayer I. The pure strategy reduced normal form of T'is

ol
"IN

If player I.chooses actions consistent with reaching h on information sets preceding h (for ', the

S4§ibld f

Sg g g B

unigue such information set-is her first one), further decisions will be required of her in one of two

situations, depending:onIl’s-actions. She will.either find herself at h and have to decide how to continue,



or she will find herself at an information set that is not reached by any path that reaches h and have to
decide how to continue (for T" the unique such information set is h'). These decisions can be made
independently. The option player 1 chooses for the situation in which h is reached does not affect the
available options or their conseguences at information sets that cannot be reached if h is,

This independence is captured in the PRNF of I". The set of strategies X = {5,,55,53,54} X{t},t»}
in the PRNF corresponds to reaching h in T" (i.e., X=S8(h}). (The set X is boxed in Figure 2.): Now,
consider player I's decision conditional on playing some strategy in Xy = {54,5,,53,54}. If player H plays
a strategy from X, = {t,,1,}, then player | is indifferent between strategies s, and s, and between
strategies s; and s,. If player Il plays a strategy from S;\X, (i.e., t3}, then player | is indifferent between
strategies s, and s; and between strategies s, and s,. The payoff vector in the case that player 11 makes
a choice from X, thus depends only on the total weight player 1 puts on the set of strategies {s,,5,)
relative to the set {s;,5,4) and is independent of the division of weight within the sets {s,,s,} and {s3,5,}.
Similarly the payoff vector in the case that player II makes a choice from S,\X, depends only on the
weight player 1 puts on the set of strategies {s,,5;} relative to {s,,s4} and is independent of the division
of weight within the sets {s{,s3} and {s,,5,}.

The key is that these two decisions, of the weight to put on {s,5,} relative to {s4,s,} and the.
weight to put on {s,,s4} relative to {s,,s,4}, can be made independently. The ability to choose these
weights independently is the normal form analogue of the ability in the extensive form to make a decision
at h independently of the choice at information sets that cannot be reached if h is. We call this strategic
independence, and take as our definition of a normal form information set any set of strategy profiles

satisfying this property:

Definition 2: The set X &S is a normal form information set for plaver i of the PRNF (S,x), if
2.y X = X;xX_;; and

(2.11) ¥r1;,5,€X;, 34,€EX; suchthatt, agrees with v, on X _; and t, agrees with s, on S_\X _;.
Note that {s;} XX _; is trivially a normal form information set for i for any s, €X. and X_, €S _..

Remark 1: It will sometimes prove useful to ‘index’ the strategies in X, in a way that reflects the
structure of a normal form information set. For a given information set X for player i, define an
equivalence relation on X; by agreement on X_;. Let u; denote the number of such equivalence classes,
and label the equivalence classes by j=1,..,u;. A second equivalence relation on X; is defined by

agreement on S_;\X _;. Let v; denote the number of such equivalence classes, and label the equivalence



classes by k=1,...,v,.- Then, there is a one 10 one correspondence between ordered pairs {j,k) E{1,..,u,} X
{1,..,v;}, and elements of X,. That there is a strategy in X; corresponding to each (j,k) pair is immediate
from the definition of a:normal form information set. That there is only one such is true because we are
in the PRNF: Two strategies with the same-j and k indexes would agree on all of S_;. The j index can
be thought of as denoting choices for when the information set is "reached”, and the k index as denoting
choices for when the information set is "not reached”. Given such a correspondence, we denote the (3,k)
index -associated with's;&€X; by (j(s;),k(s;)). For example, a labelling of player I's strategies in the
information set {s;,55,53,54} % {t;,t-} in Figure 2 is5 j(s;) = j(s;) = 1, j(s3) = j{s4) = 2, k(s5)) = k(sy)
= 1, and k(s,) = k(s,) = 2. ._

The following theorem establishes an equivalence between normal and extensive form information
sets. It is worth emphasizing the importance of the only if part of this theorem. It is in this sense that
any normal form structure ‘reflecting” all extensive form information sets must be a generalization of the

normal:form information set, and hence characterized by a property weaker than strategic independence.

Theorem 1: The straregy subset X of the PRNF (S,x) is a normal form information set for player i if
and only if there exists an-extensive form game without nature with PRNF (S,n) with an
information set h for player i such thar S(h) = X,

Proof: (=) LetT be an extensive form game without nature, and let h be an information set for player

1. Since I" has perfect recall, the actions chosen by player i which make h reachable are unigue and

independent of the choices of the other plavers. Thus, ST(h) can be written as Sf(h)xSE(h), Leat

ri,siESFm). Then r; and s; agree on information sets for player 1 preceding h. Let t be the strategy
which specifies the same actions as r; and s; on information sets for 1 preceding h, the same action choices
as 1; at the information set h and those fc}lfﬁwing b, and the same actions as s; at information sets that
neither precede nor follow h. Clearly t €8T (h). Lets_,€SX.(h). Then every information set for i that
iIs reached by {t;,s_;) precedes or follows h. Thus, by construction, (t;,s_;} and (r;,s_;) reach the same
terminal node and so w{;,5.;) = =(r;,5-;). Now suppose s_;€ SEi\-SEi(h). Then, neither h nor any
information set for i that follows h is reached by (,s..;). Thus (;,5_;) and {s;,s_;) reach the same
terminal node and #(t;,s _;) = «(s;,s_;). Thus, ST(h) has the required structure. This structure is clearly

preserved when we pass to the PRNF and S(h).

(=r) Form and label equivalence classes on X as described in Remark 1. If u,v; = 2, then consider the

foliowing extensive form game I'. Stage 1: Each player i' € N\{i} chooses a strategy s,-€3S;.. Player i

chooses ‘in” or 5;€S\X;. The choices in stage | are simultaneous. Stage 2: The nodes reached by a
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choice of ‘in’ by player i and any choice s_;€X _; by players N\[i} form an information set for player
i, denoted h. Player 1 has u; choices at this information set, labelied 1,..,u;. Following a choice
i€{1,..,u}, the game terminates with payoff given by «(s;,s_;) for any s; such that j(s;)=] {this is well
defined, since j is the label of an equivalence class under agreement on X_;). The nodes reached by a
choice of 'in’ by player i and any choice s_;€S_\X_; by players N\{i} form an information set for
player i, labelled h’. Player i has v; choices at this information set, labelled 1,...,v;. Following a choice
ke {l,..,v;

1

}, the game terminates with payoff given by #(s;,5_;) for any s, such that k(s;)=k. Following
a choice s, € S\X, for player i, and a choice s_, €S _; for players N\{i}, the game terminates with payoff
x(s;,$-;). (This construction is illustrated below in Figure 3 for I's information set {sq,54,53,54} % {t;,15)
m Figure 2.) "1gnoring strategies that are obviously repetitive for player i, her strategies in this extensive
form game are either a choice 5, €8,\X; or a choice of ‘in’ along with a choice of j and a choice of k.
If we associate (‘in’,j,k) with the unique s; € X, satisfying (j;(s;),k;(s;)) = (3,k), then it is obvious that
(§,7) is the PRNF of T, and that S(h) = X. If v; = I holds, then the game is the same except b’ is
deleted. Finally, if u, = 1, then at h, player i has two choices, each of which results in payoffs given

by w(s;,5.;) for any 5. satisfying i.(s,)=1 (i.e., for any 5;€X,).

The extensive form game conétructed in the proof of Theorem 1 for player I's normal form

information set {$,,55,53,84} X {t|,t,} in Figure 2 is given below:

()
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It X. XX _; is a normal form information set for player i, then X _; need not:be a cross product,
In the PRNF in (4), for example, X = §; X ({D} xS;)U{(A,D}} (the block in Figure 4} is a normal
form information set for player IIT, and X_5 is not a cross product. This game corresponds to Selten’s

[1975) horse game (shown in Figure 5).

il
I L A ¢
R I A il
i
(4) | (5)
. . m
1 R
m R A D y :
I A
b d a b ¢ :
D b b

IV. Normal Form Subgames

The subset X can describe an information set for more than one player. For example, in
simultaneous move subgame I'® of an extensive form game T, the sets of stféteg%éé in the normal form
such that each player's information set in I' is reached are identical. The dérreﬁ})(}ﬁdiﬁg set in the pure
strategy reduced normal form is thus an information set for all players. "':::Thisl:"stjggégis the following

definition.”

Definition 3: The strategy subset X is a normal form subgame of the PRNF-(S,#) ifit is a normal form

information set for each player. A normal form subgame X is pon-trivial if, for some player i,

there exists 1,8, & X;, s_; € X _; such that n(r;,s_;) # w(s;,5.;).

TAs part of their theory of equilibrium selection, Harsanyi and Selten [1988] introduce two concepts, the
semicel! and celf, which sre somewhat related to the normai form subgame. While also an attempt to capture a
form of strategic independence between agents which Haursanyi and Selten view as being characteristic of subgames,
neither the semi-cell nor the cell is the sume as our pormal form subgame. In particular, these concepts are defined
in what Harsanyi and Selten call the standard normal form of an extensive form: the agent normal form with the
modification that agents of the same player are pot treated mndependently.
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The analogue to Theorem 1 holds for normal form subgames:

Theorem 2: The strategy subset X of the PRNF (8,%) is a normal form subgame if and only if there exists
an extensive form game without nature with PRNF (S,7) with a subgame I* such that SI™*) =

X.

Given the relation between normal form information sets and subgames, it shouid not be
surprising that the proof is a simple modification to the proof of Theorem 1 {(and so is dispensed with
here), The sketch of an alternate proof of the "if" direction offers some insight. A subgame in the
extensive form can be replaced by another subgame with the same PRNF without changing the PRNF
of the game as a whole (this observation is also key 10 the corollary following Theorem 3). Replace the
subgame I'” by a simultaneous move subgame with the same PRNF. Any strategy profile that reaches
the subgame will now reach all of the information sets in this game. Thus, the set S(I™) is a normal form
information set for each player and hence a normal form subgame,

Theorem 2 addresses single subgames. We now examine families of normal and extensive form
subgames. If X s a normal form subgame, then X = IL (X, since X = XXX _; for all i. Neglecting

the difference between # and its restriction to X, (X,#) defines a normal form game,

Definition 4: Ler (S,x) be a PRNF, and X a normal form subgame of (S,x). We say Y mileyY, & S
is nested in X if, for all i,
(1) Y. € X, and
2) ifs,€Y; and s; agrees with tEX, on X _; then {; €Y.

The next theorem essentially states that a normal form subgame of a normal form subgame is a
normal form subgame of the original game. Note that condition (2) of the definition of nested is only

needed to show that if the image of Y in P(X,#) is a normal form subgame of P(X,#), then Y is a normal

form subgame of (S,=).

Theorem 3: Suppose X is a normal form subgame of (S,x) and suppose Y is nested in X. Then the
image of Y in P(X,n) Is @ normal form subgame of P(X,x) if and only if Y is a normal form
subgame of (S,7).

?r{bﬁf : The proof is a straightforward application of the definitions and so is omitted. -
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A simple exampie illustrates the need for the nestedness condition. For the PRNF in Figure 6
let X = {54,5} XS, and Y = {5} xX{t,,43,14}. Then, X is a normal form subgame of the PRNF, the
image of ¥ is a normat form subgame of P(X,x}, and yet Y is not a2 normal form subgame of the original

PRNF. The difficulty is that t, is not included in player Il's strategy set.

I

6) I s | e fe ||

The following corollary provides a relationship between families of subgames in the extensive and

normal forms.

Corollary: A PRNF (S,x) has a nested sequence of normal form subgames {X%}, X*+tlgX®
Xotbsa X if and only if there exists an extensive form game T having PRNF (S,x) with a
subgame T for each o such that SU'%) = X%, and such that I““" Jollows T'*,

Proof: Repeated application of Theorems 2 and 3 yields the desired result.

The following example {Figure 8 of Swmkeis[1989]) shows that one cann{)t always represent all
the normal form subgames of a given PRNF in a single extensive form.® In_p_arﬁt&if;u'_la;, there 1s no single
extensive form game that has subgames corresponding to both the normal form _;sub_game {C,B}x {M,R}

and the normal form subgame {T,C}x{L,Mj}.

BA similer game appears in Harsanyi and Selten [1988, p. 112} who muke s somewhat related point. Although
intended to illustrate a different point, Figure 3 of Abreu and Pearce [ 1984] provides another example.
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Example 11 below illustrates the implication of this for solution concepts. Theorems 1 and 2 and
example 7 leave open the question of which collections of normal form information sets or normal form

subgames can be represented in a single extensive form. This is a difficult guestion: an analysis is

contained in Mailath, Samuelson, and Swinkels {forthcoming].

V. Nature and the Mixed Strategy Reduced Normal Form
The definitions of the normal form information set and subgame and the structural theorems of
the last two sections are easily extended to extensive form games with moves by nature. Perhaps the

simplest way of doing this is to define'a normal form game with nature:

Definition 5: A pormal form game with nature is defined by siraiegy sets 80,515, payoff funciions
7l LS = R fér i = 1,-: n, and a..ﬁfmribﬁﬁ'{inip6&(50)- Player Q is the nature player. A
normal form game w:th nature ((SQ,S} 'ﬁ',;}} gﬁrrggggﬁdx to a normal form game (S :n:} if¥s&S,
and for i = 1,..n, 'R‘(‘;) = E%CS p(sg)7i(50.5)- |

Note that as in the extensive form, the major difference between nature and other players in the normal
form game with nature is that nature has a preassigned strategy and receives no payoffs. An n person
game with nature can be considered an n+1 person game by setting wy(Sq,8) = U V(54,8) €545 %S,
Now, consider an extensive form game with nature, and let h be an information set for some
player i. Let S"(h) be those strategies in the corresponding PRNF game with nature that are consistent
with h being reached. Then one easily shows that S*(h) is a normal form information set of this game
considered as an n+1 player PRNF. On the other hand, if X is a normal form information set of a

PRNF with nature when that game is treated as an n+ | player game, then an extensive form game with
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an information set corresponding to h can be constructed as in the last section where the game begins with
the move by nature.

The full structure of S(h) can also be captured by a 3 part index similar to the 2 part index
associated with S¢h) for k an information set in a game without a nature player. Loosely, the first index
reflects action choices in the case when the information set.is reached, the second when the information
set is not reached solely because of nature, and the third when the information set is made unreachable
by the actions of the players.” Analogues of our previous results are then easily derived. For the case
of games without nature, the second contingency does not arise, and we are returned to the original 2 part

index.

MRNF 13 equaliy stra:ghtfarward Essenually, two PRNF games with the same MRNF can dlffar in their
information set structure for two reasons. First, a pure strategy needed to make Definition 2 hold may
be equivalent to a mixture of other strategies, and so deleted when forming the MRNF. For example,

in the following PRNF, {s5,,5,} X {t;,15,13,t4} is a normal form information set for both players, and so

a subgame:
I
h b b 4t
Sy 2,2 55 22 | 55 || 88 |
® I s 44 | 66 | 44 | 66 88 |

Hdwever ty is an equal mix of t; and ts. ‘When t4 is removed, {s1,52} XS,\{ts} is not a normal form
subgame since {51,52} ){{tl,tﬂy,I3} is not an mf:::armauon set for player II.
~ The second difficulty is that the PRNF may mciude 3 strategy for a playe:r other than the player
to whom an information set belongs whlch is equivalent to a mixture of other strategles which put weight
beih on ‘in’ and ‘out’ strategies. AS an exampie ef thls ....... note. that acﬁdmg a pure strategy equivalent to
an equal mixture of t; and t3 destroys player I's mfermat:an set in Figure 2.
However, from Theorem 1, it is easily seen that a finite set of pure or mixed strategy profiles
X of the form X; XX _; from a MRNF game (S,#) will he the image of an information set in an extensive

form game with that MRNF if and only if the PRNF formed by expanding S to include any

9Details of the material in this section can be found in Mailath, Samuelson and Swinkels (19901
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(nondegenerate) mixed strategy in X has X as a normal form information set. A similar result holds for
normal form subgames. This forms the basis for an extension of the definitions of the normal form

information set and subgame to the MRNF.

V1. Normal Form Subgame Perfection

In the previous sections, we showed that information sets and subgames imply a normal form
property which we called strategic independence. In this and subséqueﬁi sections we argue that strategic
independence allows us to reinterpret the intuitions traditionally associated with extensive form solution
concepts like subgame perfection and sequential equilibrium in the normal form.

Speaking very broadly, most existing extensive form soi&tié"iz""'i".‘.o'iiéégits can be thought of as
having two main parts: first, a requirement of optimality of acli&ns"'evén":ii'-';':}ﬁtfﬁf -equilibrium in!’unmﬂiuﬁy
sets or subgames, and second, various conditions on out-of-equilibrium mnjactures

The requirement of optimal actions at out-of-equilibrium information sets is often captured by
“sequential rationality”: since the action chosen at an extensive form information set only matters if the
information set is reached, the choice should be optimal relative to some conjecture over the set of other
players’ strategy profiles consistent with the information set being reached. It has been thought that such
a requirement can only be motivated in the extensive form. 10 But, the requirement of sequential

rationality does not seem very different from a general rec;unremem lhm nf a decision only matters given

some subset of the stratugy profiles for the remaining piayers {h&H that {%eusmn should be ﬂpzzmaf

by strategic independence, Rational players should exploit Strateg:c -mdﬁpendeme in their decision
making, even when the strategic independence is not due to an extmswe fc}rm information set or
subgame. Game 12 at the end of this section illustrates this idea mcely o :

Extensive form solution concepts also place two types i}f restnmms cm the conjectures playu‘a
can hold. First are requirements motivated by rationality or Stgnaimg-wp& argumems (such as f@rward
mductmn) applied to other players. We illustrate in Secu{m VHI how thtse argume:ms can be canducted
in the normal form. Second are consistency restrictions acmss piayers c::mgectures such as rﬁqutrmg
Nash equilibriuvm play on all subgames. These are easily mterpre{ab[a in the normal form. We also

heineve that these consistency requirements are not evidently lesa senssble In the normal form Ehdﬂ in Ehe

emanswa form.

1por example, Kreps and Wilson say that “{alnalyses that ignore the role of beliefs, such as analysis based on
normal form representation, inherently ignore the role of anticipated actions off the equilibnum path in sustaining
the equilibnum...” {1982, p.886].
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We first make these ideas concrete in the context of subgame perfection (we consider sequentiality

in the next section). Consider the game:

I
L C R

1,1 | 1,1 1,1
2,2 | 1,0 | 0,0
0,1 2.1 2,2
0,1 | 22 | 2,

(9) I

W = -

The strategies (U,{*42 € + A R)) are best replies in undominated strategies, and hence constitute a perfect
equilibrium. However, since player II's strategy choice is irrelevant when player I plays U, i.e., her
choice is strategically independent of U, she may well consider alternative possibilities. Note that if |
does rot play U, the result {T,M;B} xS, is a normal form subgame. Further; this'‘normal form subgame
has a unique Nash equilibrium (T,L). Since I's strategy matters only if T-1s°'choosing a strategy in:the
normal form subgame, she should perhaps play L, the equilibrium strategy of the normal form subgame,
rather than (4 C + A R

In general, since a player’s choice of strategy from a normal form subgame matters only if the
other players choose strategies in the normal form subgame, we might expect her to choose a strategy
that is optimal relative to some conjecture about play conditional on the other players choosing strategies
in the normal form subgame. Our concept of normal form subgame perfection is obtained by requiring
this conjecture to correspond to a normal form subgame perfect equilibrium of the subgame (if a game
has no normal form subgames, then every Nash equilibrium 1s normal form subgame perfect)., This is
very strong, but not evidently less plausible than requiring that strategy profiles in an-extensive form
game prescribe optimal actions relative to conjectures on unreached subgames which are subgame perfect
equilibria of those subgames, i.e., not evidently less plausibie than extensive form subgame perfection.

In order to define normal form subgame perfection, we need some notation. Let o be a (possibly)
mixed strategy profile for (S,x), i.e., o = (0},..,0,), with ¢; EA(S,). If 0;€AX)) andX; € §,, then we
can treat o; in the obvious manner as an element of A(S)). For X,€8§; and X = ILX;, define 0|y to be
the vector (g, §xi,._‘,an | x ), where o; | x, is the projection of ¢; onto X;. Notice that o; § x, will not be
a probability distribution on the set X; if o; has assigned positive probability to S;\X;. If (X,w) 1s a
normal form subgame, then for ;€ Py(X,x), define g; || px £(s;) = E{fﬁfeﬁi} a; | Xi(s.if) and o || pex )
@ (0y || px.xpr0a ll poxxy)-  Since s; is the equivalence class of strategies in P(X,x), ;|| px (i) is

the probability that any strategy in the equivalence class s; is played according to o;.



Definition 6: The vector o is proportionalto o' if, for all i, either there exists ;€% ., such that o; =

.03 or at least one of o, and o is the zero vector.

Thus o |y is always proportional to some mixed strategy profile on X.

We now define normal form subgame perfection.

Definition 7: If (S,%) does nor have any proper non-trivial normal form subgames, then o is a normal

fuyrm if it is Nash. In general, o is a normal form subgame perfect

This is the coarsest refinement of Nash that has the property that.the projections onto normal form
subgames of equilibria satisfying the refinement also satisfy the refinement. . The corollary to Theorem
5 below establishes the existence of normal form subgame perfect equilibria,

The following game illustrates the recursive nature of normal form subgame perfection.

il
T 2,2 3,0 3 ,G
" i M 2.2 | 7 1 - 5‘3 :

The profile (T,L) is a-Nash equilibrium, but it is not normal form-subgame perfect. It projects onto a
Nash equilibrium, (T,C), of the subgame §,%{C,R} (and onto any.Nash -equilibriam of {M,B} X
{C,R}). However, the game S, xX{C,R} has {M,B} x{C,R} as a.subgame, which has a unique Nash
equilibrium given by ¢4 M + 5 B, ¥» C + % R)). Player II must thus play 4 C + % R in any
normal form subgame perfect equilibrium of §; X{C,R}, whichhas ¢4 M + 5B, A C + 2 R) as its
unique normal form subgame. perfect equilibrium. The profile (T,L} is not proportional to this
equilibrium and thus is not a normal form subgame perfect equilibrium. The unique normal form
subgame perfect equilibrium of the game is (*s M + Y3 B, %2 C + 'A R), yielding payoffs ('/2,7/s).

A useful characterization of normal form subgame perfection is provided by the following (the

proof is a straightforward implication of Theorem 3 and so is omitted);
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Lemma L A strategy profite o of the PRNF (S,x) is a normal form subgame perfect equilibrium if and
* only if for every sequence of normal form subgames { X%} .o such that X has no nested proper
normal form subgames, Xo+Y jo nesred in X%, and X° = S, there is a sequence {0} g 0 =

o, ¢* a Nash equilibrium of X% for «« = 0,..,m, such that ™ | y«+1 is proportional to o™t for

o = 0,.,m-l.

We now show that normal form subgame perfection . is equivaient to extensive form subgame

perfection in every extensive form game with the given PRNF. We begin with a definition:

Definition 8: A strategy profile o of an extensive form game T' is induced by the strategy projile o of
its PRNF if o} || pst 78 = 0(s;) ¥S;E€S;, vi.

Theorem 4: The strategy profile o is a normal form subgame ﬁéq’ecr equilibrium of a FRNF (S,7) if and
only if ¢ induces an extensive form subgame pe:j’ecf "Eguifibffﬁm in every extensive form game
without nature with PRNF (S, ). -

Proofl: (=) We proceed by induction on the number of proper normal form subgames, denoted ng, in G

e (S,7). Let T be an extensive form game with PRNF (§,%). Let o.be a:normal form subgame perfect

equilibrium of (§,x). If ng = 0, there are no proper normal form subgames and hence any subgame I™

of any extensive form with PRNF (S,n) has S(I'') = § (by Theorem 2). ‘The strategy profile o induces

a-Nash equilibrium on each of these subgames, and hence induces an.extensive form subgame perfect
equilibrium on I'. |

Suppose ng > 0 and that the result holds for n = 0,.,ng—1. " Let I'* be a maximal proper
subgame of T' satisfying SI"®) # S. Now, S(I'®) is a proper mormal form subgame of (S,x), so that
o §| PSR is proportional to a normal form subgame perfect equilibrium.of S(I')... By the induction

hypothesis, any normal form subgame perfect equilibrium .of P(S(I”),x) induces an extensive form

subgame perfect equilibrium on I'*. We thus induce subgame perfect equilibriaon every proper subgame
of I'. Since ¢ is Nash, ¢ then induces an-extensive form:subgame perfect equilibrium on T,
(=) Suppose ¢ is a strategy profile of the PRNF(S;x):that.induces a subgame perfect equilibrium

on every extensive form I’ with PRNF (S;x).- By Lemma 1 it is sufficient to show that for every

sequence of normal form subgames {X%}% ..o, such that X™ has no proper normal form subgames, ) GRR

G

is nested in X% and XY = S, there is a sequence {o%} T g 0= 0, ¢® a Nash equilibrium of X for «

o w2

= Q,..,m, such that ¢% | ye+1 is proportional to o®**, for & =0,..,m-1. By the Corollary to Theorem

3, there is a single extensive form representing all of the normal form subgames in this sequence, with
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the extensive form subgame representing X! succeeding the extensive form subgame representing X%,
By hypothesis, o induces a subgame perfect equilibrium on this game. But this yields a sequence of Nash
equilibria on the subgames with the property that the first term is g, and each term is the projection onto

the subgame of the previous term, yielding the result, &

Normal form subgame perfection can thus be read as "subgame perfect in every equivalent tree.”
It captures any restriction on equilibrium play implied by subgame perfection on some equivalent

extensive form. However, this equilibrium concept has a surprising feature. Consider the following

game:
{
L C R
T | 44 | 44 | 44 5
(11) I M| 44 183 | 00
B | 44 ] 66 | 3.8

The equilibrium (T,L)} is normal form subgame perfect. It projects onto the equilibrium (T,R)
of the subgame S,x{C,R}, which in turn projects onto the equiiibrium (B,R} of the subgame
{M,B} x {C,R}. The profile {T,L} also projects onto the equilibriuvm (M, 1:) of the subgame {M;B} XS§,,
which in turn projects onto the equilibrium (M,C) ofthe subgame {M,B} x{C,R}. By the corollary to
Theorem 3, there is an extensive form game with subgames corresponding to each of these sequences.
The interesting aspect is that (T,L) is sustained by conflicting prescriptions for the game {M,B} x {C,R}.
Intuitively, player I thinks that the equilibrium that will appear in the {M,B} X{C,R} subgame is the one
that 1s most favorable to 1 (and least favorable to I, so that II will not-play into it if I plays to it), while
player 11 has the opposite expectation. Because the only remaining Nash equilibrium of {M,B} x{C,R}
is the mixed strategy profile ((?/s M + s B),(*/s C + ¥s R)), which yields payoffs (#*/s,%/s), there:is no
single equilibrium of the normal form subgame {M,B} x{C,R} that can justify both players’ decisions
to avoid it. The equilibrium (T,1L) is subgame perfect in every extensive form associated with this game,
but different extensive forms require different equilibria for the subgame - corresponding o
{M,B} x{C,R}.

The unsatisfactory nature of the equilibrium (T,L) is best illustrated by considering the following
scenario. This scenario also illustrates the idea that rational players should exploit strategic independence

in their decision making, ever when the strategic independence is not due to an extensive form
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information set or subgame. A firm (player I)-has the option to make or not make an offer to a potential
worker. The worker (player I}, if given an offer has the option to accept or reject. If the employment
relationship is not eqzered into, the firm and worker go their own separate ways and collect an outside
option a_f (4,.4»). -Th_e: relgtidnship, once mteréd, 18 modelied by a simp!e 2 by 2 subgame. The PRNF

of this scaﬁar'ia is given by (11) and the extensive form is:

(12)

g3 | 00

6,6 | 3,8

One extensive form subgame perfect strategy profile has the firm not making an offer and the
worker not accepting offers if 'ﬁiacﬁe, supported by the pure strategy equilibrium giving (8,3) in the
employment relationship. This profile corresponds to (T,L) in the PRNF. The firm has a strategic
independence: the decision of whether or not t0 make an offer is irrelevant if offers are rejected by the
worker. The worker, of course, has a similar strategic tndependence: his decision of whether or not 1o
accept offers only matters if an offer is made. This:second independence is reflected in the extensive
form by the subgame beginning after an offer by the firm. While extensive form subgame perfection
forces the worker's decision to reflect the worker’s strategic independence, this is not so for the firm.
We have argued that rational players should exploit strategic independences in making decisions. Thus,
the firm should make its offering decision on the assumption that an offer would be accepted. If the firm
makes an offer, and the worker accepts it, then the equilibrium outcome of the employment relationship
yields the firm a payoff of 8. Thus the firm should deviate from its choice of not making the offer, and
the equilibrium is unsatisfactory because it ignores the firm's strategic independence.

This example suggests that the lack of consistency on subgame conjectures allowed by normal
form subgame perfection is unsatisfactory. Defining a consistent version of normal form subgame
perfection is a straightforward exercise, but as our concept of normal form sequential equilibrium will

imply this consistency, we omit the definition here.



VII. Normal Form Sequential Equilibrium

Normal form subgames do not capture all cases in which a piayer’s choice over some gm'ﬁp of
strategies is irrelevant given the equilibrium. Another such situation is captured by the normal form
information set. Recall that Kreps and Wilsen’s [1982] definition of sequential equilibrium required first
that actions at each information set be a best response to some beliefs about how that information set was
reached (sequential rationality) and second that these beliefs be ‘reasonable’ (consistency). While the
definition of ‘reasonable’ is somewhat problematic, Kreps and Wilson use as their definition that beliefs
at information sets be the limit of the Bayesian beliefs generated by completely mixed behavior strategy
profiles converging to the equilibrium.

In this section, we define a PRNF solution concept, normal form sequential equilibrium, similar
in spirit to sequential equilibrium. We begin by using limits of completely mixed strategies to generite

heliefs over normal form information sets.

Definition 9: For a completely mixed strategy profile ¥, and X € S define o(. | X) by o¥(s | X) =
(ST (€ xcf“(t))- forse X, and O elsewhere. For a sequence (0¥} of completely mixed strategy
profiles, define o(. | X) e Hmy_, o (. | X) when this is defined. If {oj‘} has the property that
o{. | X) is defined for all X € S, then it is termed conditionally convergent. If X = X xX_,,
then o.(. | X) and o_.(. | X) are defined by o;(s; | X) = Li_ex_opt-) | X), and o _i(5_. | X)
= Dyexo(:s-)X). '

It is clear from the independence of mixed strategies and the definitions that oy(s, | X) = limy .,
a%(si)f(zli&-xiaig(si)) for s, €X; and o_ (s, | X) = lim_ ufi(sm;)f{}j_t“ie)c#ia"f(t__i)).fm s, EX_;,
so that in particular, o,(s; | X} is independent of X _;, ¢_.(s_; | X) is"independent of X;, and o(s | X) =
o;(s; | X)a_is; | X0.

Definition 10: The straregy profile o is a normal form sequential equilibrium if there exists a condition-

ally convergent sequence o of completely mixed strategy profiles with ¢ — o such that for-any
player i and any normal form information set X for player i, o,(. | X) Is a best response on X; 10
o_i(.{X), Le., s; € supp(o;(. | X)) = (55,0 _,( | X)) = my(t,0,0 | X)) vLE X,

There is no inclusion relationship between normal form sequential equilibria and normal form
trembling hand perfection. Recall that normal form trembling hand perfection does not imply subgame

perfection in the extensive form, while normal form sequential equilibria does (see below). Furthermore,
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weakly dominated strategies can be played in normal form sequential equilibria, but not in trembling hand

perfect equilibria.

Theorem 5: A proper equilibrium of @ PRNF game (S,x) is a normal form sequential equilibrium of
(S, 7). |

Proof: Takea sequence justifying the proper equilibrium. By repeatedly taking convergent subsequences,
we obtain a sequence o that is conditionally convergent. Let X be a normal form information set for
player i. We need to show that o;(. | X) is a best response to o _;(. | X). So, suppose not. - Then, there
exists s, Esupp(o;(. | X)) and , €EX, such that %, 0_.( | X)) > ws;,0_:(. | X)), and therefore such that
wi(ti,_cEi(. IX)) > wi'(s';:,:&"f;(*:'*f:"X}) for all k sufficiently large. But, as X is a normal form information
set, there is a strategy r; € X. that agrees with t. on X_;, and with s; on S_AX_;, and therefore, .(r;,0%)
> wi(s;,05) for all k sufficiently large. But, by the definition of a proper equilibrium, o¥(s)/o%(r)) - 0,
which contradicts ¢;(s; | X) > 0. -

It is clear that normal form sequential equilibria are normal form subgame perfect {and, in fact,
satisfy the stronger criterion discussed at the end of Section VI). Since every finite normal form game

has a proper equilibrium, we thus have:

Corollary: Every PRNF has a normal form sequential equilibrium and so a normal form subgame perfect

equilibrium.

The major theorem of this section shows that a normal form seqﬁemiaﬁ equilibrium induces a
sequential equilibrium in every game with that PRNF, even if that game begins with a move by nature.
This is despite the fact that we continue to use the simpler form of normal form information set, for
which Theorem 1 holds only for extensive form games without a nature player. We begin with a key
lemma.

Pick a particular player i, and an information set h for i. Let Q be the nodes for i which neither
precede nor follow h, and let AQ be the set of action choices at these nodes (so that a%€ A% gpecifies an
action at each node in Q). Let P be the nodes for i which precede h, and let & be the (unigue by perfect
recall) actions on P which make h reachable. To simplify notation, if I’ is an extensive form game,
denote its normal form by (T,y) and its PRNF by (§,7). Let T(h,a®) be the strategy profiles in T which
reach h (given a suitable choice by nature) and take actions a? on Q, with $(h,29) = Im(T (h,2a%)). Then

we have:
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Lemma 2: For each a%€ AQ, §(h,a) is a normal form information set for ir

Proof: Consider T(h,aQ)=Ti(h,aQ}xT“i{h). Elements ofTi(h,:aQ} differ only in what they specify at or
beyond h (all elements of T,(h) specify a¥). Strategy profiles s € T;(h,aQ) X T_\T_;(h) definitionally
never reach h, and thus for ali ri,siETi(h,aQ}, r; and s; agree on T_\T_;(h). Thus r; agrees with r; on

T.;(h), and with s, on T_A\T _;(h). This is inherited by S(h,aQ), which is thus a normal form information

set for player i.
We are now in a position to prove:

Theorem 6: A normal form sequential equilibrium of a PRNF induces a sequential equilibrium in every
extensive form game with that PRNF,
Proof: Let I have normal form (T,¢), and PRNF (§,%x). Let o be a normal form sequential equilibrium
of (S,%), with associated sequence . Weextend o*to T by dividing a{ts) over those strategies in T,
which agree with s;. For each element 5,€85;, fet N(5;) = {{, €T;:;Es;}. Then, for all L EN(s;), define
nif(ti}=alf(si)/#N(si). Because ¢~ is completely mixed and ratio convergent, So i nk. Similarly, define
(L) = o;(5)/#N(s)-
We first generate consistent beliefs. For v; any mixed strategy, h an information set belonging

to 1 such that v;{T;(h)] = O, and a an action at h, let

= ’?‘ig{ﬁa €T, (h)|t.(h) ""3}']
Ti Fi(h)] |

Setting g. equal to an arbitrary completely mixed distribution over actions at other information sets yields

g;(a)

a behavior strategy for i. By Kuhn's theorem [1953], g; is realization equivalent to v;.

For each 7, let b* be the behavior strategy generated in this way. Because ¥ is completely
mixed, so is bX. For h an information set, and x a node of h, let £F(x) be the conditional probability
under b* of reaching x given h is reached. Set bwlimhmbk and ;.emimk__.mpk. Because {7} is
conditionally convergent, these are both well defined. Since p* is derived by Bayes’ rule from b, (b, )
is an assessment. Pick an arbitrary player i and an information set h for i. For d any behavior strategy
profile, define P#9(z|h) to be the probability that z is reached given that play starts at x€h with
probability u(x).

We now show that b is sequentially rational given u, i.e., for all h, the problem

max Y P‘“'b\ci(z Ihyu.(z) (*)

¢; zrh



has b; as a solution, where u;(z) is player i's payoff at terminal node z and b\¢; = (by,., By 1G04 1
b.). Let b be a behavior strategy realization equivalent to (-] T)). For any ¢;, let ¢; be the behavior
strategy which agrees with c; at and beyond h, and with Ei at all other information sets. As 1's strategy
affects (¥} only in what it specifies at or beyond h, restricting our search in (%) to Ei does not affect the
maximization, |

Now, the argument of (*) is the limit of

E P’u bk\é‘(z h)u, (z) {*%)

radl
For each k, bk\Ei reaches h with positive probability. By p-erf?ect recall, u* can be taken as generated by
Bayes’ rule fmmi'bk\ﬁi;“ (For this calculation, only what ._‘uk specifies on h matters. By perfect recall, this
is independent of i's strategy.) Thus (*¥) is equal to

T P Vi)

zrh

E Pbk\éi(z)

z>*h

(###}

By perfect recall, the denominator is independent of c;, so henceforth we ignore it. Now, for each ;)
it is easily verified that there exists a mixed strategy v; realization equivalent to ¢, and such that
(T, a‘l’)) = 7,(Th, aQ) | Th) vaQEAQ  As BMC, is realization equivalent to (v;,75.y), (***) is

;Jmpomonaﬁ t{} (where w, is the initial I}E}dﬁ‘; precedtng z and’ nature chooses w, with probability p(w,))

E p(‘-‘f,)“r,(T (Z))ﬂ (T ._L(Z))%Ji (2)

z>h
Dividing through by __;ykii(T, (h)) and taking limits, an equivalent problem to (¥) is

max Y p(W,) ?h(T (2)) n_i(T (1) [Tt’h)) u(z).

& z*h
As Ei varies only after h, we change nothing by lettmg the__sumrange over all z. But, then, an equivalent
problem is.

max ¥;(y;, 1 (1 TH).

&
As the weight vy, puts on Tﬂ],_aQ) for each a¥ is independent of Ei, it is enough to show that for each a®
such that this weight is positive, v;()=n,(. | T(h)) is maximal on T;(h,a%) given n_(. | T(h)). But, when
this weight is positive, the restriction of #;(. | T) to 'I‘-i(h;a{z)_is:just a scaling of n,(. § T(h,a9).
The proof is completed once we show that n;(. | T(h)) is optimal. It is enough to show that the
optimality of o;(. |S(h,a®) against o_;(.|S(h)) implies the optimality of n(. | T(h,29)) against



1. | T()). To prove this, let £,,§, € T;(h,aQ), 1,5, ES;(h,a?), t;EN(r)) and §;EN(s;). For subsets of
S, define I(X;) = {s_,€S_;:=x(.,r_;) constant on X;}. Also denote by I the similar function defined on

subsets of T,. Then,

Wilton i 1T = i85 i | TA) = ) DR T QY W) (X R

L ET_NIT{h,a Y

D IR B (Y | W U)) LA LR R SCTR )

LB S_NIS(haa Q) TENIL)

) o _i{t_i|S _y(h)mi(ry,t ) ~ sty
L ES5_(M\KS;ha

= .H.i.(ri’ﬁ '“'i{' IS(h}) "‘"in(fti R "'"'l{ i S(h))

and we are done.

Example Il shows that the converse to this theorem does not hold. The profile (T,L) induces
a sequential equilibrium in every pame with that normal form, but is not a normal form sequential
equilibrium because the conflicting beliefs necessary on the subgame {M,B}x{C,R]} __E:g'r;ﬁoi be
accommodated. The way we generate beliefs in the normal form may impose cross infarm.atinn set
restrictions on pairs of information sets which need never appear in the same extensSive form,

It should be noted that in example 11, there are normal form sequential equilibria which generate
the same payoffs as (T,L), in particular (T,R) and (M’,L)a. We leave as an ""6p’éenf:":'qu'wim whether this
holds in general, i.e., whether the set of normal form sequential equilibrium payoffs and the set of
payoffs consistent with sequential equilibria in every equivalent extensive form coincide.

It is difficuit to extend the equivalences we have found between solution concepts in the PRNF
and the extensive form to the MRNF. To see why, consider the following extensive form game, along
with its PRNF.

1 1

/\ )£ A L C R
L C R
T{21100133 T |

: 66 | 2,1 't},ﬁJ 3.3
(13) 66 Bi{01|20]43 I
B F 5,6 : 0:,.1 2,0 ]. 4:3




The unique sequential equilibrium of this game has I choosing B, and Il choosing A and R. This
corresponds 10.(B,A) in the PRNF, which is the unique normal form sequential equilibrium. Now, the
strategy R for II is just a 50/50 mix of A and C. If we prune R from both the extensive and normal
forms, then the unigue sequential equilibrium of the new game has I choosing T, and 11 choosing A and
L. This corresponds to (T,A) in the new PRNF, which is the unique normal form seguential equilibrium
of that game. As the new PRNF is also the MRNF of the original game, this implies that there cannot
exist a single strategy profile in the MRNF consistent with a sequential equilibrium in every extensive
form game with that MRNF. However, the normal form sequential equilibria in the two PRNFs do
generate the same payoffs and outcome in the extensive form, We conjecture that every MRNF has a
normal form sequential equilibrium with paygffs consistent with a sequential equilibrium in every

extensive form with that MRNF, but have been unable 10 prove this.

VIII. Forward Induction

Kohlberg and Mertens {1986, p.1008] motivate forward induction with the following game:

3,3

/ 22 M =

0,0
0,0

N

Fi Y

1,1

They argue (p. 1013) that the equilibrium in which player 1 plays T and player Il plays R fails forward
induction because *..it is common knowledge that, when player II has to play in the subgame, implicit
preplay communication (for the subgame) has effectively ended with the foliowing message from player
I to player II: "Look, I had the opportunity to get 2 for sure, and nevertheless I decided to play in this
subgame, and my move is already made. And we both know that you can no longer tatk to me, because
we are in the game, and my move is made. So think now well, and make your decision.”” Player II is
then to realize that player I would have forsaken the payoff of 2 only in the expectation of a payoff of
3, indicating thatplayer I must have played M and prompting player II to play L. Inlightof this, T is

an inferior choice for player I, disrupting the ‘equilibnum’ (T,R).
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This reasoning is explicitly extensive form and seems to rely on the fact that player I can present
player 11 with a fair accompli. However, we can use the notion of a normal form subgame to conduct

this type of argument in the normal form. The PRNF of the game is given by:

1
L R
(22 | 22 |
asy I M| 33 0,0J
B | 0,0 1,1

Under the profile (T,R), player II's choice is irrelevant. In the spirit of our earlier discussion, in
evaluating the choice between L and R, player II can observe that this choice matters only if player I,
rather than choosing T, chooses a strategy in {M,B}. But surely the only reason player I would choose
in this set is if he expects to receive more than 2, which only occurs 1n the strict Nash equilibrium (M,L)
of the normal form subgame {M,B} XS,. Thus player II should choose L, since if player I chooses to
play in {M,B}, he will choose M.

It is important to observe that this reasoning was ex ante. There i$ no necessity to present player
11 with a fair accompli. Thus, while forward induction was originally motivated in the extensive form,
it can naturally be motivated in the PRNF. Further, this reasoning does nor rely on dominance.
Replacing the outside option following T with a subgame with unique equilibrium payoffs (2,2) does not

aiter in any way the logic of the above argument.

IX. Conclusion

In closing, we describe an extension to our work, and suggest that while much of the power of
extensive form reasoning survives in the normatl form, its problems do as well,

The notion of strategic independence underlying the normal form information set and subgame
1S quite strong.. For strategic independence, choices over particular strategy sets are reguired to be
irrelevant to both the player making the decision and to every other player {given particular strategy
choices by the remaining players). Given the common presumption in game theory that a player's own
payoffs captures everything that is relevant to him or her about an outcome, strategic-independence should
perhaps focus only on the payoffs to the player making the decision rather than the entire outcome, If
in the game of (15), for example, player I's payoff to (T ,L) is changed to 2.5, then the game has no

normal form structures (and hence no interesting extensive form), but the considerations of strategic
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independence are unchanged: the forces driving player II's choice between L and R are still independent
of any choice player I might make outside the set {M,B]}. .W'e exarnine the implications of weakening
our concept of strategic independence in this way in a forthcoming paper.-

Finally, it has been argued (by, among others, Rosenthal {1981}, Binmore {£987’, 1988] and Reny
[1985]) that backwards induction is flawed because it requires players to ‘believe in the rationality of an
opponent in the presence of evidence to the contrary. The type of normal form reasoning discussed in
this paper has similar problems. Players are not asked to make decisions 'iﬁ the face._. of gv_idence _[hat th:‘ir
opponents are irra__tioﬁai, but they are asked to make dwisieﬁs as if such ewdance exnste:d Forr exmnp]e |
suppose X is & normal form subgame of the two player game {8,%); o is a'*—-:Nash-r:'-'equilibfﬁuﬁx of (8,7},
and that player II's equilibrium strategy projects onto X while player I's equilibrium strategy does not
(l.e., 0,(X{) = 0 and 0,(X;) # 0). Suppose further mat-aﬁ ‘of player I's strategies in:Xy are strictly
dominated. Our concept of normal form subgame perfection requires that p! ayer II's equilibrium strategy.
project onto a Nash equilibrium of (X, ), because player Il reasons that {f plﬁyer I wereto choose from
X, then I would choose an equilibrium strategy in X;. But, given that any action from X, is irrational,
why should player II be confident that player I, if choosing from X, would play according to any
rationality standard, let alone play his part of 2 Nash equilibrium of (X,x)? We'mué saeihat the vices

as well as the virtues of extensive form reasoning can appear in the normal form,
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