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Abstract

We propose a new triangulation of arbitrary refinement of grid
sizes of (0,1] x R" for simplicial homotopy algorithms for comput-
ing solutions of nonlinear equations. On each level this triangual-
tion, called the D;-triangualtion, subdivides R" according to the D;-
triangulation introduced earlier by the author. It is showed that the
D,-triangulation is superior to the well-known Kj-triangulation and
the well-known J;-triangulation when counting the number of sim-
plices between any two levels.
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1 Introduction

Simplicial homotopy algorithms for computing solutions of nonlinear equa-
tions, which were originally introduced by Eaves and Saigal in [8], are estab-
lished with triangulations of continuous refinement of grid sizes of (0,1] x
R". Examples are Eaves and Saigal’s Ks-triangulation in [8], Todd’s Js-
triangulation in [14], the author’s Dj-triangulation in [4), the triangulations
of van der Laan and Talman in [10], of Shamir in [12], of Kojima and Ya-
mamoto in (9], of Broadie and Eaves in [2], and of Doup and Talman in [6].
All these triangulations were derived from the well-known K;-triangulation of
R™ or from the well-known Ji-triangulation of R™ except the Dj-triangulation
which was derived from the D;-triangulation of R*. The latter triangulation
was proposed by the author in an earlier paper [3] and it is superior to the K-
triangulation and the J-triangulation according to all measures of efficiency
of triangulations. The Dj-triangulation subdivides (0,1] x R™ with a fixed
refinement factor of 2. In this paper, we construct a triangulation of con-
tinuous refinement of grid sizes of (0,1] x R" by using the D;-triangulation.
The factor of grid refinement of the new triangulation, which we call the
Ds-triangulation, can be any positive integer. In addition, in order to com-
pare with the Dj-triangulation we present also the K,-triangulation and the
Jo-triangulation. It is showed that the D,-triangulation is superior to the
K>-triangulation and the J,-triangulation when counting the number of sim-
plices.

In Section 2, the D,-triangulation is constructed. Its algebraic defini-
tion is given in Section 3. Its pivot rules are described in Section 4. The
comparison of these triangulations is presented in Section 5.

2 The Construction of the D,-Triangulation

Let n be a positive integer and let N = {1,2,...,n}. Let Q denote the set
of vectors in R whose components are all integers and let w € Q be given.
Then I,(w) and I.(w) denote the sets

I(w) = {i € N | w; is odd} and I.(w) = {j € N | w; is even} .



Furthermore, A(w) denotes the set

A(w):{zeR"| wi—lSl'iSw.'+lforieIo(w)and}

z; = w,; fori € I.(w)

and B(w) denotes the set

_ n | Ti =w; for i € I,(w) and
B(w)—{:ceR l w;—1<z; Swi+1fori€ L(w) }

Let k be a nonnegative integer. Then Dy(w) denotes the set

Dy(w) = convezhull {({27*} x A(w)) U ({27} x B(w))}.

Lemma 2.1(see [4] or [9]). We have

e k+1g ;
Dk(w)={de[z-(""",z"‘]xﬁw | ds —ws [< 2y lfortelo(w)}‘

| di — w; |< 2 — 2k+14, for i € I(w)

Lemma 2.2(see [4] or [9]). UweqDi(w) = [2-*+1) 2-*] x Rn,

Lemma 2.3(see [4] or [9]). For w!, w? € Q, Di(w')N Dy (w?) is either empty
or a common face of both Di(w') and Di(w?), and when Dy(w') N Dy(w?)
is not empty,

Di(w') N Di(w?) = convezhull {({27+} x (A(w') N A(w?)))
U ({2-®+1} x (B(w') N B(w?)))}.

For convenience, we first give the definitions of the D;-triangulation, of
the Kj-triangulation, and of the J;-triangulation. For more details, see [3]
and [11].

Let e be the i-th unit vector in R" fori = 1,2,...,n.

Let either

D = {z € R" | all components of z are odd}



or
D = {z € R" | all components of z are even} .

Let = denote a permutation of the elements of N and let s denote a sign
vector. Let p denote an integer such that 0 < p<n — 1.

The Definition of the D;-Triangulation:
Take y € D, and let =, s, and p be taken as above.
If p=0,let y° =y, and

Y=y +s,,(,-)e'(”,j = 1 53 50
Ifp>1,let y° =y +s, and
yj = yj-l e 37(;')6’0),.]. = lv21~'- »P— lv
Y =y+s.ei=pp+1,...,n

Let D, denote the collection of all simplices D, (y, 7, s, p) that are the convex
hull of y°, y!, ..., y™, as obtained from the above definition. Then D, is a
triangulation of R™.

Let
K = {z € R" | all components of z are integers} .

Let = denote a permutation of the elements of N.

The Definition of the K;-Triangulation:
Take y € K, and let = be taken as above.
Let y° = y, and
Y=y 4 j=1,2,...,n.
Let K; denote the collection of all simplices K;(y, ) that are the convex
hull of y°,y*,...,y", as obtained from the above definition. Then K is a
triangulation of R™.

Let either
J = {z € R | all components of z are odd}

or
J = {z € R" | all components of z are even}.



Let w denote a permutation of the elements of N and let s denote a sign
vector.

The Definition of the J;-Triangulation:
Take y € J, and let 7 and s be taken as above.
Let y° = y, and

Y=y 14 s,(j)e'(j’,j = 1,2, ... M.
Let J; denote the collection of all simplices J;(y, 7,s) that are the convex

hull of y° y*,...,y", as obtained from the above definition. Then J; is a
triangulation of R™.

Take G to be one of these triangulations of R*. Let G denote the set of
all faces of all simplices in G. Take ag € (0,1] and 8 € {1/j | j = 1,2,...}
fori=0,1,.... Choose a; such that aj4; = a;8;, for j = 0,1,....

Let

4G | axA(w) = {0 C axA(w) | o € &G and dim(o) = dim(A(w))}
and
a1G | axB(w) = {0 C axB(w) | o € ax1G and dim(o) = dim(B(w))}.

For the D,-triangulation, the K;-triangulation, and the J;-triangulation, it is
obvious that axG | axA(w) is a triangulation of ax A(w) and a1 G | o B(w)
is a triangulation of ayB(w).

Let a denote the number of elements in the set I,(w) and b the number
of elements in the set I.(w). Take

o4 = convezhull {ya,y"q, BrpsS ,y“A} € axG | arA(w)
and B
op = convezhull {yoﬂ,y},, sis ,yf,} € a;41G | ax B(w).

Let
o= convezhull{({Z""} X o4)U ({2'("“)} X aa)}.

It can easily be obtained that o is a simplex and that
o = convezhull {(2"‘, Y9 s (2 e (BT 05)T,
(2—("+l)1 yOB)Tv (2—(k+l)v le)Tv SR (2_(k+‘)v y%)T} =



Let T'(k,k + 1) denote the collection of all such simplices 0. Clearly, we
have that for o',0? € T(k,k + 1), o' N o2 is either empty or a common face
of both ¢! and o?. Moreover,

UseT(kasr)o = [27+D,27%] x ™,

Hence T'(k, k + 1) is a triangulation of [2-(k+1) 2-k] x Rn,
Theorem 2.4. U2,T(j,7 + 1) is a triangulation of (0,1] x R™.
Proof. From the choiceof a; and §; for j = 0, 1,.. ., we have this conclusion.

We call the triangulation constructed in Theorem 2.4 the G,-triangula-
tion. In this way we obtain the K,-triangulation, the J,-triangulation, and
the D,-triangulation of (0,1] x R". In case of the D,-triangulation, each level
2-% for k =0,1,..., the set ?“2 x R™ is triangulated according to the D,-
triangulation. Similarly for the K;-triangulation and the J,-triangulation.
3 The Description of the D,-Triangulation

Let Ny = {0,1,...,n}. Let u' be the i-th unit vector in R"*! for i =
0; 1z 05 508

Take a permutation 7 = (7(0),7(1),...,7(n)) of the elements of Ny. Let ¢
denote an integer such that (g) = 0. Take a vector y in (0, 1] x R" such that
for some nonnegative integer k, yo = 2-(*+1) and Yr(i)/ @k+1 is an integer for
t=0,...,9— 1 and y,;)/ax is an integer for i = ¢ + 1,...,n. Define

Sy 1 ly=@y/ar] + 1 if |yxq)/ o) is odd,
O T |y /o] otherwise,

fori =0,1,...,¢—1, and

o = 1 Yr/ ek + 1 if Y/ is even,
O T\ e/ otherwise,

fori=q+1,...,n.



Definition 3.1.
Take y and 7 as given above. Then y~!, y°,..., y™ are defined as follows.

Y7 = TlooUr()u™) + ok Tigpy wegiyu®,

y' = y'_l 2 Qk+1u'(.)vi &= 07 L... k- 1,

Y* = ok TISo wa()u™) + T2y Un(yu™® + 2y0u0,
Y=yl 4 aku’('),i =g+ 1,...,n

Let y=1,4°...,y" be obtained in the above manner. Then it is obvious
that they are affinely independent. Thus their convex hull is a simplex. Let
us denote this simplex by K(y,7). Then the K,-triangulation is the set of
all such simplices K3(y, 7). Following the conclusions in the previous section,
we have that this triangulation is a simplicial subdivision of (0,1] x R" such
that its factor of refinement can be chosen arbitrarily.

Take a permutation 7 = (7(0),7(1),...,7(n)) of the elements of Np. Let ¢
denote an integer such that 7(g) = 0. Take a vector y in (0, 1] x R such that
for some nonnegative integer k, yo = 2-(**1) and either y,(;)/ax is even for
t=¢+1,...,n and yxi)/ar41 isevenfori = 0,...,¢g — 1 or Yn(i)/ o is odd
fori=gqg+1,...,n and if 1/ is even, yr;)/ar41 isevenfori =0,...,¢—1
and if 1/8; is odd, yn()/ak4+1 is odd for i =0,...,¢q — 1. Take s to be a sign
vector. If y,(j)/c is odd for j = ¢+ 1,...,n, define

lyxiy/ k) +1 if |yx(i)/ax) is odd and
either yr(i)/ak # Ly’(‘)/ak_]
Wyx(s) = or both [y,,(.-)/a,‘_] = y,(,-)/ak and Sr(i) = 1,
Y/ e if |Yn(i)/ k] is even,
ly)/ox] — 1 otherwise,

fori =0,1,...,9 — 1 and if y(j)/ax is even for j = g+ 1,...,n, define

|¥xiiy/ak] + 1 if |yx()/ax] is even and
either y)/ak # |Yx(i)/ )
Wa(i) = or both |yxi)/ak] = yx(i)/ak and sy = 1,
[vr(i)/ o) if [yx(i)/ ] is odd,
lyx@)/ax] —1 otherwise,

for: =0,1,...,¢— 1.



Definition 3.2.
Take y, w and s as given above. Then y~!,4°,...,y" are defined as follows.
vy =y,
Y =yt apseu®,i=0,1,...,¢ -1,
Y? = @k TiSo0n (U™ + T4 (Un(s) — k() )u™) + 2y0u®,
y‘ = y"' + 058,(,‘)“"“),1‘ =q+ l, ey The

Let y=*,4%...,y" be obtained in the above manner. Then it is obvious
that they are affinely independent. Thus their convex hull is a simplex.
Let us denote this simplex by J;(y,7,s). Then the J,-triangulation is the
set of all such simplices J3(y,n,s). Then following the conclusions in the
previous section, we have that this triangulation is a simplicial subdivision
of (0,1] x R" such that its factor of refinement can be chosen arbitrarily.

Take a permutation 7 = (7(0),x(1),...,m(n)) of the elements of Ny. Let ¢
denote an integer such that 7(¢) = 0. Take a vector y in (0, 1] x R" such that
for some nonnegative integer k, yo = 2=(**1) and either Yx(i)/ ak is even for
i=¢q+1,...,n and yr;)/ak41 isevenfori =0,...,¢g— 1 or Yx(i)/ ak is odd
fori=g¢+1,...,n and if 1/, is even, Yn(i)/ k41 is even for 1 = 0,...,¢g—1
and if 1/6; is odd, yr(;)/ k41 is odd for i = 0,...,q9 — 1. Take s to be a sign
vector. If y.;)/ax is odd for j = ¢ +1,...,n, define

|¥n(iy/ k] + 1 if |yx(i)/ax) is odd and
either y,)/ak # |yr(i)/ o]
We(i) = or both [y,(i)/akj = y,,(.-)/ak and Sx(i) = ) e
Y=/ k] if |yr(i)/k] is even,
lyx()/ax] — 1 otherwise,

for:=0,1,...,¢g—1 and if yx(j)/k is even for j = g+ 1,...,n, define

([ |ysy/ox] +1 if |yx)/ ] is even and

either y()/ax # |yx(i)/ ox]

Wae(s) = or both I_y’r(i)/akJ = y:(i)/ak and Sxi) = i
[yr/ o) if |yriy/ax] is odd,

|yx@)/ax] — 1 otherwise,

fori =0,1,...,q—1.



Let p, and p; denote two integers such that —1 < p; < ¢—2and 0 <
p<n—q-—-1

Definition 3.3. Take y, 7, s, p; and p, as given above. Then y~!, ¢°, ...,
y™ are defined as follows.

=y,

When p; = —1, let y
V' =Y+ akseu™,i=0,1,...,9 -1,
and when p; > 0, let
vy =yt anZis Sz(jz}l'fj),
v =y —akasepum,i=0,1,...,p1 — 1,
and if p; < ¢ — 2, let
V' =y+armsu ™ i=py,...,0—1,
and if py = ¢ — 2, let

yq-'l = yq—3 e ak+lsr(q—2)u'(q‘2)a
yv_l = yq—a = ak+131(q—l)u'(v-l)~

When p; = 0, let

Y7 = ke X320 W) u™0) + g1 (Ur(i) — @rse))u™) + 2y0u’,
V' =y t+aspui=q+1,...,n,
and when p; > 1, let
y* = o T2 we() U™ + Tiogp Ye(inu™) + 2y0u”,
Y=y —asumi=g+1,..,q+p 1,
and if pp <n—q—1, let
y" = ok iZo we(u™ + Do (¥e(s) — @kse(5))u™) + 24000,
V' =y tasui=gq+p,...,n,
and if pp=n—q—1, let
x(n—l)'

yn—l = yn—Z — QSx(n-1)U
y" = y"_2 v kar(,‘)u’(").
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Let y=!,3%...,y" be obtained in the above manner. Then it is obvious
that they are affinely independent. Thus their convex hull is a simplex. Let us
denote this simplex by D,(y, 7, s, p1, p2). Then the D,-triangulation is the set
of all such simplices D,(y, , s, p1,p2). Then following the conclusions in the
previous section, we have that this triangulation is a simplicial subdivision
of (0,1] x R* such that its factor of refinement can be chosen arbitrarily.

4 The Pivot Rules of the D,-Triangualtion

Let f: R* — R" be a continuous function. Suppose that we want to compute
a zero point of f, i.e., a vector z* € R" such that f(z*) = 0. Let v be an
arbitrary point in R". Then the function g : (0,1] x R* — R™ is defined by
g(t,z) = f(z) f 0 <t <1andg(t,z) =z —vift =1 Let (0,1] x R" be
triangulated according to one of the G,-triangulations defined before. Next,
let H be the piecewise linear approximation of g with respect to one of the
G-triangulations. More precisely, let z = 3" _, A;y* be a vector in some
simplex of one of the G-triangulations with vertices y=1, 4°, ..., y™, where

Ai >0 foralliand 3 _; \; = 1. Then H(z) is defined by

H(z)= 3 Ng(y').
i=-1
Clearly H(1,v) = 0 and H(1,w) # 0 for w # v. Now the simplicial ho-
motopy algorithm follows the piecewise linear path, P, of zero points of H
originating at (1,v). The path P is linear on each simplex o of one of the
Go-triangulations it passes. Such a linear piece can be generated by making
a linear programming (l.p.) pivoting step in the system of linear equations

n

3 Ailg(y), )T = (0,1)".

1=—1

When implementing a (l.p.) pivoting step, some \; becomes zero, then the
vertex y* of o must be replaced by a new vertex of a simplex, say &, of one
of the G'2-triangulations, adjacent to o and sharing with it the facet opposite
to y'.



Table 1: The Pivot Rules of the K;-Triangulation

1 q ¥ x g k
-1 0 y (x(1),...,x(n), x(0)) n k-1
21 [ 330y = ar(wno) +1) ¥ — (Un(0) — axwax(0))v™” | (x(1), ..., x(n), x(0)) g—1 |k
!lg(o) = ak(wlr(o) : 1) y+ ak-“"'(o) ('(1)7 sevs '(q - l)' ‘I’(O), 9 k
x(g),....x(n))
0<1 v (x(0),...,x(s +1), q k
<g-1 T e x(n))
g—1 921 | Yx(g-1) =ak(wir(q—l) = 1) y (‘R(O),...,‘l’(q), g—1 |k
x(¢g—=1),...,7(n))
Yx(g-1) # ak(wt(q-l) -1) | y= °k+l"'(q—l) ('(q = l)v ’(0)- AR "(q -2) q k
%(q), ..., x(n))
q g<mn yzz:+,) =ak(wr(q+l)+l) y (7(0)! "rx(9+ 1) g+1 k
- %(g),...,x(n))
Vo) # ak(Wa(qer) +1) | ¥ + asu™9¥D) (x(0), ..., =(g), q 3
x(g+2),...,%x(n), (g +1))
g<1 y (x(0),...,x(z + 1), q k
<n x(i), ..., x(n))
n 4<n | Yn(n) = Ok(Wa(n) — 1) (x(n), x(0),..., x(n — 1)) g+1 | k
Yx(n) # ak(ww(n) -1) ¥y= ak“'(n) (7(0)- vee ,1(9), x(n), 9 k
x(g+1),...,x(n —1))
n y (x(n), x(0),..., x(n — 1)) 0 k+1

0T



Table 2: The Pivot Rules of the J>-Triangulation

i g ] 3 * 7 3
-1 0 Yy — aks s (x(1),...,x(n),x(0)) n k=1
g2>1 v+ 2ak+13.(o)u"(°) s— 2:,(o)u”(°) b g q k
0<1 v s (x(0),...,x(1 +1), q k
<g x(1),...,x(n))
-1
g=1 |21 | yn(e-1) = ak(Wn(e-1) | ¥ 8 = 28x(q-1) (x(0),...,x(g - 2), g=-1 1k
—Sx(g-1)) y™e-1) x(q),...,x(n), x(qg — 1))
Yn(e-1) 7 Ok(Wn(q-1) | ¥ 8§ = 28x(g-1) * q k
—S(q-1)) ki S
q g<n y 8 = 28x(q+1) x q k
u™(9+1)
¢<i Y s (x(0),...,x(1 4+ 1), q k
<= x(3),...,x(n))
n g<n v 3= 285(nyu™™ | (x(0),...,x(¢g—1),x(n), [g+1 | k
x(g),...,x(n—1))
n Y+ ak418 s (x(n), x(0),...,x(n—=1)) [0 k+1

0T



Table 3(1): The Piovt Rules of the Dy-Triangulation

i 9 P1 »2 ] 3 L q P P2 k
= | 0 y — axs s (=(1),..., x(n), x(0)) n pe—1 10 k-1
1 y+20u41 [ 5=25,00) | ¥ [] P1 P2 k
si0u"©® | ur®
922 =1 y s x [1 p+l | p 13
0 y s x [1 pr=11p; k
Ye0) =O0x(W,oo) [P121 | O y s =2s,0) [ (x(1),...,%(n), x(0)) =11 pm~- P2 k
=3.4(0)) u=(0)
p221 |y 3= 25,00 [ (x(1),...,%(q). %(0), 9-1[p-1]p2+1 [k
u(®) x(g+1)....,%(n))
Vu(0) # ax(¥ (o) v - v n P2 g
—3.(0)) u(®) i
0< Vu(s) = axlwe(y | -1 0 v 1=2s,0;) [ (=(0),...,%(s = 1), -1 pm P2 E
<q —su(s) 6 "9 (i +1),...,7(n), %(:))
-1 p221 [y s=2s,0y [ (=(0),....,x(s = 1), 9-1 | ps p2+1 [k
u”(?) i 4 4. .(,) (i),
'(q +1).....7(n))
Ye(s) # ox(wy(y) y 5= 23,0, q P1 P2 3
_'v(u)) "'(l)
i<pl y s (=(0), ... (i +1), q P1 P2 3
-1 x(i),...,x(n))
[ T P1 y s x q Py =17 P2 k
1> p) y s (x(®),....%(p1 = 1), x(s), | ¢ i+l | p2 k
-1 *(P1).. ., ¥(3 - 1),
0<p *(i+1),...,%(n))
<g-2
12p1 y+2ax41 | 3-25,,) | 7 q P1 P2 k
0<p sugum® | um

=q=-2




Table 3(2): The Piovt Rules of the Dy-Triangulation

i 9 P1 P2 ] s * [] Pl P2 k
q g<n 0 y s r [] P p2t+1 | k
-2 1 Y 5 x q P1 py =1 k
-1 222 y 3= 2s,0041) ), ), 9+1 [ p =Lk
uT(e+1) %(g),...,x(n))
p1 20 y 8= 23,(041) (x(g +1),%(0), ., =(q), 9+1 [ pr+1 [ p2-1[F
ur(et1) (g +2),. .., %(n))
n-—1 y 5= 28,0041) x . 9 P1 P2 k
u(e+1)
g<i -1 0 v s =25, yu ) [ (x(0), ..., %(q - 1), %(3), g+ | p P2 k
<n *(qg),...,¥(i = 1),
*(i+1),....7(n))
P120 y s =25, u ) [ (x(i), 7(0),...,x(i - 1), 9+1 [P+l | p2 k
*(i+1),...,%(n))
1<yq y s (x(0),..., (i +1), q P1 P2 E
+p2 = 1 x(3),...,%x(n))
1=9q y s T q P1 p2—=1 [k
+pa = 1
i>9q y g (x(0),...,7(g +p2 - 1), q P1 p2+1 [k
+p2 -1 *(i), x(¢ +p2),...,¥(i = 1),
1<pm2< (i +1),...,%(n))
n—g-1
i>patg |y =25, yu") |y q P1 P2 k
p2=n-g
-1
n n y+ausys [ s (x(n), x(0), ..., x(n = 1)) 0 -1 pr+1 [ kE+1

0T
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Let a simplex of the K,-triangulation, o = K,(y, 7), be given with vertices
y~1,y%...,y". We wish to obtain the simplex of the K,-triangulation, & =
K»(y,7), such that all vertices of o are also vertices of & except the vertex
y'. Table 1 shows how § and # depend on y, 7 and i.

Next, let o = Jy(y, 7, s), be a simplex of the J;-triangulation with ver-
tices y~',y°% ..., y". Suppose that we want to obtain the simplex of the J,-
triangulation, & = J,(y, 7, ), such that all vertices of o are also vertices of &
except the vertex y*. Table 2 shows how 7,7 and 5 depend on y, 7, s and 1.

Finally, let a simplex of the D;-triangualtion, o = D,(y,,s,p1, p2), be
given with vertices y~!, y°, ..., y". If we want to obtain a simplex of the
D,-triangulation, & = D,(y, 7,3, p1,p2), such that all vertices of o are also
vertices of & except the vertex y*, then Table 3 shows how 3, 7,3, p; and p,
depned on y, 7, s, p1,p2 and ¢.

In these tables,

yo =2V and y = (y1,¥2,-- -, ¥n) "

and _
Jo=2"%*D and § = (§1,72,-..,9n) "

5 The Comparison of Triangulations for Sim-
plicial Homotopy Algorithms

Let H™ denote the set H® = {z € R* |0 < z; < 2fori=1,2,...,n}. Let
ap =1 and a denote 1/f,.

Theorem 5.1. The number of simplices of the K;-triangulation and one of
the Jp-triangulation in the set [271,1] x H™ are both equal to p,(a), where
o) = (1—a™h)2mnl/(1—a) if fo#1
Pal@) =1 (n+1)2°n! otherwise.

The number of simplices of the D;-triangulation in the set [27!,1] x H™ is
equal to g,(a), where

n

gn(@) =2" Y (a™Cldmdn-m)

m=0
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where
di=j+iG =1+ +iG-1)4-342
for j > 2,do =d, =1, and C™ = n!/m!(n — m)\.
Proof. Let Q denote the set
Q={weR"|w€{0,1,2} fori=1,2,...,n}.
Take w € Q. Let A(w) denote the set

A(w):{ “’-‘_1SI-‘Sw.-+1fori€I,,(w)and}

z€R"| z; = w; fori € I(w)

and let B(w) denote the set

w; — 1 <z; <w; fori € I.(w) and w; =2

z; = w; for i € I,(w) and
Bw)={z€R"| wi<z;<w;+1forie€ I(w)and w; =0 }.
Let D(w) denote the set
D(w) = convezhull{({l} x A(w)) U ({2‘1} X B(w))} ¢
Then it is obvious that

[2-1, 1) xHP = UWGQD(W).

Let m denote the number of elements in I.(w). Then there are 2™C™
elements in Q such that m components of each of them arc even. Thus the
numbers of simplices of the K,-triangulation and of the J,-triangulation in
the set U,eq,1.(w)|=m D(w) are both equal to

2m2P ™ Ot ml(n — m)!.
The number of simplices of the D,-triangulation in the same set is equal to
2™ MmO dr i

Since )
U:;:O(Uwec.ll.(w)lzmu(w)) = [2._1v 1] X an
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the theorem follows immediately.

Theorem 5.2. When n > 3, gu(a) < pa(a). As n goes to infinity,
gn(@)/pn(a) converges to some number p such that u < e — 2.

Proof. The conclusion is obvious, the proof is omitted.

From Theorem 5.2, we have that the number of simplices of the D,-
triangulation is the smallest of ones of these triangulations for simplicial
homotopy algorithms. The author conjectures that the average directional
density of the D,-triangulation is the smallest of ones of these triangulations.
For details on the average directional density of a triangulation, we refer to

Todd [14].
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